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Abstract  18 

The level of uncertainty during quantification of hazardous elements/properties of waste-derived products is 19 

affected by sub-sampling. Understanding sources of variability in sub-sampling can lead to more accurate risk 20 

quantification and effective compliance statistics. Here, we investigate a sub-sampling scheme for the 21 

characterisation of solid recovered fuel (SRF) - an example of an inherently heterogeneous mixture containing 22 

hazardous properties. We used statistically designed experiments (DoE) (nested balanced ANOVA) to quantify 23 

uncertainty arising from material properties, sub-sampling plan and analysis. This was compared with the 24 

theoretically estimated uncertainty via theory of sampling (ToS). The sub-sampling scheme derives 25 

representative analytical results for relatively uniformly dispersed properties (moisture, ash, and calorific 26 

content: RSD ≤ 6.1%). Much higher uncertainty was recorded for the less uniformly dispersed chlorine (Cl) 27 

(RSD: 18.2%), but not considerably affecting SRF classification. The ToS formula overestimates the uncertainty 28 

from sub-sampling stages without shredding, possibly due to considering uncertainty being proportional to the 29 

cube of particle size (FE ∝ d3), which may not always apply e.g. for flat waste fragments. The relative 30 

contribution of sub-sampling stages to the overall uncertainty differs by property, contrary to what ToS 31 

stipulates. Therefore, the ToS approach needs adaptation for quantitative application in sub-sampling of waste-32 

derived materials. 33 
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List of abbreviations  
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BC Bomb combustion MSW Municipal solid waste 

C Sampling constant [g cm-3] MT Mechanical treatment 
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C&I Commercial and industrial PET Polyethylene terephthalate 
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d Particle size of sample [cm] PTE Potentially toxic elements 

d.f. Degrees of freedom PVC Polyvinyl chloride  

DoE Design of experiment PVdC Polyvinylidene chloride 

EC European Commission  RSD Relative standard deviation 

ERFO  European Recovered Fuel Organisation sFE
2 Variance of fundamental error 

FE Fundamental error SRF Solid recovered fuel 

HDPE High density polyethylene  ToS Theory of sampling 

HOV Homogeneity of variance Total [Cl] Concentration of total chlorine content  

KOH Potassium hydroxide  WDF Waste derived fuel 

MBT Mechanical-biological treatment % w/wd Weight concentration on dry basis 

MC Moisture content [% w/w]   
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1. Introduction 74 

Major environmental and human health risks are posed by materials present in consumer products in relation to 75 

their waste, after-use phase and the processing/ disposal method they may undergo [1]. One of the very core 76 

difficulties in controlling / mitigating exposure to such hazards relates to the reliable characterisation of solid 77 

waste, because they consist of an extremely heterogeneous mixture [2]. Such inherent heterogeneous composition 78 

is attributed to the geographical variation of products most commonly consumed, consumers’ buying behaviour 79 

and seasonality [3, 4] resulting in difficulty to accurately characterize the material properties [5, 6]. Accurate and 80 

precise quantification of risks at a fitness for purpose level, typically involves considerable sample preparation and 81 

sub-sampling efforts in the laboratory to reduce the mass of the initial sample (e.g. 1 kg) to just g or mg sample 82 

size required for analytical determination [7, 8]. Sub-sampling can be a major source of variability, which needs 83 

to be minimised in a way that maintains representativeness, minimises potential bias and enables precise 84 

quantification of risk posed by hazardous elements/ substances and related properties [5, 9]. Despite that need, the 85 

role of sub-sampling of highly heterogeneous waste is poorly understood in the quantification of uncertainty of 86 

analytical measurement [9].  87 

Indicatively, solid recovered fuel (SRF) is a waste derived fuel (WDF) typically manufactured from solid waste 88 

that meets national and EU specifications for co-combustion applications  [10]. Hazardous waste items may be 89 

present in the flows processed into SRF (e.g. batteries, paints and small e-waste, such as mobile phones in 90 

municipal solid waste) and hazardous chemical elements/ compounds are present or can be released during 91 

thermal processing [11], such as dioxins formed from the chlorine (Cl) content of SRF [12].  92 

The classification scheme laid down in the BS 15359 [13] specifies SRF properties against three quality criteria, 93 

following specific compliance statistics criteria for assessing the risk posed: calorific value, the key economic 94 

attribute; Cl content, the key technical attribute; and mercury content, the key environmental performance 95 

attribute. Other properties of SRF, such as moisture, ash, biogenic content and potentially toxic elements (PTE) 96 

can be included in classification schemes determining WFDs quality [14]. SRF application provides numerous 97 

environmental and financial benefits [15-18], although  a wider uptake of SRF in industrial applications 98 

necessitates predefined SRF quality accurately and precisely determined so that to ascertain efficient utilization 99 

[19].  100 

However, quantifying and understanding the variability of solid waste properties remains a major challenge for 101 

turning waste into secondary resources, and therefore impedes the transition to a circular economy [20]. 102 
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Mechanical processing applied in mechanical-biological treatment (MBT) plants for SRF production results in a 103 

relatively homogenized of SRF output [21, 22] in comparison with the plant input, but still SRF remains a highly 104 

inherent heterogeneous material, still bearing hazardous components or substances [10, 23]. Thus, any individual 105 

set of values obtained from the waste analysis can give invalid results and, therefore, misinformed conclusions 106 

[5, 24, 25]. For example, a fragment of polyvinylchloride (PVC) contained in a particular SRF sample received 107 

for analysis could lead to the overestimation of Cl content in SRF [19]. 108 

In order for MBT plants to produce a quality-assured SRF able to meet the needs of end-users, quality assurance 109 

measures including sampling, sample treatment, analytical method, choice of quality parameters and data 110 

interpretation should be considered [19]. Adherence  to a strict sampling protocol is a prerequisite for keeping 111 

the uncertainty of analytical results at reasonable levels, especially in waste management [26]. The uncertainty 112 

associated with the sampling can exceed the uncertainty associated with the analytical method by an order of 113 

magnitude or more in heterogeneous materials, such as SRF [5].  114 

Pierre Gy’s theory often referred to as ‘Theory of Sampling’ (ToS), which was developed mainly in the mining 115 

industry, provides guiding principles for representative sampling [27]. During representative sampling, the 116 

sample collected from a larger body (known as lot) exhibits the average properties of the lot [28, 29]. ToS 117 

provides a mathematical formula that estimates the sampling uncertainty only due to the material constitutional 118 

heterogeneity [27]. This formula does not consider additional uncertainties related to analytical method, sample 119 

preparation and performance of sampling methods. According to  Gerlach and Nocerino [5], this formula can be 120 

also applied in the sub-sampling process: a repetition of the sampling process applied in the laboratory where a 121 

sub-sample is drawn from the sample. However, there is little evidence that verifies this formula experimentally 122 

despite the current interest of environmental studies [5]. 123 

The main operations during sampling and sub-sampling are mixing, mass reduction (extract a small mass from a 124 

larger mass) and shredding [30]. Based on ToS, the sample mass should be obtained through composite sampling 125 

creating a sample composed of individual material segments [31]. Shredding and mixing are processes for 126 

sample homogenization [30]. In addition shredding helps the liberation of the analyte (e.g. Cl in SRF) [5].  127 

The first step for the characterization of commercially produced SRF is the sample collection from the MBT 128 

plant following the sampling protocol specified in the corresponding CEN standard [32]. The typical mass of 129 

SRF sample received for analysis fluctuates between 0.8 and 159 kg depending on the grain size and bulk 130 

density, whereas the maximum mass of the lot can reach up to 1500 tonnes [32]. Unless the total mass of the 131 
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SRF sample as received in the laboratory can be directly analysed, sub-sampling is the next step following the 132 

CEN standard related to the sample preparation and sampling methods in the laboratory for SRF [33]. During 133 

sub-sampling, the sample is split into sub-samples consecutive times to obtain the test sub-sample, which is 134 

ready for analysis [26]. From the test sub-sample, a small mass is drawn for analysis, which is called the test 135 

portion [26]. The test portion, with a mass ranging from milligrams to grams, must be sufficiently representative 136 

of the heterogeneous SRF lot based on the needs of the application area [7]. The suggested value for a reasonable 137 

sub-sampling uncertainty could be considered < 15% [5], although the absence of relevant comparative evidence 138 

does not let us to pose any acceptable limit. 139 

Despite the preoccupation of researchers and industry with the variability of SRF properties [10, 34, 35], the 140 

uncertainty arising from sampling and sub-sampling processes has not been quantitatively determined yet. Here, 141 

we quantified through statistically designed experiments (Design of Experiments: DoE) the relative level and 142 

sources of the uncertainty arising from inherent sample properties, sub-sampling scheme and operations, and 143 

analytical techniques for SRF characterization and obtain insights on the applicability of ToS in sub-sampling of 144 

waste-derived materials. 145 

 146 

2. Materials and Methods 147 

2.1. Materials 148 

An SRF sample (ca. 1 kg) typically produced from residual MSW (30% w/w) and commercial and industrial 149 

(C&I) waste (70% w/w) in a mechanical treatment (MT) plant in the UK was obtained for the analysis - an 150 

example of an inherently heterogeneous mixture containing hazardous properties. Also, we used reagents, such 151 

as liquid nitrogen for the cryogenic shredding of the sample, solution of 0.2 N KOH for Cl absorption during 152 

combustion in the bomb calorimeter and Palintest acidifying and silver nitrate tablets for the determination of Cl 153 

content. 154 

2.2. Methodology 155 

Typical properties of SRF related to economic and technical attributes were selected for the quality 156 

determination of SRF. The economic attributes of SRF affect the financial value of the fuel (e.g. increased 157 

moisture decreases the heating value of the fuel), whereas technical attributes affect the performance of the 158 



8 

 

combustion facility [14] (e.g. high Cl content can cause corrosion, chlorinated emissions, build-ups and ring 159 

formation in cement kilns or high ash content can cause particulate emissions [36-38].  160 

We developed statistically designed experiments to simulate a sub-sampling scheme, in which multiple 161 

consecutives steps of sub-sampling and shredding took place for the obtainment and chemical analysis of test 162 

sub-samples. Following this sub-sampling plan, analysis of variance (ANOVA) for a balanced nested design 163 

approach was used for the quantification of: the overall uncertainty emerging from inherent material 164 

heterogeneity, sample preparation (e.g. shredding), sub-sampling practices (e.g. human mistakes and 165 

performance of riffle splitting), and analysis (systematic and random error); and, the relative contribution of each 166 

step of sub-sampling scheme to the overall uncertainty. This empirically measured sub-sampling uncertainty was 167 

compared and contrasted with the theoretical estimation of sub-sampling uncertainty as calculated following the 168 

ToS stipulations.  169 

2.2.1 Analytical techniques 170 

We analysed the selected properties following the British standards (BS) stipulations for SRF characterization.  171 

Specifically, analytical techniques for the determination of: moisture content (‘MC’), expressed in % w/w on a 172 

wet basis according to BS 15414-3 [39]; ash content (‘Ash’), expressed in % w/w on a dry basis (% w/wd) 173 

according to BS 15403 [8]; net calorific value (‘NCV’) via bomb combustion (BC), expressed in MJ kg-1 on a 174 

dry basis (MJ kg-1
d) according to BS 15400 [40]; and total Cl concentration (‘Total [Cl]’) through a combined 175 

BC and Palintest Chloridol test, expressed in % w/w on a dry basis (% w/wd) [41, 42].  176 

Chlorine in SRF, which is the most critical SRF quality assurance parameter with commercial relevance, is 177 

predicted to vary most based on the theoretical calculations of ToS. Hence, we paid special attention to this 178 

parameter by measuring the recovery rate of Total [Cl] to exclude the analytical systematic error (bias) from the 179 

variance associated with the uncertainty due to sub-sampling [26]. We prepared synthetic mixtures resembling 180 

SRF composition with known Total [Cl], which consisted of reference materials such as cellulose, xylans, lignin, 181 

HDPE, PP, PET and PVC [43, 44]. The recovery of Total [Cl] during analysis was calculated at 98.3% and 182 

consequently the bias of analysis at 1.7%.    183 

2.2.2 Balanced nested design for sub-sampling process simulation  184 

The sub-sampling process followed for SRF characterization consisted of multiple consecutive stages of riffle 185 

splitting (mass reduction) and two stages of shredding: with Cutting Mill (SM 300, Retsch, Germany) and 186 
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CryoMill (Retsch, Germany). After pre-drying of the SRF sample at 40 oC for 24 h to remove the moisture that 187 

could interfere with the shredding process [39], the sample mass was reduced to at ca. 900 g. The pre-dried 188 

sample with a particle size (d) ca. 3 cm was split into two equal sub-samples with riffle splitters. These sub-189 

samples were shredded with a Cutting Mill to d ≤ 4 mm and split again many times so that to obtain the test sub-190 

samples. The test sub-samples were shredded by CryoMill to d90 = 0.15 mm only for the determination of Total 191 

[Cl] and NCV. Finally, three test portions from each test sub-sample were taken for analysis. The balanced 192 

nested design simulates the stages of the sub-sampling process. Each stage of sub-sampling indicates the 193 

operation of riffle splitting, which creates nested sub-samples within the sample. For example, in the 1st stage of 194 

sub-sampling, the sample was split into sub-samples A and B (nested within the sample), in the 2nd stage sub-195 

samples A and B were shredded and split into sub-samples A1 and A2 (nested within A) and B1 and B2 (nested 196 

within B), respectively, etc. Sub-samples are nested because they depend only on the sample (or higher level 197 

sub-sample) from which they came from [45].  198 

Specifically, we developed two balanced nested designs: Gross_nested to simulate the sub-sampling process 199 

from the 1st stage to the 4th stage of sub-sampling (four-level balanced nested design); and Intra_nested to 200 

simulate the sub-sampling process from the 5st stage to the 7th stage of sub-sampling (three-level balanced nested 201 

design) (Figure 1. ). The pre-dried sample was thoroughly mixed and a sub-sample of ca. 50 g extracted from 202 

the sample of ca. 900 g. In Gross_nested design, the SRF sample with a mass 850 g was split 4 times to obtain 203 

16 sub-samples of 53 g. Thereafter a test sub-sample of 6 – 7 g was taken from each sub-sample of 53 g with 204 

riffle splitters and 3 replicates were taken for analysis. Gross_nested design examined the ability of a sub-sample 205 

of 53 g to represent the initial SRF sample of 850 g (sub-sampling uncertainty from 1st to 4th stage). Similarly, in 206 

Intra_nested design, the SRF sub-sample with a mass 53 g was split 3 times to obtain 8 test sub-samples of 6 – 7 207 

g. Intra_nested design examined the ability of the test sub-sample of 6 – 7 g to represent the SRF sub-sample of 208 

53g (sub-sampling uncertainty from 5th to 7th stage). 209 

We broke the nested design into two complementary designs due to the small capacity of CryoMill (50 ml), 210 

which cannot fill more than 6 – 7 g of SRF. It would be considerably expensive and time-consuming to 211 

accurately divide 900 g into all possible test sub-samples of 6 – 7 g. This would correspond to more than 135 test 212 

sub-samples. The decision to break the nested design at the 4th stage was taken after checking the minimum 213 

number of test sub-samples (see Supporting information (SI.) 1). 214 
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 215 

Figure 1. Four-level balanced nested design for the calculation of the uncertainty arising from the 1st to the 4th 216 

sub-sampling stage (Gross_nested: from the sample mass of nearly 850 g to the sub-sample of 53 g) and three-217 

level balanced nested design for the calculation of the uncertainty arising from the 5th to the 7th sub-sampling 218 

stage (Intra_nested: from the sub-sample of 53 g to the sub-sample of 6 – 7 g). In every sub-sampling stage, sub-219 

samples depend only on the lower level of nested sub-samples. Gross_nested and Intra_nested design consists of 220 

16 and 8 test sub-samples, respectively. Three replicates for each test sub-sample were taken to capture the 221 

uncertainty arising from analysis.  222 

 223 

2.2.3 Statistical quantification of sub-sampling uncertainty: nested ANOVA 224 

We statistically quantified the overall uncertainty emerging from sample costitutional heterogeneity, sub-225 

sampling process and analysis and the uncertainty arising from each sub-sampling stage. Nested ANOVA at a 226 

significance level 0.05 was conducted in TIBCO StatisticaTM 13.3.0 software for both designs: four-level nested 227 

ANOVA for Gross_nested and three-level nested ANOVA for Intra_nested design. Each level of nested-228 

ANOVA referred to each stage of sub-sampling and compared the mean values between sub-samples nested 229 

within the sample or higher level of sub-sample. Significance results of nested-ANOVA detected the statistical 230 

difference at each stage and post hoc tests were carried out to detect the sources of  the difference (pairs in which 231 
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nested sub-samples are significantly different to each other) [46]. Key assumptions required to use ANOVA 232 

were examined (see SI.2). Randomization to reduce bias was applied by analysing sub-samples by chance rather 233 

than by choice [26].  234 

In every stage of sub-sampling, the mean values of sub-samples derived from the mean values of the lower level 235 

of nested sub-samples capturing the variance introduced at each level were determined, known as variance 236 

components. The relative standard deviation (RSD) of these variances provided evidence for the uncertainty 237 

arising from each stage of sub-sampling process. The RSD of the sum of the variance components corresponded 238 

to the overall uncertainty. The variance components given by nested ANOVA exhibited the contribution of each 239 

sub-sampling stage to the overall uncertainty [47], which was calculated by diving the RSD from each stage with 240 

the overall RSD. This information gave insights on which stages affected mostly the overall sub-sampling 241 

uncertainty. 242 

In addition, we used descriptive statistics to summarize the analytical results of the SRF properties obtained 243 

through the established sub-sampling process (arithmetic mean, median, standard deviation, 95% confidence 244 

interval and range). Descriptive statistics derived from the average values of 17 sub-samples: 16 sub-samples 245 

analyzed in Gross_nested design and 1 sub-sample analyzed in Intra_nested. We did not obtain the individual 246 

measurements as the assumption of independence would be violated. Replicate measurements from a test sub-247 

sample are more related to each other than the measurements from different test sub-samples. At this stage, we 248 

also included the NCV on wet basis so that to characterize the SRF sample according to the classification system 249 

[13]. However, the sub-sampling uncertainty was not quantified for the properties on a wet basis as it would 250 

include the uncertainty for moisture, which was obtained separately.  251 

2.2.4 Theoretical estimation of sub-sampling uncertainty: ToS-based formula  252 

ToS provides a mathematical formula (Eq. 1) that calculates the sub-sampling uncertainty only due to the 253 

constitutional heterogeneity of the material, known as fundamental error (FE) [27]. This formula can be used 254 

before the sub-sampling process to gain insights on the minimum sub-sampling uncertainty as it does not include 255 

uncertainties related to analysis, sample preparation and sub-sampling methods [5].  256 

sFE2 = ( 1MS −  1ML) ∗ C ∗ d3 Eq. 1 

where Ms is the sample mass [g], ML is the mass of the lot [g], C is the sampling constant related to the 257 

characteristics of the sample [g cm-3] and d is the nominal size of the particles [cm]. In case of sub-sampling, the 258 
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Ms becomes the mass of the new sub-sample and ML becomes the mass of sample or higher level of sub-sample 259 

[5].  260 

According to ToS, the square root of Eq. 1 gives the RSD of FE. We used this formula to calculate the minimum 261 

sub-sampling uncertainty for the selected SRF properties based on ToS. However, results only for MC, Ash and 262 

Total [Cl] are included since ToS considers the analyte (e.g SRF property) as a contaminant, whereas NCV is 263 

not. Specifically, the concentration and density of the analyte are required for the calculation of sampling 264 

constant, C, while NCV cannot be expressed neither as a fraction in the lot nor as an ingredient with density.   265 

The calculation of C relied on typical values of physical characteristics for a fluff type SRF given by  BS 15442 266 

[32]. However, the value of C changes after shredding. The precise quantification of C after shredding was not 267 

obtained as a significant amount of information for the target material, that is not available here, is required [7]. 268 

We estimated these values (see SI.3) based on the optical observation of the physical characteristics of sub-269 

samples after each shredding stage and on typical values given by ToS depending on the physical characteristics 270 

of the sample [27].   271 

 272 

3. Results  273 

3.1. Overall sub-sampling uncertainty  274 

3.1.1. Descriptive statistics: Classification of SRF sample 275 

Descriptive statistics that summarizes the analytical results of SRF properties were obtained (Table 1. ).  276 

Table 1. Central tendency, spread and confidence intervals of SRF properties derived from 17 sub-samples of 53 277 

g obtained through the established sub-sampling process. 278 

Descriptive statistics* 𝒙  M s.d. 95% CI Range 

MC (% w/w) 16.62 16.59 0.26 (16.48, 16.76) [16.05, 17.07] 

Ash (% w/wd) 13.45 13.54 0.39 (13.26, 13.65) [12.81, 14.19] 

Total [Cl] (% w/wd)** 1.09 1.07 0.15 (1.02, 1.18) [0.90, 1.40] 

NCV (MJ kgd
-1) 24.05 24.03 0.65 (23.72, 24.38) [22.59, 25.22] 

NCV (MJ kg-1)*** 20.05 20.08 0.51 (19.79, 20.32) [18.90, 21.00] 
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*Descriptive statistics  derived from 17 SRF sub-samples including: arithmetic mean, median, standard 

deviation, 95% confidence interval and range between minimum and maximum values, respectively; 

** Descriptive statistics only for Total [Cl] were calculated after the removal of systematic analytical 

error (1.7%); ***NCV expressed on wet basis (MJ kg-1) in order to compare the values with the 

classification system [13] 

Total [Cl] lies within a range of 1.02 - 1.18% w/wd  with 95% confidence, which designates the commercially 279 

produced sample as class code 4 for Total [Cl] (1 – 1.5% w/wd) based on the specification requirements laid 280 

down in the BS 15359 [13] standard. The NCV lies within 19.79 and 20.32 MJ kg-1 with 95% confidence 281 

interval. This range contains the borderline between class code 3 (≥ 15 MJ kg-1) and class code 2 (≥ 20 MJ kg-1), 282 

but the average value (20.05 MJ kg-1) designates the SRF sample as class code 2 for NCV. Based on the 283 

classification scheme for the quality of WDF, MC (economic quality parameter) specifies the sample as class 284 

code 3 (≤ 20% w/w), whereas Ash (technical quality parameter) defines the sample as class code 2 (≤ 20% w/wd) 285 

[14].  286 

3.1.2. Overall uncertainty: Nested design vs ToS 287 

Figure 2 presents the overall sub-sampling uncertainty for key SRF properties as statistically calculated (nested 288 

design) and theoretically estimated (ToS) (see SI.4). Both approaches, nested design and ToS, are in agreement 289 

regarding the dependence of sub-sampling uncertainty on SRF property. Based on ToS, the lower the 290 

concentration of analyte, the higher the sampling uncertainty [27]. The highest uncertainty is introduced for the 291 

determination of Total [Cl] due to its lower fraction in the sample (average 1.09% w/wd) compared to the other 292 

SRF properties, whereas the lowest uncertainty found in MC determination (average 16.62% w/w). The 293 

uncertainty for NCV was calculated based only on nested design as ToS considers that analytes are contaminants 294 

(see section 2.2.4) 295 

The statistical approach was expected to give higher RSD than the theoretical as ToS-based formula calculates 296 

the RSD only due to constitutional heterogeneity of the material [27], whereas the RSD from nested-ANOVA 297 

includes also all the related factors that may introduce uncertainty, such as shredding, experimenter skills, 298 

performance of sub-sampling methods and analytical errors. However, Figure 2 is opposed to this expectation. 299 

For example, RSD estimated by ToS is more than 3 times higher compared to nested design for the 300 

determination of MC (2.6%) and Ash (6.1%). This difference was less than twice for Total [Cl] as the RSD was 301 

statistically determined at 18.2% and theoretically estimated at 31.3%. However, the precise quantification of 302 

RSD based on ToS was not obtained due to the insufficient amount of information required for the precise 303 
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calculation of sampling constant, C (see section 2.2.4). Thus, this difference might be attributed to the 304 

overestimation of C, unless the relative contribution of sub-sampling stages to the uncertainty is considerably 305 

different between nested design and ToS (see section 0). 306 

 307 

Figure 2. Overall uncertainty, expressed as RSD (%), arising from the established sub-sampling plan for the 308 

determination of SRF properties statistically (nested design) and theoretically (ToS) determined: NCV was 309 

calculated only statistically due to the consideration of ToS that analytes are contaminants. 310 

 311 

3.2. Uncertainty arising from sub-sampling stages 312 

3.2.1. Statistical significance: Representative sub-samples? 313 

The significance test of nested-ANOVA showed that there is at least one pair of nested sub-samples, which are 314 

statistically different to each other only in the last stages of both designs: 4th (Gross_nested) and 7th 315 

(Intra_nested) (see SI.5). This could evidence that the lower sample mass, the higher possibility of not getting 316 

representative sub-samples, which is also confirmed by ToS (Eq. 1). Despite that, the number of pairwise 317 

comparisons between sub-samples nested within the sample is larger in the last stages than in the first stages 318 

increasing the sensitivity to reject the null hypothesis. For example, the null hypothesis at the 5th stage, which is 319 

the  first stage of Intra_nested design, considered that the mean value of analyte in sub-sample a is equal with 320 

that in sub-sample b. Still, the null hypothesis at the 7th stage (or final stage of Intra_nested design) was that: the 321 

mean value in sub-sample a11 is equal with the mean value in sub-sample a12; and a21 equal with a22; and b11 322 
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equal with b12; and b21 equal with b22 (Figure 1. ). Post hoc tests showed that there is statistical difference 323 

between sub-samples nested within samples for almost every pair not only in the 4th and 7th  sub-sampling stages 324 

(see SI.5). However, the disagreement between ANOVA significance test and post hoc test might presage a false 325 

alarm of significant difference [46].  326 

In order to get better insights in to the difference between sub-samples, variability plots demonstrating the spread 327 

of values between nested sub-samples were obtained (Figure 3.). The blue parallelograms represent the sub-328 

samples of the first stage of riffle splitting for both designs, the red parallelograms nested within the blue ones 329 

indicate the sub-samples of the second stage, etc. In most pairs of nested sub-samples, the spread of values looks 330 

quite alike. In the 2nd stage, the sub-samples (red parallelograms of Gross_nested design) look more uniform 331 

pairwise compared to the other stages due to shredding with the Cutting Mill applied before the 2nd stage. In the 332 

7th stage, the nested sub-samples present a higher spread of values (green parallelograms of Intra_nested design) 333 

due to their low mass. 334 
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C)          Gross_nested design 
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D)          Intra_nested design 
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E)          Gross_nested design 
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F)          Intra_nested design 
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G)          Gross_nested design 
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H)          Intra_nested design 
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Figure 3. Variability plots of SRF properties between sub-samples nested within sample at each stage of sub-337 

sampling process. A: Variability plot of MC from the 1st to the 4th sampling stage (Gross_nested); B: Variability 338 

plot of MC from the 5th to the 7th sampling stage (Intra_nested); C: Variability plot of Ash from the 1st to the 4th 339 

sampling stage (Gross_nested); D: Variability plot of Ash from the 5th to the 7th sampling stage (Intra_nested); 340 

E: Variability plot of Total [Cl] from the 1st to the 4th sampling stage (Gross_nested); F: Variability plot of Total 341 
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[Cl] from the 5th to the 7th sampling stage (Intra_nested); G: Variability plot of NCV from the 1st to the 4th 342 

sampling stage (Gross_nested); H: Variability plot of NCV from the 5th to the 7th sampling stage (Intra_nested). 343 

3.2.2. Uncertainty arising from each sub-sampling stage: Nested design vs ToS 344 

The table of the variance components (see SI.6) provided by nested-ANOVA used for the calculation of RSD 345 

arising from each sub-sampling stage are shown in Table 2. . For all fuel properties, the RSD presents an upward 346 

trend as the sub-sampling process unfolds, which verifies the statement of ToS that the lower the sample mass, 347 

the higher the uncertainty. However, the RSD arising from the 2nd stage of sub-sampling is zero for all properties 348 

except for Total [Cl] that remains almost constant (2.2%). This drop is attributed to the shredding process with 349 

the Cutting Mill applied after the 1st and before the 2nd stage of riffle splitting revealing the beneficial role of 350 

shredding in the reduction of the uncertainty.  351 

Likewise, the RSD arising from the 4th stage is higher than the 5th stage for most SRF properties (except to MC), 352 

which is opposed to the tendency of RSD to be increased as the sample mass is reduced. This is attributed to the 353 

breakdown of nested design in Gross_nested (1st – 4th stage) and Intra_nested (5th – 7th stage).  From the 354 

statistical point of view, balanced nested designs have higher statistical power to the later levels than preceding 355 

levels due to more degrees of freedom (d.f.) [48]. Here, the 5th stage which corresponds to the first level of 356 

Intra_nested has only one d.f., whereas the 4th stage which corresponds to the final stage of Gross_nested has 357 

eight d.f. (see  SI.6).  358 

Table 2. Sub-sampling uncertainty, expressed as RSD (%), arising from each stage of the established sub-359 

sampling plan for the determination of key SRF properties statistically calculated (nested design).  360 

Sub-sampling stages 
RSD (%)* 

MC Ash Total [Cl] NCV 

1st  From 850 g to 425 g 0.5 1.6 2.3 1.4 

2nd  From 425 g to 212 g 0.0 0.0 2.2 0.0 

3rd  From 212 g to 106 g 1.0 1.8 7.8 1.8 

4th  From 160 g to 53 g 1.0 2.1 8.5 2.2 

5th  From 53 g to 26 g 1.4 1.3 4.5 0.6 

6th  From 26 g to 13 g 1.0 3.1 7.2 0.2 

7th  From 13 g to 6.5 g 0.7 3.2 7.9 2.0 

‘Error’** From 6.5 g to test portion 0.7 1.6 5.0 1.4 

* Relative standard deviation derived from the ratio of variance components at each sub-sampling 

stage given by nested–ANOVA to the arithmetic mean of SRF properties in 16 test sub-samples for 

Gross_nested and 8 test sub-samples for Intra_nested design; ** RSD of ‘Error’ stage  derives from 
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the variance of replicates including the analytical error and the sub-sampling uncertainty arising from 

test sub-sample to test portion 

Despite the lower sensitivity of nested-ANOVA to detect variance in upper levels, the comparison of RSD 361 

between the sub-sampling stages with equal d.f. (e.g. 1st with 5th, 2nd with 6th, and 3rd to 7th) demonstrates the 362 

upward trend of RSD as the sample mass decreases. An exception is observed in the case of NCV as the RSD 363 

introduced during the 1st stage (1.4%) is more than twice higher than the 5th stage (0.6%).  The trend of RSD 364 

during the sub-sampling is not always predictable. For example, in case of MC, the RSD tends to decrease from 365 

the 5th to the 7th stage. This trend was also observed for the determination of NCV, the RSD arising from the 6th 366 

stage (0.2%) is 3 times lower compared to the 5th stage (0.6%).  367 

The RSD of ‘Error’ stage derived from the variance of replicate measurements is attributed to: sub-sampling 368 

from the test sub-sample to test portion; and analytical technique. The RSD arising from the ‘Error’ stage ranges 369 

at acceptable levels (< 5%). In most cases, it is lower than the RSD arising from the sub-sampling stages, which 370 

confirms the statement that the sub-sampling uncertainty may considerably exceeds the analytical error in highly 371 

heterogeneous materials [5]. 372 

We compared the statistically calculated RSD (nested design) with the theoretically estimated RSD (ToS) arising 373 

from each sub-sampling stage (Figure 4. ). ToS provides considerably higher RSD compared to nested design in 374 

stages that shredding was not applied: in the 1st stage for all SRF properties (mass reduction with initial d≈3 cm); 375 

and in the ‘Error’ stage for MC and Ash (collection of test portions without cryogenic shredding). In the 376 

intermediate stages, from the 2nd to the 6th, the results between nested design and ToS seem more compatible. 377 

The difference of RSD between the 1st and 2nd stage is higher in the theoretical approach rather than the 378 

statistical approach. For example, the RSD arising from the 1st stage is at least 10 times higher than the 2nd stage 379 

of sub-sampling for the determination of Total [Cl] based on ToS, while nested design demonstrates that the 380 

RSD arising from the 1st (2.3%) and 2nd stage (2.2%) are similar. Shredding with the Cutting Mill reduced the 381 

uncertainty as the RSD did not change for lower sample mass, but this reduction is not as high as the estimated 382 

one by ToS.  383 

In the stage of ‘Error’ (from test sub-sample to test portion) ToS finds that the RSD for MC and Ash is more 384 

than 10 times higher in comparison with the nested design. Here, the d.f. of nested design are sufficient in order 385 

to concern about the statistical power of the design. Furthermore, from the perspective of ToS the sampling 386 

constant, C, was not changed in the final stages (no shredding) for MC and Ash, whilst the difference between 387 

the two approaches became considerably wider compared to the previous stage (7th). Thus, the high difference 388 
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between the two approaches in the ‘Error’ stage for MC and Ash is not related neither to the lower sensitivity of 389 

balanced nested design in the upper stages nor to the inaccurate calculation of sampling constant. The role of 390 

particle size in the sub-sampling uncertainty seems less important than ToS formula performs. This is also 391 

confirmed by the fact that only for Total [Cl] the RSD arising from the ‘Error’ stage, where cryogenic shredding 392 

was applied, calculated by nested design is more than 6 times higher than the RSD based on ToS. It is the only 393 

stage that the RSD theoretically estimated (ToS) is considerably lower than the statistically calculated RSD. 394 

The relative contribution of each stage of sub-sampling to the overall RSD based on both approaches is 395 

presented (Figure 5. ). According to ToS, for the determination of Total [Cl] the relative contribution of the sub-396 

sampling stages to the overall uncertainty is formed in an order 1st > 7th > 6th > 5th > 4th > 3rd > 2nd > ‘Error’. For 397 

MC and Ash the order is slightly different due to absence of shredding the test sub-samples with CryoMill 398 

increasing the uncertainty emerging from the final ‘Error’ stage: ‘Error’ > 1st > 7th > 6th > 5th > 4th > 3rd > 2nd. 399 

A) B) 

C) 

 

D) 

 
A) MC; B) Ash; C) Total [Cl]; D) NCV only based on nested design; The stage of ‘Error’ refers to the RSD of replicate measurements 

Figure 4. Sub-sampling uncertainty, expressed as RSD (%), arising from each sub-sampling stage for the 400 

determination of key SRF properties calculated statistically (nested design) and theoretically (ToS): NCV was 401 

calculated only statistically due to the consideration of ToS that analytes are contaminants. 402 
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According to nested design, the relative contribution of each stage to the overall RSD is different for each SRF 403 

property. For example, in case of MC the order is 5th > 6th > 3rd > 4th > 7th > "Error" > 1st > 2nd, for Ash is 7th > 6th 404 

> 4th > 3rd > ‘Error’ > 1st > 5th > 2nd, for Total [Cl] is 7th > 6th > 4th > 3rd > 5th > ‘Error’> 1st > 2nd and for NCV is 4th 405 

> 7th > 3rd > ‘Error’ > 1st > 5th > 6th > 5th > 2nd. Based ToS, the order of the relative contribution of the sub-406 

sampling stages to the overall uncertainty should be the same for all analytes under an identical sub-sampling 407 

plan, but nested design showed that the relative contribution depends on fuel property. However, the 2nd stage, in 408 

which sub-samples have the highest sub-sample mass (circa 450 g) with the lowest particle size (< 0.4 cm) 409 

compared to the other sub-sampling stages, provides the lowest relative contribution for all SRF property based 410 

on both approaches. 411 

A) B) 

C) 

 

D) 

A) MC; B) Ash; C) Cl; D) NCV only based on nested design; The stage of ‘Error’ refers to the RSD of replicates 

Figure 5. Relative contribution of sub-sampling stages to the overall sub-sampling uncertainty (RSD) for the 412 

determination of SRF properties based on the statistical (nested design) and theoretical approach (ToS): NCV 413 

was calculated only statistically due to the consideration of ToS that analytes are contaminants. 414 

 415 

4. Discussion 416 
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The results have shown the merits and demerits of both approaches applied for the quantification of sub-417 

sampling uncertainty, ToS and nested design. The ToS formula considers the physical and chemical 418 

characteristics of the sample as constant factors into the equation, but these factors might be considerably 419 

different between sub-samples depending on the size and composition of every particle contained in the sub-420 

samples [49]. For example, particles with variable sizes in the sample may have a different chemical 421 

composition or particles with different composition may belong to a specific particle size and/or the analyte 422 

might be abundant in some particles and confined in others [7]. Thus, the target material tends to behave more 423 

unpredictably rather than predictably as ToS implies [7]. This behaviour was observed by the results of nested 424 

design: the RSD for MC was slightly increased as the sub-sample mass reduced in Gross_nested design, but the 425 

reverse behaviour observed in Intra_nested; and, the relative contribution of the sub-sampling stages to the 426 

overall uncertainty was different for each SRF property despite the identical sub-sampling process applied in 427 

SRF properties. Unless the target material has a predictable physical and chemical constitution, such as a narrow 428 

range of particle size and uniform dispersion of analyte into the sample, ToS formula can be inaccurate [7, 49]. 429 

Besides, the effort needed to accurately quantify the determinants of sampling factor would exceed the effort to 430 

quantify empirically the sampling uncertainty due to the significant amount of information required for the target 431 

material [7].  432 

The results of nested design revealed the lower sensitivity of a balanced nested design to detect the variance at 433 

upper levels, where the d.f. are fewer. But, the construction of an unbalanced nested design in order to create a 434 

better balance of d.f. amongst the stages would reduce the power of ANOVA test [50]. Balanced nested designs 435 

are orthogonal and the estimators of the variance components are independent resulting in higher precision of 436 

estimates than unbalanced designs, which are more sensitive to the assumptions of homoscedasticity and 437 

normality [51, 52]. Unless the entire sample mass is analysed, we cannot quantify accurately and precisely the 438 

sub-sampling uncertainty. Here, the variance components derived from 72 analytical measurements (48 in 439 

Gross_nested and 24 in Intra_nested design). In the case of NCV and Total [Cl], this amount of measurements 440 

includes the analytical determination of 2.4% w/w of total sample mass (test portion 0.3 g x 72 measurements = 441 

21.6 g out of 900 g) and in the case of MC and Ash this percentage is 8% w/w (test portion 1 g x 72 442 

measurements = 72 g out of 900 g). However, a prudent use of ANOVA under a strict sub-sampling protocol can 443 

give valuable results [19, 53]. The prerequisites for using ANOVA were thoroughly checked (see SI.2 ), 444 

experiment randomization was applied and advanced sub-sampling practices and equipment were used in order 445 

to produce trustworthy results [5, 47, 53]. In the process of turning waste materials into secondary resources, 446 
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statistically designed experiments (DoE) are valuable tools able to quantify the variability, although there is 447 

limited application in the waste processing sector [20].   448 

In comparison with the nested design, the ToS approach gave a substantially higher sub-sampling uncertainty 449 

(overall RSD) and higher relative contribution in the sub-sampling stages, where either the particle size was 450 

large (1st stage) or the test sub-samples were not cryogenically shredded (‘Error’ stage for MC and Ash). These 451 

findings indicate that the particle size of the sample might affect less the sub-sampling uncertainty than ToS 452 

stipulates. Most of the particles in solid waste tend to be either flat (i.e. paper and textiles) or hollow (e.g. 453 

containers), thus their thickness does not change with shredding so much as in granular materials, in which ToS 454 

is mainly applied. ToS-based formula needs re-evaluation and possibly adjustment regarding the proportional 455 

relationship between FE and the cube of particle size (d3 ∝ FE) before applied in the sub-sampling for waste-456 

derived materials. Therefore, the role of ToS is to provide guidance on correct sampling practices and equipment 457 

so that to adopt a sampling plan able to minimize the uncertainty [5, 7]. 458 

Based on the results of nested design, the overall uncertainty for the determination of relatively uniformly 459 

dispersed analytes in solid waste, such as MC, Ash and NCV can be considered acceptable (RSD ≤ 6.1%). 460 

However, the uncertainty for the less uniformly dispersed Total [Cl] (RSD: 18.2%) exceeded the 15% limit 461 

suggested by Gerlach and Nocerino [5]. Chlorine in SRF varies widely between SRF components and its 462 

variability has preoccupied researchers more than any other SRF property [35, 36]. For example, specific plastic 463 

polymers, such as PVC and PVdC are highly chlorinated materials with Total [Cl] ranging from 46 – 73%, 464 

whereas Cl is absent in PP and HDPE. 465 

The uncertainty states the difference between the experimentally identified estimate (measured value) and the 466 

‘true’ value (also known as real population value). Here, RSD indicates that the Total [Cl] in a test sub-sample 467 

can be up to 0.20% w/wd below or above the average Total [Cl] (1.09% w/wd), which represents the ‘true’ value, 468 

still an unknown quantity, in the SRF sample. Insights on the difference between the ‘true’ value and the 469 

estimate of average of Total [Cl] derived from 17 sub-samples (16 in Gross_nested design and 1in Intra_nested) 470 

were obtained by the margin of error, which was 0.08% w/wd at 95% confidence level. Putting this into 471 

perspective, the overall RSD did not exceed the intervals ranges used in the class codes of classification CEN 472 

SRF scheme, which can be from 0.4% w/wd to 1.5% w/wd (class code 1  0.2% w/wd; class code 2  0.6% w/wd; 473 

class code 3  1% w/wd; class code 4  1.5% w/wd; and, class code 5  3% w/wd).  474 
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Higher levels of uncertainty can in fact be tolerable and fit for purpose, depending on the user needs, inherent 475 

material heterogeneity and the variability of analyte in the sample (e.g uniformly dispersed analyte such as the 476 

chemical substance in a drug or less uniformly dispersed analyte such as PTE in solid waste) [7, 54], because 477 

representative sampling might be never fully achieved [55]. Taking into account the highly inherent 478 

heterogeneous composition of SRF and the considerable Cl variability in waste component categories, a sub-479 

sampling plan able to obtain values that lie within a permissible range for the classification of SRF can fulfil the 480 

fitness for purpose requirements. Besides, end-users have to acknowledge that there is always the possibility of 481 

incorrect classification of SRF associated with Cl even under a thorough sub-sampling protocol, but this 482 

possibility can be confined and controlled with the use of appropriate practices and equipment. However, in case 483 

of less uniformly dispersed hazardous properties (e.g PTE) the analysis of duplicate samples for a single lot 484 

might be needed [33].  485 

The analytical determination of analytes in SRF and generally in solid waste must include the sampling 486 

uncertainty [19, 55]. Specifically, compliance evaluation with existing quality management specifications 487 

requires the incorporation of the uncertainty level of the measurand at a selected set limit leading to the creation 488 

of acceptance and rejection zones [56]. In most studies the properties of solid waste are expressed as individual 489 

values and the standard deviation of replicates is given. However, the variability of replicates, known as 490 

repeatability, refers to the precision (closeness of measurements to each other) and not to the accuracy 491 

(proximity to the true value) of analytical results [26]. Besides, we found that the RSD arising from the ‘Error’ 492 

stage which describes the variability of replicates, constitutes only a small part of the sub-sampling uncertainty 493 

ranging from 7 to 14% of total RSD for the selected SRF properties. The properties of solid waste need to be 494 

specified by a level of uncertainty using: quality control practices, such as reference materials for the calculation 495 

of systematic errors [26], replicate measurements [26], randomization [47], correct sampling practices and 496 

equipment [5]; and statistical tools [10, 20].  497 

 498 

5. Conclusions 499 

Through statistically designed experiments, we tested here for the representativeness of sub-sampling (laboratory 500 

sampling, sample preparation and analytical determination) of solid waste samples, which are subject to great 501 

inherent variability, not least due to their composition. Testing was performed under optimally practicable 502 
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correct sampling practices and equipment. Via quantification of sub-sampling uncertainty (RSD), we established 503 

that it is overall feasible to obtain sufficiently representative analytical results for certain key fuel properties in 504 

SRF (moisture, ash and calorific value: RSD ≤ 6.1%), which are more uniformly dispersed compared to PTE 505 

such as cadmium and mercury based on BS 15443:2011. 506 

However, for the determination of Total [Cl], which is a less uniformly dispersed property and the key limiting 507 

factor of SRF end-uses, the sub-sampling uncertainty is far from negligible (RSD: 18.2%). Whereas this level of 508 

uncertainty is three times higher than the other key properties, it is just above the 15% limit suggested as 509 

acceptable in the literature – although an arbitrary limit in the absence of relevant comparative evidence. The 510 

outcome for Cl indicates that we could possibly have to live with that level of uncertainty when we quantify Cl 511 

in SRF and similar properties in waste-derived samples. This conclusion considers as fitness for purpose criteria 512 

the fact that: (i) SRF is inherently a highly heterogeneous material; (ii) Cl varies widely between SRF 513 

components (e.g. different types of plastic); and (iii) what is practicable for compliance statistics as established 514 

in the relevant SRF classification standard. Indeed, an RSD at 18.2% indicates that the measured Total [Cl] in a 515 

test sub-sample can range from 0.89 to 1.29% w/wd, which corresponds to a concentration difference of 0.20% 516 

w/wd from the average value (1.09% w/wd). Putting this into perspective, the intervals between the class codes of 517 

the classification scheme of SRF for Cl are defined with ranges of 0.4 – 1.5% w/wd. Arguably, lowering the sub-518 

sampling uncertainty of the Cl with the current technological state of the art would possibly require excessive 519 

effort and cost.  520 

We also provide here a quantification of the relative sources of the sub-sampling and analytical determination 521 

process. Nested design confirmed the statement of ToS that sub-sampling uncertainty can significantly exceed 522 

the uncertainty associated with the analytical method in highly heterogeneous materials. The uncertainty 523 

introduced at the final stage (‘Error’ stage: from the test sub-sample to test portion) constituted only 7 – 14% of 524 

total sub-sampling uncertainty. This is just around 1/10th of the overall uncertainty: most of the uncertainty is 525 

introduced in the preceding sub-sampling stages.  526 

Our work offers tangible insights on the applicability of the ToS in the context of waste samples. The nested 527 

design (statistical approach) indeed confirmed the ToS (theoretical approach) with respect to the increase of 528 

uncertainty as the sample mass decreases (higher RSD at final stages) and the dependence of sub-sampling 529 

uncertainty on the concentration of analytes (highest RSD found in Total [Cl] with the lowest fraction in SRF - 530 

lowest uncertainty found in MC with the highest fraction).  531 
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We also conclude here that the ToS-based formula needs to be re-evaluated and possibly adjusted for 532 

applications in sub-sampling of waste-derived materials. First, the relative contribution of sub-sampling stages to 533 

the overall uncertainty was found to differ depending on fuel property, contrary to what the ToS stipulates. 534 

Second, comparison of nested design approach with the ToS-based formula reveals that the latter overestimates 535 

the uncertainty emerging from stages without shredding (1st and 7th stage). We suggest that this overestimation 536 

could be attributed to the ToS uncertainty formula being proportional to the cube of particle size (FE ∝ d3), 537 

which may not be universally applicable to all waste item fragments. Shredding decreases the thickness of flat or 538 

hollow particles mainly included in SRF to a lower degree compared to granular materials, for which the ToS 539 

formula was developed. The work presented here can set the basis for the introduction of statistically informed 540 

sub-sampling standards in SRF and wider solid waste samples, and enable the informed revision of existing 541 

technical standards that apply ToS for waste-derived fuels, such as the BS 15442. 542 
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