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Observer-based input-to-state stabilization
of networked control systems with large uncertain delays

Anton Selivanov, Emilia Fridman

School of FElectrical Engineering, Tel Aviv University, Israel

Abstract

We consider output-feedback predictor-based stabilization of networked control systems with large unknown time-varying communi-
cation delays. For systems with two networks (sensors-to-controller and controller-to-actuators), we design a sampled-data observer
that gives an estimate of the system state. This estimate is used in a predictor that partially compensates unknown network delays.
We emphasize the purely sampled-data nature of the measurement delays in the observer dynamics. This allows an efficient analysis
via the Wirtinger inequality, which is extended here to obtain exponential stability. To reduce the number of sent control signals,
we incorporate the event-triggering mechanism. For systems with only a controller-to-actuators network, we take advantage of
continuously available measurements by using a continuous-time predictor and employing a recently proposed switching approach
to event-triggered control. For systems with only a sensors-to-controller network, we construct a continuous observer that better
estimates the system state and increases the maximum output sampling, therefore, reducing the number of required measurements.
A numerical example illustrates that the predictor-based control allows one to significantly increase the network-induced delays,

whereas the event-triggering mechanism significantly reduces the network workload.

Key words: Predictor-based control, Observer-based control, Networked control systems, Event-triggered control

1 Introduction

In networked control systems (NCSs), which are comprised
of sensors, controllers, and actuators connected through
a communication medium, transmitted signals are sam-
pled in time and are subject to time-delays. Most exist-
ing papers on NCSs study robust stability with respect
to small communication delays (see, e.g., [2,5,6,14]). To
compensate large transport delays, a predictor-based ap-
proach can be employed. This was done in [10] for sampled-
data state-feedback control of nonlinear systems and in [11]
for an output-feedback control with approximate predic-
tors. Sampled-data predictor-based state-feedback control
of linear systems under continuous-time measurements has
been considered in [18]. Nonlinear systems under sampled-
data measurements and continuous output-feedback con-
trol have been studied in [1,12].

All the aforementioned works deal with known constant
network-induced delays. Predictor-based networked con-
trol under uncertain time-varying delays has been consid-
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ered in [22], where a state-feedback controller has been
studied. In this paper, we propose a predictor-based dy-
namic output-feedback controller for NCSs with uncertain
time-varying delays. We present a new model of a closed-
loop observer-based NCS in the framework of the time-
delay approach. In such a model, several delays appear due
to sampling and network-induced delays. We emphasize
the purely sampled-data nature of measurement delays in
the observer dynamics. This allows an efficient analysis via
the Wirtinger inequality, which is extended here to obtain
exponential stability.

We start by considering the case of two networks: sensors-
to-controller and controller-to-actuators (Section 2). Both
networks introduce large time-varying delays. We assume
that the messages sent from the sensors are time stamped
[25]. This allows the controller to calculate the sensors-
to-controller delay. The controller-to-actuators delay is as-
sumed to be unknown but belongs to a known delay inter-
val. We design an observer that is calculated on the con-
troller side and gives an estimate of the system state. This
estimate is used in a predictor, which partially compen-
sates both delays. To reduce the workload of the controller-
to-actuators network, we incorporate the event-triggering
mechanism [23].
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Fig. 1. NCS with two networks

In Section 3, we proceed to NCSs with continuous mea-
surements and controller-to-actuators networks, where we
demonstrate that a recently proposed switching approach
to event-triggered control [21] takes advantage of continu-
ously available measurements and further reduces the num-
ber of sent control signals. For the case of continuous con-
trol and sampled measurements, we construct a continu-
ous observer that better estimates the system state and
increases the maximum output sampling, therefore, reduc-
ing the number of required measurements (Section 4). All
the results are demonstrated in Section 5 by an example
borrowed from [25].

First, we present an extension of the Wirtinger inequality
[17, Lemma 3.1].

Lemma 1 (Wirtinger inequality) Leta, b, « € R, 0 <
W e R"™ ™ and f: [a,b] = R™ be an absolutely continuous
function with a square integrable first derivative such that

fla) =0 or f(b) =0. Then
[P e2et ;T ()W f(t) dt
< e2lolb—a) 20 1P 20t {7 (1)1 f (1) dt.

Proof is based on an idea from [7, Lemma A.18]. If « > 0,
we have

Jo et T OWF(e)de < e [ FT(OWF(2) dt
< b 2t 1 FT (W (1) dt (1)
< e2lal(b-a) 200 b 20t JT ()W f (1) dt,
where the second inequality follows from [17, Lemma 3.1].

If & < 0, the proof is similar but e>*® should be replaced
by €2*® after the first and second inequalities in (1). W

If « = 0, Lemma 1 coincides with [17, Lemma 3.1] that
was used in [15] to construct a Lyapunov functional for
stability analysis of a sampled-data system. Here we use the
extended Wirtinger inequality of Lemma 1 for Lyapunov-
based exponential stability analysis (see Viy termin (A.1)).

2 NCSs with two networks

Consider a linear system
#(t) = Ax(t) + Bu(t) + wi (1),

y(t) = Cx(t) + wa(t), t=>0 (2)

Sensor

Controller

Sk -
Actuator

Fig. 2. Time-delays and updating times

with the state 2 € R”, input v € R™, output y € R/,
exogenous disturbance w; € R™, measurement noise wy €
R’, and constant matrices A, B, and C. We assume that
(A, B) is stabilizable and (A, C') is detectable meaning that
there exist constant matrices K € R™*" and L € R**!
such that A+ BK and A 4+ LC are Hurwitz. Let {s;} be
sampling instants such that

0=s51<s3< ..., limkﬁoosk:oo, sk+1—sk§h.

In this section, we assume that at each sampling time sj
(k € N throughout the paper) the output y(sg) is trans-
mitted to a controller, which generates a control signal and
transmits it to actuators, where it is applied through zero-
order hold (see Fig. 1). The controller and actuators are
event-driven with updating times (see Fig. 2)

§k=sk+ro+ng, tp=~& +ri+ g,

where 79 and r; are known constant transport delays, 7
and pj are time-varying delays such that

0<m <, 0 < < pings & < &gty te < tpgr. (3)

Note that the sequences {£;} and {t;} should be increas-
ing, but we do not require 7; + px to be less than a sam-
pling interval. We assume that the sensors’ and controller’s
clocks are synchronized [25] and together with y(sy) the
time stamp sy is transmitted so that n, = £ — sp — 79 can
be calculated by the controller. The delay uncertainty gy
is unknown.

To reduce the workload of a controller-to-actuators net-
work, we incorporate the event-triggering mechanism [23].
The idea is to send only those control signals u () which
relative change is greater than some threshold. Namely, let
the nominal control (without event-triggering) be

Oa t < gla

u(t) =
O={e. te b

where u(&x) will be constructed later. Then the applied
control signal 4(t) is 0 for ¢ < & and

o Ju€e-1), t € [Eks k),
alt) = {U(fk), t € [&k, Ekr1)s

where the event-triggering rule is given by

[a(E—1) —u(€)) Q [a(Er—) —u(&r)] S ouT(€)Qu(Er) (5)

with event-triggering parameters 0 < € R™*™ g €
[0,1), and initial value u(&y) = 0. Then the system (2)

(5) is true,
(5) is not true,

(4)



transforms into
i(t) = Au(t) +wi (1), te[0.h),
x(t) = Ax(t) + Bu(&x) + wi(t), ¢ € [t tht1), (6)
y(t) = Cx(sk) + wa(sk), t € [Sk, Skt1)-
The purpose of this section is to construct a predictor-
based controller that stabilizes (6). First, we construct the
following observer for x(t):
i(t) = A‘%(t) + Bu(t - 7‘1) - L[y(t) - @(t)], > Oa (7)
g(t) = Ci(sk), te [Sk, Sk+1)
with #(0) = 0. The idea of this observer is the following.
The system (6) suggests that one should use u (&) for t €
[tk tr+1) instead of u(t—r1) in (7) to obtain a “control-free”
system for the estimation error z(t) — Z(t). However, this is
not possible, since the value t;, = {x+r1+ 1, depends on the
unknown g, Then one may intend to use u(t —r1) = u (&)
for t € [§k + 71,&+1 + 1) in (7). This, however, leads
to additional event-triggering error, which can be avoided
using u(t — ry).

Consider the change of variables [13,3]

)+ [0 eAET=0) By (9) df,
3(t) = eAlo+m) (1) + fff:l 0eA(t+10=0) By(6) df,
for t > 0 and 2(t) = 2(¢t) = 0 for t < 0. Then we obtain

3(t) = Az(t)+ Bu(t+r) — e+ By(t—r)
+ Aoty (1), te(0,ty),

2(t) = eArotm)p(t)

(8)

2(t) = Az(t) 4+ Bu(t+7)+e2 0+ Bla(&) —u(t—r)),
+ ATty (8),  t € [try trat),
Z(t)=AZ(t)+Bu(t + ro)—e 0TI L [y () —4(8)] , ¢ > 0.

(9)
If ppr = 0, it is reasonable to take @(#) instead of u(6) in (8)
to obtain a more precise state prediction. For puy, # 0 we
take u(#) to avoid additional event-triggering errors that
otherwise would appear in (9) (see [22] for details). As the
nominal control law, we take u(t) = 0 for ¢t < & and

ult) = K5(s4) = KeATH)3(s,)
+ f::t:o A(skp+ro— Q)BU(Q) de], te [gkaflﬁ»l)'

The value of y(si) is available to the controller at time
&k, therefore, Z(s) can be calculated by solving (7) on
[$k—1, sk]. Since the time stamp s, is sent together with
y(sg), the control signal (10) can be calculated on the con-
troller side. Moreover, no numerical difficulties arise while
calculating the integral term in (10), since u(6) is piecewise
constant.

(10)

We analyse the system(9) under event-triggered control
(4), (5), (10) using the time-delay approach to NCSs [5,6,4].
Define the following time-delays

To(t) =t — sk, t € [& — 10, &kt1 — T0),

Ti(t) =t—sg, tE€[E+r, &1 tr1),  (11)

Tz(t) =t—8, t€E [tk,tk+1).

It is easy to check that for ¢t > ¢; the following holds:

OSTO(t) <7= h+77M7

ro+r1 < Ti(t) S o(t) < =ro AR o
To avoid some technical complications, we assume that 7 <
ro+71. The control law (10) implies u(t+rg) = K2(s) for
t € [k —70,&k+1—70). Therefore, u(t+ry) = K2(t—1o(t)).
Similarly, u(t — r1) = KZ(t — 71(t)). Define the event-
triggering error e(t) by 0 for ¢ < ¢; and

e(t) = u(&k) — u(k), € [th,thsr).
Then for t € [tg, tr41) We have
(k) = u(r) +e(t) = K2(t — 7a(t)) + e(t)
and the event-triggering (4), (5) for ¢t > t; implies
0<ozT(t —m(t)KTQK(t — 7o(t)) — €T (£)Qe(t). (12)
For t € [sg, Sg+1) predictors (8) imply
y(t) —9(t) = Cla(sk) — &(sk)] + w2 (sk)
= Ce™ Aot [2(s1) — 2(sk)] + walsp).
Using the notation d,(t) = z(t) — 2(t), we obtain
2(t) =A2(t) + BK2(t — 10(t)) — D6, (sk)
—eA0FT) Lupg (s), £ € [Sky Spgr) N [t1, 00)
5.(t) =Ab.(t) + D3, (s1,) + €70+ Be(t)
+ eI BKA(E - 1o(t) — 2(t — 11(1))]
+ ATty (8) — Lws(sy)),
t € [Sk, Sk41) N [t1,00),
where D = eArotm) [Ce=Alrotr),

(13)

Remark 1 While the state estimate % enters (13) with
different time-delays, the estimation error d, has a delay
due to sampled-data only (does not undergo additional de-
lays). This allows an efficient analysis via Wirtinger-based
Lyapunov-Krasovskii functional (see Vi term in (A.1)).

Theorem 1 For given event-triggering parameter o > 0
and decay rate o > 0 let there exist n X n matrices Py > 0,
P, > 0, n x n non-negative matrices S, So, S1, Ry, R1, W,

anmxm matrizQ > 0, andnxn matricesG; (i =0,...,3)
such that
®<0, [fG]>0, [TF]>0, i=1,23,

where ® = {®;;} is a symmetric matriz composed from
=P A+ ATP, 4+ 2aP, + Sy — pRo, ®13=pGo,
®1o=PBK+p(Ry—Gyp), P15=P19=—PD, @1 11 =A"H,
Doz =p(Ry — Gp), Paz=—Do3 — 15, $211=(BK)"H,
Ba3=p(S — S — Ry), Dyg=e 20+ (§) — §)—py/ Ry,
Qu5=prm(R1 — G1), Pas=prm(G1 — G2), Par=prnGa,
Pp5=—Dy5 — s, P57 =par (G3 — Ga2), P56 =Pus — Ps7,
o7 =pr(R1 — G3), Pes=—Pss=(paBK)" P,
B,10=—85,10=he (paBK)"W, ®77=—par(S1 + Ri),
oo =—Pg7r — Pgy + oKTQK, ®g11=0911=—D"H,
Pgg=Py(A+ D)+ (A+ D)' Py +2aP,, ®g9=P,D,
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Fig. 3. NCS with a controller-to-actuators network
‘1)8 10=FPapaB, (I)g 12 Zheah(A + D)TW Pgg = —7T2W/4,
Dy 2= heahDTW ®10,10= =-Q, D10,12= heah(pAB)TW
Dy, 11=—4H, Dy 12=—W

with H = f2R0 + (TM —Tr9 — T1)2R1, pA = eA(TCH_Tl)
p=e29T py = e 29 Then the system (6), (7) under
the predictor-based event-triggered controller (4), (5), (10)
1s input-to-state stable with the decay rate o, i.e.
AM - Ja(t)| < Me™|2(0)| + M sup |w(t)],
) > s€[0,t] (14)
|2(t)| < Me™*"[z(0)] + M sup |w(t)],
s€[0,t]

where w(t) = col{w (t), wa(sk)} fort € [sk, Sk+1)-
Proof is given in Appendix A.

Remark 2 The proposed approach can be easily extended
to cope with packet dropouts with bounded number of con-
secutive packet losses. Consider an unreliable network with
the mazimum number of consecutive packet losses d*¢ (from
a sensor to a controller) and d°* (from the controller to
an actuator). To cope with this issue, we set the sensor to
send the measurement y(sy) d°¢ + 1 times at time instants
Si +ihq/d%¢, wherei =0,...,d%¢, hg > 0. The same strat-
€eqy s applied to the data sent from the controller. Denote by
ri¢ and ri® network delays that correspond to the first suc-
cessfully sent packets. Then the closed-loop system is given
by (13) with
,',Ik — dbC/dbC + d(/a/d(/a)hd + ,r, + T](;(,L < 77M,

where d;¢ and di* are the actual numbers of consecutive
packets that were lost. If ri¢ + ri® < na, one can choose
hg > 0 such that n, < npr and apply the results of this
section. This approach can be improved by introducing the
acknowledgement signal of successful reception as suggested

in [9)].
3 NCSs with a controller-to-actuators network

In this section, we consider a system with a controller-
to-actuator network and continuously available measure-
ments (see Fig. 3). Based on the available measurements,
a controller continuously calculates a control signal and
transmits it at the sampling times &;. To obtain appropri-
ate sequence of &, we use a switching approach to event-
triggered control [21] that takes advantage of continuously

available measurements. Namely, we take £&; = 0 and

Erpr = min{€ > & + h | (u(ér) — u(€)"Qu(é) — u(é))
> ou” (§)Qu(E)}, (15)

with event-triggering parameters 0 < Q € R™*™ g €
[0,1), h > 0. According to (15), after the controller sends
out the control signal u(&y), it waits for at least the time
period h. Then it starts to continuously check the event-
triggering rule and sends the next control signal when the
event-triggering condition is violated. The idea of a switch-
ing approach to event-triggered control is to present the
closed-loop system as a switching between a system with
sampling h and a system with continuous event-triggering
mechanism. This ensures large inter-event times and re-
duces the number of sent signals [21].

The system takes the form

l‘(t) = A.T(t) + ’w1(t), te [0,t1)7
i(t) = Az(t) + Bu(&) + wi(t), t€ [tk ter1), (16)
y(t) = Cx(t) + wa(t).

Recall that ty = & + r1 + pur are the actuators updating
times. We take the observer (7) with continuously changing
u(t), y(t), and §(t) = Cz(t). Performing the change of
variable (8) (with ro = 0), we obtain the system (9) with
(&) = u(&k). As the nominal control law we take

u(t)=Kz(t)=K[eA"@(t)+ ["_, e~ Bu(6)do] (17)
for ¢ > 0 and u(t) = 0 for t < 0. Since u(f) enters the
integral term in (17), one needs to continuously calculate
u(6) and Z(t). Therefore, the implementation of (17) is
more complicated than that of (10) with a piecewise con-
stant ©(6) [19]. On the other hand, (7) with continuously
changing u(t), y(t), §(t) gives a better estimate of the state
x(t) and, as a results, allows to transmit less control signals
(see Section 5 for details). Further analysis is based on a
switching approach to event-triggered control [21]. Define

ty = min{tx + h, tg+1},
3(t) =t =& — 11, tE [y, ty),
w\ ME+1 — Hi "
pt) =+ (t =) —————, t€l[tp,ter1),
tk+1 — T,

er(t) = u(ée) —u(t —ri —p(t), t€ [ty tr),
where 0 < 73(¢) < 75 = h+pups. The function p(t) is chosen
so that ¢ —r — u(t) € [§x + h,&t1) for t € [t5, thyr),
therefore, (15) implies

0< a2 t—r —pu(t) KTQKEt—r —pu(t) —el (t)Qer(t) (18)
for t € [t},tg+1). Using the time-delay approach described
in the previous section and denoting d,(t) = z(t) — 2(¢),



we obtain

2(t) =(A + BK)(t) — Dé(t) — e Lws(t), t > 0,

0.(t) =(A+ D)3, (t) — e BK2(t—r)
+ e [wy (t) — Lwy(t)], t € [0,11),
8- (1) =(A+ D)3, (t) + e fwn () — Luws(t)]

+ e BK[5(t—r —T3(t)) —
0-(t) =(A+ D)b.(t) + e Bey (1)

+eA“BK[2(t ri—p(t))—2(t—r1))
Lwa(t)], t € [th thr1),

Z(t—mr1)],t € [tr, tr),

+ e [wy () —
(19)
with D = eA" LCe= 4",

Theorem 2 For given event-triggering parameter ¢ > 0
and decay rate a > 0 let there exist n X n matrices P > 0,
P, > 0, n x n non-negative matrices S, Sy, S1, Ro, R1, an
m X m matriz Q > 0, and n X n matrices Gy, G1 such that

2<0, ¥<o0, [f%]>0, [G]=>0,

where 2 = {E;;}, ¥ = {U,;} are symmetric matrices com-
posed from
\Ifll—PQ(A+D) (A+D)TP2+204P2,
Uyy=—D'P,Z15=-Z13=014y=—V3=PopaBK,
E9o=Uo=P(A+ BK) + (A+ BK)'P, +2aP; + S,
Eor=Vos=(A+BK)'™H,Z17=V15=—D"H, Z3,=pn Ro,
Es3=Uas3=e 2*"(So—S) —prRo, Za5 =56 =p(R1—G1),
Eu=Us5=pun(S1 — So — Ro) — pR1, Es5=—E45 — =45,
E4s6=pG1, Zec=—p(S1+ R1), Emr=Vgs=—H,
Uir=PopaB, Y35=prGo, V34=V45=pr(Ro — Go),
PUyy=—Usgy — ‘1154 + UKTQK» \IJBGZﬁRla
Ve =—p(S1 + R1), Y7r=—Q
with H = :LL%V[RO + h2R17 PA = eArli PM = e_2a(r1+HM);

= e~20(n+7) Then the system (7), (15)—(17) with(t) =

Ci(t) is input-to-state stable with the decay rate o in the
sense of (14).

H
(V)
I

1 [1] [I

Proof is given in Appendix B.

Remark 3 Note that the event-triggering rules (5) and
(15) guarantee the Zeno behaviour avoidance (that is
limg & = oo). For (5), this follows from the condition
limy, s = 0o and the definition of &.. The event-triggering
rule (15) explicitly guarantees that 41 — &k > h > 0.

4 NCSs with a sensors-to-controller network

In this section, we consider a systems with a continuous
control and a sensor-to-controller network (see Fig. 4) with
sampling instants si = kh, k € N:

(1) = Ax(t) + Bu(t) +wi (t),

y(8) = Ca(se) + wa(se), € [spsner). 20

Plant T Sampling

Observer-based
Predictor

Controller |«

Fig. 4. NCS with a sensors-to-controller network

We use the observer (7) with r; = 0. The change of variable
(8) for t > 0 leads to

2(t) = Az(t)+Bu(t+ro) + ety (t),
£(t) = A2(t)+ Bu(t+ro) —e T Ly(t) — (1))

As one can see from (21), the time delay 7 is compensated
by the predictors (8), therefore, one could intend to use
u(t) = KZ(t — ro). However, the value of 2(t — rg) cannot
be calculated by the controller for ¢ € [£f,&k+1), where
& = min{&, sg41 + 1o}, since it depends on y(sk41) that
is not available to the controller. The latest value of Z that
can be calculated by the controller for t € [£f,&ky1) is
Z(sp + h) = Z(sk+1). Therefore, we take u(t) = 2(t — o)
for t € [&, &) and u(t) = Z(sp41) for ¢ € [&f, Epyr) oI,
equivalently, u(t) = 0 for t < & and

(21)

u(t) = K2(t —ro — n(t)), (22)
where
(0, t € [&k, &)
00 =} re e

Note that n(t) < nas. Using the time-delay approach de-
scribed in Section 2 and denoting d,(t) = z(t) — 2(t) for
t € [k, Sk+1), we obtain
2(t) = A2(t) + BK(t — n(t)) — DO (i)
_ eA(T°+“)Lw2(sk),
0. (t) = Ad.(t) + D6, (sp) + 0T [wy (t) — Lwa(sy)],

where D = Aro+r1) [, Cle—Alrotr1)

Theorem 3 For a given decay rate o > 0 let there exist
nxn matrices P, > 0, Po» > 0, n X n non-negative matrices
S, R, W, and n X n matriz G such that

N<o, [f§]=0,
where N = {N,;} is a symmetric matriz composed from
Ni1 =P A+ AT P +2aP +S—pyR, Nio=Nis=—P, D,
Ni3=PiBK + py (R — G), Niu=puG, Nig=nu A" R,
Noo=P3(A+ D)+ (A+ D)'Py+2aP,, Nos=P,D,
Nog=Nss=—nuD'R, Noy=he*"(A+ D)'W,
N3y =pr(R—G), Nsg=—N34—Ni,, Nsg=nr (BK)"R,
Nuy=—pn(S+ R), Nss=-1>W/4, Nsg=—nu D" R,
Ns7=he®"DTW, Ngg=—R, Np=-W



ro = 0.1, nas = 0.005 ro=nm =0

o h SCS o h SCS

Sampled predictor (10)
Sampled event-triggering (4), (5), (10)

0 0.044 228 0 0.057 176
0.01 0.039 147.7 | 0.01 0.052 124.6

Continuous predictor (17)
Switching event-triggering (15), (17)

Table 1

—_ — — 0 0.088 114
— — — 0.01 0.088 97.6

Average numbers of sent control signals (SCS) for different control strategies (r1 = 0.1, uar = 0.005, o = 0.001, |Jw: ()| < 1073,

lwa(8)]] < 107%)

with pyr = e~ 29" Then the system (7), (8), (20), (22)
is input-to-state stable with the decay rate o in the sense

of (14).

Proof is similar to that of Theorem 1 and, therefore, is
omitted here.

Remark 4 MATLAB codes for solving the LMlIs of

Theorems 1-3 are available at https://github. com/
AntonSelivanov/Aut16

5 Example: an inverted pendulum on a cart

Consider an inverted pendulum on a moving cart [24] de-
scribed by (2) with

01 0 0
|00 —-mg/MO 1/M _ 11000
A 00 0 1 VB_ 0 70_[0010]
00 g/l 0 —1/(M1)

and (0) = [0.98,0,0.2,0]7, where z; is the cart’s position,
x9 is the cart’s speed, z3 is the pendulum’s bob angle with
respect to the vertical, x4 is its speed, M = 10 is the
cart mass, m = 1 is the pendulum mass, | = 3 is the
length of the pendulum arm, and g = 10 is the gravitational
acceleration. For
—11.7 1.2
K =[212318210], L= [ o 5'191]
7.9 —36
the matrices A + BK and A 4+ LC are Hurwitz. Below we
compare different control strategies proposed in this paper.

First, consider a system with two networks (sensors-to-
controller and controller-to-actuators). According to nu-
merical simulations, the system (6), (7) under the control
input @(&) = Kz(sg) (without a predictor and event-
triggering) is not stable for ro = 1 = 0.1, h = 0.035, and
v = pay = 0. If 0 = 0 (no event-triggering), the condi-
tions of Theorem 1 are satisfied for the same h and larger
ro =11 = 0.17, npr = ppr = 0.005. That is, the predictor-
based controller (10) admits larger network delays.

For ro = r1 = 0.1, nyy = par = 0.005, o = 0.001, 0 =0
Theorem 1 gives the maximum sampling period h = 0.044.
This implies that, without event-triggering, within 10 sec-
onds of simulations [10/h] + 1 = 228 control signals are
sent in the system (6), (7) under the predictor-based con-
troller (10) (|-] stands for the integer part). For the event-
triggered controller (4), (5), (10) with o = 0.01 Theo-
rem 1 gives h = 0.039. To obtain the number of sent

control signals under the event-triggering, we perform 10
numerical simulations with random i.i.d. n; and u sat-
isfying (3) and wq(t), wa(t) satisfying [Jwi(t)] < 1073,
lwa(t)|] < 1073. The results are given in Table 1. As one
can see, event-triggering allows to reduce the workload
of the controller-to-actuators network by more than 35%.
Note that for event-triggered control (o > 0) the sampling
period h is smaller than for periodic control. That is, by in-
troducing the event-triggering mechanism, we reduce the
number of sent control signals but increase the number of
sent measurements. However, the total number of signals
sent through both sensors-to-controller and controller-to-
actuators networks is reduced by more than 10%.

Now we consider a system with a controller-to-actuators
network and continuous measurements (rg = 75, = 0). For
this case, one can apply the sampled predictor-based con-
troller (10) or the sampled event-triggered controller (4),
(5), (10) (with sx = & ). The sampled approach simplifies
the calculation of the integral term in (8) but does not take
advantage of continuously available measurements. Indeed,
as one can see from Table 1, the continuous predictor (17)
without event-triggering (£, = kh) reduces the network
workload compared to the sampled predictor (10) by more
than 35%.

To compare the sampled event-triggering mechanism (4),
(5), (10) and the switching event-triggering (15), (17) for
a = 0.001 and ¢ = 0.01 we apply Theorems 1 and 2 to
find the maximum allowable h. Then we perform 10 nu-
merical simulations with random i.i.d. px subject to (3)
(r1 = 0.1, par = 0.005). In Table 1 one can see that the
switching event-triggering reduces the number of sent con-
trol signals by more than 20% compared to the sampled
event-triggering and by almost 15% compared to the con-
tinuous predictor without event-triggering. The total num-
bers of sent measurements are reduced by 33% and 7%,
respectively.

Finally, consider the system (20) with only sensors-to-
controller network (s = kh). For the continuous controller
(22) with the observer (7) Theorem 3 gives h = 0.124. For
the sampled controller (10) with the observer (7) Theo-
rem 1 gives h = 0.056. That is, by using the continuous
controller, one can significantly reduce the number of
required measurements y(kh).


https://github.com/AntonSelivanov/Aut16
https://github.com/AntonSelivanov/Aut16
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A  Proof of Theorem 1

For t > t; consider the functional
V=WVi+Vo+Vs, + Vg, +Vs+ Vs, + Vg, + Viy,

where
Vi = 2T (t)Pi(t), Vo =0l (t)Pad.(t),

_ ftt_? 62@(3—t)2T( ) 73( )
Vi, =7 [0, [}, 2G0T (s)R ;:«( )ds df,
Vs= ., 0T (5)S5(s)
Vs, = [y [0 " et02T (5)S12(s) ds (A1)

Vi, = (Tar =710 = 11)%
—ro—"T1 ftt+ 2a(8*t)éT(s)R1;(s) ds do,

—T™
= h2e 2ahf 6201(9 t)(ST(S)WdZ(S)
—%2 BT ()W) ds, £ € [5k,3c11)

with v(t) = 0,(sk) — 0,(t) for t € [sk, Sk+1). Wirtinger-
based term Vjy is non-negative due to Lemma 1, therefore,
V' is positive-definite. Due to Vjy, the functional V' has
finite jumps at t = sg, but since Viy = 0 for t = sy,
Visg — 0) > V(Sk).

Jensen’s inequality [8] and Park’s theorem [20] lead to

]
VRO + 20¢VRO = 72 T( )Roz( )

—7 [} 20T (5)Rod(s) ds < 72T () RoZ(t)  (A.2)

_e_zaf[Az(t)—é(t—toa))f]T[Rg Go}[ﬂt)—s(t—rp(t))q
Z(t—7o(t))—2(t—7)| |Gg Ro|[z(t—70(t))—2(t—7)

Vi, + 2aVg, = (1o — 10 — 1) 227 (1) R1 2(t)

~(rar — 1o — 1) {07 €200 ET (5) RyA(s) ds

<(rp —710— rl)géT(t)Rlé(t) — e 20T (A.3)

2(t—r (£)2(t—72(t) | | * Ry Gal| 2(t—71(t)=2(t—72(t) |.
2(t—72(t))—2(t—7nr) * ok Raf| 2(t—m2(8))—2(t—Tnm)

By calculating V and adding (12), in view of (A.2), (A.3),

we obtain
V420V — ﬁ<@ ()Tt
(t)Hz

r(t—ro—n)——%(t—ﬁ(t))} T{Rl Gy G2:||:2(t_7'0_7'1)_2(t_7—1(t)):|

)+ o (t)Wp(t)
+e ahh%T( YW6.(t) — B,



where ¢(t) = col{2(¢),2(t — To(t)) 2t —7),2(t — 1o —
1), 2(t — 71(2)), £(t — 72(1)), 2(t — Tar),6:(t), v(t), e(t)},
P(t) = col{eArotmy, (1), et Ly (1)}, @ is ob-
tained from ® by taking away the last two block-columns
and block-rows, and ¥ is (9n + m) X 2n matrix. By taking

B=Ly sup e w (8)|>48, sup |eAT0TT) Luy (1) |2
s€[0,t] s€[0,t]

substituting é(t), b, (t) and applying Schur’s complement
formula, we obtain that if

[, ] <0, (A4)

where ¥’ is (11n + m) x 2n matrix, then V(t) <
—2aV (t) + 8. Since ® < 0, the relation (A.4) is true for
large enough (,,. Therefore,

V(t) < e 200y (1) + % t>t.
Since z(t) = 2(t) 4 0.(t) and the initial time interval does
not influence exponential decay rate analysis [16], the latter
implies
()] < C1(e™*"[2(0)] + sup [w(t)]),
s€[0,t]

2(t)] < Ci(e™*[2(0)| + sup |w(t)]),
s€[0,t]

t>0

for some C; > 0. From (8), we have
(1) = A0 (1)
— [T A= BR A0 — ro — 70(0 — 10)) dO), >0,

therefore, there exists C; > 0 such that
|2 (t)] < Ca(e™*'[2(0)] + sup |w(t)])

s€[0,t

Aot 2(0)] + Cy sup |w(t)],
s€[0,t]

Similarly, |2(t)] < Me™**|2(0)] + M supse(q 4 [w(t)]-

S Czefat

B Proof of Theorem 2

For t > &; consider the functional
V=V1—|-V2+V5+VSO—|-VRO +V51 +VR1;
where V, V5 are given in (A.1) and

Vs = fttfﬁ 2= 2T (5)S5(s) ds
Vs, = :_:11 . 22127 (5) Sy 2(s) ds,

Vi, = pnr |71 ftt+9 e2(= 2T (§)RoZ(s) ds db),

T1—HM

ft T1— KM 2@(8 t)Z ( )512(8) dS,

T1—T3
VR1 = (T3 — par) X
s ot s .
T [ € TDET (5)Ri2(s) ds df.

We have
Vie + 20V, = 13,27 (t)Ro2(t)

e [T @220 ET () Ry (s) ds,

T1—HKkM

VRl +2aVg, = h? ;T( )Rl‘é( t)
—hft TLTEM 2a(s—t) 5 T( )Rlé(s)d&

T1—T3
For t € [ty t}), T3(t) €
Park’s theorem imply

[, T3] Jensen’s inequality and

_#Mft Tr11 . 2a(57t)éT( )Roé(s) ds<_672a(r1+uM)X

[2(t—r1) = 2(t—r1—par)]" Rol£(t—r1) = 2(t—r1—puar)],
(B.1)

_h tt T?"ll T;;M 2a(s t) AT( )R ;( )ds < _e—2a(r1+‘?3)><

[aml—uM>—z(H-1~rg<t>>] [Rl GM (Hl—um—zwwrg(t))

Z(t—r1—13(t))2(t—r1—73) GT Ry (t=r1—73(t))—2(t—r1—73)
(B.2)

Calculating V' for ¢t € [ty,t}), 73(t) € [par, T3] in view of

(B.1), (B.2), we obtain

V420V -8 < " (EE() +E ()" (1) +2" () HE() — B,
where £(t) = col{0,(t), 2(¢), 2(t —r1), 2(t — 1 — pnr), 2(t —
r— 73(t)), 2(t — 11 — T3)}, o(t) = col{eAotmy, (1),

eArot1) Loy (1)}, E is obtained from Z by taking away
the last block-column and block-row, and ® is 6n x 2n
matrix. By taking

B=03, sup |eA(T°+”)w1(t)\2+,8w sup |eA(r°+“)Lw2(t)|2,
s€[0,t] s€[0,t]

substituting é(t) and applying Schur’s complement for-
mula, we obtain that if

L (B.3)

where ®' is 7n x 2n matrix, then V(t) < —2aV (t) 4 8.
Since E < 0, the relation (B.3) is true for large enough
Buw- Therefore, V(t) < —2aV (t) + B for t € [ty, t1), 3(t) €
[/LM’ 7__]'

* [1]

For t € [t},tk4+1) Jensen’s inequality and Park’s theorem
imply
— ft 1 eQa(s—t) »?A«'T(S)R()ZAJ(S) ds < —6_2()‘(7”1+ILM) y

T1—HM
[ 2(tr1) =5 (tr1—(t)) }T[Ro GOH 2(tr1 )= (t=r1—p(t)) ]
2(t=r—u(0) =2 (t=r1—par) | |GF Rol [2(t=r—u(t))~2(t=r—par) | 7
(B.4)

—hft TLITHM 20(s— t)Z ( )Rlé(s)dsg —e—2a(r1+73)

t—r1—T3
[Z(t—’/‘l—MM)—2(t—T1—7‘3)]TR1 [2(t—7‘1—uM)—2(t—7"1—7"3)].
(B.5)
Calculating V for t € [t},t),11) in view of (B.4), (B.5) and
adding (18), we obtain

V+2aV =3 < T ()T () +4" (1) D)+ 2" (1) HE(t) - B,
where (t) = col{d,(t), 2(t), 2(t —r1), 2(t —r1 — p(?t)), 2(t =
r1— ), 2(t —r1 — T),e1(t)}, ¥ is obtained from ¥ by

taking away the last block-column and block-row, and ®
is (6n +m) x 2n matrix. Similarly to the previous case, we

obtain V(t) < —2aV(t) 4 8 for t € [t} txi1).



Fort € [ty,t}), T3(t) € [0, uar) the system (19) is described
by the last line of (19) with e; (¢) = 0 satisfying (18), there-
fore, V. < —2aV + f8 for t > &;. The end of the proof is
similar to that of Theorem 1.



	Introduction
	NCSs with two networks
	NCSs with a controller-to-actuators network
	NCSs with a sensors-to-controller network
	Example: an inverted pendulum on a cart
	References
	Proof of Theorem 1
	Proof of Theorem 2

