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ABSTRACT 
Upgrading existing passenger-only railway lines to carry freight traffic is becoming increasingly 
desirable. This is challenging because freight trains have larger axle loads and thus can have a negative 
effect on track longevity, particularly on ballasted lines supported by sub-optimal ground conditions. 
These additional loads can cause large subgrade strains resulting in non-linear behaviour, which should 
be considered before permitting freight vehicles on passenger routes. To do so requires the modelling 
of non-linear soil behaviour which is challenging. Therefore, this paper presents a solution in the form 
of an equivalent non-linear, thin layer element soil model, coupled to an analytical track model. The 
model has low computational demand and can adjust subgrade stiffness depending upon strain levels. 
Therefore, it is well suited to computing track response induced by freight trains. This paper validates 
the model and then uses it to compare the differences between the response of a ballasted line to freight 
and passenger vehicles. 
Keywords:  railway freight, railroad, non-linear soil. 

1  IσTRτDUCTIτσ 
τn some railway lines it can be necessary to combine freight and passenger trains on tracks 
that were only designed for passenger vehicles.  These lines were never planned for freight 
traffic, and as such, the effect of increased axle loads on track behavior is unclear. 
     To better understand track behaviour due to different types of loading, a range of 
numerical modelling approaches have been suggested. These include analytical models [1]–
[3], semi-analytical models [4]–[9]. There are also numerical models: 2.5D models [10]–[15] 
and fully 3D models using finite element (FE) and possibly boundary element (BE) theories 
[16]–[22].  
     In-situ testing can be financially expensive [23], meaning it can be more cost effective to 
try to understand track performance and ground response from freight trains using 
mathematical models. For freight traffic, the dominant vibration frequency components are 
in the range 4–30 Hz, so Jones and Block [24] proposed a track response model combined 
with transfer functions from sleeper to ground. 
     When modelling railway track response, linear elastic models of the soil are commonly 
used, thus assuming strain levels are small. However, heavy loads and high speeds can result 
in high strain levels and thus a non-linear soil response [5], [12]. Some researchers have 
proposed manually reducing soil stiffness to account for non-linearity [5], [6]. Alternatively, 
an equivalent non-linear approach can be used where the Young’s modulus is automatically 
adjusted based on the maximum effective octahedral shear strain at all points in the soil mesh.  
Then it can be updated until convergence [12]. 
     Considering that non-linear ground response can greatly effect track response, this paper 
outlines an efficient semi-analytical approach for modelling non-linear soil effects in the 
presence of freight traffic. The track response is simulated using a 1D analytical approach 
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and the soil is simulated using the thin-layer method.  To facilitate non-linear soil response, 
the soil stiffness is computed based upon strain levels in an iterative manner. 

2  σUMERICAL MτDEL DEVELτPMEσT 
Freight trains carry heavy axle loads which can potentially cause large strains within the 
track’s supporting subgrade.  This results in non-linear soil behaviour, and thus reduced 
support stiffness.  Modelling non-linear soil behaviour in the time domain is typically 
computationally intensive, so to reduce computational requirements, a frequency domain, 
thin-layer finite element model was developed, and combined with an equivalent non-linear 
procedure.  This soil model was then coupled with a track model. 

2.1  Track model 

For all simulations a ballasted track was considered with rail, railpad, sleeper and ballast 
elements.  Vertical wave propagation was permitted and the track was coupled to the thin-
layer ground model using a spring defined in the frequency-wavenumber domain 
 

ێێۏ
݇ଵସܫܧۍێێ  ݇כ െ ߱ଶ݉ െ݇כ Ͳെ݇כ ݇כ  ଶఠா್כఈ௧൬ഘ൰ െ ߱ଶ݉௦ ିଶఠா್כఈ௦൬ഘ ൰Ͳ ିଶఠா್כఈ௦൬ഘ൰ ଶఠா್כఈ௧൬ഘ ൰  ݇ۑۑے

ېۑۑ ቐ ሺ݇ଵǡݑ ߱ሻݑ௦ሺ݇ଵǡ ߱ሻݑሺ݇ଵǡ ߱ሻቑ ൌ ൝ ෨ܲሺ݇ଵǡ ߱ሻͲͲ ൡǤ    (1) 

 
     In this equation, EIr is the bending stiffness of the rail; mr is the mass of rails per meter; 
ms is the equivalent distributed mass of sleepers; kp* is the complex stiffness of the railpad; 
keq is the equivalent stiffness of the ground; Eb* is the Young’s modulus of the ballast; Cp is 
the compression wave speed in the ballast; h is the ballast layer height; Į is the adimensional 
parameter, taken as 0.5; b is the half-width of the track. 
     The ballasted track model was coupled to the soil using the complex equivalent stiffness 
of the ground keq. The ratio between the force and mean deflection at the track-soil connection 
was used to compute the equivalent stiffness [25]. This stiffness was computed as: 
 

  ෨݇ሺ݇ଵǡ ߱ሻ ൌ ߨʹ ௭௭ீሺ݇ଵǡݑ ݇ଶǡ Ͳǡ ߱ሻܥ௧݀݇ଶାஶିஶ ǡ   (2)

 
where uzz is the Green’s function of vertical displacement of the ground in the wavenumber-
frequency domain, and k1 and k2 are the Fourier images of coordinate x and y, respectively. 
The Green function was computed using the Haskell-Thompson approach [4].  

2.2  Ground model  

The ground was modelled using the Thin-Layer Method (TLM).  This involved discretising 
the medium into infinitely horizontal layers (Fig. 1). 
     The key modelling details are: 

 The thickness of the thin layers was based on the maximum wavenumber, 
h=wavelength/8=2ʌ/8kmax  
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Figure 1:  Schematic diagram of the TLM modelling process. 

 For high accuracy stress-strain computation, quadratic elements were used 
 τnce the displacements were calculated for individual nodes, strains and stresses 

were computed using: 

  ሼઽሽ ൌ ሾ۰ሿሼ܃ሽǡ  (3) 

  ሼોሽ ൌ ሾ۲ሿሼઽሽ ൌ ሾ۲ሿሾ۰ሿሼ܃ሽǡ  ;ϰͿ 
where [B]=[B1 B2 B3] and 
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 After computing the result in the wavenumber-frequency domain, they were 
converted back into the time-space domain using the inverse Fourier Transform 
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2.3  Equivalent non-linear model 

To simulate non-linearity, a non-linear equivalent, iterative stiffness updating procedure was 
used. Because the model was computed in the frequency domain [27] and computationally 
efficient, it was well-suited to an interactive updating approach. It was as follows:  

1. Low strain (G0) material properties were assumed for the entire ground model 
2. Compute strains in all directions and for all elements, and thus calculate the resulting 

maximum effective octahedral shear strains  
3. Combine the octahedral strains with stiffness degradation curves (Fig. 2), to 

calculate new stiffness values for all elements 
4. Repeat the procedure for material damping 
5. Repeat steps 2–4 until convergence 

3  MτDEL VALIDATIτσ 
The model was based upon the accurate calculate of stresses and strains within the soil, to 
allow for non-linear equivalent computation. Therefore, it was vital that these were being 
accurately calculated.  To validate this, results were compared against the case of a beam on 
a half space excited by a moving point load [26], [27].  

3.1  Model description 

A train-embankment-ground model was considered with a Euler beam resting on the surface 
an infinitely deep homogenous ground.  It was subjected to a concentrated moving point load 
acting at the centre of the beam (Fig. 3). The half-space was modelled using the TLM model 
and the compatibility between the beam and soil was achieved using the equivalent stiffness 
formula described previously. Stresses were calculated at 2m depth below the soil surface. 
 

 

Figure 2:  Stiffness reduction curves used for non-linearity. (Source: Alves Costa et al. [12].) 
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Figure 3:  Schematic of validation case. 

     The beam and soil material properties are shown in Table 1 and Table 2 respectively. The 
load speed was 30 m/s with an amplitude of 160 kσ. 

3.2  Simulation result 

The vertically acting point load meant that shear stress Ĳxy and Ĳyz, at the measurement 
location were zero. Therefore, the normal stresses ıxx, ıyy, ızz, and one shear stress Ĳxz (=Ĳzx) 
was analysed. 
     Fig. 4 reveals strong agreement between the model and published case for all dynamic 
stresses. Therefore, it was concluded that the TLM railway model was capable of accurately 
calculating ground response. 

Table 1:  Properties of the embankment. 

Density 
(kg/m3) 

Young’s 
modulus (MPa) 

Width 
(m) 

Height 
(m) 

Mass 
(kg) 

Second moment 
of area (m4) 

1900 30000 4 0.3 2280 0.009 

Table 2:  Sil properties. 

Shear modulus 
(MPa) Poisson’s ratio Density (kg/m3) Shear wave 

speed (m/s) 
10 0.45 1800 74.54 
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Figure 4:  Dynamic stresses at 2m from soil surface. 

4  AσALYSIS AσD RESULTS 
Models were run to compare the response of a 25-tonne freight axle load to a 17-tonne 
passenger vehicle.  A ballasted track was considered with the following properties: mr=120 
kg/m, ms=490 kg/m, kp*=5×108 σ/m2, Eb*=125 MPa, h=0.35 m, b=2.5 m.  The soil was 
modelled as a homogenous half-space with the following properties: density=2000 kg/m3, 
Young's modulus=25 MPa, Poisson’s ratio=0.35, damping=0.03. The non-linear stiffness 
reduction curve was the same as shown earlier. The passenger and freight train speeds were 
26 m/s. 
     Fig. 5(a) shows the relationship between the strain level and the depth below ground level.  
The maximum strain level was found approximately 1 m from the track-soil interface and 
reduced rapidly as depth increased. Also, Fig. 5(b) shows the effect of strain levels on soil 
stiffness.  By the second iteration, the soil was only at 67% of its low-strain stiffness value 
and by the final iteration, it was 59%. 
     The Young’s modulus for different depths, for different iterations is shown in Fig. 6(a). 
For iteration 1, the stiffness does not change with depth because this is the original 25MPa 
value.  After strain updating though, there are large reductions with depth, particularly near 
the soil surface.  For the linear responses, for the passenger train, track displacements were 
3.7 mm, however for the freight train, they were 5.5 mm.  Then, after considering non-
linearity, the displacements were 5.7 and 10mm respectively. 
      Therefore, it was found that considering the non-linear nature of the soil had a very 
significant effect on track-ground response, and that if traditional linear was used it would 
significantly underestimate rail deflections.  Increased displacements would lead to more 
frequent loss of track geometry and thus require more frequent tamping.  Finally, it is also 
noted that dynamic effects become more noticeable when the soil stiffness reduces, with the 
final iteration displacements being less symmetric than the initial iteration. 
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Figure 5:    (a) Strain vs depth from soil surface; (b) Stiffness degradation curve with 
iterations shown. 
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Figure 6:   (a) Young’s modulus reduction with depth; (b) Track displacements. 

5  CτσCLUSIτσS 
Upgrading existing passenger-only railway lines to carry freight traffic is becoming 
increasingly desirable. This is challenging because freight trains have larger axle loads and 
thus can have a negative effect on track longevity, particularly on ballasted lines supported 
by sub-optimal ground conditions. These additional loads can cause large subgrade strains 
resulting in non-linear behaviour, which should be considered before permitting freight 
vehicles on passenger routes. To do so requires the modelling of non-linear soil behaviour 
which is challenging. Therefore this paper presented a method to model non-linear track-soil 
behaviour in the frequency domain. It was used to investigate the difference between 
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potential displacement levels. It was found that using linear analysis can significantly 
underestimate response. 
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