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ABSTRACT

In this paper, a non-coaxial, plane strain soil model is developed in the framework of
initial soil strength anisotropy that is described by taking the internal friction angle to
be a function of principal stress orientations. The conventional Mohr-Coulomb (M-C)
yield criterion is generalized to give an anisotropic yield criterion, with the curve in the
deviatoric stress space forming an ellipse. Both rotational and eccentric ellipses are
discussed. The formulation of non-coaxial constitutive equations is described by a
general form in terms of the plastic strain rate. In this form, the plastic strain rate is
divided into two parts: the conventional component that is derived from the classical
plastic potential theory, and the non-coaxial component that is assumed to be tangential
to the yield surface. The newly proposed model is validated by the analytical
calculations and DEM simulation results in simple shear tests. Conclusions can be
drawn that this model is generally capable of capturing the DEM observations of simple

shear testing.

INTRODUCTION
The foundation of classical plasticity theory was laid in the 1950s and 1960s. One of

the key concepts of the theory assumed that the principal stress and plastic strain rate
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directions are coaxial, as reviewed by Yu (2007). Normally geotechnical applications
are performed in the content of soil coaxiality (e.g., Wu et al 2019; He et al 2019).
Recent experimental research (e.g., Roscoe et al. 1967; Roscoe 1970; Tong et al 2010;
Yang 2013) and micro-mechanical evidence (e.g., Drescher and De Josselin de Jong
1972; Zhang 2003; Ai et al 2014) have found that during rotations of the principal
stresses, the principal axes of strains rotate as well; however, generally they do not
coincide with each other. Non-coincidence of orientations of the principal stress and

plastic strain rate was thereafter classified in the plasticity theory as non-coaxiality.

A number of constitutive models have been proposed to incorporate non-coaxial
plasticity through phenomenological or multi-scale approaches. In the past, non-coaxial
models were developed in the framework of soil isotropy, e.g., non-coaxial models
based on the yield vertex theory (Yang and Yu, 2006a) and the double shearing theory
(Yu and Yuan, 2006), the hypoplastic constitutive law enhanced by mirco-polar terms
to account for the non-coaxiality (Tejchman and Wu, 2009), modified multi-laminate
models taking into account the rotation of the principal stress axes (Pande and Sharma,
1983; Neher, et al., 2002) and others (Borja, et al., 2003; Qian, et al., 2008; Huang, et
al., 2010). Many researchers suggested that the intrinsic fabric of soils is anisotropic,
where soil particles tend to be aligned in some preferred directions during deposition
(e.g., Arthur, et al., 1977; Cai, et al.,, 2012; Yang, 2013). Recent studies have
demonstrated the necessity of incorporating both anisotropy and non-coaxiality to
simulate soil behaviour subjected to severe stress rotations (Li and Dafalias, 2004;

Tsutsumi and Hashiguchi, 2005; Sadrnejad and Shakeri, 2017).

Although many non-coaxial models in the literature have been developed for granular
materials, they have not been widely applied to investigate boundary value problems.
Indeed, aforementioned non-coaxial models developed through a phenomenological
approach often introduce too many parameters without physical meanings and are
difficult for calibration; while in the models developed through a multi-scale approach
(e.g., fabric tensor-based constitutive models), the effects of fabric anisotropy and non-

coaxiality are described by quantities light on clear physical meanings.
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A particular literature can be referred to Yang and Yu (2006a; 2006b; 2010), who
performed a series of numerical evolutions of a couple of pre-failure, non-coaxial
models. The simple formulations of their models allowed them to be used in analyzing
geotechnical problems (Yang and Yu, 2006¢). Nevertheless, their models are restricted

to initial soil isotropy characterized by the conventional Mohr-Coulomb (M-C) criterion.

In this paper, a plane strain, perfect plasticity non-coaxial model is developed, in which
the conventional isotropic M-C yield criterion has been generalized to incorporate the
effects of initial soil strength anisotropy. Two more material parameters are added to
those of the conventional isotropic M—C yield criterion to form an anisotropic yield
criterion. Both parameters demonstrate clear physical meanings and can be easily
calibrated. The validation of this newly developed model is performed by comparing
the numerical results of simple shear problems with analytical results and Discrete

Element Method (DEM)-based virtual experimental observations.

CONSTITUTIVE EQUATIONS OF THE MODEL

A non-coaxial, plane strain model is developed in the content of initial soil strength
anisotropy. The elastic part follows Hooke’s model. All stresses are assumed to be

effective stresses and the signs of the stress (rate) are chosen to be positive for tension.

The anisotropic yield criterion
Ox—0y
2

The shape in the stress space of ( , Oxy) 18 a circle for the conventional isotropic M-

C yield criterion, of which the radius only depends on the mean pressure p. However,

in a significant paper, Booker and Davis (1972) developed a general anisotropic yield
Ox—0y
2

criterion, where the curve in the stress space of ( , Oxy) Was assumed to be a

function of p and ®,. ®, refers to the angle between the major principal compressive
stress direction and the y-axis. ®, is updated during the process of shearing and can be
defined by:

o,—0, 20 ..,

and sin2@® = aa 1
(o, —0c,) +40,1"° " UWo,—0o,) +40],1"7 M

cos 2@,, =

Similarly, the direction of principal plastic strain rate ®;» can be defined by:
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267
tan20,, = —-

(2)

&y —&f
Stresses are denoted by (dy, gy, 0yy), and it is assumed to be impossible to attain states
of stress lying outside the yield surface. As many laboratory experimental results (e.g.,
Yang 2013) gave that the internal friction angle is changing with the change of principal
stress directions, the anisotropic yield criterion can be written in the following general
form, when plane strain conditions are assumed (with tension positive):
f(ax,ay,axy):R+F(p,®p):0 3)
Where

F(p,©,) =(p—ccotd,,) sing(®,) “)

and R = %[(O'x - O'y)z + 40,20,]1/ 2 p=%(0-x+0-y), tan(20@,)=20xy/(0x-0y), ¢ denotes the
cohesion.
As shown in Fig. 1b, the anisotropic yield curve in the deviatoric stress space is assumed
as a rotational ellipse with a rotation angle of 2 £. With respect to the rotational ellipse,
parameters @max and @min represent the maximum and minimum peak internal friction
angles, respectively along all possible major principal stress directions. The semi-major
and semi-minor ellipse lengths are denoted as Lmax and Lmin (Fig.1b). To define the
anisotropic yield criterion, two anisotropic parameters n and f are added to those
material properties of the conventional isotropic M-C yield criterion:
® 1= L/ Lmax = SiN@min/Singnax, and 0<n<1. This parameter is to quantify the
degree of strength anisotropy. The smaller the value of # is, the larger the degree of
initial strength anisotropy is. In particular, the conventional isotropic M-C yield
criterion is recovered when n=1.0.
e [ is denoted as the angle when the major compressive principal stress,
corresponding to the case of the maximum peak internal friction angle, is inclined to

the vertical direction in a Cartesian coordinate; and f ranges from 0 to % (Yang,

2013).
Both »n and f depend on the intrinsic micro-structure characteristics of soils and history
of constitution (e.g., sedimentation; tectogenesis) of the soils. The parameter £ is not

updated with the changing of loading paths.
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In this situation, the expression of sing(®,) in Equation 4 can be derived by geometric

considerations as follows:

sing(® )= SNG4 )
T Jnteos? (20, —2p) +5in (20, —28)

It is suggested by the Hollow Cylinder Apparatus (HCA) experimental results that the
peak internal friction angle reduces with increasing a and it has a slight rebound at
0=90° , when the intermediated principal stress parameter (b=(02-03)/(c1-02)) is given
(e.g., Yang 2013). Here o represents the direction of the major principal stress relative

to the vertical:

a = ~tan™1(214,)/(0, — o) (©)
The maximum magnitude of the peak internal friction angle is obtained when the major
principal stress direction lies between 25=0-n/2, so we constrain the value of f to drop
between 0-m/4. Moreover, it should be noted that the formulation of the rotational ellipse
to describe initial strength anisotropy is just one particular case of the anisotropic yield
criterion. Other types of ellipses are possible. An eccentric ellipse anisotropic yield
criterion can be introduced to complement the proposed type. The formulation of the
yield surface is similar to the proposed case. The only difference in the formulation of

the yield criterion when compared with the rotational ellipse will be the definition of

sing(0,):

n’S, cos20 , + \/n“sf cos’(20 ) +4n” sin® (20 ,)sin d,,,, sin @,

sing(® ) = 7
7 2n* cos® (20 ) +2sin*(20 ) @
and
S, = %(sin@mx +sing),) (8)
S, = %(sin¢max —sing,) )

where ¢, denotes the internal friction angle obtained when ®,=7/2, @nax denotes the
maximum peak internal friction angle and n represents the ratio of the minor axis
divided by the major axis of the ellipse (0<n<l).

Details of the validation can be referred to Yuan et al (2018).

Non-coaxial plastic flow rule

Following Yu and Yuan (2006), the total plastic strain rate is composed by: 1) the
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conventional part that is derived from the classical plastic potential theory; 2) the non-
coaxial part caused by stress rates that is tangential to the yield curve. The plastic strain

rate &P is generally shown as (Fig.2):

£ =1L +k-T if f=0 and f=0 (10)
Where A is a positive scalar and g denotes the plastic potential; k is a non-coaxial
coefficient; T is the material derivative dependent on the tangential stress state, which
is a function of the direction of principal stresses and the internal friction angle. Details

of the tangential and conventional component of the plastic strain rate can be found in

the Appendix.

With respect to non-associativity in the conventional plastic flow rule (g #f), the plastic
potential (g) takes the variation of dilation angle into account. The dilation angle is taken
to be a function of principal stress directions, and varies between zero and the value of

the corresponding internal friction angle. The plastic potential is displayed as:

1 P .
g= \/Z (0,~0,) +0oy, +E(Ux +0,)siny (0 ,) = constant, (11)

and

n-smy,,.. (12)

siny(® ) =
Tt cos’20, -24) +sin’ (20, -2p)

where wmax denotes the maximum dilation angle.

Summary of parameters

Three new parameters, i.e. 8, n and k, are introduced by the new non-coaxial soil model.
Various values of strength with direction (at least three) can be obtained from plane
strain monotonic loading tests, e.g., biaxial testing or HCA testing. These values of
strength with direction can be substituted in the yield function to calculate £, n and @ max.
If experimental data is sufficient, two anisotropic parameters f and n can be obtained
using the nonlinear regression analysis, to guarantee the accuracy and validate the
anisotropic yield criterion. The non-coaxial parameter k can be obtained by analyzing
the stress-strain results from laboratory testing subjected to principal stress rotations,

e.g., simple shear testing or HCA testing. As analyzed by Yu (2007), k can be
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determined based on the double shearing theory (Spencer, 1964; Harris, 1993) and the
yield-vertex flow rule proposed by Rudnicki and Rice (1975).

VALIDATION IN SIMPLE SHEAR TESTS

As the soil sample under simple shear loading is subject to a severe principal stress
rotation, the numerical validation of the newly proposed non-coaxial model can be
conducted using simple shear problems. For simplicity, a single isoparametric, eight-
noded, plane strain reduced integration element CPESR is used. All of the sides remain
linear, and the top and bottom are kept parallel to their original directions throughout
loading. The bottom nodes are fixed and neither vertical nor horizontal movements are
allowed under this assumption. A prescribed shear strain y,, is employed and the x-
direction is constrained to have zero direct strain (&=0). Hence, the sample is subjected
to a rotation of the principal stress caused by the change in the induced shear stress 7x,.
It should be noted here that o, is equal to ¢, throughout the shearing due to the adoption
of the plane strain condition in the z-direction and full constraining of the movement in
the x-direction. Loading and boundary conditions are both based on ideal assumptions
since the objective of this paper is to numerically validate the proposed non-coaxial soil

model.

The explicit form of an incremental stress-strain relationship of the newly proposed non-
coaxial model is implemented as a user subroutine in a commercial finite element code
ABAQUS. By introducing one parameter a (a < ccot¢g) (Abbo, 1997), the yield
criterion is modified with a hyperbolic approximation to eliminate singularity. A close
straight line that defines the anisotropic yield surface can be obtained by using an

asymptotic hyperbola. The modified yield criterion can be shown as:

f= \/(O-X ;O-y )2 +ny + azsin2¢(®p) +(p—ccotd,,,.)sing(® ,) =0 (13)

Where the negative branch of the hyperbola has been chosen.

The explicit sub-stepping integration algorithm with automatic error controls is applied

for the numerical implementation. If the stresses diverge from the yield condition at the
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end of each subincrement in the integration process, correcting for this violation from
the yield surface is required. The correction is carried out following the method
suggested by Abbo (1997). However, as the tangential effect is considered in this paper,
the isotropic stiffness matrix De in Abbo’s suggestion should be replaced by the

modified elastic stiffness matrix (D€) in Equation 39 (Appendix).

Yu and Yuan (2006) reviewed the studies carried out by Anand (1983) and Savage and
Lockner (1997), and they noticed that it is necessary to relax the original kinematic
hypothesis that slip lines coincide with stress characteristics to allow the double shearing
concept to be used more successfully in the range of pre-failure deformation. Following
the analysis of Harris (1993), they assumed that the non-coaxial soil coefficient in their
non-coaxial model would take a positive value if the stress and velocity characteristic
directions are different. In this paper, the value of the non-coaxial soil coefficient k is
taken as a positive constant. A cohesionless material is assumed in this section. In order
to avoid the singularity problem for numerical modelling in ABAQUS, the value of

cohesion is set as 0.001 kPa.

Validation with analytical results (r=1.0)

Material constants are set as the same as those used by Hansen (1961) to validate the
accuracy, and the finite element formulation and solution procedures. When
associativity is applied, the dilation angle y(®,) equals to the friction angle ¢(®,). Yu
and Yuan (2006) argued that the degree of non-associativity has negligible effects on
the numerical simulations. Hence, y/(®)) is set to (ffor simplicity when non-associativity

is applied. Typical mode parameters are shown in Table 1.

The model is reduced to its isotropic counterpart when the anisotropic parameter n =1.0.
Davis (1968) proposed that for a purely frictional soil on the slip line, the M-C failure

criterion can be described by the following stress ratio:

singcosy (14)
1 — singsiny

Xy _
( )ul timate —
y

where ¢ is the friction angle and y refers to the dilation angle.
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The ultimate values of the shear stress ratio are (gxy/0y) uimae=0.577 (Fig. 3(a)) and
(Oxy/Oy)uttimate=0.499  (Fig. 3(b)) by using associativity and non-associativity,
respectively. These values are consistent with analytical results calculated from
Equation 14. The lateral stress ratio Ko has negligible effects on the ultimate shear stress
ratio. If Ko = 2.0, In addition, the peak of shear stress ratio is obtained as
(Oxyloy)peak=0.577 (Fig. 3(b)), which agrees well with analytical results calculated by
Hansen (1961) with (0xy/0y)peak= tang (¢p = 30?). A strain-softening can be observed in
Fig. 3(b), when Ko>1.0 in combination with non-associativity are used. The softening
of the shear stress ratio occurs because the initial o, (i.e., 20y) is larger than its ultimate
value (ay). Given certain shear strength in the general stress space, a larger ox (0;) can
bear a larger shear stress during the early stage of shearing. Both the coaxial and non-
coaxial predicted stress-strain curves tend to reach the same value at the ultimate stage

during the process of shearing.

As shown in Fig. 4, with coaxial plasticity, the principal plastic strain rate direction is
always identical with the principal stress direction. The ultimate principal stress and
principal plastic strain rate orientations to the x—axis approach 60° when associativity is
used, and 45° when non-associativity is used. They are in agreement with the theoretical
study of Davis (1968), who pointed out that, at the ultimate failure, any horizontal plane
(i.e. a velocity characteristic) 1s always inclined at 45°+y/2 with respect to the principal
axis of the stress. The orientation is between 0° and 45°+y/2 for Ko=0.5; whereas, the
orientation is between 45°+y/2 and 90° for Ko=2.0. The comparisons between numerical
results and analytical results for coaxial plasticity testify to the correctness of the finite
element implementation procedures of the present model. These findings are consistent
with conclusions drawn by Yu and Yuan (2006). It is evident that non-coaxial model

proposed by Yu and Yuan (2006) is a special case of our model.

Comparison with Discrete Element Modelling simulations
Numerical simulation results by the present model are compared with the results of
DEM simulations subject to a simple shear stress path, and results by using the non-

coaxial model proposed by Yu and Yuan (2006). The non-coaxial model proposed by
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Yu and Yuan (2006), was developed in the content of soil isotropy (the isotropic M-C
criterion was adopted) and details can be found in their publication. The DEM tests were
carried out by Qian et al (2016) on dense samples using PFC?P. In their DEM
simulations, the grains are represented by clumps with a number of 2322, and the
inherent anisotropy is produced due to the sample preparation. After isotopically
consolidated to 200 kPa, the samples were sheared up to 30% of the shear strain. The
local damping coefficient is 0.7. Details of the material properties for the DEM samples

can be found in Qian et al (2016).

A constant surface surcharge of p=200 kPa is applied to the finite element modelling by
using non-coaxial models. The value of lateral stress ratio (Ko=cx /oy) is set as Ko=2.0
(Handy, 2001). The directions of major principal stress are fixed at different bedding
angles at 0°, 15°, 30°, 45°, 60°, 75°, 90° with respect to the x-direction (i.e., 90°- ¢ with
respect to the y-direction). The value of the friction angle is obtained by a non-linear
regression with DEM data performed in Matlab. The values of Young’s Modulus and
Poisson’s ratio are E = 2.9 x 10* kPa and v=0.15, respectively (Gu, et al., 2017). The

. . . . . . . Ox—0O .
coordinate of the anisotropic yield criterion in (%, Oyxy) space rotates following the

rotating of the bedding angle of the DEM sample. Non-associativity in the conventional

flow rule is used with the dilatancy angle y(®,)=0 for simplicity.

Shear stress ratio

Fig. 5 presents results of the stress ratio (shear stress divided by normal stress) plotted
against the shear strain in terms of different bedding angles, from both DEM simulations
and model predictions. As shown in Fig. 5(a), the evolutions for the stress ratio in terms
of different bedding angles are quite similar. They increase rapidly before the shear
strain reaches at around 5%, and then decrease with the increase of shearing. All these
features of the evolution for the stress ratio are captured by the present model as shown
in Fig. 5(b). The peak stress ratios from DEM simulations are within a range of
approximately 0.75-0.91, while those from the present model predictions are within a
similar range of 0.75-0.89. However, though predictions from Yu and Yuan’s non-

coaxial model and the M-C model, as shown in Fig. 5(c) and Fig. 5(d) respectively, can
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capture the softening of the stress ratio, they cannot account for the effect of initial
anisotropy (i.e., the bedding angle). The values of the stress ratio are consistent with
various bedding angles as shown in Fig. 5(c) and 5(d). The ultimate values for the stress
ratio are higher by the model predictions when compared to the DEM simulations. The
reason may be that the chosen of non-coaxial coefficient k needs further evaluation, e.g.,

by HCA testing.

Orientations of principal stresses and principal (plastic) strain rates

DEM simulation results of principal orientations of strain rates are present in Fig. 6(a),
of which the polynomial fitting curve is given in Fig. 6(b) as the purple dash line. Seven
solid lines corresponding to each bedding angle illustrate the principal orientations of
stresses (Fig. 6(b)). As shown in Fig. 6(b), DEM simulation results indicate that non-
coaxiality of the principal stress and strain rate exists at the first stage of the loading and
tend to be co-axial at around 45°. In addition, different bedding angles (initial anisotropy)
result in different directions of principal stresses at the beginning of shearing. However
as shown in Fig. 7(a), M-C predictions cannot capture the feature of non-coaxiality,
since the directions of principal stress and principal plastic strain rate are always coaxial
during shearing. Both predictions from Yu and Yuan (2006) and the present model,
demonstrate non-coaxiality of these two directions, as shown in Fig. 7(b) and (c)
respectively. Coaxiality of the ultimate orientations of principal stresses and principal
(plastic) strain rates are reached and the degrees are around 45°, which are consistent
with DEM simulation results and other experimental observations (e.g. Roscoe et al.
1967). However, even for the present model, few differences can be obtained for the
directions of principal stresses, with different bedding angles, at the early stage of
loading. This discrepancy may result from the fact that only the directions of the
principal plastic strain rates are calculated by using the proposed non-coaxial model;
however, the total principal strain rate orientations are obtained from the DEM

simulations.

CONCLUSIONS

Experimental observations and numerical simulations have shown that non-coaxiality
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is a significant aspect of soil behaviour, which has not been fully understood. In this
paper, a non-coaxial, plane strain soil model has been proposed. The new formulation
takes into account the initial soil strength anisotropy. In simple shear tests, perfect
agreements with analytical calculations have shown the correctness of the finite element
implementation procedures of the newly proposed model. The new model can reproduce
the non-coincidence of the direction of the principal stress and principal plastic strain
rate when non-associativity in the conventional plastic flow rule was used. This model
was capable, however not perfect, of capturing the DEM observations of simple shear

testing with respect to the orientations of principal stresses and (plastic) strain rates.

APPENDIX

Conventional part of the plastic strain rate
The conventional part of the plastic strain rate is normal to the plastic potential, and is

defined as:

:pc — 4 98
& _/160 (15)

Where A is a positive scalar and g denotes the plastic potential.

Tangential part of the plastic strain rate

P . . Ox—0:
The vector T is introduced as normal to the yield surface in the space of (%, Oy

Oxt0. . . . - . . .
%) , and the material derivative T with respect to time depends on the stress rate g.

Following Yu and Yuan (2006) and Harris (1993), the tangential component of the
plastic strain rate can be written as follows:

et =T (16)
where k is a dimensionless scalar that is introduced as a non-coaxial soil coefficient.

The variable m is a geometrical parameter as illustrated in Fig. 2, which can be

calculated as follows (Booker and Davis, 1972; Yu, 2007):

mn(zm):#g (17)
P

where F'is given in Equation 4.
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In (Ux_ay , Oxy) Space of an anisotropic yield criterion, the orientation of the normal
2 xy

vector T is introduced as:

211=20, —2m (18)
The material derivative T is dependent on both ®, and m. Hence, this time T is also
influenced by the internal friction angle when compared to the original non-coaxial
model proposed by Yu and Yuan (2006).

For a plane strain condition, now the vector T can be written as:

T = [cos2ll —cos2Il 2sin2I]” (19)
The material derivative T is then obtained as:
T =[cos2ll —cos2ll  2sm2I]" (20)
By combining Equations 16-18 and 20, we can rewrite the material derivative T as:
T = % N-o 1)
The matrix N is displayed as follows:
a, —a Qa
N=|—a o —612] (22)
as —asz 4y

where the scalars a4, a,, a; and a, are presented as:

O
@ = k.M.[-Mfywz_ 0'},)2] (23)
ay=k-M-[ QO-X_O-y 51 (24)
40, +(0,-0y)
a=k-N-[-— it 51 (25)
40y +(o, - o))
o, -0,
a, =k- N-[4 o +(0x; 6}7)2] (26)
where
M==2(sin2 ©, cos2m+ cos2 ©, sin2m) - (1+m®p) 227
N=2(cos2 ©, cos2m —sin2 ©, sin2m) - (1+m®P) (28)

With respect to a rotational ellipse in the deviatoric stress space of the anisotropic yield

criterion, the definition of mey is:

Page 13



2 2

» CZ
387  where
388 C=(n" 1) cos’(20, -2 B) +1 (30)
389 D=(1-n)sin(4 ©, -4 p) (31)

390  With respect to an eccentric ellipse in the deviatoric stress space of the anisotropic yield

391  criterion, the definition of meyp is:

392 o ENE*+F? - NE2+F*) -E
© 2cos(2m)-(E + F?)

393  where,

394 E=(n"e(1-n")cos(20,)—n’e’)sin(4@ ) —2n’eS,S, sin(20 ) — S, (2—2n*)(S, +n’ecos(20 ,))sin(40 )

395 (32)
396  F=S.5,(5>+n%ecos(20,)) (33)
397  and,

398 S, = \/n4( psing, ., +ccos g, )’ cos’(20,)—n’ (e’ —(psin g, +ccos g, )7)sin’(20 )

399 (34)
400 Sy =n’cos’(20,)+sin’*(20,) (35)
401 e:%(p+ccot¢max)-(sin¢max —sing,) (36)

402  As a result, the elasto-plastic stress-strain stiffness matrix can be modified to account
403  for both the effects of soil anisotropy and non-coaxiality. The derivatives of stress-strain

404  relationship in the incremental form is shown as follows:

405 G =D& = D°(¢ — 155 — Noy) (37)
406  Together with the equation of perfect plasticity under the condition of consistency, the

407  non-coaxial elasto-plastic stress-strain stiffness matrix is shown as:

7ed8 f\Tpe

De_2(=-)Tpe
ep — do o

408 b @) TpelE

do do

(38)

409  where the elastic stiffness matrix D€ is modified as:
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411

412
413
414
415
416

417
418

D¢ = (I + D°N)"1D¢ (39)

in which I is introduced as the identity tensor.
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NOTATION
The following symbols are used in this paper:

£ total strain rate
£° elastic strain rate
&P plastic strain rate
o total stress rate
D¢(D®) elastic (modified) stiffness matrix
E Young’s modulus
0 Poisson’s ratio
Ty, Oy normal stress
Oxy shear stress
oy vertical stress
o9 circumferential stress
Ty shear stress in vertical plane
yield surface
Mean (hydraulic) stress
Rgq deviatoric stress
angle of deviation of the major principal stress direction to the x-
O axis
@ Internal friction angle
b intermediate principal stress parameter
i positive scalar
g plastic potential
7 dilation angle
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419

420
421

422
423
424
425
426
427
428
429
430
431
432
433
434
435
436
437
438

c cohesion
Ko lateral stress ratio (earth pressure coefficient at rest)

Anisotropic yield criterion

F known function of p, ®

IIm geometric variables in the anisotropic yield criterion

A/B The major and minor lengths of the rotational ellipse

Omax(Pmin) maximum (minimum) peak internal friction angle with direction

by Internal friction angle when @,= 7/2

n ratio of the minimum over maximum peak internal friction angles
angle of the major principal stress direction to the deposition

B o
direction

Winax maximum dilation angle with direction

Non-coaxial plasticity

T material derivative
N non-coaxial matrix
epe conventional component of the plastic strain rate
grt tangential component of the plastic strain rate
k non-coaxial coefficient
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Fig. 1 The anisotropic yield surface in: (a) X=(ox-0y)/2, Y=0xy, Z=(0x+0ay)/2 space; (b)
X=(ox-0y)/2, Y=0xy space.

Fig. 2 The yield surface and non-coaxial plastic flow rule in: (a) ((ox-0y)/2, oxy,
(ox+0y)/2) space, (b) ((ox-0y)/2, oxy) space.

Fig. 3 Numerical results of shear stress ratio for isotropic modelling (n=1): (a)
associativity; (b) non-associativity.

Fig. 4 Numerical results of principal orientations of the stress and plastic strain rate for
coaxial modelling (n=1, k=0): (a) associativity, (b) non-associativity.

Fig.5 Shear stress ratio against the shear strain: (a) DEM simulation results (Qian et
al., 2016); (b) numerical results by the present model; (c) numerical results by the non-
coaxial (Yu and Yuan, 2006); (d) numerical results by the Mohr-Coulomb model.
Fig.6 DEM simulation results (Qian et al., 2016): (a) principal orientations of strain
rates; (b) principal stress orientations and the fitted principal strain orientation.

Fig.7 Model predictions for the principal orientations of stresses and plastic strain
rates: (a) Mohr-Coulomb model; (b) non-coaxial model (Yu and Yuan, 2006); (c) the

present model.
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Table 1 Model parameters.

Young’s modulus

Poisson’s ratio

maximum internal

friction angle

Surface surcharge

Lateral stress ratio

E (kPa)

Pimax (°)

p (kPa)

Ko

2.6 x 10*

0.3

30

100

0.5

2.0
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