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Abstract

We propose a robust optimization model for limited-stop bus service with vehicle overtaking and
demand dynamics. Time-dependent stochastic travel time is also considered. The objective is to
minimize the total cost (user cost and operation cost) at the planning phase given a target reliability
imperative. We further propose a simulation-based optimization framework incorporating response
surface methodology to solve the problem efficiently. A real-world application result shows that vehicle
overtaking and demand dynamics have significant impacts on the performance of limited-stop service

and that the stop patterns are quite distinct when overtaking and demand dynamics are considered.
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1. Introduction

Transit operation in peak periods is characterized by spatially heterogeneous demand and scarcity
of resources, which can be efficiently addressed by proper transit line alignment and fleet allocation
(Yuetal., 2012a; Chen et al., 2018; Wu et al., 2019; Li et al., 2019). Limited-stop bus service (or a bus
stop-skipping scheme) is one of the proven fleet allocation strategies to handle the unbalanced demand,
which allows some vehicles to visit only a fixed subset of stops (Yu et al., 2012b; Liu et al., 2013). By
skipping a set of stops, the cycle time is reduced and thus the commercial speed is improved. Limited-
stop service is favourable to both users and operators. For users, its use improves the level of service,
particularly for those passengers with long travel distance, whilst it enables operators to meet the

demand in a cost-effective manner.

In spite of its advantages, the employment of limited-stop service might worsen headway
irregularity and induce bus overtaking. There are two primary reasons for this. First, trips with different
stop patterns lead to speed distinctions and overtaking even without exogenous stochastic factors. It is
expected that an express trip is likely to catch up with a full-length regular trip, and a leapfrogging
phenomenon frequently results. Second, those passengers who are skipped must wait for the next bus,
such that the next bus will accommodate more accumulated demand, which further causes imbalanced
dwell times and irregular arrivals at stops. As a result, compared to the full-length regular service, buses

are more likely to overtake in the provision of limited-stop services.

Previous research on the stop-skipping problem presented simplified models without consideration
of overtaking and dynamics, which may lead to inaccurate estimation of system performance and
irrational schedule design. Furthermore, due to the presence of high uncertainties in transit operation,
the tight schedules are usually susceptible to disruptions. Unfortunately, to date, there is no literature
assessing schedule robustness against uncertainties in the design of limited-stop service. Alternately,
the performance of transit operation passenger is closely related to demand dynamics (Sun et al., 2014),
whereas a deterministic uniform distribution is commonly used to model the passenger arrival process
in the literature, underlying that the demand variability is low. However, urban transit demand usually
exhibits high heterogeneity in both time and space, particularly in the high-density populated cities with
large bus passenger demands (Yu et al., 2011). From their empirical and simulation analysis, Liu and
colleagues (Liu and Siha, 2007; Sorratini et al., 2008; Fonzone et al., 2015) have shown that variable
demand distribution, both spatially and temporally, is the factor that affects bus reliability the most.
Traditional passenger demand data, which are usually aggregated into one hour or even the entire
planning period, are too coarse to describe the passenger behaviour. The rapid development of
information (i.e., the Internet of Things) enables the acquisition of real-time high-resolution data on
passengers and vehicles. This facilitates transit operators to leverage on the potential flexibility
embodied in limited-stop service in catering more efficiently to the prevailing passenger demand

variations.

To fill in these gaps, our paper sets out to address the stop-skipping problem considering these
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realistic factors. To this end, we first develop an enhanced bus propagation model under given stop
patterns in which vehicle overtaking and capacity constraints are explicitly taken into account, while
accommodating a given passenger OD matrix. Second, we develop a robust optimization model subject
to arisk threshold in the context of time-dependent stochastic travel time. To improve the computational
efficiency, we further propose a simulation-based optimization framework incorporating response
surface methodology to cope with the problem. The models are tested via a real-world bus route in
Guangzhou, China. We also examine the Pareto frontier for robust solutions under different uncertainty
levels. Our findings show that the stop patterns are quite distinctive when overtaking and demand
dynamics are considered. We thus suggest that it is imperative to consider vehicle overtaking and

dynamics in the design of robust limited-stop bus service.

The remainder of this study consists of five sections. Following the literature introduction, Section
3 describes the mathematical models. In Section 4, solution methods are provided. Section 5 verifies
the effectiveness of the models through the data of a real-world bus route. Finally, Section 6 provides

the conclusions and future works.

2. Literaturereview and main contributions

There are extensive studies on bus operational strategies for public transport management. The main
objective of deploying bus operational strategies is to correspond and scale to passenger demand by
providing different fleet supplies along the route. Generally, they can be divided into three types of
categories: short-turn, deadheading, skip-stop and zonal service. Short-turn strategies are to allow some
trips to serve only a route segment to increase frequencies for regions with greater demand while
reducing frequent stops at the less demanded area, which is useful in matching the transit supply with
the demand profile in different segments of a linear corridor (Furth, 1987). Deadheading is another form
of limited-stop service heading empty from one location to the other one in order to start up another trip
as soon as possible in the most demanded direction. This strategy can be added to a subset of a
predefined itinerary to realize certain trip connections (Ceder and Stern, 1981; Furth, 1985), while in
most scenarios it is used as a corrective control method at the operational stage. For example, Eberlein
et al. (1998) investigated a dynamic deadheading problem, whereby a vehicle runs empty from a
terminal to a designated stop in case of disruptions. Yu et al. (2012) presented a partway deadheading
strategy with short-term future reliability assessment. Stop-skipping or express service visits only a
subset of stops along the route. Similar to the stop-skipping operation, zonal service visits all stops
within specific zones while skipping other stops on the route. Furth (1986) proposed a zonal express
service where buses only pick up passengers in their zones and then run express to the CBD. This work
is extended by Larrain et al. (2015) by visiting all stops in a route’s initial and final segments, skipping

all stops in between.

Stop-skipping service can be undertaken at both the planning level and operational level, whereas

the objectives and mechanisms at different levels are distinct. At the operational level, such a strategy
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is often employed in tandem with other tactics, such as real-time holding control to improve transit
operation reliability. The main objective is to adapt to the changes in operating conditions by
dynamically adjusting the number and locations of the skipped stops. In this sense, the stop-skipping
control aims to catch up with the schedule, which resembles speed adjustment and schedule recovery.
Unlike the stop-skipping control implemented at the operation level, the predetermined skipping stops
cannot be changed in response to the varying operating conditions at the planning level, which may lead
to bus overtaking and the leapfrogging effect. Leapfrogging is a special variant of bus bunching, in
which two vehicles cannot separate from each other over multiple stops, and one bus overtakes another
and is overtaken again by the same bus (Wu et al., 2017). Sun and Hickman (2005) investigated real-
time stop-skipping policy in response to service disruptions. The results showed that the travel time
variability could have a great impact on the performance of the policy. Milla et al. (2012) integrated the
stop-skipping and holding control as a means of anti-bunching to maintain regular headways between
consecutive buses. By utilizing real-time headway prediction, Moreira-Matias et al. (2016) developed
an online approach with both stop-skipping and holding methods to eliminate bus bunching. Hadas and
Ceder (2010) used stop-skipping, in tandem with holding and short-turning in the simulation of real-
time transfer synchronization. Nesheli and Ceder (2014) refined the simulation framework by

introducing a skip-segment strategy apart from skipping a stop.

At the planning level, there exist a number of studies focusing on the determination of headways
and limited-stop routes for a bus corridor. Leiva et al. (2010) investigated a limited-stop service design
problem by optimizing the service headways to minimize the total social cost. Chen et al. (2015)
formulated a model to simultaneously optimize the headways for both full-length and limited-stop
services and the subset of skipping stops. Freyss et al. (2013) presented a skip-stop operation mode for
rail transit using a continuous approximation approach. Larrain and Muifioz (2016) investigated the
factors influencing the benefits from limited-stop services. Soto et al. (2017) presented a bi-level model
of limited-stop service design considering transfer activities and passenger behaviour. Wang et al. (2018)
developed an optimization model for combined limited-stop and full-length service in the context of a
common line. In practice, there exist large amounts of uncertainties in vehicle travel time due to traffic
congestion, bad weather, etc. (Yao et al., 2014; Wu et al., 2016; Wu et al., 2018). To increase the
operational accuracy, a handful of works have considered stochastic travel time in the design of limited-
stop service at the planning level. Liu et al. (2013) presents a model which optimizes the stop-skipping
decision of each trip along the route with random travel time. Later, this model was extended by Chen
et al. (2015) to explicitly consider the capacity constraints and crowding effect. However, their models
aim for pure cost-efficiency in terms of minimal planned costs while neglecting the effect of vehicle
overtaking.

Another significant simplification in existing studies is the deterministic uniform arrival rate of
passengers. More specifically, the arrival rate is assumed to remain constant in a relatively long period
(generally one hour). However, in reality, passenger demand variations are commonly observed over

time during transit operation. Such temporal demand heterogeneity may exert an influence on the
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optimal fleet assignment along the bus route. Incorporating the system dynamics, however, has created
a series of challenges in both modelling formulations and algorithmic efficiency. The main challenges
lie in the fact that there exist high uncertainties in the presence of limited-stop service (see Section 4),
which requires conducting a larger number of simulation replications to mitigate the influence of
random simulation errors. Thus, the objectives will become computationally expensive-to-evaluate as
a result of the increased simulation noise and integral formulations for dynamic demand. According to
our preliminary experiments, the algorithmic efficiency is quite low when using the conventional
methods, such as enumeration and random search algorithms. The computational time for searching for
an optimized solution could be many hours or even several days depending on the scale of the bus route
and the number of simulation runs. Therefore, enumeration or random search algorithms requiring

intensive objective evaluations are not suitable to address the problem.

Surrogate models aim to fit the response surface featuring the relationships between the decision
variables and simulation outputs. Through a set of initial input data and corresponding objective outputs,
the response surface can be fitted as an approximation of the expensive-to-evaluate objective (Chen et

al., 2014; Chen et al., 2016; Zhang et al., 2017; Zheng et al., 2019). Commonly used response surface

methodologies include quadratic polynomial regression {Yalginkaya| 2009), the Kriging model, and

support vector machine (Chen et al., 2014). Based on the tuned response surface, the optimal decision
variables can be easily obtained. Surrogate-based optimization has been applied to transportation
systems. For example, Chen et al. (2016) investigated the congestion pricing problem for freeway
mitigation using a surrogate-based optimization approach. Xiong et al. (2017) investigated optimal
travel information provision strategies via the integration of agent-based and surrogate modelling. For
this sake, response surface methodology could be a proper tool to address the issues of an expensive-

to-evaluate objective as presented in our study.

Distinctly from previous research, in this paper, we develop a more generalized optimization model
for the stop-skipping problem explicitly considering vehicle overtaking and dynamics. As poor service
reliability indicates a drop in demand and possible loss of route operating franchise, the target service
reliability imperative is also included in the service performance. The objective is to minimize the
expected total cost, including both user cost and operation cost, while offering an appropriate level of

reliable service.

The main contributions of this study are summarized as follows: (1) we explicitly consider vehicle
overtaking and dynamic demand in the design of limited-stop bus service, which is more general and
realistic; (2) we investigate schedule robustness against operation uncertainties in addition to cost-
efficient solutions, which has significant implications in the realm of operational design; (3) to reduce
the problem complexity, we propose a simulation-based optimization framework by constructing the
response surface with only a few evaluations of objective functions. In this manner, it is possible to
obtain high-quality solutions for the expensive-to-evaluate problem in a reasonable amount of time. In
particular, we propose an effective coding method to handle the binary decision variables adapting to

the response surface methodology; (4) we compare the performance of the stop-skipping scheme to
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those without overtaking and dynamics under various operational settings and demonstrate that the stop
patterns are quite distinct when overtaking and dynamics are considered. 4s far as we are aware, this
is the first time the response surface methodology has been applied in the design of robust limited-stop

bus service with explicit consideration of vehicle overtaking and dynamics.

3. Model specification

3.1 Problem description

Suppose a number of buses are planned to operate on a bus route given departure headway in a
specified planning period. Similar to Liu et al. (2013) and Chen et al. (2015), the stop-skipping problem
aims to determine whether a designated bus stop should be skipped by each vehicle at the planning level.
The information of the specific stopping scheme of each vehicle can be delivered to the passengers by
the information board at the bus stops and various graphical and verbal indications on the windscreen.
Fig. 1 shows a simple illustration of limited-stop service, where 6 bus trips are planned to operate in a
period. This paper seeks to develop an improved stop-skipping optimization model, specifically by
incorporating bus bunching (and overtaking) and dynamics, and investigates an efficient solution
method for the problem. To this end, we firstly propose a capacity-constraint bus movement model with
overtaking and demand dynamics under given stop-skipping scheme, which is an extension of the bus-
bunching model proposed by Wu et al. (2017). Based on the bus movement model, we develop a cost-
minimization model featuring the target reliability imperative. Then, we propose a solution method
based on a response surface methodology. To demonstrate the benefit, the enhanced model is compared
with the respective versions without overtaking and dynamics under different operational settings.
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Fig. 1 Illustration of limited-stop service
3.2 Assumptions and notation
The following assumptions are adopted and presented as follows:

(A1) Vehicle overtaking is allowed, as opposed to no allowance for bus bunching and overtaking in
previous works (i.e., Liu et al., 2013; Chen et al., 2015). This assumption is to make sure that the
leapfrogging phenomenon can be reproduced.

(A2) Passenger OD demand is known, and the passenger arrival rate varies as a function of time, as

opposed to deterministic uniform arrival in the literature.
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(A3) The link travel time is stochastic and follows a time-dependent general distribution with a positive

lower bound.

(A4) Passengers take the first direct trip to their destinations. Transfers between different trips are not
allowed. The validity of this assumption depends on the cost of a transfer. Leiva et al (2010) reported
that transfers would not occur in the limited stop services with high transfer penalties, while in a single
bus line the transfer penalties between different trips are usually high.

The following notations in Table 1 are adopted in this paper.

Table 1 Primary notations used in this article

Symbols Definition Unit

Indices and Sets
i, k The subscript of a bus —
j The subscript of a bus stop —
K The set of buses of a bus route —

Model parameters

C The vehicle capacity pax

N The number of bus stops on the bus line —
Aj-(t)  Passenger arrival rateto stop j headingto stop r attime t pax/min
A;j(t)  Total passenger arrival rate at stop j attime t, A;(t) = >N j+1 4, (@) pax/min

73 (t) Travel time between stops j and j+ 1 given the vehicle leaves stop j at min

time t
Pj The alighting proportion at stop j %
a The average alighting time per passenger min
b The average boarding rate pax/min
é Total deceleration and acceleration time for a bus at a stop min
T Minimum safety interval min

Auxiliary variables

B; j The total number of passengers waiting for bus i at stop j during inter- pax
departure headway

B; ; The actual number of boarding passengers for bus i at stop j during inter- pax
departure headway

B jr The total number of passengers waiting for bus i at stop j heading to the pax
destination stop r during inter-departure headway

=s]!

ijr The actual number of boarding passengers for bus i atstop j heading tothe pax
destination stop r during inter-departure headway

7



A j Alighting demand for bus i at stop j pax
D{ j Boarding time for all waiting passengers of bus i at stop j min
D, ; Actual boarding time of bus i at stop j with a capacity constraint min
D;; Dwell time of bus i at stop j min
lij The number of leftover passengers of bus i when departing from stop j pax
L;j The number of on-board passengers of bus i between stops j and j+ 1 pax
a; j Arrival time of bus i at stop j min
d;j Departure time of bus i from stop j min
h; Inter-departure headway between bus i and preceding bus at stop j min

Decision variables

Vi j Binary variable to indicate whether bus i serves stop j, i.e., if stop j is —
skipped, y;; = 0; otherwise, y; ; = 1.

3.3 Bus movement model for limited-stop service

Fig. 2 provides an illustration of the operation of the stop-skipping scheme with two adjacent buses.
A bus overtaking event corresponds to two intersecting space-time trajectories. Naturally, the
commercial speeds are differential among bus trips with distinct stopping plans. As a result, even
without stochastic factors (e.g., random travel time, exogenous delay), bus overtaking can arise as a
result of the speed differences. The existence of stochastic factors further worsens overtaking conditions.
In other words, the speed distinction induced by the use of the stop-skipping scheme is another source
of perturbation triggering bunching and overtaking in addition to stochastic factors. Therefore,
compared to the full-length regular service, bus overtaking may occur more frequently in the presence

of limited-stop service.

Z Distance

Overtaking

Fig.2 The space-time diagram of limited-stop service with overtaking
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Now we develop a bus movement model given stopping plans for a set of buses. Generally, a bus
movement model is composed of the following components: the vehicle departure events, dwell times
at stops and link travel times. The arrival time at the current stop equals the departure time from the last

visited stop plus the stochastic link travel time (between the last visited stop and the current stop).
_ 5 5
ajj=dijq +1-1(dijo1) + 2 Vij-1+ 3V (D

8 . S . 5 . S .
where >YVij-1 18 the acceleration time at stop j —1 and SYij 18 the deceleration time at stop j.

Tji_q (di_ j—1) stands for the time-dependent stochastic link travel time depending on the departure time

from a stop.

The vehicle departure time from a designated stop can be obtained as the addition of the arrival time
and dwell time, where the dwell time is related to the time-headway between buses and the capacity
constraint.

dij=a;;+D;; 2)

Let the buses be indexed by their dispatching sequence from the terminal, i.e., { = {1,2,---,M}. The
headway between buses is defined as the departure time interval between consecutive buses. Because
bus order may change over time, the ranking order of the subject bus adjacent to bus i is not necessarily

bus i — 1. The formulation of inter-departure headway is expressed as follows:
hi,j = di,j - dk,j (3)
where dy ; is the departure time of the bus immediately before bus i departs, and it can be derived as:
k= argkeKmax{dkﬂdk,j < di,j} (4)
where K is the set of buses of a bus route. Note that bus k changes from time to time.

Because the passenger arrival rate is assumed to be time-dependent, the number of arriving
passengers at stop j is determined by integrating the time-dependent passenger arrival function
Aj(t) during the inter-departure headway. The time-dependent passenger arrival function can be
inferred by mining GPS and smart card data (Gordon et al., 2013). Given the capacity constraint, the
actual boarding demand cannot exceed the residual available space in a bus. As a result, when the
boarding demand is sufficiently high, a number of passengers may be prevented from boarding and
become what we term ‘leftover passengers’. The total number of waiting passengers is the summation

of the numbers of arriving passengers and leftover passengers from the preceding bus.

d

Bij = Xr=je1Yir J; 0 A @) dt + Iy (%)

k.j

The actual number of boarding passengers should not exceed the remaining capacity, yielding

Ei,j = yi,j ' min{BiJ-, C — Li,j—l + Ai,j}
(6)

The number of leftover passengers at a stop depends on the corresponding stop-skip decision. When

the designated stop is served, the number of leftover passengers equals the difference between
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passengers waiting and those who board. Alternately, when the designated stop is skipped, it is simply

equal to the number of waiting passengers.
li,j = (1 - yi,j) . Bi,j + yi,j : max{O,Li'j_l + Bi,j - Ai,j - C} (7)
The number of on-board passengers of bus i when it departs from stop j is related to the

boarding and alighting demand at stop j, and the vehicle load of bus i from the previous stop j — 1.
Lij=Lyj1+Bj— A (3)
Similarly, the total number of waiting passengers heading to destination stop r is not only the

number of OD-specific arriving passengers but also passengers who are left from the preceding bus due

to bus capacity constraints.

dij

By jr = dk,; Aj (@) dt +  jr ©

Without loss of generality, it is assumed that the waiting passengers have equal access to each
available in-vehicle space; then, the boarding probability equals the ratio between the actual number of
boarding passengers B; ;j and that of total waiting passengers B; j. Therefore, the actual number of

boarding passengers heading to destination stop 7 is

= Bij Bij i
Buyr =52 Bur = 5. [Luj@,@)dt+lkﬁ]

(10)

Accordingly, the number of leftover passengers heading to the destination stop is:

),

Ei,j di,'
lijfr= (1 _T-,j) fdk]{,ljm(t) dt (11)

The total number of passengers alighting from bus i at stop j is related to the boarding demand

from previous stops.
4=
Agj = yij 2=y Birj Vir (12)

Assuming each passenger consumes an average time to complete the entire boarding process, then

the boarding time at the stop is given as follows, given that the bus can hold all of the waiting passengers

at the stop.
' 1 di' i 1 i '+Di’ :
Dij=yij3 [Z¢=j+1 Vir Jq, ;4 (©) dt + lk,j] =Yij3 [Z:y=j+1 Yir fdak,; 7 A (t) dt + lk,j]
=i g{ i1 Yir [fdak:; A () dt + f;l]] 7 Aj,r(t)] dt + lk,j} (13)

To reduce the computational complexity, we approximate the dwell time by assuming uniform
arrivals during the boarding process. This approximation is reasonable since the boarding time is

relatively short and the corresponding demand variability is low.

, 1 iy D;
D=y ;{ Y1 Yir [fdak; Ajr () dt + 4, (a; ;) 7]] + lk,j} (14)
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Merging the term of boarding time D; ; onboth sides in Eq. (14) yields the closed-form expression

of boarding time without a capacity constraint as follows:

L=y 2 N oy [Y ) .
Di,j =Yij 2b-3 Virdir(aig) [Zr=]+1 Yir fdk,j /lj,r(t) dt + lk,]] (15)
Accordingly, the actual boarding time with a capacity constraint takes the following form:
aij 1
[erv=j+1 Yir fdk; Ay (t) dt + lk,j] (€ =Ly + Ai,j)}

(16)

, 2
= y;imin
Dyj=Yij {Zb—Z’r\’z je1YVirdjr(ai)

Because the boarding and alighting process usually occur simultaneously during the stop service,

the actual dwell time at a stop should be the larger of boarding and alighting times.

l_)i,j = max{Di_j,aAi_j} (17)

Remark 1: The calculation of the boarding demand depends on the headways at stops. Liu et al. (2013)
and Chen et al. (2015) considered the headways as the interval between the arrival time of the current
vehicle and the departure time of the preceding vehicle. Although such an assumption could simplify
the modelling of bus movement, it may lead to an underestimation of the actual demand since the
boarding demand during the dwell time is missing. To better reflect reality, in this paper, we consider

the inter-departure headway (Eq. (3)) in the calculation of boarding demand.

3.4 Optimization model

The purpose of this paper is to address the stop-skipping problem, where different trips serving a
bus route may have different stopping plans. Limited-stop service contributes to reducing the bus dwell
time and thus increasing the commercial speed, such that the passengers’ in-vehicle travel time cost and
operation cost are reduced. Alternately, the use of such a strategy may also increase the passenger
waiting time, especially for those whose origin or destination stop is passed. Therefore, it is essential to
develop an optimization model to make a trade-off between the two sides and achieve a minimum total
cost from the system perspective. More importantly, to achieve solutions that are less vulnerable to
disruptions, we enhance the solution approach for pure cost-efficient schedules by additionally
incorporating uncertainty tolerance.

Because there exists capacity binding in the boarding process, the total passenger waiting time
should include the waiting time for overall awaiting passengers (the newly arriving passengers and
leftover passengers) between the inter-departure headway, and the additional waiting time for leftover

passengers. The average waiting time for the overall awaiting passengers between the inter-departure

headway is %hi, j» then the corresponding total waiting time can be approximated by:

1
Zy =% %jBijhi; (18)
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The additional waiting time for a leftover passenger is h; ;. Therefore, the additional waiting time

for leftover passengers is a product of the leftover demand and the following inter-departure headway.

Z&H =YXl ki (19)

Consequently, the total waiting time is the summation of these two parts.
1
Zy=Zy+Zh=-%%;Bijhij+ X%l h (20)

It is worth mentioning that, in average, the total waiting time for a leftover passenger is %hk, i+
h;;.

The total in-vehicle time for passengers consists of two components: link travel times and dwell
times. They are calculated as the product of the total number of on-board passengers on specified links

and the link travel times/dwell times. Therefore, summing up the total link travel times and dwell times

yields the total in-vehicle time, which is expressed as follows:

Zy = %Xl (di) + 6yi,]Li + (Dijyi )Lis} @1)
Similarly, the total operating time takes the following form:
Zo = XiX[ri(dis) + Dy + 6)yi,] (22)

Then, the system’s total cost is the weighted sum of waiting time, in-vehicle travel time and riding

time.

Z=¢1Zy + @22, + 937, (23)
1 p—
= @1 2 2;GLiXjBijhij +1ijhip) + @2 i Xl (diy) + 8yisLi; + (Dijyij)Lij}

+93 X X5 (dis) + (Dij + 8)yi]
where @4, ¢,, and @53 are the weighting values for each term.

The objective of limited-stop service design is to explore the best decision variables y; ; that
minimize the expected total cost while offering an appropriate level of reliable service. The existence
of stochastic travel times implies that the objective function would be variable, particularly in the
provision of vehicle overtaking (as explained in Section 4.1). Therefore, to ensure the schedule
robustness, the standard deviation of the objective should not exceed a threshold. As a result, the bus
stop-skipping problem could be formulated as integer nonlinear programming models:

minE(Z) (24)
subject to

Std(Z) <T (25)
where Eq. (25) specifies that the standard deviation of total cost should not be larger than a critical value
T.

In addition, considering the practical circumstances, some other optional rules/constraints can be
further combined to the limited-stop service design. For example, because each bus trip of the same bus

12



line will have different stops, to avoid long waiting times for passengers, it is reasonable to assume that
bus i is not allowed to skip two adjacent bus stops simultaneously. Then, the following constraint can
be added:

1<y +yij+1 =2 (26)

3.5 Model properties

Proposition 1. The size of the solution space increases exponentially with the number of trips and bus

stops along the route.

Proof. Let us assume that the number of stops along the route is N, and that the number of bus trips is
M. Because the decision variable is a binary variable, the number of combinations that need to be
evaluated for one trip is 2V. If one needs to determine the optimal stop-skipping scheme for all trips,
then the number of combinations is 2V"™. The size of the solution space is still within its original order

of magnitude in spite of the optional constraint Eq. (26).

Q.E.D.

Proposition 2. The model in Egs.(24) and (25) is equivalent to the following robust optimization model

(with decision variables y; ; and 6):

nj}m max E(Z) +6[Std(Z) —T] (27)

s.t.
6=>0
Proof. A former proof of this proposition can be found in Zhang and Xu (2017).
Q.E.D.

Proposition 3. The decision variable 6 increases as the risk threshold T decreases.

Proof. Eq. (27) is equivalent to max min E(Z) + 0[Std(Z) — T]. Because the term 6T is not related
Yij

to the stop decision y;;, we can focus on the term E(Z) + 6Std(Z). Solving the minimization problem

on this term yields an optimal solution y*(0) satisfying E(Z*) + 6Std(Z*): = r(0). Then, Eq. (27)

can be transformed into:

max F(6,T) (28)

where F(0,T):=1r(0) — 6T
Let 6, be the optimal value that maximizes F(8,T) given the risk threshold T;, and let 8, be

the optimal value that maximizes F(6,T) given the risk threshold T,. Because the objective function
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can be solved to optimality given 8; and T; (or given 6, and T,), then the objective function will

become sub-optimal given 8, and T, (or given 8; and T5). That is,

F(61,T1) 2 F(6,T1) (29)
Then, we have that

r(6;) — 0:Ty = 7(6;) — 6,1y (30)

=1(62) — 0,T; + 6,1, — 6,1y

Similarly, the following inequality holds:

F(0,,T,) = F(01,T,) (31

7(02) — 0,7, 2 1(61) — 01T, (32)
Adding the term 6,T, — 6,T; on both sides of Eq. (32) yields:

r(0;) — 0,T, + 0,T, —0,T; =1(0,) — 0,T, + 0,T, — 0,T; (33)
The left-hand side of Eq. (33) is equivalent to

7(0;) — 0Ty = F(62,T1)
Combing Egs. (30) with (33), we have that

r(01) — 01Ty 2 7(01) — 01T + 0,T, — 6,1y (34)
Eliminating the term 7(6;) on both the left-hand side and right-hand side yields:

(61 =0)(T1 —T2) <0 (35)
This means that 6 increases when the risk threshold T decreases.

Q.E.D.

Proposition 4. The total costs decrease as the risk threshold T increases.

Proof. According to Proposition 3, 6 increases as the risk threshold T decreases. In other words, 6
decreases as the risk threshold T increases. Therefore, for the objective function E(Z) +
0[Std(Z) —T] (i.e., total cost), the term O[Std(Z) — T] will be reduced as T decreases given E(Z)

and Std(Z). As a result, the value of the objective function will be reduced as T increases.

Q.E.D.

Proposition 4 indicates that a higher risk level could lead to smaller cost (Zhang and Xu, 2017). In
other words, to minimize the costs, we should have to suffer from a certain level of risk. Hence, there
is a trade-off between cost minimization and service robustness, as will be experimentally validated in

Section 5.

4. Solution methods
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4.1 Framework

Distinctly from previous research (i.e., Liu et al., 2013; Chen et al., 2015), the effect of vehicle
overtaking and dynamic demand is explicitly considered in the design of the limited-stop service. In
our preliminary experiment, we found that the objective functions are quite expensive-to-evaluate. The
reason mainly lies in two aspects: First, there exist large amounts of uncertainty that induce random
simulation outputs given the same input, such as random travel time and dynamic passenger demand.
In addition, the implementation of the stop-skipping scheme leads to the speed difference across bus
trips, which further worsens bus overtaking effect. As a result, compared to the full-length regular
service, more random seeds may exist in the simulation. This requires conducting a larger number of
simulation replications to mitigate the influence of the random simulation errors so as to generate less
biased results. Second, to capture the demand dynamics, the calculation of the objective function in the
form of an integration operation is generally time-consuming. Because the size of the solution space
increases exponentially with the number of trips and bus stops (Proposition 1), it is almost impossible
to obtain the optimized results for large-scale scenarios in a reasonable time using conventional methods

such as enumeration and random search algorithms.

Optimization problem

definition Model parameters,
Objective functions, Decision variables:
Decision variables, skip-stop patterns
Constraints
Design of Experiments Initial sample points
(DoE)
Generateinfill sample 1
>y

Dynamic demand;
Dynamic stochastic
running time

Bus Movement Simulation
Model

Simulation outputs¢

Quadratic polynomial
function

Construct Surrogate M odels

Decimal coding
method

4

Model Validation e.g., Cross validation

Model accuracy
criteria satisfied?

eg., MAPE, MAE,
RMSE

Optimization based on
surrogates

Fig.3 Simulation-based optimization framework

To address these issues, we propose a simulation-based optimization framework incorporating
response surface methodology (RSM). The principle is that, with an initial input dataset and

corresponding output of the objective function, the RSM can be fitted as a surrogate or analytical
15



approximation of the expensive-to-evaluate objective. Based on the exploration and exploitation of the

computationally efficient surrogate, the optimal decision variables could be obtained in a reasonable

amount of time, enabling the model’s applicability in large-scale scenarios. The main steps are as

follows:

® Step 1: Given the objective function Eq. (24) evaluated by simulation outputs, an initial number of
stop patterns x are generated using a design of experiment method. For details of the design of
experiment method, readers can refer to Chen et al. (2014).

® Step 2: Simulate the bus propagation model using the initial set of stop patterns x and obtain the
corresponding expected values of the objective function. The expected value is calculated as the
mean value of objective function f;(x) and standard deviation of objective function f,(x)

obtained by a number of simulation runs S.

fi) =335, 7 (36)

o) =338 (2 - A() (37)

® Step 3: Develop the input-output relationships using quadratic polynomial function models (see
Section 4.2) to construct the response surface for both the expected value f;(x) and the respective
standard deviation f,(x). If the response surface does not satisfy the validation criteria, go to Step

2 to generate infill points and run simulations.

® Step 4: Solve the following constraint optimization problem under various risk threshold values T

to give the Pareto frontier (Kleijnen, 2008; Zhang and Xu, 2017).
min f; (x) (38)
st. L) <T (39)
Fig.3 illustrates the solution framework adopted in this paper.

4.2 Response surface methodology (RSM)

The first step of RSM is to explore an analytical approximation for the relationship between
response and input decision variables. In this paper, the quadratic polynomial function, which is the
most commonly used RSM, is applied to fit the response surface for both the expected value f;(x) and

the respective standard deviation f,(x). The quadratic polynomial function takes the following form:
F&X) = Bo+ X1 Bixi + Xic; X Bijxixj + Xty Bux?, x € R™ (40)

where X = [x1,%,, -, %,,]7 is a m-dimensional point to be predicted. f(x) is the estimation of the

real objective function f(x). B, is the intercept. f5; is the linear coefficient. f3;; is the coefficient of

interaction terms. [3;; is the quadratic coefficient.

Because the simulation-based objective function (with integration operation) is replaced by the
analytical RSM function, the optimal solution can be obtained much more efficiently. The fitted
quadratic model is non-convex and contains many integer decision variables, so it is difficult to find an

exact method to solve this model in polynomial time, which is known as a NP-hard (non-deterministic
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polynomial-time hard) problem. In view of the NP-hardness of the model, a variety of evolutionary

algorithms, such as genetic algorithm, can be adopted to solve the model.

4.3 Coding method for decision variables

In the optimization model (Section 3.4), the decision variable y; ; is defined as a binary variable
to indicate the stopping decision at a designated stop for a bus trip. Because the number of input
variables depends on the number of bus stops along the route, the number of parameters to be estimated
will be dramatically large if the quadratic polynomial function is adopted as the surrogate, which is
rather difficult since there is only a limited number of input-output data from the outcomes of expensive

simulations.

To address this issue, we propose an effective decimal coding method to transform the binary stop-
skipping decision of a bus along the route into a decimal value. To illustrate, we consider a bus route
consisting of 16 intermediate bus stops (as shown in our case study). Let x; be a decimal value
representing the stop pattern of a trip; then, it can be represented by a combination of binary variables
yi,j- For instance, the stop pattern of a vehicle 1111100101100110 can be transformed into a decimal
value 63846. In other words, the decision variables can be replaced by a number of decimal values
instead of binary variables. In this manner, the number of transformed decision variables equals the
number of trips while being independent of the number of stops. Such an approach yields far fewer
input variables and facilitates fitting the regression model. Additionally, this approach scales well when

the scale of the bus route expands.

Now we discuss the representation of the constraints given the new coding method. Naturally, the
range of x; should be between 0 and 1111111111111111. Therefore, the constraint should be satisfied,
i.e.,, 0 < x; < 65535. For the optional constraint that two adjacent bus stops are not allowed to be

skipped simultaneously (Eq. (26)), i.e., 1 <y; j + ; j+1 < 2, we have that
Xitxipq = 1% (29421 + -+ 21%) = 65535 and (41)
Xitxie < 2% (209421 + -+ 21%) = 131070
Therefore, Eq. (26) can be replaced by the following constraint:
65535 < x;+x;.4 < 131070 (42)

4.4 Trajectories evolution simulation
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Fig. 4 Simulation framework of bus stop-skipping operation without overtaking

In this section, simulation frameworks are developed to calculate the bus trajectories under given
stopping plans and overtaking policies. Bus trajectories are composed of the departure time, travel time
and dwell time. The calculation of passenger flow and resultant dwell time depends on the inter-
departure headways. In the case without overtaking, the information of the front vehicle has been
available before the calculation for the subject vehicle, and thus the bus trajectories can be simply
calculated trip-by-trip. In other words, the trajectory of a vehicle is calculated only after the calculation
for the preceding vehicle. Fig. 4 shows the simulation framework of bus stop-skipping operation without

overtaking.

For the case with overtaking, however, the calculation method is more complex. The allowance for
overtaking poses challenges for simulation since the bus order may change from stop to stop. In other
words, the bus order at the subsequent stops may differ from that at the terminal, as opposed to the case
without overtaking. Because the calculation of passenger flow depends on the inter-departure headway,
it requires sorting the arrival times of all trips at a designated stop in chronological order to update the
trip order. Therefore, unlike the trip-by-trip manner in the case without overtaking, the vehicle
trajectories should be computed stop-by-stop. Hence, we here propose a new simulation framework of
bus stop-skipping operation with overtaking. Because the bus order will not change after trip sorting,
this simulation framework can also be adapted to the case without overtaking. Algorithm 1 provides the

general simulation framework of bus stop-skipping operation with overtaking.
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Fig.5 Simulation framework of bus stop-skipping operation with overtaking

Algorithm 1. The algorithm of trajectories evolution with overtaking

Initialization: Set input parameters and the number of instances
for each instance
Generate the dispatching time for all bus trips from the terminal
Draw the stochastic link travel times from a given distribution
Generate the trajectories for all trips in the planning period
for each stop
Sort the trips in order of arrival times at the stop
Calculate the boarding time according to Algorithm 2

Calculate the departure time of all buses at the stop

Prior to providing a detailed description of the algorithm, we introduce some additional notations.
19



Let AT(j) denote the set of sorted arrival time at stop j, i.e., AT(j) = [dyj,dp .-,y j, - |, where
dy,; denotes the arrival time of n' bus satisfying d,_q, i < dy ;. To achieve the mapping between the
information to those ordered ones, the position of bus i in AT(j) is drawn and denoted as L(i, j).
Algorithm 2 describes how to calculate the passenger demand and dwell time at a stop for the case with

overtaking.

Algorithm 2. Calculating the passenger flows and dwell time at stop j for the overtaking case

Step 1: Obtain the information of the ordered buses
for n" bus
Calculate the boarding time of n'™ bus at the current stop with Eq. (16)
Calculate the passenger demand and dwell time of n™ bus with Egs. (1)-(12) and Eq. (17)
Obtain the departure time of n™ bus

The above results are put into a matrix I, in which n'™ row corresponds to the passenger

demand of n' bus.
Step 2: Obtain the information of the original buses from those of ordered ones
for bus i

Draw the passenger demand and the trajectory (arrival time, dwell time, and departure time) of

bus i at the stop by mapping to the L(i, j)"row in matrix I

To examine the impact of overtaking operation, we also present the case without overtaking as a
benchmark. Unlike the case with overtaking, for the case without overtaking, the ranking order of the
subject bus that is adjacent to bus i should be bus i — 1. In other words, the bus order at the subsequent
stops remains the same as that at the terminal. Therefore, to avoid the bunching and overtaking

phenomenon, the inter-departure headway is required to be higher than a constant parameter, that is,

di,j > di—l,j +7T (43)

5. Numerical example

5.1 Data settings

We implement the enhanced stop-skipping model for a busy route on bus number 113 in Guangzhou
city of China with 18 stops (16 intermediate stops). The map is shown in Fig. 6. The route length is
approximately 13 km. The fleet are of the same vehicle size with a capacity of 100 pax per vehicle. The
boarding demand data are provided by Guangzhou Trolleybus. Since limited-stop service is usually

employed at peak periods, in the example we investigate the schedule design during the entire morning
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peak hours (8:00-10:00 am). Although all trips depart in the first hour, the last few trips may reach the
terminal in the next hour due to the long duration of vehicle tours. Therefore, the historical data in the
next hour is also needed for modelling. To this end, we use the data of three consecutive hours (8:00-
11:00 am) in one direction of this route (from Nantian Road Terminal to Tangan Road Terminal). The
link travel time data are collected from on-board GPS vehicle tracker, where the statistics of link travel
times are calculated. Fig. 7 shows the percentages of average passenger arrivals at stops, from which
the uneven demand can be seen. Some stops attract more commuters possibly because of geographical
advantages or other reasons. This results in spatially heterogeneous demand along the route, which may
be addressed by operational strategies such as limit-stop service.

\ ! Tangan Roagd Termiyé

i

, | LA
Fig. 6. A map of Bus Route Number 113

The bus OD matrix can be directly obtained by an automatic fare collection (AFC) system that can
provide user information for both boarding and alighting locations. For the entry-only smart card data,
a variety of methods in the literature could be used to forecast the destinations of smart-card users (Jung
and Sohn, 2017). Because the smart card data is entry-only in Guangzhou, in this study, we estimate the
bus OD matrix using the alighting probabilities estimation method following Liu et al. (2013) and Chen
et al. (2015), that is, passengers boarding at a designated stop are assumed to evenly alight at the
remaining stops. In this way, the passenger arrival rate heading to the downstream stops A;,.(t) canbe
obtained given the stop-level arrival rate A;(t). Subsequently, the passenger flow and alighting
distributions along the route can be derived. The values of model parameters are provided in Table 2.
The departure time of the first trip is 8:00. The departure headway is taken as 5 min, and the number of

bus trips is taken as 6.

Fig. 8 presents the time-dependent passenger arrival rate at different stops for two successive periods
(8:00-9:00 am and 9:00-10:00 am). We can see that the boarding demand varies considerably over time,
particularly for those stops at the first half of the route. This indicates that the assumption of uniform
arrival rate in the existing research may lead to inaccurate predictions of vehicle loads and the resultant

system performance.

Because the travel time is naturally larger than a minimum positive value, the link travel time is
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assumed to be random following a time-dependent truncated normal distribution with a positive lower
bound. Fig. 9 shows the mean and standard deviation of link travel times in the period of interests. As
we can see, the mean travel times change slightly, while the standard deviations are quite different

across some stops (e.g., stop 3 and stop 15).
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Fig. 7. Percentages of average passenger arrivals at stops
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Fig. 8. Passenger arrival rate over time at different bus stops
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Fig. 9. Mean and standard deviation of link travel times

Table 2 Default values of model parameters

22



Notation  Unit Value Description

C pax/veh 100 The vehicle capacity

- - 6 The number of trips

- - 18 The number of bus stops

S - 100 The number of simulation runs for each sample

- min 5 Departure headway

P41 $/h 15 The value of passenger waiting time

0, $/h 10 The value of passenger in-vehicle time

Q3 $/h 150 The value of bus operating time

a s 2 The average alighting time per passenger

b pax/min 15 Boarding rate

) min 0.3 Deceleration and acceleration time for a bus at a stop
T min 0.3 Minimal headway for the case without overtaking

5.2 Results and discussion
5.2.1 Impact of dynamic demand and overtaking

To examine the impact of overtaking and dynamic demand on the bus stop-skipping scheme, in this
section the results of the enhanced model (i.e., with overtaking and dynamic demand) are compared to
the base case without either overtaking or dynamic demand. With regard to the base case without
dynamic demand (or namely, static demand), the hourly arrival rate of passengers is assumed to be
constant, which is calculated as the total number of arriving passengers within one hour divided by the
time interval (60 min if the unit for arrival rate is pax per minute). The assumption of uniform arrival

rate is common practice in the literature (e.g., Liu et al., 2013; Chen et al., 2015; Wu et al., 2017).

Because in our example the number of stops along the route is N = 16, and the number of bus trips
is M = 6, then the number of combinations of stop-skipping scheme is 2V = 29¢ (Proposition 1).
The programs are implemented in Matlab 2014a on an Intel(R) Core(TM) 15-5200U CPU @ 2.20 GHz
with 8GB RAM PC. The evaluation for each sample lasts for approximately 70 seconds. Hence, it is
nearly impossible to obtain the optimal results in a reasonable time using enumeration. Using only an
initial sample and corresponding values of objective function, the surrogate models can be used as an

approximation of the expensive-to-evaluate objective.

Based on the simulation results, we found that the surrogate models statistically pass the goodness-
of-fit tests. The fit performance and the fitted quadratic polynomial models in 8:00-9:00 am are
illustrated in Appendix A and Appendix B. According to the fitted surrogate models, we obtain the
optimal stopping plans that minimize the expected total cost. Keeping the variance of total cost being

lower than a given threshold T, we solve the problem Eq. (38) via varying the threshold to explore a
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set of solutions to estimate the Pareto frontier. The positive infinity threshold corresponds to the pure

cost-efficient solution.
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Fig. 10. Number of skipped stops under different risk thresholds for different schemes

Fig. 10 presents the number of skipped stops under different risk threshold values T. The threshold
corresponds to the maximal value of standard deviation. We observe that the number of skipped stops
and stop patterns of four cases (i.e., static demand with overtaking; dynamic demand with overtaking;
static demand without overtaking; dynamic demand without overtaking) are quite distinctive. This
suggests that neglecting overtaking and demand dynamics may lead to potential planning errors. In
particular, the number of skipped stops with overtaking is generally smaller than that without overtaking.
This results from cost trade-offs between passengers and operators. Evidently, serving more stops could
reduce the average passenger waiting time cost at the expense of increasing operation cost. Because
overtaking reduces the moving bottleneck effect along the route and allows for running considerably
more frequent service, the in-vehicle travel time will be less affected by serving more stops in the case
with overtaking. Consequently, fewer skipped stops can be expected to reduce the passengers’ waiting

time and total cost.

In addition, the number of skipped stops with dynamic demand is generally smaller than that of
static demand, particularly under high risk threshold. This suggests that, when dynamic demand is
incorporated, fewer skipped stops are required to reduce the passengers’ waiting time. This also
indicates that the assumption of static demand is likely to undermine the “real” demand volume. Table
3 shows the stop patterns for four schemes corresponding to the threshold 7 = 100, where “1” and “0”
denote the stops being served or skipped by each vehicle, respectively. This reinforces the message that

the stop patterns of four cases are quite distinct.

Table 3 Stop patterns of four schemes (T = 100)

Trip Static, no overtake Static, overtake Dynamic, no Dynamic, overtake
overtake
8:00-9:00 am

1 1110011010111000  1111000110110110  1111001011011111 1111000001001101
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2 1100001101001100 0001111011101000  1100001000111011 1110010001110100
3 1100111110010110  1110111001101101 1100010111010001 1101011000011111
4 1011001011010000 0110010011110100  1011000111110110 1100010100011110
5 1010101001000100 1101100100101111 1011100011101001 1110000001011001
6 1001001001000110 0011101111110100  1100110010011100 0010110100101111
9:00-10:00 am
1 1111111110010010  1111111111111001 1111010100001100 1111101000011011
2 1101100101111110  0010010001001100  1100010001110000 1110111001001001
3 1101001101100001  1111111111111110 1011101000110111 1101100110110101
4 1011110000010011 0111010010110101  1011001010011001 1001001110010110
5 1011010000111000 1101110110100101 1011000111000010 1111001110000111
6 0111001011101110 0100011101011111 1101000011101000 0000100000011001
2300 1800
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Fig. 11. Pareto-optimal solutions of total costs for different scenarios

Fig. 11 presents the total costs for four cases under various threshold T. It can be seen that the total
cost decreases with the increase of T but at a decreasing rate, and they do not change after reaching a
critical value. The reason is that the variance could be analogous as the risk of robust schedule, and
higher risk indicates smaller cost, which validates the model properties as discussed in Section 3.5. This
indicates that there exists a trade-off between the smallest cost and the lowest risk in the design of stop-
skipping scheme, which provides a practical insight that, to achieve a small expected cost, we should
endure a relatively large variance. More importantly, the system costs with overtaking are smaller than
those of without overtaking.

In addition, the costs with dynamic demand are generally higher than those with static demand,
particularly under low risk threshold. This indicates that ignoring the demand dynamics may
overestimate the benefits of limited-stop service. The reason is that, in a static model, the excess demand

and the resulting overcrowding and failed boarding may be overlooked, which leads to an
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underestimation of average waiting time and dwell time. Since the in-vehicle travel time and operation
cost are closely related to the dwell times, higher costs could be expected in a dynamic demand
framework. Therefore, to be more realistic, we next analyse the performance of the limited-stop service

under dynamic demand. The period of interest is 8:00-9:00 am.
5.2.2 Sensitivity to demand

Demand is an important factor influencing the vehicle loads and system performance. Fig. 12
presents the total costs under different demand levels, distinguished by overtaking and no overtaking.
As expected, the total costs with overtaking are consistently lower than those without overtaking under
the same demand level. The total costs decrease as the increase of risk threshold T before reaching a
critical value. However, marginal increase of demand contributes less to the cost growth. The gaps

between different demand levels tend to decrease as T increases.

In comparison, the total cost appears to be less sensitive to demand variations in the case of
overtaking, particularly when the risk threshold is sufficiently high. The reason is that when the
passenger demand grows, the vehicles tend to be overcrowded at some stops. Such side effect would be
amplified when the vehicle is blocked by its preceding vehicle, which leads to uneven passenger
distribution along the route and under-utilization of vehicles. However, when overtaking is allowed, the
buses will be able to serve more waiting passengers and smooth the load along the route, such that the
available in-vehicle space could be utilized more efficiently by offering the same bus supply. This also

explains why the savings from overtaking generally get larger with higher demand (Fig. 13).
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Fig. 12. Pareto-optimal solutions of total costs under various demand levels
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Fig. 13. Pareto-optimal solutions of cost-saving percentages from overtaking operation under various
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demand levels

Alternately, a higher risk threshold indicates a larger solution space and enhanced schedule
flexibility. Typically, the positive infinity threshold corresponds to the pure cost-efficient solution. As a

result, when the risk threshold is larger, less influence of demand variation can be expected (Fig. 12).

5.2.3 Sensitivity to travel time variability

As discussed, travel time uncertainty is prevalent during transit operation. The purpose of this
section is to investigate the performance improvement resulting from overtaking operation under
various levels of travel time variability. The travel time variability can be represented by the standard
deviation of link travel time. To this end, the base standard deviation is amplified by the ratios 1.4 and
1.8. The performance improvement is defined as the relative errors between the results with and without
overtaking. As shown in Fig. 14, when bus overtaking is allowed, the resulting performance is always
better than that without overtaking. The cost savings generally increase as the threshold T increases;
when the threshold T is large enough, the cost savings become trivial. The total cost is less sensitive
to travel time variability when overtaking is allowed, which suggests that overtaking can mitigate the

adverse effects of travel time variations.
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As shown in Fig. 15, when the risk threshold is larger than a critical value (380 in this example),
more cost savings can be observed as the travel time variability increases. There are two possible
reasons for this: First, bus bunching is more likely to occur with higher travel time variability, under
which circumstance overtaking becomes more effective. Because vehicle overtaking is a contributor to
reducing the passengers’ waiting time and in-vehicle travel time (Wu et al., 2017), more cost savings
could be expected with higher travel time variability. Second, as discussed in Section 5.2.2, a higher
risk threshold indicates a larger solution space and enhanced schedule flexibility. Thus, when the risk
threshold is larger, the improvement from overtaking and travel time variability becomes more

significant.

5.2.4 Sensitivity to headways
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Departure headway or frequency setting is a main activity in the tactical planning of bus operation.
In this section, we investigate the effect of departure headway size on system performance. To isolate
from the effect of demand congestion, the base headway is amplified by 1 and 2 min. The results for
total costs are shown in Fig. 16. Similar to the effect of travel time variability, the total cost decreases
with the increment of the threshold T before reaching a critical value. As shown in Fig. 17, the cost
savings generally decrease with longer headway. This is because, with longer headway, it is more

difficult for the bus trips with different stop patterns to catch up with each other, which reduces the
28



likelihood of bunching and overtaking. This implies that, to achieve the benefit of overtaking in the
limited-stop bus service, the departure headways should be carefully determined and set as short as
possible. These results also suggest that the limited-stop service is preferably applied in high-frequency

transit service.

6. Concluding remarks

Limited-stop bus service can improve the operational efficiency while also aggravating headway
irregularity and bus overtaking effect. However, the effects of vehicle overtaking and dynamics on
limited-stop bus service, and the issue of schedule robustness, have not previously been fully addressed.
This paper presents a stop-skipping optimization model considering both vehicle overtaking and
dynamics in the context of both robust and cost-efficient fleet allocation. To cope with the expensive-
to-evaluate objective function, we propose an efficient solving method to this stop-skipping design
problem: simulation-based optimization framework integrating the response surface methodology
(RSM), which only needs to fit an initial input-output dataset before solving to optimality. In particular,
according to the characteristics of this problem, we propose an effective coding method to handle the

binary decision variables for adapting to the RSM.

The model is implemented in a real-world bus line in Guangzhou, China. With different uncertainty
levels, we investigate the Pareto frontier for robust solutions. It shows that the stop patterns are quite
distinctive when overtaking and dynamics are considered, particularly under low uncertainty levels. In
particular, the number of skipped stops with overtaking is generally lower than that without overtaking
as a result of cost trade-offs between passengers and operators. We also found that the system cost can
be reduced as a result of overtaking operation, under which circumstance higher travel time variability
and shorter departure headway are more beneficial. Therefore, these findings indicate that ignoring
vehicle overtaking and dynamics for the stop-skipping problem would induce idle capacity in the transit
system, including higher operation costs and additional fleet size, thus underestimating the efficacy of
the stop-skipping scheme and leading to potential planning errors. The results revealed in this study
could help transit operators determine the best trade-off between fleet allocation and the level of

robustness in the design of limited-stop bus service.

In subsequent research, an extended list of operational strategies may be developed considering
more practical constraints. For example, while this paper focuses on the planning of stop patterns for
bus trips, future research could be extended to joint optimization of departure headways and stop
patterns. In addition, this study focuses on the planning for a single bus route, and thus it would be
interesting to extend the model under common-line conditions considering passengers’ route choice

behaviour.
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Appendix A. Validation and test of the surrogate models

To test the accuracy of the surrogate models, the leave-one-out cross-validation method is used for
the initial sample data (Chen et al., 2014). Specifically, the i-th input variable point is deleted one by
one, and then other quadratic polynomial models are fitted, leaving out the i-th input variable point.
Based on this, the i-th output variables is estimated using the fitted surrogate models. Then, the primary
simulation results are compared to the estimated results. The overall performance of the surrogate

models is evaluated using three accuracy measures:

1. Mean absolute percent error (MAPE)

f(x(;)();(g ()x_“))| x 100 (44)

2. Mean absolute error (MAE)

MAPE = -3,

MAE = -S| (x®) = f(x@)| (45)

3. Root mean square error (RMSE)

RMSE = \/%Z?’:l[f(x(i)) — f(x(i))]Z (46)

where x® denotes the i-th input variable point; f (x(i)) and f (x(i)) denote the simulation output
and predicted result of the i-th experiment point, respectively. N denotes the number of initial sample

data points.

Table 4 Prediction performance of the models using the leave-one-out cross-validation method

Scenarios MAPE (%) MAE RMSE
No overtake, static 2.57 58.7 76.1
Overtake, static 2.21 472 60.3
No overtake, dynamic 2.75 65.7 83.5
Overtake, dynamic 2.76 62.3 78.6

Table 4 presents the prediction performance of expected total costs of the training samples under
four scenarios. MAPEs are within the range of 2.2% - 2.8%. MAESs are within 58-663$, and RMSEs are
within 60-848. The results under static demand are slightly better than those under dynamic demand.
The possible reason is that the incorporation of demand dynamics complicates the objective function

and produces more simulation noise.

To further verify the generalization ability of the surrogate models, 20 samples of stopping patterns
(instances) are randomly generated for testing. Then, the corresponding predicted total costs are
compared to the costs measured using simulation experiments, and the results are shown in Table 5. As
we can see, MAPEs are within the range of 3.1% - 4.9%. The prediction performance under the dynamic
scenarios, which is comparable to that under the static scenarios, is acceptable from a practical
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viewpoint. The results on the test set verify the model’s generalization ability. Therefore, we can

conclude that the developed surrogate models are quite adequate for use as a decision support tool.

Table 5 Prediction performance for the test set

Scenarios MAPE MAE RMSE
No overtake, static 3.72 82.30 92.24
Overtake, static 4.20 92.53 104.90
No overtake, dynamic 3.14 75.03 84.71
Overtake, dynamic 4.85 112.30 131.93

Appendix B. Fitting results of the quadratic polynomial models

Because the stopping patterns of 6 bus trips are considered in our example, there are in total 28

coefficients to be calibrated in the quadratic polynomial model for each scenario. Table 6 presents the

coefficients of determination R? for linear and quadratic polynomial models. As we can see, the

coefficients of determination R? of quadratic models are significantly higher than those of the linear

models, with the values of higher than 0.85. This suggests that the quadratic relationship is significant.

Table 7 shows the coefficients of the fitted linear and quadratic polynomial models for all scenarios.

Table 6 Coefficients of determination R? of linear and quadratic models

Scenarios
Models No overtake, static  Overtake, static  No overtake, dynamic  Overtake, dynamic
Linear 0.2116 0.5041 0.2505 0.4561
Quadratic ~ 0.8515 0.8979 0.8490 0.8666
Table 7 Coefficients of the fitted quadratic polynomial models
Scenarios
Coefficients No overtake, static ~ Overtake, static No overtake, dynamic  Overtake,
dynamic
Bo 3619.03 3573.19 4010.77 4017.50
B1 0.021095 0.024584 0.018606 0.025136
Ba -0.019337 -0.021738 -0.018059 -0.026205
B3 -6.64227x 1073 -6.68111x 1073 7.98180x 10~* -7.53763%x 1073
B -0.019877 -0.018270 -0.027800 -0.024313
Bs -0.023874 -0.021377 -0.024725 -0.019333
Be -0.025222 -0.025993 -0.034742 -0.032364
Biz -7.60959% 10710 4.58322%x 1078 2.26425% 10710 8.00105x 1078
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B3 -1.06670% 1078 -8.32594% 107° 1.35173x 108 -8.33402% 107°
Bra -2.53754% 1078 -2.37064% 1078 -3.81597% 10~° -3.74093% 1078
Bis -7.43366% 10 3.17937x 10710 -1.48660x 1078 6.27096x 10~°
Bre 8.54853% 1079 9.47916x 10~° 5.13306x 10~° 1.91554x 10~8
Bya 1.38905x 107 1.39855x 107 1.14996x 10~7 1.60785x 10~7
Baa -7.16856% 1078 -9.78192% 1078 -5.44519% 1078 -1.19619x 1077
Bas -1.46139x 1078 3.27625% 107 1.62544x 108 -1.50083% 1078
Bae 3.02200x 108 3.85789% 108 5.06386x 1078 4.95962x 108
B4 -1.05533% 1077 -5.02707x 1078 -1.43158% 1077 -5.98435% 1078
Bas -2.77933% 1078 -3.20454% 1078 -2.34374% 1078 -4.91650% 1078
Bse -1.32936% 1078 2.65501x 108 1.25465% 108 -9.59836% 10
Bus 1.08226% 107 6.95829% 108 1.36119x 1077 9.69563%x 108
Bae 1.12103%x 108 4.51008% 107° 2.74252% 1078 -3.05906x 10~°
Bse 1.32352% 107 1.87377x 1077 1.42443% 1077 2.29639% 10~7
Bra -3.27803% 1077 -4.28119% 1077 -3.24379% 1077 -4.70645% 1077
Baa 1.87314% 1077 2.04357x 1077 1.46632% 10~7 2.40262x 1077
Bs3 7.97491x 108 4.71825% 1078 -4.50024x 107° 6.96232x 1078
Baa 3.49590% 107 3.54365% 1077 4.38521x 1077 4.60948x 1077
Bss 1.21350x 107 5.32389x 1078 6.58310x 108 -3.20653% 1078
Bes 2.46440% 1077 2.17745% 1077 3.39132x 1077 2.75295% 107
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