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A COMPARISON PRINCIPLE FOR STOCHASTIC
INTEGRO-DIFFERENTIAL EQUATIONS

KONSTANTINOS DAREIOTIS AND ISTVAN GYONGY

ABSTRACT. A comparison principle for stochastic integro-differential
equations driven by Lévy processes is proved. This result is obtained via
an extension of an It6 formula, proved by N.V. Krylov, for the square of
the norm of the positive part of Ls—valued, continuous semimartingales,
to the case of discontinuous semimartingales. Comparison principle and
1t6’s formula and SPDE and Lévy processes

1. INTRODUCTION

Our goal is to prove a comparison principle for stochastic integro-differential
equations (SIDEs) driven by Lévy processes. For this, first we present an
It6’s formula for the square of the La-norm of the positive part of (possi-
bly) discontinuous semimartingales with values in Lo-spaces. Our formula
extends an It6 formula from [16] proved for continuous semimartingales. In
[16] 1t6’s formulas for the square of Ly-norm of certain convex functions r(u)
of continuous semimartingales u© = u; with values in Lo-spaces are obtained,
and the important special case, r(u) = (u)™ = max(u,0), is then applied to
prove a maximum principle for linear stochastic partial differential equations
(SPDEs). The present paper is organized as follows. In Section 2 we for-
mulate and prove our It6 formula. The main results concerning comparison
theorems are stated in Section 3. We also give an existence and unique-
ness result as a simple consequence of a theorem on stochastic evolution
equations from [11]. For recent results concerning the solvability of SPDEs
driven by Lévy processes we refer to [2]. In Section 4 we give some tools
that will be needed in order to prove the main theorems in Section 5. For
notions and results in SPDEs we refer to [19].

Comparison principles are powerful tools and play important role in PDE
theory. Comparison theorems for SPDEs are known in various generalities in
the literature. To the best of our knowledge, the first results on comparison
of solutions of SPDEs appear in [I4] and [6]. Recent results appear in
[16], [4], [B] and [5]. In [3] and [4] quasi linear SPDEs, and in [5] quasi-
linear SPDEs with obstacle are considered, and the p-th moments of the
positive part of the supremum norm of the solutions are also estimated. In
the above publications, SPDEs driven by Wiener processes, or cylindrical
Wiener processes are considered. Our main result, Theorems and
are comparison theorems for two classes of quasilinear SIDEs, linear versions

1



2 KONSTANTINOS DAREIOTIS AND ISTVAN GYONGY

of which, arise in non-linear filtering. For the theory of non-linear filtering
of processes with jumps we refer to [8] and [9]. We will apply our result to
investigate the solvability of a class of SPDEs driven by Lévy processes in
another paper.

In conclusion we introduce some basic notation of the paper. Let (Q2, %, P)
be a probability space equipped with a right-continuous filtration (:%#)¢>0,
such that %y contains all P-zero sets. We consider a o-finite measure space,
(Z,2,v) and a quasi left-continuous, adapted point process (pt):c(o,r) in Z,
for a finite T > 0. Let N(dt,dz) be the random measure on [0,7] X Z,
corresponding to the point processes p. We assume that its compensator is
dtv(dz) and we use the notation

N(dt,dz) = N(dt,dz) — dtv(dz).

We also consider a sequence of independent real valued .%;-Wiener processes
{wi}pey

If X is a topological space then Z(X) is the Borel o-algebra on X. The
notation & is used for the predictable o-algebra on  x [0,7]. If X is a
normed linear space then |z|x denotes the norm of z € X, X* is the dual
of X, and (z,z*) denotes the action of z* € X* on x € X. The notation @
stands for the whole space R? or for a bounded Lipschitz domain in R?. We
write

2
Diu = 66;;, Djju := az;xj, fori,7=1,...,d,
for the first and second order partial derivatives of a function u defined on
Q. As usual we denote by Wf(Q) the space of functions v € L,(Q), whose
generalized derivatives up to order k lie in L,(Q). We set HY(Q) := W3 (Q)

and we write H(Q) for the closure of C2°(Q) in H'(Q) under the norm

d 1/2
lulm = (Z |Diulr, + |u!L2> :
=1

We will use the notation H~1(Q) for the dual of H(Q). Finally, we note that
unless otherwise indicated, the summation convention is used with respect
to repeated integer-valued indices throughout the paper.

2. ITO’S FORMULA FOR THE SQUARE OF THE NORM OF THE POSITIVE
PART
We are interested in an 1t6’s formula for |u;" ]%Q(Q), where u; is an H~1(Q)-

valued semimartingale taking values in H{(Q) for dP x dt almost every
(w,t) € @ x [0,T]. Our approach to obtain it is similar to that in [16]. To
state the formula we set

Vi=H)(Q), H:=1LxQ), V*:=HQ),
and we consider the following processes
VX [0,T] =V, v : Qx[0,T] = V*, hk: Qx[0,T] — H,
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K:Qx[0,T]x Z— H,
for integers k > 1, where v is progressively measurable, v* and h* are .%;-
adapted, measurable in (w,t), and K is & x Z measurable. We consider
also 1, an .%#g-measurable random variable in H.
It is easy to see that V = H}(Q) is continuously and densely embedded
into L2(Q). Hence, by identifying H = Lo(Q) with its dual H* by the help
of the inner product (,) in Lo(Q), we get the normal triple of spaces

Ve H=H" <V~

where H* — V* is the adjoint embedding of V' — H. We use the notation
(v*,v) for the duality product of v* € V* and v € V. Notice that (v*,v) =
(v*,v) when v* € H.

A stochastic process v = (Ut)te[()ﬂ, taking values in a Banach space B, is
called a B-valued strongly cadlag process if with probability one the trajec-
tories of v are continuous from the right in ¢ € [0,7") and have limits from
the left at every ¢t € (0,7 in the strong topology of B, i.e., in the topology
given by the norm in B.

We make the following assumption.

Assumption 2.1.
(i) Almost surely

[ (ol i+ S+ [ (@it < .
(0,7 P’ z
(i) for each ¢ € V and for dP x dt-almost every (w,t), we have

(00, @) = (1, ) + / (7. d)ds + / (W, 6)dut

(0s¢]

/Ot/ N(ds,dz).

Theorem 2.1. Suppose that Assumption is satisfied. Then there exists
a set Q C Q of probability one, and an H-valued strongly cddldg adapted
process u; such that uy = vy for dP x dt-almost every (w,t). Moreover for
weQ, tel0,T] we have

i) ut:¢+/ v:ds—l—/ hfdwf—f—/ /Ks(z)N(ds,dz), (2.1)
(0,¢] (0,¢] 0,8 JZ
i) |uf |H—rw+|H+2/ (v, s>ds+2/ (W ) duo

(0,] (0,¢]

+2/ / N(dz,ds) > w0l Hds
0,t]

015

T / / (e + Ku(2)) M — b 3 — 2(Ku(2),ul )i N(dz, ds).
04z
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To prove Theorem [2.1] we need two lemmas.

Lemma 2.2. Let (X,%, u) be a measure space, and let uy,u € L1(X)such
that u, — win L1(X) asn — oo. Then there exists a subsequence {un }3,
and a function v € L1(X) such that for all k > 1 we have |uy)(z)| < v(x)
for all x € X, and w4 (v) — u(z) for p-almost every x as k — oo.

Proof. There exists a subsequence u, ) such that
\un(k) — u|L1(X) < 1/2k for k > 1.
Set v(x) = |u(z)| + > ) [tunr)(z) —u(z)|. Then v has the desired properties.

Moreover, » . |t (k1) = Un(k)| L, (x) < 00, which implies that u,,) converges
p-almost everywhere.

The next lemma is from [4].

Lemma 2.3. Let Q be a bounded Lipschitz domain in RY. Take ¢, €
C*(Q), n € N, with
i) 0< ¢, <1

i) ¢ =1 on {x € Q,r(x) > 1/n}

iii) ¢n =0 on {x € Q,r(x) <1/2n}

w) |(¢n)e;| < Cn,
where C is a constant and r(z) = dist(x,0Q). Then ¢npv — v in HI(Q) for
all v € H}(Q), and for some constant C' we have

sup |¢nU|H5 = C|U|H3» Vo € Hy(Q).
n

Remark 2.1. One can easily see the existence of a sequence (¢, )nen satisfying
the conditions of the previous lemma. Then note that ¢2 also satisfies i)-iv).
Hence, ¢2v — v in H}(Q), for all v € H}(Q), and for some constant C' we
have
sup |pvlgy < Clolgy, Yo € Hy(Q).
n

We introduce now the functions a;(r), Ss(r) and 7s(r) on R, for 6 > 0,
given by

1 ifr>9
as(r) = 5 f0<r<d
0 ifr <0,

BS(T) = /OT aa(S)dS, ")/5(7“) = /OT 55(3)613'

For all r € R we have as(r) — Lo, B5(r) — r* and v5(r) — (r7)%/2 as
0 — 0. Also, for all r, 7,79 and ¢, the following inequalities hold
2

as(r)] < 1. 15(r)] < Irl. ha(r)| < 5

s (r1 + 72) — 75(r1) — Bs(ri)ra| < |raf?. (2.2)
We are now ready to prove Theorem
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Proof of Theorem [2.1, We only prove ii) since the rest of the assertions are
proved in [10], in greater generality. First we prove the statement when
Q = R%. We have that equality is satisfied if and only if, almost surely,
for all ¢ € V and t we have

(u,0) = (1, 0) + / (7, p)ds + / (hE ) dut

(0,¢]

/ y / N(ds, dz). (2.3)

Let ¢ be a mollifier with compact support and set ¢(z) := e ¢ (x/¢). For
fixed x, the function ¢c(x — -) is in V, so we can plug it in (2.3 instead of
¢, to get that almost surely, for all ¢ € [0, T

ug(x) :ug(:r)+/ v;‘E(x)ds+/ hfe(x)dwf
(0,¢] (0,¢]

—i—/ /K;(z,x)N(ds,dz),
0.4z

where for g € V* we use the notation ¢¢(x) := (g, ¢c(z — -)). Note that
u§ is Fo x B(RY) measurable. Also u¢,v*¢ and h*¢ are jointly measurable
n (t,w,z), F x B(R%) measurable for each ¢, and K¢ is & x Z x B(R?)
measurable. It is also easy to see that there exists a constant C,, depending
on ¢, such that for all ¢,w, z, z

|ut (2)| < Celuelmr, [ug(e)] < Celuolm, [vi|m < Cclo|v-
[0 (2)] < Celvi|v=, [hE ()] < CelhS|m,
|Ki (2, 2)| < Ce|Ki(2) 1
One can also check that for a constant C, for all €
luilr < Cludlm, |ugle < Cluolm, |Ki(2)|ln < ClKy(2)|n
Pl < CIRSLm, |vp
Now let ay, 85,75 be as before, and fix z. By It6’s formula (see for example

[13] or [21]), for each = there exists a set €2, of full probability, such that for
all w € Q, and t € [0,T] we have

Vs (ug () = 5 (ug () + (Ot]/ﬂ’a( s(2)vs(z)ds

+Z (2) k(@) duok + = 2 / ) |WA<() Pds

/0 t]/ﬁ(s ))KS(z,2)N (ds, dz)

/Ot/% )+ K(2,2))

= 75 (s (2)) = Bs(us_(2)) K (2, £) N (dz, ds). (2.4)

ve < Cloflvs, |ugly < Clugly.
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One can redefine the stochastic integrals such that holds for all (w, t, z).
Integrating over R?, taking appropriate versions of the stochastic in-
tegrals and using the Fubini and the stochastic Fubini theorems we get for
each t € [0, T,

Jotitnar= [ astindes [ [ st s
ke
Aﬂww<»h<mm+-2/

/ as(us(z))|hFe(x)|? da ds
(0,] Jra

/0 1;]/ /Rd us_(2))KS(z,2)dxN (ds, dz)
/Ot]//Rd% ) + K_(z,7))

— y5(us_(2)) — Bs(ug_ (2)) K§(2, 2)deN(dz, ds) (a.s.). (2.5)
For a stochastic Fub1n1 theorem we refer to [17], noting that the Fubini
theorem there can be extended easily, by obvious changes in its proof, to
our situation. Since each term in the above equation is a cadlag process in
t, we see that holds almost surely, for all ¢ € [0,7]. We claim that for
each t € [0,T] both sides of converges in probability as e — 0 to give
that

Awwmm:AmMWWM%%@%wws
k
A@ &%mm<mm+-2/

/ s (s ()| 1 (2) 2
04 Jre

+/0t/ Rd55(us—(:£))Ks(z,x)de(ds,dz)

oL@ e )

—ys(us—(z)) — Bs(us—(z))Ks(z, x)dx N (dz, ds). (2.6)
holds almost surely for each ¢ € [0,7]. We are going to show that each term
in converges in probability to the corresponding one in . Since
for any sequence ¢ | 0 we have uj* — wu; in Lo(R9) for every w € €, by
the equality a® — b? = (a — b)(a + b) we have (u{*)? — u? in Li(R?%). Thus
for every w € 2 by Lemma there exist g € L1(R%) and a subsequence,
denoted again by €, such that for all £ > 1

(ui" (2))* _ g(=)
k < <
(@) < UEDE < 96
Since y5(ug* () — vs(ut(x)) for almost every x, as k — oo, by Lebesgue’s
theorem on dominated convergence we obtain

Iy (ug for all .

/ vs(ugk (z))dx — vs(ug(x))dr as k — oo.
R4 R4
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Thus, for € | 0 the left-hand side of converges to the left-hand side of
for every w € Q, and hence also in probability, for each ¢ € [0,T]. To
see the convergence of the second term in the right-hand side of we fix
(s,w) such that us € V. Then it is straightforward to check that

|85 (ug) — Bs(us)lv — 0, as € = 0.
Taking into account the well-known fact that there exist f0 and fi € L?(R%)
for i = 1,...,d such that
vy = [+ Difs,
we have
= f{+ Dif,
which gives
d

ve S 3 OIFE = flln =0, as e = 0.
=0

vy — o5

Hence we conclude
[ Bstus@)es@e = (u3, Be(us) — (05, Bs(u)
Notice that there is a constant C' such that
| [ Bt o] < Clusl + [ozl)
for all e > 0, w € Q and s € [0, T]. Therefore, almost surely

/ Bs(us(z))vi(x)dzds — (vi, Bs(us))ds for all ¢.
(0,4 JRre

(0,¢]

For the sum of the stochastic integrals against the Wiener processes we just
note that almost surely for all s € [0, 7]

Z‘/ Bs(u hke dx/ Bs(us(z))h (x)dx‘Q%O as € ] 0,

and

Z‘/ Bs(us (@) hi(z dﬂ«"—/ Bs(us(z))hE (x )d:v‘

< dsup |ul2s Z |hE[2,  for all € > 0.
t<T B
Hence almost surely

2
| S| [ sstustnitae — [ gstun(o)piyds] ds o,
0,117 R4 R4
which implies that for € | 0

/( 01 Ju Bs (uS(z))hE (2) da dw® — Bs(us(x))hk () da dw?

(0,t] /R4
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in probability, uniformly in ¢ € [0,7]. Note that for each k we have

\/ s (g ()5 () = s (s (@) g () P
ke 2 kl‘ 2 $
< /R (A ()2 — (R ()l

+ [ IR Plastus@) - as(uste)laz - o

for each w € Q and s € [0,T]. Moreover,

‘]/ s (us (z)) W (2 \dx)<:|hkhb

where the right-hand side is almost surely integrable on [0,7]. Hence the
almost sure convergence of the fourth term in the right-hand side of
follows. By the inequalities in , similar arguments show the convergence
of the last two terms in probability. We conclude that for each ¢ € [0, 7]
equation holds almost surely. Since the stochastic processes in both
sides of are cadlag processes, equation holds almost surely for all
t€[0,T7.

Now by letting 6 — 0 in , using arguments similar to the previous
ones, and keeping in mind the inequalities and the fact that for all
veV

1B5(v) = vF |y = 0, [B5(v)|v < vlv,
we can finish the proof of the theorem for Q = R?.

We reduce the case of a bounded Lipschitz domain ) to that of the whole
space by using the sequence ¢, from Lemma Remember that ¢,, has
compact support in ). Thus for a function n on Q we denote by ¢,n, not
only the function defined on @) by the multiplication of ¢, and n, but also
its extension to zero outside of (). Notice that when u satisfies on Q,
then ¢,u satisfies

bty = g + Ppvids + PrhEduwk
(0,¢] (0,¢]

/Ot]/¢n R ds ,dz)

on the whole R%, where the functional ¢,v* is defined by
(Pnvs, ) = (V5 Png)Q

for g € HY(RY). The notation (-,-)g means the duality product between
H(Q) and H1(Q). Notice that (v}, ¢ng)g is well defined, since the re-
striction of ¢,g to @ belongs to H&(Q). Then by the result in the case of
the whole space, we have

/ G2 \uf [P = / it Pz + 2 /(0 {5, g2 ads
t
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12 / / P2 hFuf dedw® + / / Z\H{¢nus>o}¢nh’§\2da:ds
(0,6] JQ 0,4] JQ

+/ //2Ks(z) 2ul dzN(ds,dz)
0sz7Q

+ /(M /Z/Q |6 (s + Ks(2)F? = |ppul_ |2 — 2K, (2)¢2ut_dzN(dz, ds),

since ¢, is supported in ). It is now easy to take n — oo here to finish
the proof of the theorem. We only note that for the second term on the
right-hand side we have by Lemma [2.3] and Remark [2.]]

Wk o2ulg — (vf, ul)g forallw,s,
and for a constant C,

(W5, dnud)q < Clog

n

v+lusly  for all n.

3. COMPARISON THEOREMS

In this section we present our comparison theorems for two types of equa-
tions. Together with the space (Z, Z), we consider another measurable space
(F,%), a quasi left-continuous, adapted point process (p¢)ejo,r) in F, and
two o—finite measures 7, 7(2) on F. Let M(dt,d¢) be the corresponding
random measure on [0, 7] x F. We assume that its compensator is dt7(? (d¢)
and we write

M (dt,d¢) = M(dt,d¢) — ditn ) (d¢).
First we consider the equation

du(x) ={Lyu(z) + fi(x,ue(x), Vug(x)) } dt

+ GF (u) (z)dwf —|—/ gi(x, 2, s (2))N(dt, dz),
7z

for (t,z) € [0,T] x @, with initial condition
uo(z) = ¢Y(x), z€Q, (3.2)

where
Lyu(z) = Dj(af (x) Diu(z)) + I uy (),
TMu(z) = /F [u(z + ci(2,¢)) — u(@) — e, ) - Vu(z)]my(z, Q)P (dC),
GF(u)(z) = ¢i* (x) Diulx) + of (2, u(x)).

We make the following assumptions. Let K > 0 denote a constant.
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Assumption 3.1.

i) The coefficients a¥, are real-valued & x %((Q) measurable functions on
Q2 x[0,T] x Q and are bounded by K for every i,j = 1,...,d. The coefficient
¢’ = ()22 is an lp-valued & x %B(Q)-measurable function on Q2x [0, 7] x Q
for every i = 1,2, ..., d, such that

ZZ ik (z)? < K for all w, t and .
i k

ii) f is a real valued & x %(Q) x #B(R) x %(R%) -measurable function on
Ox[0,T]x QxR xR, and 0 = (%)% | is a 2 x B(Q) x B(R)-measurable
function on 2 x [0,7] x @ x R, with values in l3. The function g is defined
on Q2 x[0,7] x Q x Z x R with values in R and it is & x B(Q) x Z x B(R)-

measurable. We assume that there exists a predictable process h; with values
in Lo(Q), such that almost surely h € Ly([0,7]x Q), and for all w, t, z, z,r, 7’

Lﬁ(w,r,TUIQ4-§£:|05(xarﬂ2-+§/mhk($7zvrﬂ2V(dZ)
L Z

< K|r[? 4+ K[r'* + [ho(2)]*.
iii) ¢ is an Zp-measurable random variable in La(Q).
iv) There exists a constant s > 0 such that for all w,¢,2 and for all
£ = (&,...£7) € R? we have
. 1 . "
af (2)&i&; — 501 ()97 (2)6; > »e]*.
v) For all w,t,z,2,71,7r9

> lof(@,r) = of (2, r2)]> < Klry — o,
k

Assumption 3.2. The function f;(z,r,r’) is continuous in r, for each w, t, x
and r’.

Assumption 3.3. For all w,t,z, 71,79, 7], 7%
2(T1 - TQ)(ft(xv 1, Tll) - ft(m7 T2, Tll))

f/@@mm%wmmmM%W@éKm—mﬁ
7

and
‘ft(.’IJ,T’l,T’ll) - ft(m,Tl,TéN < K‘T,l - Tl2’

Assumption 3.4. The function r + g;(x, z,r) is non-decreasing in r for all
w,t,x,z.

Assumption 3.5. The function ¢ maps Q x [0,7] x R? x F into R?, it is
P x B(R?) x F-measurable, and there exists an F-measurable real function
¢ on F' such that

(i) Jer(w, Q)| < &(C). for all w,t, 2,

(ii) [r&(OrV(d¢) < K,

(111) |Ct($v C) - Ct(?/: <)| < E(C)‘ﬂ? - y’v for all w, ¢, z,y, C.
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Assumption 3.6. The function m maps Q x [0,7] x R? x F into R, it is
P x B(RY) x F- measurable, and we have

(1) 0 < mt(aj?C) < Ka for all w7t7xa§7

(ll)lmt(l‘, C) - mt(ya C)| < K|ZL‘ - y|a for all w,t,x,y, C
Assumption 3.7. The functions cl(z,¢), I = 1,...,d, are twice continuously
differentiable in x, for each w,t,(, and

(i) | Dicy(x, Q)| < K, |Dijey(x,¢)| < K, for all i,5,1 = 1,...,d,

(i) K=t < |det(I+ 0Ver(z, Q)|
for all w,t,z,¢ and 0 € [0, 1], where I denotes the identity matrix.

Remark 3.1. Denote by Ty, ¢ the mapping x — 2+ 0ci(x, (), for fixed w, ¢, 6
and ¢. By virtue of the inverse function theorem, it follows from (ii) of
Assumption E that Tp; ¢ is a local diffeomorphism. In addition, by the
first inequality in (i) and by (ii) of Assumption [3.7} there ex1sts a constant
v > 0, such that the norm of the matrix (I + 0V (z,¢))~! is uniformly
bounded by v. Hence, by Hadamard’s theorem (see, eg, Theorem 5.1.5 in
[1]), Ty +c is a global diffeomorphism, for fixed w,t,6 and (. We denote by
Jo t,¢ the inverse of Tp ; . Notice that for fixed w,t,6,( and forall j =1, ..., d,

the functions Jj , ¢(z) are twice continuously in z, and their first and second
order derivatives are uniformly bounded.

Remark 3.2. Under Assumptions through M It(l) is a bounded linear
operator from H}(Q) into H~(Q) for fixed (w,t), and for all u,v € H}(Q)

the process (It(l u,v) is predictable. To see this, consider first the case
Q = R% For u € C*(R%)(even for u € WZ(R?)) one can easily see that

It(l)u(x) is a function in Ly(RY). Then for v € C2°(R?) we have by Taylor’s
formula

(7 u,0) =
1 .
[a=o [ [ Dot cocke.mite. o) donth @) do

1 ..
- / 0-1) / Dyl + Ocy(z, C)) Dy (g (2, ¢, 0)v(x)) dan D (dC) b,
0 F JRd (3.3)

where the last equality is obtained by integration by parts, and ¢ is given
by

d
(2,¢,0) Zc 2, Q)ci (@, Oma(w, Y DvI] y (T ().
Due to Assumptions - through 3.7 for a constant N = N(d, K),
1
(Z"u,0) < Nlul s oy 0] s gy,

which shows that It(l) extends uniquely to a bounded linear operator from
H' to H™!, and the duality product <Zt(1)u,v) is given by the right-hand
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side of (3.3). In case @ is a bounded Lipschitz domain, one can define the

action of It(l)u on v € H}(Q) again by (3.3), where u and v this time are
extended to zero outside of ). For further study of these operators we refer
to [7].

Definition 3.1. A strongly cadlag adapted process u with values in La(Q)

is called a solution of the problem (3.1})-(3.2)) if
i) uy € H}(Q) for dP x dt almost every (w,t) € Q x [0,7],

ii) f(O,T} ’Ut@%dt < 00 (CL.S.),
iii) for all ¢ € H(Q) we have almost surely

(utv SD) = (17[}7 SD) + © t]{_(a;leu&D]gp) + (fs(USa vus)a QD) + <Is(1)u8’ 90>}d‘9

+ [ {(@*Dies 0) + (05 (), 0) Yk + / / (952, ua_), @) N (dz, ds)
(0,¢] (0,¢] /Z

for all t € [0,T], where (-,-) is the inner product in L2(Q).

Theorem 3.1. Let Assumptions through and [3.5 through [3.7 hold.
Then there exists a unique solution of the problem (3.1])-(3.2]).

After some preliminaries we will see that Theorem follows easily from
Theorems 2.9 and 2.10 from [I1].
Together with (3.1)-(3.2)) let us also consider the problem

dvi(x) ={Lyvi(x) + F(z,ve(x), Vo (x)) } dt

+ GF (v) (@) dwf + / g¢(z, z, v (2))N(dt, dz), (3.4)
Z

vo(z) =¥ (x), (3.5)

where F satisfies ii) from Assumption and W is an .%p-measurable random
variable in Ly (Q).

Theorem 3.2. Suppose that Assumptions (3.1 and[3.4] through[3.7 hold. Let

u and v be solutions of the problems (3.1))-(3.2)) and (3.4)-(3.5) respectively.
Suppose that either f or F satisfy Assumption[3.5 Let f < F and ¢ < .

Then almost surely, for allt € [0,T] we have u(x) < vi(x) for almost every

T E€Q.
Remark 3.3. Assumption cannot be omitted in Theorem Consider

for example the SDE
u =1 —/ 2us,st,
(0,4]

where V; is a Poisson process with intensity one. Let 7 be the time that the
first jump of N occurs. Then P(r < T) > 0. Since u; = e 2! on [0,7), one
can see that on the set {r < T} we have u(7) = —e~%7 < 0.
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The second equation that we will deal with is

dug(x) ={Lyu(z) + fi(x,ue(x), Vu(x)) }dt

+ G¥ (ug) (z)dwk —l—/ St cug—(x) M (ds, d¢) (3.6)
F

for (t,z) € [0,T] x RY, with initial condition
up(z) = ¥(z), =eRY, (3.7)
where

Liu(z) = Liu(x) + It@)u(m),
I u(z) = /F (@ + be(€), Qulz + bi(C)) — M, Q)ulw)

— b(¢) - V(Ne(z, Qu(a))] 7P (dC), (3.8)
Speu(@) = Ae(@ + b:(C), Qulx + be(€)) — Me(w, )ulx) (3.9)
+ (\e(2, Q) — Du(z).

Obviously, if we ask later for some of the previous assumptions to hold for
equation (3.6)), we mean with g = 0.

Assumption 3.8. The function b maps  x [0,T] x F' into Rdl it is & x §-
measurable, and there exists an §-measurable real function b on F, such
that for all w,t and ¢ we have

(O] < B(0), /F B () (d¢) < K.

The function A maps Q x [0,7] x R? x F to [0,00), is & x %(R?) x F-
measurable, it is twice continuously differentiable in x for all w,t,{, and we
have

e, O+ [V Az, O + [VENi(2, O < K,
|1 - At(x’<)| < B(C)v for all w,t,x,{.

It is easy to see that due to Assumption for every t € [0,7] and

w € ) the mapping It(2), defined in the same way as It(l), is a bounded

linear operator from H' to H~', and (Z(®¢, ) is a predictable process for
any ¢, € H'.

The solution of the problem — is understood in the same sense
as that of —, and we have the following existence and uniqueness

result.

Theorem 3.3. Let Assumptions through and [3. through hold.
Then there exists a unique solution of the problem (3.6))-(3.7)).
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We also consider the problem
dvy(z) ={Lovi(z) + Fy(z, vi(x), V(@ ))}dt
+ G () (z)dwk + / Sy cv(z) M(ds, dC), (3.10)
volz) =T (z), (3.11)

where F' and ¥ are as in (3.4)-(3.5)).

Theorem 3.4. Suppose that Assumptions and through hold.

Let u and v solve (3.6)-(3.7) and (3.10])- 13.11: respectively. Suppose that

either f or F satisfy Assumption[3.5 Let f < F and ¢ < V. Then almost
surely, for all t € [0,T] we have u(x) < vi(z) for almost every x € RY.

4. AUXILIARY FACTS

In this section we present some lemmas that we will need for the proofs
of Theorems through The following is well known (see, e.g., [I§], or
exercise 1.3.19 in [15], or some more general results in [20]).

Lemma 4.1. Let u € W, (Q). Let u, € W, (Q) such that |u, — u\Wg -0
as n — co. Then we have |u} — U+|Wz} — 0.

For the next three lemmas, we assume that Assumptions [3.5] through
hold. For u € C°(R?), let us define the quantities,

— [ [ v+ b0 ula + b (@) - ula u(a)?
R JF

—2b(2) - V (A (2,0 u (@) M (2, O) () 7P (d¢)da

wim [ [T+ b ula+ (€)= [Oula Oula)) P

=20:(2) - V (e (2, Q) u (@) My (,¢) ut () 7P (dC) .
Lemma 4.2. For any u € CX(RY), w € Q, t € [0,T] and € > 0 we have

/]Rd It(l)u2(:n) dzx < 6]u|§{1(Rd) + N(5)|u\%2(Rd), (4.12)

/Rd It(l)(u+)2(x) dz < €|u+’?{1(Rd) + N(€)|u+|i2(Rd)> (4.13)
01(1) < eful2p oy + Nl g, (4.14)

or(u) < gyuﬂ%{l(Rd) + N(E)\U+\%2(Rd), (4.15)

where the constant N(g) depends only on e, K and d.
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Proof. We prove (4.13)). For 6 > 0 let Z19) and Z(19) denote the operators
defined as Z() with F replaced by

Fs={¢eF:a(¢) < 5}
and by F¢ = F'\ Fy, respectively. Then clearly,
é

[ 2P = [ 10w P+ [ 200 e (116)
R4 R4 Rd

The first term on the right-hand side is equal to

1 — Auh)?(z c(x
Lo [ [ P re o o)

xci(x,¢)el (z, Q)my(x, ¢)dar™) (dC)db
= Fq(t,0) + Ex(t,0),
where

1
El(t, (5) = /0 (1 — (9) /F /Rd 2DZU+($ + 90,5(.’1}, C))D]u+($ + HCt(LU, C))
xci(z, ¢)cl (z, Qymy(z, ¢)den™ (d¢)d6,
1
Es(t,0) = /0 (1— 9)/F /Rd 2u™ (z + Ocy(, Q))Diju(x + bce(x,Q))

xci(z, C)cl (z, Q)my(z, ¢)dam ™D (d¢)d6.
Using Assumptions and we see after a change of variables that
B1(t,0)] < CO)CTu s gy

where C(0) = [ P e(¢)m(dz) and C is a constant depending only on K and
d. For E5 we have

Eg(t,é):/ol(l—e) /Fa /Rd 2D;(Dsu(z + bey(z, ()

gy (x,¢, 0)u™ (z + Ocy(z, Q) dem™ (dC) d6.
By integration by parts and using the Assumptions [3.5] [3.6] and [3.7] again
we see that
|Ea(t,0)] < 0(5)C|u+\§{1(Rd).

For the second term in (4.16|) by Young’s inequality and Assumptions
we have

(15
/ T ()2 (2) da < YNulip gay + CNul], gay;
R4

for all ¥ > 0, where C(7) depends only on v and K. Putting these estimates
together and choosing § and ~ sufficiently small, we finish the proof of (4.13]).
One can repeat the same calculation with ¢ replaced by b, m = 1 and Au

in place of u to get (4.15)). Also (4.2) and (4.14)) can be proved in the same

way. [l
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Lemma 4.3. For any u € H}(Q), w € Q, t € [0,T] and € > 0 we have

1
2<It( )u,u> < €\u|12q&(@) + N(a)\u|%2(Q), (4.17)

1
2Ty, ut) < elut @) + Ve ) (4.18)
where the constant N(g) depends only on € and K and d.

Proof. We prove (#.18)). It suffices to prove it for @ = R%. Due to Lemma

and the continuity of the operator It(l) : H' - H™', we may and will

also assume that u € C°(R?). Notice that for any o, 3 € R
28— a)at < (B4 - (a*)2— (B —at)2 < (B2 - (") (419)
Consequently, for any a, 8,7 € R
2(8—a—7y)at < (B7)? = (o) - 27a’.

Using this with a = u(x), f = u(z + ¢(x,()) and v = ¢(z,{)Vu(z), and
taking into account that 2Vuu®™ = V(u™)?, we can easily see that

2Ty, uty = 2T M, ut) < / IV (wh(2) da.

Rd

Hence (4.18) follows from Lemma One can prove (4.17)) in the same
way, by using the inequality 2(3 — a)a < 8% — o2, instead of (4.19). O

For v € H'(R?) we set
0= [ [ [0+ n(©).Oute + (O = [u(@)
— 2u(z) [\ (@ + b (€), Qulx + b:(C)) — w(w)]der®)(d]),

pr(w) == 2T u,u) + pue(u), (4.20)

fir(u) = (At + (), Qul + b ()] = [u™ (2))?
= 2" (@) e + bi(), Qul + (€)= ulw)]dam® (dC),
pr(u) = 2T P u,ut) + (). (4.21)
Using the simple inequality |[(x + y)T]* — [z 1]? — 22Ty| < 2|y[?, and As-

sumption one can see that fi¢(u) is continuous in u € H'(R?). It can be
shown similarly that ju;(u) is continuous in u € H'(R?).

Lemma 4.4. For any v € H'(RY), (w,t) € Q x RT and ¢ > 0 we have
() < elul2p gy + N2, g (4.22)

pr(u) < Eluﬂ?{l(Rd) + N(s)\uﬂ%Q(Rd). (4.23)
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Proof. Since (4.22) can be shown in the same way as (4.23)), we only prove
the latter one. Clearly it suffices to prove it for u € C°(R?). A simple
calculation shows that

) = 2w+ [ [ el ¢) = 1P @) Pdan® (@0

[ [ (O Tl e Ot ) ,) ~ e ()
FJR
By Young’s inequality, Assumption and (4.15)) we get that
pr(u) < E]uﬂzl(Rd) + N(a)\uﬂiQ(Rd).
[l

Lemma 4.5. Let Assumption hold. Then for all (w,t) € Q x [0,T],
u € HY(Q) and e > 0 we have

2(fi(u, Vu) = fi(v, Vo), u —v) + /Z |9¢(2, ) = ge(2,0)[7, v (d2)
< 5|u—v|§{é(Q) +N(5)\u—v|i2(Q), (4.24)

200, V) = (0. 90), (0= 0) )+ [ Tl = 02,0, ()

< el(u—0) By o + NI =) o) (4.25)
where N(g) depends only on e and K.

Proof. We show (4.25)). Using the second part of Assumption and
Young’s inequality we have

K
€

+ / (felz,u, Vu) — fi(z,v, Vu))(u(z) — v(z)) " da.
Q

This combined with Assumption gives (4.25). Inequality (4.24) can be
shown in the same way. ([

2(fi(u, V) = fi(v, Vo), (u—0)") < —|(u—v)*3, o) +elV(u—0)*7, 0

5. PROOF OF THEOREMS [3.1], [3.2] AND

We are now ready to proceed with the proofs of the main theorems.

Proof of Theorems and[3.3. We prove Theorem It suffices to show
that conditions I) through IV) from [II] are satisfied, and then the result
follows immediately from Theorems 2.9 and 2.10 of the same article. The
growth condition of the operator L;+ f;(-) can be verified easily. Notice that
for every w,t and z, the function f;(z,r, ") is continuous in (r,7’). Using
this, ii) from Assumption and the fact that L; is a bounded linear opera-
tor from H¢(Q) into H~1(Q), we see that L+ fi(-) is semicontinuous (in the
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sense of [I1]). Now, by ii) and iv) from Assumption the boundedness of
¢ and (4.17)) we see that for a § > 0 and a constant C' we have

2Lr) + 2o i, V) + S IGE + [ L)l gpd2)

< —lulfp ) + Clullyg) + ClhulL,q)-

for all t, w and u € H}(Q). This shows that the coercivity condition is
satisfied. Using i), iv), v) from Assumption and (4.17) we see that for
all (t,w) and v >0

2(Lyu — Ly, u —v) + Z |G*(u) — Gk(“)|%2(Q)
k

< (y = = vl ) + OO~ vl 0

for all u,v € H(Q), where 5 is the ellipticity constant form part (iv) of
Assumption Combining this with we have that the monotonicity
condition is also satisfied. The proof of Theorem goes in the same way.
We omit the details, we only note that one also has to use . O

Proof of Theorem[3.3. Without loss of generality we can assume that As-
sumption is satisfied by f. For the difference h = u — v we have

hy = hg + / Lshs + fs(us, Vus) — Fs(vs, Vug) ds
(0,¢]
+ qb]“D hs + o} ( s) — Jg(vs) dw];

/ / s,z us_) — g(s, 2,05 ))N(ds, dz).
0,4]
By Theorem [2.1] we have

hit|2, = AWD 4 A® 4 AB®) 4 o 7TWh bt ds +my
(0,1

for a local martingale m;, where

AW — / { 209 (@)D} (2)D;1 ()
Q

#3203 ) Dilie) + Dol o) - ok (e, vy(@)| Jda
(5.26)
AD = 2/ (fs(z, us, Vug) — Fs(x,vs, Vg ) b (2)dz (5.27)

4D = / / {[a() + s, 2t (2)) — ol 2, va (@) — [hal) 2

—2h7 (2)[gs(x, 2, us(x)) — gs(z, 2, vs(x))]dzr(dz).
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One can easily see that for every € > 0, there exist C'(¢) > 0 depending only
on ¢, K and d, such that

A < (=t o) i) + CEINT L, 0)

By Assumption [3.4] we obtain
Ag3) = / / In.>0lgs(, 2,us) — gs(x, 2, vs) |*dzv(dz).
ZJQ

Hence, by (4.25) we have
AP + AP < elh P o) + CEE R0

Combining these estimates and using (4.18]) we have a constant C' such that,
almost surely

]hﬂ%z(@ < C/(o ] ]hj|%2(Q) ds+my forall t € [0,T].

Let (7,)nen be stopping times such that fot/w" |hT)2, (@) @s < n and almost

surely, 7, = T for n large enough. By a standard localization argument and
Fatou’s lemma we get

Eli<r, |hif 1729 < C 00 Elycr, W72y ds < oo forallt € [0,T],

and the result follows by Gronwall’s and Fatou’s lemmas. ([

Proof of Theorem[3.4) We assume again that Assumption [3.3]is satisfied by
f. For the difference h = u — v we have

hy = ho + {Lshs + fs(us, Vus) — Fy(vs, Vug)} ds
(0,¢]

4 [ (6D ok () — oh(wy w4 [
(0, (

/ S,.chs— M (ds,dC)
0,t] JF

By Theorem [2.1] we have

b |2 ey = / AL + AP 4 py(hs) + (TP, bY) ds +my
(0,¢]

for a local martingale m;. Here A A®) are as in (5.26), (5.27) (with the
integration over R? instead of @), and  is defined in . By using the
same arguments as in the previous proof, this time also using , we
bring the proof to an end. O
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