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Abstract 
A novel methodology for conducting efficiently fragility analysis considering 

nonproportionally damped inelastic multi degree-of-freedom (MDOF) structural systems 
subject to stochastic seismic excitations defined by an advanced stochastic model consistent 
with magnitude-epicentral distance earthquake properties is developed. To this aim, an 
approximate stochastic dynamics technique for determining the system response amplitude 
probability density functions (PDFs) is developed. Firstly, relying on statistical linearization 
and state-variable formulation the complex eigenvalue problem is addressed through the time-
domain. Secondly, utilizing the forced vibrational modal properties of the linearized MDOF 
system in conjunction with a combination of deterministic and stochastic averaging treatment, 
the MDOF system modal response amplitude process PDFs are determined. The modal 
participation factors are then defined for the complex-valued mode shapes and the total 
response amplitude process PDFs are provided in physical coordinates. Subsequently, 
appropriate limit states are related with the higher order statistics of the engineering demand 
parameters (i.e. that of the PDF) for quantifying structural system related fragilities. 
Nevertheless, due to the vector-valued nature of the adopted intensity measure, depicting 
system fragilities takes the form of three-dimensional fragility surfaces. The associated low 
computational cost renders the proposed methodology particularly useful for efficient 
structural system fragility analysis and related performance-based engineering design 
applications. A multi-storey building structure comprising the bilinear hysteretic model serves 
as a numerical example for demonstrating the reliability of the proposed fragility analysis 
methodology. Nonlinear response time-history analysis involving a large ensemble of 
compatible accelerograms is conducted to assess the accuracy of the proposed methodology in 
a Monte Carlo-based context.  

Keywords: fragility surfaces, nonlinear stochastic dynamics, stochastic field, statistical 
linearization, stochastic averaging, bilinear MDOF hysteretic system 

1 INTRODUCTION 

Most structures and civil infrastructure systems are subject to excitations, such as 
earthquakes and winds, which exhibit strong variability in both the intensity and the frequency 
content (e.g. [1,2]). Clearly, this feature necessitates a careful consideration of the 
representation for this class of loads by rendering appropriately to the concept of stochastic 
fields. Next, regarding the transmission of random vibration, the classical damping assumption 
[3] which has found widespread application in structural engineering practice, can actually be 
seen as an attribute which constitutes a limitation for any approach that makes use of it. As in 
most real systems of engineering interest the modal equations of motion are coupled (e.g. 
[4,5]), it arises naturally that non-classically damped systems are more appropriate to be 
considered for approaches with broader applicability and versatility. Further, linear time-
invariant models are appealing for many structural engineering applications. Nevertheless, in 
several cases structural components are expected to exhibit nonlinear behaviour associated, in 
general, either with material or geometrical aspects. In this regard, structural systems under 
severe earthquake excitations can become nonlinear and inelastic (i.e. plastic/hysteretic) with 
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restoring forces depending on the response history [6,7]. Note in passing that contemporary 
aseismic code provisions dictate a ductile behavior under the design seismic action. Since the 
number of nonlinear random vibration problems that lend themselves to exact solutions is 
strikingly limited, the predominant approach for determining, with any preselected level of 
accuracy, the response/reliability statistics and fragilities of nonlinear structural systems under 
stochastic excitation is the Monte Carlo simulation (MCS) method. However, MCS can be 
computationally prohibitive, especially in cases where complex nonlinear multi degree-of-
freedom (MDOF) systems are considered. 

The emerging concept of performance-based engineering (PBE) advocates the assessment 
of the structural system performance in a comprehensive and rigorous manner by properly 
accounting for the presence of uncertainties (e.g. [8,9]). Specifically, inherent in the philosophy 
of the PBE is the definition, in general, of excitation related variables, known as intensity 
measures (IMs) (e.g., peak ground acceleration, spectral acceleration, etc), and of system 
response related variables known as engineering demand parameters (EDPs) (e.g., inter-story 
drift ratio, peak story drifts, etc). Moreover, the information provided via the functional 
relationship between the IMs and the EDPs in conjunction with appropriately defined 
damage/limit  states (LS), is utilized for quantifying a selected decision variable (e.g., risk of 
financial loss, life cycle-cost, etc). Nevertheless, determining the above-mentioned functional 
relationship, and generating system fragilities (i.e. probabilities of exceeding specified damage 
states given an IM value), constitutes typically a computationally demanding and cumbrous 
task. 

In this regard, it can be argued that there is a need for developing approximate analytical 
and/or numerical techniques for determining efficiently the response and the associated 
fragilities of nonlinear structural systems subject to stochastic excitations. Nevertheless, 
although there is a considerable body in the literature referring to the development of such 
stochastic response determination techniques (e.g., [5,6,10]) there are limited results related to 
utilizing such techniques for efficient fragility analysis applications. An interesting 
contribution in this regard is the work by Der Kiureghian and Fujimura placed in 2009 [11] 
where an efficient tail-equivalent linearization based approach is applied for fragility analysis 
of a nonlinear building structure. Furthermore, Kafali and Grigoriu [12] perform structural 
system fragility analysis utilizing the crossing theory for the cases of linear and nonlinear 
SDOF oscillators, introducing interestingly alternative intensity measures. Lastly, it is of 
interest the work of Tubaldi et al. [8] where a combination of analytical and simulation 
techniques is employed to assess fragilities for adjacent steel buildings connected by viscous 
dampers. 

This paper proposes an efficient fragility analysis methodology which encompasses a novel 
inelastic modal decomposition method for random vibration analysis in alignment with 
specifications prescribed by an advanced point source stochastic seismological model for 
determining the probability law of the induced ground motion considering non-classically 
damped and nonlinear MDOF systems. Relying on statistical linearization and state-variable 
formulation the complex eigenvalue problem is addressed through the time-domain. Next, 
utilizing the forced vibrational modal properties of the linearized MDOF system in conjunction 
with a combination of deterministic and stochastic averaging treatment, the MDOF system 
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modal response amplitude process PDFs are determined. The modal participation factors are 
evaluated for the complex-valued mode shapes and the total response amplitude process PDFs 
are defined in physical coordinates. Lastly, appropriate LS are related with the higher order 
statistics of the EDPs (i.e. the PDF) for assessing system related fragilities at a low 
computational cost. 

The proposed fragility analysis methodology differs, as compared with a typically applied 
fragility analysis implementation, in the following three aspects: (i) the ground motion is 
modeled in the form of a non-stationary stochastic field rather than a suite of scaled real 
earthquake records; (ii) instead of the commonly employed scalar IMs of the peak ground 
acceleration (PGA) or spectral acceleration, a vector-valued IM consisting of two parameters, 
namely the earthquake moment magnitude M୫ and the epicentral distance r (i.e. the distance 
from the epicentre to system site), is employed; the location dependency renders the considered 
stochastic field also non-homogeneous in space (in addition to being non-stationary in time); 
(iii) an efficient approximate nonlinear stochastic dynamics technique is developed for 
determining efficiently higher order statistics of the EDPs (i.e. the response PDF) and the 
associated system fragilities; thus, circumventing computationally cumbersome MCS. This 
latter attribute is of particular importance since it enables methodology to account for nonlinear 
MDOF structural systems liberated from any dependency on the form of damping (i.e. 
proportionally and nonproportionally damped systems).  

In the remainder of this paper Sections 2.1-2.5 review the mathematical background 
supporting the proposed framework, Section 2.6 furnishes pertinent comments on important 
attributes and practical usage of the implementation technique, Section 3, presents an 
illustrative application of the framework to a yielding multi-storey building frame exposed to 
stochastic seismic excitation and assesses its accuracy against nonlinear response time-history 
analysis (RHA) data, and Section 4 summarizes the main conclusions. 

2 MATHEMATICAL BACKGROUND 

This section elucidates the mathematical details involved in the development of the 
proposed efficient fragility analysis methodology. Particular attention has been given on 
exemplifying the various simplifications and assumptions made in support of numerical 
efficiency.  

2.1 Determination of the probability law of the induced seismic action  

The stochastic seismological model proposed by Boore [2] is utilized in the herein study to 
determine the radiation spectrum and the associated time envelope function. At this point, it is 
deemed appropriate to note that the choice of the seismological model is not binding and that 
the proposed methodology can readily be modified to account for provisions and specifications 
defined by various stochastic seismological models (e.g. [13,14]).  

The employed point source seismological model is characterized primarily by the radiation 
spectrum YሺɘǢ M୫ǡ rሻ and the envelope function eሺtǢ M୫ǡ rሻ, where ɘ denotes the angular 
frequency expressed in rad/s whereas M୫ and r stand for the moment magnitude and epicentral 
distance respectively. Specifically, the radiation spectrum YሺɘǢ M୫ǡ rሻ of the ground motion at 
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a site can be construed as the composition of several contributions from various factors such 
as the earthquake source (E), the path (P), the site (G), and the type of motion (I)  YሺɘǢ M୫ǡ rሻ ൌ Eሺɘǡ Mሻ Pሺɘǡ rሻ Gሺɘሻ Iሺɘሻ                                      ሺͳሻ 

where the equivalent two point-source spectrum developed by Atkinson and Silva [15] is 
employed for the earthquake source in the form Eሺɘǡ Mሻ ൌ C M୭  ͳ െ ɂͳ  ሺɘ ɘୟΤ ሻଶ   ɂͳ  ሺɘ ɘୠΤ ሻଶ൨Ǥ                              ሺʹሻ 

where M stands for the seismic moment (in dyna-cm) (e.g. [16]) and is related with the 
moment magnitude M୫ according to M୭ ൌ ͳͲଵǤହሺౣାଵǤሻ [17]. Next, the constant C which 
appears in Eq.(2) is given by the relationship C ൌ RఃVFͶܴߨఖɏୱȾୱଷ                                                                    ሺ͵ሻ 

where Rః is the average radiation pattern, V is a coefficient to account for the partition of waves 
into two horizontal components, F is the free surface amplification; Ⱦୱ and ɏୱ are the shear-
wave velocity and density in the vicinity of the seismic source, and Rட is a reference distance. 
The lower and upper corner angular frequencies ɘୟ and ɘୠ in Eq.(2) are estimated by the 
corresponding relationships concerning ordinary frequencies which read logଵfୟ ൌ ʹǤͳͺͳ െͲǤͶͻM୫ and logଵfୠ ൌ ʹǤͶͳͲ െ ͲǤͶͲͺM୫. The weighting parameter ɂ is provided by the 
expression logଵߝ ൌ ͲǤͲͷ െ ͲǤʹͷͷM୫. Further, the path component of the process that 
affects the radiation spectrum of ground motion at a particular site is given by Pሺɘǡ rሻ ൌ ͳR expሺെ ɎɘR QሺɘሻȾୱΤ ሻǡ                                                 ሺͶሻ 

where R ൌ ξhଶ  rଶ is the radial distance from the earthquake source to the site, with h 
representing a moment dependent, nominal pseudo-depth (in km), given by the expression logଵh ൌ ͲǤͳͷM୫ െ ͲǤͲͷ. The employed regional quality factor is given by Qሺɘሻ ൌͺͲ ɘǤଷ଼. Next, the modification of seismic waves by local site conditions is considered 
through the expression Gሺɘሻ ൌ expሺെɎ�୭ɘሻ A୫ǡ                                                           ሺͷሻ 

where �୭ is a constant; and A୫ is a near-surface amplification factor described via empirical 
curves for generic rock sites. In the ensuing analysis, it is assumed that A୫ is equal to a constant 
value (e.g. [18]). The filter Iሺɘሻ is provided in the following form Iሺɘሻ ൌ ሺʹɎɘሻ୬Ǥ                                                                     ሺሻ 

Next, considering the acceleration as the utilized type of ground motion yields n equals to two; 
zero and one correspond to ground displacement and velocity, respectively. In Fig. 1a, the 
radiation spectra for various values of moment magnitude M୫ and a constant value of the 
epicentral distance r are plotted.  
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Fig. 1. (a) Radiation spectrum YሺɘǢ M୫ǡ rሻ for various values of M୫ and a constant value of r ൌ͵Ͳ�m. (b) Envelope function eሺtǢ M୫ǡ rሻ for various M୫values and r ൌ ͵Ͳ�m; Rః ൌ ͲǤͷͷǡ V ൌ ͳȀξʹǡ 
F = 4, Ⱦୱ ൌ ͵Ǥͷ�mȀs, ɏୱ ൌ ʹǤͺgȀcmଷǡ �୭ ൌ ͲǤͲͳͷ, A୫ ൌ ʹǤͷ and n ൌ ʹ, ɉ ൌ ͲǤʹ, ߟ ൌ ͲǤͲͷ. 

Subsequently, the time envelope function eሺtǢ M୫ǡ rሻ is defined according to the relation eሺtǢ M୫ǡ rሻ ൌ Ƚሺt t୬Τ ሻୠexp൫െܿሺݐ t୬Τ ሻ൯ǡ                                          ሺሻ 

with b ൌ െɉln ሺߟሻ ሾͳ  ሻߣሺlnሺߣ െ ͳሻሿǡΤ  c ൌ b ɉǡΤ  Ƚ ൌ ሾexpሺͳሻ ɉΤ ሿୠ, and t୬ ൌ ͲǤͳR  ʹɎ ߱ୟΤ . 
Indicatively, in Fig. 1b, the corresponding time envelope functions are provided. Note that the 
herein point-source stochastic ground motion model has found applicability on a number of 
structural reliability studies in the field of earthquake engineering (e.g. [18-20]). 

In the herein study, based on the findings associated with the employed point source 
seismological model, meaning the radiation spectrum and the time envelope function, 
evolutionary power spectra are introduced as functions of moment magnitude and epicentral 
distance. In this setting, the following relation is proposed  Sሷ ౝሺɘǡ tሻ ൌ ȁeሺtǢ M୫ǡ rሻȁଶYሺɘǢ M୫ǡ rሻǤ                                         ሺͺሻ 

providing a statistical description of the underlying non-stationary in time and non-
homogenous in space stochastic field. For illustration purposes, Figs. 2a-b show evolutionary 
power spectra as well as typical associated realizations of the ground acceleration stochastic 
process for the site and earthquake conditions depicted in Fig. 1. 
 

 
Fig. 2. Evolutionary power spectra and compatible time-realizations of the underlying stochastic 

processes of the ground motion for (a) M୫ ൌ Ǥͷ and r ൌ ͵Ͳ�m, and (b) M୫ ൌ Ǥͷ and r ൌ ͵Ͳ�m. 

Note in passing that the above determined power spectra characterizing the underlying 
stochastic processes for specific magnitude-epicentral distance earthquake properties are 
introduced and used as a first numerical step to represent the seismic input action. 
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2.2 Statistical linearization for nonproportionally damped nonlinear MDOF systems  

Consider a nonproportionally damped, nonlinear structural system with n number of DOFs 
base-excited by the Gaussian acceleration stochastic process Ƚሷ ሺtሻ, characterized in the 

frequency domain by the power spectrum Sሷ ౝሺɘǡ tሻ. The dynamic behavior of the structure is 

governed by the system of differential equations written in vector-matrix form as  ܡۻሷሺݐሻ  ሻݐሶሺܡ۱  ሻݐሺܡ۹  ሻǡݐሺܡ൫ ሻ൯ݐሶሺܡ ൌ ۴ሺtሻ ൌ െۻȽሷ ሺtሻ                       ሺͻሻ 

where ܡሺݐሻ, ܡሶሺݐሻ, and ܡሷሺݐሻ denote the response displacement, velocity, and acceleration vectors 
defined in relative coordinates. Specifically, ݕሺtሻ stands for the inter-story drift ݕሺtሻ ൌ ݔ െݔିଵ, whereas ݔ for ݆ ൌ Ͳǡͳǡʹǡ ǥ ǡ n is the lateral floor displacement relative to the ground 

displacement with ݔ=0; alternatively, it can be defined as ݕሺtሻ ൌ where  the ͳ ,்࢞࢝ ൈ n 

transformation vector ்࢝ for the case of the top floor relative displacement takes the values ሾͳ െ ͳ  Ͳ ǥ  Ͳሿ; see also [21]. Further, ۱ ,ۻ, and ۹ denote the ሺn ൈ nሻ real-valued mass, 
damping, and stiffness matrices, respectively while  is a unit ሺn ൈ ͳሻ column vector; ൫ܡሺݐሻǡ ሻ൯ is a nonlinear nݐሶሺܡ ൈ ͳ vector function of the variables ܡሺtሻ and ܡሶሺtሻ, used to model 

the inelastic response of the seismically excited yielding structure.  
For nonproportionally damped systems which do not satisfy Caughey and O’Kelly identity 

[3] meaning cases where ۱ିۻ۹ ്  ۱ the eigenvalues as well as the modal shapes areିۻ۹
expected to be complex-valued. Note in passing that the Rayleigh form of damping where the 
damping matrix is defined to be proportional to the mass and stiffness matrices is a sub-case 
of Caughey and O’Kelly’s identity. Relying on the standard assumption that the response 
processes are Gaussian, and following statistical linearization [6,22], a linearized version of 
Eq. (9) is considered in the form  ܡۻሷሺݐሻ  ൫۱  ሻݐሶሺܡ൯ܙ܍۱  ൫۹  ሻݐሺܡ൯ܙ܍۹ ൌ  ۴ሺݐሻ ൌ െۻȽሷ ሺtሻǡ                     ሺͳͲሻ 

where ݇  ൌ ݇  ݇ and ܿ ൌ ܿ   ܿ with the ሺ݀ǡ ݈ሻ௧ element of the equivalent linear 

matrices ۱ܙ܍ and ۹ܙ܍ to be determined by the following expressions ܿௗǡ ൌ ܧ ߲݃ௗ߲ݕሶ ൨ ǡ ݇ௗǡ ൌ ܧ ߲݃ௗ߲ݕ ൨ǡ                                                   ሺͳͳሻ 

in which E[∙] is the mathematical expectation operator. A state vector ܢሺݐሻ can be defined as ࢠሺݐሻ ൌ ሾܡሺݐሻ ሶܡ ሺݐሻሿ் Ǥ                                                             ሺͳʹሻ 

In terms of ܢሺݐሻ, the linearized equation of motion Eq.(10) can be written as a first-order matrix 
equation ࢠሶ ሺݐሻ ൌ ሻݐሺࢠࡳ   ሻ                                                               ሺͳ͵ሻݐሺࢌ

where ࡳ ൌ   ൫۹ିۻെࡵ  ൯ܙ܍۹ െିۻ൫۱   ൯൨                                          ሺͳͶሻܙ܍۱

and 



8 

 

ሻݐሺࢌ ൌ  ିۻ۴ሺݐሻ൨                                                                 ሺͳͷሻ 

The equivalent eigenvalues ߣଵǡ ҧଵߣ ǡ ǥ ǡߣ ҧ of the ʹnߣ ൈ ʹn matrix ࡳ can be computed by 
solving  ȁࡳ െ ȁࡵૃ ൌ . For a dynamically exited n-DOF system, there are n pairs of eigenvalues ߣǡ ǡ࣒ ҧ, and to each such pair corresponds a complex conjugate pair of eigenvectorsߣ ഥ࣒ , 

with ݅ ൌ Ͳǡͳǡʹǡ ǥ ǡ n. The equivalent complex modal matrix ࢋࢀ which is formed as ࢋࢀ ൌ ଵǡ࣒ൣ ഥଵǡ࣒ ǥ ࣒ ǡ ഥ࣒ ൧                                                    ሺͳሻ 

serves as an appropriate transformation matrix mapping physical to modal coordinates. In this 
setting, the following transformations are introduced ࢠሺݐሻ ൌ ሻݐሺࢍ ሻ andݐሺ࢛ࢋࢀ ൌ ሺࢋࢀሻିࢌሺݐሻ 
where the elements of the transformed state vector ࢛ሺݐሻ can be determined using the 
convolution integral relationship  ݑሺݐሻ ൌ න ݐ൯݃ሺߠߣ൫ݔ݁ െ ௧ߠሻ݀ߠ

                                                ሺͳሻ 

where the impulse response function is defined as ݄ሺݐሻ ൌ ݐ ൯ forݐߣ൫ݔ݁   Ͳ. Further, of 

particular interest from a reliability assessment perspective is the time instant where the 
excitation spectrum reaches its most critical value, i.e. the tୡ୰ when eሺtǢ M୫ǡ rሻ takes its highest 
value; this attribute enables the ensuing stochastic analysis to focalize on specified values of tୡ୰ dictated by the magnitude-epicentral distance properties where the underlying stochastic 
seismic processes can be assumed to be locally stationary in time. The correlation matrix of the 
applied forces ࢌሺݐሻ in physical coordinates is given in the form  ࢌࡾሺ߬ሻ ൌ ݐሺ்ࢌሻݐሺࢌሼܧ  ߬ሻሽ ൌ    ሺ߬ሻ൨                                     ሺͳͺሻࡲࡾ

where ࡲࡾሺ߬ሻ is defined as the inverse Fourier transform of the applied forces power spectrum 
matrix which reads in the frequency domain ۴܁ሺ߱ǡ ሻݐ ൌ Sሷ ౝሺɘǡ tሻۻۻࢀࢽǤ                                                  ሺͳͻሻ 

Subsequently, the following transformation relation is used ࢍࡾሺ߬ሻ ൌ ሺࢋࢀሻିࢌࡾሺ߬ሻ ሺሺࢋࢀሻିሻכǤ                                           ሺʹͲሻ 

where the superscript (*) denotes Hermitian transposition. In the general case of a 
linear/linearized MDOF system under stochastic excitation a matrix input-output correlation 
relationship of the form (e.g. [5]) ܴ௨ሺ߬ሻ ൌ න න ݄ௗሺߠଵሻܴሺ߬  ଵߠ െ ଶሻஶߠሺכଶሻ݄ߠ

 ଶஶߠଵ݀ߠ݀
                             ሺʹͳሻ 

can be derived, utilizing the convolution integral relationship of Eq.(17). Next, the 
transformation ࢠࡾሺ߬ሻ ൌ                                                       ሺʹʹሻכࢋࢀ ሺ߬ሻ࢛ࡾࢋࢀ
can be utilized. The diagonal elements of the response correlation matrix computed at the origin 
(i.e. ߬ ൌ Ͳ) provide with estimates of the mean square of the response state vector ܢሺݐሻ. 
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In the field of aseismic engineering the bilinear hysteretic force-deformation law, shown in 
Fig. 3b, consists a commonly employed model to capture the hysteretic behavior of structural 
members and systems under seismic excitation (e.g. [23]). For the case of a bilinear hysteretic 
oscillator the nonlinear vector function takes the form (e.g. [5,24]) ݃ ቀyሺݐሻǡ yሶ ሺݐሻቁ ൌ ሻݐሺݕߙ   ൫ͳ െ  ሻǡ                                     ሺʹ͵ሻݐሺߪ൯ߙ

with the auxiliary state ߪሺݐሻ defined as ɐሶ ୨ሺtሻ ൌ yሶ  ቄͳ െ ܷ ቀyሶ ሺݐሻቁ ܷ൫ߪሺݐሻ െ x௬൯ െ ܷ ቀെyሶ ሺݐሻቁ ܷ൫െߪሺݐሻ െ x௬൯ቅǡ       ሺʹͶሻ 

where ܷሺήሻ denotes the Heaviside step function, namely, ܷሺߚሻ ൌ ͳ for ߚ  Ͳ, and ܷ ሺߚሻ ൌ Ͳ 
for ߚ ൏ Ͳ, x௬ is the yielding deformation and ߙ is the post-yield to pre-yield stiffness ratio. 
Through a consideration of a free-body diagram for the j-th story, the equation of motion, reads   

݉  ሻݐሷሺݕ
ୀଵ  ܿݕሶሺݐሻ െ ܿାଵݕሶାଵሺݐሻ  ݇݃ ቀyሺݐሻǡ yሶ ሺݐሻቁ െ ݇ାଵ݃ାଵ ቀyሺݐሻǡ yሶ ሺݐሻቁ ൌ െ ݉Ƚሷ ሺtሻ  ሺʹͷሻ 

Adopting the assumptions that the response of a viscously damped bilinear hysteretic SDOF 
oscillator is contained within a narrow band of frequencies and that the PDF of its amplitude 
process follows a Rayleigh distribution, the equivalent linear parameters are determined (e.g. 
[7,25]) 

݇ ൌ ݇ ቊͳ െ ͺሺͳ െ ߨሻߙ න ቂିݑଷ  ൫ݒݑ൯ିଵቃஶ
ଵ ሺݑ െ ͳሻଵ ଶΤ ݁ି௨మ ௩ೕൗ  ቋǡ             ሺʹሻݑ݀

and c୨ୣ ൌ c୨  ʹ ቆ ݇ଶ ݉݇ ቇଵ ଶΤ ൫ͳ െ ൯ିଵݒߨ൯൫ߙ ଶΤ ିଵݒሺ݂ܿݎ݁ ଶΤ ሻǡ                         ሺʹሻ 

with  ݒ ൌ ʹܴ௬ೕೕሺͲሻx௬ଶ ൌ ሻ൧x௬ଶݐy୨ଶሺൣܧ                                                         ሺʹͺሻ 

Note in passing that the cross-correlation terms in the determination of the expressions for the 
equivalent linear parameters are neglected due to their relatively low contribution. It can be 
readily seen that Eqs.(13-22) and Eqs.(26-28) constitute a coupled nonlinear system of 
algebraic equations to be solved iteratively for the system equivalent linear parameters 
determination. In this setting, a simple iterative while-loop is sufficient to simultaneously 
satisfy Eqs.(13-22) and Eqs.(26-28) until convergence of the equivalent linear parameters is 
achieved within a pre-specified tolerance. 

2.3 Stochastic averaging treatment of the equivalent modal oscillators 

Relying on the assumption of light damping (i.e ߞ ൏ ͲǤͳ), it can be argued that every 
equivalent modal oscillator exhibits a pseudo-harmonic behavior, allowing for the response 
amplitude process to be modelled as a one-dimensional Markov process.  In this regard, the 
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modal response amplitude envelope A୧ሺtሻ is a slowly varying function with respect to time 
defined as (e.g. [10,26,27]) 

ଶሺtሻܣ ൌ ሻݐଶሺݑ  ቆݑሶ ሺݐሻ߱ ቇଶ                                                       ሺʹͻሻ 

where the equivalent pseudo-undamped natural circular frequency ߱ is related with the 
corresponding pair of eigenvalues ߣǡ ҧ through the following relation ߱ߣ ൌ หߣห. The 
modal response ݑሺݐሻ is described by the equation  ݑሺݐሻ ൌ ሻݐሺܣ cos ቀ߱ݐ   ሻቁ                                              ሺ͵Ͳሻݐሺߠ

where ߠሺݐሻ stands for the phase of the modal response. Next, based on a combination of 
deterministic and stochastic averaging a first-order stochastic differential equation (SDE) 
governing each mode response amplitude process ܣሺݐሻ takes the form  

ሻݐሶሺܣ ൌ ܴ݁ሺߣሻܣሺݐሻ  ሷܵߨ ൫߱൯ʹܣሺݐሻหߣหଶ  ටܵߨሷ ൫߱൯หߣห  ሻǤ                      ሺ͵ͳሻݐሺߟ 

In Eq.(31), ߟሺݐሻ stands for a stationary, zero mean and delta correlated Gaussian white noise 
process of unit intensity, i.e., ܧ൫ߟሺݐሻ൯ ൌ Ͳ; and ܧሺߟሺݐሻߟሺݐ  ߬ሻሻ ൌ  ሺ߬ሻ being theߜ ሺ߬ሻ, withߜ
Dirac delta function. The mode shapes, ࣐ are given by the upper half of the eigenvectors ࣒ forming the transformation matrix ࢋࢶ. The diagonal elements of the ground motion 

acceleration power spectrum matrix in modal coordinates appearing in Eq.(31) are determined  ܁ሷ ሺɘሻ ൌ ሺࢋࢶሻିSሷ ౝሺɘǡ tୡ୰ሻࢀࢽሺሺࢋࢶሻିሻכ                                   ሺ͵ʹሻ 

whereas the Fokker-Planck (F-P) partial differential equation governing the response amplitude 
PDF of the Markovian process ܣ corresponding to the ݅-th mode is μμt pሺA୧ǡ tሻ ൌ μμA୧ ൭െܴ݁ሺߣሻA୧ െ Ƚሷܵߨ ݅݅൫߱݅݁ หଶߣ൯ʹA୧หݍ ൱ pሺA୧ǡ tሻ൩  μଶμA୧ଶ ൭ܵߨȽሷ ݅݅൫߱݅݁ หଶߣ൯ʹหݍ ൱ pሺA୧ǡ tሻ൩ ሺ͵͵ሻ 

Next, Eq.(33) has been shown to admit as solution a Rayleigh distribution [10,28] pሺA୧ǡ tሻ ൌ A୧ሺtሻc୧ሺtሻ exp ቆെ A୧ሺtሻଶʹc୧ሺtሻቇǤ                                                  ሺ͵Ͷሻ 

Substituting Eq.(34) into the F-P equation, and manipulating, yields a first-order ordinary 
differential equation of the form cሶ ୧ሺtሻ ൌ ʹܴ݁൫ߣ൯c୧ሺtሻ  ሷܵߨ ൫߱൯หߣหଶ ǡ                                            ሺ͵ͷሻ 

to be solved via standard numerical integration schemes. In this regard, the parameter c୧ሺtሻ, 
and therefore the Rayleigh distribution of the modal response amplitude envelope A୧ሺtሻ, are 
efficiently determined at a particularly low computational cost.  
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2.4 Modal combination method for equivalent linear and nonproportionally damped systems 

In conceptual alignment with the generalization of classical modal combination rules such 
as square-root-of-sums-squared and complete-quadratic-combination (e.g. [7,21]), a modal 
combination method is provided for the determination of real-valued participation factors Ȟ 
from the complex-valued mode shapes ࣐. The real-valued coefficients ܽ and ܿ  are defined 

as ܽ  ൌ െʹܴ݁ሺߟߣҧሻ and ܿ  ൌ ʹܴ݁ሺߟሻ, where  ߟ ൌ ൫்࣐࢝൯ ቀ൫࣐൯்ࡹቁ ቀെߣ൫࣐൯்࣐ࡹ  ൫ߣ൯ିଵ൫࣐൯்۹࣐ቁି Ǥ      ሺ͵ሻ 

In this regard, the modal participation factors which are determined as Ȟ ൌ ටቀܽଶ  หߣหଶܿଶቁ                                                           ሺ͵ሻ 

can be used in conjunction with the distributions of the modal response amplitude of Eq.(34). 
In this regard, the total response amplitude PDFs arise as the outcome of the convolution of the 
involved distributions multiplied by the associated weighting factor (i.e modal participation 
factor) corresponding to the participation of every mode in the estimation of the stationary 
response amplitude PDF p൫A୨ǡ t൯ of the ݆-th DOF of the system. Lastly, in accordance with 
classical modal analysis, a subset of the total number of modes can selectively be used (i.e. ݎ ൌͲǡͳǡʹǡ ǥ ǡ  n) in the system response determination. 

2.5 Limit states for efficient system fragility analysis estimates 

In the literature, there is a considerable body of reliability analysis studies where the 
damage/limit states (LS) are defined in terms of the overall system inelastic deformation or the 
maximum inter-story drift (e.g., see [29]). In the herein study, the inter-story drift amplitude 
process PDFs act as the engineering demand parameters (EDPs) for monitoring structural 
system performance. In the following, it is assumed that the most critical distribution of 
response amplitude p൫A୨ǡୡ୰ǡ t൯ is the one with the most broad-band form yielding the higher 

failure probabilities considering appropriate LS. Next, the limit state fragility P௦ defined as the 
probability of exceeding a specified level of damage Ɂ௦ conditioned upon the earthquake 
moment magnitude M୫ and the epicentral distance r, is expressed as P௦ൣA୨ǡୡ୰ሺtሻ  Ɂ௦ ൌ Ɂȁ IMሺM୫ǡ rሻ൧ ൌ ͳ െ න p൫A୨ǡୡ୰ȁ IMሺM୫ǡ rሻ൯ஔ

 dɅ                ሺ͵ͺሻ 

A possible mapping between performance requirements and system limit states, expressed in 
terms of inter-story drift, for a typical multi-story building structure is provided in Table 1. 

Table 1. Performance requirements and limit states 
Limit States Inter-story drift Ɂ௦ (%) 
Moderate structural damage 1.5 
Impaired function 3.0 
Life safety 5.0 
Onset of collapse 9.0 
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In this setting, structural system fragilities for various LS conditioned upon magnitude-
epicentral distance earthquake properties are readily computed. 

2.6 Discussion 

A discussion on a number of important aspects which concerns advantages, limitations as 
well as potential practical applications of the proposed framework is herein presented.  

Comparing to the state of the art schemes available in the literature, the proposed stochastic 
dynamics fragility analysis technique exhibits a number of noteworthy attributes such as: (i) it 
accounts for nonlinear and MDOF structural systems, following contemporary aseismic code 
provisions which encourage a ductile behavior under severe seismic action, (ii) it is liberated 
from any dependency on the form of damping since it addresses cases of nonproportionally 
damped systems which represent the majority of systems of engineering interest (e.g. [30]), 
(iii) the challenge of selecting and scaling earthquake records is conveniently avoided; note in 
passing that the above issue remains highly controversial in the relevant literature (e.g., 
[31,32]), (iv) owing to the vector-valued nature of the employed IM, depicting system 
fragilities takes the form of three-dimensional fragility surfaces instead of the usually 
encountered in the literature planar fragility curves, (v) it is considerably less computationally 
demanding compared to nonlinear RHA for compatible ground motion records, (vi) it furnishes 
with equivalent linear eigenvalues conditioned upon magnitude-epicentral distance earthquake 
properties which occur in complex conjugate pairs. The dynamic character of a system can be 
determined, to a large extent, from the position of these eigenvalues in the complex plane. (vii) 
the limit state fragilities can be approximated using just the first few modes (primary 
contributors) that capture the majority of the system energy. This attribute of the proposed 
methodology could be particularly advantageous for studying large-scale engineering 
structures such as high-rise buildings that may need a large number of DOFs to be modelled. 
(viii) it provides with reliable higher order statistics (i.e. PDF) of the selected EDP rather than 
simple estimates only of the mean and the standard deviation currently being the norm in the 
literature. 

Pertinent remarks should be given regarding the expected level of accuracy since the 
proposed method in view of efficiency encompasses a number of techniques which bear 
plausible limitations. The well-reported in the literature accuracy of statistical linearization 
(e.g. [5,6]) may render the proposed method not sufficiently accurate for cases of particularly 
low-performing structures. Under such conditions, the stochastic averaging treatment proposed 
for the equivalent modal oscillators in favor of achieving substantial computational cost 
reduction may lessen the achieved degree of accuracy; for cases of highly nonlinear behavior 

the assumption of the equivalent light damping (i.e ߞ ൌ െܴ݁ሺߣሻ หߣหൗ ൏ ͲǤͳ) may not be 
satisfied. Lastly, no restrictions are imposed on the excitation, with the only exception being 
the Gaussian assumption. 

3 ILLUSTRATIVE APPLICATION 
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In this section the proposed efficient fragility analysis methodology is numerically 
exemplified by considering a yielding multi-story frame structure subject to stochastic seismic 
excitation in alignment with specifications prescribed by an advanced point source 
seismological model. The degree of accuracy of the predicted limit state fragilities is quantified 
by comparison with pertinent results derived from nonlinear RHA for a large ensemble of time-
realizations compatible with the underlying stochastic processes for specific magnitude-
epicentral distance earthquake properties.  

3.1 Nonproportionally damped inelastic MDOF frame structure  

The three-story nonproportionally damped inelastic shear frame shown in Fig. 3a is 
considered to illustrate the proposed approach. The lumped masses ݉, the stiffness and 
damping coefficients of the j-th story, ݇ and ܿ, respectively, are provided as ݉ଵ ൌ ݉ଶ ൌ݉ଷ ൌ Ͳ ݊ݐ, ݇ଵ ൌ Ǥʹͷ ି݉ܰܯଵ, ݇ଶ ൌ Ͷ ି݉ܰܯଵ, ݇ ଷ ൌ ܿ ,ଵି݉ܰܯ ʹ ଵ ൌ ͶͲ ݇ܰି݉ݏଵ, ܿ ଶ ൌ͵Ͳ ݇ܰି݉ݏଵ, and ܿ ଷ ൌ ʹͲ ݇ܰି݉ݏଵ. The elastoplastic behavior of the shear frame is governed 
by a hysteretic relationship between the resisting story shearing force of the j-th story and the 
corresponding inter-story drift shown in Eqs.(23-24) whereas the yielding displacement ݔ௬ is 

taken equal to ͷ c݉Ǥ Lastly, various values of ߙ (post-yield to pre-yield stiffness ratio) are 
assumed in view of studying a range of inelastic behaviors; ߙଵ ൌ ͲǤ͵, ߙଶ ൌ ͲǤͷ and ߙଷ ൌ ͲǤ. 
 

             
Fig. 3. (a) The three-story nonproportionally damped elastoplastic shear frame, and (b) the governing 

bilinear hysteretic restoring force-deformation law and definition of ductility ratio ߜ 

3.2 System response amplitude process probability density functions 

Following the efficient nonlinear stochastic dynamics technique delineated in sections 2.2-
2.4, higher order statistics (i.e. the PDF) for the nonlinear response amplitude processes are 
efficiently determined. Note that the proposed method retains the particular advantageous 
property of obtaining reliable approximate estimation of the response considering only the first 
few modes which capture the majority of the system energy. Nevertheless, in the herein study 
the total number of the available modes is considered. In this regard, the response amplitude 
process PDFs arise as the outcome of the convolution of the involved distributions given in 
Eq.(34) multiplied by the associated modal participation factors Ȟ corresponding to the 
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participation of every mode in the estimation of the response amplitude process PDF p൫A୨ǡ t൯ 
of the ݆-th DOF of the system. 

The achieved level of accuracy for the proposed technique is presented in Figs. 4a-b by 
comparing proposed methodology results with pertinent MCS data involving a large ensemble 
of 1000 acceleration time-histories generated compatibly with the specifications provided in 
Figs. 2a and 2b respectively. The employed stationarity assumption draws its credibility from 
the fact that the herein study possess a reliability assessment perspective, thus the interest is 
justifiably focused on a specific tୡ୰ when eሺtǢ M୫ǡ rሻ takes its highest value; this attribute 
enables the underlying stochastic seismic processes to be assumed as locally stationary in time. 
 

 

Fig. 4. Response amplitude process PDFs of the elastoplastic three-story shear frame exposed to 
seismic excitation process characterized by magnitude-epicentral distance earthquake properties 

shown in (a) Fig. 2a and (b) Fig. 2b. Comparison with Monte Carlo data (1000 realizations). 

Evidently, comparisons with MCS data reveal a satisfactory degree of accuracy for excitations 
defined for different magnitude-epicentral distance earthquake properties. This observation 
renders the proposed technique appropriate for response determination purposes and related 
performance-based engineering applications at a low computational cost. 

3.3 Efficient fragility surface estimates and assessment via nonlinear RHA 

Seismic fragilities serve as a quantitative measure of the structural system vulnerability. 
Notably, the limit states fragility surfaces are determined at a minimum computational cost, 
harnessing the potential of the developed efficient fragility analysis methodology outlined in 
section 2. Proposed methodology-based results are compared with nonlinear RHA within a 
Monte-Carlo simulation context utilizing an ensemble of 1000 artificial acceleration time-
histories compatible with the power spectrum of the underlying stochastic process for specific 
magnitude-epicentral distance earthquake properties using the spectral representation method 
[33]. Next, the nonlinear differential equations of motion in Eq.(9) are numerically integrated 
via a standard fourth order Runge-Kutta scheme, and finally, system response statistics as well 
as system fragilities are obtained based on the ensemble of the response realizations.  

The fragility surfaces determined via the proposed fragility analysis methodology are 
compared with the corresponding MCS data. Specifically, in Figs. 5a and 5b the fragility 
surfaces corresponding to the limit state of Moderate structural damage are provided. Pertinent 
results for the totality of the considered limit states can be found in the subsequent Figs. 5c-h. 
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Fig. 5. Fragility surface estimates of the three-story elastoplastic shear frame shown in Fig. 3a for the 
limit state Moderate structural damage (a) via the proposed methodology (b) via MCS, for the limit 
state Impaired function (c) via the proposed methodology (d) via MCS, for the limit state Life safety 
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(e) via the proposed methodology (f) via MCS, and, for the limit state Onset of collapse (g) via the 
proposed methodology (h) via MCS. 

Considering the pertinent results provided in Figs. 5a-h, it is noted that the achieved degree of 
accuracy is sufficient, since it provides with adequately accurate fragility estimates regardless 
the degree of the exhibiting nonlinearity among the DOFs of the system. It should be recalled 
that various values of ߙ have been considered herein, reflecting nonlinear behaviors of 

different gradation. Based on the presented results, the proposed methodology evinces potential 
to address cases of larger complex nonlinear systems subject to hazards provided in spectral 

representation form. Further, the forced equivalent eigenvalues ߣǡ  ҧ based on the degree ofߣ

the exhibiting nonlinearity provide a solid basis for interpreting the dynamic character of the 
system. Note that the proposed method leads to substantial reduction of the computational 
effort as compared with nonlinear RHA within a MCS framework. In this setting, to provide 
with an indicative order of magnitude for the computational cost involved, utilizing a laptop 
computer with standard configurations, the proposed technique needs 5-6 min, whereas the 
MCS based system fragilities estimation (1000 time-histories) requires 16–18 h. 

It is noteworthy that an intersection over a limit state fragility surface along the moment 
magnitude axis leads to a form which bear high resemblance with the standard definition of 
fragility curves, typically encountered in the literature. Interestingly, an intersection along the 
epicentral distance provides with an alternative expression of fragility curves expressed also as 
function of the epicentral distance rather than a standard scalar intensity measure of the 
excitation (i.e. PGA). This observation confirms that the proposed fragility surfaces could be 
seen as an alternative useful counterpart of the standard fragility curves in the space domain.  
The low computational cost attribute hopefully qualifies the herein proposed approach as a 
potent analysis tool for preliminary seismic fragility analysis of yielding structures, without 
any restrictions on the nature of the damping matrices (e.g. such problems fairly arise in 
equipment-structure-type systems). It is worth mentioning that the seismic demands are 
imposed by an assigned stochastic seismological model, thus, the proposed approach can 
readily be modified to handle specifications prescribed by various stochastic models 
representing any kind of hazard (e.g. winds, ocean-waves, hurricanes etc). 

4 CONCLUDING REMARKS 

This paper proposes an efficient fragility analysis methodology which encompasses a novel 
inelastic modal decomposition method for random vibration analysis in alignment with 
specifications prescribed by an advanced point source stochastic seismological model for 
determining the probability law of the induced ground motion considering non-classically 
damped and nonlinear MDOF systems. Relying on statistical linearization and state-variable 
formulation the complex eigenvalue problem is addressed. Next, utilizing the forced vibrational 
modal properties of the linearized MDOF system in conjunction with a stochastic averaging 
treatment, the MDOF system modal response amplitude process PDFs are determined. The 
modal participation factors are evaluated for the complex-valued mode shapes and the total 
response amplitude process PDFs are defined in physical coordinates. Lastly, appropriate 
damage/limit  states are considered for assessing system related fragilities at a low 
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computational cost.  
It is noteworthy that the proposed methodology provides with reliable higher order statistics 

of the selected engineering demand parameter rather than simple estimates only of the mean 
and the standard deviation currently being the norm in the literature. Further, the associated 
low computational cost renders the proposed methodology particularly useful for efficient 
system fragility analysis and related performance-based engineering design applications.  

The concepts involved have been numerically illustrated using a three-storey bilinear 
hysteretic frame structure exposed to ground motion modeled in the form of a non-homogenous 
stochastic field. Lastly, nonlinear response time-history analysis involving a large ensemble of 
acceleration time-histories has been conducted to assess the accuracy of the proposed 
framework in a Monte Carlo-based context.  
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