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Abstract

We study the rate of convergence of an explicit and an implicit-explicit finite dif-
ference scheme for linear stochastic integro-differential equations of parabolic type
arising in non-linear filtering of jump-diffusion processes. We show that the rate is
of order one in space and order one-half in time.
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1 Introduction

Let (QQ, F,F, P), F = (¥,)»0, be a complete filtered probability space such that the filtration is
right continuous and ¥ contains all P-null sets of F. Let {w? }or; be a sequence of indepen-
dent real-valued F-adapted Wiener processes. Let m;(dz) and m,(dz) be a Borel sigma-finite
measures on R? satisfying

f|z|2A17r,(dz)<oo, re{l,2).
Rd

Let g(dt,dz) = p(dt,dz) — m,(dz)dt be a compensated F-adapted Poisson random measure
on R, x RY. Let T > 0 be an arbitrary fixed constant. On [0, 7] x R¢, we consider finite
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difference approximations for the following stochastic integro-differential equation (SIDE)

du, = (L, + Du, + f)dt + Z (NPu, + &) dw? + f (L (Qu,- + 0,(2)) g(dt, dz), (1.1)
R4

o=1

with initial condition
up(x) = p(x), x€RY,

where the operators are given by

d

L) := ) al ()9;¢(x),
i,j=0
d
19(x) := fR d [¢<x +2) = 000 = 1 n(lz) ) 20,000 | 71 (d2), (12)
j=1

d
Nig(x) = Z o (0)0¢(x),  I(2)p(x) = $(x + 2) — P(x).
i=0
Here, we denote the identity operator by 0.

Equation (1.1) arises naturally in non-linear filtering of jump-diffusion processes. We re-
fer the reader to [4] and [5] for more information about non-linear filtering of jump-diffusions
and the derivation of the Zakai equation. Various methods have been proposed to solve
stochastic partial differential equations (SPDEs) numerically. For SPDEs driven by continu-
ous martingale noise see, for example, [3], [8], [9], [13] [21], [18] and [23] and for SPDEs
driven by discontinuous martingale noise, see [17], [16], [20], and [1]. Among the various
methods considered in the literature is the method of finite differences. For second order lin-
ear SPDEs driven by continuous martingale noise it is well-known that the L”(Q)-pointwise
error of approximation in space is proportional to the parameter £ of the finite difference
(see, e.g., [24]). In [13], I. Gyongy and A. Millet consider abstract discretization schemes
for stochastic evolution equations driven by continuous martingale noise in the variational
framework and, as a particular example, show that the L*(2)-pointwise rate of convergence
of an Euler-Maruyuma (explicit and implicit) finite difference scheme is of order one in space
and one-half in time. More recently, it was shown by I. Gyongy and N.V. Krylov that under
certain regularity conditions, the rate of convergence in space of a semi-discretized finite
difference approximation of a linear second order SPDE driven by continuous martingale
noise can be accelerated to any order by Richardson’s extrapolation method. For the non-
degenerate case, we refer to [10] and [11], and for the degenerate case, we refer to [7]. In
[14] and [15], E. Hall proved that the same method of acceleration can be applied to implicit
time-discretized SPDEs driven by continuous martingale noise.

In the literature, finite element, spectral, and, more generally, Galerkin schemes have
been studied for SPDEs driven by discontinuous martingale noise. One of the earliest
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works in this direction is a paper [17] by E. Hausenblas and I. Marchis concerning L”(€2)-
convergence of Galerkin approximation schemes for abstract stochastic evolution equations
in Banach spaces driven by Poisson noise of impulsive-type. As an application of their result,
they study a spectral approximation of a linear SPDE in L?([0, 1]) with Neumann boundary
conditions driven by Poisson noise of impulsive-type and derive L”(Q)-error estimates in
the L([0, 1])-norm. In [16], E. Hausenblas considers finite element approximations of linear
SPDEs in polyhedral domains D driven by Poisson noise of impulsive-type and derives L”(£2)
error estimates in the L”(D)-norm. In a more recent work [20], A. Lang studied semi-discrete
Galerkin approximation schemes for SPDEs of advection diffusion type in bounded domains
D driven by cadldg square integrable martingales in a Hilbert space. A. Lang showed that the
rate of convergence in the L”(Q) and almost-sure sense in the L?(D)-norm is of order two for
a finite-element Galerkin scheme. In [1], A. Lang and A. Barth derive L?(Q) and almost-sure
estimates in the L?(D)-norm for the error of a Milstein-Galerkin approximation scheme for
the same equation considered in [20] and obtain convergence of order two in space and order
one in time.

In the articles [20], [1], [17], and [16], the authors make use of the semigroup theory of
stochastic evolution equations (mild solution) and only consider stochastic evolution equa-
tions in which the principal part of the operator in the drift is non-random. In this paper,
since we use the variational framework (L?-theory) of SPDEs, we are easily able to treat the
case of random-coefficients.

The principal part of the operator in the drift of the Zakai equation is, in general, random,
and hence numerical schemes that approximate SPDEs or SIDEs with adapted principal part
are of importance. The coefficients of the Zakai equation are random if the coeflicients of
the SDE governing the signal depend on the observation or some observation measurable
process—perhaps a control. In this case, the diffusion coefficient a;’(x, w) in (1.1) will be of
the form aij (x, w) = (F'(x, y(w))d/(x, y,(w)), where y,(w) is an adapted random process and
&(x,y) is a diffusion coefficient in an SDE. Due to the form of the random coefficient in
this case, to impose uniform boundedness of @;’(x, w) in ¢, x and w, we need only impose
uniform boundedness of &(x,y) in x and y, and to impose uniformly ellipticity of a;’(x, w)
in f, x and w, we need only impose that standard uniform ellipticity of &(x, y)d/(x,y) in
x and y. These assumptions are not uncommon in the SDE literature. Furthermore, since
any numerical scheme for (1.1) will be implemented pathwise—note also that in filtering,
one only gets to see one path of the observation—the additional computational complexity
involved in implementing a numerical scheme for (1.1) with random coefficients of the form
a’(x,w) = (7' (x, y(w))d/(x, y(w)) compared with a”(x) = & (x)3/(y) is simply the time
dependence of the coefficient. In the case of an implicit scheme, this does mean that one
has to invert an operator at each time step, but this is the case for deterministic PDEs with
time-dependent coeflicients as well.

The articles [20], [1], [17], and [16] do not address the approximation of equations with
non-local operators in the drift and noise. There is, however, some work in the literature on
deterministic non-local differential equations. In dimension one, a finite difference scheme
for degenerate integro-differential equations (deterministic) has been studied by R. Cont and
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E. Voltchkova in [2]. The authors in [2] first approximate the integral operator near the
origin with a second derivative operator. The resulting PDE is then non-degenerate and has
an integral operator of order zero. The error of this approximation is studied by means of
the probabilistic representation of the solution of both the original equation and the non-
degenerate equation. In the second step of their approximation, R. Cont and E. Voltchkova
consider an implicit-explicit finite difference scheme and obtain pointwise error estimates of
order one in space. As a consequence of the two-step approximation scheme, there are two
separate errors for the approximation. We are able to avoid the two-step approximation in
our work, when restricted to the non-degenerate diffusion case.

In this paper, we consider the non-degenerate stochastic integro-differential equation
(1.1) with random coeflicients and apply the method of finite differences in the time and
space variables. To the best of our knowledge, this article is the first to use the finite differ-
ence method to approximate stochastic integro-differential equations. The approximations
of the non-local integral operators in the drift and in the noise of (1.1) we choose are natu-
ral. In particular, we are able to treat the singularity of the integral operators near the origin
directly. We consider a fully-explicit time-discretization scheme and an implicit-explicit
time-discretization scheme, where we treat part of the approximation of the integral operator
in the drift explicitly. We also provide a numerical verification of our theoretical convergence
rates for an equation that has an “analytic” solution.

To obtain error estimates for our approximations, we use the approach in [24], where the
discretized equations are first solved as time-discretized SDEs in Sobolev spaces over R?
and an error estimate is obtained in Sobolev norms. After obtaining L*(Q) error estimates
in Sobolev norms, the Sobolev embedding theorem is used to obtain L?(£2)-pointwise error
estimates. So, in sum, we obtain two types of error estimates: in Sobolev norms and on the
grid. Naturally, when using the Sobolev embedding to obtain the pointwise estimates, we do
not need the equation to be differentiable to obtain pointwise error estimates, only continu-
ous. Using the approach of first obtaining estimates in Sobolev spaces, we are also easily
able to deduce that the more regularity on the coeflicients and data we have, the stronger the
error estimates we can obtain (see Corollaries 5.3 and 5.4).

The paper is organized as follows. In the next section (Section 2), we introduce the
notation that will be used throughout the paper and state the main results. In the third section,
we give a numerical verification of the convergence rates for a simple test problem. In the
fourth section, we prove auxiliary results that will be used in the proof of the main theorems.
In the fourth section, we prove the main theorems of the paper.

2 Notation and the main results

For x € R?, denote by |x| the Euclidean norm of x. Let Ny = {0, 1,2,...}. Fori € {1,...,d},
let 0_; = —0;, and let Jy be the identity. For a multi-index y = (yy,...,Y4) € Ny of length
lyl =y1+---+7vyq, st 0" = 6?‘ .. .6;" . Let £, be the space of all square-summable real-valued
sequences b = (b°),,. For an {,-valued function f on R, the derivative of f with respect to
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x' is denoted by 6, f.

Let C=(RY) be the space of all smooth real-valued functions on R? with compact support.
We write (-, ) for the inner product and || - ||y for the norm in L,(R%) =: H°. For m € N,
denote by H™ the Sobolev space of all functions u € L,(R¢) having distributional derivatives
up to order m in L,(R%). We denote by

) ) 1= Z 0,8

lyl<m

the inner product in H™ and by ||-||,, the corresponding norm. Define H™! to be the completion
of C2(R?) with respect to the norm || -||_; = ||(1 = A)™"/2-||y, where A is the Laplace operator.
It is easy to see that for all u € H' and v € H°, (u,v)y < ||ull;||[v||-;. Since H' is dense in H™!,
we may define the pairing [-, -], : H' x H' — R by [v,V']y = lim,_,e(v, v,)) for all v € H'
and v € H™', where (v,), ¢ H' is such that |[v, —V'|l-; = 0 as n — co. The mapping
from H™! to (H')* given by v/ — [-,V']y is an isometric isomorphism. For more details,
see [22]. For an integer m > 0, we write H"({,) for the space of all {,—valued functions

8(x) = (g2(x))22, on R such that for each o, g¢ € H" and

2 . 2
gl e, := D Ng?Il, < oo.
o=1
On [0, T] x R¢, we consider the stochastic integro-differential equation

du, = (L + Du, + fi) dt + Z (NPu, + ) dw? + f (I (@Qus— + 04(2)) q(dt, dz) (2.3)
R4

o=1

with initial condition

up(x) = p(x), xe€ R
Denote the predictable sigma-algebra on Q x [0, T'] relative to F by $7. Let m > 0 be an
integer.

Assumption 2.1. For i, j € {0,...,d}, aij = aij (x) are real-valued functions defined on
Qx [0, T] x R that are P7 ® B(R?)-measurable and o = (0';9()6));';l are {,-valued functions

that are Z; ® B(R?)-measurable. Moreover,

(1) for each (w,t) € Q X [0, T], the functions aﬁj are max(m, 1)-times continuously differ-

entiable in x for all i, j € {1,...,d}, a and a” are m-times continuously differentiable
in x foralli € {0,1,...,d}, and 0'§ are m-times continuously differentiable in x as £;-
valued functions for all i € {0, ..., d}. Furthermore, there is a constant K > 0 such that

for all (w,t,x) € Qx[0,T] xR,
a’| <K, Yije{l,....d}, V |yl <max(m,1),

107a”| + 07| + |07, < K, Vi€l0,...,d}, Yyl <m;



Notation and the main results 6

(i1) there exists a positive constant # > 0 such that for all (w,t,x) € Q x [0, T] X R? and
n € R?
Z [207 Z Cfigaig] min; 2 %l
i,j=1
We define the following spaces:
H" := L,(Q %[0, T],Pr; H"), H"({,) := Ly,(Q X [0, T], Pr; H"(5))
H"(m,) := Ly(Q % [0, T] x RY, Pr ® B(RY), dP x dt X my(dz); H").

Assumption 2.2. The initial condition ¢ is Fy-measurable with values in H™ such that
Elp[?, < co. Moreover, f € H"™!, g € H"(¢,), and 0 € H" (7). Set

Ko EII¢|I§,+Ef (Ilftll2 L+ gl g, + flloz(z)llfnﬂz(dZ))dt-
10,T] R

For a real-valued twice continuous differentiable function ¢ on R, it is easy to see that
for all x,z € RY,

d 1 d
P(x +2) — p(x) - Z 70,¢(x) = f Z 7'770;j¢(x + 6z2)(1 — )d6. (2.4)
j=1 i,j=1

For each ¢ € (0, 1], let
§1(0) = f 2P ri(dz),  $2(6) = f Z*ma(dz), and  ¢(6) = 61(8) + 62(5).
|zI<6 |z]l<o

Fix ¢ € (0, 1] such that
() < x, (2.5

and notice that

2
2, mllel > 6) < eo. (2.6)

r=1

We write I = I + I5, where
1 d
Is¢p(x) := f f Z 2'720;;0(x + 02)(1 — 0)dbm,(dz)
|z<6 JO i,j:l
and I is defined as in (1.2) with integration over {|z| > 8} instead of R%.
Definition 2.1. An H’-valued cadlag adapted process u is called a solution of (2.3) if

(i) u, € H' for dP x dt-almost-every (w, ) € Q x [0, T];
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(iii) there exists a set Q c Q of probability one such that for all (w,t) € [0,T] X Q and
¢ € CX(RY),

(1 )0 = (@, B)o + f

10.7]

d
[Z (0jus, (@), + 9, fx]o) ds

ij=1

1 d
* f f f D (F0jus(- + 02),20_¢), (1 - O)dbm (d2)ds
10,1] Jlzl<6 JO

ij=1

d
i (u.s,(-+z)—ux—1[_1,1]<|z|)2zfa,~us,¢] ri(d)ds
1041 Jizl>6 P

0

oo d
+ ; ﬁ) Z (20, + g2, ¢) dw? + ﬁm fRd (ty_( + 2) — Uy + 01(2), #)y q(dz, ds).

#17i=0

Remark 2.1. In the above definition, instead of 6 we may choose any other positive constant.

The following existence theorem is a consequence of Theorems 2.9, 2.10, and 4.1 in
[6] and will be verified in Section 4. The notation N = N(-,---,-) is used to denote a
positive constant depending only on the quantities appearing in the parentheses. In a given
context, the same letter is repeatedly used to denote different constants depending on the
same parameter.

Theorem 2.1. If Assumptions 2.1 and 2.2 hold with m > 0, then there exist a unique solution
u of (2.3). Furthermore, u is a cddldg H™-valued process with probability one and there is a
constant N = N(d,m,», K, T) such that

t<T

Esup|lu% + E f lugll2 . ds < Nic,. 2.7)
10,7]

Remark 2.2. We have used the standard definition of solution for the variational (or L?)
theory fo stochastic partial differential equations. In what follows below, we will always
assume m > 2 (though for our schemes, we assume m > 3), and so we have enough regularity
to formulate the solution in the weak sense in (H', H°, H™!) without integrating by parts.

The following proposition is needed to establish the rate of convergence in time of our
approximation scheme and is proved in Section 4.

Proposition 2.2. Let Assumptions 2.1 and 2.2 hold with m > 1 and u be the solution of (2.3).
Moreover, assume that

sup Ellg -1 ., + SugE fd o/l 17m2(d2) < K.
1< R

t<T
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Then there is a constant A = A(d,m, K, T, x, k

m

2 such that for all s,t € [0, T),

Ellu, — ull},_, < Alr = s].

m—1 =

Assumption 2.3. For m > 3, in addition to Assumption 2.2, there exists a random variable &
with E¢ < K such that forall w € Q, ¢, 5 € [0, T],

2 2
18516, + f lo:(@l;,-172(dz) < &
R4

I = fillos + llge = &6, + fd ll0(2) = 05(@)II5, 1 72(d2) < €It = sl.
R

Assumption 2.4. For m > 3, in addition to Assumption 2.1 (i), there is a constant C > 0
such that for all (w, x) € QxR? 5,t€[0,T],i,j€{0,1,...,d)},

10" (a = all) P +16" (o} = o)}, < Cle = s, ¥yl <m—2.

We turn our attention to the discretisation of equation (2.3). For each 7 € R — {0} and
standard basis vector e;, i € {1,...,d}, of R? we define the first-order difference operator Oni
by

(x + he;) — ¢(x)
Onip(x) = ? A ¢ )
for all real-valued functions ¢ on R?. We define 6}, to be the identity operator. Notice that
for all ¥, ¢ € H°, we have

(&, 6-nith)o = —(Onih, ¥)o- (2.8)
Set
o = 1(5,1 )
1 2 sl N
and observe that for all ¢ € H°,
(¢, 6!¢) = 0. (2.9)

For each & # 0, we introduce the grid G, := {hz; : 7 € Z¢, k € Ny, zo = 0} with step size |A.
Let £,(G,,) be the Hilbert space of real-valued functions ¢ on Gy, such that

181, G,y = 12l > 160 < oo.

)CEG},
We approximate the operators £ and N¢ by
d
L) = D al()61,6-,;9(x) and N"¢(x) = Z T (X)0i(x),
i, j=0

respectively. In order to approximate /, we approximate /s and Is separately. For each
k € NU {0} and h # 0, define the rectangles in R?

W " "
AZ—(k|h|——, il + ] y (k|h|——, Sl + ]
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where zi, i € {1, ..., d}, are the coordinates of z; € Z¢, and set
Bl :=Aln{lzl <8}, Bl :=Aln{lz> ).

We approximate /5 by

) d
ITOEDY [<¢<x +hz) = $CN Tuk = ) | éz,k6?¢<x)),
k=0 i=1
where

O i=mi(B)) and &, ::f 7'm(dz).

Bin{lz1<1)

We continue with the approximation of the operator /5. By (2.4), for all x € G,

00 1 d
Isp(x) = Z f f Z 7'770;;¢(x + 62)(1 — 0)dén(dz),
=0 VB Jo

ij=1

where there are only a finite number of non-zero terms in the infinite sum over k. The closest
point in Gy, to any point z € B! is clearly hz;. This simple observation leads us to the
following (intermediate) approximation of I5¢(x):

9 1 d
Zf Z f 7'7m1(dz2)0;¢(x + 6hz)(1 — 6)d6.
k=0 /0 B;

i,j=1 k

However, in order to ensure that our approximation is well-defined for functions ¢ € £,(G)),
we need to approximate the integral over 6 € [0, 1]. Fix k € Ny and 2 # 0. Consider the
directed line segment {6hz; : 6 € [0, 1]} extending from the origin to the point hz; € R?. Tt
is clear that this line segment intersects a unique finite sequence of rectangles from the set
{Ag},;eNO. Denote the number of rectangles by y(h, k). Since the line’s start point is the origin,
the first rectangle it intersects is A" and since the line’s endpoint is hz;, the last rectangle
it intersects is AZ, the center of which is the point hz,. If y(h,k) > 2, then in between
these two rectangles, the line segment intersects y(h, k) — 2 additional rectangles from the
set {Ag},—cd\l0 — {Al, A"}. Denote the indices of these rectangles by /", 1 € {2, ..., x(h, k) — 1},

and set r}f’k = ( and rﬁ(’; o = ki that is, {6hz;;60 € [0, 1]} € U)f:(}l“k)Ahh’k. Corresponding to the
£ rl

set of rectangles {A", ' is a partition 0 = ¢/ < ... < ¢"*
rl’ -

x(hk)
such that for each [ € {1, ..., xy(h,k)} and 8 € (9;1;"1, 0;1’k), Ohz; € Ahh’k. Since the diagonal of a
T

= 1 of the interval [0, 1]

d-dimensional hypercube with side length |i| has length Vdh, for each k € Ny, z € BZ, and
lefl,...,x(hk)},

|6z — thlh,k| < |0z — 6hz| + |0hz; — th;Llcl < Vdin, (2.10)
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for all 6 € (6%, 6/"). Set

ehk
&= f Z7midz), O = f (1 - 6)do
' Bl o

-1
and define the operator

oo x(hk)

LI Z Ex0ni6-1 @6 + Do),

k=0 I=1 i,j=1

where there are only a finite number of non-zero terms in the infinite sum over k. Set I" =
I + I and introduce the martingales

e f f dqdi,dz), ™ = q(BL.10, ).
10,] Bh

Moreover, set

gt =t -

I+1

k
.

Let 7 > 1 be an integer and set 7 = 7/7 and t, = nt fori € {0,1,...,7}. For any
F-martingale (p,),<r, we use the notation Ap,., := p, ., — p,,. Define recursively the £,(Gy)-
valued random variables (ﬁz’T)nTzo by

() =0T () + (L), + T () + £, (0) T+ Z(N,ﬁ’j 87 () + g (xX)Aw?

oo d (xhk)
DIPN DI AT AAC R hk)] Ap,* + f 01, (% )G (Mt-1, 1], d2)
k=0 i=1 \ [=1 R
# (@7, (4 bz - 2T, (0) AR, ne (1, T, (2.11)

with initial condition
iyt (x) = (x), x€ Gy,

It is clear that & Ah " is F, -measurable for every n € {0, 1, ..., 7 }. Define the operators

d

L = Za’éh, e = mld > ohg - f Im(d2)ole

i,j=0 i—1 Yo<l<l1

and

g =) o+ ha)l
k=0
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and note that £ + I + I; = L + I". On G,,, we also consider the following implicit-explicit
discretization scheme of (2.3):

vh‘r(x) Ath(x)-l-((Lh +Ih)f\h‘r(x)+1h th(x)+ﬁn(x))

1, Z(Nf’?fj 00 + gh (DA

d (x(hk)
+1,. 4”‘5 ,“”(x+hzhk) Aplki 4 f 0, (%, 2)q(1tuor, 1], d2)
+1,0, Z (f/ﬁfl(x Fhz) =T () AP, nedl,... T, (2.12)

k=0

with initial condition

PT(x) = @(x), x € Gy,

where 1,.; = 0ifn =1and 1,.,; = 1if n > 2. A solution (Ah T)MO of (2.12) is understood
as a sequence of ¢,(G;)-valued random variables such that ¥ A}” is F, -measurable for every
ne{0,1,..., M} and satisfies (2.3).

Remark 2.3. Under Assumptions 2.2 and 2.3, for m > 2 + d/2, by virtue of the embedding
H"% < £,(G"), the free-terms f, g, and o(z) are continuous &,(G") valued processes, and
consequently the above schemes make sense. Moreover, for 0 < |h| < 1, there is a constant
N independent of / such that -

¢l 6ry < Nll@lln—2- (2.13)
Assumption 2.5. The parameters 4 # 0 and 7 are such that
T % —¢6(0)
JE— < —2,
R QI+ 61(6))
where I := (supt’x,w ij:l |cz"j()c)|2)l/2

The following are our main theorems.

(2.14)

Theorem 2.3. Let Assumptions 2.1 through 2.4 hold with m > 2 + % and let Assumption 2.5
hold. Let u be the solution of (2. 3) and let (itﬁ T) be defined by (2.11). Then there is a
constant N = N(d,m,», K, T,C, A, K ,0) such thatfor any real number h with 0 < |h| < 1,
/\hT ~Ah,T112 2
E max sup lu, (x) - P + E max [, = 7, < N (1P + 7).
Theorem 2.4. Let Assumptions 2.1 through 2.4 hold with m > 2 + %’ and let u be a solution
of (2.3). There exists a constant R = R(d, m,x, K, 8) such that if T > R, then there exists a
unique solution (\72” of (2.12) and a constant N = N(d,m,», K, T, C, A, K ,0) such that

n=0
for any real number h with 0 < |h| < 1,

E max sup |u, (x) — ?*7(x)]* + E max |ju, — ?"7|? SN(h2+T).
g sup i, () = 917COF + B ma. s, = 71, < N (1
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3 Numerical Simulation

Let us consider finite difference approximations of the following SIDE on [0, T] X R:
2

_ 2 _
du(x) = ((% + %)a%uxx) ¥ f (uy(x + 2) = (%) — s (V))n(dz) | de
R

+ 020 1u,(x)dw, + f (u(x + z) — u(x)) q(dt, dz),

R
1 x?
up(x) = exp (—T), (3.15)
’ V215 10

where n1(dz) = c_exp(—£-2) lzlflfi_l(_w,o)(z) + ¢y exp (—f42) lzlflfzml(o,w)(z). It is easily verified
that for (¢, x) € [0, T] X R,

vi(x) =

1 ( x? )
r——\ Ol Ry ey —
Jr@o2van  \T@G+20)

1 1 x?
dvi(x) = Talvt(x)dt’ vo(x) = oy P\~ 5252 )
JTTO

170

solves

Moreover, applying It6’s formula, we find that

u(x) = v, (x + 0w, + fzq(dt, dz)) (3.16)
R

solves (3.15). Thus, we can compare our finite difference approximations with (3.16).
In our numerical simulations, we used MATLAB 2013a and made the following param-
eter specification:

0"1:%, 0"2:%, 5'0:%, c.=cy=1, B-=p,=1, a_=a,=11, T=1.
We also made a few practical simplifications. Both the explicit and implicit-explicit approx-
imations were assumed to take the value zero on (—oo, 8] U [8, 00). We also restricted the
support of m(dz) to [-3,3]. We would like to investigate the associated error with these re-
ductions in the future. We also mention that a good heuristic is to choose the size of domain
and terminal time 7 according to the exit time of the diffusion associated with the drift of the
SIDE. In fact, it is more than a heuristic and we aim to address this in a future work.

In our simulation, we took 6 = 7. It follows that k = &2 = 1 and

0 5
§(0) =c- f exp(_:B—Z)Zl_aidZ +Cy f exp(—,8+z)zl‘“+dz +7z
0 0
= Y2 = 0, B0) + ¢SV - @, i) & 0.0082,
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where y(n, z) denotes the lower incomplete gamma function. Thus, the right-hand-side of
(2.14) is approximately 1.0559, and hence we can always set T = h%. The quantities /}} ko O
and & ,11’,{ can all be calculated using MATLAB’s built-in upper and lower incomplete gamma
functions, or by implementing an appropriate numerical integration procedure. The calcula-
tion of 0? k 6'5’ k and Gh k are all straightforward in one-dimension. Some more thought would
need to spent on how to calculate these quantities in higher dimensions. Of course as an
alternative, one could set 6 = %, but then the schemes are not guaranteed to converge as h
tends to zero. This is the drawback of taking ¢ = % and not including the additional terms
in I5 (see the paragraph at the bottom of page 1620 in [2]). It does seem that the method
we propose to discretise /s is novel in this respect. In our error analysis, we have considered
he{272,273,274275,27% 277 and 7 = K.

The term

(u(x + 2) — u(x)) m(dz)
z]>6

in the drift of (3.15) can be cancelled with the compensator of the compensated Poisson
random measure term. We get a similar cancellation in the corresponding finite difference
equations, and thus we can replace ﬁi” = q(Bk, 1t,, t,01]) with p Ahk = p(E’Z, 1t,, toe1]) in the
explicit (2.11) and implicit-explicit (2.12) scheme.

In order to simulate

_ f f 2t dz). P = pOBL Vi),
][ntn+l]

for the finest time step size 7 = 274, we used the algorithm discussed in Section 4 of [19].
In this algorithm, a parameter € is chosen for which the process ApY = f]o q flz <e zq(dt, dz)

is approximated by a Wiener process with infinitesimal variance flz <e Z*n(dz). We chose the

parameter € = 278, which is one-half times the smallest step size 4 under consideration in our
error analysis. The process f 01 f e zq(dt,dz) = f]o q f|z e zp(dt, dz) (we have used symmetry
of the measure n(dz))) is a compound Poisson process with jump intensity

3
A= Zf n(dz) = 68.9676
and jump-size density

f(Z) c_exp(—B-2) ——1(32-%)(2) + ¢, exp (—=B+2) ———1p-53(2) |-

| |l+a | |l+a

The underlying Poisson process was simulated using MATLAB’s built-in Poisson random
variable generator; of course there are other simple methods that one can use as an alternative
(e.g. exponential times or uniform times for fixed number of jumps). We sampled random
variables from the density f by sampling the positive and negative parts separately and using
an acceptance-rejection algorithm with a Pareto random variable. We refer to [19] for more
details. Once we simulated the point process on [0, T] X [-3, —€] U [€, 3], we then computed
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f]o q flz e zp(dt, dz). In order to compute ﬁf’k = p(B", It,, t,41]), we ran a histogram with the
intervals B!
The quantity Ap™* = f ol th zq(dt,dz) is zero for k # 0 when h < § (for h €
n+ k

1w,

{272,273,274,27)) since B! = 0 fork # 0 when h < . For h € {27,277}, Ap)* is

non-zero for k € {~1,0,1}. A similar analysis holds for the quantity £,}. As mentioned

above, we set p"° equal to the Wiener process approximating the small jumps. To compute

f]tmtm] y zq(dt,dz) for k € {~1,1} in the case h € {27°,277}, we summed the jump sizes in

their respective bins and compensated. To obtain the above quantities for coarser time step

sizes, we cumulatively summed the finer increments and took the union of jump sizes.
Lastly, we made use of the Fast Fourier Transform to compute terms of the form

> o(x+ ha)Apl,
k=0

which would be quite computationally expensive otherwise. In our error analysis, we ran
3000 simulations of the explicit and implicit-explicit schemes on 30 CPUs and computed the
following errors:

3000 1 3000
— 2 _ A ST112
3000 Z [max fpr g, (x) = T ()P, 3000 Z max ||utn 812 G,

3000 1 3000
— 2 -
3000 Z mmax sup lu, (x) = 5P, 4 3505 ; ma =9Il g,

xEG

By our main theorems and the relation T = h?, these errors should proportional to & (i.e.
O(h)). This is precisely what we observe in Figure 1. The slight bump down at the finest two
spatial step-sizes h € {279,277} is most likely due to the increase in the number of terms in
the approximation of /7 (three to be precise) and the analogous small jump term in the noise.

4 Auxiliary results
In this section, we present some results that will be needed for the proof of Theorems 2.3
and 2.4. Introduce the operators

x(hk) d

v h(Z)(ﬁ(x) = Z IBh(Z) Z Z 9]1 kZl511,¢(x + hz hk)

=1 i=1

"M ()p(x) 1= Z 13 ()(G(x + hzy) = $(x),
TH0) = TH00) + ™),
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Rate of convergence (3000 simulations)
1 T T

log,(error(h))
s
wn
T

© 3 .
\/30‘00 S0 maxogner SUP, e, Iy, (x) = @ (O ||
1 03000 P
+ \/]()!}0 Dot Maxosnsr g, = N7 )
3 | 3000 . T
x \/]()!}0 Zopet MaXo<n<r SUP,eg, g, (X) = 7 (0P

P 3000 it
L & \/% S maxosner llus, = 71, G, *
‘ — Line of slope 1

_ ‘ ‘ ‘ ‘ [ [
6 7 -6 5 4 3 2

log,(h = 7°)

Figure 1: Simulated errors with respect to the space discretization and a line as reference
slope on a log, scale.

Consider the following explicit and implicit-explicit schemes in H:

()

ht _ hT h hy. bt oh  hrt 0

W =l (L + T+ )T+ D NS+ gl AW
o=1

+ f (I"@u)™, + 0,,@) q(dz. ey 1)), n€ {1, T, 4.17)
RY

and
(o)
h, ~ X Th _h, sh h,
VZ,T :vn_T1 + ((.[:Z + Ig)va + Ithn_T1 + f,n)T + 1,51 Z /Vtiilvn_T1 + giil)Awﬁ
o=1

+ 1n>l f (Ih(Z)szl + Otn_l(Z)) Q(dZ, ]tn—l’ tn])a ne {1’ oo 97-}9 (418)
Rd
with initial condition
ug’T(x) = vg’T(x) = p(x), xeR.

We now prove some lemmas that will help us to establish the consistency of our approxima-
tions. The following lemma is well-known and we omit the proof (see, e.g., [10]).

Lemma 4.1. For each integer m > 0, there is a constant N = N(d,m) such that for all
u€ H™? andv € H™,

1
||6h,iu - aiMHm < §|h||lu|lm+2’
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168,:6-n,jv = 0ijVllm < NIVl

Lemma 4.2. For each integer m > 0, there is a constant
N = N(d, m, 5) such that for all u € H™, we have

17w = " ullyy < Nihllells3- (4.19)

Proof. It suffices to show (4.19) for u € C=(R?). We begin with m = 0. A simple calculation
shows that

(9]

1 d
Leu(x) — Iu(x) = Z f f Z(zf — hzl)Au(x + hzy + 0(z — hz)dom (dz)
=0 VB i

Z Z 2@u(x) = 6fu(0)m (d2).
k=0 ﬂ {lz1<1} 527
By Minkowski’s inequality, we get
) d
Mo =Tl < ) | D5 ! = heyllowullom (@2)
=0 Y By =1
S d
- Z Z (2 M1ie(x) = SluCllomi(dz) < Nihllulls + N Z 18;ux) = 6u(0)lo,
im0 Y BINllEI<1) 1o =1

since |z — hzi| < |h| Vd/2 and (2.6) holds. Thus, by Lemma 4.1, we have
5w = Iieullo < NI |lulls. (4.20)

We also have
LIsu(x) — Igu(x) =

x(h.k)
f f Z Z z’ G,Ju(x +62) — 6p;0_p ju(x + hz hk)) (1 — 0)dor,(dz). 4.21)

k=0 kll /e i,j=1
Note that

0;ju(x + 60z) — 65,0 ju(x + thlh,k)

= 0;ju(x + 0z) — O;ju(x + thlh,k) + 0;ju(x + hzr;i.k) — 0p,i0—p,ju(x + hzr;i.k)

1 d
= f Z (QZ‘I - hzq/,,k) 0,0;u (x + hzr;i.k + p(0z — th;i.k)) dp
(— "1

+(9iju(x + thgz,k) - (5;,’,'5_}1’1'14()(7 + thiz,k).
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By (2.10), we have |0z7 — hz hkl < NJh|. Hence, substituting the above relation in (4.21), using

Minkowski’s inequality, (2. 5) and Lemma 4.1, we obtain
st = Lullo < |RIN]Julls. (4.22)

Combining (4.20) and (4.22), we have (4.19) for m = 0. The case m > 0 follows from the
case m = (0, since for a multi-index vy, we have

& (Iu - 1"u) = 107u - "0 u.
O

Lemma 4.3. For each integer m > 0, there is a constant N = N(d,m, ), such that for all
u € H™?, we have

f 17" (2 — IT(2)ullym2(dz) < NIAP|lull;, . (4.23)
Proof. Tt suffices to prove the lemma for u € C2(RY) and m = 0. We have

I°@Qu(x) = " (Qu(x) =

Hhk d

X (h.k)
Z 1,(2) Z f Z Z(Oiu(x + 02) = Sy u(x + hz,p))do.

Notice that

Oiu(x + 02) — op u(x + hzr?,k) = f Z 0iju(x + p(6z — hz hk))(Hz — h7! ,,k)dp

Otjl

+0;u(x + hzr;i.k) — Opu(x + hzr;i.k).
Thus, by Remark 2.10 and Lemma 4.1, we get
17" (2)u — T°(@ully < Leslz>NIAP | ull3,

and hence by (2.5), we obtain
f 17" (2)u — T°(2)ullgma(dz) < NP ull;. (4.24)
R4

We also have

177 @u0) = I (@u(ol = ) 1gp@luCx + 2) = ulx + hzy)
k=0

<> 1p@ f Z Biu(x + hzi + p(z = ha)I2' = hajldp.
k=0
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Consequently, : :
”1'5 ;h(Z)u _ I6 (Z)M“% < 1|Z|>5N|h|2||u”2’

which implies by (2.6) that

1 177" (2)u = I (2ullgra(dz) < NIBP(lull}. (4.25)
R¢

Combining (4.25) and (4.24), we have (4.23) for m = 0. The case m > 0 follows from the
case m = 0, since for a multi-index vy, we have

O Tu—-T"w)=10"u—-I1"0"u.
O

Lemma 4.4. If Assumption 2.1 holds for some m > 0, then for any € € (0, 1) there exists
constants Ny = Ni(d,m,x, K, 6, €) and N, = N,(d,m, x, K, 6, €) such that for any u € H",

G0 1= 2 Ly + INFUE, + 20 P+ [ N @l
R

d
< =(x = ¢(0) —€) Z 16n, a2, + N llully, (4.26)

i=1

and

d
(1, Ll + (0, L)y < =06 = 61(8) = ) D 5null, + Nallul}- (4.27)
i=1

Proof. By virtue of Lemma 3.1 and Theorem 3.2 in [10], under Assumption 2.1, there is a
constant N = N(d, m, ») such that for any u € H" and € > 0,

d
20, Liw)y + INTully, ) < =(¢ = €) Z [16n,itely, + Nllull5,-

m,ly —
i=1

Therefore, it suffices to show that there is a constant N = N(5) such that for all u € C®(RY),

d
2(u, ")y + f 17" @)ull;ma(dz) < 6(6) Z \16nitelly, + Nllull,- (4.28)
R? i=1

We start with m = 0. Since

xhk)y d

Ih = gl ]f iO_p. i hz n,
(u, I"u), ; fB h Z Zef =N Snidn ju(x + 2 yu(x)dxm (d2)

v =1 ij=1

and
f Op,iO—p, ju(x + thlh,k)M(X)dX = - f Opiu(x + thlh,k)(Sh’ u(x)dx,
Rd Ra’
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by Holder’s inequality, we get

d d
2m&msf|mmmzmmm=m&ZMwﬁ
|zl<6 i=1 i=1

In addition, owing to Holder’s inequality and (2.9), we have

19

00 d
2u, L = ) f fR (u(x +hz) = ux) = 1) ). z"(sf.'u(x)) u(x)dxm;(dz) < 0.
k=0 VB JR! i=1

By Minkowski’s inequality, we have

oo d o
I @ul < )" 1@l ) Ionally and 117" @ul < 4> 1 ()lull
k=0 i=1 k=0

and hence

d
fl 17" (2)ullgma(dz) < 62(6) Z l16n,ullg + 41 ({lz] > SHllull,
R i=1

which proves (4.28) for m = 0. The case m > 0 follows by replacing u with 8”u for |y| < m.

This proves (4.26), which implies (4.27).

O

Remark 4.1. It follows that for m > 0, there is a constant N5 = N5(d, m, K, 6) such that for

any u € H",

d
INTull;, ., + fd 177 (2)ull3 m2(dz) < N Z 6.l
R i=0

4d
Lemma 4.5. Foranym > 0 and u € H",
M), < 71 ({lz) > S>3 lull?.

Moreover, if Assumption 2.1 holds for some m > 0, then for any € > 0 and u € H™,

RN 1
Mﬁ+ﬁM@SU+@¢%§]WW%+N4I+E%M@
i=1

where )

N3 =

d 1/2
z&wiﬂﬂmj-mwﬂ

tx,w i=1

and Ny is a constant depending only on d, m, K, 6, and €.

(4.29)

(4.30)

(4.31)

(4.32)
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Proof. 1t suffices to prove the lemma for u € C;"’(Rd). It follows that

oo x(hk d d
(L' + IMu(x) = Z Z Z Zy1 OO 6 4 jux + hz ) + Z a6,:6_y ju(x)
k=0 I=1 =1 i,j=0
Y ioz j=0
where 7}, (x) := 7, for k # 0 and £/, ((x) := ¢ + 2a'(x) (recall that & = 1 and x(h,0) =
1). Moreover, for each multi-index y with 1 < Iyl <m,
00 x(hk d
L+ D) = Z Z & (00136 1,0 u(x + hz, )
k=0 I[=1 ]:
+ > NGBy Z (074 (%)) 84461, ;0 u(x)
{B:B<y1 i,j=1
d s
+ NGy Y ((07Pal (%)) 86,0 u(0)
18 B=y) i,j=0
ior j=0

=1 (A1(y) + Ax(y) + As(Y))u(x),

where N(B, y) are constants depending only on 8 and y. By Young’s inequality and Jensen’s
inequality, for any € € (0, 1), we have

Ly + Ml < (1 + ©) D 1Al
lyl<m
+3 (1 + l)
€

Applying Minkowski’s inequality and the Cauchy-Bunyakovsky-Schwarz inequality and

noting that Y77/ b g = 1and

" (Maully + 145 ulf) + Il |

lyl<m

2 ,
164, ully < leﬁgullo; Vie{0,1....d}, V|Bl =

we obtain
00 )((hk) , 12 0 4 ) 1/2
A yully < (supZ| () ] (Z Hah,ia_h,juc + hz ) ]
k=0 I[=1 i,j=1 i,j=1 mn
1/2
Vd ¢
< 7; sup D Znah,ayuuo
= o A2
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and
o d 1/2 d N 1/2
Z(sup2|2,’,{k<x)|2] :[supZ f d2im (dz) + 2a7 (x) ]
k=0 \I"@ {771 1w 571 1V By
- ( d 212 J 112
+Z[Z f zfzwdz)] <2 supZm;f(x)P] +6(0).
=1 \ij=1 VB |
Thus,

d
Nid

2 3 2

E 1A (Y)ully < e ;:1 O, iull;,,-

lyl<m

Another application of the Cauchy-Bunyakovsky-Schwarz inequality and
Minkowski’s inequality, combined with the inequalities

16,0 ully < 10,0°ully Vie{0,1...,d}, VIBl<m-—1,
161,:6-,;0ullo < 16;;0%ullo, Vi, j€(1,....d}, Y|Bl <m-—2,

and
2 -
164i6-n,; P ully < EHéh,iuHm, Vii,jel{l,....d}, VYBl=m-1,
yields

1
> (aull + 141 < N(l + ﬁ) I,

lyl<m

By Minkowski’s integral inequality, we have

S d
15l < fR Dl 4 ha) —u= 1@ ) Sl (da)
k=0 i=1

h

2d J; < elmi(dz)
< 3|m{lzl > 6h) + - 167 ullo.-

It is also easy to see that (4.31) holds. Combining above inequalities, we obtain (4.32). O
The following theorem establishes the stability of the explicit approximate scheme (4.17).

Theorem 4.6. Let Assumption 2.1 hold with m > 0 and Assumption 2.5 hold. Let F' € H™
forief0,...,d}, G e H"({,), and R € H"(r,). Consider the following scheme in H™:

d
wht = )T+ f ((Lﬁ’n_l T+ SF ﬁ) dr + f (NE T, + GY) dwf
Jtn-1,tn] i=0 Jtn-1,ta]

+ f f (I"@ul", + Ri@) gldt dz), nefl,....,T),
]tnflatn] R
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for any H™—valued Fy—measurable initial condition ¢. If El|lg||?, < oo, then there is a
constant N = N(d,m,x», K, T, 6) such that

T d
hrp2 ho 2 2
E max ||, "|[;, + E E T E 102,715, < NE[lell;,
0<n<T e pars

T d
+NE f (D NEIE +1GR, + f R ma(d2))dr. (4.33)

Proof. If E|j¢|2, < oo, then proceeding by induction on n and using Young’s and Jensen’s
inequality, It0’s isometry, (4.32), and (4.30), we get that forall n € {0, 1,...,7}, E||uﬁ’7||fn <
oco. Applying the identity ||y|%, — [|x[[>, = 2(x,y — X),, + |ly — x|I%, x,y € H™, for each n €
{1,...,9}, we obtain

6
B2IR, = IR, + D T, (4.34)
i=1
where
Iy(t,) = 20T (L0 + 1)l ), + eI,
d
L(t,) = 2[ (MZ_T  OniF D,
][rl—lstn] ; : t
4 2
Lt = |lr (L0 + 1) ulT + f SniFidt|
( In-1 ) 1 ]tnl,tn]; t .
Li(ty) =2 f (w7, NER AT, + GF) dwf,
Jta-1,ta] "
I5(t,) = 2f f (uﬁfl,fh(z)uz’fl + Rt(z)) q(dt, dz),
Jta-1,ta] R4 "
d
Ig(t,) =2 (T(LZ_] + [h)qul, n(tn))m +2 [f Z 5h,iF;dl‘, U(fn)) ,
]tnflatn] i=0 m
and where

n(t,) := f (Nfﬁ Ut + Gf) dw? +f
]tn—lsln]

]tn—lsln

f (I, + R(2)) q(dt, dz).
1 JR?
By virtue of Assumption 2.5, we fix § > 0 and € > 0 small enough such that

—_ - T -
q::%—g(6)—6—(1+6)(1+(])N3dﬁ—q>0’
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where N; is the constant in (4.5). Since the two stochastic integrals that define 7 are orthog-
onal square-integrable martingales, by Young’s inequality and (4.29), for all q > 0,

d
Elln(t)IE, < BNl |2, + Et f T @l |Ba(dz) + aBr Y (164,51,
i=0

N
+(1+—5)E [ (nc,n;fﬁ [ ||Rt<z>||3nnz<dz>)dr. (4.35)
q ]tn lln] Rd

Thus, taking g = 3 in (4.35), we have

t11

3N
+ (1 + Ts)Ef (”Gt”m 6 f ”Rt(Z)Hgﬂfz(dZ)) dt
q Ttn-1,tn] R?

Using (2.8) and Young’s inequality, we obtain

- d
EI(t,) < BTG (") + %ETZ 16,142

d
ED(t,) < ETZII% W+ °E f D IFRdr.
1tu-1.ta] i=0

An application of Young’s inequality and (4.32) yields

d
o o T . N .
EL(t) < (1 + 1 + DNadsEr 3 1815, + (1 + DNs (7 + 5 Eelll |
i=1

1 4dr &
0112 112
Hd+1) (1 + E)E L_IM [THFt I+ =5 Z: ||Ft||m)dt.

Making use of the estimate (4.30) and noting that Elluﬁ’Tll2 < o0, G € H"({,), and R €
H"(m,), we obtain El4(t,) = El5(t,) = 0. Moreover, as (L + Ih)u is F,_,-measurable
and E(n(t,)|F;,_,) = 0, the expectation of first term in Ié(t,,) 1s Zero, and hence by Young’s
inequality, for any q; > 0,

d 2

f > GniFidr
][n—l stn] i=0

Moreover, by Jensen’s inequality, (4.35), and (4.29), for any q; > O and q > 0,

1
Els(1,) < aElln@t)I? + o E
1

m

Els(t,) < (a1 + Clle)ETZ o2, 12,
i=0

d+r 4d(d + 1)‘[‘
+E f [ IR+ = Z IF; ||,,,)
]tnflatn] 1

N.
+q1(1+—5)E f (||G,||m€2 f ||Rz(Z)||,2n7T2(dZ))df-
q ]tnflstn] Rd
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We choose q and q; such that q;q + q; N5 < /3. Thus, owing to (4.26), we have

d
EGY )+ (34 (1+ 1 + DN | Ex Y 10,805,
i=1

d
< =BT ) 110007, 11, + N Bl 12,
i=1
Taking the expectation of both sides of (4.34), summing-up, and combining the above in-
equalities and identities, we find that there is a constant N = N(d, m, %, K, ¢) such that for all
ne{0,1,....,7},

>y e T C n,T
Ell:"I, < Ellgl?, - qEZ Znéh,u U (N (L N (7 ) E D Al

=1
+N T+— f ||F|| dt + NE
MZ :

Therefore, by discrete Gronwall’s inequality, there is a constant N = N(d, m, %, K, T, §) such
that

(IIthlfn,ezJr f lllRt(Z)Hg;ﬂZ(dZ))dt-
R¢

10,71

Ellu;"|I;

n d
2+ E Y T o I < NE|gl,

=0 i=0

+NEf (zlllFll2 + Gz, f IIRt(z)IIfnﬂz(dz))dt. (4.36)
10.,T] RY

Now that we have proved (4.36), we will show (4.33). Estimating as we did above, we get
that there is a constant NV such that

7-1 d
E max Z(h(n) + I + L) + I(t) < NE )7 3" (16,2411,
=0 i=0

+NE f [ZIIFH2 +1Gill;,.., + f 1||Rt(z)||ﬁln2(dz)]dt,
OT] R¢

Applying the Burkholder-Davis-Gundy inequality and Young’s inequality, we obtain

1/2

E max Z Is(t) < 6E

0<n<T

f f u,_ l’jh(z)” +Rt(Z)) my(dz)dt
=1 Y ltn-1.0]

1 T -1
< JE max ||uhT||§1+N[EZTE||6h,u ||§1+EIZTE||M ||§1)

<n<
=0

+NE f IR,(2)II2 72 (dz)d.
10,T] R4
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We can estimate E maxo<,<7 2, I4(#;) in similar way. Combining the above E maxo<,<7-
estimates and (4.36), we obtain (4.33). O

The following theorem establishes the existence and uniqueness of a solution to (4.18) and
the stability of the implicit-explicit approximation scheme.

Theorem 4.7. Let Assumption 2.1 hold withm > 0. Let F' € H" fori € {0, ...,d}, G € H"({,)
and R € H"(rry). Then there exists a constant R = R(d, m, x, K, 8) such that if T~ > R, then
for any h # 0, there exists a unique H"-valued solution (th 7 0o

d
ht _ _h, h hy ., h h,
VnT = vn—Tl + f ((.[, + 1 )v T+ 6CV T + Zéh’iF; dt
]tnflstn] i=0

[ (N G
Jtn-1,t]

f f Lo I, + R(2) q(dt, d), (4.37)
]trz 1 trz d
forn € {1,...,7}, for any H"—valued .#y—measurable initial condition ¢. Moreover, if

E||<p|||,2n < oo, then there is a constant N = N(d,m,», K, T, d) such that

T d
h‘r 2
Eorglzi){(rﬂv +EZTZ||5;” < NEll¢ll,,

T( d
+NE f [ZIIFill,znﬂthllﬁﬁ f 1||Rt<z>||%1nz<dz>Jdr. (4.38)
0 l':O R‘

Proof. Foreachn e {l,...,7}, we write (4.37) as
DpT = i,
where D,, is the operator defined by
Dyp:=¢—1(Ll+1})¢

and

Vpoi 1= szl +f (Ih h.t +Z6’“ )dt+f (1,,>1/\/f’hl ZTl +G9)dw§’
Jtn-1,t0] Ttn-1,tn]

+ f f (A "V, + Ri(D)) g(dt, d2).
]tnflstn] R

Fix € and & in (0, 1) such that

q, =%—¢61(0)—¢ >0.
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and
g, =% —¢6(0)—€ >0.

Owing to Lemma 4.5, there is a constant N = N(d, m, K, 6) such that for all ¢ € H",

1 1
ID,¢ll;, < N (1 +7° (ﬁ + ﬁ)) lIpII2. (4.39)

Assume 7 > TN,. By (4.27), for all ¢ € H", we have

d
@, Dad)n = (1 =TNNBI, + G ) 1610l = (1 = TN (4.40)
i=1

Using Jensen’s inequality and (4.31), we get

d 2

207 ;
Ivolly, < 5 (1 + mi(llel > 607 gl + =~ L | D IFRde+5
il =0

f f R/(2)q(dt, dz)
10,11 JRY

Since ¢ € H™, F' € H", i € {0,1,...,d}, G € H"({,), and R € H"(r,), it follows that
yo € H™. By (4.39), and (4.40), owing to Proposition 3.4 in [12] (p = 2), there exists a
unique v}l”T in H™ such that Dlvlf’T = 9, and moreover

f Godn?
10,71]

2
. (4.41)

m

+5

Iyoll2

T2 <1+

(4.42)

Proceeding by induction on n € {1,...,7}, one can show that there exists a unique vﬁ’T in
H" such that D,v"" = y,_,, and moreover

2
AR < 1 4 2t (4.43)

TR A

Assume that E||<p||,2n < 0. By (4.41) and (4.42) and the fact that f' € H", i € {0,1,...,d},
g € H"({,), and r € H"(v), it follows that Ellvi”Tllfn < oo. By Jensen’s inequality, (4.31), and
(4.30), we have

1
Elly,illy, < 7N(1 +m({lzl > 67 + 1n>1T(1 + ﬁ)) EIV,T I,

d

28T -
+?Ef Z ||F;||,2ndt + 7Ef IIG,IIi’[zdt + 7Ef IIRt(z)Ilﬁlﬂz(dz)dt. (4.44)
1041 “5 10,11 10,41 JRY

Proceeding by induction on n and combining (4.43) and (4.44), we obtain

EV);, <0, Yne{0,1,...,7}. (4.45)

m
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Applying the identity [|y[[%, — [|x]2, = 2(x,y = X)n +|ly = x|2, x,y € H", foranyn € {1,..., T},

m?

we have
VTR, = I 2 + Zl(m)
where
I(t) 1= 2007, (L0 + L) Vi + 2007 T ) + i)
d
Il(tn) = zf Z(uz,‘r’ 6h,iF§)mdt,
]tn ltn] i=0
2
Lty) := = ||v (L8 + 1) Vi + f oniFidt| + || vt || T
( Z o] || Lm
Ly(t,) == 2f (VT L NERT 4 GQ) dw?,
Jta-1,ta]
I5(t,) :=2 f f (Vi L @7, + Ri(2)) q(dt, d),
]tn 1 tn] R4
Is(ty) =TTy mi)
and where

n(t,) = f (Lt NER T+ GY) dn? + f f (L1 " @V, + Ri(2)) qldt, d2).
Jtn-1,ta] Jtn-1,tn] R?

As in the proof Theorem 4.6, by Young’s inequality, (4.26), and (4.31), we have
n d
EIVI2 < (1 + 2m({lel > oD Bl = G > ) llony I

+E ) (N2 +2m({ld > 6) + 7ma(llzl > 1) Iy,

+NE [ZIIFII dt +\Gilly, ¢, + fIIR (Z)||m7T2(dZ)J
10.4,]

Set
Z = N, + 2m({lz] > 6}),

2
R = max[ 2m ({lz] > o)) , Nz) T.
NZ2 +4m (ol > 62 - Z

Assume 7 > R. Making use of (4.45) and applying discrete Gronwall’s lemma, we get that
there exist a constant N(d, m, K, %, T, 6) such that

n d
h,T((2 h,T)12 2
ElvyIl, + E Y7 ) 167715, < NEllr,

=1 i=0




Proof of the main results 28

d
+NE [Z VEIE, + Gl + f IIRt(Z)IIfnﬂz(dz)) dt. (4.46)
10,71 \“S5 R?
Using (4.31) instead of (4.32), we obtain (4.38) from (4.46) in the same manner as Theorem
4.6. Note that no bound on 7/Ah? is needed in this case. O

5 Proof of the main results

Proof of Theorem 2.1. By virtue of Theorems 2.9, 2.10, and 4.1 in [6], in order to obtain the
existence, uniqueness, regularity, and the estimate (2.7), we only need to show that (2.3) may
be realized as an abstract stochastic evolution equation in a Gelfand triple and that the growth
condition and coercivity condition are satisfied. Indeed, since (2.3) is a linear equation, the
hemicontinuity condition is immediate and monotonicity follows directly from the coercivity
condition. By Holder’s inequality and Assumption 2.1(i), for u,v € H', we have

d d
Z (aju, (va_iaij + a’ja_,-v))0 + f (u(- +2)—u— 1110z Z zjaju, v| m(dz)

lzI>6 j=1 0

i.j=0
1 d
o [ Y (ot +00.20) (1 - 0domd2) < Mo
|zl<6 JO

i.j=1

Therefore, since the pairing [, -]o brings (H')* and H™! into isomorphism, for each (w, t) €
[0, T] x Q, there exists a linear operator A, : H' — H7' such that [v, A,u], agrees with the
left-hand-side of the above inequality and for u,v € H', NAull—; < Nlull;. By Assumption
2.2, the operator A defined by A(u) = Au + f, maps H' to H! and for u € H', ||A,(w)||-; <
N(llully + [1£11-1)-

For an integer m > 1, with abuse of notation, we write
o = (1= A2 (1 = AY"4),.

and || - ||, for the corresponding norm in H™. It is well known that the above inner product
and norm are equivalent to the ones introduced in Section 1. For each m > 1 and for all
ue€ H" ' and v € H", we have (u,v),, < |[ullps1][VIlney. Since H™*! is dense in H"™!, we may
define the pairing [+, -],, : H™"' x H™! — R by [v,V'],, = lim,_e (v, v,),, for all v € H™*! and
v € H™ !, where Voo C H™" is such that ||v, = V'||,-; — 0 as n — oo. It can be shown
that the mapping from H™! to (H™*')* given by V' + [-,V'],, is an isometric isomorphism.
For more details, see [22]. Therefore, for all m > 0, (H™*', H™, H""") forms a Gelfand triple
with the pairing [, -],,..

For m > 1 and all u € H™"! and v € H™, using integration by parts, we get [v, A,(u)]y =
(L + Du+ f,v)g = [v, (L+1)u+ flo. Since this is true for all v € H™, which is dense in H',
the restriction of A to H"*! coincides with L + I + f. Moreover, it can easily be shown under
Assumptions 2.1(i) and 2.2 that for all m > 1 and u, v € H™', |A,(t)|ln-1 < Nllttllmsr +ILf 15



Proof of the main results 29

where N is a constant depending only on m,d, K, and v, which shows that A satisfies the

growth condition. For u € H™, m > 1, define BY(u) = bfdu + g7, B; = (Bf)g’:l, and

C.(u) = u(- +z) —u+042), z € R%. Owing to Assumption 2.1 (i), B, is an operator from H"*!
to H™({,). Furthermore, C is an operator from H™*! to L,(RY, m,(dz); H™) (see (5.48)). It is
also clear that A, B, and C are appropriately measurable. Thus, (2.3) may be realized as the
following stochastic evolution equation in the Gelfand triple (H™+', H™, H™!):

ut:u0+f As(us)ds+f Bﬁ(us)dwﬁ+f C.(us_)q(dz,ds), (5.47)
10.4] 10.4] 10.4]

forz € [0, T]. Let u € C®(RY). A simple calculation shows that there is a constant N = N(6)
such that

fd (- + 2) = ull3702(dz) < 2(Ouly,, + Nl (5.48)
R

Applying Holder’s inequality and the identity (u, 0;u) = 0, we obtain

d
f (u(' +2)—u—11(z) Z zjaju, u] m(dz) < 0.
I2l>6" )

m

By the Holder’s inequality and the Cauchy-Bunyakovsky-Schwarz inequality, we have
1 d
2 [ Y (ot + 0070 m), (1 - 0rdomaz) < OV
<o Jo 7o
There exists a constant € = €(x, 6) such that
qg:=x-¢)—€>0.

As in Theorem 4.1.2 in [22] and Lemma 4.4, using Holder’s and Young’s inequalities, the
above estimates, and Assumption 2.1, we find that for each € > 0, there is a constant N =
N(d,m,«k, K, T,5) such that for all (w,t) € Q x [0, T],

20u, A)]n + 1B}, o + f 1 IC 3, 7m2(dz) + Gy,
R¢
< N laally, + 1fillnr + Ngillme, + fd ||0t(z)||;%17r2(dz))-
R

Using the self-adjointness of (1 — A)!/2, the properties of the CBF [-, -],,, and Assumption
2.2, forallv e CZ?“(R") and u € H™', m > 1, we have

v, A = (L + Du, (1 = A)"v)o + (f, (1 = A)"v),. (5.49)

Owing to (5.49) and the denseness of (1 — A)™C(RY) in H!, from Theorems 2.9, 2.10, and
4.1 in [6], we obtain the existence and uniqueness of a solution u of (2.3), such that u is a
cadlag H™-valued process satisfying (2.7). O
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Proof of Proposition 2.2. Let A, B, and C be as in (5.47). Owing to Assumption 2.1, the
boundedness of the m — 1-norm of g in expectation, and estimate (2.7), using Jensen’s in-
equality and It0’s isometry, for s,t € [0, T], we get

Hf r(ur)ds <lr—s (NEf a7, e + Ef IIfrIIi_ldr) < Nt = sl,
15,11 10.7] 10,71

m—1

2
E f Bu)dwt| =E f 1B w)IP,., . dr
1s,1] m—1 18,11
< Nt - sl (SUP Elju,[}, + sup E“gt“m—l,t’z) < Nt - sl,
i<T i<T
and
2
E ” f f Cu,-)q(dr,dz)|| =E f f IC(ul;, 72(d2)d's
15,1 JRY m—1 15,1 JRY
< Nl =l (Sup Elju,l7, + SupEf ||0t(Z)||i,_17Tz(dZ)) < Nlt - sl,

<T 1<T R4

which completes the proof of the proposition. O

Theorem 5.1. Let Assumptions 2.1 through 2.5 hold for some m > 2. Let u be the solution
of (2 3) and (uh’T)'rO be defined by (4.17). Then there is a constant N = N(d,m,»x, K, T, C,
2 8) such that

ﬂ‘l 4

E max [, — 1,7 + EZ Z 16nitty, — Sp it | _ods < N(h® + 7). (5.50)
n=0 i=0

Proof. Fort e |[0,T], letk(¢t) :=t,, for t €]t,_y,1,], and set efI” = qu’T - u,,. One can easily

verify that " satisfies in H"2,
d
e = o 4 f [(Li’n EESOTAEDY (5;,,,-F§)dt + f (NE" et + G aws
]tnflatn] i=0 ]tnflatn]
+ f f (Ih(z)ezfl + R,(z)) q(dt, dz),
]tnflatn] Rd

where

0 = (-[:,}zl(t) = Lio)us + (-[:K](t) = Lu, + (Ih - I)ut + (faw — )+ Igf(ukl(t) )

+Z a0 (1) = ut)+Z a0ty ) — u,)—Zéh,(uK,@ u)(- + hoal

j=1 i,j=1

oo x(hk)

d
= a6t =)+ B0t — )+ bz

=1 k=0 =1
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Gy :=(N?

k(1)

h
- th)ut + (Nfl(t) - Nfl(t))ut + Nfl(t)(uKl(l) - ut) + (gil(t) - g?)

RI2) : = (") = 1) s + T"@ 1t = tr-) + (049(2) = 04(2)) -

By Theorem 4.6, we have

T d
h,T)12 hrpp2
E max [le; "Il , + E DT> onieh I

n=0 i=0
d
SNE | (DUIFIR, + G2, + f IR, _,ma(dz) )dt.
1071 " =0 R¢

Using Lemmas 4.1, 4.2, and 4.3 and Assumptions 2.1(i) and 2.4, the right-hand-side of the
above relation can be estimated by

2 2 2 2
NE f (1Pl =+ Vi1 0) = el + oty = el )
10,T]

+NEf (”flq(t) - ft”i_z + ”g/q(t) - gth—Z,fz + fd ||0K1(t)(z) - Ot(Z)Hm—Zﬂ'Z(dZ)) dt
10,7] R

where N depends only ond,m,x, K,C, A, T, 6 and v. By virtue of (2.7), Proposition 2.2, and
Assumption 2.3, we obtain (5.50), which completes the proof. O

Theorem 5.2. Let Assumptions 2.1 through 2.4 hold with m > 2 and let u be the so-
lution of (2.3). There exists a constant R = R(d,m,x, K, ) such that if T~ > R, then
there exists a unique solution (vh’T)(nT:0 of (4.18) in H™ 2. Moreover, there is a constant
N = N(d,m,x,K,T,C, A, K2, 6) such that

T d
h,T(12 h,712 2
E max ||, —v)"I},, + E > Wnitts, = 51V, ods < NP + 7). (5.51)
<n<
n=0 i=0

Proof. The existence and uniqueness follows directly from Theorem 4.7. Let «(¢) be as in
the previous proof and set x,(¢) = t, for t €]t,_1,1,]. Let G and R be defined as in Theorem
5.1 and define F' to be F' with k;(r) replaced with k,(f). Set "™ = v — u, . As in the proof

of Theorem 5.1, we have

d
h, = T, 7h ~i
eﬁ’T =+ f ((LZ + Ifs’)eﬁT + If;cen_Tl + Z 6h,iF§) dt
]tn—lstn]

i=0

[ (e @it [ [ (LaZ@d + Ro)ardo),
]tn—lstn] ][n—lstn] Rd
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where

Fi = Fi fori # 0 FO = FO + fgc(ukl(t) - uKz(l))’
Gf =1, (thut + g,) + 1, Gf, Rt(Z) =1, T(Dus- + 115, Ri(2).

By Theorem 4.7, we have

E max [l¢) I, , + EZ Z 16,4¢/TI2, 5 < N(A; + Az + As),

n=0 i=0

where

A= f Z”F’Hm 2t + f (IIGtHi_zw f ||Rt(Z)||3n_27T2(dZ))dt
10,7775 141,71 RY

A = E f Nt = I ol
10,71
Az = Ef (”Mtut + gt”il—l,fz + fd 17 (2)u, + Ot(Z)”rzn—zﬂ'Z(dZ)) dt
10,111 R

As in the proof of Theorem 5.1, we have A; < N(Jh|* + 7). By Proposition 2.2, we get

T
2
A, < NE f s — Urioll2_dt < NT.
0

Owing to (2.3), we have

11
A; <NE f (nu[ni,_l+||gt||,%1_2,52+ f d||o[<z)||;_2nz<dz>)dt
0 R

3l
< NTEf (supllutllm I +§) dt < Nt.
0

t<T
Combining the above estimates yields (5.51). m|

By virtue of Sobolev’s embedding theorem and (2.13), as in [10], we obtain the following
corollaries of Theorem 5.1 and Theorem 5.2.

Corollary 5.3. Let | > 0 be an integer. Suppose the assumptions of Theorem 5.1 hold with
m>[+2+d/2 Thenforall/l—(/l1 LA e{l....ad) and 60 = Op 1 -+ Oy, there is a
constant N = N(d,m,l,x,K,T,C, A, K 5) such that

h, h,
Eorzlzi)((r Sup | atty, (xX) — St (x)[* + E [max ||5h AUy, — Op U, Tllfz(G/) < N(|hP* + 7).
=/ xeRd
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Corollary 5.4. Let | > 0 be an integer. Suppose the assumptions of Theorem 5.2 hold with
m>1+2+d/2 Thenforall A =(A',...,A) e {1...,d} and 6, = S -+ Oy, there is a
constant N = N(d,m,l,x, K, T, C, A, k2, 8) such that

h, 2 hy2 2
E max sup [0; 1, (X) — 0p.av," (0)|° + E max ||0,u;, — 5h,/lvnT”€2(Gh) < N(h|” + 7).
0<n< xeR? 0<n<T

Proof of Theorems 2.3 and 2.4. Let (ﬁZ’T)ﬁ’IZ o be defined by (2.11). Denote by (-, )¢, the
inner product of ¢,(Gy). There exists a constant € = €(», ) such that

q:=x—-¢1(0)—€>0.

As in (4.27), there is a constant Ny = Ng(d, %, K, 6) such that for all ¢ € £,(Gy),

d
@ Lid)esen + (6 LDy < —q Z 1611117,y + Nolllly -
i=1

Following the arguments in the beginning of the proof of Theorem 4.7, we conclude that if
T > NgT, then there exists a unique solution (f/Z’T 2”: o In €5(Gy) of (2.12). It is easy to see
that Ng < N, (for the same choice of €) for all m > 0, where N, is the constant appearing on
the right-hand-side of (4.27), and hence Ny < R, where R is as in Theorem 4.7. Let (uﬁ” M |
be defined by (4.17). By Theorem 5.2, there exists a unique solution (vﬁ’T)nM: , of (4.18). It
suffices to show that almost surely,

Uy (x) = 27 (x) (5.52)

and
VT (x) = P (), (5.53)

forall n € {0,...,M}and x € G". Let ./ : H"? — {,(G") denote the embedding from
Remark 2.3. Applying . to both sides of (4.17), one can see that .”u"* and o™ satisfy the
same recursive relation in £,(G") with common initial condition ¢, and hence (5.52) follows.
Similarly, .#v"™ and "7 satisfy the same equation in £,(G") and (5.53) follows from the
uniqueness of the £,(G") solution of (2.12). O

Remark 5.1. 1t follows from Corollaries 5.3, 5.4, and relations (5.52) and (5.53) that if more
regularity is assumed of the coefficients and the data of the equation (2.3), then better esti-
mates can be obtained than the ones presented in Theorems 2.3 and 2.4.
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