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Abstract

General Relativity is usually formulated as a theory with gauge invariance under the
diffeomorphism group, but there is a ‘dilaton’ formulation where it is in addition invariant
under Weyl transformations, and a ‘unimodular’ formulation where it is only invariant under
the smaller group of special diffeomorphisms. Other formulations with the same number of
gauge generators, but a different gauge algebra, also exist. These different formulations pro-
vide examples of what we call ‘inessential gauge invariance’, ‘symmetry trading’ and ‘linking
theories’; they are locally equivalent, but may differ when global properties of the solutions
are considered. We discuss these notions in the Lagrangian and Hamiltonian formalism.

Keywords: Weyl invariance, dilation gravity, unimodular gravity, quantum gravity

1 A circle of theories

Physical systems often admit different descriptions. We shall be concerned with a special aspect
of this, namely gauge theories which can be described as having larger or smaller gauge groups.
The question arises both in gravity and in Yang-Mills theories. We will only consider one
particular example, namely four different formulations of GR, where by GR we mean the theory
of gravity based on Einstein’s equations. Let us begin by listing these four formulations, then
we shall discuss reasons to prefer one over another.

1.1 EG

In Einstein’s standard formulation (which we call Einstein Gravity, or EG), gravity is described
by the dynamics of a metric g, and the action is

1
167G

Src(g) = ZN/ddw V0Ig|R  where ZnN (1.1)

In the four-dimensional case Zy is one half of the squared reduced Planck mass M3 = (87G)~L.
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1.2 DG

We will call (conformal) Dilaton Gravity (DG) a reformulation of GR where in addition to the
metric there is a scalar field ¢ and the action is defined by Spg(g, ¢) = Src(g) where

Juw = <%> v ¢2g;w (1'2)

and « is a pure number. This action had been considered by Dirac in [1], motivated by Weyl’s
idea of allowing arbitrary units of length at each spacetime point [2]. For this reason one could
also read DG as ‘Dirac Gravity’.

Using the Weyl transformation properties of the curvature, the action becomes

Spalg, ¢) = Oé/ddx l9[ 67 [R=2(d = 1)¢" 'V — (d = 1)(d - 4)¢*(Ve)?] . (1.3)
By construction, this action is automatically invariant under the Weyl transformations

Guv — ng;w s ¢ — Q_1¢ . (1'4)

For d = 4, (L3) is the usual action for a conformally coupled scalar. In other dimensions, it is

2
more convenient to define ¢ = d-2, so that (L3]) can be rewritten

d—
Shalav) =a [[ate VT |k - 4507 | (15)

-2

In this case Weyl transformations act by ¢ — Q_dTw.

These actions are properly Weyl-invariant, not just invariant up to total derivatives. They
have the right sign if we think of them as actions for gravity, but the wrong sign if we think of
them as actions of a scalar field. In the latter case it is customary to normalise the kinetic term,
leading to the choice

d—2
8(d—1) "
Also, in this case one usually integrates by parts the kinetic term. If we do this and neglect the
total derivatives, then the action is only invariant up to a total derivative. In the following we
will assume that such integrations can always be done, i.e. we will discard all boundary terms.

o =

(1.6)

1.3 UG

Unimodular Gravity (UG) [3HT7] is a theory where the determinant of the metric is fixed. Usually
one just chooses \/|g| = 1. This condition, however, restricts the allowed coordinate systems

and furthermore is incompatible with the choice of dimensionless coordinates that we find to be
often desirable. We thus define UG by the condition

Vigl =w, (1.7)

where w is a fixed scalar density of weight one. Locally any scalar density can be transformed
into any other by a diffeomorphism, so ([L7) is almost entirely a gauge statement. However,
the total four-volume (when finite) is Diff-invariant and hence in principle observable, so the
statement

V(M) = V(M)
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which is obtained by integrating (7)) over the spacetime manifold M, is a genuine physical
constraint. This global difference between EG and UG leads to a different role of the cosmological
constant, which appears in UG as an integration constant for each solution, rather than a fixed
parameter in the action.

Since w is a fixed non-dynamical background, it breaks the gauge invariance to the group
SDiff of volume-preserving, or ‘special’ diffeomorphisms.

In the ‘minimal’ formulation, one thinks of UG as EG where one has partly fixed the Diff
invariance by the condition (7). The action of minimal UG is simply

Sua(g) = ZN/ddme . (1.8)

We note that for the linearised theory, or in applications of the background field method,
the constraint (7)) is automatically enforced by writing

Guv = gup(ex)pu ) (1.9)
where /|g| = w and demanding that X”, be traceless [§].

1.4 UD

We can also make DG unimodular by imposing (I7)) on the metric g in (LH). This amounts
to a partial gauge fixing of both diffeomorphisms and Weyl transformations, which both change
the determinant of the metric. The symmetry group Diff x Weyl of DG is broken to its ‘special’
subgroup; any further diffeomorphism that would change the metric determinant must be com-
pensated by a Weyl transformation in order to preserve (LT). We call this Unimodular Dilaton
gravity (UD). It has been discussed in [9].

The action of UD is

Sup(g,v) = a/ddxw [¢2R—4%¢v2¢ . (1.10)

There is no analogue of the constraint on the total spacetime volume in this case: the volume
measured with the metric g is gauge-dependent in DG, due to the Weyl symmetry, and the
volume measured with the metric g is unaffected by the unimodularity constraint.

The unimodular condition has been employed in applications of DG to cosmology, where one
can use it to shift the expansion of the Universe from the metric determinant into the scalar
field v; we will discuss cosmological applications in section [Gl

We could write S(Diff x Weyl) for the symmetry group of UD, but the group is actually just
the diffeomorphism group Diff acting on the fields in a non-standard way. The usual action of
Diff is generated by Lie derivatives,

5sg;w = ﬁgg,w = VMEV + vueua 0 = Letp = Eua;ﬂp (1.11)
where € is any vector field. From the properties of the Lie derivative it follows that
[0¢,0¢] = e q (1.12)

and the Lie algebra of the diffeomorphism group is given by the Lie algebra of vector fields.

In UD, the action of symmetry generators is different: we now need to act with a compen-
sating Weyl transformation to ensure that g remains unimodular. These “Weyl-compensated”
diffeomorphisms are still generated by vector fields, but their infinitesimal action is

1 1
569;11/ = Eeg,ul/ - §g;va5pa 0t = €M8u¢ + Zvaep . (1'13)
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It is now easy to check explicitly that

1 1
[557 5s]guu = E[g,s}guu - §guvvp[§a e’ [557 SeJv =€, E]Mauw + Zva[& el”. (1.14)

Hence we have, again, [d¢, dc] = ¢ o, the Lie algebra of Diff. In order to clarify that this group
acts differently on fields than usual diffeomorphisms, we call the group generated by (LI3)) Diff*.

At this point we can close the circle of theories by noting that the minimal formulation of
UG can be obtained from UD by fixing the scalar

W ==/ N (1.15)

!
This fixes the Weyl invariance leaving just the group SDiff.

1.5 WTDiff gravity

As a side remark, we observe that in the literature one finds also another closely related action
for GR which can be obtained from DG as follows. Start from the action (LH) and integrate by
parts the second term so as to eliminate the Laplacian. Then fix the scalar field to be

_d=2

’[/} = ’[/}O @ b . (1'16)
w2

This leads to the following actiond] [I0HI3]

Sx(g) = Zy / gl b ' {m (@-1(-2)

The presence of an unconventional power of the determinant breaks the diffeomorphism in-
variance to invariance under diffeomorphisms that preserve |g|. This action is invariant under
SDiff x Weyl, hence the name WTDiff (TDiff being synonymous to SDiff ).

Invariance under Weyl transformations is not immediately obvious. It becomes obvious once
we note that the same action can also be obtained from the Hilbert action (LI]) by setting

Sx(g9) = Src(g), where
g\ 14
g“y = <—> gl“/ . (118)

w?

_ _ 2
(lgI 'Vg| = 2w~ 'Vw)7| . (1.17)

The metric g,, is manifestly invariant under Weyl transformations of g, with fixed w. Also,
note that the metric g, is unimodular by construction, so this is also viewed as a form of
unimodular gravity: instead of removing the determinant by a constraint on the metric, it is
removed by making the action independent of it.

1.6 Which description is preferable?

The different formulations of GR discussed in the preceding subsections and their mutual rela-
tions are summarised in figure[ll Given that they are all locally equivalent, are there reasons to
prefer one over another? Actually there are good reasons to prefer the theories that lie above
in the figure and others to prefer the theories that lie below.

In gauge theories we deal with more variables than are strictly necessary to describe the
physical degrees of freedom of the system. The main reason for accepting this redundancy and
the complications it entails is that in this way we can work with local ﬁeldﬁ. If we had good

“Since under SDiff the determinant |g| is a scalar, we have V,.|g| = d,.|g]-
® Another reason (for flat space QFT) is that this redundancy allows to preserve manifest Lorentz invariance.



DG
(9:v); Diff x Weyl
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Figure 1: Dynamical fields and symmetry groups for different formulations of vacuum GR; gy
stands for a metric constrained to be unimodular.

techniques for computing directly in terms of the physical, non-local variables, we would not need
to deal with gauge invariances. From this point of view, DG seems a perverse complication of the
description of GR. In the literature, this point of view is represented for example in [TTL[14L15],
where the Weyl invariance of DG is viewed as ‘fake’. The characterisation of the Weyl invariance
as fake was based on the vanishing of the Noether current. We would like to propose here a
different notion: we will say that a gauge invariance is ‘inessential’ if there is a way of fixing it
which results in a description that is still in terms of local fields. This is the case when there
is a field that transforms by a shift under infinitesimal gauge transformations. The standard
example is a nonlinear sigma model with values in G/H coupled to gauge fields for the group
G. One can partly gauge fix G by fixing the nonlinear scalar, leaving a massive YM field with
values in the Lie algebra of G, but only an H gauge invariance. By contrast, a simple example of
an ‘essential’ gauge invariance is the one of QED. Indeed, any attempt to fix the U(1) gauge will
result in the new variables being related to the original ones by a non-local transformation. For
example, if we fix the Lorentz gauge, the remaining, physical, degree of freedom is a transverse
vector, which is obtained from the original gauge potential acting with a projector that involves
an inverse d’Alembertian.

For the reasons mentioned above, it seems desirable to eliminate all inessential gauge invari-
ances and to work with the smallest gauge group that is compatible with locality. In the case of
gravity, not only is the Weyl invariance of DG inessential, but also part of the Diff invariance
of EG. From this point of view, UG is the best formulation of GRA

However, there may be other arguments that may lead us to accept a larger gauge group. One
such argument, of a rather formal nature, appears from figure [l EG, UD and WTDiff-gravity
all have the same number of gauge generators (equal to the dimension of spacetime), but the
gauge group acts in different ways on the fields, and may even be different. The equivalence of
these theories is apparent if we allow the gauge group to be enlarged, until all three formulations
are seen to be different gauge fixings of a ‘linking theory’, in the present case DG. We refer to
the transitions between EG, UD and WTDiff gravity as ‘symmetry trading’, a notion which we

A related motivation for UG is the fact that a spin-two particle is described by a traceless symmetric tensor [4],
and so the trace is unnecessary.



will also discuss in more generality later on.

There is also another, more physical argument in favour of larger gauge groups. In gauge
theories there is another notion of ‘locality’, different from the one discussed above: the fields
need not be defined continuously on all of spacetime. It is enough that they can be defined on
an open neighbourhood of every point. These locally defined fields may have singularities, but
what matters is that gauge invariant observables be regular. Then if the field has a singularity
somewhere, it must be possible to find another, gauge-equivalent field that is is regular there.
Thus gauge fields are collections of locally defined fields, such that the union of all their domains
of definition covers all of spacetime. In Yang-Mills theory, the classic example that requires
this generalised notion of field is the instanton. In gravity, this notion is exemplified by the
Schwarzschild horizon, and by the coordinate transformation from Schwarzschild to Kruskal
coordinates.

There is a tension between these two notions of locality, in the sense that trying to minimise
the number of local fields in the description of a given system may forbid the existence of certain
solutions: if the gauge group is smaller, a singularity in a local solution is less likely to be a
gauge singularity. From this point of view, formulations with larger gauge group could allow us
to make sense of field configurations that would otherwise seem to be singular. One example
is the possible resolution of curvature singularities in the metric in formulations with a larger
gauge group, as we shall discuss further in section [l

In the core of this paper (sections 2H5l) we shall compare the Hamiltonian descriptions of DG,
EG, UD, UG. This Hamiltonian analysis would be the starting point for canonical quantization,
which provides further arguments for or against different formulations of (locally) the same
theory, and the choice of different variables and symmetries.

A prime example of such differences in canonical quantization is the introduction of Yang-
Mills-type variables for GR in the Ashtekar formulation [I6], which allows a more rigorous
construction of a Hilbert space for quantum GR when compared to the ADM formalism by
using additional variables and a inessential gauge symmetry under local frame rotations.

An example of a symmetry in the Hamiltonian formalism whose presence may obstruct
canonical quantization is the refoliation invariance of all formulations we have discussed so far,
expressed by the presence of a Hamiltonian constraint. This symmetry poses the infamous
problem of time [I7]: no foliation (or choice of time function) is singled out over another, posing
a serious obstacle to canonical quantization. Attempts to eliminate the refoliation symmetry
of GR have led, inter alia, to the formalism of shape dynamics [I8[19] which does not have
refoliation invariance, is locally but not globally equivalent to GR, and thus fits naturally in
our discussion of symmetry trading. Unlike theories such as DG or WTDiff, however, shape
dynamics is usually fundamentally formulated at the Hamiltonian rather than Lagrangian level.
We shall discuss shape dynamics and its relation to EG in section [ll An idea which we will
be able to substantiate in some cases is that DG can provide a linking theory also for EG and
shape dynamics, when expressed in Hamiltonian language.

2 Hamiltonian analysis of DG

We begin with the canonical formulation of DG. We will encounter curious properties of the
Hamiltonian constraint in this formalism which, to our knowledge, have not been discussed in
the literature before. In this and the following sections we restrict our attention to d = 4.

DG can be seen as a limit of two better studied theories of gravity with a dynamical scalar:



it corresponds to Brans-Dicke gravity [20]

SBp(9,¢) = « / d'z/|g] [¢*R — dwg" 0,60,¢]

_ a/d4:c o [or - 2gva,00,8] (=) (2.1)

where the Brans-Dicke parameter w takes the value w = —%. This is the special value in which
an additional (Weyl) symmetry emerges and the scalar field ® no longer carries an independent
3

physical degree of freedom. Brans-Dicke gravity with w = —3 is sometimes called ‘pathological’

(see e.g. [21]), for instance because the initial value problem in the sense of scalar-tensor theory
[22] is ill-posed. In the view we explore in this paper, the action (2I) with w = —% is simply
one way of defining GR; assuming that the coupling to matter preserves Weyl invariance, one
has an additional gauge symmetry which is to be fixed in order to have a well-posed initial value
problem. The theory, as it stands, is then no more ‘pathological’ than EG.

Up to an overall sign, DG is also the limit of the action for a scalar conformally coupled to

GR,
1 1
Scr1¢(9,0) = ZN/d490 Vgl R — 3 /d496 g [9“”3u¢5u¢+ 6¢2R ; (2.2)

in which the Einstein-Hilbert term is absent (Zy — 0). The Hamiltonian analysis of Brans-Dicke
gravity has been discussed in [23] and that of GR with a conformally coupled scalar in [24125].
It turns out that the limits w — —% or Zn — 0 in the Hamiltonian formulation of these theories
are singular, as we will explain in more detail below, because of the additional Weyl symmetry
that is present in the limit. This is why we present a self-consistent Hamiltonian analysis of DG
in this section, which to our knowledge has not been discussed previously.

The starting action is (I5]) and we choose the parameter a to be given by (LG):

1 vV
S6(9:6) = 15 [ 'Vl [R+ 690,00,0] (2.3
We use the familiar ADM decomposition
ds? = —N2dt* + ¢;;(dz’ + N'dt)(da? + N?dt) (2.4)

and then express the time derivatives ¢;; and (b in terms of the extrinsic curvature
1

Kij = 555 (45 — DiNj — DjNi) (2.5)

(where D is the covariant derivative associated with the metric ¢;;) and the normal derivative
1 /. .

On = 10 = ~ <¢ - Nfajgza) (2.6)

where n* is the normal vector to hypersurfaces of constant ¢.
In this way we arrive at (integrating by parts in the second step)

Spa(g, @) = 1—12 dt / A3z \/gN [¢2 <R<3> + Ky K" — K2>
—6(0,,0)* — 4K 0, ¢ + 64" 0;00; + %qsqijaigbaj]v}
1 .
- = / dt / 43z /GN [¢2 (R + Ky K — K?)
6(0,0)? — 4K $0u + 2419100, 4¢D2¢] . (27)
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This form of the Lagrangian agrees with known expressions for GR with a conformally coupled
scalar field [2425] in the appropriate limits (Zy — 0, d = 4), which are well-behaved at the
Lagrangian level. Boundary terms were neglected in [24,25] and, as stated above, we shall not
discuss them either.

2.1 Constraints

Denote p* the momenta conjugate to ¢ij, P and P' the momenta conjugate to N and N; and 7
the momentum conjugate to ¢. We have the following relations between momenta and velocities:

pij _ %\/@?2 (Kij _ qin _ 2qij¢713n¢) , (2.8)
™ = _\/a <8n¢+%¢K> . (2'9)

There are no terms proportional to N and N’ in the action, so we have the usual primary
constraints

P =0, (2.10)
P, = 0. (2.11)

In addition, the trace of ([2.8]),
p = qipY = —5\/(_%15 Ong + 3%K)
is proportional to (29]), so we have another primary constraint

C=¢r—2p=0. (2.12)

Rewriting the Lagrangian in (Z7) as £ = p¥ gij + 7'('(;.5 — H, after a bit of work we obtain the
primary Hamiltonian

H, ~ H[N] + D[N] + C[p] (2.13)
where ~ means ‘up to arbitrary terms proportional to the primary constraints’ and D and H
will be seen to correspond to the diffeomorphism and Hamiltonian constraints. We have added
a term with a Lagrange multiplier p enforcing ([212]) explicitly. As usual, the constraints are
smeared with suitable ‘test functions’, here

el = [ & poc (2.14)
DIN] = / A3z N7 (z)Dj(x) (2.15)
H[N] = / d3z N(2)H(z) (2.16)
where
D; = 1d;¢ — 2D;p'; (2.17)
" H(z) = %ﬁﬁﬁ‘j - %# — 5V <¢2R(3) + 248,006 — 4¢D2¢> . (2.18)



Here we denote p% the tracefree part of the momentum

y 1

Pl = pid — ngp ) (2.19)
Let us repeat that at this point, due to (2I2]), the given expressions for H and D; are only
uniquely defined up to actions of C. We will aim to fix this ambiguity in the following discussion.

Preservation in time of the primary constraints (ZI0/2.1T]) implies the secondary constraints

H = 0; (2.20)
D, = 0. (2.21)

As we shall see below, there are no further constraints.

The dynamics of the lapse N and shift N* and their conjugate momenta are rather trivial;
the momenta are constrained to vanish whereas N and N’ are arbitrary spacetime functions to
be chosen for convenience. The usual convention is then to remove (N, P) and (N, P;) from
the phase space and treat N and N’ as Lagrange multipliers enforcing the constraints. The
Hamiltonian as given in (Z.I3]) is then simply a sum of five first class constraints smeared with
different Lagrange multipliers.

2.2 Algebra of the constraints

We now show that the constraints H, D; and C indeed form a closed (first-class) algebraﬁ. First,
we illustrate their interpretation as generators of gauge transformations in DG.

The constraints D; generate infinitesimal diffeomorphisms. Indeed, for any vector field €' we
have

(X, D[d]} = 6.X = L.X |

where L, denotes the Lie derivative along e. For the canonical variables we have

bep = €9, (2.22)
Oem = (9i(ei7r) = ¢'Dim + wD;et (2.23)
deqij = Diej + Djey, (2.24)
0epij = " Dyp — p* Dyl — p?* Dyet + p Die” . (2.25)

In the second and fourth relation one has to remember that the momenta are densities of weight
one, and for subsequent manipulations it is more convenient to write the Lie derivatives in terms
of covariant derivatives instead of partial derivatives. We also note the relation

6er/q = (" \/q) - (2.26)

Similarly one finds that the constraint C|w| generates infinitesimal Weyl transformation with
parameter w:

{X’C[w]} = 5an

and more specifically for the canonical variables:

0w = wo, (2.27)
dum™ = —wm, (2.28)
0wlij = —2wqij, (2.29)
S.p? = 2wp'. (2.30)

"We ignore the constraints P and P; from now on, as their Poisson brackets with all other constraints vanish.



We also note the relation
dwr/q = —3w+\/q . (2.31)

Using these relations one finds that the constraints obey the following algebra:

{Dla|.Dlea]} = Dl &, (2.32)
{Clwn],Clwn]} = 0, (2.33)
{Dld,Clwl} = Cl€dw], (2.34)
{D[e|, H[N]} = H[€ON], (2.35)
{Clw],H[N]} = H[wN]. (2.36)

Using these relations, we will see that imposing the time preservation of the constraints does
not generate new constraints, and that the constraints form a first class system.

The only remaining bracket is that of two Hamiltonian constraints. In the ADM formulation
of canonical GR, this bracket is equal to a spatial diffeomorphism that depends on phase-space
functions; the four constraints D; and H then satisfy the hypersurface-deformation algebra which
is interpreted geometrically as the statement that these constraints generate four-dimensional
spacetime diffeomorphisms. If we start from the symmetries and seek a spacetime-covariant
theory of a metric and conjugate canonical momentum by imposing the presence of constraints
satisfying the hypersurface-deformation algebra, the dynamics of GR is essentially unique [26].

In the case of DG, this discussion becomes more subtle. In particular, with the definition

[2I8]) we find
{H[N],H[M]} = D[¢"(NO;M — MO;N)] — %C[NDZM — MD*N] . (2.37)

The algebra thus remains first class, and no further constraints are generated, but the commu-
tator of two gauge transformations generated by 7 is not simply a spatial diffeomorphism: it
involves a Weyl transformation. Since its action mixes diffeomorphisms with Weyl transforma-
tions, H is not simply a generator of refoliations as in the ADM formalism.

To find an alternative definition of H that is simply a generator of refoliations, we have the
freedom of using the primary constraint C. In particular, we can remove the 72 term from H in
exchange for changing the coefficient of p?, i.e

H(z) = % (pijp“‘ - %pQ) - g (¢*R® + 2070,00;6 — 46D%) (2.38)

(this form will be used again in the following). This constraint satisfies
{H[N],H[M]} = D]g" (NO;M — MO;N)] +C [¢7(NO;M — M3;N)p~19;¢] (2.39)

and thus has the same issue as far as its geometric interpretation is concerned.
The statement can be sharpened: consider now a general Hamiltonian constraint of the form

p@]p p?
\/— ¢2 \/a¢2 \/— \/_(b
where the ¢; are initially free coefficients. The seven terms we include are all scalar densities

under spatial diffeomorphisms with the correct conformal weights, as it must be if we want to
maintain the correct transformation behaviour under transformations generated by D; and C.

+ e +5/q9°R®) + ¢60/407 0:00;¢ + c7/q0 D¢ (2.40)
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We then ask whether there is a choice of ¢; such that the resulting Hamiltonian constraint
H defines the dynamics of DG (i.e. is equivalent to (ZI8]) up to the action of other constraints)
and also satisfies the hypersurface-deformation algebra

{H[N],H[M]} = D[¢” (NO;M — MO;N)]. (2.41)

Intermediate steps of this calculation are given in Appendix [Al There is a somewhat trivial
ambiguity related to a rescaling ¢ — A¢ and m — A~'m where X is a constant, which we fix by
setting c5 = —%. We then find that the most general choice for the other ¢; in (240) consistent
with (Z41]) leads to a Hamiltonian constraint

) V(2RO 4+ 2490,00,0 — 16D°6) -

1,
(2.42)

with only a single free parameter a. We have rearranged terms such that Hpp = H + H@
where H is a possible Hamiltonian constraint for DG and H® contains the two last terms that
depend on the parameter a. The last term in ([Z.42]) explicitly breaks the Weyl symmetry of the
Hamiltonian constraint; Weyl symmetry, and the dynamics of DG, would only be recovered for
a — oo which is not possible. We thus conclude that there is no Hamiltonian constraint for
DG of the form (2.40]) that satisfies (2Z.41]).

In fact, (Z42) is the Hamiltonian constraint of Brans-Dicke gravity (ZII) with a = —ﬁig.
Again, we see that w — —% in Brans-Dicke gravity would be a — +o00 in (2.42)), so this limit
cannot be taken to obtain a Hamiltonian constraint of DG. The same conclusion applies to a
possible Zn — oo limit in the Hamiltonian formalism of GR conformally coupled to a scalar
as presented in [25], where the Hamiltonian constraint also contains a term proportional to C?
whose coefficient diverges as Zn — oo. In [23] the Hamiltonian constraint of Brans-Dicke gravity
with w = —%, i.e. of DG, was obtained by dropping the C? term; one then obtains H in 238
which, as we showed, does not satisfy the standard hypersurface-deformation algebra.

Finally we note that there is a trick by which one can obtain ([238]) directly from the (ADM)
Hamiltonian constraint of EG [27]. Namely, starting from

12 o1
Hpp = —3 (P‘ 7 —
vaer 2

1 . 1
Hapm = Ini (pijp” - 51)2) — ZnvaR¥|q] (2.43)

for a 3-metric g;; and conjugate momentum P, change variables as in (L2)),

Gij = m(ﬁ Gj, P =12Zn¢ "pY. (2.44)

Now use the formula for the transformation of the Ricci scalar under a conformal rescaling and
rescale the lapse by N = 1/ﬁgb]\f to obtain the new Hamiltonian constraint that is exactly

([238). By construction, this method produces a Hamiltonian constraint that cannot depend on
7, so it cannot resolve the ambiguities we have identified.

3 Hamiltonian analysis of minimal UG

Minimal UG is defined by the constraint (7). Following [5] we will impose this constraint at
the Lagrangian level. In the ADM decomposition it amounts to fixing the lapse to
w
N=—. (3.1)
Va
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We perform the 3+1 decomposition of the UG action (L8] to obtain
Svalg) = ZN/dt/d?’xw <Kinij — K? +R<3>> . (3.2)

The Hamiltonian analysis is based on this Lagrangian. It closely parallels the usual ADM
formulation of EG, except that there is no lapse variable.
The relation between ¢;; and their conjugate momenta p* is given, as in EG, by

P = Zn i (K7 — ¢IK) | (3.3)

but now we have only the primary constraint (Z.1T]).
Proceeding as for DG, one finds that the primary Hamiltonian is

H ~H [%] + DIN] . (3.4)

Consistency of the primary constraints under time evolution leads to the secondary constraints
@22Z1). It is worth stressing that even though the gauge symmetry at the Lagrangian level
consists only of special diffeomorphisms, the constraints ([Z.2I]) generate the full 3-dimensional
diffeomorphism group, as in EG. In this connection we note that given any spatial vector field
€, it is always possible to extend it to a vector field on spacetime that is divergence-free. Thus
the restriction on the gauge transformations is not evident at this stage.

At this point the analysis deviates from that of EG. Consistency of the secondary constraints

implies that
o~ {on[z]) (o (5]

which implies the tertiary constraint
DiH=0 or H=.qC, (3.6)

for some integration constant C. That is, the dynamical variables have to satisfy the ADM
Hamiltonian constraint with a cosmological term (where the value of A is in general different
for each solution)

1 o1
——— (p.p¥_—Zp2) — (3) _
Ha I <psz 5P > ZnA\q (R 2A) . (3.7)

There are no further constraints. Compared to the standard ADM formalism, there is one less
first class constraint (P = 0) but also one fewer canonical pair of phase space variables (N, P).

The constraints are now identical to those of the ADM formulation of EG (including a
cosmological constant A), and thus satisfy the hypersurface-deformation algebra

{Dla], Diex]} = D[[?hgﬂ], (3.8)
{Dla, ®IN]} = H[e'ON] , :
{HIN],H[M]} = D[¢"(No;M — MO;N)| . (3.10)

They form a first class system.
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4 Hamiltonian analysis of UD

This proceeds very similarly to the case of minimal UG, with one small twist. As for minimal
UG and EG, the only difference between UD and DG when deriving the Hamiltonian is that
the lapse is fixed by the unimodularity condition, and we find a primary Hamiltonian

The primary constraints are C and P?; there is again no primary constraint associated to the
lapse, which does not appear in the action. Consistency of P; again leads to D; as secondary
constraints.

However, we now have the additional constraint C which also needs to be preserved under
time evolution. This leads to the condition

o~ {emn[ ]} -]

i.e. it is now H, not its derivative, which emerges as a tertiary constraint. In UD, unlike in UG,
there is no additional global degree of freedom corresponding to the cosmological constant, as
the Weyl symmetry forbids the appearance of a new dimensionful parameter (notice that C' in
(B6) has positive mass dimension 4).

5 Gauge fixings of DG

The way in which various theories descend from DG by gauge fixing in the Lagrangian formalism
is summarised in figure [l We shall now discuss this at the Hamiltonian level for three cases of
interest: the reduction from DG to EG and UD, and a gauge fixing of refoliation invariance.

5.1 Einstein gauge

We can recover the Hamiltonian form of EG by gauge fixing the Weyl symmetry of Hamiltonian
DG. One adds a gauge fixing condition as an additional constraint,

Or=¢—¢o=0 (5.1)

where ¢q is a non-zero constant with dimensions of mass. This gauge fixing corresponds to a
global choice of units: we can identify ¢g =: £1/12Zy as corresponding to Newton’s constant.
The new gauge-fixing constraint is second class with respect to C,

(€l G} = [ ¥ pro. (5:2)

That is, preservation of Gg under time evolution does not generate an additional constraint, but
instead fixes the Lagrange multiplier p. We also have

(D[, Ge\]} = /d% €D~ 0, (5.3)

{HIN].GeN} = 0 (5-4)

where H is the redefined Hamiltonian constraint (238]), which is equivalent to H up to actions
of the primary constraint C. The notation ~ in (53] is Dirac’s notion of weak equality, i.e.
equality when the constraints are satisfied.
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The second class constraints Gp and C can now be solved for ¢ and ,

¢=do, T=2pgy’, (5.5)

and ¢ and 7 can be removed from the phase space (this is equivalent to the Dirac bracket
procedure). We are left with the ADM phase space and constraints

Dilgcrozy = —2Dkp", (5.6)

. 1 g1
7‘[ = H|¢2:122N == m <psz J— §p2> - ZN\/&R(?)) s (57)

and hence recover Hamiltonian EG.

For Einstein gauge to be available, it is necessary and sufficient that the solution of DG one
considers does not have a zero of ¢. The breakdown of this gauge condition is associated with
certain singularities in EG, as we will discuss below.

5.2 Unimodular gauge

The unimodular condition \/H = w can be used to fix the lapse, as we have discussed. In order
for this to be a gauge fixing in the usual Hamiltonian sense, we need to return to a larger phase
space for DG which contains the lapse N and its momentum P (we could also include the shift
N and its momentum P;, but doing this would have no effect on what follows).

Let us then define

Plr] = / &a P(2)r(x) (5.8)

as the smeared constraint associated to P, and add the gauge-fixing constraint
gu=Nyqg—w=0. (5.9)
This is second class with P, since
(Plr).Gu\)} = - / B /AT (5.10)

is not an additional constraint but fixes 7 = 0. For the other constraints we find

(PRGN} = - [ @ aNADE), (5.12)
(€l g} = 3 [ &z yan. (5.13)

H[e] and the combinations D[€] —P[N D;€'] and C[p]+P[3N p] are first class with the unimodular
gauge fixing. We can then remove N and P from the phase space by solving for N = w/,/q and
P = 0. The resulting canonical formalism is just the one for UD that we discussed in section [t
adding Gy is equivalent to choosing a specific form of the lapse.

We do not discuss in detail the other two arrows in Figure 1, namely those from EG to UG
and from UD to UG, both of which amount to imposing the same gauge conditions as in this
and in the preceding sections. Instead, we consider a different type of gauge-fixing that has
other virtues.
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5.3 Lichnerowicz gauge

Here one fixes the refoliation invariance of GR, i.e. gauge transformations generated by the
Hamiltonian constraint H. One simple gauge-fixing condition that can achieve this is

Gr=m=0. (5.14)

Through the conformal constraint C, this condition is equivalent to imposing mazimal slicing
p = 0. The Lichnerowicz gauge fixing is first class with C and D,

{DIEL.GLIN} = Grle'o, (5.15)
{Clel, G} = GrlpAl. (5.16)

On the other hand, the bracket of Gy with H leads to a lapse-fizing equation

N _.. N .
{H[N],GLN]} = / d®z X {— 3‘;¢3 PP — E\/aw:a(?’)) + V149 0;Nd;p + \/qN D*¢p + g¢ DQN}
(5.17)

which is again an equation fixing a Lagrange multiplier and not an additional constraint: Gy, is
second class with # (notice that we have now returned to the conventional formalism in which
N is not part of the phase space but a Lagrange multiplier). We can use the Hamiltonian
constraint and Gy, to eliminate the ﬁl-jﬁij term from the lapse-fixing equation, reducing it to

<—¢R(3) — 67140006 + 5D2¢> N +3¢99;N9;¢ + ¢ D*N =0 (5.18)
or, somewhat more succinctly (see [28]),
<X2R(3) - 7XD2X) N = x'D*(*N) =0 (5.19)

with y = ¢'/2. Again, the second class constraints G;, and H can now be solved for ¢ and 7 to
remove these variables from the phase space. The Hamiltonian constraint becomes, using = = 0,

12 .. \/a 2 (3 i 2

NG T (R + 2¢70,60;0 — 46D%0) = 0. (5.20)
This is the Lichnerowicz equation for ¢, which provides one way of finding suitable initial data
for canonical GR on a spatial hypersurface. Again, its form simplifies when expressed in terms
of x = ¢'/?,

144 y
—7]5@']']5” _ XR(3) +8D%y = 0. (5.21)
qax

The remaining constraints are then simply
Cloo=—20. Dil_g = —2Dyp";. (5.22)

That is, p;; must be transverse and traceless.

The meaning of the Lichnerowicz equation for the initial value problem of GR is the follow-
ing: start with an arbitrary 3-metric ¢;; and a symmetric tensor K% which is transverse and
traceless with respect to @;;. Solve the Lichnerowicz equation for y; then g;; = x4 ¢i; and
K% = x~19 K% provide initial data in terms of a 3-metric and extrinsic curvature, solving the
Einstein equations. (See e.g. [19] for more details and the extension of Lichnerowicz’s to York’s
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method.)

In DG, the combinations ¢ ¢i; and pPKY = ¢ Ppi/ v/q are Weyl invariants; they hence
reduce to the corresponding GR solutions in a gauge where ¢ is constant.

The limitation of Lichnerowicz gauge is that it requires the existence of a global foliation for
which p = 0 everywhere. On compact manifolds, this is only possible for Yamabe-positive met-
rics which is a serious restriction. It would be desirable to extend Lichnerowicz gauge to a more
general ‘York gauge’ in which p = /g7 where 7 is constant on each spatial slice but can differ
from one slice to the next. This condition breaks conformal symmetry if 7 is a scalar under
Weyl transformations.

6 Discussion

Count of the degrees of freedom

To summarise the results of the Hamiltonian analyses, we compare here the count of degrees of
freedom in the standard formulation of GR (EG), in the formulation with a dilaton (DG) and
in unimodular formulation (UG), returning to a general number d > 3 of spacetime dimensions.

The count is summarised in table [l which reads as follows. In the standard Einstein formu-
lation there are d(d 4 1) canonical variables and 2d first class constraints. Since each first class
constraint has to be accompanied by a gauge condition, the total number of canonical degrees
of freedom is d(d + 1) — 2 x 2d = d(d — 3). In d = 4 this agrees with the two polarization states
of the graviton.

In DG one has two more canonical variables (the scalar field and its momentum). There is
also one more primary constraint and the same number of secondary constraints, so the number
of constraints is one higher. This, and the associated gauge condition, removes the additional
variables.

In unimodular gravity there are two less canonical variables, due to the condition of unimod-
ularity of the four-metric, which we use to eliminate the lapse and the associated momentum.
There is then one less primary constraint than in Einstein gravity, because the momentum con-
jugate to the lapse is not a canonical variable. There is also one less secondary constraint, but
then there is a tertiary constraint (in another terminology, one would say that there is the same
number of secondary constraints). The fact that there is one less constraint is related to the
fact that the gauge group SDiff has one less free parameter. Altogether, the constraints and
their gauge condition remove two variables less than in Einstein’s theory, so the final number of
degrees of freedom is the same.

Symmetry trading and linking theories

Choosing Lichnerowicz gauge in DG leads to a theory that is different from EG: compared to
EG, the refoliation invariance generated by H has been ‘traded’ for a Weyl symmetry generated
by C. The canonical variables are the same in both theories (a spatial metric and its conjugate
momentum); the same number of first class constraints implies the same number of (local)
degrees of freedom. One of the main points we want to convey in this paper is that the relation
between two locally equivalent theories, sharing the same dynamical variables and the same
number of gauge symmetries per spacetime point, is often easiest within a ‘linking theory’, here
given by DG.
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DG EG UG
Fields ql_]7NZ7N7¢ ql_]7NZ7N quvN’L
Momenta DI P P | pd, PP | pi P
# of canonical variables dd+1)4+2 |dd+1) | dd+1)—2
Primary constraints P! P.C Pt P Pt
Secondary constraints Hi H Hi H Hi Ha
# of first class constraints | 2d + 1 2d 2d —1
# of canonical d.o.f. d(d —3) d(d—3) | d(d—3)

Table 1: Summary of the constraint analysis of Dirac, Einstein and unimodular gravity.

In section [l we already saw an example of this in the covariant Lagrangian formalism (see
figure ). Compare EG and WTDiff gravity: they are both formulations of GR in terms of
a Lorentzian metric, but with different action and different symmetries. Understanding the
relation of the two can be done either via UG [29] or, as we have done here, via DG. As we
have seen, EG and WTDiff are obtained by different choices for the scalar ¢ (or ¢, the two
coincide in d = 4) in DG. Thus, DG provides a ‘linking theory’ from which EG and WTDiff can
be obtained rather straightforwardly. A linking theory, when it exists, also clarifies the global
differences between different formulations, which correspond to the failure of the respective
gauge-fixing conditions for certain solutions, as we will discuss in the section ‘Singularities’
below. Symmetry trading then becomes more directly understandable in terms of the linking
theory.

Shape dynamics

DG in Lichnerowicz gauge provides a dynamical system for gravity that is similar to shape dy-
namics [I8/[19], the key difference being that Weyl transformations in DG are not constrained to
be volume-preserving; accordingly, unlike shape dynamics, DG does not have a global Hamilto-
nianﬁ. It is known that both Hamiltonian (ADM) EG and shape dynamics can be seen as gauge
fixings of a Hamiltonian linking theory [I8]. One of the original motivations for the present
work was to seek a spacetime covariant, Lagrangian form for the linking theory. DG provides
the obvious candidate for relating Hamiltonian EG to shape dynamics.

Under certain further assumptions, the known linking theory for EG and shape dynamics
can indeed be seen to be equivalent to DG. The following system of constraints for a 3-metric
¢i; and canonical momentum p', scalar field ® and momentum 74 provides a linking theory for
shape dynamics [19]:

6—6<i> B 6—6<i> T N 2 . . .

— i T | 6d B (3) 26 o & 2 &
H NG D Pij NG ( 1 +e \/§<p>> \/(_1<R e 8e” D%e ) , (6.1)
H;, = —2Djpij + 160; P R (62)
Q = 7w —4(p-— <p>\/§) . (6.3)

Here p;; is again the tracefree part of p;;, and d=0o-— %log(ﬂe&b). Spatial averages for a

scalar density X are defined by (X) = ([ d*z X)/([ d*y /q).

$We have dropped boundary terms in our analysis, e.g. by assuming that the spacetime manifold is compact
without boundary. Boundary terms would lead to a true Hamiltonian, corresponding to the ADM energy.
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An elementary canonical transformation (for simplicity here, unlike in the rest of the paper,
¢ and @ are treated as dimensionless)

e =¢, np=21¢, (6.4)

transforms (6.1)-(63]) into

_ VAt o (Vaed) (w_vb ﬁ¢3<p>>2 __¢R® —8¢!/2 D%p!/2
T T sy \ ot (e vaoe 0 9
Hi = —2Djpi’ + 709, (6.6)
Q = 21 —40p— (VD) (6.7)
These constraints agree with the ones of DG (see section 2.1]) if
(p) =0, (V/q¢*) = const. (6.8)

At least in the specific case of configurations with vanishing average extrinsic curvature and with
constant spatial volume as measured by the ‘Einstein frame’ metric g;; o ¢2qij, DG is precisely
the linking theory that was constructed for shape dynamics already. Its Hamiltonian formalism
can be derived from a simple, generally covariant action (L3 (with d = 4).

Singularities

The dilaton ¢ is naturally required to be positive (in fact it is common to parametrize it as
¢ = fe?). However, in solving the equations one sometimes encounters situations where it may
be advantageous to relax such a condition.

As an example, consider the case of a cosmological Friedmann-Lemaitre-Robertson-Walker
universe, which in EG can be written in terms of conformal time as

ds® = a?(n)(—dn* + hijdz'da?) = a®(n) ggydx“dx” (6.9)

where h;; is a fixed 3-metric of constant curvature. By (L2)), it is now evident that such EG
solutions can be ‘lifted’ to DG solutions for which

Guv = 921/ , d=an)VZn/a, (6.10)

i.e. solutions with static spacetime metric and time-dependent ¢ field; a(n) solves the Friedmann
equations of usual cosmology. From a mathematical point of view, the singularity has been
shifted from the metric g,, to a zero of the dilaton. (Notice that ¢ — 0 means a divergence in
the effective Newton’s constant ~ ¢~2.) Whether this is to be regarded as a physical singularity
of the geometry depends on whether free falling test particles are assumed to follow the geodesics
of the metric g,, (in which case the physical singularity has been removed) or of the original
metric gy, of (LZ) (in which case it is still present). In the former case, such cosmological
solutions of DG allow an extension of the spacetime manifold through what would normally be
the Big Bang/Big Crunch singularity at a(n) = 0, the point where Einstein gauge breaks down.
See [30] for various recent works using DG and related formulations in this context in order to
resolve the Big Bang/Big Crunch singularity of EG either classically or quantum mechanically.
This discussion extends straightforwardly to general solutions of EG that have points or regions
where the metric has vanishing determinant.

DG is most naturally coupled to matter fields that are themselves conformal (in the sense
of being invariant under (L4)), and do not ‘see’ any singularities in the conformal factor of the
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metric, nor in the dilaton ¢. For non-conformal matter there is, as usual, a choice of whether
it couples only to the metric g, or also to ¢, and coupling to ¢ would in general still lead to a
singularity even if g, is made to be non-singular.

Just as the larger gauge group of DG means that certain singular fields in EG are not singular
in DG, the smaller gauge group of UG means that certain regular fields in EG would be singular
in UG. As a simple example, in a 2-dimensional space with coordinates x and y, consider w = .
This is singular at x = 0, because a volume form is supposed to be nowhere-vanishing. However,
this is normally seen as a shortcoming of the coordinates. Recognising that w is the volume
form of flat space in polar coordinates, we remove the singularity by simply passing to Cartesian
coordinates. However, in UG such a coordinate transformation would be forbidden, so the
singularity cannot be removed. For a slightly less trivial example, consider the Schwarzschild
metric in isotropic coordinates

r—M/2\? M\*

If we base UG on the fixed volume element w = (1 — 2_J\/r[) (1 + 2—]\{)5, there is a (mild) singularity
at r = M /2 that cannot be removed by gauge transformations.
It would be interesting to find other examples of such behaviour in realistic solutions.

Cosmological constant term

It would be straightforward to add a cosmological constant term to the actions we discussed. In
DG in d = 4, it would be of the form

2
Sy = ZN/d4x\/]g]2A = a—2A/d4x\/]g\ o (6.11)
N

g;w:ﬁ(é%g;w Z

i.e. a ¢* potential with dimensionless coefficient, which is clearly allowed by Weyl invariance.
Since such a term does not involve spatial derivatives, it does not affect the discussion of the
constraint algebra in section In UG, even with a cosmological constant term in the action
one gets a different effective A as an integration constant for each solution. We have omitted
details of these discussions which do not seem important for the main points of our paper.

Further extensions

As we hope to have made clear, the addition of inessential gauge invariances can be useful
in order to compare equivalent formulations of a theory possessing different gauge invariances
(symmetry trading). We have discussed in some detail the case of Weyl invariance, but one need
not stop here. There is a formulation of gravity where the gauge group is extended by local
GL(4) transformations, see [31] for a canonical analysis and [32] for a review and additional
references. This formulation acts as a linking theory between EG and the tetrad formulation, in
the sense that both can be obtained by fixing the value of some ﬁeldﬁ. DG can be viewed as a
sub-case of the GL(4)-formulation where the GL(4) transformations are restricted to multiples
of the identity.

We also note any metric can be locally transformed into any other metric by means of a local
GL(4) transformation

G () = M) M),  gop () -

Incidentally, note that local Lorentz transformations are inessential.
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A field theory of matter that is invariant under such local GL(4) transformations is a theory that
is independent of the metric and therefore is a topological field theory. Just like a conformally
invariant theory of matter is insensitive to the cosmological singularity, a GL(4)-invariant field
theory will be insensitive to any singularity.

Quantization

Our main aim was to discuss inessential gauge invariance and symmetry trading at the classical
level, but we add here a few comments about these issues in a quantum context. Weyl invariance
is generally known to be anomalous at a quantum level [33]. However, it has been known for a
long time that in the presence of a scalar field transforming by a shift (a dilaton), it is possible
to quantize the theory preserving Weyl invariance [34H40]. This is therefore the case in DG. For
WTDiff-gravity, this has been discussed in [41]. It has also been argued on general grounds [42]
and shown explicitly in one-loop calculations [843] that UG is equivalent to EG at the quantum
level. All this points to the conclusion that the local equivalence between theories that differ by
inessential gauge invariances or symmetry trading can be maintained also at the quantum level.
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A Evaluation of the Poisson bracket {H|N], H[M]}

For convenience of the reader, we summarise some details of how one evaluates the Poisson
bracket {#H[N],H[M]} in DG and possible modifications (including Brans-Dicke gravity) as
discussed above. We consider general Hamiltonian constraints that are a linear sum of the
following terms:

Pijpij p? m° pm 2 n(3) ij 2
) T =90 = T = q¢ R ) qua¢8¢7 Q(bD (b Al
\/a¢2 \/§¢2 \/6 \/a(b \/_ \/_ LV} \/_ ( )
smeared with test functions N(z) and M (z).
The following nontrivial Poisson brackets appear in the required calculations:

{/d3xN77;2,/d3yM\/§qij3i¢8j¢} — (&) = 4/[N, M'7d;¢, (A.2)
{/d%NTj,/d?’yM\/a(pD%} — (&) = /[N, M) (—4mdip + 2D;i(1¢)),  (A.3)

{ / d%N%ZZ, / d3yM\/§¢D2¢} (&) = / IN, M]' ¢~ (pdsp — 2p70;0) , (A.4)
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= /[N, M]" (8pgp 0 — 2D;p
—8¢ 700 + 2Djpij) , (A.5)

— [N 100, (A.6)

|

([ 2 i

{ / dng\/_;, / d3yM\/§R(3)¢2} — (&) = / [N, M]* (16p¢ ' 0i¢ — 4D;p) ,  (A.T)
|
|

{/d3 NPT N /d3nyqZ]82¢6 é
= [ovan (D@-p _9% ”‘W> (A.9)

([ oz [ ¢
{/d3 N (b/d?’yM\/_R?’)gb} (<) = /[N,M]i(SwﬁiqS—ZDi(qu)). (A.10)

~ / N, MJ'po"0i6, (A.5)

In these expressions, “(«»)” is a shorthand for taking the previous expression and exchanging
N and M, and we define [[N,M]'V; = [d3z ¢ (NO;M — Md;N)V; as the right-hand side is
always of this form. Where these expressions can be compared with those given in [25], they
agree. Taking linear combinations of these Poisson brackets then results in Poisson brackets
among possible expressions for the Hamiltonian constraint, as given in section 211
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