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To solve an applied inverse problem, a numerical forward model for th e prob-
lem's physics is required. Commonly, the nite element method is employed
with discretizations consisting of elements with variable si ze h and polynomial
degreep. Solutions to hp-forward models are known to converge exponentially
by simultaneously decreasing h and increasing p. On the other hand, applied
inverse problems are often ill-posed and their minimization rat e exhibits un-
certainty. Presently, the behavior of applied inverse problems incorporating hp
elements of di ering p, h, and geometry is not fully understood. Nonetheless,
recent research suggests that employing increasingly higher-orcer hp-forward
models (increasing mesh density andp) decreases reconstruction errors com-
pared to inverse regimes using lower-orderhp-forward models (coarser meshes
and lower p). However, an a rmative or negative answer to following ques-
tion has not been provided, \Does the use of higher order hp-forward models
in applied inverse problems always result in lower error reconstructions than
approaches using lower orderhp-forward models?"

In this article we aim to reduce the current knowledge gap and answer the
open question by conducting extensive numerical investigations in the con-
text of two contemporary applied inverse problems: elasticity i maging and
hydraulic tomography { nonlinear inverse problems with a PDE desc ribing
the underlying physics. Our results support a negative answer to the question
{'i.e. decreasing h (increasing mesh density), increasing p, or simultaneously
decreasingh and increasing p does not guarantee lower error reconstructions
in applied inverse problems. Rather, there is complex balance bdween the
accuracy of the hp-forward model, noise, prior knowledge (regularization),
Jacobian accuracy, and ill-conditioning of the Jacobian mat rix which ulti-
mately contribute to reconstruction errors. As demonstrated herein , it is
often more advantageous to use lower-orderhp-forward models than higher-
order hp-forward models in applied inverse problems. These realizations and
other counterintuitive behavior of applied inverse problems u sing hp-forward
models are described in detail herein.

c 2019 Elsevier Inc. All rights reserved.

September 5, 2019
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1. Introduction

Solutions to inverse problems are required in a number of elds wihin engineering, medicine, and
science [1]. Medical imaging is one of the most robust elds for which iverse problems are applied, where a
number of tomographic modalities are used to detect, e.g. tissue abnorafities. Some common modalities
include X-ray tomography [2, 3, 4], electrical impedance tomography (EIT) b, 6, 7, 8, 9, 10], photoacoustic
imaging/optical di usion tomography [11, 12, 13], magnetic resonance imaging (MRI) fL4, 15], and elasticity
imaging [16, 17, 18]. In the broad eld of physical sciences, compiling a congte list of applications for
inverse problems would be a dubious task. As a representative picte, applied inverse problems in the
physical sciences vary from implementing gravitational wave data © solve the relativistic inverse stellar
problem [19] to imaging volcano cross sections using EIT and muon imaging [20p protein structure
prediction [21]. Applications of applied inverse problems in engineéng are quite diverse; including use
cases in structural health monitoring [22, 23, 24, 25], hydraulic tomography [26, 2728], multiphase ow
tomography [29, 30], materials characterization [31, 32], petroleum reservoir @racterization [33], and many
more.

Despite the numerous optimization approaches used for solving inveesproblems, e.g. adjoint methods
[34], Jacobian-based methods [35], and Newton-Krylov methods [36], theris one commonality in applied
inverse problems: a numerical model for the problem's physics isequired. This model is referred to as a
forward model. In a broad sense, we aim to match the data simulated usigpthe forward model to the observed
measurements as closely as possible when solving an inverse problemherefore, we require a forward
model with su cient accuracy (more on the meaning of \su cient" later ). Over the years, researchers have
adopted a suite of di erent computational regimes for solving forward prodems, such as nite di erence [37],
boundary element [38], and nite element methods (FEM) [39]. Some advatages of the nite di erence and
boundary element methods are their ease of implementation and speedespectively. The FEM, however,
is likely the most common numerical method used in forward solvers, wh a possible exception of inverse
problems that may arise from computational uid dynamics { whereby uti lizing well-developed nite volume
platforms such as OpenFOAM [40] may be advantageous. The popularity of the FH in inverse problems
possibly results from the well-studied accuracy/convergence behléor [41, 42, 43, 44], ease of discretization
[45], straightforward nature of handling boundary conditions [46], and the sg@rsity of the resulting systems
of equations [47]. For these reasons, we focus our attention to inversegislems utilizing nite element-based
forward models.

The research area encompassed by the FEM is extensive. Indeed,eovthe years researchers have pro-

posed innovative regimes such as meshless methods [48, 49], adaptivemoels with clouds [50, 51], smoothed
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methods [52], discontinuous methods [53, 53, 54], and phase- eld approachfsb, 56]. Many of the afore-
mentioned FEM regimes o er highly-accurate solutions by incorporating high-order elements and complex
numerical approaches, which may come with a high computational price. Asuch, researchers have devel-
oped methods, such as parallelization, resulting in signi cant speg-ups [57, 58]. In some work, such as in
[59], parallel FEM solvers have even been implemented as forward molden inverse problems. At the heart
of much recent FEM research, work has been conducted to improve thaccuracy of nite element solutions.

Due to the scarcity of work relating FEM forward solvers accuracy to inverse solutions, however, we
aim to rst study the e ect element size h and polynomial degreep have on inverse solutions. In future
work, more advanced FEM solvers will be studied. From rst principles, it is well known from early works
such as [60] that exponential solution convergence is achieved by simaheously re ning h and increasing
p in hp nite element regimes. However, such a guarantee may not necessariexist for inverse problems
implementing hp nite element forward models. This realization results from the ill-posed nature of inverse
problems, meaning that at least one of the following criteria does not bld: (i) the solution is unique, (ii)

a solution exists, and/or (iii) the behavior of a solutions changes contimally with the problem conditions
(i.e. small input changes to the problem result in small changes in tk solution) [61].

From an implementation standpoint, the solution to an inverse problem oten requires an iterative
approach. For this, we are required to solve the forward problem numerosi times, both in evaluating
some cost function and in computing a gradient, Jacobian, etc. (dependig on the optimization regime). In
addition to attributes contributing to an inverse problem's soluti on, such as regularization and measurement
noise, this realization makes the task of predicting the minimizationrate, number of iterations required,
and inverse solution accuracy as a function ofi and p di cult. Moreover, research investigating the e ect
of di ering hp discretizations in applied inverse solutions is scarce.

Nonetheless, some light has been shed on this topic in the context of, fexample, stationary EIT [62] and
convection-di usion inverse problems [63]. In a pioneering work (Leder, 2012) [62], the author investigated
triangular hp discretizations where a range op from 1 to 5 and several di erent sizes ofh were considered.
Regardless of the choice of regularization, Ledger found superior reconsttions when p > 1 and that,
despite the noise level, higher order (i.e. increased mesh detysand p) elements generally resulted in lower
reconstruction error. Importantly, the author also noted a distinct t rade-o between the resolution used
to represent the forward problem and the reconstructed parameter dd. In the recent article (Yeo et. al,
2019) [63], the authors utilized di erent L; and L, regularization schemes in solving a convection-di usion
inverse problem consideringp ranging from 2 to 10 on a rectangular mesh. The authors arrived at a similar
conclusion expressed by Ledger, whereby increasirgled to lower error inverse solutions.

Additional relevant research has also investigated adaptive meshingchemes in inverse problems; for
example, in [64] the author utilized adaptive meshing and e cient lin ear solvers for solving large-scale inverse
problems. One signi cant contribution of this work was the implementation of a method bypassing nite-

dimensional norm dependence on mesh size. In non-stationary contextas in [65], authors have compared
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hp adaptive regimes for adjoint systems nding that estimations of the objective function gradient are
greatly improved { resulting in increased accuracy of inverse solubns. Such works have helped close gaps
with respect to the feasibility of using hp elements and adaptive elements in stationary and non-stationary
inverse problems.

It is important to reinforce that, at the end of the day, the main purpos e of including hp-adaptive forward
models in reconstruction approaches is to improve solutions to inuse problems. As such, the aforementioned
advances in applied inverse problems, among the others elds mentiad, dates back to fundamental research
conducted decades ago. Important to the theme of this article is the notin of distinguishability proposed by
Isaacson in 1986 [66]. In the seminal article, Isaacson determined a criten, related to EIT measurement
precision and the noise level, above which a small inclusion couldiitbe reconstructed. Several years later,
the notion of distinguishability was used to deepen researchers' werstanding of the stability and resolution
of inverse conductivity problems in [67]. By combining information from one or both of these works, authors
thereafter began to use relevant concepts in designing improved siiretizations used in solving inverse
conductivity problems, e.g. in [68, 69, 70]. Interestingly, it was later $iown that in special circumstances
one may solve an inverse problem to \optimize" the inversion grid usedn EIT [71]. Of particular relevance
to the inverse problems solved here, researchers have also depd optimal discretization approaches for
hydraulic tomography inverse problems, e.g. [72]. Meanwhile, researchas also shown that the choice of
discretization, itself, has a regularizing or \self-regularizing" e ect [73, 74].

Notwithstanding the listed works, where researchers have largelydcused on computational and theoret-
ical aspects related to, e.g., forward modeling, discretization, redarization, and stabilizing inverse regimes
{ others have focused their attention on directly modeling errorsintrinsic to the numerical forward models
[75, 76, 13] as a means for improving reconstructions. To do this, researets often recast the standard
inverse problem relating some datad, an \exact" (i.e. highly-accurate) forward model Up( ), Gaussian

distributed measurement noisee, and some estimated parameter :
d=Ua( )+ e 1)
by rewriting the observation model in the following form

d=[Us (), O+ + e @

S

such that a reduced-order forward modelU,( ) may be used in generating a model error terme,, by

substituting into the discrepancy term in Eq. 3 and rearranging as bllows
d=Un( )+ em+e 3

This technique and the estimation ofep, is called approximation error modeling (AEM) and is often formu-
lated in a Bayesian framework [35]. Solving problems using AEM is attradtve for a multitude of reasons.

Firstly, it allows for the use of the reduced modelUy,, which can signi cantly decrease computational demand
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by allowing for coarser meshes and/or a lowep. Secondly, AEM provides a means for quantifying modeling
errors in a statistical sense which may shed useful light onto a prdlem's physics or the behavior of a given
inverse problem. As a whole, AEM is an e ective technique that had bea broadly applied to, e.g., EIT
[76], ultrasound tomography [75], photoacoustic tomography [77], and optical di usbn tomography [13].

In this work, we are inspired by the aforementioned works investigathg hp elements in inverse problems
and the recent advances in computing allowing us to solve large-scaleverse problems. In this article we
aspire to build upon previous works, where we aim to expand the conteporary understanding of inverse
problems usinghp discretized forward models by quantifying reconstruction sengivity with respect to (i)
discretization density, (ii) di ering element shape, (iii) accuracy of derivative (Jacobian) estimates, and
(iv) diering p considering a suite of di erent problem conditions. In addition, we aim to a rmatively
or negatively answer the pervasive open research question arising fronecent works such as [63, 65, 62],
\Does the use of higher orderhp-forward models in applied inverse problems always result in loweerror
reconstructions than approaches using lower ordehp-forward models?"

For this, we conduct numerical studies investigating two contempoary applied inverse problems with
dissimilar problem physics and ill posednesselasticity imaging (typically an overdetermined problem) and
hydraulic tomography (typically an underdetermined problem). In these studies, we onduct a large-scale
analysis considering geometries with inclusions having random efisoidal shapes and locations as well as
randomized distributions. The aim of conducting the large suite of reonstructions is to incorporate a
statistical perspective on the roles ofh and p in solving inverse problems with various levels of measurement
noise, data interpolation error, and data reduction (in the case of hydaulic tomography).

The article is organized as follows. We begin by introducing the forwad and inverse models for elas-
ticity imaging and hydraulic tomography. Following, we detail the numerical investigation, including the
hp elements tested, regularization, the computational resources usednd the numerical tomography case

studies. Next, the numerical studies are conducted and discussedL.astly, conclusions are presented.

2. Elasticity imaging

This section details the forward and inverse problems used in solvip the elasticity imaging problem.
From a high-level viewpoint, elasticity imaging is the inverse esimation of an inhomogeneous elastic modu-
lus distribution from a quasi-static displacement eld. Some applications of elasticity imaging include crack
detection in structural health monitoring [78, 79], engineering materals characterization [31], and localiza-
tion of tissue abnormalities in medical imaging [16, 80, 17, 18, 34, 81, 82]. We furthatiscuss this problem

in this section by rst de ning the forward problem and then formulat ing the inverse regime.

2.1. Forward problem

In this work, we consider a two dimensional problem in a linear elastt body with a boundary @. We

then de ne the boundary tractions fi on @ i1, which is a part of the boundary andi = 1;2. Following, we
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denote the displacements on@ i, by 0;. Neglecting body forces, the elastic forward problem is written as

@i _ ..

oy =X 2 (4)
fix) in fix2@in 5)
u =%i;2 @2 (6)

where j is the stress tensorx is the spatial coordinate, n; is the outward unit normal, and @ i1 [ @ i1
@

In obtaining a discretized nite element formulation of the forward m odel, we use the weak-Galerkin
formulation of Eq. 4 [41]. In the discretized problem, we obtain the famiiar system of equations (using
integration via Gaussian Quadrature) as a function of an elastic modulus gctor E

X
Ki (E)u; = Fi (7
i=1
whereKj is the sti ness matrix and F; is the force vector. Conveniently, since we are interested in comyging
the displacement eld, we may also write
X
u = Ky H(E)F (8)
i=1
where n is the number of unknown displacements, which is dependent ohp discretization prescribed for
the problem (these selections are discussed in a later section).

In this work, it is important to note that we assume deformations are in n itesimal, i.e. jjr ujj 1. By
imparting such an assumption, we recall that the standard strain tensoris given by = %(r u+ru')[79].
Moreover, we assume plane stress conditions and element-wise ismbly; in other words; is inhomogeneous
with respect to E, but the elastic modulus is constant in each element. In the followng subsection, we will

discuss the implementation of this forward model in the inverse appach.

2.2. Inverse problem

The inverse elasticity imaging problem de ned in this work is as follows: given a noisy displacement eld

Unm, undeformed , and the force vector F, estimate E. The observation model for this problem is written
Un = U(E)+ " 9)

where U is the hp forward operator described in Eq. 8 and” is a term lumping measurement noise and

modeling error. To obtain a solution to the problem described in Eqg.9 we minimize the following functional
e (E>0)= jiLe(um U(E)jj>+ R(E)+ c(E) (10)

where jj jj is the L, norm, Lg is the Cholesky factor of the inverted noise covariance matrix, exptitly

written as LELE = W ! R(E) is a regularization functional, and ¢ (E) is the constraint functional
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which penalizes negative values. The necessity for regularizing éhproblem results from the ill-posed nature
of the elasticity imaging problem, i.e. that standard least-squares saitions are non-unique, do not yield
stable solutions, and generally do not meet the Hadamard conditions for a wkposed problem [35]. By
incorporating regularization, particularly by incorporating prior infor mation based on realizations of the
problem's physics [78], the stability and accuracy of the solution is inproved. Moreover, in obtaining a
minimum of g, we may incorporate constrained optimization to ensure solutions compied with the
forward operator are realistic, i.e. nhon-complex by settinge > 0.

To solve the constrained minimization problem given in Eq. 10, we use a @uss-Newton algorithm

incorporating a linesearch to nd the optimal step-size sx. The general iterative regime is written as
Ex = Ex 1+ scE (11)

where Ex denotes the current estimate at iteration k and E is the least-squares update given by

E=(J'W 13+ g'+ ¢) 'O'W ‘(um U(Ek 1)) gr 9c) 12)
where J = @(L;EE) is the Jacobian matrix, Rl is the inverse of the prior covariance matrix, gg is the

regularization gradient term (if the form of regularization is di erenti able), and ¢ and g. are the Hessian
and gradient terms related to the constraints. While selection of theregularization terms will be discussed
in a later section, the handling of the non-negativity constraint was dore using the interior point method
with second degree polynomials following [22]. The methods used for cqmting J, however, were selected
with care since their calculation is the most computationally intensive and time-consuming portion of the
algorithm. Based on this realization, we selected two methods for comping J. In the rst method, J is
computed from the forward model at each iteration and is highly accurate bu computationally demanding.
In the second method,J is approximated at each iteration and is therefor less accurate, but sigicantly

less computationally demanding. A description of both methods is proided in the following.

2.2.1. An\accurate" and \slow" method for computing J

We begin by describing the rst method. Since the inverse probéms solved herein include geometries
with many degrees of freedom, we tested several methods for compugd from the forward models including
(i) standard forward di erencing, (ii) central di erencing, (iii) semi-analytical computation following [83],
and (iv) complex step di erentiation [84]. In preliminary studies, it was found that the use of method (i)
was not su ciently accurate and resulting in slow convergence of the HesianH = JTW J requiring many
iterations until the stopping criteria was reached. On the other hard, the use of method (ii) did result in
su ciently accurate computations of H; however, estimation of J using central di erencing is overly slow
and computationally demanding, requiring 2 N4 solves of the forward model, whereNy are the degrees of
freedom in E. The use of method (iii) provided the most accurate computations ofH, which are known to

be increasingly accurate near the global minimum. However, while methd (iii) was excellent for problems
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with low Ng, problems with Ng > 10° were infeasible on the available computing platform since the methd
requires the storage a gradient matrix that scales with the square oNy4. The nal option, (iv), however was
su ciently accurate and fast (relative to methods (ii) and (iii)), requiring Ny forward solves per iteration,
and was therefore selected as the rst method for computing].

The advantage of complex di erentiation methods over standard pertubation methods largely lies in the
realization that estimates of J are not corrupted by subtractive canceling errors. This is becauseamplex
di erentiation does not require a di erencing operation. As such, it has been shown that even standard
central di erencing, using two data points for each rst derivative estimate, is less accurate than complex step
methods using only one data point [85]. Given these advantages, the corfgx-step method for computing

J(E) was utilized and is written below in terms of the \j " column entry

Im(U(E +i ))

Jj = (13)

where i is an imaginary nhumber and is the step size, which is selected as the machine precision. Nexte

describe the less accurate but faster method for computing .

2.2.2. A \reduced accuracy" and \fast" method for computing J

One challenge with using Eq. 13 in an iterative scheme is the sheer aunt of time, memory, and number
of cores (if the loop is in parallel) required. This is especially tue in inverse problems with many degrees
of freedom. The reason for this lies in the fact the cost of solvingl, alone, using di erentiation scales
as O(Nd3) [18]. This cost can be drastically reduced by updatingJ rather than re-computing it using the
forward model at each iteration.

As our second method for computingJ, we use Broyden's method [86] which takes advantage of the
secant method. In the context of elasticity imaging, we begin by initializing J by setting Jx=1 = Jo(Eo),
where Jg is computed using Eg. 13 andEg is the initial guess detailed in a later section. For successive
iterations (k > 1), we use

Uc Jk 1 Ex
i Exii?

Je=J¢ 1+ = (14)

where Uy = U(Ex 1) U(Ex 2)and Ex=Ex 1 Ex 2.

The obvious advantage of Broyden's method for computingd is that the complexity is O(NZ). There
are some well-known disadvantages of Broyden's method in optimizatiorproblems, including (i) slower
convergence of the optimization scheme, (ii) propagating/cumulative erors in J as a result of round-o
errors, and (iii) sensitivity to the initial matrix Jo [87]. While other, possibly more accurate methods of
updating J exist [88, 89], we reinforce that we are interested in studying the comutational performance of
inverse problems usinghp discretized forward models in the presence of errors id and thereforeH . Further

details regarding the computational environments of these regimes wibe provided in section 4.
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3. Hydraulic tomography

This section details the forward and inverse approaches for solving théydraulic tomography problem.
Broadly speaking, hydraulic tomography is used to characterize aquiferdy measuring pressure head at
discrete locations (wells) [28]. Tomograms generated from this modalityare useful in characterizing the
constitution, porosity, permeability/conductivity, and other prope rties of an aquifer [27, 90]. Hydraulic
tomography, however is a wide eld for which there are numerous forms ofnput data, using for example
oscillatory or transient signals [26, 91]. In this work, however, we invetigate a stationary case of hydraulic
tomography, where we consider reconstructing the hydraulic condugtity in steady-state conditions. In the

following, we begin by describing the forward problem and then the iverse approach.
3.1. Forward problem

We consider a two-dimensional aquifer with a boundary denedby @ ;[ @1y @and i=1;2.

The ow equations for this forward problem are described by the follaving equations

Slv+rp=0;x2 (15)
rov="f;x2 (16)
P=po;X2@i1 (17)
VN=vex2 @iz (18)
where S is the spatially inhomogeneous hydraulic conductivity tensor,v =  Sr p is the velocity, p is the

unknown pressure headf is a source term, and p and vq are prescribed boundary conditions. Moreover,
in a discretized form, we denote the numerical velocityv,,, for which we require that the mass is locally

conserved on each elemerd's boundary @ eby writing
z z

v, n= f (19)
@e e

and we also enforce normal ux continuity on edges between elementse such that
z z

Vhje, N1+ Vpje, N2=0: (20)

To compute p given in Egs. 15-18, we use the mixed variational formulation decribed in [92, 93]. For
this, we conduct numerical integration over the hp discretization using Gaussian Quadrature and solve the
symmetric inde nite linear system by implementing an adaptation of the open source nite element code
DarcyLite [94]. In the following subsection, we will discuss the inplementation of the described forward

model in the hydraulic tomography approach adopted herein.
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3.2. Inverse problem

The hydraulic tomography problem solved in this work is de ned as follows: given a noisy vector of
pressure datap, measured at discrete wellsw(xy;y, ) with coordinates (xw;y,,), aquifer geometry ,
source termspg and vp, determine the inhomogeneous hydraulic conductivityS. The observation model for

this problem is then written
Pm = U(S)+ " (21)

whereU is the hp hydraulic tomography forward problem described in the previous subsetion. In obtaining

a solution to this problem, we aim to minimize the following functional
s(S> 0)= jiLe(Pm  UOS)ii*+ R(S)+ c(9) (22)

whereLg, R, and ( are the same as described in section 2.2 and details on the choiceRwill be detailed
later. Moreover, the constraint S > 0 results from the fact that hydraulic conductivity cannot be negative.
To solve the hydraulic tomography problem, we again adopt a Gauss Newton regimwhere, by substitution

into Eq. 11 we have
Sk = Sk 1+ S (23)

where S is the least-squares update computed using Eq. 12 and simply subsiting the appropriate param-
eters for the hydraulic tomography problem. For obtaining J = J(S) we also use complex di erentiation
described in Eq. 13 for the \accurate" computation and Eq. 14 for the fast and\reduced accuracy"

computation.

4. Numerical investigation

In this section, we detail important components of the numerical investigation, where we study the e -
cacy ofhp elements in elasticity imaging and hydraulic tomography. We begin by dscribing the hp elements
selected for both elasticity imaging and hydraulic tomography. Following, we discuss the selection regular-
ization techniques used in solving the inverse problems. Next, weletail the numerical testing program.

Lastly, we discuss the computational resources and details relevant tonplementing the inverse algorithms.

4.1. Selection ofhp elements

In this paper, we consider two dimensional inverse problems. Thiss largely for two reasons, (i) 2D
problems remain the most common types of inverse problems in contempary literature - possibly due to
the computational reduction in comparison to 3D problems; (ii) the extension of 2D problems to 3D is
generally straightforward, with the addition of signi cant computational ¢ ost (especially when considering

hierarchical hp elements) [95]. After choosing the problem dimensions, element apes were considered. For
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this, triangular and quadrilateral elements were selected since thy are widely used in solutions to a variety
of inverse problems.

Initially, candidate triangular and quadrilateral elements were consdered having polynomial order rang-
ing from p =1 to 5 following [62]. During preliminary testing, we aimed to determine a reasonable range op
satisfying both of the following criteria (i) a stopping criteria (here we used ( ¢ 1 k)= k 1< 10 ®)was
reached in less than less than 2 hours and (ii) su cient RAM is available for an inverse problem with 16
estimation parameters on a machine with 32 cores at 2.4 GHz having a total of 128 IGRAM. For the target
parameter distributions in the trials, a randomized Gaussian blob-lke distributions were considered. More-
over, criteria (i) and (ii) were chosen based on available computingesources and knowledge that hundreds
of test cases are required to gain adequate simulation statistics.

Based on the preliminary trials, the following element types wereselected for both elasticity imaging and
hydraulic tomography inverse problems: T3 (3-node triangle), T6, Q4 (4node quadrilateral), Q8, and Q9.
These elements are classied ap =1 and p = 2 elements. Moreover, simulated data needs to be generated
by employing discretizations with a reducedh and higher degree inp relative to the inverse meshes to avoid
an inverse crime [61]. For this, Q16 p = 3) elements were chosen for simulating data on dense forward
meshes. We would like to mention that the selection ofp = 1;2 due to available computation resources for
the inversion meshes is a limitation in this study, especially gien the prevalent use of cubic elements in
inverse problems. Elements withp > 2 will be studied in follow-on work. A summary of the elements used

in this study is provided in Fig. 1.

hp elements: inverse model

" " hpelement
) ¢ ¢ o ¢ (datasimulation)
Q4,p=1 Q8,p=2 Q9,p=2 1°°71
¢ o o o
Q16,p=3
T3,0~1 T6, p=2
Fig. 1. Schematic showing the hp nite elements used in solving the inverse forward problems (left) and the

hp element used for simulating data (right).

4.2. Regularization
Due to the ill-posed nature of elasticity imaging and hydraulic tomograpty, regularization is required.
Mathematically speaking, regularizing these ill-posed problems reasgcts the domain to a more compact set

which results to a conditionally well-posed problem [96]. While ths feature of regularization is essential for
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solving many inverse problems, regularization also has the functionaly of incorporating prior information

in the solution regime. In cases where, for example, solutions are knawto exhibit smoothness or sparsity,
a number of regularization techniques are available to promote such digbutions. In cases where sparsity
of the estimated parameter eld is expected, Total Variation (TV) regul arization is often used [97]. On
the other hand, when at least some of the solution is expected to be spaily smooth, Tikhonov-type (e.g.,
ridge regression and elastic net) and spatially-weighted regularizerhave proven successful in a number of
applications [98].

In this work we solve inverse problems where discretizations rangedm coarse to ne, therefore we desire
regularizers without mesh dependency. This omits certain gradiensparsity-promoting regimes such as TV,
were decreasing mesh size results in solution smoothing [99]. Forithwe choosd_, Tikhonov regularization
(ridge regression) and spatially-weighted regularization. For both metlods, we require terms present in the
cost functional and least squares update. In the case of Tikhonov regularation, which has C° continuity,

and therefore does not include a gradient term, we have the functioal
Rr()=1ii 7 i (24)

where the subscript T denotes \Tikhonov", is the estimation parameter (here,E or S), and the prior

matrix 1 is de ned by
T = | (25)

where | is the identity matrix and is the regularization parameter adaptively selected at each iteration
using 5-point L -curve analysis following the description in [100]. In the L-curve anafsis used here, the aim
is to plot the tradeo between the data t = jjLg(d U( ))jj? and the \size" of the regularized solution

= Rt () in estimating the \optimal tradeo ". Here, the optimal tradeo is estimat ed to be the corner of
the log-log L-curve given by (&2;=2) = (log( );log( )) { this is, in essence, a compromise between data
tting and regularization. To estimate the location of the L-curve corner, we conduct a one-dimensional
search by rst tting a spline using the ve trial points and then  nding the minimum of the curvature
inverse function ( ( )) ?! (i.e. nding the maximum curvature) given by

20 4 o 1
(O) 1= 25— o 29)

where Cis rst derivative with respect to

For spatially-weighted regularization, we have
Rw()=jikw(  exp)ii® (27)

where ¢y (also used forEq and Sp in Broyden's method) is determined from the best homogeneous one-

parameter estimate for using a basic search function, and_y is the the Cholesky factorization of the
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prior matrix w, (i.e. Wl = Lw "Lw). Specically,  is determined in an element wise manner, where
the matrix element (i;j ) for a parameter at locations x; and x; is given by

ixi X

o + C ij (28)

w(i;j) = aexp

wherea, b, and c are positive scalars and j is the Kronecker delta function. For the coe cients, parameter

a controls the weighting, b is incorporates spatial correlation, andc is small positive parameter used to
guarantee that inverse of  exists [61]. In selectinga, a = V ( ep) is chosen, whereV is the prior variance
denedasV =( %)2, which is based on statistical premises described in [35]. Fdy, a xed value of 0:1 is
used and the coe cient ¢ was chosen as 10°. Moreover, we also require the prior gradient at each iteration

k in the least square update, which is de ned by
— T .
gW - k 1 exp W - (29)

Some primary advantages of both selected regularization models are that tlye(i) do not require com-
putation of a spatial gradient at each iteration, which can become costly ash is re ned, (ii) they are
robust for reconstructing both spatially-smooth distributions and sharp inclusions, and (iii) they are widely
used in solving inverse problems [101] and therefore their behavionihp regimes may be of broad interest.
Disadvantages include (i) for Tikhonov regularization, the 5-point L-curve needs to be calculated at each
iteration which is time consuming, (ii) L-curve solutions may be ovely smooth [102], (iii) computing the
large/dense matrix y is time consuming for a smallh, and (iv) uctuations in the background values of

are sometimes present when using weighted regularization for reconstcting inclusions in an otherwise

homogeneous media.

4.3. Numerical testing: elasticity imaging

In this study, we are interested in evaluating the performance of elsticity imaging using di erent hp
discretized forward models. For this, we consider two imaging apptiations, (i) localization and quanti cation
of randomized ellipsoidal inclusions and (ii) imaging randomized blob4ike distributions. These applications
are e ective in testing the modality's robustness for reconstruding general cases, such as sharp features
(present as local damage in structural health monitoring [78] or tissue abarmalities in medical applications
[34]) and smooth distributions (e.g. organs [17] or inhomogeneous material disbutions [31]).

For application (i), ellipses, simulating cracks with near-zero (10 ?) sti ness, having random centroid
locations (x;;y;) and dimensions 05  (Xg;VYq) 5, are superimposed on a 10 10 ne quadrilateral
mesh consisting of 65 65 = 4225 elements with a uniform elasticity distribution Enomogeneous = 200. For
application (ii), randomized blob-like distributions are generated on the same mesh with a range 100
E target 200. We note that all dimensions, distributed forces (applied nodally) and displacements are
unitless in these applications. In generating the data, simulations ae carried out for both applications on the

ne mesh with Q16 elements. Following, the displacement data is ten corrupted with Gaussian noise having
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standard deviations of 1, 2, and 5% of the corresponding displacement valuef-or consistency, the noisy
data is computed only once per application and reused in solving the remstruction problems. Moreover, in
solving the elasticity imaging problems on inverse meshes of di erig h, the noisy data is interpolated onto
the coarse inverse mesh nodes using bilinear interpolation. To btr illustrate the applications discussed

thus far, a schematic summarizing applications (i) and (ii) and their boundary conditions are shown in Fig.

2.
\ J Q
\ I-mo ah
+H
N 3
2 X 0 0 2 4 X 6 8 10
(a) (b) (©
Fig. 2. Schematic showing (a) the boundary conditions for th e elasticity imaging problem atop the Q16 forward
model discretization, (b) parameters for the random ellips es generated for application (i), and (c) a randomized

blob-like distribution used for application (ii).

For solving the inverse problems, the T3, T6, Q4, Q8, and Q9 elements deribed in section 4.1 are
used. To ensure that the uniform quadrilateral and triangular inversion meshes are aorded the same
spatial resolution in x and y directions, the triangular meshes require twice the elements copared to
the quadrilateral meshes (i.e. two right triangles per quadrilatera). In addition, for solving elasticity
imaging problems using complex di erentiation to compute J at each iteration, and based on the preliminary
analysis discussed in section 4.1: quadrilateral meshes witiy = 100; 225 400, 625 900, and 1225 elements
are employed, while the triangular meshes have double these value®Vhen Broyden's method is used for
computing J, Ny = 100; 225 400, 625,900 1225 1600, and 2025 elements are used and the triangular meshes
have double these values. The increased mesh density and degreedreedom used in problems employing
Broyden's method results from the signi cantly decreased compuational demand.

In the elasticity imaging numerical testing program described herin, a total of 84000 elasticity imaging
problems are solved. This number corresponds to both applications (iand (ii), where we aim to recon-
struct 100 di erent randomized ellipsoidal inclusions and 100 di erent random blob-like distributions per
hp discretization. For this, we consider ve dierent hp elements, two di erent methods for computing J,
three levels of noise, and between six to eight di ering degrees di. The large number of problems was
chosen so that we may gain statistical insight into the performance of tle hp regimes considering the broad
suite of variables in uencing reconstruction quality (i.e. accuracy of the forward model, sensitivity to noise,
accuracy ofJ, discretizaiton density, and hp element type). A summary of the elasticity imaging numerical

program is provided in Table 1.
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Noise Quadrilateral Meshes Triangular Meshes

Study  Targets hp Elements J Method (%) (Na) (Na)
App. (i) 100 T3, T6, Q4, Q8, Q9 Complex 1,2,5 100, 225, 400, 625, 900, 1225 200, 550, 800, 1250, 1800, 2450

Pp. 100 T3, T6, Q4, Q8, Q9  Broyden 1,2,5 100, 225, 400, 625, 900, 1225, 1600, 2025 200, 550, 800, 1250, 1800, 2450, 3200, 4050
A (i) 100 T3, T6, Q4, Q8, Q9 Complex 1,2,5 100, 225, 400, 625, 900, 1225 200, 550, 800, 1250, 1800, 2450

pp- 100 T3, T6, Q4, Q8, Q9 Broyden 1,2,5 100, 225, 400, 625, 900, 1225, 1600, 2025 200, 550, 800, 1250, 1800, 2450, 3200, 4050
Table 1. Summary of the elasticity imaging numerical progra m. Abbreviations "Broyden" and "Complex"
refer to the use of Broyden's method and Complex di erentiat ion for computing J .

4.4. Numerical testing: hydraulic tomography

In this numerical study, we are interested in testing the perfomance of the hydraulic tomography in-
verse problem using varioushp discretizations. We must rst comment on the stark di erences between the
hydraulic tomography inverse problem and other inverse problems (e.gelasticity imaging), largely resulting
from the data size. Unlike many inverse problems, hydraulic tomographyis generally anunderdetermined
problem { meaning that the number of data points is less than the invese degrees of freedom (for element-
wise constant estimates:Ng > n wheren is the number of data points). This fact results from the practical
limitations of hydraulic tomography measurements; namely the di cult y of collecting n data points from
wells physically dug or drilled into the target aquifer [103]. As a restt, the hydraulic tomography inverse
problem is more ill-conditioned than if the problem wasoverdetermined (n > N 4) [104]. One may therefore
expect hydraulic tomography inverse problems using di erenthp-forward models to exhibit di erent sensi-
tivities than those of overdetermined problems, such as elasticjtimaging - which is of particular interest in
the context of the article's theme within \applied inverse problems."

To test the hydraulic tomography regimes with hp-forward models, we simulate data on a ne 10 10
mesh with 65 65 = 4225 Q16 elements. From these geometries, representing aquiferaving hydraulic
conductivity distributions S, we interpolate the nodal pressure datapy onto n wells using bi-linear interpo-
lation resulting in the measurement pressure vectop,,. For this, we selected ve evenly spaced well grids
consisting ofn = 25, 81, 169, 289, and 441 wells which are shown plotted atop a sample of a ranzomized
target distribution of S in Fig. 3. The 100 dierent target distributions of S were selected as random-
ized distributions varying three orders of magnitude (2.5 10 & { 2.5 10 ®). Although unitless, these
magnitudes are consistent with ranges that may be found in groundwater aqgifers [105]. Consistent with
sandbox experimental conditions, the left side, right side, and tke top boundary were modeled as constant-
head boundary conditions, while the bottom boundary was modeled a zeroux boundary [106]. As in the
elasticity imaging numerical study, we again use unitless dimensiasfor consistency.

In the numerical study, we investigate cases where well measuremts p,, were corrupted with 1 and 5%
noise. For the meshing of the inverse problem, we utilize the sameuadrilateral and triangular discretizations
used in the elasticity imaging study (except the densest two mdses implemented when using Broyden's
method). This reduced number of elements in applications using Byyden's method resulted from the
fact that the solutions to the hydraulic tomography forward problems were notably more computationally

demanding than those of the elasticity imaging forward models. As a redyj only quadrilateral meshes
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Fig. 3. Evenly spaced well grids used for hydraulic tomograp hy reconstructions. The grids consisted of 25, 81,
169, 289, and 441 wells which are shown as black circles atop a sample of a randomized target distribution of
the hydraulic conductivity S. The colorbars denote the rang e of S for the target aquifer.

with 100 - 1225 elements and triangular meshes with 200 - 2450 elements wereedgo ensure the problems
were tractable using the available computing resources. In solvinghe inverse problems, we again utilized
the weighted prior and L-curve analysis considering both complex di @entiation and Broyden's method
for computing J. In total, 120000 hydraulic tomography inverse problems are solved in this stdy and are
summarized in Table 2. The large number of problems is again selected to gaadequate statistical insight

as to the performance of hydraulic tomography inverse problems using auite of di erent hpforward models.

Noise Quadrilateral Meshes Triangular Meshes

(%) (Na) (Na)

25, 81, 169, 289, 441 100 T3, T6, Q4, Q8, Q9 Complex 1,5 100, 225, 400, 625, 900, 1225 200, 550, 800, 1250, 1800, 2450
25, 81, 169, 289, 441 100 T3, T6, Q4, Q8, Q9 Broyden 1,5 100, 225, 400, 625, 900, 1225 200, 550, 800, 1250, 1800, 2450

Study Wells Targets hp Elements J Method

Randomized S

Table 2. Summary of the hydraulic tomography numerical prog ram. Abbreviations "Broyden" and "Complex"
refer to the use of Broyden's method and Complex di erentiat ion for computing J .

4.5. Computational considerations and implementation

The inverse problems solved in this work range from small lg =100 parametric degrees of freedom)
to large (Ng = 4050). In general, however, the most demanding portion of the code is notanducting a
linesearch or solving a system of equations related to the least-squas update, which scales directly with
the number of parametric degrees of freedom. Rather, the computational @mand lies mainly in computing
J, which is a primary disadvantage of least-squares problems. As an exampla the \worst case scenario”
encountered in this article we are required computel with complex di erentiation using T6 elasticity imaging
forward discretizations with Ny = 4050, where the resulting complex sti ness matrix K (E) 2 C16562 16562
Therefore, whenJ is computed using complex di erencing, we are required to assembéland solve the
resulting linear systemU(E) = K (E) 1F 4050 times per iteration.

In order to deal with such problems, and considering the large numbeof elasticity and hydraulic imaging
problems solved, we found the following computing strategy to be e etive. Using MATLAB as the main
code wrapper, all hp-forward models were coded asGsource mex les using sparse representations of the
sti ness matrices. For computing J, which calls the forward solver in computing the \j """ column, the
parfor command was used, allowing folN. CPUs to compute di erent columns of J simultaneously.

To execute the numerical programs proposed in this article, we utilted the University of She eld SharC
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HPC facility. For each job, we utilized a system comprised ofN. = 32 Intel Xeon E5-2630 v3 CPUs at 2.4
GHz and a total of 128 Gb 1866 MHz DDR4 RAM. As a whole, the jobs ran between 24 - 96 hoursvhere only
one noise level and method for computingl was considered per job. Moreover, all iterative solutions were
considered su ciently minimized when the objective function stopping criteria ( ¢ 1 k)= k 1<10°

was reached.

5. Results and discussion

This section reports and discusses the numerical results for elastty imaging and hydraulic tomography
studies. We begin by presenting the results for the elasticity inaging followed by hydraulic tomography.

Discussion is provided for both studies.

5.1. Numerical results: elasticity imaging

In this subsection, we present the results for elasticity imagingapplications (i) and (ii), where we aim
to reconstruct 100 randomly sized and located ellipsoidal cracks and 100 ralom blob-like distributions,
respectively. For this, we utilize di erent hp discretizations, prior models, two methods for computing
J, and investigate three levels of noise (1, 2, and 5%) - specic details fothis study are provided in
Table 1. Since a total of 84000 reconstructions are computed, providing théotality of these reconstructions
visually is virtually impossible. Therefore, we begin by providing visualizations for a suite of reconstructions
considering one ellipsoidal inclusion, one blob-like randomized disbution, and 2% noise. These target

images are shown in Fig. 4. The rst group of reconstructions, computed usg complex di erentiation, is

@ (b) °

Fig. 4. True elasticity modulus distributions (E, unitless ) for reconstruction demonstrations using hp dis-
cretizations: (a) ellipsoidal inclusion and (b) randomize d blob-like distribution.

shown in Fig. 5.

Upon rst visual inspection of inclusion reconstructions of Fig. 5 (top half), it immediately apparent
that, for any element type, the sharpness of the of the inclusion and aerall reconstruction quality are heavily
in uenced by the mesh density. This is obvious when comparing regnstructions in column 2 (low density) to
those in the far right column (high density), where the low density discretizations are far more blurry. This
result is expected, since the lower density meshes obviouslaenot well depict sharp ellipsoidal geometries

in comparison to high density meshes. Moreover, it is well known tht increases in mesh density result



18 /Journal of Computational Physics (2019)

Complex diff: inclusion reconstructions, Weighted Prior, 2% noise

EekEEE
EEEEEE
EAEEEEE
EEEEEE
EEEEEE

Complex diff: blob-like reconstructions, Weighted Prior, 2% noise

F»« MHTZ rvi
"""ﬂ -
-

T3

Low
Number of elements
Fig. 5. 30 elasticity imaging reconstructions of an ellipso idal inclusion and 30 reconstructions for a randomized
blob-like distribution. Reconstructions are computed uti lizing complex di erentiation for obtaining J, 5 dif-
ferent element types, and input displacement data with 2% no ise. The left column denotes the element type
and the bottom row denotes the discretization density, whic h increases from left to right. For triangular ele-
ments (T3/T6) the number of elements vary between 200 and 202 5 while quadrilateral element discretizations

(Q4/Q8/Q9) range between 100 and 1225 elements.
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in more accurate nite element solutions. We may therefore prelimhary surmise the the improvements in
reconstruction quality attained by increasing mesh density are a corpound e ect of the realizations.

Perhaps less intuitive is the e ect of p on reconstruction quality. Comparing T3/T6 and Q4/Q8/Q9
elements for any xed mesh density, we observe that increasing efeent order noticeably improves the in-
clusions' sharpness. This e ect is less obvious as mesh densitydreases; which is especially true when
comparing Q8/Q9 reconstructions at the highest mesh density - wherehere are miniscule di erences in the
inclusions' sharpness or background values. Although not an expected ral, it is interesting to note that
elements using the same interpolation scheme, i.e. T3/Q4 and T6/Q8/Q9, hae similar visual reconstruction
quality. What's more, this visual observation holds true despite the fact that the quadrilateral discretiza-
tions have half the elements relative to the triangular discretizatons. This may indicate that quadrilateral
elements may have a computational advantage over triangular elements ithis application.

Next, we consider the reconstructions of randomized blob-like disibutions. A similar trend to that ob-
served for the ellipsoidal reconstructions is also observed heregi increased image resolution with increasing
discretization density and p. The primary di erence here, however, is the increase in bounday artifacts
apparent in reconstructions with low discretization density. These artifacts are mostly present on the right
hand side of these low element density reconstructions, where éndistributed load is applied to fewer nodes
in areas whereE is locally reduced. The local reduction in sti ness and increasern load results in higher
localized stresses not experienced to the same degree in meshathwigher density. These artifacts are
present despite the element type, indicating that increasingelement order may not improve reconstruction
quality for low-density discretized elasticity imaging problems.

We now analyze the reconstructions obtained using Broyden's methd for computing J; these results
are shown in Fig. 6. As a whole, the ellipsoidal reconstructions obtainedvith Broyden's method are of far
lower quality than those using complex di erentiation. In all reconstructions, the ellipsoidal shape of the
inclusion is not well captured; in fact most reconstructions are more ectangular than ellipsoidal. Moreover,
there are signi cantly more reconstructions artifacts present. The lowered reconstruction quality obtained
using Broyden's method results primarily from the reduced accuacy of J, which decreases in accuracy in

each successive iteration.
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Fig. 6. 30 elasticity imaging reconstructions of an ellipso idal inclusion and 30 reconstructions for a randomized
blob-like distribution. Reconstructions are computed uti lizing Broyden's mehthod for obtaining J, 5 di erent
element types, and input displacement data with 2% noise. Th e left column denotes the element type and
the bottom row denotes the discretization density, which in creases from left to right. For triangular ele-
ments (T3/T6) the number of elements vary between 200 and 405 0 while quadrilateral element discretizations
(Q4/Q8/Q9) range between 100 and 2025 elements.



/Journal of Computational Physics (2019) 21

An unexpected result here is that the sharpness of the reconstru@ns using Broyden's method (although
not the correct ellipsoidal shape) are better preserved in reconstrctions with higher p. The in uence of
element order on reconstruction sharpness was also observed in rectrastions using complex di erenti-
ation. Based on the visual observations, we preliminarily conclude thatthe preservation of sharpness in
reconstructions (with su ciently high discretization density) using higher order elements results from two
primary factors, (i) computations of J are more accurate and (ii) the sensitivity of E to noise in up is
decreased. However, since these observations are qualitative, casesied only one type of regularization,
and is only based on two groups of reconstructions, we require a more rdtsiand a quantitative analysis to
con rm or deny this.

To more comprehensively and quantitatively study the performance othp elements in elasticity imaging,
we analyze the normalized root mean square error (NRMSE) of the recondtictions. We begin by providing
line plots of the mean NRMSEs of the reconstructions using complex dierentiation in Fig. 7. In these plots,
each data point is the mean of 100 reconstructions with the correspondingtandard error bars. These line
plots also include standard error bars, where the standard error $E) is computed using SE = P= where

= (NRMSE) is the standard deviation of the sample andT = 100 is the number of samples (targets to

reconstruct, either inclusions or blob-like distributions) at each point (discretization density, h).
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Results shown in Fig. 7 rows 1 and 2, reconstructions using the weiged prior, indicate an expected
trend; that is, (&) NRMSEs increase with increasing noise, (b) NRMSE decrease with both increasing
discretization density and increasingp (for a given element shape), and (c)SE predominately decreases with
increasing discretization density andp. Consistent with visual observations from the reconstructed images
shown earlier, reconstructions using linear elements resulteth higher NRMSEs than reconstructions using
quadratic elements. Interestingly, the quadratic T6 elements wih the weighted prior had higher NRMSEs
than the linear Q4 elements using the weighted prior, possibly inttating superior performance of quadratic
elements using a weighted prior in this application.

On the other hand, reconstructions in the bottom two rows of Fig. 7, utilizing Tikhonov regularization,
exhibit quite di erent behavior. Indeed, in the case where ellpsoidal inclusions are reconstructed with
Tikhonov regularization, there is a large gap in NRMSE between triangular ard quadrilateral discretiza-
tions where quadrilateral elements performed signi cantly better (lower NRMSE) than triangular elements
despite thep level. In contrast, upon analyzing reconstructions of randomized digtibutions using Tikhonov
regularization, results at 2 and 5% noise deviate from expectation. At 2 andb% noise (bottom row), re-
constructions using triangular meshes often outperform reconstrudgons using quadrilateral elements. For
example, at 5% noise, for reconstructions with approximately 1250 elemés, the performance of reconstruc-
tions using T3 elements is comparable to reconstructions using Q9 elements'. Moreover, T6 elements
notably outperformed the Q8/Q9 elements at medium-high discretization densities (Ng 800 1250)
despite having fewer nodal degrees of freedom per element. Thisconsistent behavior of reconstruction
quality w.r.t. element type is in contrast to the predictable behavior observed Wwen employing the weighted
prior. This realization may be due to the fact that Tikhonov regularizat ion is inferior to the weighted prior
model for reconstructing smooth blob-like distributions [107]. These quantitative results show that the use
of higher-order hp discretizations { alone { does not guarantee lower NRMSEs or improved reonstruction
quality relative to lower order hp discretizations in elasticity imaging. Rather, other factors (clearly the
choice of prior information/regularization) play a signi cant role.

At this point, the guantitative question remains as to how the reduced accuracy of computingJ using
Broyden's method a ects reconstruction quality and NRMSEs when enploying di erent hp discretizations
in elasticity imaging. To answer this question, we analyze the perforrance of of elasticity imaging using
Broyden's method as a function of inverse degrees of freedom in Fig 8/Ne immediately notice that the
NRMSEs of reconstructions using the weighted prior are roughly comparald to reconstructions using com-
plex di erentiation. This indicates that the sensitivity of elast icity imaging reconstructions to the method
by which J is computed is signi cantly in uenced by the choice of prior model. In the case of all elasticity

imaging reconstructions computed using the weighted prior, we may @wmise that the method used in com-

1in general, the performance of elasticity imaging reconstr uctions using Q8 and Q9 elements are shown to be essentially
indistinguishable in this work.
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puting J does not signi cantly a ect NRMSEs. This observation is owed to the stabilization added to the

inverse problem via spatial structural information incorporated in th e prior.
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Fig. 8. NRMSEs of elasticity imaging reconstructions plotte d against the number of inverse degrees of free-
doms. Each data point is the mean of 100 reconstructions with the corresponding standard error bars. Two
test cases are considered: simulated inclusions with rando m locations/ellipsoidal geometries and randomized
blob-like distributions. Reconstructions are computed us ing Broyden's methods for determining J considering
5dierent hp elements. The top two rows represent reconstructions using the weighted prior while the bottom
two rows use Tikhonov regularization. Each column represen ts a di erent noise level.

On the other hand, when the chosen prior model contains less spatial for information { as in the case

of Tikhonov regularization { we notice sharply contrasting behavior to that observed with the weighted
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prior. In the cases where we reconstruct inclusions using Tikhonoregularization, we again observe su-
perior performance of the quadrilateral elements. However, unlike Wwen complex di erentiation was used,

the performance of Q4, Q8, and Q9 elements is only slightly distinguisiible at 1% noise and completely
indistinguishable at 2% and 5% noise levels. This behavior is quite piliar, since it is expected that, e.g.,

Q4 elements have more modeling error than Q8/Q9 elements. Therefet reconstructions using Q4 elements
would be expected to have noticeably higher NRMSE.

Possibly more intuitively interesting is the performance of all eements in the cases where we aim to
reconstruct randomized distributions using Tikhonov regularization. In general, the behavior of regimes
using triangular elements preform consistently { with the expectd decease in NRMSE with increasing de-
grees of freedom. This was also observed in cases where complex dimtiation was used in reconstructing
inclusions, which indicates that the performance of regimes usingrtangular discretizations are not as sen-
sitive as regimes using quadrilateral discretizations to the methd used for computing J. It is, however,
unexpected that T6 elements generally outperform Q9 elements. Manwhile, it appears that the NRMSEs
of quadrilateral elements, while generally decreasing with increasg degrees of freedom, show some scatter.
This observation indicates that elasticity imaging regimes using quadlateral discretizations and Tikhonov
regularization are highly sensitive to errors intrinsic in using "reduced-accuracy" methods for computingJ.
This realization, among others reported in this subsection result fom the joint e ects of hp discretizations,
regularization, and sensitivites related to howJ is computed. Further discussion is provided in the following

subsection.

5.2. Discussion of elasticity imaging results

As a whole, the results reported in the previous subsection illunrmate counterintuitive behaviors of
elasticity imaging inverse problems usinghp-elements. It was demonstrated that the ability to accurately
reconstruct an image involves a complex interplay between (a) prior mdeling, (b) the hp-discretization,
and (c) the Jacobian. Indeed, it was shown that the use of higher-ordehp-discretizations does not uni-
versally guarantee a decrease in NRMSE or an increase reconstruction qitgl relative to lower-order hp-
discretizations. This counterintuitive reality is largely in ue nced by the fact that there always exists an
interplay between errors in the data (noise), errors in thehp-forward model, and the sensitivity matrix (in
the case of least-squares problemg,).

Regarding point (a), the use of a proper prior model that well represets the problem's spatial charac-
teristics is expected to improve results and decrease reconsittions errors. This was clearly re ected by
the general trend of lower NRMSEs when employing the weighted priorelative to standard Tikhonov reg-
ularization equipped with L-curve analysis. In the case of the weightd prior, the increases in performance
were noted to result from improved spatial information. On the other hand, when the less informative prior
model was used, the intuitive assumption that \higher-order discrdizations should always lead to better

inverse solutions" was deemed invalid.
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Interestingly, it was found that elasticity imaging regimes employing lower order discretizations can
outperform regimes with higher-order discretizations. Of course, prt of this is due to a loss in stability of
the inverse problem owed to the incorporation of less prior information However, the interplay between the
hp-forward model and the data also has an important role. This issue is at thevery heart of this article and
is discussed in the following.

As in any inverse problem, these exists errors in both the data and théorward model. The errors in the
data are decreased by increasing measurement precision. On the othieand, errors in the forward model
are decreased by increasing and reducing h. However, as noted in [108], &rrors in the data should not
converge faster than the errors in the operator[forward model] ... there is no need to measure something
more precisely than we can predict it' In other words, employing an overly-accurate forward model may
actually degrade inverse solutions. In fact, the authors noted that in applied applications, it may be useful
to match the accuracy of the forward model to the data quality. This is result is highly counterintuitive; but,
in the context of nite computational resources: the realization that th e use of lower-ordethp-discretizations
may result in better results than the use of higher-orderhp-discretizations may be a relief. Further discussion
on this point will be provided in Section 6.

Lastly, we arrive at point (c), the in uence of the Jacobian and its approximation on elasticity imaging
results. The e ects of this point are realized through (i) the accuragy of the Jacobian estimate at each
iteration and (ii) the condition number (CN) of J. Broadly speaking, it is well-known that the use of
approximate methods for computingJ (such as Broyden's method) generally result in less accurate estiates
for J compared to analytical, semi-analytical or numerical ( nite-di eren ce) methods. Moreover, iterative
regimes using such an approximation method are expected to su er &fm a sequentially degraded estimates
of J at each iteration. In non-linear inverse problems, such as elasticitymaging, this e ect is also non-linear
as the derivative of the forward operator is clearly non-linear in the paraneter eld. Since this non-linearity
increases proportional top, we may surmise that the sensitivity of inverse solutions to the acuracy of J is
also directly proportional to p.

Poaint (ii) is subtle and is rooted in the conditioning of J. Indeed, upon inspection of Eq. 12, it is
clear that that the more ill-conditioned J is, the more poorly the inverse problem behave’s Becausel
is computed using anhp-forward model of choice, the ill-conditioning of J is, of course, in uenced by the
hp-discretization. It is, however, presently unclear howhp-discretizations a ect the CN of J. To quantify

this, we begin by writing the expression for the condition number ofJ as
CN(J) = jjJjiiid i (30)
however, sinced is usually a non-square matrix, the following relation of J * with the pseudo inverse is

useful: 3 1 J¥Y=(J"J) LIT. Moreover, we may also write an alternative de nition for CN(J), where

2The inuence of the CN of J is also immediately apparent by observing the linear elasti city imaging inverse problem
un = JE.
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we simply take the ratio of the largest eigenvalue max to the smallest eigenvalue i, i.e. CN(J)= —max
[109]. For a given elasticity imaging problem, one can compute CNY) readily to determine the in uence of
the hp-discretization. To demonstrate this, we plot CN(J) (using both de nitions for the CN) for the rst

iteration of an inclusion localization problem considering T3, T6, Q4, Q8, ard Q9 hp-discretizations with a

ve di erent of degrees of freedom in Fig. 9.
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Fig. 9. Condition numbers (CN) of the Jacobian matrix consid ering a range of degrees of freedom and 5
hp-discretizations using (a) the pseudo inverse de nition fo r the CN and (b) the eigenvalue ratio form of the
CN.

We begin the analysis of the CN() results by remarking that the trends shown in Fig. 9a and Fig.
9b, using dierent de nitions for the CN, are similar and comparable for t he analysis purposes in this
section. Important takeaways from Fig. 9 are that (i) for a xed number of degrees of freedom, the CNJ)
is not constant as a function of element type and (ii) the CN() increases proportional to the degrees of
freedom in the inverse problem. Interestingly, the CNQ) is consistently higher for discretizations using
quadrilateral elements compared to discretizations using triangularelements. This means that the use of
quadrilateral elements, in this example, results in a more ill-coditioned Jacobian and, for a xed prior
model, a more ill-posed inverse problem. This realization is also caterintuitive, as one may intuitively
believe that higher-order hp-elements should result in lower CN(). In reality, the ill-conditioning of J is
proportional to the linear dependence of its columns { not necessarilghe hp-element type alone. In the case
of hp-discretizations for elasticity problems, the CN(J) may result from the ill-conditioning of the sti ness
matrix K [110]. Proving this, however, is out of the scope of this article; for tiis work, it is su cient to
note that di erent hp-discretizations result in varying conditions of J.

To summarize this subsection, we have discussed the e ects of tee important variables contributing
to the accuracy of elasticity imaging solutions. These variables inclded prior models, the impact of hp-
discretizatized forward model accuracy, and the in uence of the accracy/conditioning of the Jacobian

matrix. To this end, each variable in uences the sensitivity of the the inverse solution to input parameters
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(in this case E) in a highly non-linear way. Therefore, the performance of the elastiity imaging inverse

problem can be attributed to the cumulative e ects of all variables.

5.3. Numerical results: hydraulic tomography

In this subsection, we report the results of the hydraulic tomographystudy. In this study, we analyze
the e ects of hp discretizations, data size (number of wells), regularization, and tle method of computing
J on hydraulic tomography solutions considering randomized target distritutions of hydraulic conductivity.
In total, 120000 reconstructions were computed considering 5ip elements, 5 well grids, two noise levels,
and two di erent methods for computing J { a summary of the study variables is provided in Table 2.

To set the stage for more detailed investigation, we begin by presentiyp images for cases where recon-
structions were computed using 25 and 441 wells (the least and most coulgired herein, respectively), 1%
noise, complex di erentiation, and Tikhonov regularization with L-cur ve analysis. The images for cases
using 25 and 441 wells are shown in Fig. 10a and 10b, respectively; the colamof these gures represent
mesh density while the rows represent the elements used in éhforward model. We note that the true image
and well distributions are provided in Fig. 3 for the readers' refeence.

As a whole, results in Fig. 10 demonstrate that reconstruction quality,in this case the ability to capture
large uctuations in S, is most largely in uenced by degrees of freedom in the inverse probmsNy. Indeed,
despite the hp element type used or the number of wells, images having loy do not well capture large
uctuations in S and appear relatively homogeneous in comparison to reconstructions withigh Ng. It is
also interesting to note that reconstructions using triangular disaetizations are visually smoother when less
data (25 wells) was used than when more data was used (441 wells). Reconsgttions in Fig. 10b using T3
and T6 elements have signi cant grainy features, which are consisterwith discretization and interpolation
errors. This observation is supported by the realization that the regubrity of Q4/Q8/Q9 element nodes, for
which the well data is interpolated onto, is more consistent with the Q16 simulation meshes than T3/T6
discretizations.

Next, we aim to determine the e ect(s) that the reduced accuracy Ja®bian estimation has on recon-
struction quality for the same scenario just presented. To explorethis visually, S reconstructions using
Broyden's method for computing J considering the same randomized distributions and parameters as the
previous example are shown in Fig. 11. Upon rst inspection of Fig. 10, it is mmediately apparent that
the use of Broyden's method signi cantly degraded image quality relatve to reconstructions using complex
di erentiation. Visually, the increase in reconstruction artifacts and misrepresentation of S appears to be
ampli ed in comparison elasticity imaging using Broyden's method. The likely culprit for this realization
is the relatively higher ill-conditioned nature of hydraulic tomography (compared with elasticity imaging)
resulting from the fact that hydraulic tomography is an underdetermined inverse problem. Moreover, we
note that the discretization and interpolation errors reported for reconstructions using complex di erenti-

ation are again present in triangular discretizations using 441 well data paits. This indicates that these
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systematic errors are of su cient magnitude to not be displaced by re@nstruction errors resulting from a

highly approximative J.
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Fig. 10. Hydraulic tomography reconstructions of a randomi zed hydraulic conductivity distribution considering
data points from (a) 25 well locations and (b) 441 well locati ons. Reconstructions were computed using 1%
added noise, complex di erentiation, and Tikhonov regular ization. The columns represent the number of
guadrilateral (Q) and triangular elements (T) used in the fo rward models while the rows indicate the element

type used. The colorbar denotes the hydraulic conductivity S.
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To this point, the analysis of the hydraulic tomography numerical results have been visual and therefore
qualitative. In order to investigate these results quantitatively, we again plot the NRMSEs and corre-
sponding SEs against the inverse degrees of freedom. We begin with thesults computed using complex
di erentiation, which are reported in Fig. 12 where each data point is the mean of 100 reconstructions
alongside the SE bar. Upon rst inspection, we notice that NRMSE generally decreases proportional to
increases in inverse degrees of freedom and the number of wells. Beeobservations are expected since (a)
the number of data points is inversely related to the ill posednessf the problem (i.e. more data points, less
ill posed) and (b) when mesh density increases, interpolation and dicretization errors are decreased.

On the other hand, there are some unexpected results shown in Fig. 12Namely, (i) the relatively higher
NRMSEs of regimes using quadrilateral elements in reconstructionssing Tikhonov regularization (contrary
to the visual observations) and (ii) the consistently small standard erors (SE) in all reconstructions. Re-
garding (i), while we observe consistently lower NRMSEs in reconstictions using quadrilateral elements
and the weighted prior, the opposite is true in reconstructions usig Tikhonov regularization. This, of
course, reinforces the signi cant in uence regularization has on inerse solutions, but also that there always
exists some relative weighting between the accuracy of thép-forward model and prior information. In
this example, the overall performance of regimes using quadrilateraélements and a less-informative prior
(Tikhonov) was not robust. In fact, in some cases, increasing the mestiensity resulted in an increase in the
NRMSE, which is certainly counterintuitive, since discretization errors should decrease as uniform meshes
increase in density.

With respect to point (ii), it is not immediately apparent why the S Es in all reconstructions were quite
low, for example in comparison to those observed in the elasticity imagig results (Figs. 7 and 8). It should
certainly be expected that the sensitivities of an inverse regimeshould vary depending on the problem's
physics andhp discretization. However, it is unexpected that the hydraulic tomography regimes were, on
average, relatively insensitive to di ering target S distributions. Upon closer inspection, we do, however,
observe an expected trend: that this sensitivity decreases as deggs of freedom increase. Such a result is
anticipated since discretization errors are more prevalent in the coaer meshes and the accuracy of is
lower compared to ner discretizations. To more closely investigatethe e ects approximating J on hydraulic
tomography reconstructions, we now consider regimes using Broydesimethod. These results, analogous to
those previously reported in Fig. 12 are provided in Fig. 13.

From Fig. 13, we immediately observe similar trends { with respect to mesh density and the number
of wells { to those observed in regimes using complex di erentiation However, we do note an overall
increase in NRMSEs in reconstructions using Broyden's method lative to reconstructions using complex
di erentiation, which is expected due to the lower accuracy in conputing J. This quantitative observation is
consistent with the visual comment made earlier regarding the obviouly degraded quality of images in Fig.
11. We also observe overall closer performance of regimes using triangukand quadrilateral discretizations

than when complex di erentiation was used. This indicates that, degite the regularization choice used
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in this subsection, the use of Broyden's method had an "averaging" e et on the hydraulic tomography
regimes' performance. This observation was true for all levels of wellata (25 - 441 points).

To brie y sum up this subsection, we observed that the performanceof the hydraulic tomography inverse
regimes was dependent on a number of variables. In particular, the masdensity, element type, prior
model, and accuracy of the Jacobian were all important contributors to the NRMSE and image quality.
Despite the method used for computingJd, it was found that the prior model type had a signi cant role
in determining whether regimes using triangular or quadrilateral eements performed better. In fact, when
weighted regularization was employed, quadrilateral elements exhibed superior performance to triangular
elements and vise verse when Tikhonov regularization was used. Witlhespect to the in uence of J: it
was found that the lower accuracy method for computingJ, Broyden's method, had an averaging e ect
in regards to the NRMSEs of the regimes. As a whole, it can be concluded ¢t the interplay between all
aforementioned variables results in conditions whereby it is imposble to state beforehand (i.e. without
having already conducted a large suite of reconstructions) that a hydaulic tomography regime employing
a given hp-discretized forward model will out perform another hydraulic tomography regime employing a

di erent hp-discretized forward model.
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(a) complex di erentiation, weighted prior, and 1% noise

(b) complex di erentiation, weighted prior, and 5% noise

(c) complex di erentiation, Tikhonov prior, and 1% noise

(d) complex di erentiation, Tikhonov prior, and 5% noise

Fig. 12. NRMSE plotted against the number of inverse degrees o f freedoms for reconstructions of randomized
hydraulic conductivity distributions. The columns repres ent reconstructions using data with 1 and 5% added
noise from 25, 81, 169, 289, and 441 wells (from left to right, respectively). Each data point is the mean of 100
reconstructions with the corresponding standard error bar s. All reconstructions use complex di erentiation

for computing J, rows (a)/(b) use a weighted prior model, and rows (c)/(d) use Tikhonov regularization.
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(a) Broyden's method, weighted prior, and 1% noise

(b) Broyden's method, weighted prior, and 5% noise

(c) Broyden's method, Tikhonov prior, and 1% noise

(d) Broyden's method, Tikhonov prior, and 5% noise

Fig. 13. NRMSE plotted against the number of inverse degrees o f freedoms for reconstructions of randomized
hydraulic conductivity distributions. The columns repres ent reconstructions using data with 1 and 5% added
noise from 25, 81, 169, 289, and 441 wells (from left to right, respectively). Each data point is the mean of
100 reconstructions with the corresponding standard error bars. All reconstructions use Broyden's method

for computing J, rows (a)/(b) use a weighted prior model, and rows (c)/(d) use Tikhonov regularization.
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6. Discussion: theoretical considerations

To this point, the article has considered empirical aspects of compudtional inverse problems solved
using hp-forward solvers. As such, some theoretical aspects remain to be disssed. The primary theoretical
question arises from the point made in Section 5.2, whereby the importare in matching the modeling
errors of the hp-forward operator U and the data errors was noted. In such a discussion, one can begin by
investigating the t between some data d and the forward operator as a function of a estimated parameter

by writing a functional of the form
¢ = id Ui (31)

where one would, ideally, want to nd a solution approaching the noise amtitude (or, put di erently,

is the norm of the noise amplitudes) using
jid u(Q)ii=: (32)

Based on the claim in Section 5.2 from [108], we hypothesize that a forward opator with higher
accuracy than will not improve reconstruction quality or data t and, in some cases, degrade the data
t. To investigate this in the context of the inverse problems studied herein, we begin by substituting the

appropriate elasticity imaging and hydraulic tomography terms in Eq. 32 resulting in the norms
jium  U(B)ii= & andjip, U(S)j= s (33)

respectively. We remark that, in general, g 6 s since the data sizes and resulting norms of the noise
amplitudes are not necessary equivalent. Nonetheless, we may compatfee data delities (Eq. 33) from
reconstructions using varioushp discretizations to one another for a xed noise level to investigate our
hypothesis. To do this, we provide data ts for the elasticity imaging ellipsoidal inclusion reconstructions
corresponding to 5% noise using Tikhonov regularization and complex dierentiation (bottom right corner
of Fig. 7. These reconstructions were chosen because they most cleadgmonstrated the poor performance
of elasticity imaging using high-order hp forward models compared to elasticity imaging using lower-order
models. In the case of hydraulic tomography, we selected reconstrucins computed with Tikhonov regu-
larization, an intermediate number of well data points (169), complex di erentiation, and 5% noise (Fig.
12d, middle column). This selection was made since it clearly showesuperior performance of the inversion
regimes using lower-ordep models and the reconstructions did not su er from localized e ectsresulting
from discretization and interpolation errors. Using averaged resultsat each hp discretization level, the data
ts computed using Eq. 33 (and subtracting the Tikhonov term from th e regularized cost functionals) are
provided in Fig. 14. Each data point represents an average of 100 reconstrtions and both plots result

from a total of 6,000 reconstructions.
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(@) (b)
Fig. 14. Data ts as a function of the number of elements (x-ax is) and element types for (a) elasticity imaging
reconstructions of an ellipsoidal inclusion with 5% noise u sing Tikhonov regularization and complex di eren-
tiation and (b) hydraulic tomography reconstructions of a r andomized blob-like distribution computed with
Tikhonov regularization, complex di erentiation, an inte rmediate number of wells (169), and 5% noise.

Results from Fig. 14 support the hypothesis and clearly demonstrate tht, for a xed h (x-axis), increas-
ing the order of p does not guarantee an improvement in the data t. Indeed, in general, econstructions
using T6 elements showed a better t than all other elements and insome cases, reconstructions using Q4
and Q8 elements resulted in a better t than the Q9 elements. In adlition to this, we would like to note that
the increasing trend in the data t norms is mostly due to the increasing size of the data vectors; therefore
the comparison of data t norms between di ering h levels is not particularly meaningful. Inasmuch, while
results previously reported in Figs. 7 and Fig. 12d already demonstratedhat the test case reconstructions
using lower-order hp-discretizations often had lower NRMSEs than the reconstructions ugg higher-order
hp-discretizations, results in Fig. 14 also demonstrate that the data ts may similarly be degraded by using
an overly accurate hp-forward model. This realization also provides an logical explanation for he general
stagnation and/or uctuation of NRMSEs in reconstructions using ne meshes at high noise levels.

To summarize this discussion, the results herein demonstrate thimportance in (a) selecting the accuracy
of the forward solver based on { in these examples, T6 elements would have been a good choard (b)
over-discretizing an ill-posed problem is counter-productive These points are also relevant in the numerical
reconstruction regimes used to solve applied inverse problems. Faexample, in computing a minimizer (cf.
Eq. 12), one would want to utilize a solver to the penalty function also e ecting an accuracy of which,

for least-squares based approaches, would be re ected in the computath of the Jacobian.

7. Concluding remarks

In this work, we investigated the use of hp-forward models in applied inverse problems. To do this,
we chose to study two imaging modalities with di erent physics and data characteristics. For this, least-

squares based elasticity imaging (overdetermined) and hydraulic dmography (underdetermined) inverse
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regimes were selected. In a large suite of numerical tests, we quatatively examined the performance of

elasticity imaging and hydraulic tomography regimes in answering the ope research question, \Does the use
of higher order hp-forward models in applied inverse problems always result in loweerror reconstructions

than approaches using lower ordehp-forward models?"

Through numerous counterexamples, this question can be de nitivet answered: no. In other words,
decreasingh (increasing mesh density), increasing, or simultaneously decreasingh and increasingp does
not always guarantee lower error reconstructions in applied inverse blems. Indeed, it was found that there
exists a complex interplay between several key variables whichrpvents a guarantee that an inverse regime
employing a higher-order hp-forward model will always out-perform another inverse regime emplging a
lower-order hp-forward model. These realizations were further explored in a theaatical discussion where
it was demonstrated that the selection of a forward model and minimizershould (optimally) be done
considering the noise amplitude, . In certain conditions, combinations of these variables may lead to
inconsistent or unexpected behavior of the inverse regime emplayg an hp-forward model. The key variables

included (in no particular order):

The discrepancy between the forward model accuracy and.
The prior model.

How underdetermined or overdetermined the problem is.
The accuracy of the Jacobian.

The condition number of the Jacobian.

Finite element mesh density.

Measurement noise.

Modeling errors.

Discretization errors.

Degrees of freedom in the inverse problem.

A critical takeaway from this work is that employing high-order hp-forward models in applied inverse
problems is not always the best choice. More precisely, over-disgtizing an ill-posed problem is counter-
productive. In general, and consistent with the ndings of a recentstudy [108], the most suitable compromise

may be to match the accuracy of the forward model and the data.
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