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ITERATED CHROMATIC LOCALISATION

N. P. STRICKLAND AND N. BELLUMAT

ABSTRACT. We study a certain monoid of endofunctors of the stable homotopy
category that includes localizations with respect to finite unions of Morava
K-theories. We work in an axiomatic framework that can also be applied
to analogous questions in equivariant stable homotopy theory. Our results
should be helpful for the study of transchromatic phenomena, including the
Chromatic Splitting Conjecture. The combinatorial parts of this work have
been formalised in the Lean proof assistant.

1. INTRODUCTION

Fix a prime p, and let B denote the category of p-local spectra.

The Bousfield localisation functors Ly ,) : B — B and L, = Lk)v..vK(n)
play a central role in chromatic homotopy theory. It is a well-known and useful
fact that L,Ly = Luyintn,m) and LyLgny = L) It is not hard to see that
L n)Lk(m) = Li(n)Lm =0 whenn > m. Two versions of the Chromatic Splitting
Conjecture of Hopkins involve the functors Ly, 1Lk () and Ly, 1)Lk (n), and the

latter can naturally be compared with Lg (,—1)vx(n). Spectra such as L m)E(n) =
LimyLrmyE(n) (for m < n) occur naturally in the transchromatic character
theory of Stapleton, and also in work of Torii. To encompass all these examples,
we make the following definitions:

Definition 1.1. Given a finite subset A C N, we put

K(A)=\/ K(a) € B,

a€A

and we let Asa: B — B denote the Bousfield localisation functor with respect to
K(A). Fix n* > 1, and put N = {0,...,n* —1}. Let A denote the monoid of
endofunctors of B generated by all the A4 for A C N.

Our original goal was to describe the structure of A. It turns out to be natural to
consider instead a certain monoid Q that acts on B and includes all the functors A 4.
This differs from A in that (a) we do not know whether the map Q — 7o End(B) is
injective, and (b) the image of Q is strictly larger than A.

We will take an axiomatic approach, which will also cover some non-chromatic
examples. However, in this introduction we will focus on the chromatic case. As
an example, consider the functor

F = Xo13A023 = L (o)vr()vi @) Lr(0)vK@2)VE®3)

and the submonoid (F') < A that it generates. We do not know a very easy way to
see that |(F')| is even finite, but we will show that in fact [(F)| = 3.
1
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In order to motivate our general approach, we recall the theory of chromatic
fracture squares. As a special case of a fact that was already known to Bousfield,
for all m < n and X € B, there is a homotopy cartesian square

LigmyvkmX —— Lxm)X

| |

L)X — Lrm)LrxmX,

which exhibits L (;m)v i (n)X as the homotopy inverse limit of a certain subdiagram
of ¥(X). By the same methods, if |A| = d then one can exhibit a homotopy
cartesian hypercube of dimension d, which expresses A4 X as a homotopy inverse
limit of terms of the form Ly (s,) - Lg,)X. We will again call this phenomenon
chromatic fracture.

We now give an initial version of our main definitions and results. To make them
precise, we will need a significant amount of foundational work, as will be discussed
below.

Definition 1.2. Let P be the set of subsets of N, ordered by inclusion. For
A,B e P, we write A/Bifa<bforalla€ Aand be B. If A={ay,...,a,} with
a; <---<ap, we put

¢a(X) = Lr(ay) " L (an)X-

Remark 1.3. Note that AZB is vacuously satisfied if A = () or B = (3, and because
of this, the relation is not transitive. (It is not reflexive or symmetric either.)

Definition 1.4. Let Q be the set of all subsets of P that are closed upwards,
ordered by reverse inclusion. We define u: P — Q by uA ={B | A C B}, so u is a
morphism of posets. We also define v: P — Q by vA = {B | BN A # (}, so v is
order-reversing.

Remark 1.5. In P, the smallest element is () and the largest element is N. In Q,
the smallest element is uf) = P and the largest element is ). The element ulN is
second-largest in @, in the sense that every element U € Q with U # ) satisfies
U <uN.

Lemma 1.6. There is a map p: Q x Q — Q of posets given by
wU,V)=UxV={AUB|AeU, BeV, A/B}.
This operation is associative, with
UxV«W={AUBUC|AeU BeV,CeW, ALB, AZC, BZC},

and ul is a two-sided identity element. Moreover it is distributive on both sides
with respect to the union.

Proof. Suppose that A€ U, BeV, AZB and AU B C C. We can then choose ¢
such that a <t foralla€ A, andt <bforallbe B. Weput A’ ={ceC|c<t}
and B ={ceC|t<c}. Then AC A’ so A €U, and BC B’ so B' € V. We
also have C = A’ U B’ with A’/B’, so C € U V. This proves that U * V is closed
upwards, so we have indeed defined a map p: Q x Q — Q. It is clear that if U C U’
and V C V' then UV C U’ %V’ so p is a morphism of posets. All remaining
claims are also easy. O
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Remark 1.7. We can define k: Q — P by x(U) = {n | {n} € U}. This is
order-reversing and satisfies k(U * V) = k(U) N k(V) and k(vA) = A and

N ifA=0
kK(ud)=<¢ A if|Al=1
0 if Al > 1.

However, k is very far from being injective, so this gives only crude insight into the
monoid structure of Q. We do not know any better example of a homomorphism
to a more familiar monoid.

It is familiar that we can regard posets as categories with hom sets of size at
most one. The above lemma then makes QQ into a monoidal category. We also
have a monoidal category End(B) of endofunctors of B, with composition as the
monoidal product.

We now give a preliminary statement of our main result. This will be imprecise
in various ways, to be discussed below; the imprecision will be removed in the main
body of the paper.

Theorem 1.8. There is a strong monoidal functor U — Oy from Q to End(B), with
Oua = ¢4 and 0,4 = Aa. We therefore have 00y (X) =~ Oy.v(X), and there are
compatible natural maps 0y (X) — 0y (X) whenever U <V in Q, or equivalently
U D V. The definition is that 0y (X) is the homotopy inverse limit of the objects
da(X) for AeU.

As Q is finite and the image of # contains the generators of A, we see in particular
that A is finite. We do not know whether 6 is injective. We can spell out the
relationship between Q and A a little more explicitly as follows:

Definition 1.9. Let A = (A44,..., A;) be a list of subsets of N. A thread for A is
alist (ai,...,a,) with a; € A; for all i and a1 < ag <--- < a,. A thread set for A
is a subset A* C N such that there exists a thread contained in A*. We write T'(A)
for the set of all thread sets. This is clearly closed upwards, so T'(A) € Q. We also
write Ay for the composite A4, -+ Aa,.

Proposition 1.10. In Q we have T(A) = vAy % --- x vA,. Thus, Theorem [[.8
implies that Ay = Opy)-

Proof. This follows from the definitions by a straightforward induction. O

Example 1.11. We previously mentioned the functor F' = Ag13\p23. This is 6y,
where

U ={0,1,3} *0{0,2,3} = T({0,1,3},{0,2,3})
={A]|0€Aor3edor{l,2} C A}.

A check of cases shows that U x U = v{0,3} and then that U** = v{0,3} for k > 2.
Thus, the monoid generated by F is {1, F, A\g3}.

Example 1.12. Take N = {0,1,2} and U = {{0,1},{1,2},{0,1,2}} € Q. We
claim that U # T(A) for any A, so Q really is different from A. Indeed, suppose
that U = T(A) with A = (A44,...,A,). Then {1} ¢ T(A), so we can choose m
with 1 ¢ A,,,. On the other hand, we have {0,1} € T'(A), which means that there
exists p with 1 <p <rand 0 € A; fori < pand 1 € A; for i > p. From this it
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is clear that p > m. Similarly, as {1,2} € T(A) there must exist ¢ with 1 < ¢ < r
and 1 € A; for i < g and 2 € A; for i > ¢. From this we see that ¢ < m and so
q <p—2. It follows in turn that {0,2} € T(A), contradicting our assumption that
TA)=U.

One problem with our preliminary statement is that the formation of homotopy
limits requires diagrams that commute in some underlying model category, whereas
localisation functors are merely characterised by a homotopical universal property.
To avoid these issues, we will need some foundational work with derivators and
anafunctors. For any X, we would like to construct a coherent diagram containing
all of the objects 8y X and all the natural morphisms between them. Instead of
constructing this directly, we will define a category of potential candidates (Defi-
nition [B]), and prove that an appropriate forgetful functor to B is an equivalence
(Proposition B4]). To make this work smoothly, we need a version that works uni-
formly when X is not just a single spectrum, but is itself a coherent diagram. This
is precisely the kind of issue for which the theory of derivators is designed. However,
it will still work out that 6y is not really an honest functor, but is instead a kind
of fraction in which we formally invert an equivalence of derivators. We will also
need some foundational work to support this.

Remark 1.13. This paper contains a number of results about the combinatorial
homotopy theory of P, Q and various other posets constructed from these. All
of these results have been formalised in the Lean proof assistant. A snapshot of
the code will be deposited on the arXiv. Active development will continue at
https://github.com/NeilStrickland.

2. BASIC DEFINITIONS

Definition 2.1. We will fix a compactly generated triangulated category B. We
also fix an integer n* > 1 and put N = {0,...,n*—1} as before. We then fix a family
of homology theories K(n).: B — Ab, for n € N and put K(A). = @, K(a)«
for any A C N. We let A4 denote the localisation with respect to the localizing
subcategory of K(A).- acyclics. We assume the following condition, which we call
the fracture aziom: if A is a nonempty subset of N, and b € N with b > max(A),
then K (b).Aa(X) =0 for all X.

Remark 2.2. Since later we will employ the theory of stable derivators we need
to assume that our triangulated category B is the underlying category of a stable
derivator, i.e. B ~ C(e) for some derivator C. This condition is not too restrictive
and it is verified if B has a geometric model (see |2 Theorem 6.11] or the easier
result [7, Proposition 1.36] for combinatorial model categories).

Lemma 2.3. The fracture aziom implies the following statement (which we call
the extended fracture axiom): if A, B C N with AZB and K(B).(X) = 0, then
K(B)«(Aa(X)) = 0.

Proof. f A =0 then K(A). = 0 and so A4 = 0 and everything is trivial. We can
thus assume that A # ), so max(A) is defined. The assumption AZB then means
that b > max(A) for all b € B. We are given that K(B).(X) = 0, or in other words
that K(b)«(X) = 0 for all b € B. We want to prove that K(b).(Aa(X)) = 0. If
b > max(A) then this is immediate from the fracture axiom. This just leaves the
case where b = max(A), so b € A. The map X — Aa(X) is a K(A)-equivalence,
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so it is a K (b)-equivalence (because b € A), and K (b).(X) = 0 by assumption, so
K(b).(Aa(X)) = 0 as required. O

All our examples will be verified using the following result:

Proposition 2.4. Let B be a stable homotopy category as in [12] (so it has a
closed symmetric monoidal structure compatible with the triangulation). Suppose
we have N as before and objects K(n) € B representing the homology theories
K(n)«(X) = m(K(n) A X). Suppose we also have objects T'(n) € B, and that the

following axioms are satisfied:

(a) T(n) is dualizable for all n.

(b) For m < n we have K(m) AT (n) = 0.

(¢c) For any object X and any n we have K(n)«(X) =0 iff K(n) A X = 0 iff
Kn)ANT(n)AX =0.

Then the fracture aziom is satisfied.

Proof. Suppose that b > max(A). We need to show that K(b) A A4(X) = 0, and
by axiom (c) it will suffice to show that K (b) A T(b) A Aa(X) = 0. For this it will
suffice to show that T'(b) A A4 (X) = 0, or that the identity map of T'(b) A Aa(X) is
zero, or that the adjoint map

DT(b) AT(b) A Aa(X) — Aa(X)

is zero. Here K(A) A T(b) = 0 by axiom (b), so the source of the above map is
K (A)-acyclic, whereas the target is K (A)-local; this implies that the map is zero
as required. O

Example 2.5. For the simplest example, let B be the derived category of modules
over Z,), and put

K(0)=Q K(1)=Z/p
T(0) = Z, T(1) =2Z/p.

It is then straightforward to check the hypotheses of Proposition[2.4] so the fracture
axiom is satisfied.

Example 2.6. For the motivating example, fix a prime p. Let By denote the
category of symmetric spectra of simplicial sets, equipped with the p-localisation of
the usual model structure. Put B = Ho(Bp) (so this is the usual stable homotopy
category of p-local spectra). For any n € N = {0,...,n* — 1}, let K(n) denote the
Morava K-theory spectrum of height n at the prime p, and let T'(n) be any finite
p-local spectrum of type n. It is again straightforward to check the hypotheses of
Proposition 2.4] so the fracture axiom is satisfied.

Example 2.7. For another example, fix a cyclic group G of order p¢ for some
prime p and d > 0. Put N = {0,...,d}. For n € N let H, be the unique subgroup
of order p=" in G, and put Q,, = G/H,, so that |Q,| = p". In the G-equivariant
stable homotopy category, put T'(n) = (Q,)+ and

K(n) = (Qn)+ AEEQu41,
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where 3 denotes the unreduced suspension. For the case n = d, this should be
interpreted as K(d) = (Qq)+ = G+. We find that the geometric fixed points are

H,. 0 ifm<n H,, _]o ifk#n
¢ T(”)_{(Qn)+ it m > n, ¢ K(")_{SO if k = n.

Recall that ¢f™ preserves smash products, and that X = 0 iff = (X) = 0 (in the
nonequivariant stable category) for all m. Using this, it is not hard to check the
hypotheses of Proposition 2.4 and we again see that the fracture axiom is satisfied.

Remark 2.8. It would of course be interesting to see what one could say about
more general finite groups, where the subgroup lattice is more complicated. We
suspect that this will be substantially harder; we may return to the question in
future work.

3. DERIVATORS AND HOMOTOPY (CO)LIMITS

We will use the theory of stable derivators, mostly following [7].

Definition 3.1. Let POSet denote the strict 2-category of finite posets, so the
0-cells are finite posets, and the 1-cells are nondecreasing maps. Given two non-
decreasing maps u,v: P — @, there is one 2-cell from u to v if u(p) < v(p) for all
p, and no 2-cells otherwise. We write [n] for the set {0,...,n} with its usual order,
so [n] € POSet. Note that [0] is the terminal poset, which will also be denoted by
e.

Definition 3.2. For us, a prederivator is a strict 2-functor C: POSet°® — CAT.
More explicitly, it consists of
(a) For every finite poset P, a category C(P).
(b) For every morphism u: P — @, a functor u*: C(Q) — C(P), such that
1* =1 and (vou)* = u*v* on the nose.
(c) For every inequality u < v between morphisms P — @, a natural map
u* — v*, satisfying some evident axioms.

(By restricting attention to finite posets rather than more general categories, we
are following [7, Remark 1.8].)

Remark 3.3. For any prederivator C we have a category C(e), which we call the
underlying category of C. We will often think of this as the key ingredient, with the
other categories just adding extra structure to C(e) in some sense.

Definition 3.4. A derivator is a prederivator in which all the functors u* have left
and right adjoints with certain compatibility properties, as specified in [7, Definition
1.10]. These adjoints can be thought of as homotopy right and left Kan extensions.
A stable derivator is a derivator C subject to some additional conditions:

(a) C should be strong. To explain this, note that for any P there are evident
inclusions ig,i1: P — [1] x P with ig < ;. We therefore have functors
ig,47: C([1] x P) — C(P), together with a natural map between them.
These can be combined in an obvious way to get a functor C([1] x P) —
C(P)1M| and the strongness condition is that this functor should be full and
essentially surjective (for all P). This is [7, Definition 1.13].
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(b) C should be pointed, which means that C(e) should have an object that is
both initial and terminal. Many consequences of this condition are investi-
gated in [7, Section 3].

(c) Homotopy pushouts squares in C must coincide with homotopy pullback
squares, in the sense spelled out in [7] Definition 4.1].

Remark 3.5. If C is a derivator and P is a finite poset, then we can define a
new derivator C¥ by C¥(Q) = C(P x Q). This is called a shifted derivator and it is
often a useful device. In [7], Theorem 1.31 proves that C* is indeed a derivator, and
Proposition 2.6 proves that for any u: P — @, the resulting morphism u*: C® — C¥
preserves left and right homotopy Kan extensions.

Remark 3.6. For every derivator C there is a dual derivator C°P(P) = C(P°P)°P,
as in [7, Definition 1.15] and surrounding discussion.

Definition 3.7. Let C be a derivator. Let P be a finite poset, and let ¢ be the
unique morphism P — e, so we have functors a,c.: C(P) — C(e). We define
holim X = ¢/(X) and holim (X) = ¢, (X).

— P «— P

Definition 3.8. Let f: P — @Q be a morphism of finite posets, and suppose that
q € Q. We use the following notation for comma posets:

fla={peP| flp) <q}
q/f={pePlqg< fp)}

Remark 3.9. We can now recall the key axiom from [7], Definition 1.10], which is
known as the Kan formula. Suppose we have a morphism f: P — @, a derivator
C, an object X € C(P), and an element ¢ € Q. The element ¢ gives i4: e —
Q, and we want to understand the object iy f..X € C(e). There is an evident
inclusion j: ¢/f — P so we have j*X € C(q/f) and h(ﬁm /fj*X € C(e). Using

a
various adjunctions one can write down a natural map ij f.(X) — holim  j*X,
oum

q
and the axiom says that this should be an isomorphism. Dually, the natural map

holim  j*X — i} fi(X) should also be an isomorphism.
—

This is a direct generalization of the Kan formula for Kan extensions of functors
in the usual categorical setting. That is, for a type of derivators called represented,
the above isomorphisms are exactly the expression of right or left Kan extenions
via limits and colimits respectively. See the discussion following [7, Definition 1.9].

Theorem 3.10. Let C be a stable derivator. Then each category C(P) has a natural
structure as a triangulated category. Moreover, for each u: P — @Q, the correspond-
ing functor u*: C(Q) — C(P) has a canonical natural isomorphism u*Y — Yu*
with respect to which it is an exact functor, and the same applies to the left and
right adjoint functors ui, u.: C(P) — C(Q).

Proof. This is [7, Corollary 4.19]. O

Definition 3.11. Let C be a stable derivator, and let P be a finite poset. Each
p € P gives a morphism i,: e — P and thus a functor iy: C(P) — C(e). Given
X € C(P), we write X, for iy (X) € C(e). We also put supp(X) = {p | X,, # 0} C P,
and call this the support of X. Given Q C P, we say that X is supported in Q
if supp(X) C Q. We write Cq(P) for the full subcategory of C(P) consisting of
objects supported in Q.
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Remark 3.12. Derivators are defined in [7, Definition 1.10], and the second axiom
says that a morphism f: X — Y in C(P) is an isomorphism iff f,: X, = Y, is an
isomorphism for all p. From this we see that supp(X) = () iff X = 0. Similarly, for
any M C P we have an inclusion j: M — P and we write X |y, for j*(Q). We then
find that X is supported in Q iff X|p\g = 0.

Definition 3.13. Let P be a finite poset, and let @ be a subset of P.

(a) We say that Q is a sieve if it is closed downwards, so that whenever p < ¢
with ¢ € @ we also have p € Q.
(b) We say that @ is a cosieve if it is closed upwards, so that whenever ¢ < p
with ¢ € @ we also have p € Q.
If @ C P is a (co)sieve, we also say that the inclusion morphism @ — P is a
(co)sieve. More generally, if i: @ — P is an embedding (so i(q) < i(¢') iff ¢ < ¢)
and (@) is a (co)sieve, we say that i is a (co)sieve. This is the finite poset version
of [7, Definition 1.28].

Lemma 3.14. If C is a derivator and j: Q — P is an embedding then the counit
map j7*j« X — X and the unit map X — j*5X are both isomorphisms (for all

X €C(Q)). Thus, the functors j. and ji are both full and faithful embeddings. In
particular, this holds if j is a sieve or a cosieve.

Proof. We first consider the counit map j*j.X — X. By the derivator axiom
Der2, it will suffice to prove that the induced map (j. X)) = (J*5«X)q — Xq
is an isomorphism in C(e) for all ¢ € Q. Put j(¢)/j = {a € Q| j(¢) < j(a)}
and let k: j(q)/j — @ be the inclusion. The Kan formula identifies (j.X);(4) with
the homotopy limit of £*(X) € C(j(q)/q). Note that ¢ is initial in j(q)/j, so the
inclusion iq: e — j(q)/j is left adjoint to c¢: j(q)/j — e, so the homotopy limit
functor c, is the same as 7 by [7, Lemma 1.23]. This gives (j.X);(q) = cxk™(X) =
(kiq)*(X) = X, as required. This proves that the counit map j*j,X — X is an
isomorphism. To prove that the unit map X — j*7 X is also an isomorphism, we
can either give a similar argument, or take adjoints, or appeal to a kind of self-
duality of the theory of derivators. From the isomorphism X =~ j*5 X we obtain
W, X] ~ [W,j*iX] = [iW,1X], so ji is full and faithful. A similar argument
shows that j, is full and faithful. O

Proposition 3.15. Let C be a stable derivator, and let j: QQ — P be a sieve. Then:

(a) The functor j.: C(Q) — C(P) has a right adjoint denoted by j', as well as
the left adjoint j* that exists by the definition of j..

(b) The unit map X — j'5.(X) is an isomorphism (as are the unit map X —
J* i X and the counit map j*j.X — X, as we saw in Lemma [3.1).

(c) The functor j. gives an equivalence from C(Q) to Co(P), with inverse given
by 5* or j'.

(d) If Y € C(Q) corresponds to X € Cq(P) then h(&mQ(Y) ~ holim (X).

— P
Proof. Most of parts (a) to (c) can be obtained by combining Definition 3.4, Propo-
sition 3.6 and Corollary 3.8 from [7]. More specifically, 3.6(ii) says that j, is full and
faithful with Co(P) as the essential image, and 3.8 gives us the functor j'. From
Lemma 314 we have 1 ~ j*j,, and by taking right adjoints we get 1 ~ j'j,. We
leave it to the reader to check that this natural isomorphism is just the unit map.
Given this, the claim (d) just reduces to (cp)«j« = (cgQ)«, where cp and cq are the
unique morphisms P — e and ) — e. But this is clear because cpj = cq. O
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Proposition 3.16. Let C be a stable derivator, and let i: R — P be a cosieve.
Then:

(a) The functor iy: C(R) — C(P) has a left adjoint denoted by i’, as well as
the right adjoint i* that exists by the definition of 1.

(b) The counit map i’iy(X) — X is an isomorphism (as are the unit map
X — *uX and the counit map i*i,. X — X, as we saw in Lemma [3.14).

(c) The essential image of 1, is precisely Cr(P), so in fact we have an equiva-
lence C(R) ~ Cr(P).

(d) If Z € C(R) corresponds to X € Cr(P) then holim (Z) ~ holim (X).

— R — p

Proof. This is dual to the previous proposition. (|

Proposition 3.17. We now want to combine the above two propositions. Suppose
that Q C P is a sieve, and let R = P\ Q be the complementary cosieve. Let

QL P & R be the inclusions, so we have functors as follows, with each functor
left adjoint to the one below it.

e e
gt 8

(a) The composites i’jy, j*i1, i*j« and j'i. (obtained by composing two functors
at the same level in the diagram) are all zero. (We have nothing systematic
to say about any other composite functors between C(Q) and C(R).)

(b) The siz adjunctions in the diagram involve siz (co)unit maps to or from
the identity functor of C(P). These fit into a diagram as follows, in which
every straight line is part of a natural distmguished triangle:

N
SN

Proof. This is just a reorganisation of information extracted from [7, Example 4.25].
We will explain some parts of the argument. The Kan formula expresses the object
(j*i1Z)q = (i12)(q) as a homotopy colimit over a certain comma poset, but the
(co)sieve properties of i and j ensure that this comma poset is empty, so j*i; = 0.
By taking left and right adjoints repeatedly we deduce that the other composites
in (a) are also zero. The horizontal composite f: 4i* — j.j* is adjoint to a map
1 — 1%5.7%, and i*j. = 0, so it follows that f = 0. The same kind of argument
shows that the two other straight line composites are also zero. For the remaining
points we refer to [7], and to the paper [11] that is cited there. O
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4. HOMOTOPY THEORY OF PARTIALLY ORDERED SETS

Definition 4.1. Let POSet(P, Q) be the set of monotone maps from P to . We
give this the partial order such that f < g iff f(p) < g(p) in Q for all p € P. Tt
is easy to see that this makes the category of finite posets into a cartesian closed
category.

Definition 4.2. Let P be a finite poset. Recall that a subset o C P is a chain if
the induced order on o is total. Given a map z: P — [0,1], we define supp(z) =
{p | =z(p) > 0}. We define |P| to be the set of maps z: P — [0,1] such that
supp(z) is a chain and >°  px(p) = 1. We call this the geometric realisation
of P. A standard argument shows that this gives a functor POSet — Top that
preserves finite coproducts and finite limits. In particular, we can apply geometric
realisation to the evaluation map POSet(P, Q) x P — @, and then take adjoints,
to get a continuous map

| POSet(P, Q)] — Top(|Pl, Q).

Definition 4.3. For any finite poset P, we define mo(P) to be the quotient of P
by the smallest equivalence relation such that p ~ ¢ whenever p < ¢q. This is easily
seen to be the same as the set of path components of |P|. It gives a functor from
finite posets to finite sets, which preserves finite products and coproducts. It follows
formally that we can construct a quotient category of POSet with morphism sets
mo(POSet(P, Q)). We call this the strong homotopy category of finite posets. It also
follows that if f and g lie in the same equivalence class of mo(POSet(P,Q)) then
the resulting maps |f| and |g| are homotopic (by a straight-line homotopy, in the
basic case where f < g or g < f). Thus, geometric realisation gives a functor from
the strong homotopy category of posets to the homotopy category of topological
spaces.

Remark 4.4. Suppose we have morphisms f: P — @ and ¢g: Q — P that are
adjoint, in the sense that f(p) < ¢ iff p < g(g). We then have (co)unit inequalities
1 <gfand fg <1, showing that fg and ¢gf give identities in the strong homotopy
category, and thus that f and g are strong homotopy equivalences.

Definition 4.5. We say that P is strongly contractible if the map cp: P — e is a
strong homotopy equivalence.

We note that this holds if P has a smallest element or a largest element. We
also note that if P is a strongly contractible poset, then |P| is a contractible space.

Definition 4.6. Consider a morphism f: P — @ in POSet, and note that cqf =
cp: P — e. For any derivator C and any X,Y € C(Q) we therefore get a map

[T CQ)(cpX, cgY) — C(P)(cpX,cpY).

We say that f is a D-equivalence if this map is bijective for all C, X and Y. We
also say that P is D-contractible if the map cp: P — e is a D-equivalence, or
equivalently the functor

cp: Cle) = C(P)
is full and faithful.

Remark 4.7. Groth uses the term homotopy contractible rather than D-contractible.
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Proposition 4.8. If [f] = [g] in mo(POSet(P, Q)) then
[F=9":C(Q)(cpX,cY) = C(P)(cpX, cpY).
Thus, f is a D-equivalence iff g is a D-equivalence.

Proof. We can reduce easily to the case where f < g. As C: POSet®® — CAT is
a strict 2-functor, the following diagram of categories and functors must commute
on the nose:

compose

POSet(P, Q) x POSet(Q,e) ——————  POSet(P, ¢)

| |

[C(Q),C(P)] x [C(e),C(Q)] compose [Cle),C(P)].

The inequality f < g gives a morphism (f, cq) — (g, ¢g) in the category POSet(P, Q) x
POSet(Q, e), and this becomes the identity morphism of c¢p in POSet(P,e). The
claim now follows by chasing the diagram. ([

Corollary 4.9. If f: P — @ is a strong homotopy equivalence, then it is a D-
equivalence. In particular:

(a) If f has a left or right adjoint, then it is a D-equivalence.
(b) If P is strongly contractible, then it is D-contractible. O

The following definitions are taken from [10, Section 3]:

Definition 4.10.
(a) We say that a map f: Q — P is homotopy final if the natural map
holim £*(X) = (eq)ef*(X) = (cp)ufuf "(X) = (ep)i(X) = holim(X)
— —
Q P

is an isomorphism for all derivators C and all objects X € C(P).
(b) Dually, we say that a map f: @ — P is homotopy cofinal if the natural

map
holim(X) = (cp).(X) = (cp)s fuf*(X) = (e f*(X) = holim f*(X)
P Q

is an isomorphism for all derivators C and all objects X € C(P).

We do not really need the following result, but it helps to clarify the relationship
between our definitions.

Proposition 4.11. If f: Q — P is homotopy final or homotopy cofinal then it is
a D-equivalence.

Proof. We will just treat the final case, as the other case is dual. Taking X = ¢5(U)
in the definition, we see that the natural map (cq)ic(U) — (cp)cp(U) is an
isomorphism. This gives an isomorphism

Cle)((cp)icp(U), V) = C(e)((c)icn(U), V)

for any V. By adjunction, we get an isomorphism

C(P)(cp(U),cp(V) = C(Q)(cp(U), co(V))-
We leave it to the reader to check that this is just f*, as required. O
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Proposition 4.12. The map f is homotopy final iff p/f is strongly contractible
for all p, and this holds if f has a left adjoint. Dually, f is homotopy cofinal iff
f/p is strongly contractible for all p, and this holds if f has a right adjoint.

Proof. See [10, Corollary 3.13] and surrounding discussion. d
Proposition 4.13. Consider a commutative square

P—15Q

| )

R —— 5,

and the resulting Beck-Chevalley transform au: w*v, — u.t* between morphisms
C@ — CE. For any r € R we have comma posets r/u and w(r)/v, and using t and
a we can produce a morphism t,: r/u — w(r)/v. If this is homotopy cofinal for all
r, then « is an isomorphism.

Proof. We must show that for any 7' and any X € C9(T) = C(Q x T), the map
() x: w*ve X — u,t*X is an isomorphism in C(R x T). After replacing C by CT
we can assume that 7' = e, so X € C(Q) and (a.)x is a morphism in C(R). It will
suffice to show that i%(a.)x is an isomorphism for all » € R. The Kan formula
expresses the source and target of i*(a.)x as homotopy limits over comma posets.
In more detail, there is a projection m,: w(r)/v — @, and the source of i*(a)x
is the homotopy limit of 7 X, whereas the target is the homotopy limit of ¢} 7} X.
The homotopy cofinality condition says that the natural map between these is an

isomorphism. ([

Definition 4.14. Recall that a subset o C P is a chain if the induced order on o
is total. If o is a chain, we write dim(o) = |o| — 1. We put
s(P) = { nonempty chains o C P}
sq¢(P) = {o € s(P) | dim(o) = d}
s<d(P) ={o € s(P) | dim(o) < d}.
Note that every nonempty chain o has a largest element, which we denote by

max(o). We order s(P) by inclusion, which ensures that max: s(P) — P is a
morphism of posets.

This construction gives a functor s: POSet — POSet, and max: s(P) — P is
natural. However, if f < g then it is typically not the case that s(f) < s(g). This
makes the following proof more complex than one might expect.

Proposition 4.15. If [f] = [g] in mo(POSet(P, Q)), then [s(f)] = [s(g)]. Thus, s

induces an endofunctor of the strong homotopy category.

Proof. We can easily reduce to the case where f < g. We then choose a minimal
element p; in P, then a minimal element po in P\ {p1} and so on, giving an
enumeration P = {p1,...,pm—1} say. We define ¢: P — [m] = {0,...,m} by
@(p;) =i (so ¢ is injective and monotone, and 0 and m are not in the image). Then
for 0 < k < m we define ug, vg: s(P) = s(Q) by

ug(o) ={f(p) |p €0, ¢(p) <k}U{gp) |p€oa, ¢(p) >k}
vp(o) ={f(p) |p o, é(p) <k}U{g(p)|peoa, ¢p) >k}
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We find that ux(o) and vg(o) are nonempty chains in @, so we really do have
maps ug, v : S(P) — s(Q) as advertised. It is also clear that when ¢ C 7 we have
ug(o) C ug(r) and vg(o) C vr(7), so ux and vy are maps of posets. Next, we
find that ug, ug+1 < vg, which implies that all the maps uy and vy lie in the same
path component. Finally, we have ug = s(g) and u,, = s(f), so [s(f)] = [s(g)] as
claimed. g

Lemma 4.16. The map max: s(P) — P is homotopy cofinal (and so is a D-
equivalence).

Proof. Fix p € P; it will suffice to show that the poset
U =max/p={o € sP| max(c) < p}
is strongly contractible. Put
V={ocesP| max(o)=p}={oeU|peo} CU.

As {p} is smallest in V, we see that V is strongly contractible. We can define a
poset map t: U — V by t(7) = 7 U {p}, and we find that this is left adjoint to the
inclusion V' — U, so the inclusion is a strong homotopy equivalence by Remark [£.4]
It follows that U is also strongly contractible. O

Lemma 4.17. The map |max|: |s(P)| — |P| is a homotopy equivalence.

Proof. We can define a barycentric subdivision map §: |s(P)| — Map(P,[0,1]) by
Bw)(p) =Y _ lo|  w(o).

peEoT
It is well-known that this gives a homeomorphism |s(P)| — |P|. A typical simplex
7 of s(P) is a chain {oy,...,04} where each o; is a nonempty chain in P and
o9 C -+ C 0q. It is easy to see that both 8 and |max| send |7| into |og4|, so the
straight-line homotopy between S and | max| stays within |P|. This means that
| max | is homotopic to a homeomorphism, and so is a homotopy equivalence. [

Definition 4.18. The weak homotopy category of finite posets is obtained from
the strong homotopy category by inverting the maps max: s(P) — P. Thus every
morphism P — @ in the weak homotopy category can be represented as f omax™"
for some f: s"(P) — Q, with fomax™" = gomax* iff [f o max®*!] = [g o max" 1]
in mo(POSet(s" T+ (P), Q)) for sufficiently large ¢.

Remark 4.19. Using LemmaLT7 we see that geometric realisation gives a functor
from the weak homotopy category to the homotopy category of finite simplicial
complexes. A slight variant of the standard simplicial approximation theorem shows
that this functor is an equivalence. However, we do not need this, so we will not
spell out the details.

We will also use some theory of total fibres. We recall some basic ideas.

Definition 4.20. Let R be a finite set, and let PR be the poset of subsets of
R. Let j: e — PR correspond to ) € PR, and put PR = PR\ {0}, and let
i: PR — PR be the inclusion. As j is a sieve, Proposition B.15] gives us a functor
j': C(PR) — C(e) that is right adjoint to j.. We also write tfib(X) or tfibg(X) for
4'(X), and call this the total fibre of an object X € C(PR). We also say that X is
cartesian if it is in the essential image of i.: C(P'R) — C(R).
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Lemma 4.21. X is cartesian iff tfib(X) = 0.

Proof. We use Proposition B.I7 Part (a) of that result includes the relation j'i, =
0, which means that tfib is trivial on cartesian objects. For the converse, part (b)
tells us that the fibre of the unit map X — i.i*(X) is j.j'(X), so if j(X) = 0 we
see that X ~ i,i*(X) and so X is cartesian. O
Lemma 4.22. tfib(X) is the fibre of the natural map Xg — hﬂmP/Rj*X.
Proof. Let ¢ and ¢’ be the maps PR — e and PR — ¢,s0¢j = 1 and ci = .
Proposition BI7(b) gives us a distinguished triangle j.j'X — X — i,i*X. The
functor ¢.: C(PR) — C(e) is exact by [, Corollary 4.19]. We can therefore apply
it to get a distinguished triangle c,j.j'X — c.X — c.i,i*X. As ¢j = 1, the first
term is just j'X = tfib(X). As j is left adjoint to ¢, we can identify ¢, with j* (as
in [7, Lemma 1.23]), so the middle term is j*X = Xy. As c¢i = ¢/, the last term is
ci*X =holim  *X. O
«— P'R

We now want to discuss another description of tfib(X). Suppose that r € R, and
put Ro = R\ {r}. Define k_,k,: PRy — PRby k_(T) =T and k(T) =T U{r}.
As k_ < ki we have a natural map k* X — ki X in C(Rp), and thus a map
tib(k* X) — thb(k* X).

Proposition 4.23. There is a natural distinguished triangle
tfib(X) — tfib(k* X)) — tfib(k} X) — X tfib(X).

Proof. We can regard X as an object of CP®o(P{r}). From this point of view

k* X is just Xy, and P'{r} ~ e so k}X is just holim J*X. We also see
— Pr{r}

that k' X = tfibg,y (X). Lemma H.22] therefore gives us a distinguished triangle
KX — k*X — k2 X. Now let ig: ¢ — PRy correspond to (), and apply the

exact functor ig to the above triangle. As k_ig = i: e —» PR, the first term is
i'X = tfib(X). The other two terms are tfib(k* X) and tfib(k* X), as required. O

Proposition 4.24. Lett: e — PR correspond to the element R € PR. Then there
is a natural isomorphism tfib(t X) ~ QIFI(X).

Proof. We can split R as Ry IT {r} as before, and let ty: e = PRg correspond to
Ry € PRy, and put ng = |Rg|. It is then easy to identify k% ¢(X) with (£9)1(X),
so by induction we have tfib(k* (t/(X))) = Q" (X). On the other hand, we can
check that k* (t/(X)) = 0, so tfib(k* (t/(X))) = 0. Now Proposition €23 tells us
that tfib(t)(X)) is the fibre of 0 — Q"0 (X), which is Q"0+ (X) as required. O

The following proposition is a derivator version of a standard result about ho-
motopy limits in simplicial or topological categories.

Proposition 4.25. Let n be the maximum length of any chain in P. Then for all
stable derivators C and objects X € C(P) there is a natural tower
holim(X) =T"(X) = T" (X)) = - = T%X) =T (X)=0

—

P
and natural distinguished triangles

P 2 Xuax) = TUX) = TH(X).
o€sq(P)
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Proof. Put ¥ = max*(X) € C(s(P)). Lemma identifies h(ﬁmP(X) with
holim (Y, so we will work with Y from now on.
 s(P)

Let jq: s<a(P) — s(P) be the inclusion, and put T%(X) = h(cgmj;(Y). Note

that T"(Y) = holim Y = holim X.
 s(P) A

Now fix d and consider the object Z = jZ ,(Y’) and the inclusions j: s<(q—1)(P) —
s<q(P) and i: s4(P) — s<4(P). Proposition B.I7 gives a distinguished triangle
Wi*(Z) = Z — j.j*(Z). If we let ¢ be the map s<4(P) — e and apply c., we
get a distinguished triangle c,i1i*(Z) — T4(X) — T 1(X). Now note that the
order on sq(P) is discrete: for 0,7 € s4(P) we can only have 0 < 7 if 0 = 7.
Because of this, we see that C(s4(P)) ~ [[,c,,p)C(e). Because of this, we can
write i*(Z) as a coproduct of objects W (o), where W (o), = 0 for 7 # o, and
W(0)o = Zy = Yo = Xiax(s)- It will now suffice to identify c.iyW (o) with 0%y,
Here i is a cosieve, and it follows that for 7 € s<4(P) we have

Y, ifr=0

0 otherwise .

(i!W(O-))T = {

The poset {7 € s(P) | 7 C o} is naturally identified with P’(c). Let k: P'(0) —
s<4(P) be the inclusion, which is a sieve. As the support of ¢/J¥ (o) is contained
in the image of k, we see from Proposition that the unit map W (o) —
k. k*iyW (o) is an isomorphism. It follows that c.iyWW (o) is the homotopy limit
of k*iyW (o). Here it is easy to see that the object k*iW (o) € C(P’(0)) is the
restriction to P’(c) of the object ¢,{WW (o) appearing in Proposition That
proposition tells us that the total fibre of #,1/ (o) is Q?T'Y,. On the other hand,
Lemma tells us that the total fibre is the same as the fibre of the natural
map from (£, W (c))g =0 to h(&m k*iyW (o), which is Qh(&m k*iyW (o). As we are
working with stable derivators we know that ) is an equivalence of categories, so
h(&m k*iyW (o) = Q2Y, as required. O

Corollary 4.26. Let n be the maximum length of any chain in P. Then for all
stable derivators C and objects X € C(P) there is a natural diagram

0=T1(X)=>To(X)— - =2 Ty(X) = hcﬂm(X)
P
and natural distinguished triangles
Tia(X) = Ta(X) = P S Xmax(o)-
oc€sq(P)

Proof. Apply the proposition to the dual derivator. O

Proposition 4.27. For any map u: Q — P of finite posets, the functors u*, w
and u, all preserve arbitrary products and coproducts.

Proof. The functors v* and uy have right adjoints, so they preserve coproducts. The
functors u* and u, have left adjoints, so they preserve products. The key point is
to prove that u, preserves coproducts. Consider a family of objects X, € C(Q),
and the resulting map f: @, u«(Xa) = us (B, Xo). We want to prove that f
is an isomorphism, and it will suffice to show that 45 (f) is an isomorphism for all
p € P. We have already observed that i, preserves coproducts, and we have a Kan
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formula expressing iyu. as a homotopy limit over p/u. Tt will therefore suffice to
show that all homotopy limit functors preserve coproducts. Note that the functor
Q: C(e) — C(e) is an equivalence of categories, so it certainly preserves coproducts.
It follows that all functors of the form X — Q9X, also preserve coproducts. It
then follows by induction that the functors T¢ in Proposition all preserve
coproducts. By taking d sufficiently large, we see that homotopy limits preserve
coproducts as required. This completes the proof that u, preserves coproducts, and
we can apply that to the dual derivator to see that u; preserves products. (|

5. THICK SUBDERIVATORS

Definition 5.1. Let C be a stable derivator. By an thick subderivator € C C we
mean a system of full subcategories £(P) C C(P) for all P, such that:
(a) Each category £(P) is closed under finite coproducts (including the empty
coproduct, so 0 € E(P)).
(b) Whenever X & Y %4 X in C(P) with ¢j = 1, if Y € £(P) then X € £(P).
In other words, £ is closed under retracts. In particular, if X ~ Y and
Y € £(P) then X € E(P).
(c) For any morphism u: P — @ of finite posets, we have u*£(Q) C £(P) and
w&E(P) C E(Q) and u.E(P) C £(Q). More briefly, we say that the functors

u*, u, and uy preserve €.

Definition 5.2. Let C be a stable derivator, and let £ be a thick subcategory of
C(e). For any finite poset P and any p € P we have a corresponding map i,: e — P.

(a) We put
(v&1)(P) ={X € C(P) | in(X) € & forall p € P}

(b) We let (y1&1)(P) denote the smallest thick subcategory of C(P) containing
(ip)i(&1) for all p.

(c) We let (72&1)(P) denote the smallest thick subcategory of C(P) containing
(ip)«(&r) for all p.

Theorem 5.3. The subcategories (v;E1)(P) are the same for i =0,1,2 (so we will
Just write (v€1)(P) n future). The map ~y gives a bijection from thick subcategories
of C(e) to thick subderivators of C. Moreover, if £ is a thick subderivator of C, then
E(P) is a thick subcategory of C(P) for all P.

The proof will be given after some lemmas.

Remark 5.4. It is important here that our derivators are indexed on finite posets
rather than more general categories; the theorem would not be true without some
restriction of this kind. In particular it would fail for derivators indexed by finite
groups; this is related to the fact that classifying spaces of finite groups are infinite
complexes.

Lemma 5.5. If £ C C is a thick subderivator, then E(P) is a thick subcategory of
C(P) for all P, and

(m&(e))(P) U (12€(e))(P) € E(P) € (10&(e))(P).

Proof. The triangulation of C(P) is defined in terms of operations of the form u*,
ui, Uy, u' and u’. However, the operations u' and v’ are themselves defined in
terms of v*, v, and v for various auxiliary morphisms v, as discussed in [7, Section
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2]. From this it follows that £(P) is closed under the suspension functor and its
inverse, and under cofibrations, so it is a thick subcategory. From the definitions
we also know that the functors (i,) preserve £, so £(P) contains the generators of
(71€(e))(P), so it contains the whole of (y1€(e))(P). It also contains (y2€(e))(P)
by essentially the same argument. On the other hand, the functors i, also preserve
£, and this means that £(P) C (y0&(e))(P). O

Lemma 5.6. If & is a thick subcategory of C(e), then vo&1 is a thick subderivator
of C, with (v0&1)(e) = &.

Proof. Suppose we have a morphism u: Q — P of finite posets. It is clear from
the definitions that u*((70€1)(P)) C (70€1)(Q), or more briefly that u* preserves
Y0€1. We claim that the functors u,. and wuy also preserve vo&1. In the case Q = e,
this follows easily from Proposition and Corollary We can use the Kan
formulae to deduce the general case from the case @ = e. It is also easy to check
that vo&1 is closed under retracts, so 1o&; is a thick subderivator of C. The relation
(7v0&1)(e) = & is clear. O

Corollary 5.7. If & is a thick subcategory of C(e), then (v1£1)(P) U (72&1)(P) C
(70&1)(P) for all P.

Proof. Lemma allows us to apply Lemma to the case & = yp&1. O

Lemma 5.8. If &; is a thick subcategory of C(e), then all functors uy preserve y1 &1,
and all functors us. preserve ¥2&1.

Proof. Fix amap u: P — @, and put Y = {X € C(P) | u.(X) € (m&)(Q)}. It
is easy to see that U is thick. As wi, = i,y : e — P we see that ui(ip) = (iup)),
and it follows that (i,)1(£1) C U for all p € P. It follows that (v1&1)(P) C U,
which means that u, preserves 71&; as required. Dually, we see that u, preserves
")/251. O

Lemma 5.9. If & is a thick subcategory of C(e), then v0&€1 = 71&1 = 12€1.

Proof. We will write I'; = ;&1 for brevity. It will be enough to prove that I'g =T'y,
as duality then gives 'y = I'y. We already know from Corollary 5.7 that 'y (P) C
Ty(P) for all P, so it will suffice to prove that Tg(P) C T'y(P). This is clear if
P is empty. If P is nonempty, we can choose a minimal element a € P and put
Q = P\ {a}. Let j: e —» P correspond to a, and let i: Q — P be the inclusion.
Consider an object Y € I'g(P); we must show that Y € I'1(P). Put X = 55*(Y),
and let Z be the cofibre of the counit map X — Y. From Lemma [3.14] we have
j*51=1and so j*Z = 0, so the support of Z is contained in i(Q). As i is a cosieve,
we see that Z ~ 1i*(Z). Now i*(Z) € I'g(Q), and we can assume by induction
that T'o(Q) C T'1(Q), so Z € il'1(Q) C I'1(P). From the definitions we also have
J*(X) € & and X € I'y(P). As I'y1(P) is thick and contains X and Z, it also
contains Y as required. (I

Proof of Theorem[5.3. First suppose that we start with a thick subcategory & C
C(e). Lemma tells us that the ;& are all the same, so we can just write v&;.
Lemma [5.6] tells us that this is a thick subderivator, with (v&;)(e) = &;.

Suppose instead that we start with a thick subderivator & C C, and we put
&1 = &(e). Lemma 5.5 tells us that £(P) is a thick subcategory of C(P) for all P,
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and in particular that &; is a thick subcategory of C(e). We can therefore apply
Lemma 5.9 to £ and combine this with Lemma [5.5] to see that £ = +&;. O

Corollary 5.10. Let & be a thick subderivator of C, and let X be an object of C(P).
Suppose that P = |J, P; for some family of subposets P;. Then X lies in E(P) iff
X|p, € E(P;) for all i.

Proof. The identity £ = y€(e) means that X € E(P) iff i7(X) € £(e) for all p € P.
Similarly, X|p, € E(P;) iff i5(X) € E£(e) for all p € P;. The claim is clear from
this. 0

Definition 5.11. Let T be a triangulated category with arbitrary coproducts.
Recall that a localising subcategory of T is a thick subcategory that is closed under
arbitrary coproducts. Similarly, if C is a stable derivator, a localising subderivator
is a thick subderivator £ C C such that the subcategory £(P) C C(P) is closed
under arbitrary coproducts for all P.

Proposition 5.12. The map ~ gives a bijection between localising subcategories of
C(e) and localising subderivators of C, with inverse € — E(e).

Proof. Firstly, if £ is a localising subderivator of C, then it is immediate from the
definitions that £(e) is a localising subcategory of C(e).

In the opposite direction, suppose that & is a localising subcategory of C(e). Let
(Xa) be a family of objects of (70€1)(P), so0 iy(Xa) € & for all @ and all p € P.
As iy has a right adjoint we see that it preserves coproducts, so is (D, Xa) =
D 7;(Xa) € E1. As this holds for all p we see that P, Xo € (70&1)(P). This
shows that v&; is a localising subderivator, as required. (|

Lemma 5.13. Let C be a stable derivator, and let E(P) be a thick subcategory of
C(P) for all P. Suppose that for every u: Q — P, the functors uwy and u* preserve
E. Then £ =~E(e), so in particular € is a thick subderivator.

Proof. Put & = ~E(e) = v0€(e) = 11E(e). We now claim that £(P) C £'(P) for all
P. Using the description & = & (e), this reduces to the claim that i3 E(P) C &£(e)
for all p, which is true because i, preserves £ by assumption. In the opposite direc-
tion, we know that the functors (i,): preserve £, which means that £(P) contains all
the generators of £'(P) = (11€(e))(P). As E(P) is assumed to be thick, it follows
that &'(P) C E(P). O

Definition 5.14. Let 7 be a triangulated category with coproducts. We say that
an object X € T is compact if the natural map @ [X,Y,] — [X,P, Y.] is an
isomorphism for every family of objects Y,. We write 7. for the full subcategory of
compact objects (which is easily seen to be thick). If T = C(P) for some derivator
C, then we will write C.(P) rather than C(P).. We say that T is compactly generated
if
(a) The category 7. is essentially small (so there is a skeleton that has a set of
objects, rather than a proper class); and
(b) T is the only thick subcategory of T that is closed under arbitrary coprod-
ucts and contains 7.

Lemma 5.15. Let T be a triangulated category, let G be a set of objects of T, and
let U be the smallest thick subcategory containing G. Then U is essentially small.
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Proof. Define full subcategories U, as follows. Start with Uy = G U {0}. Let U411
consist of (J,cy, Y*U,,, together with a choice of cofibre for every morphism in U,,,
and a choice of splitting for every idempotent morphism in U,,. Put Us, = J,, Un-
We then find that U, has only a set of objects, and contains a representative of
every isomorphism class in U. (]

Proposition 5.16. C.(P) is a thick subderivator of C (and so is the same as
1Ce(€))-

Proof. Put €& = «C.(e), which is a thick subderivator; it will suffice to show that
this is the same as C..
If F is left adjoint to G and G preserves coproducts then for small X we have

[FX, Y] = [X,GEP Y. = [X, P GYa] = PIX. GYa] = PIFX, Y,

so F'X is small. Using this, we see that w and u* preserve C.. The claim now
follows from Lemma (.13 O

Corollary 5.17. If C(e) is compactly generated, then C(P) is compactly generated
for all P.

Proof. First, we can choose a small skeleton G for C.(e), and then put
G(P) = {(ip)(X) |p€ P, X € G} CCc(P).

From the description C.(P) = (y1Cc(e))(P) we see that C.(P) is generated by G(P),
and so is essentially small by Lemma
Now let 7 be a localising subcategory of C(P) that contains C.(P). Put

U={XeC(e)]| (iph(X)eT for all pe P}.

This is easily seen to be a localising subcategory of C(e) containing C.(e), so U =
C(e). From Theorem [5.3]it follows that v/ = C, so in particular C(P) = (v1Ud)(P).
However, from the definition of U it is clear that (\wU)(P) C T, so T = C(P) as
required. ([

Definition 5.18. We say that C is compactly generated if it satisfies the equivalent
conditions of Corollary 517

Definition 5.19. Let U be a thick subcategory of a triangulated category 7. We
then write

Ut ={Yy e T|[UY]=0forall U € U}
U={XeT|[X,U]=0forall U € U}.

Similarly, if £ is a thick subderivator of a stable derivator C, we put £+ (P) = £(P)*
and (+&)(P) = *(£(P)).

Proposition 5.20. £1 and 1€ are thick subderivators, so X = y(E(e)t) and
tE=7(+E(e)).

Proof. Suppose that X € (+&)(P) and u: P — Q. For V € £(Q) we have u*(V) €
E(P) and so [uy(X), V] = [X,u*(V)] = 0. From this we see that u preserves €. As
u* is left adjoint to u, and wu, preserves £, we see in the same way that u* preserves
+&. Tt therefore follows from Lemma [5.13 that ~& is a thick subderivator. A dual
argument shows that £ is also a thick subderivator. O
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6. ANAFUNCTORS FOR DERIVATORS

Suppose we have morphisms of derivators
cEx S
in which F is an equivalence (which means that F': C(P) — X(P) is full, faithful and
essentially surjective for all P). We could choose an inverse for F' and thus obtain
a morphism GF~!: C — D. However, we prefer not to make arbitrary choices, so
we will instead treat GF~! as a formal fraction, or anafunctor. The bicategory
DER’ of derivators and anafunctors is thus obtained from the bicategory DER of
derivators by inverting the equivalences. A formal framework for bicategories of

fractions is given in [16, Section 2], and extended in [I8]. To apply this framework
to derivators, we need the following result:

Lemma 6.1. The 2-category DER admits 2-pullbacks along equivalences.

Proof. Consider a span D Hr&c¢ , in which G is an equivalence of derivators.
We will provide an explicit model for the 2-pullback. For each finite poset P we

have a span of categories D(P) e, 72 E(P), in which Gp is an equivalence.
We define P(P) to be the usual 2-pullback of this span. Explicitly, the objects
are triples (X,Y,«) where X € D(P), Y € E(P) and a: Fp(X) — Gp(Y) is an
isomorphism in F(P). A morphism (f,g): (X,Y,a) — (X',Y’,a’) consists of a
pair of morphisms f: X — X’ and g: Y — Y respectively in D(P) and E(P) such
that the diagram

FpX 2415 poxt

al la,

GpY —= GpY’

commutes. Now suppose we have a monotone map u: P — @. We define u*: P(Q) —
P(P) as follows. On objects we set u*(X,Y,a) = (u*X,u*Y, ay~) where the iso-
morphism a,,~ is the unique one making the following square commute

Fpu*X 2 Gpu*Y

ol Te

wFoX —“% u*GqY.

On morphisms we set u*(f,g) = (u*f,u*g). It is immediate that this is strictly
functorial in u, so we have defined a prederivator. There are projections w1 : P — D
and mo: P — &£, and we can define an invertible modification ¢: Fmy — Gma by
©(x,Y,a) = a. We thus have a diagram as follows:

p-Le

n| e

D F

That this square provides a model for the 2-pullback of prederivators is a bother-
some computation that we leave to the reader.
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From the fact that G is an equivalence, it follows in a standard way that P, is
an equivalence. As D is a derivator, it follows that P is a derivator. Thus, we have
a 2-pullback in the bicategory of derivators. ([l

We can now argue as in [I8, Prop. 2.8] to justify the existence of the right calculus
of fractions with respect to the class of equivalences in DER. The preferred squares
we use for the composition of fractions are the explicit 2-pullbacks constructed
above.

Remark 6.2. We will need two key features of the resulting bicategory, as follows.
Firstly, suppose we have a diagram of derivators as follows, which commutes on the
nose:

<7X

Tk

y—>D

Here it is assumed that F' and H are equivalences, and it follows that J is also an
equivalence. The diagram then gives rise to an isomorphism between the anafunc-
tors GF~! and KH~1.

Next, suppose we fix an equivalence F': X — C, and consider various different
functors G;: X — D. Then any natural transformation a: Gy — G gives rise to a
morphism GoF~! — G1F~! of anafunctors, and this is functorial in «.

7. THE ANAFUNCTORS ¢4

We now explain our preferred framework for Bousfield localisation in the con-
text of derivators. This will rely on facts about Bousfield localisation in compactly
generated triangulated categories. For the homotopy category of spectra, all state-
ments are well-known with very classical proofs that rely on having an underlying
geometric category of spectra. There are also proofs of similar results in more ax-
iomatic frameworks, relying only on the theory of triangulated categories. These
are typically formulated in the context of well-generated categories as defined by
Neeman [14], and the proofs are somewhat complex. It is well-known to experts
that everything becomes much simpler, and much closer to the original results for
the category of spectra, if we restrict attention to compactly generated categories.
However, it seems surprisingly hard to find an full account of this in the literature.
We have therefore provided one in Appendix [Al

Definition 7.1. Let C be a compactly generated stable derivator, and let K: C(e) —
Ab be a homology theory. As usual, we extend this to a graded theory K, : C(e) —
Ab, by K, (X) = K(X™"X). For X € C(P) define K (X) = @D,cp K(Xp), and
note that this is again a homology theory. Using Theorem [(.3] we see that the
subcategories ker(K?) C C(P) form a localising subderivator of C, which we will
just call ker(K,).

Now suppose we have an object X € C([1] x P). This gives a morphism u: X¢ —
X1 in C(P) in the usual way. We say that X is a localisation object if fib(u) €
ker(KP) and X7 € ker(KF)t. We write £(P) for the subcategory of localisation
objects in C([1] x P). This is clearly a subprederivator of C['/, and we have a
morphism 4g: £ — C of prederivators.
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Proposition 7.2. £ is a thick subderivator of CM, and ig: £ = C s an equivalence
of derivators.

Proof. We know from Theorem[5.3and Proposition[5.20that ker(K,) and ker(K, )+
are thick subderivators. Together with the results that we recalled in Theorem 310,
this implies that £ is a thick subderivator of Cll. Now consider the functor
ig: L(P) — C(P). Given X € C(P), we can find a distinguished triangle CX —
X — LX with CX € ker(KF) and LX € ker(K!)*, by Theorem [A:4]and Proposi-
tion[A-8l By the strongness condition (Definition[3.:4(a)), we can find Y € C([1]x P)
such that the resulting morphism Yy — Y7 is isomorphic to X — LX. This proves
that i is essentially surjective. Now suppose we have X,Y € L(P). Proposi-
tion 17 gives us a distinguished triangle i1135 (Y) — Y — d0.45(Y). By applying
[X, —] to this and using various adjunctions we obtain an exact sequence

[2X,07Y] = [X, Y] 2 [iX, i5Y] — [i] X, 172V,
Kere i} X is just the cofibre of i X — i3 X, which lies in ker(K L") because X € L(P).
Also, because Y € L(P) we have i}Y € ker(KF)+, so [i!X,i1Y] = [i1 X,i{XY] = 0.
It follows that the map if: [X,Y] — [i§X,i5Y] is an isomorphism as required. O

We will sometimes need a slightly more general statement.

Lemma 7.3. Suppose that X,Y € CI(P), giving maps u: Xo — X1 and v: Yy —
Yy in C(P). Suppose that fib(u) € ker(KL) and Y1 € ker(KF)*. Then the map

i C(11) x P)(X,Y) = C(P)(Xo, Yo)
is bijective.
Proof. These weakened hypotheses are all that was used in the proof of Proposi-
tion O

Definition 7.4. We define L to be the anafunctor i} (i§) ™!, and call this Bousfield
localisation with respect to K.

We now return to a framework similar to that of Section we assume that
we have a compactly generated stable derivator C together with homology theories
K (i) on C(e) for i € N, where N is a finite, totally ordered set. As before, we define
P to be the poset of subsets of N (ordered by inclusion). We also define Q to be
the poset of upper sets in P (ordered by reverse inclusion), and define u: P — Q by
uT'={U|T CU}.

Definition 7.5. Consider a finite poset R and an object X € C(IP x R). Suppose
that t € N and U C N with ¢ < u for all w € U. We then write tU for {¢t} UU,
so we have U < tU in P, giving maps fru,: Xvr — Xiw,r in C(e). We say that
X is (t,U)-localising if fy v is a K(t)-localisation. Equivalently, Xy, should be
K (t)-local, and the fibre of f; y, should be K (t)-acyclic. We also say that X is
fully localising if it is (¢, U)-localising for all ¢t and U. We write P(R) for the full
subcategory of fully localising objects in C(P x R). There is an evident inclusion
ig: R — P x R, which gives a functor ij: P(R) — C(R).

Example 7.6. Consider the case N = {0}, and suppose that our derivator C
arises from a stable model category Cyp. An object of P(R) is then a diagram
X:[1] x R — Cp such that the morphisms Xy, — X3, are all localisations with
respect to K(0). Informally, we can therefore say that an object of P is a diagram
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of type (X — Lg)X). In the same sense, if N = {0,1} then an object of P is
essentially a diagram of the following type:

1{ — LgoX X — ¢poX
LgnyX —— Lgo)LrmX 01X —— po1 X

Here the right hand diagram is just alternate notation for the left hand one. For
N =1{0,1,2}, the diagram is as follows:

X — (]50X
\ \
»n1 X d01 X
P02 X

NN

p12X —— ¢o12X

Proposition 7.7. P is a thick subderivator of C*, and ig: P — C is an equivalence
of derivators.

Proof. The claim is clear if N = (). If N # (), we let ng € N be the smallest element,
so N can be decomposed as {ng} IT Ny say. This gives an obvious decomposition
P = [1] x P;. We can define P; C C™* using Ny, and by induction we can assume
that this is a thick subderivator with ij: P1 — C being an equivalence.

Now define £ as in Definition [[T] with respect to the homology theory K (ng)
for the derivator P;. We find that

P(R) ={X € L(P1 x R) | i5g(X) € P1(R)},

and the claim now follows from Proposition together with the induction hy-
pothesis. (I

Again, we will sometimes need a slightly more general statement.

Lemma 7.8. Suppose that X,Y € C¥(R). Suppose that for t, U and r as before,
the map frur: Xv — Xw s a K(t)-equivalence, and the object Yy is K (t)-local.
Then the map

ig: C(P x R)(X,Y) — C(R)(Xy,Yp)
is bijective.
Proof. As above taking ng the minimum of N we get a decomposition P = [1] x P,
and arguing by induction we can assume the map C(P1 x R)(Xo, Yo) — C(R)(Xy, Yp)

is a bijection. Now we have just to compose this with C(P x R)(X,Y) — C(P; x
R)(Xo,Yy) which is an isomorphism by Lemma [73 O

Definition 7.9. For A C N we consider the diagram
cpine

and define an anafunctor ¢4: C = C by ¢4 = o (ia)_l.
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Remark 7.10. Suppose that A = {a1,...,a,} with a1 < --+ < a,. It is then not
hard to see from the definitions that in some sense we have

A~ Lg(ay) Lk (a,)s

so that Definition [7.9]is a more precise version of Definition in the introduction.
A rigorous formulation with anafunctors will be given in Corollary [[.I8

Proposition 7.11. The anafunctor ¢,y is equivalent to L (q)-

Proof. Define j: [1] — P by j(0) = @ and j(1) = {a}. This gives a morphism
j*: C* — C. If we define £ as in Definition [T with respect to K (a), we find that
7* restricts to give a morphism P — L. This fits into a diagram as follows, which
commutes on the nose:
P
ial:
C

i
"

-
%0

oy
— = C

From this it is clear that the anafunctor ¢;,) = i?a}(ia)*l is equivalent to Ly (q) =
i (i5) L. O
Now let j be the inclusion of P’ =P\ {(}} in P, and consider the fibration
tfib(X) — ip(X) — hﬂmg (X)
]P)/

as in Lemma [4.22)
We can now give a derivator formulation of the chromatic fracture argument.

Proposition 7.12. For any X € P(R), the above morphism iz(X) — holim j*(X)
— P
is a localisation with respect to K(N) = @, cy K(n).

Proof. From the definition of P(R) we see that for all T € P, the object j*(X)r
is local with respect to K(min(7")) and thus with respect to K(N). Proposi-
tion tells us that the K(N)-local objects form a thick subderivator, so the
object LX = hﬁm ,j*(X) is K(N)-local. Tt will therefore suffice to show that
the fibre tfib(X) = épb(X@ — LX) is K(N)-acyclic, or equivalently, that it is K (4)-
acyclic for all 7. Let Y, be the total fibre of the subdiagram indexed by subsets of
{r+1,...,n*—=1},80 Y,-—1 = 0 and Y_; = tfib(X). Let Z, be the total fibre of the
subdiagram indexed by subsets of {r,...,n* — 1} containing r, so that Y, — Z, is a
K (r)-localisation, and the fibre is Y,._; by Proposition This shows that Y;_;
is K (i)-acyclic. The fracture axiom then tells us that Z;_; is also K (i)-acyclic, and
Y;_o is the fibre of the map Y;_1 — Z;_1 so it is again K (i)-acyclic. By iterating
this, we find that Y_; is K (i)-acyclic as required. O

Definition 7.13. We say that an object X € C(P x P x R) is doubly localising if

(a) X is fully localising relative to P x R, so it lies in P(P x R).
(b) The restriction to {ufl} x P x R ~P x R lies in P(R).

We write Po(R) for the full subcategory of doubly localising objects in C(Px P x R).
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Proposition 7.14. P, is a thick subderivator of C**F, and iz‘w 0 Po — C is an
equivalence.

Proof. The first claim follows from Theorem[5.3l The two properties of the previous
definition easily imply that the equivalence iz: P — C of Proposition [ (shifted
by a P component) restricts to an equivalence Py — P, compose this again with iy
and the second claim is verified. (]

It is easy to see that X € C(P x P x R) = CE(P x P) is doubly localising iff the

following conditions are satisfied:

(a) Foralla, A, B with {a}ZA, the map X4 B — X(qjua,p is a K(a)-localisation.

(b) For all b, B with {b}/B, the map Xy g — Xy (s3up is a K (b)-localisation.
This essentially means that if A = {a1 < --- < ap} and B = {b1 < --- < by} we
must have

Xa,B =Lk Li(a,)Lrw)  Lrw)X0,0)-

In particular, we see that X4 p) = 0 unless AZB. This motivates the following
construction.

Definition 7.15. We put M = {(A4,B) € P x P | AZB}, and define 0: M — P
by o(A,B) = AU B. We say that an object X € C(M x R) = CE(M) is doubly
localising if
(a) For all a, A, B with {a}ZA and {a} U AZB, the map X4 p — X{qjua,p is
a K (a)-localisation.
(b) For all b, B with {b}/B, the map Xy p — Xy p3up is a K (b)-localisation.
We write P)(R) for the subcategory of doubly localising objects.

Proposition 7.16. P} is a thick subderivator of C™, and the inclusion inc: M —
P x P induces mutually inverse equivalences

Pé 1NCx PQ mnc Pé,
and the morphism iz‘@ 0)° P4 — C is also an equivalence. Moreover, the map o: M —
P gives an equivalence o*: P — P4 and thus an equivalence inc, oo™ : P — Pa.

Proof. The subposet Ml C Px P is a sieve, so Proposition[B.15 gives mutually inverse
equivalences

inc*

C(M x R) 2% Chwr(P x P x R) 255 ¢(M x R).

We have observed that if X is doubly localising then X4, 5 = 0 for (A, B) € M, so
X € Cuxr(P x P x R). It follows that inc* restricts to give an equivalence from
P2(R) to some subcategory of C(M x R), with inverse given by inc,.. It is easy
to check that the relevant subcategory is P4(R). We have now seen that in the
diagram
Py 1 py 100,

the first map and the composite are both equivalences of (pre)derivators, so the
second map is also an equivalence. From this it also follows that P is a derivator.
Finally, direct inspection of the definitions shows that ¢*(P) C Pj, and o000 =
i, which implies that o*: P — Pj is an equivalence. O

Proposition 7.17. If AZB then there is an equivalence of anafunctors ¢adp =~
$auB-
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Proof. Define jg: P — P x P by jp(T) = (T, B). Consider the following diagram:

i
0
C = P
JE A
i*A,B
i a8 C
i(a,B)
P P iAuB
N\
(1]
= P

i

S¥3

Given that C is a strict 2-functor, we see that everything commutes on the nose.
Several morphisms have been marked as equivalences; these are justified by Propo-
sition [.T6l Tt follows that all routes from the middle bottom C to the middle right
C give the same anafunctor up to equivalence. If we go clockwise around the edge
of the diagram we get p4¢p, and if we go anticlockwise we get ¢pauB.

To be precise the composition of anafunctors ¢4¢p is given by the following
composition of spans via pullback

P xcP
P P
N, N
C C C

The upper left part of the previous diagram means that we can easily produce an
isomorphism of anafunctors

P xcP

C ¥ C

1% 413)

P
where ¢ is obtained using ij and jg. (|

Corollary 7.18. Suppose that A ={aq,...,a,} with ay < --- < a,. There is then
an equivalence of anafunctors

¢a >~ Ly Lk,
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Proof. This follows by induction using Propositions [[.I1] and [[.T7 (The base case
A = ) says that ¢y is equivalent to the identity, which is clear because ¢ = i (ia)’1
by definition.)

8. THE ANAFUNCTORS 6y

We now start to define a more general class of iterated localisation functors.

Definition 8.1. Consider an object X € C(Q x R), and the pullback (ux 1)*(X) €
C(P x R). We say that X is u-cartesian if the natural map
(ux1)*:C(Qx R)(W,X) = C(Px R)((ux1)" (W), (ux1)"(X))

is an isomorphism for all W, or equivalently, X is in the essential image of the
functor

(ux1),:C(PxR)—C(Qx R).
We say that X is a fracture object if it is u-cartesian, and (u x 1)*(X) is fully
localising. We write F(R) for the subcategory of fracture objects in C(Q x R). We
also define j: R — Q x R by j(r) = (u), R).

Remark 8.2. Because we have ordered Q by reverse inclusion, we have U < uA
iff uA C U iff A € U. Using this together with the Kan formula, the u-cartesian
condition becomes
Xy = holim X, 4.

—

AeU
Example 8.3. Consider the case N = {0, 1}, and put

W=uN=u{0}Uu{l}={ACN|A#0} €Q.

We then have Q = {uA | A € P} U {W, 0}, with partial order as shown on the left
below. A fracture object is as shown on the right.

ul) u{0} X oo X
N N
W Aot X
N N
u{0,1} b1 X
N N
u{1} 0 $1 X 0

Now consider the case N = {0, 1,2}, where |P| = 8. It turns out that |Q| = 20,
with elements as follows:

e The smallest element is uf) = P.

The next smallest element is vN = {A € P | A # 0}.
We write v;; = v{i,j} ={A|i€ Aorje A}

We write z; = {A| i€ Aor {i}° C A}.

We write u; = u{i} =v{i} = {A |1 € A}

We write w; = {A| A D {i}} (strict inclusion).

We write u;; = u{i,j} = {A| {i,j} C A} = {{i,j},N}.
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o We write ugi2 = ulN = {N}.
o We write y = {A | |4| > 2}.
e The largest element is ().

The Hasse diagram for Q \ {u), vN,y, 0} can be drawn in the plane as follows:

Vo2 Zo

/

Uo

/

U2 ¢—— Wo

/N N\

T2 — U2 —> W2 Up12 4—Uo1 Vo1

N/ /

U2 ¢—— W1

/\

Uy

/\

V12 Z1

The remaining vertices fit in as follows. At the bottom we have u{), which is covered
by vN, which is covered by the elements v;;. At the top, ug12 is covered by . In
the middle, y covers the elements x; and is covered by the elements w;. The v and v
elements will correspond to functors ¢ and A\ as we have discussed previously. One
can check that the remaining elements other than w; can be factored as follows,
and so will also correspond to iterated localisation functors:

To = Vo1 * Vo2 Z1 = Vo1 * V12 T2 = Vo2 * V12
Wo = U * V12 W2 = Vo1 * U2 Y = Vo1 * Vo2 * V12.
However, Example [LT2 shows that w; cannot be factored in this way.

Proposition 8.4. F is a thick subderivator of C2, and j*: F — C is an equivalence
of derivators.

Proof. Let E(R) be the subcategory of u-cartesian objects in C(Q x R), so the
functor (u x 1)*: E(R) — C(P x R) is an equivalence. An object is u-cartesian iff
the unit map X — (u x 1).(u x 1)*(X) is an isomorphism, and from this we see
that £(R) is a thick subcategory of C(Q x R). (Here we have used Theorem B0,
as we will do repeatedly without further comment.)

Now consider a morphism f: Ry — Rp of finite posets. We know from [7]
Proposition 2.6] that the resulting derivator morphism f*: Cf* — CFo preserves
homotopy Kan extensions, so it commutes (in an evident sense) with the functors
(u X 1), so it restricts to give a functor f*: E(R1) — E(Ro). It is even clearer that
the functors (1 x f), commute with (u x 1), so they restrict to give f.: E(Ry) —
E(Ry). By the dual of Lemma[5.I3] we deduce that £ is a thick subderivator of £C.

Next, consider the preimage under u*: C% — C¥ of the thick subderivator P C
C¥. Using [7, Proposition 2.6] again, we see that this preimage is again a thick
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subderivator. By intersecting this with &£, we see that F is a thick subderivator as
claimed.
In conclusion we obtained the diagram of derivators

cr ¢

[

P—— F

where the vertical arrows are inclusions and the horizontal ones equivalences. Thus
composing the inverse equivalence u*: F — P with i of Proposition [I.7] we get the
second claim. O

Definition 8.5. For U € QQ, we define 6y : C — C to be the anafunctor

cY) L Fcee iy

We also note that an inequality U < V gives a natural transformation ij; — ¢, and
thus a morphism 6y — 6y of anafunctors, as discussed in Remark

Remark 8.6. Consider an object X € C(R), and a fracture object ¥ € F(R)
with j*Y ~ X. Then the object Yy = i};Y € C(R) is a choice of 0y (X). AsY is
u-cartesian we have
YU = holim YuA = holim Y'u.A-
— —

U<uA AeU
Also, as u*Y € P(R) we know that Y, 4 is a choice of ¢4(X). Thus, the basic idea
is that 0y (X) = holim ¢4 (X).

< AeU

Remark 8.7. Consider the original chromatic context where the homology theory
K (n) is represented by a spectrum, so we can apply ¢4 or 0y to that spectrum. It is
easy to see that ¢4 (K (n)) is K(n)if A C {n}, and ¢4 (K (n)) = 0 in all other cases.
From this we find that 0y (K (n)) is K(n) if {n} € U, and 6y (K (n)) = 0 in all other
cases. In other words, with x as in Remark[[7we have x(U) = {n | 8y (K (n)) # 0}.
In particular, if kK(U) # &(V) then 0y # 0y. However, it is common for x(U) to be
empty, so this is not a very strong result.

Lemma 8.8. If A= {a1,...,a,} witha; < --- < a, then there are equivalences of
anafunctors

Oua =~ ¢a >~ Ly(ar)  Li(a,)-

Proof. We have a diagram as follows, which commutes on the nose:

This gives an equivalence ;4 () ™" = i (i{y 4)) " of anafunctors, or in other words
Oua = ¢a. Moreover, Corollary [LI8 gives ¢pa ~ L (a,) -+ Lk(a,)- (]

Lemma 8.9. The functor 0y is zero.
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Proof. Fix X € C(R) and choose Y € F(R) together with an isomorphism X ~
7*(Y). It will suffice to prove that Yy = 0. The u-cartesian property of Y allows us
to write Yy as a homotopy limit over the comma poset () /u. However, () is strictly
larger than everything in the image of u (with respect to the reversed inclusion
order that we are using on Q). Thus, this comma poset is empty and the homotopy
limit is zero as required. (Il

Proposition 8.10. For vA={T C N |TNA # 0} we have 0,4 ~ \4.

Proof. Let Y be any object of F(R). We claim that the morphism Y,,p — Y, 4 is a
localisation with respect to K (A). In order to simplify notation, we replace C by C*
and thus reduce to the case R = 1. As Y is a u-cartesian object, we see that Y, 4 is
the homotopy inverse limit of (u*Y")|,4. Let P’ be the poset of nonempty subsets of
A. Note that the inclusion i: P’ — vA is left adjoint to the map r: vA — P’ given
by rT' = T N A. Tt follows from Proposition [£.12] that ¢ is homotopy cofinal, so Y, 4
is also the homotopy inverse limit of (v*Y")|p. We can now apply Proposition [[.12]
(with N replaced by A) to see that this homotopy limit is a K (A)-localisation, as
required.

Now define k: [1] — Q by k(0) = u and k(1) = vA. This gives a morphism
k*: €% — CM and the previous paragraph shows that this restricts to give a
morphism F — £ (where L is as in Definition [[[T] for localisation with respect to
K(A)). We now have a diagram as follows, which commutes on the nose:

iv
f 5

. c

% k* 5

= ~ /l\h
; L

C+—m—

(2

S|

As if and j* are equivalences, we see that k* is also an equivalence. This gives an
isomorphism ¥ , () 7! ~ i} (i§) ! of anafunctors, or in other words 6,4 ~ A4. O

We now want to prove the following result:
Theorem 8.11. The composite 0y 8y is naturally isomorphic to Oy .y .

The proof will be given after some preliminaries.

We start with the following result, which will be needed in the proof of The-
orem [RI1] and which also shows that Theorem [R.I1] is consistent with Proposi-
tion [C.17

Lemma 8.12. For A,B € P we have

u(AUB) if AZB
0 otherwise.

uA*uBz{

Proof. By definition, we have
uAxuB={CUD|ACC,BCD,C/ZD} Cu(AUB).
If AZB then we can choose k with a < k for all a € A, and k¥ < b for all b € B.

Then any F € u(AUB) can be written as CUD withC ={j € F | j <k} D A and
D={jeFE|j>k}DB,soE € uAxuB. We therefore have ud xuB = u(AUB)
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in this case. On the other hand, if it is not true that A/ZB then we can choose
a € Aand be B witha>b. If C and D are as in the definition then a € C and
b € D so it is not true that CZD. From this it follows that uA * uB = (. O

Definition 8.13. We say that an object X € C(Q x Q x R) is a double fracture
object if

(a) X is a fracture object relative to Q x R, so it lies in F(Q x R).
(b) The restriction to {ufd} x Q x R~ Q x R lies in F(R).

We write F2(R) for the full subcategory of double fracture objects in C(Q x Q x R).
We also define k,1: Q = Q x Q by k(V) = (uf, V) and [(U) = (U, ud). This gives
functors k*,0*: Fa(R) — C(Q x R). Finally, we define j2: e — Q x Q to be the
map with image (ul), uf).

Proposition 8.14. F; is a thick subderivator of C2*Q, and the maps k and 1 give
equivalences as shown:

Proof. Put £(R) = F(Q x R) C C(Q x Q x R) (so this is the subcategory of
objects satisfying condition (a)). From Proposition we see that £ is a thick
subderivator of C2*Q and that k*: £& — C¥ is an equivalence of derivators. As F
is a thick subderivator of C?, it follows that the preimage under k* of F is a thick
subderivator of £. However, this preimage is just Fa, so F3 is a thick subderivator
as claimed. It is also clear from this that k*: Fo — F is an equivalence. We have
seen that j*: F — C is also an equivalence.

Next, recall again that F is a thick subderivator. Any monotone map f: R —+ R’
gives a functor (1 x f)*: C(Q x R') — C(Q x R), and the subderivator property
implies that (1 x f)*(F(R')) € F(R). Take R’ = Q x R and f(r) = (ul),r);
the conclusion is then that {*(£(R)) C F(R), and so I*(F2(R)) C F(R). This
means that we have a diagram of functors as claimed, commuting up to natural
isomorphism. As j* and k* are equivalences, we can chase the diagram to see that
[* and i?u@,u@) are equivalences as well. (|

Corollary 8.15. For any U,V € Q, the composite anafunctor 8y 6y is isomorphic
to the fraction
Gs)~"

c FoRCASNY,

Proof. Note that if X € F5(R) then X € F(Q x R) and F is a subderivator so we
have i}, X € F(R). We can thus interpret ¢}, as a morphism from F» to F. It fits
into a diagram as follows, which commutes on the nose:
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12
%

12
<

c = F c

The bottom edge represents the anafunctor 6y, whereas the right hand edge rep-
resents Oy. The claim is clear from this. O

Proposition 8.16. The morphism u?: C**F — CXQ restricts to give an equiva-
lence Py — Fa, with inverse (u?)*.

Proof. Before starting we warn the reader that in this proof all the restrictions will
be with respect the base derivator C, even if we will apply them to elements we will
prove are in the derivator of (doubly) localizing or fracture objects. This lets us
avoid awkward notation and it is not restricting at all since the above derivators
are subderivators of appropriate shifts of C.

We must show that Pa(R) ~ Fa(R) for all R, but we can reduce to the case
R = e by replacing C with C*.

We will factor the map v?: P x P — Q x Q as u? = uy o us, where u; =
UuX1:PxQ—=>QxQandus =1xu:PxP— PxQ. We also use the maps
ip: P—>PxPandiug: Q— Qx Q given by ig(B) = (0, B) and i,(V) = (u, V).
These fit in a commutative diagram

QxQ+™ Q

Note that an object X € C(P x P) lies in Pa(e) iff it satisfies the following
conditions:

(a) X e P(P)
(b) iz X € Pe).

Similarly, by unwinding the definitions a little we see that an object Y € C(Qx Q)

lies in Fz(e) iff the following hold:
(c) uiY € P(Q)
(d) V= (u1)«(uiY)
(e) irgY € Fle).

Suppose that Y € Fa(e), so that (c), (d) and (e) are satisfied. Put X = (u?)*Y €
C(P x P); we must show that X € Pa(e), or in other words that (a) and (b) are
satisfied. Note that X = u(uiY") and vjY € P(Q) by (c) and P is a subderivator
so u3(uiY) € P(P) so (a) is satisfied. Moreover, the diagram shows that i;X =
i5(u?)Y =u*if,Y, and if Y € F(e) by (e), so u*if,Y € P(e), so (b) holds.



ITERATED CHROMATIC LOCALISATION 33

Suppose instead that we start with X € Ps(e), so that (a) and (b) hold. Put
Y = u?X € C(Q x Q); we must then prove (c), (d) and (e). We first note that
Y = (u1)«(u2)«X and u; is an embedding so u}(u1)s = 1 so uiY = (u2).X.
Moreover, we have X € P(P) by (a) and P is a subderivator so (u2).X € P(Q) and
this proves (¢). Condition (d) is also clear from this discussion. For condition (e),
note that the diagram gives a Beck-Chevalley transformation

arinyY =itgulX — uyipX € C(Q).

We know that ijX € P(e) by (b), and it follows that u.izX € F(e). For condi-
tion (e) it will therefore suffice to show that « is an isomorphism. For this it will
in turn suffice to check that ¢} « is an isomorphism in C(e) for all V € Q. Put

B={BeP|V <uB)}
C={(AB)ePxP| V)< (ud,uB)}.

(These can in fact be simplified to B =V and C = P x V.) The map iy restricts to
give a map B — C. The Kan formula tells us that the domain of ij,« is holim X,
—

C
whereas the codomain is holim ¢35 X. The evident projection C — B is right adjoint
—

to g, soip: B — Cis homotopr; cofinal by Proposition 12| so « is an isomorphism
as required.

We now have morphisms u2: Py — F2 and (u?)*: Fa — P with (u?)*u2 ~ 1 by
Lemma [3140 All that is left is to prove that when Y € Fy(e), the unit map ¥ —
u2(u?)*Y is an isomorphism. Put Z = u}Y, so condition (d) gives Y = (u1).Z. It
will suffice to show that Z = (uz).u’Z. Note that Z € P(Q) by condition (c), and
P is a subderivator, so (uz2).u3Z also lies in P(Q). Asij: P — C is an equivalence,
it will suffice to check that the map ijZ — ij(u2)«u3Z is an isomorphism. For this,
we claim that ij(u2).u3Z = u.u*izZ. This can be checked using the Kan formula,
or by recalling that i;: C* — C is a morphism of derivators and so is compatible
with u, and uv*. We must therefore check that the map iaZ — u*u*iaZ is an
isomorphism. Here i3 Z = ijuiY =4,Y, and this lies in F(e) by condition (e), so
the claim follows from the definition of F. 0

Definition 8.17. Given U,V € Q we put
URV=UxV)NM={(A,B)ePxP|AcU, BeV, ALB}.
The definition of U % V' can then be written as
UxV={AUB|(A,B) e UKV}

Note that UKV and U %V can be seen as subposets of M and P respectively. We
define 0: UXV — UV by o(A, B) = AU B, and note that this is a morphism of
posets.

Proposition 8.18. The map o: UKV — U %V is homotopy cofinal.
Proof. Consider an element C' € U % V' and the comma poset
c/C={(A,B)e UKV | AUBCC}.

By Proposition .12 it will be enough to show that this is strongly contractible. For
—1 <i < n* we write C<; = {c € C | ¢ < i} and similarly for C>;. AsC e UV
we can write C = Ay U By for some Ag € U and By € V with AqZBy. This means
that we can choose k with a < k for all a € Ag, and k < b for all b € By. It follows
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that C<r € U and C>p € V. Let i be least such that C<; € U, and let j be largest
such that Cs; € V. Trivially ¢ < k < j, thus (C<;,C>;) € 0/C. Now consider an
arbitrary element (A4, B) € 0/C. We define

¢(A7 B) = (Cgmax(A)a CZmin(B))'

We use the conventions max(f)) = —1 and min()) = n* if necessary; this ensures
that max(A) < min(B) in all cases, 50 C<max(4)£C>min(p)- It is also clear that
A C CSmaX(A)a SO CSmaX(A) € U, and similarly OZmin(B) € V. Thus, ¢ is a
morphism of posets from o/C to itself, with ¢ > 1. On the other hand, if we define
: 0/C — o/C to be the constant map with value (C<;, C>;), we find that 1 < ¢.
This gives the required contraction of o/C. g

Proposition 8.19. Consider the map p: Q x Q — Q (given by (U, V) — U xV)
and the induced morphism p*: C2 — C®*Q. This restricts to give an equivalence
w*: F — Fa, making the following diagram commute up to natural isomorphism:

P L F

incy, o™ |~

1
=

Py ———— P
u*

Proof. By the usual reduction, it will suffice to work with P(e), F(e) and so on.
Proposition [7.10] gives the left hand equivalence, the top and bottom equivalences
are given by Proposition [R.4] and Proposition respectively. We claim that for
X € P(e), there is a natural isomorphism p*u.X ~ u?inc, 0*X. Assuming this,

everything else follows easily by chasing the diagram. To prove the claim, we apply
Proposition .13 to the square

M—2—P

uQOincl lu

QxQ — Q

which commutes by Lemma 812 The square gives a Beck-Chevalley transform
a: pfu, — uinc, o*, and the proposition tells us that this is an isomorphism

provided that the map
owvy: (U, V)/(u? oinc) — u(U,V)/u

is homotopy cofinal for all U,V € Q. By unwinding the definitions, we see that this
is just the map UKV — U * V whose cofinality was proved in Proposition 818 O

Proof of Theorem [811l Using Proposition B9 we obtain the following diagram,
which commutes on the nose:
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One route around the square gives 0y .y by definition, and the other gives 876y by
Corollary R.15 O

We conclude with an addendum to Proposition BI8 We do not currently have
any use for this, but the method of proof is interesting so we have included it.

Proposition 8.20. The map o: UKV — U %V is also homotopy final.
The proof will be given after some preliminaries.
Definition 8.21. We also define maps «;, 8;: M — M as follows:

OéQi(A, B) = (A<i, AZi U B) 042i+1(A, B) = (Agi, AZi U B)
B2i(A, B) = (AU B<;, B>i) B2i+1(A, B) = (AU Bz, B>i)

Here As; means {a € A | a > i}, and so on. We note that

a2i42(A, B) = (A<i, As; U B)
B2i+2(A, B) = (AU Bg;, Bs;).

Lemma 8.22. All the above maps «; and (B; are poset maps, with ca; = of8; =
0v; = 00; = 0. The extreme cases are

ao(A, B) = (B, AU B) aon+ (A, B) = (A, B)
Bo(A, B) = (A, B) Ban+ (A, B) = (AU B, ).

There are inequalities ag; < qgi41 > Qoiya and Ba; < Pait1 = Poita-

Proof. Straightforward from the definitions. O

Proof of Proposition[820. Consider C € U % V. By Proposition 12} it will suffice
to prove that the poset

Clo={(A,B)eURV |CC AUB}

is strongly contractible. As in the proof of Proposition RI8 we can choose k
between 0 and n* — 1 such that C<x € U and C>; € V. We claim that for
all @ > 2k + 1, the map a;: M — M preserves C//o. To see this, suppose that
(A,B) € C/o,s0 A € U and B € V and AZB and AUB D C. We have
a;(A,B) = (Acy,A>, U B) for some u,v with v > k. We have seen that o
preserves M with oa; = o, so the only point to check is that A>, UB € V and
Aoy € U. The first of these is clear because B € V and V is closed upwards. The
second is also clear if A., = A. Suppose instead that A., # A, so there exists
a € A with a > u. It follows that for b € B we have b > a > u > k, so C<; N B = ().
However, we have C<, C C C AU B by assumption, so C<p C A<; € Acy. As
C<i € U and U is closed upwards, we see that A.,, € U as required. A symmetrical
argument shows that g8; preserves C/o for i < 2k + 1. As ag; < qoiq1 > Qoiq12 We
see that [aakt1] = [@en+] = 1 in the strong homotopy category. Similarly, we have
[Bak+1] = [Bo] = 1 and thus [agkt182k+1] = 1 in the strong homotopy category.
However, it is not hard to see that

241 P2k+1(A, B) = (AU B)<k, (AU B)>k) > (C<p, Cp),

SO (241 P2k+1 1S equivalent to the constant map with value (C<g, C>p). O
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9. MONOIDAL STRUCTURES

Definition 9.1. A symmetric monoidal derivator C is as specified in [8, Definition
2.4]. We will not give the full details, and we will use notation corresponding to
stable homotopy theory rather than derived algebra. The key points are as follows:

(a) Each category C(P) has a symmetric monoidal structure, with unit denoted
by S and the monoidal product of X and Y called the smash product and
denoted by X AY.

(b) Foreachu: P — @, the pullback functor u*: C(Q) — C(P) preserves smash
products up to isomorphism.

Remark 9.2. It will not typically be true that the natural morphism wu (X A
u*(Y)) = w(X) AY is an isomorphism. Similarly, even if there exist function
objects F(X,Y) with [W, F(X,Y)] =~ [W A X,Y], these will typically not satisfy
v F(X,Y) ~ F(u*X,u*Y). These kinds of properties are valid for derivators
indexed by groups or groupoids, but posets are the other extreme from that.

For the rest of this section, we will assume that C is a symmetric monoidal
derivator. We will also assume that the homology theories K (n) have the property
that K(n).(X) = 0 implies K(n).(X AY) = 0 for all Y. We will just give some
simple results about how the monoidal structure interacts with chromatic fracture.

Proposition 9.3. Suppose that X,Y,Z € F(R). Then the natural map
CQXR)XAY,Z)=C(R)§*X Nj*Y,j°Z)
is bijective.
Proof. As Z is u-cartesian, we have
CQx R)(XAY,Z)=C(P x R)(u* (X AY),u"Z).
Now just apply Lemma [(.8 O

We can use the above result to show that 6 is lax monoidal, in the appropriate
sense for anafunctors. In more detail, consider the following diagrams:

C(R) x C(R) <29~ F(R) x F(R) 2 C(Q x R) "% C(R)

C(R) x C(R) & C(R) <~ F(R) % C(R).
The leftward-pointing maps are equivalences, so we can invert them to get two
different anafunctors C(R) x C(R) — C(R). Informally, these are (X,Y) — 0y (X)A
Oy(Y) and (X,Y) — 0y (X AY). We need to provide a morphism between these
anafunctors. For this, we introduce the category
P(R) = {(X,Y,Z.u) | X,Y,Z € F(R), u: j*(X) Aj*(Y) = j*(Z)},

and the diagram
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Here I(X,Y, Z,u) = (X,Y) and r(X,Y, Z,u) = Z. Using the fact that j*: F(R) —
C(R) is an equivalence, we find that [ is also an equivalence and the rectangle formed
of the two squares is a homotopy pullback. Because of this, our two anafunctors
can be described as follows: we invert the equivalence P(R) — C(R) x C(R), then
take one of the two routes around the top square, then apply i;;. Proposition [0.3]
gives a natural map X AY — Z for all (X,Y,Z,u) € P(R), or in other words, a
natural map between the two composites around the top square. This gives our
required morphism of anafunctors.

APPENDIX A. COMPACTLY GENERATED TRIANGULATED CATEGORIES

We next want some results about Brown representability and Bousfield local-
isation in triangulated categories and derivators. For the homotopy category of
spectra, all statements are well-known with very classical proofs that rely on hav-
ing an underlying geometric category of spectra [I3] Chapter 7]. There are also
proofs of similar results in more axiomatic frameworks, relying only on the the-
ory of triangulated categories. These are typically formulated in the context of
well-generated categories as defined by Neeman [I4], and the proofs are somewhat
complex. It is well-known to experts that everything becomes much simpler, and
much closer to the original results for the category of spectra, if we restrict atten-
tion to compactly generated categories. However, it seems surprisingly hard to find
an full account of this in the literature. We therefore provide one here.

Definition A.1. Until further notice, 7 will be a compactly generated triangulated
category with coproducts. We choose a small skeleton Ty of 7., and note that
this is necessarily closed under suspensions and desuspensions and cofibres up to
isomorphism. We also choose an infinite cardinal g such that the total number of
morphisms in 7q is at most kq.

Definition A.2. Let xk be a cardinal that is at least as large as k9. We define
subcategories 7% C T as follows. First, we let 7;° be the subcategory of objects
that can be expressed as a coproduct @, ; T;, where |I| < x and T; € 7. for all .
We then define 77 ; to be the subcategory of objects Z that can be expressed as
the cofibre of a map from an object in 7;* to an object in 7,”. Finally, we let 72 be
the subcategory of objects X that can be expressed as the telescope of a sequence
X, with X,, € 7,7 for all n. Given that 7. is essentially small, we find that 7,7 is
essentially small for all n < oco.

We now state a version of the Brown representability theorem:

Theorem A.3. Let K: T°? — Ab be a cohomology theory (so K converts all
coproducts to products, and distinguished triangles to exact sequences). Then K is
representable.

The basic method of proof is due to Brown, and similar axiomatic versions have
appeared with various different hypotheses in a number of places such as [I3, The-
orem 4.11] and [I2, Theorem 2.3.2]. There are also various versions with weaker
hypotheses and much more complicated proofs, such as [I4] Chapter 8]. For com-
pleteness we will give a brief account here with our current hypotheses and notation.

Proof. We shall define recursively a sequence of objects

X(0) 2 X (1) 2 X(2) 2 ...
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and elements u(k) € K (X (k)) such that ifu(k + 1) = u(k). We start with

xn=p f =z

ZeTo veK(Z)
We take u(0) to be the element of

kxop= I II 5@

ZeTo veK(Z)
whose (Z,v)th component is v. We then set
T(k)={(2, /)1 Z€To, f: Z— X(k), fru(k) =0}.
We define X (k + 1) by the cofiber sequence

P z- Xk S X(k+1).
(Z.1)ET(R)

By applying K to this, we obtain a three-term exact sequence (with arrows re-
versed). It is clear by construction that u(k) maps to zero in the left hand term,
so that there exists u(k + 1) € K(X(k+ 1)) with i;u(k + 1) = u(k) as required.

We now let X be the telescope of the objects X (k). The cofibration defining this
telescope gives rise to a short exact sequence

1 .
0— h;n,J((EX(k)) - K(X)— h£1K(X(k)) — 0.
k
Using this, we find an element u € K(X) that maps to u(k) in each K (X (k)). As
in Yoneda’s lemma, this induces a natural map 7y : [U, X] — K(U). It is easy to

see that 7z is an isomorphism for each Z € 7 (using the fact that these objects
are small). It is also easy to see that

{Z | sz is an isomorphism for all k}

is a localizing category. It contains 7y, so it must be all of T; thus 7 is an isomor-
phism. (I

Next, for any localising subcategory U C 7T, we can form the Verdier quotient
category T /U; see [14, Chapter 2] for a detailed treatment. However, we are im-
plicitly assuming everywhere that the hom sets of our categories are small, or in
other words that they are genuine sets rather than proper classes, and this can fail
for T /U. If we can verify in a particular case that 7 /U has small hom sets, then we
can use Brown representability to prove the existence of localisation functors. This
general line of argument is well-known, going back to Adams and Bousfield. There
are various known approaches to prove that 7 /U has small hom sets. One possibil-
ity is to assume that 7 is the homotopy category of a Quillen model category or an
infinity category in the sense of Lurie; but here we prefer to work solely with trian-
gulated categories and derivators. In [I3] Chapter 7], Margolis proves some results
of this type for the category of spectra, and it is well-known to experts that his ap-
proach can be generalised to compactly generated triangulated categories. As with
the representability theorem, there are also similar results with weaker hypotheses
and much more complicated proofs, such as [14] Corollary 4.4.3]. However, we have
not been able to find an explicit axiomatic version of the approach of Margolis in
the literature, so we provide one here. We start by spelling out the argument that
small hom sets give localisations.
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Theorem A.4. Suppose that T /U has small hom sets. Then for each X € T there
exists a distinguished triangle

cx L xLox &nox

with CX € U and LX € U*. In fact, q is terminal in U/X and j is initial in
X/u+t.

Proof. From [14], Chapter 2] we have a triangulation of 7 /U such that the evident
functor 7: C — C/U is exact. From [I4] Corollary 3.2.11] we know that T /U
has small coproducts and that 7 preserves coproducts. It follows that the functor
W — (T/U)(mW,7X) is a cohomology theory on 7. By Theorem [A3] we can
choose an object LX € T and a natural isomorphism 7 (W, LX) ~ (T /U)(mW,7X)
foral W e T. If W € U then 7W = 0 and so T(W, LX) = 0; this proves that
LX € *U. The natural map

TW, X) 5 (T/U)(aW, X)) ~ T (W, LX)

corresponds (via the Yoneda Lemma) to a map j: X — LX. We can then fit this
into a distinguished triangle

ox 4 x4 x4 xex.
Next, recall that every element of (7 /U)(nW, wLX) can be represented as a fraction
gf ! for some diagram (W v LX) with cof(f) € U. As LX € Ut we see

that T (cof(f), LX) = T(Ecof(f),LX) = 0, and it follows that there is a unique
h: W — LX with hf = g. Using this, we find that the map

m: TW, LX) — (T /U)(nW,7LX)
is an isomorphism for all W. By combining this with our isomorphism 7 (W, LX) ~
(T/U)(7W, 7 X), we see that 7(j): 7X — wLX is an isomorphism, so 1CX = 0
and CX € U as claimed. Now for U € U we have T(U,LX). = 0 hence the
distinguished triangle gives 7 (U, CX) ~ T(U, X), which proves that (CX % X)
is terminal in ¢/ /X. Dually, if Z € U+ then T(CX,Z). = 0 so the distinguished
triangle gives T(X, Z) ~ T(LX, Z), therefore (X £+ LX) is initial in X/Y*-. O

Definition A.5. Let C be a category, and let J be a set of objects. We say that
J is weakly initial if for every X € C there exists an object T' € J and a morphism
T— X.

Proposition A.6. Suppose that U is a localising subcategory of T such that for
each X € T, the comma category X /U has a weakly initial set. Then the category
T /U has small hom sets.

Remark A.7. As we will explain in more detail below, this implies that there is
a localisation functor L with kernel U, and thus that the unit map X — LX is
in initial in the comma category X /UL (not X/U). This interplay between X /U~
and X /U is a little surprising, but that is how the proof works.

Proof. Fix objects X,Y € T, and let {X <% U;};cr be a weakly initial family in

X/U. Let Z; £> X be the fibre of e;. As the cofiber of f; is in U, every map
g: Z; — Y gives a fraction gf; ' € (T/U)(X,Y). Tt will suffice to show that every
element of (T/U)(X,Y) is of this form. A general element of (7 /U)(X,Y) can be
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represented as gp~! for some X & W % Y, where the cofibre of p is in . In
more detail, we have a cofibration W 2 X % V with V € Y. By the weakly
initial property, we can write m as ne; for some ¢ and some n: U; — V. This gives
mf; = 0, so f; lifts to the fibre of m, so we can choose k: Z; — W with pk = f;.
The cofibres of p and f; are in U, and U is thick, so the octahedral axiom tells us
that the cofibre of k is also in U, so k becomes an isomorphism in 7 /U. We can
now put g = gk: Z; — Y and we have ¢gp~! = (¢k)(pk)~! = gfi_1 as required. [

Proposition A.8. Let K: T — Ab be a homology theory (so K preserves all
coproducts, and converts distinguished triangles to exact sequences). Put

U=ker(K,)={X | K(X"X) =0 for alln € Z}.

Then U is a localising subcategory of T such that X /U has a weakly initial set for
all X, so T /U has small hom sets.

The proof will be given after some preliminary definitions and lemmas.

Definition A.9. We define K,.: T — Ab, by K, (X) = K(X7"X). We then define
IA(*: T — Ab, to be the left Kan extension of the restriction of K, to 7o C T.
Explicitly, K,(X) is the colimit of the functor To/X — Ab, sending (T 5N X) to
K. (T). There is an evident counit map ¢y : K, (X) — K.(X).

Lemma A.10. The counit map ¢x: l?*(X) — K. (X) is an isomorphism for all
X.

Proof. Tt is not hard to see that the category 7o/X is filtered, and to deduce that
K is again a homology theory. Details are given in [12] Section 2.3], for example.
(In that reference there are officially some additional standing assumptions that
we are not assuming here, such as that 7 has a symmetric monoidal structure,
but none of those assumptions are used in the relevant proofs.) It follows that the
category {X | ¢x isiso } is localising and contains Tp, so it must be all of T, as
required. (I

Definition A.11. We let x; be a cardinal such that k1 > ko and k1 > |K.(T)| for
all T e Tp.

Corollary A.12. Fix a cardinal k such that k > k1. Suppose that X € T with
|K.(X)| < k. Then one can choose a fibre sequence

Fx % x 4 ax
such that
(a) FX €Ty
(b) K.(a) is surjective, so K.(8) =0.
(0) [K.(GX)| < .
(We do not claim that F or G is a functor.)

Proof. Let {b; | i € I} be a homogeneous generating set for K,(X) with |[I| < k.
As K,.(X) = K.(X), we can choose objects T; € 75 and maps t;: T; — X and
elements a; € K.(T;) with (t;).(a;) = b;. We then take FX = @, T; € 77", and
let a: FX — X be the map given by t; on the ’th summand. Using K,.(FX) =
D, K.(T;) we find that K, («) is surjective as required. We then define X 2, GX to
be the cofibre of a, so K. (8) = 0 and we have a short exact sequence K, 11(GX) —
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K.(FX) — K.(X). Standard cardinal arithmetic now gives |K,(FX)| < k and
then | K. (GX)| < k. O

Construction A.13. We have a sequence X Soax Leex o , and we define
G X to be the telescope. For 0 < n < oo we define F,, X to be the fibre of the
map X — G™X. The octahedral axiom then gives us a cofibration Y"1 FG"X —
F,X — F,4+1X, and one can also check that F.., X is the telescope of the objects
F,X for n < cc.

Proposition A.14. For X and k as above, the fibre sequence
FoX 2= X - G*X
satisfies
(a) Fo X € TE.

(b) K.(aeo) is an isomorphism.
(¢) Ki(G®X) =0, orin other words G*X € U.

Proof. We see by induction that |K,(G"X)| < & for all n. It follows that FG"X €
Ty', and thus that F,X € 7, therefore Foe X € TZ. Also, as the maps
K.(8): K.(G"X) — K.(G"™X) are zero, we see that K,(G®X) = 0. It fol-
lows that the map K, (FxX) — K.(X) is an isomorphism as desired. O

Proof of Proposition[A.8. 1t is straightforward to check that I/ is a localising sub-
category.
Now fix X € T, and choose k£ > k1 such that |K,.(X)| < k. Let A be the

subcategory of X /U consisting of objects (X ER U) such that the fibre of f lies in
TE. As TZ is essentially small, we see that A is also essentially small, so we can
choose a small skeleton Ay.

Now let (X £ V) is an arbitrary object of X/U. Let P 2y X be the fibre of g,
so K.(j) is an isomorphism, so |K.(P)| < . Proposition [A.14] therefore gives us a

map Q = FxoP % P such that Q € T% and K.(¢) is an isomorphism. Let X Lu
be the cofibre of jq: @ — X. As K.(jq) is an isomorphism, we see that U € U and

so (X ER U) e X/U. As gj = 0 we have g(jq) = 0 so the map g: X — V factors

through f, so there is a morphism from (X ER U)to (X £ V) in X/U. This proves
that A is weakly initial in X /U, and it follows that the skeleton Ay has the same
property. O
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