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a b s t r a c t 

Despite the great relevance of particle dynamics in non-Newtonian fluids, particles settling in non-Newtonian 

fluids has received limited scientific attention. The simple case of two vertically aligned spheres settling in a 

thixotropic xanthan fluid is considered using solutions of xanthan + glycerol + water and 0.75 mm radius stainless 

steel spheres. Chaining phenomenon is observed where the trailing sphere velocity is increased due to a corridor of 

reduced viscosity created by the leading sphere. Our experimental methods are first validated against a Newtonian 

fluid of glycerol + water in which the sphere velocities remained equal. Using the fluid velocity induced by a 

single sphere, the two sphere velocities are approximated by Faxén’s first law. In a non-Newtonian (thixotropic) 

xanthan fluid, a viscosity ratio is introduced to account for the reduced fluid viscosity encountered by the trailing 

sphere due to the slow structure recovery of the fluid after shear thinning. The viscosity ratio is an exponential 

decay function dependent on the time between spheres normalised by the fluid recovery time, a parameter which 

is experimentally determined. When the sphere-sphere separation is large, the viscosity ratio tends towards unity. 

The predicted settling velocities show good agreement with experimental data. 
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. Introduction 

Particle suspensions are ubiquitous in many industrial processes and
he unique flow properties of non-Newtonian fluids may be advanta-
eously exploited to process ‘difficult’ particles. For example, a shear
ependent fluid can be used to resuspend/disperse particles when mixed
t high shear stress ( 𝜏) thus lowering the fluid viscosity, and at low 𝜏

he fluid viscosity is substantially higher and thus more favorable to
aintain particles in suspension during transport (low 𝜏) and/or storage

 𝜏 ∼ 0). In the current study we consider the slow settling of particles
n a quiescent non-Newtonian xanthan fluid. 

In the settling of multiple monodisperse particles in non-Newtonian
uids, chaining of particles into vertical columns (regions of high parti-
le concentration) has been reported, with regions of low particle con-
entration observed to provide routes for fluid backflow. Such behaviour
ccurs even when inertial effects are negligible [1–3] . Moreover, unlike
 Newtonian fluid where the settling front moves at a constant velocity,
n a shear thinning fluid, the settling front has a higher initial velocity,
hich slows as settling progresses [1] . 

The rheological properties of non-Newtonian fluids, including shear
hinning, viscoelasticity and time-dependence, adds complexity to even
imple systems. For example, for a single sphere settling with negligible
nertia (low Re ), the terminal settling velocity in a Newtonian fluid is
iven by the Stokes equation. Classically, the shear rate ( ̇𝛾) of a sphere
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ettling in a non-Newtonian fluid is estimated as V /2 r (e.g. [3–5] ) or
 / r (e.g. [6–9] ), where V is the velocity of the sphere and r is the
phere radius. However, if the fluid viscosity determined from rheol-
gy at �̇� = 𝑉 ∕2 𝑟 is used as an effective viscosity in the Stokes equa-
ion, the settling velocity for spheres settling in a shear thinning fluid is
ver-predicted [3,5] . It follows mathematically that the use of �̇� = 𝑉 ∕ 𝑟
ould predict even higher settling velocities. In a non-time-dependent
on-Newtonian fluid, there are many equations which attempt to pre-
ict the particle drag force. Many are based on simple rheological mod-
ls such as power law or Bingham, but Chhabra notes in many cases
he error in these calculations is no better than when using Newtonian
quations [10] . Furthermore, time-dependent effects can be important
n non-Newtonian fluids. It has been noted in several studies that the
ettling velocity of a sphere depends on the history of the fluid. Fluid
istory is manifested as both an increased terminal settling velocity over
onsecutive identical spheres [8,11] , and a decreased terminal settling
elocity as the time between spheres is increased [8,11,12] . 

The fluid flow around a single settling sphere at low Re is also mod-
fied from the Newtonian case. When a sphere settles in a Newtonian
uid the resultant flow pattern is reversible. In a non-Newtonian fluid,
he most notable change is the break in fore-aft symmetry. The fluid
elocity in front of a settling sphere is lower in a shear thinning fluid
han a Newtonian fluid due to the increased fluid viscosity away from
he sphere [6,13,14] . A negative wake is sometimes observed wherein
arbottle). 
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he fluid velocity behind the sphere decays rapidly to a stagnation point
nd flows in the opposite direction to the settling sphere. In some vis-
oelastic fluids an extended wake is observed, where the fluid velocity
ehind the sphere decays over a longer distance than in a Newtonian
uid. It is generally agreed that the negative wake is formed from two
ompeting forces, and that one of these is the extension of polymers
n the region behind the sphere [13,15] . Experiments and simulations
7,16] have shown that when the polymer extension is large, the wake
ransitions to the extended wake form. The competing force to produce
he negative wake is either shear [13] or normal stress [15,17] . 

When two identical vertically aligned spheres settle in a viscoelastic
uid, a critical distance, d c , is observed where the spheres may converge
r diverge [4,18,19] . Here we focus on the case where the spheres con-
erge for an initial separation d 0 < d c and the spheres move at a veloc-
ty equal to the single sphere velocity when d 0 > d c [3,4] . Joseph et al.
4] concluded there are different mechanisms which can promote parti-
le aggregation in viscoelastic fluids. Viscoelasticity and shear thinning
ith memory were both sufficient but not necessary to produce chained
articles. A physical explanation for chaining in viscoelastic fluids was
iven by Phillips [20,21] , whereby the streamlines envelop both parti-
les and the normal stress difference causes the particles to converge.
oseph et al. [4] suggested a “corridor of reduced viscosity ” to explain
he chaining phenomenon in shear thinning fluids. The first particle set-
ling causes a reduction in the fluid viscosity which does not imme-
iately recover, hence subsequent spheres experience a lower fluid vis-
osity and settle faster, eventually leading to chaining. Hariharaputhiran
t al. [22] suggested that the apparent reduction in viscosity is caused by
etwork damage in the form of disentanglement of polymer molecules,
hich matched the timescales of recovery observed in their experiments
 ∼ 20 min). The observed critical initial separation relates to the fully
ecovered fluid within experimental uncertainties, in agreement with
ther experimental and simulation studies [3,23] . 

Daugan et al. [3] studied the settling of two vertically aligned
pheres in xanthan + glycerol + water solutions of varying concentra-
ions and described the settling velocity using the Newtonian equation
 V 1 = V 2 = V S (1 + 3/2 × r / d )), where the Stokes settling velocity V S was
eplaced by an experimental settling velocity, and the trailing sphere ve-
ocity ( V 2 ) increase was described by introducing a multiplication factor
 V 2 = 1.2 ×V 1 for all fluids). While this appears to fit the data for d 0 < d c ,
t does not give the correct limiting conditions for two spheres in contact
 V 1 = V 2 at d = 2 r , where r is the sphere radius and d is centre-to-centre
eparation), or at large separations ( V 1 = V 2 at d → ∞) [6,14] , where
 1 and V 2 represent the velocities of the leading and trailing spheres,
espectively. 

Horsley et al. [12] studied the settling of identical spheres (pairs) of
ifferent diameter and density in a polyacrylamide (Floxit) solution. The
uthors found that curves of P × ln( V 2 / V 1 ) against ln( t ∗ ) collapsed to a
ingle curve for all spheres which they fitted using a polynomial ( P is
he plasticity index which can be obtained from the fluid rheogram and
 

∗ is the dimensionless time gap). It was noted by the authors that there
s an upper limit of ln( t ∗ ) = 6.4, above which P × ln( V 2 / V 1 ) should be
aken to equal zero [12] . However, for the limit of touching spheres, for
hich V 2 / V 1 should equal unity, the polynomial gives a number greater

han zero for P × ln( V 2 / V 1 ). 
The settling of identical spheres in polyacrylamide (Floxit) solution

nd the effect of sphere-sphere separation distance (time interval) was
lso considered by Gumulya et al. [5] . The authors proposed that the ve-
ocity of the trailing sphere was dependent on the product of a structure
unction and a time interval function, both in the form of power func-
ions. The structure function ( 𝛼N ) was based on the rheogram shape ratio
, while the dimensionless time interval 𝐶 1 ( ̇𝛾𝑡 ) 𝐶 2 was a function of the
ime interval ( t ) and the representative shear rate ( ̇𝛾) with constant C 1 

nd power C 2 . Constants C 1 , C 2 , and N were obtained from the exper-
mental settling data. The authors noted that 87% of the experimental
ata was within 20% of the calculated velocity. They suggested that er-
ors in calculating average velocities over a smaller distance resulted in
igher uncertainties at shorter time intervals [5] . It is worth noting that
nlike the previous studies [3,12] , the limits of time between particles,
 → 0 and t → ∞, give the correct value of V 2 = V 1 . Additionally, for a
ewtonian fluid with 𝛼 = 1, V 2 = V 1 as expected. 

Daugan et al. [3] , Horsley et al. [12] and Gumulya et al. [5] ac-
ounted for time dependence by introducing constants which were eval-
ated using experimental data. Yu et al. [23] used numerical methods
nd introduced a structure parameter 𝜆 (where 𝜆= 1 for an undisturbed
uid and 𝜆= 0 when the structure is completely destroyed). The authors
sed the structure parameter as part of a thixotropic model to describe
he fluid viscosity recovery after shear thinning. The authors note that
he settling behaviour is similar to that observed by Daugan et al. [3] ,
ut quantitative comparisons were not made. Gumulya et al. [24] im-
roved their model using a similar method to Yu et al. [23] . Transient
heology was measured, from which they determined 𝜃, the recovery
ime of the fluid. The structure parameter incorporated 𝜃 and the shear
ate dependence of a shear thinning fluid, which is constant and equal
o unity for a Newtonian fluid. However, the authors ultimately rely on
tting a polynomial to the data to account for the difference between
he shear rate to give an effective viscosity experienced by the settling
phere, and the steady state shear rate from the sphere shear stress. 

In the current study we consider the interactions between two ver-
ically aligned spheres in a Newtonian fluid to inform our prediction of
ettling velocities in non-Newtonian fluids. In a Newtonian fluid, spheres
ettle at equal velocities ( V 1 = V 2 ) depending on the centre-to-centre
eparation. As the separation decreases, the velocity of both spheres
ncreases due to hydrodynamic interactions [25] . We use Faxén’s first
aw to approximate the sphere velocities in Newtonian fluids, in terms
f the fluid velocity caused by the settling of a single sphere, and use
his as the foundation for our non-Newtonian model. The fluid velocity
erm readily allows the inclusion of the modified non-Newtonian fluid
ehaviour (lower fluid velocity in front of the sphere caused by shear
hinning and modified wake behaviour caused by viscoelasticity and
xtensional stresses). The transient nature (thixotropy) of the fluid vis-
osity in the corridor of reduced viscosity is incorporated by introducing
 viscosity ratio term. Experimental data of two spheres settling in xan-
han + glycerol + water solutions is used for validation of the method. 

. Materials and experimental methods 

.1. Fluid preparation and characterization 

Xanthan gum (Sigma Aldrich, UK) is a high molecular weight
olysaccharide gum. Xanthan solutions were prepared by first mix-
ng xanthan powder with glycerol (Fisher Scientific, UK) by hand
ntil it appeared well dispersed then adding Milli-Q water (resistiv-
ty = 18.2 M Ω cm) to produce a 3:2 mass ratio of glycerol to water and
.25 wt% xanthan. The overall solution concentration was 0.25 wt%
anthan, 59.85 wt% glycerol and 39.9 wt% water. The solution was
ixed using a magnetic stirrer for 30 min at 700 rpm, inverting every

ew minutes to enhance mixing throughout the entire volume. The se-
uence of addition helped create a homogeneous mixture since xanthan
um tended to clump together when added directly to Milli-Q water and
as difficult to disperse in the large (800 mL) total volume of solution.
he final xanthan solution was left to fully dissolve at room temperature
 T = 22 ± 5 °C) for 30 days which ensured all entrained air bubbles were
emoved before rheological and settling tests were conducted. All exper-
ments were conducted within 90 days. No change was observed in the
olution properties over this time and rheological measurements taken
t 30 and 90 days showed good agreement. The density of the final xan-
han solution was 1162 kg m 

− 3 . For comparison, a Newtonian fluid of
5 vol% glycerol and 5 vol% Milli-Q water mixture was prepared on the
rst day of use and all experiments were completed within one week.
he density of the Newtonian solution was 1240 kg m 

− 3 and the vis-
osity was 0.461 Pa s ( R 

2 = 0.9999). The composition of the Newtonian
uid was chosen such that the settling velocity of a 1.5 mm (diameter)
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Fig. 1. Shear thinning behaviour of the xanthan solution (0.25 wt% xanthan, 

59.85 wt% glycerol, 39.9 wt% water) with fluid viscosity measured over 30 s 

averaging time after 30 s equilibrium time per measurement point. Open and 

closed symbols represent the stress sweep increase and decrease respectively. 

Solid line – Carreau model ( Eq. (1) ) fit to the increasing stress sweep data. Dot 

and dash lines show the respective increasing and decreasing flow ramps taken 

over 10 s. 
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Fig. 2. Viscosity recovery of the xanthan solution measured at 0.3 Pa. First a 

shear stress of 0.3 Pa was applied for 180 s followed by a linear ramp-up to 

10.2 Pa and ramp-down to 0.3 Pa over a period of 4 s (mimicking the pre-shear 

stress protocol of the xanthan solution in the settling column – data not shown). 

After a hold time of 600 s, the stress was linearly ramped up to 5.4 Pa and ramped 

down to 0.3 Pa over a period of 4 s (mimicking the shear stress exhibited by 

a single settling sphere – data not shown). The fluid viscosity recovery over 

300 s was then measured at 0.3 Pa (solid line). Fitting parameters and values 

for Eq. (2) . (dash line) are shown inset. Inset figure shows the same data on a 

log-log scale to clearly show features at short timescales. 
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tainless steel sphere was similar in both the Newtonian (glycerol and
ater) and non-Newtonian (xanthan, glycerol and water) fluids. The set-

ling velocity was 17.0 mm s − 1 in the Newtonian fluid and 13.5 mm s − 1 

n the non-Newtonian xanthan fluid. 
All rheology measurements were made at 24 °C using a TA Instru-

ents DHR-2 rheometer. This temperature matched the room tempera-
ure for the settling experiments. A 40 mm 2° steel cone and Peltier plate
eometry with a truncation of 52 𝜇m was used. Fig. 1 shows the steady-
tate shear viscosity of the xanthan solution as a function of shear stress
ver the range 0.1–100 Pa. Closed and open symbols represent the fluid
iscosity as the applied stress is increased and decreased, respectively.
fter the samples were loaded, a wait time of 180 s was applied to al-

ow the fluid viscosity to recover following the stresses caused during
ample loading. For each data point, 30 s was allowed for the system to
each stready state before data was collected following a further 30 s of
veraging. The similarity between the increasing and decreasing stress
ow curves suggests that steady state was approximately achieved. We
ill refer to the increasing stress sweep as the quasi-steady state curve.

The Carreau model [26] ( Eq. (1) ), with the model parameters shown
n the inset table of Fig. 1 , was used to describe the measured quasi-
teady state xanthan solution viscosity ( 𝜇) as a function of shear stress
 R 

2 = 0.9998 for ramp-up): 

𝜇 − 𝜇∞
𝜇0 − 𝜇∞

= 

(
1 + ( 𝜆�̇�) 2 

) 𝑛 −1 
2 (1) 

here 𝜇∞ and 𝜇0 are the infinite shear viscosity and zero shear viscosity,
espectively. 𝜆 is the consistency index and n the rate index. 

For comparison, the dot line shows the fluid viscosity when the stress
as increased linearly from 0.1 to 100 Pa over 10 s. The dash line shows
 decreasing stress ramp which followed immediately from the ramp-up
nd was also measured over the same stress range and timescale. These
easurements were taken after 60 s pre-shear at 0.1 Pa. Hysteresis, sug-

esting thixotropy, is clearly shown in the stress ramp data. The ramp-
p viscosity shows a plateau at low stress with the fluid viscosity lower
han the quasi-steady state stress sweep, suggesting the fluid structure
as not fully developed at the start of the test following the pre-shear
rotocol. With increasing stress, the fluid viscosity measured during the
0 s ramp-up is higher than the quasi-steady state stress sweep mea-
urements, suggesting more fluid structure remains at short times and
herefore the fluid structure requires extended time to break down. 

Fig. 2 shows the viscosity recovery of the xanthan solution at 0.3 Pa
fter a period of stress (specified in the figure). At 300 s the viscosity
s still increasing and steady state is not reached. The importance of
easuring the fluid viscosity recovery time was evidenced during pre-
iminary testing when a single 1.5 mm stainless steel sphere, released
pproximately 4 h after the initial sphere, was observed to migrate lat-
rally to the position of the previous sphere path. Therefore, to at-
ain reproducible measurements, two 2 mm diameter spheres (apparent
tress = 10.2 Pa) were first dropped through the fluid as a pre-shear pro-
ocol followed by a 600 ± 5 s recovery period. It should be noted that
xperimental data where horizontal alignment of the settling sphere was
reater than 12 px from the pre-shear sphere at the same position was
iscarded and not further analysed. The long recovery time shown in
ig. 2 is not incongruent to the 60 s step time data presented in Fig. 1 ,
s during the decreasing stress sweep the time between 𝜏 = 5.4 Pa and
= 0.3 Pa (shear stress limits applied in Fig. 2 ) is ∼5 min in Fig 1 and in
ig 2 . At t > 5 min, the viscosity change with time is negligible compared
o the initial rate of change, therefore the condition of quasi-steady state
s reasonable. 

The rheological procedure to study the fluid viscosity recovery after
 period of high shear was designed to replicate the stresses experienced
y the fluid during a sphere settling experiment. A pre-shear of 0.3 Pa
or 180 s allowed some recovery of the fluid viscosity after sample load-
ng. A 2 s linear ramp-up to 10.2 Pa and ramp-down to 0.3 Pa replicates
he stress of two 2 mm stainless steel spheres settling through the fluid.
 wait time of 600 s was used in the experiments, followed by the set-

ling of a 1.5 mm sphere. This was replicated using another ramp-up
nd ramp-down over 4 s to a peak of 5.4 Pa. The fluid viscosity recovery
as recorded at 0.3 Pa at 1 s intervals and is shown in Fig. 2 . A stress
f 0.3 Pa was used as the baseline as a compromise between a stress in
he zero shear region and displacement above the instrument sensitivity
imits when short (1 s) measurement intervals were used. An increase in
uid viscosity with time is clearly seen following the decreasing stress
tep change (thixotropy). An exponential decay function ( Eq. (2) , dash
ine in Fig. 2 ), was used to fit the data when t < 60 s ( R 

2 = 0.997), and
he fitting parameters are given in the inset table in Fig. 2 . The region
 < 60 s was selected as all settling tests were within this region. The
xponential decay function used was: 

( 𝑡 ) = 𝜇𝑡 ∞ + 𝐴 1 𝑒 
− 𝑡 

𝜏1 + 𝐴 2 𝑒 
− 𝑡 

𝜏2 (2)

Fig 2 . (inset) shows the same viscosity recovery on a log-log scale. A
ecrease in viscosity is seen at short timescales ( t < 1 s). This is consistent
ith viscoelastic fluid behaviour [27] . The time constants 𝜏 (33.5 s) and
1 
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Fig. 3. Cylindrical coordinate system centred on the sphere. The longitudinal 

( Z ) axis is the line of interest, along which the sphere settles. The radial direction 

is denoted 𝜌 and the radial angle is not required due to symmetry. The radius 

of the sphere and the settling velocity are given by r and V , respectively. 
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2 (0.11 s) in Eq. (2) are indicative of the relative timescales of the struc-
ure (thixotropic) and elastic recovery times. Small amplitude oscillatory
hear (SAOS) measurements gave a characteristic elastic timescale in
he order of 10 s (1/crossover frequency [28] ) ( Fig. A1 ), however, the
mall deformations in SAOS may not be representative as the structure is
ot destroyed [29] . Large amplitude oscillatory shear (LAOS) measure-
ents were made on a representative (0.25 wt% xanthan, 59.85 wt%

lycerol, 39.9 wt% water) fluid and showed that the energy dissipated
ncreases with increasing strain amplitude while both elastic and viscous
ontributions become increasingly non-linear (for more information see
ppendix A ). 

.2. Settling spheres 

A settling column of dimensions 300 mm × 50 mm × 50 mm ( h × w

l ) with one end closed (VitroCom) was used throughout the study. The
pheres were made from hardened 420 stainless steel (Ital ball) with a di-
meter of 1.5 ± 0.0381 mm and density = 7790 kg m 

− 3 . The spheres were
rade 100 with a maximum surface roughness of 0.127 𝜇m. The spheres
ere washed in a dilute (2 vol%) Decon®90 solution, rinsed thoroughly
ith Milli-Q water and dried prior to use. A custom-made sphere release
echanism was used to accurately control the sphere release timings.
he device consisted of a 50 mm long, 2.5 mm I.D. glass tube vertically
rientated and centred on the settling column. The tube was used to
old the spheres in vertical alignment prior to release. The 2.5 mm I.D.
ube was chosen to minimize the lateral movement of 1.5 mm and 2 mm
pheres. Two electromagnets were positioned on the outside wall of the
.5 mm glass tube to hold the spheres prior to release. The electromag-
ets were approximately 5 mm and 8 mm from the end of the glass tube
nd were operated independently to control the sphere release time in-
erval. Through continued use, the electromagnets appeared to weakly
agnetise the spheres. Since the magnetism could affect the interaction

etween settling spheres, the contribution was assessed and shown to
e negligible (i.e. no interaction) when the spheres were ≥ 1 mm apart
visual assessment when spheres were placed on a level glass substrate).
n addition, a second release mechanism without electromagnets was
sed to validate the settling rates at small separations ( d / r < 40). The
econd release mechanism was of a rotary style, where the spheres were
laced in holes drilled in an acrylic circle which rotated until the sphere
ligned with a hole in the base plate, releasing the sphere into the fluid.
ew spheres (non-magnetized) were used and the measured velocities
ere within the scatter of the data collected using the electromagnet

elease mechanism. The second release mechanism was not used in the
tudy because alignment of the two spheres was less reliable and there
as less flexibility for release intervals due to the size limitation of the

otating circle. 
The time interval between releasing the two spheres was varied from

.5 to 8.5 s in 0.5 s increments. Time intervals were limited to 0.5 s by
he I/O device used (National Instruments USB-6001) which led to some
aps in the data, see Figs. 5 and 8 . The upper limit of the time interval
as set by the 100 mm field of view of the camera; both spheres must be
isible in the frame of capture to precisely measure the distance between
he spheres. 

Fig. 3 shows the coordinate system with the axis centred on the first
phere (radius r), and the sphere settling along the Z axis at a velocity
 . Positive values of Z are opposite to the direction of sphere settling
i.e. behind the centre of the sphere). The fluid velocity is axisymmetric
erpendicular to the Z axis. Only the fluid velocity along the vertical
entreline ( 𝜌= 0) was considered in this study. Any experiments where
he two settling spheres were not vertically aligned were discarded. 

Two methods were used to analyse the settling spheres: (i) measur-
ng the sphere settling velocity using a simple camera set up, and (ii)
easuring the fluid velocity around the settling spheres using particle

maging velocimetry (PIV). Both methods used the settling column and
elease mechanism detailed above. 
i) Sphere velocity : Images of the settling spheres were captured us-
ing a Point Grey Chameleon3 camera. An optimum frame rate of
30 fps was used to provide both good exposure so that the set-
tling spheres were not blurred, and a sufficient number of images
were collected for subsequent analysis. A MATLAB® script was
used to determine the sphere locations using peak analysis and
tracked the sphere position as a function of time. The time and
position data were used to calculate the sphere settling velocity
over 9 frames (0.3 s) which was found to be a compromise be-
tween minimising noise and retaining resolution. The sphere sep-
aration corresponding to the measured velocity was determined
using the sphere locations on the middle (5th) frame. 

ii) Fluid velocity: PIV was used to measure the fluid velocity field
around the settling sphere. Fluorescent tracer particles (1–20 𝜇m
PPMA-Rhodamine B) were added to the test fluid at a concen-
tration of 25 mg in 100 𝜇L of Milli-Q water to 1 L of test fluid.
The density of the tracer particles was very similar to the test
fluid (1.19 kg m 

− 3 ) and the tracer particles did not noticeably set-
tle during the duration of the experiment. A vertical laser sheet
(Dantec DualPower 65-15) was used to illuminate the tracer par-
ticles in the plane of interest. The laser sheet was centred on
the settling sphere and aligned perpendicularly to the camera
(Dantec FlowSense EO 2M). When the laser and sphere were
aligned correctly, a shadow was observed across the image. In
cases where the alignment was poor the results were not con-
sidered. The captured images were processed with the Dantec
DynamicStudio (v3.41) software using the adaptive PIV analysis.
Interrogation area grid sizes between 8 and 128 px were selected
to allow for an uneven distribution of tracer particles. No vector
analysis was used at this stage to preserve the data and ensure
that interesting features were not removed. The velocity vector
fields were recorded and averaged over 23 (Newtonian fluid) and
35 (non-Newtonian fluid) frames. 

. Results and discussion 

.1. Settling in a Newtonian fluid 

The dynamics of slow settling spheres in Newtonian fluids are rela-
ively well understood, thus we used a Newtonian fluid to validate the
xperimental procedures and to provide a basis for comparison. The
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Fig. 4. Fluid velocity ( V Z ) around a single sphere settling at V S as a function of 

distance along the Z axis. The sphere centre is located at z / r = 0. z / r < 0 is the 

fluid ahead of the sphere and z / r > 0 is the fluid behind the sphere. The solid 

line represents the measured (PIV) fluid velocity caused by a 1.5 mm (diameter) 

stainless steel sphere settling in a Newtonian fluid (glycerol 95 vol% + water 

5 vol%). The dash line represents the velocity as predicted by the Stokes stream 

function ( Eq. (7) ). Shaded region at | z / r | ≤ 1 indicates the sphere location and 

thus a fluid velocity is not applicable. Inset – an overlay of fluid velocity ahead 

(solid) and behind (dash) the settling sphere. 

t  

N  

n

𝑉

𝐾

w  

s  

s  

a  

E  

s  

𝜌  

(  

f  

m  

t  

s
 

a  

s  

S  

v  

V  

s  

V  

Z  

l  

a  

s

𝑉

𝜓  

𝑉  

 

n  

r
 

m  

m  

t  

p  

u  

t  

w  

g  

o  

P  

0  

t  

d
 

f  

d  

fl  

m  

f
 

s  

(  

a  

T  

F

𝑉  

 

i  

n  

L  

g  

(

∇  

 

t  

t  

v
 

N  

t  

l  

b  

s  

i  

a  

d  

b  

o  

s  

t  

g  

v  

l
 

erminal velocity of a single sphere is given by the solution of the
avier–Stokes equations. The general solution for a single sphere with
egligible inertia is given by Stokes’ law ( Eq. (3) when K 1 = 1): 

 𝑆 = 

2 
(
𝜌𝑆 − 𝜌𝐹 

)
𝑔 𝑟 2 

9 𝜇𝐾 1 
(3) 

 1 = 

1 − 0 . 75857 
(

𝑟 

𝑅 

)5 

1 − 2 . 1050 
(

𝑟 

𝑅 

)
+ 2 . 0865 

(
𝑟 

𝑅 

)3 
+ 0 . 72603 

(
𝑟 

𝑅 

)6 (4) 

here V S is the Stokes velocity, 𝜌S and 𝜌F are the sphere and fluid den-
ity respectively, g the acceleration due to gravity (9.81 m s − 2 ), r the
phere radius and 𝜇 the fluid viscosity. K 1 is a wall correction factor for
 sphere settling in a cylinder of radius R and infinite length [30,31] .
xperimentally, the settling velocity of a r = 0.75 mm stainless steel
phere was 17.0 ± 0.12 mm s − 1 . Using Eq. (3) and 𝜌S = 7790 kg m 

− 3 ,

F = 1250 kg m 

− 3 , r = 0.75 mm and 𝜇= 0.461 Pa s, the Stokes velocity
 V S ) was calculated to be 17.4 mm s − 1 . Including the wall correction
actor gives V S = 16.9 mm s − 1 , which is within the uncertainty of the
easurement. This suggests some wall effects may be present although

he experimental settling velocity is within 2.5% of the Stokes velocity
o the contribution may be considered small. 

A settling sphere induces fluid flow which is axisymmetric about the
xis of settling. The fluid velocity field ( Eq. (5) ) caused by a sphere
ettling in a Newtonian fluid at low Re can be determined using the
tokes stream function, 𝜓 ( Eq. (6) ), where 𝛼 = z 2 + 𝜌2 [32] . The fluid
elocity profile along the Z axis (the vertical centreline where 𝜌= 0),
 Z , is given in terms of the distance from the sphere centre ( z ), the
phere radius ( r ), and the sphere velocity ( V S ) in Eq. (7) . Fig. 4 shows
 Z normalised by the sphere velocity, V S , versus the distance along the
 axis, normalised by the sphere radius, z / r . Eq. (7) is shown by the dash
ine and the solid line represents the experimental (PIV) fluid velocity
long the Z axis caused by a 1.5 mm (diameter) stainless steel sphere
ettling in a glycerol-water (95 vol% + 5 vol%) solution. 

 𝑍 = 

1 
ρ
𝜕𝜓 

𝜕𝜌
(5) 

 = 

3 
𝑉 𝑟 𝜌2 

(
𝛼
− 1 2 − 

1 
𝑟 2 𝛼− 

3 
2 
)

(6)

4 3 f  
 𝑍 = 𝑉 𝑆 

( 

3 
2 
𝑟 

𝑧 
− 

1 
2 
𝑟 3 

𝑧 3 

) 

for 𝜌 = 0 (7)

Here, the Stokes stream function ( 𝜓) is given in cylindrical coordi-
ates centred on the sphere. z is the longitudinal distance, and 𝜌 the
adial distance. 

The PIV and Stokes stream function fluid velocities are in good agree-
ent and show the same general shape ( Fig. 4 ). The fluid velocity is at a
aximum at the edge of the sphere (| z / r | = 1) and decays monotonically

o zero for increasing values of | z / r |. For | z / r | < 10, the fluid velocity
redicted by the Stokes stream function ( Eq. (7) ) is within experimental
ncertainty of the PIV data (1 standard deviation). Note the large uncer-
ainty in the velocity at small distances from the sphere (1 < | z / r | < 3.5)
hich results from difficulty in tracking the PIV tracer particles in the re-
ion of a high velocity gradient, and low image contrast due to reflection
f the PIV laser on the steel spheres. At larger distances the measured
IV fluid velocity is over-predicted by the Stokes stream function up to
.03 V S . This reduction in fluid velocity has been reported to occur when
he column radius is decreased and can be attributed to wall effects as
iscussed earlier [7] . 

Fig. 4 (inset) shows the similarity between the PIV fluid velocity in
ront of and behind the settling sphere. The error bars show 1 standard
eviation of the fluid velocity in front of the sphere, suggesting that the
uid velocity is not significantly different and can be considered sym-
etric. This suggests that inertial effects can be considered negligible

or single sphere settling. 
The motion of two spheres settling along their line of centres was

olved by Stimson and Jeffrey [33] who used the Stokes stream function
 Eq. (6) ) to determine the forces exerted upon the spheres. This has been
pproximated using the method of reflections with good accuracy [30] .
he velocity of sphere i after the first reflection can be obtained from
axén’s first law [34,35] ( Eq. (8) ). 

 𝑖 = 𝑉 𝑆 ( 𝑖 ) + 

( 

1 + 

𝑟 2 

6 
∇ 

2 
) 

𝑉 𝑍 ( 3− 𝑖 ) 
|||𝑧 = 𝑧 𝑖 for 𝑖 = 1 , 2 (8)

The velocity of sphere i ( V i ) is the sum of the single sphere veloc-
ty of sphere i plus the velocity of the fluid disturbance caused by the
eighbouring sphere V Z(3-i) at the location of sphere i ( z = z i ) . Where the
aplacian of V Z along the Z axis ( 𝜌= 0), assuming radial symmetry is
iven by Eq. (9) , and z and 𝜌 are the longitudinal and radial directions
see Fig. 3 ). 

 

2 𝑉 𝑍 ( 𝑖 ) = 2 
𝜕 2 𝑉 𝑍 
𝜕 𝜌2 

+ 

𝜕 2 𝑉 𝑍 
𝜕 𝑧 2 

for 𝜌 = 0 (9)

Eqs. (8) and ( 9 ) may be applied to the fluid velocity derived from
he Stokes stream function ( Eqs. (5) and ( 6 )) or the experimentally de-
ermined fluid velocity by PIV. The symmetry of the Newtonian fluid
elocity along the Z axis predicts V 1 = V 2 . 

Fig. 5 shows the velocity of two spheres ( V 1 and V 2 ) settling in a
ewtonian fluid normalised by the single sphere velocity ( V S ) as a func-

ion of the normalised centre-to-centre separation ( d / r ), where V 1 is the
eading sphere (square symbol) and V 2 the trailing sphere (circle sym-
ol). The settling velocity of each sphere was measured directly from the
phere settling experiments at different separations (d). The sparse data
s due to the 0.5 s release interval restriction described earlier. An aver-
ge is shown at each separation and the error bars represent 1 standard
eviation from the mean. There is some scatter in the data which may
e due to distortion of the camera lens, small temperature fluctuations
r small inaccuracies in the camera frame rate and sphere location. The
ettling velocity was calculated over 9 frames in an attempt to minimise
he effect of these fluctuations. Additionally, error in calculating the sin-
le sphere velocity, V S , would cause the experimental normalised sphere
elocity curve to shift vertically which may explain the normalised ve-
ocity of less than 1 when d / r > 90. 

The lines shown in Fig 5 . represent the sphere velocities calculated
rom Eqs. (8) and ( 9 ) using different methods to determine the fluid
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Fig. 5. Normalized sphere velocity of the leading ( V 1 ) and trailing ( V 2 ) spheres 

when two vertically aligned spheres settle in a Newtonian fluid (glycerol 

95 vol% + water 5 vol%). Symbols: square – leading sphere; circle – trailing 

sphere. Lines – sphere velocities calculated using Eqs. (8) and ( 9 ) using differ- 

ent methods to determine the fluid velocity, V Z . Dot line – V Z calculated from 

Stokes stream function; dash and solid lines – leading and trailing sphere veloc- 

ities calculated from PIV, respectively. Shaded region, d / r < 2, corresponds to 

separations less than two contacting spheres. 
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Fig. 6. Fluid velocity field around a 0.75 mm ( r ) stainless steel sphere (sphere 

location identified by the shaded (lines) region) settling in a non-Newtonian 

fluid (0.25 wt% xanthan, 59.85 wt% glycerol, 39.9 wt% water). Contour map 

shows the fluid velocity magnitude and arrows indicate the fluid direction. A 

negative wake is clearly observed behind the sphere ( z / r > 0). 
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elocity V Z . The dot line uses the Stokes stream function ( Eqs. (5) and
 6 )) to calculate the fluid velocity, V Z ( V 1 = V 2 due to symmetry), while
he dash and solid lines show the leading and trailing sphere velocities,
espectively, as calculated from the fluid velocity around a settling single
phere measured by PIV. The calculated sphere velocities are slightly
ower than the Stokes stream function sphere velocities for all d / r as a
irect consequence of the lower fluid velocity as shown in Fig. 4 . 

Eq. (8) shows that with inertial effects neglected, the velocity of the
eading sphere ( V 1 ) is equal to the velocity of the trailing sphere ( V 2 ) due
o fore-aft symmetry of the fluid velocity field caused by a single sphere
ettling. Directly measuring the sphere velocities (symbols), it is noted
hat the average velocity of the trailing sphere, V 2 (circles), is slightly
igher than the velocity of the leading sphere, V 1 (squares), however the
elocities remain within 1 standard deviation except at d / r = 140, which
s within 2 standard deviations, so this difference may not be significant.

Good agreement between the directly measured sphere velocities,
he sphere velocities calculated using Stokes stream function and the
phere velocities determined from fluid and single sphere velocities is
hown for most values of d / r , with sphere velocities mostly within 1
tandard deviation of the average measured velocity. We conclude that
he use of Faxén’s first law ( Eq. (8) ) and the fluid velocity measured by
IV, produces an adequate representation of the experimental sphere
elocities of two spheres settling with vertical alignment at low Re in a
ewtonian fluid (95 vol% glycerol + 5 vol% water). 

.2. Settling in a non-Newtonian xanthan fluid 

The motion of two vertically aligned spheres settling along their
ine of centres in a non-Newtonian (thixotropic, shear thinning, vis-
oelastic) fluid is not well understood. The situation is complicated by
he transient nature of the viscosity in a thixotropic fluid. We extend
he method previously outlined ( Section 3.1 ) to determine the veloc-
ty of two spheres settling with vertical alignment in a non-Newtonian
anthan fluid. Eq. (8) is first considered. There are two main differ-
nces between two spheres settling in Newtonian and non-Newtonian
thixotropic, shear thinning, viscoelastic) fluids: (i) the fluid velocity
rofile resulting from a settling sphere differs significantly; and (ii) the
hixotropic shear thinning behaviour of the non-Newtonian fluid causes
he trailing sphere to settle at a higher velocity due to a “corridor of
educed viscosity ”. 
i) Fluid velocity: The fluid velocity profile around a single sphere set-
tling in a non-Newtonian xanthan fluid no longer shows fore-aft
symmetry and a negative wake is observed when shear thinning
and viscoelasticity are present [6,36,37] . Fig. 6 shows the fluid
velocity caused by a 0.75 mm ( r ) stainless steel sphere settling
in a non-Newtonian fluid (0.25 wt% xanthan gum + 59.85 wt%
glycerol + 39.9 wt% water) measured by PIV and averaged over
35 images. The sphere is identified by the shaded (lines) region
centred at (0, 0). The measured fluid velocity field is visually
similar to the velocity fields previously reported for a variety of
different viscoelastic fluids [6,36,37] . This is expected as the non-
Newtonian xanthan fluid exhibits viscoelasticity. 

The settling velocity of a single 1.5 mm (diameter) stainless steel
phere in a non-Newtonian fluid (0.25 wt% xanthan, 59.85 wt% glyc-
rol, 39.9 wt% water) was found to be 13.5 ± 0.15 mm s − 1 . From Stokes’
aw the equivalent Newtonian viscosity is 0.602 Pa s and the parti-
le Reynolds number is 0.039. This equivalent viscosity is higher than
he viscosity predicted by either 𝛾 ̇= V /2 r ( 𝜇= 0.313 Pa s) or 𝛾 ̇= V / r
 𝜇= 0.204 Pa s). This is consistent with other work [3,5] and is con-
eptually compatible with a thixotropic fluid where the structure takes
ime to be destroyed when a stress is applied. 

Fig. 7 compares the measured (PIV) fluid velocities along the Z axis
aused by a single sphere settling in a non-Newtonian xanthan fluid
solid line) and Newtonian fluid (dot line). The Newtonian fluid veloci-
ies determined from the Stokes stream function ( Eq. (7) ) are shown by
he dash line. The settling sphere is centred at z / r = 0. PIV measurements
n both Newtonian and non-Newtonian fluids show poor resolution of
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Fig. 7. Fluid velocity profile in front of ( z / r < − 1) and behind ( z / r > 1) a sin- 

gle sphere settling in a non-Newtonian xanthan fluid (solid line) normalised 

by the sphere velocity ( V Z / V S ) as a function of the normalized distance ( z / r ). 

The sphere is centred at z / r = 0. The negative wake behind the sphere is clearly 

shown. The error bars represent 1 standard deviation. The fluid velocity in a 

Newtonian fluid is shown for comparison, with the fluid velocity derived from 

the Stokes stream function ( Eq. (7) ) and PIV measurements shown by the dash 

and dot lines, respectively. Shaded region at | z / r | ≤ 1 indicates the sphere loca- 

tion and thus a fluid velocity is not applicable. 
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Fig. 8. Leading (square) and trailing (circle) sphere velocity as a function of 

separation distance ( d / r ). Shaded region, d / r < 2, corresponds to separations 

less than two contacting spheres. Inset – single dataset (open symbol) show- 

ing the trailing sphere velocity, V 2 / V S , for d / r < 30. Fluid: 0.25 wt% xanthan, 

59.85 wt% glycerol, 39.9 wt% water. Sphere velocities calculated from PIV 

Eqs. (10) - (12) are shown by the solid line (leading sphere) and dash line (trail- 

ing sphere). 
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he fluid velocity at small values of | z / r | < 3.5 due to the high velocity
radient in this region and reflection of the PIV laser from the sphere’s
urface. 

Fore-aft asymmetry is clearly shown in the non-Newtonian xanthan
uid (solid line). In front of the sphere ( z / r < − 1), the fluid velocity pro-
le shows a similar shape to a Newtonian fluid (dot line); the velocity
ecays monotonically to zero with increasing distance from the sphere.
he fluid velocity behind the sphere ( z / r > 1) decreases rapidly away
rom the sphere, becoming negative at z / r ∼ 3.5 until a maximum neg-
tive velocity ( V neg ) is reached at z / r ∼ 10. Finally, for z / r > 10, the
uid velocity decays monotonically to zero. 

For z / r < − 1, the fluid velocity profile is qualitatively similar to that
f a Newtonian fluid, however, V Z / V S is smaller for the non-Newtonian
anthan fluid compared to the Newtonian fluid due to the shear thin-
ing nature of the non-Newtonian fluid. As the distance from the sphere
ncreases the shear rate decreases. In a shear thinning fluid, the fluid vis-
osity increases with decreasing shear rate, and thus the fluid velocity
ecreases. We do not expect wall effects to be significant in a shear thin-
ing fluid where the ratio of sphere diameter-to-column width (2 r / L ) is
.03. Bisgaard [11] studied the negative wake for sphere-to-column ra-
ius ratios ( r / R ) of between 0.04 and 0.14 and observed that the ratio
f maximum negative wake velocity to sphere velocity ( V neg / V s ) was
pproximately constant throughout, suggesting that wall effects were
inimal. When larger radius ratios of r / R = 0.25, 0.50 and 0.75 were

onsidered experimentally by Sigli and Coutanceau [7] , | V neg / V s | in-
reased with increasing r / R . The effect of r / R on the shape of the velocity
rofile ahead of the sphere was not reported. Harlen [13] investigated
he negative wake using a numerical simulation and r / R = 0.1–0.25. The
ame trend of increasing | V neg / V s | with increasing r / R was observed. 

ii) Non-Newtonian xanthan fluid viscosity: When two spheres settle
with vertical alignment in a thixotropic shear thinning fluid, the
trailing sphere settles at a higher velocity because the leading
sphere stresses the fluid to decrease the viscosity (shear thinning)
which then takes time to recover (thixotropy), thus the trailing
sphere experiences a lower fluid viscosity. To capture this be-
haviour, the reduced viscosity experienced by the trailing sphere
needs to be accounted for. We assume (i) the leading sphere ve-
locity is equal to the single sphere velocity before interactions
(fluid) are accounted for, as is the case for a Newtonian fluid,
(ii) the trailing sphere velocity can be simply multiplied by a
viscosity ratio ( 𝜇𝑆 
𝜇2 

) before hydrodynamic interactions are calcu-

lated, to account for the reduced viscosity the trailing sphere ex-
periences due to thixotropy (Arigo and McKinley [9] found that
for spheres of different size and density settling in a viscoelastic
fluid exhibiting a negative wake, the normalised V Z / V S against
z / r curves collapsed to a single curve [9] ), and (iii) the fluid vis-
cosity decrease due to shear thinning is not significant (partic-
ularly at large sphere-sphere separations). Therefore, Eq. (8) in
a Newtonian fluid becomes Eqs. (10) and ( 11 ), for the leading
and trailing spheres respectively, in a non-Newtonian xanthan
fluid. The viscosity ratio as defined in Eq. (12) takes the same
form as the viscosity recovery ( Eq. (2) ). The time constant, 𝜏, was
found using transient rheology ( Fig. 2 ) and coefficients B, C 1 and
C 2 were determined using the equation limits and a single data
point. For t →∞, the fluid is assumed to be fully recovered and
the viscosity experienced by the trailing sphere is equal to the vis-
cosity experienced by the leading sphere, or a single sphere, i.e.
𝜇2 ∕ 𝜇1 = 𝜇𝑆 ∕ 𝜇2 = 1 . Using Eq. (12) , where t = ∞ and 𝜇S / 𝜇2 = 1,
B = 1 was deduced. 

A single data point ( V 2 / V S = 1.90, d / r = 29.64, t = 1.67 s) was used to
alculate C 1 and C 2 . This separation ( d / r ∼ 30) was chosen because the
uid disturbance from the leading sphere is small (see fluid velocity in
ig. 7 ) and therefore the hydrodynamic interactions and fluid viscosity
ecrease due to shear thinning are expected to be negligible. The values
f 𝜇S / 𝜇2 = V 2 / V S = 1.90 and t = 1.67 s were substituted into Eq. (12) .
he ratio of C 1 /C 2 was assumed to be equal to Eq. (2) , resulting in
 1 = − 0.300 and C 2 = 0.0337. 

 1 = 𝑉 𝑆 + 

( 

𝜇𝑆 

𝜇2 

) ( 

1 + 

𝑟 2 

6 
∇ 

2 
) 

𝑉 𝑍 ( 2 ) 
|||𝑧 = 𝑧 1 (10) 

 2 = 

( 

𝜇𝑆 

𝜇2 

) 

𝑉 𝑆 + 

( 

1 + 

𝑟 2 

6 
∇ 

2 
) 

𝑉 𝑍 ( 1 ) 
|||𝑧 = 𝑧 2 (11) 

𝜇2 
𝜇S 

= B + 𝐶 1 𝑒 
− 𝑡 

𝜏1 + 𝐶 2 𝑒 
− 𝑡 

𝜏2 (12)

Fig. 8 shows the sphere velocity ( V 1 / V S and V 2 / V S ) for two vertically
ligned spheres settling along their line of centres in a non-Newtonian
anthan fluid. The symbols show the sphere velocities measured from
wo-sphere settling experiments (square – leading sphere, circle – trail-
ng sphere). The error bars show 1 standard deviation from the mean
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phere velocity averaged over 1 mm divisions. The sphere velocities cal-
ulated from PIV ( Eqs. (10) –(12) are shown by the solid line (leading
phere) and dash line (trailing sphere). 

The increased settling velocity of the trailing sphere is clearly shown
or both measured and calculated values. At the largest separations of
 / r ∼ 120, V 1 ≈ V S and V 2 ≈ 1.35 V S . For d / r > 30, the calculated sphere
elocities are within 1 standard deviation of the experimental data, con-
rming our assumption that the fluid viscosity change due to shear thin-
ing is negligible in this region and therefore acceptable for calculating
he values of C 1 and C 2 . At smaller separations ( d / r < 30), the velocity of
he leading sphere increases due to hydrodynamic interactions between
he two spheres. This corresponds with the increase in fluid velocity
round a single sphere, see Fig. 7 , where -30 < z / r < 0. The range of hy-
rodynamic interactions is smaller in the non-Newtonian xanthan fluid
 d / r < 30) than the Newtonian fluid ( d / r < ∼40, see Fig. 5 ) and the inter-
ction is weaker even at small separations, in agreement with literature
38,39] . 

The calculated and measured velocities for the leading sphere are re-
arkably similar; within 1 standard deviation of the experimental data
hen d / r > 7. This suggests that the fluid viscosity decrease, due to shear

hinning of the xanthan fluid induced by the settling of a r = 0.75 mm
tainless steel sphere, is small even at small sphere-sphere separations.
his agrees with a simple calculation of fluid viscosity from the shear
ate using the Carreau fit ( Eq. (1) ). The shear rate, 𝛾 ̇= V /2 r was used
s it gives the lowest values of 𝛾 ̇ and equates to the region of highest
hear thinning gradient (see Fig. 1 ). Using an equivalent volume ra-
ius for the doublet, the viscosity ( 𝜇doublet = 0.296 Pa s) is 5.3% lower
han the viscosity calculated for a single sphere using the same method
 𝜇S = 0.313 Pa s). Our calculations estimate that the fluid viscosity de-
rease due to thixotropy is 28% for touching spheres, over 5 times larger
han the shear thinning contribution. This simple calculation uses the
teady state viscosity and neglects the time taken for the new fluid
tructure to be established. For the faster settling doublet, the time over
hich the fluid experiences peak stress is shorter and thus the viscosity

eduction due to ‘shear thinning’ will be less than the 5.3% viscosity
eduction calculated at steady state. We conclude that our assumption
f the fluid viscosity decrease due to shear thinning is comparatively
maller than the fluid viscosity decrease due to thixotropy is valid. 

When d / r < 30, the calculated velocity of the trailing sphere shows
 minimum due to the sphere interacting with the negative wake of the
eading sphere ( Fig. 7 0 < z / r < 30), however, this is not reflected in the
easured data. The inset in Fig. 8 shows a single dataset for V 2 / V S for
 < d / r < 30 and displays the same increased trailing sphere velocity
n the 10 < d / r < 25 region, suggesting that this is not an artefact of
veraging. 

The observed divergence between measured and calculated values
ccurs in the region of the negative wake. Harlen [13] suggested that the
egative wake is formed due to the competition of extensional stresses
which form an extended wake) and relaxation of elastic stresses gener-
ted by the shear regions near the sphere surface. At small separations,
he extensional stresses are reduced as evidenced by a region of plug
ow between the two spheres in yield stress fluids [38,40] . Therefore

t is reasonable to assume that viscoelasticity is the largest contributing
actor. Previous experiments using Boger fluids (constant viscosity, vis-
oelastic fluids) produced a decrease in separation between two spheres
ettling along their line of centres. The convergence of the spheres re-
ults from the normal stress difference caused by curved streamlines
hich envelope both spheres, avoiding the high resistance region be-

ween the spheres [20,21] . 

. Conclusions 

The summative nature of Newtonian flow fields at low Re was used
o validate our experimental procedures and formed the basis for pre-
icting settling spheres in a non-Newtonian xanthan fluid. Faxén’s first
aw was used to predict the velocities of two r = 0.75 mm spheres set-
ling with vertical alignment in a 95 vol% glycerol + 5 vol% water so-
ution. The fluid velocities calculated from Stokes stream function and
xperimentally measured (PIV) were used in Faxén’s first law and good
greement was found with the experimental data of two spheres settling
n vertical alignment. 

For the non-Newtonian xanthan fluid, a viscosity ratio in the form
f an exponential decay function was introduced to account for the re-
uced viscosity experienced by the trailing sphere due to thixotropy. The
xponents of the decay function were formed by the time between two
pheres normalised by the recovery time constants 𝜏1 and 𝜏2 obtained
rom transient rheology measurements. The coefficients were calculated
sing the limits of V 1 = V 2 = V S at large separations and a single data set
 d / r ≈30) both of which were found experimentally. 

The calculated sphere settling velocities showed good agreement
hen compared to experimental sphere velocities of two vertically
ligned spheres settling in a non-Newtonian xanthan fluid. Our model
ses readily obtained experimental parameters to determine the settling
elocity of two identical spheres settling with vertical alignment in a
on-Newtonian fluid. These parameters are: (i) the single sphere veloc-
ty, (ii) a single data point of V 2 and time since V 1 passed, (iii) the fluid
heology and (iv) the fluid velocity caused by a single settling sphere.
hese values were determined experimentally to reduce the errors cur-
ently associated with predictions in non-Newtonian fluids. The method
eglects the shear thinning contribution to the viscosity decrease, which
e show is small compared to the thixotropic contribution. This is some-

hing which should be considered in a fluid with a higher degree of shear
hinning or lower thixotropy. 

A secondary result of this method is that the overall fluid velocity
aused by two vertically aligned spheres settling in a non-Newtonian
anthan fluid can be predicted (for more information see Appendix B ).
umming the individual fluid velocity (measured by PIV and scaled by
he sphere velocity) for each sphere at each location produces the over-
ll fluid velocity, V F . The agreement with the fluid velocity caused by
wo vertically aligned settling spheres is good. This provides further ev-
dence that the proposed method to describe the settling of spheres in
on-Newtonian xanthan fluids is good and there is promise that if the
ethod was extended to two or three dimensions, the fluid velocity field

round multiple settling spheres could be captured. 
As there are reports [9] that the fluid velocity around a single settling

phere scales with the terminal settling velocity and sphere radius, there
s potential for this model to be extended for use with different radius
nd density spheres using a single fluid velocity profile. This would be
articularly useful as in reality most particles are not completely similar.
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ppendix A. Oscillatory shear rheology 

The response of the non-Newtonian fluid (0.25 wt% xanthan,
9.85 wt% glycerol, 39.9 wt% water) under small amplitude oscilla-
ory shear (SAOS) was first studied using a strain amplitude ( 𝛾0 ) sweep
etween 0.01 and 10 at 1 rad/s to determine the limit of the linear vis-
oelastic response ( 𝛾0 ∼ 0.25). A frequency sweep (0.05 < 𝜔 < 100 rad/s)

https://doi.org/10.5518/708
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Fig. A1. Frequency sweep at a strain of 0.15 of a representative solution 

(0.25 wt% xanthan, 59.85 wt% glycerol, 39.9 wt% water). Solid and dash lines 

represent the storage (G’) and loss (G’’) moduli respectively. Vertical dot line 

indicates the cross over frequency, 𝜔 c = 0.104 rad/s. 

w  

d  

T  

b  

e
 

s  

l  

m  

s  

u  

s  

e  

d  

p  

s  

a  

i  

s  

w  

a  

e  

f  

[  

r  

m  

h
 

d  

c  

a  

a  

t  

o

A

 

s  

t  

E  
as then conducted at 𝛾0 = 0.15 and is shown in Fig. A1 . The solid and
ash lines represent the storage (G’) and loss (G’’) moduli respectively.
he reciprocal of the cross over frequency ( 𝜔 c = 0.104 rad/s indicated
y the dot line in Fig. A1 ) where G’ = G’’ is considered a characteristic
lastic timescale [28] . 

The small deformations in SAOS may not be representative as the
tructure is not destroyed [29] so further measurements were taken at
arger amplitudes. Large amplitude oscillatory shear (LAOS) measure-
ents were taken at angular frequencies ( 𝜔 ) of {0.1, 1} (rad/s) and

trains ( 𝛾0 ) of {0.178, 0.316, 0.562, 1, 1.78, 3.16} ( − ) and analysed
sing the MITlaos software [41] . Fig. A2 shows the Lissajous curves of
tress against strain (A) and strain rate (B). Red lines show decomposed
lastic (A) and viscous (B) stress. Low frequency and strain amplitude
ata is not included due to low signal to noise ratios. Low strain am-
litude ( 𝛾0 = 0.178) show linear responses and strain amplitude sweeps
how that the linear regime remains up to 𝛾0 ∼ 0.25. Decreasing G’
nd G ” in strain amplitude sweeps suggests inter-cycle strain soften-
ng and shear thinning behaviour [41,42] . Fig. A2 (A) shows intra-cycle
train stiffening (convexity of elastic stresses) and Fig. A2 (B) shows
eak shear thinning (concavity of viscous stresses) at the largest strain
mplitudes ( 𝛾0 = 1.78 and 3.16). The dominant behaviour is strain soft-
ning. Strain stiffening observed in the Lissajous curves is a local ef-
ect which can also be interpreted as strain rate dominated softening
42,43] . Non-linearities increase with increasing amplitude but remain
elatively small in this range of strains (the intensity of the third har-
onic of the Fourier transform normalised by the intensity of the 1st
armonic, I 3 /I 1 < 10%). 

The area enclosed by the stress-strain curve is related to the energy
issipated over the cycle (viscous contribution). Fig. A2 shows a clear in-
rease in enclosed area, suggesting the viscous contribution dominates
t large strain amplitudes. Decreasing elasticity with increasing strain
mplitude, and weak dependence on angular frequency (increasing elas-
icity with increasing frequency) agrees with other LAOS measurements
f xanthan solutions [29,44] . 

ppendix B. Overall fluid velocity 

The overall fluid velocity ( V F ) caused by two vertically aligned
pheres settling in a shear thinning fluid can be predicted by summing
he individual fluid velocity caused by each sphere at each location.
qs. (10) and ( 11 ) can be separated into 2 terms; the first term is the
Fig. A2. Lissajous curves of stress against strain (A) and strain 

rate (B) positioned in Pipkin space according to input variables 

strain ( 𝛾0 ) and angular frequency ( 𝜔 ) for a representative so- 

lution (0.25 wt% xanthan, 59.85 wt% glycerol, 39.9 wt% wa- 

ter). Red lines show decomposed elastic (A) and viscous (B) 

stresses. Max stress ( 𝜏max ) is indicated for each curve. (For in- 

terpretation of the references to color in this figure legend, the 

reader is referred to the web version of this article.) 
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Fig. A3. Fluid velocity around two vertically aligned spheres settling in a non- 

Newtonian xanthan fluid. The leading sphere is centred at d / r = 0 and the trail- 

ing sphere is centred at d / r = 14.0 (shaded regions). The solid line shows the 

measured fluid velocity (PIV) and the dash line shows the calculated fluid ve- 

locity ( Eq. (A1) ). 

v  

t  

w  

u  

i  

T  

t  

t

V  

 

s  

l  

d  

F  

i  

d  

v  

s
 

m  

g  

T  

m  

b  

t  

D  

v

R

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

[  

[  

 

[  

 

[  

 

[  

 

[  

 

[  

 

[  

[  

 

[  

 

[  

 

[  

 

[  

 

[  

 

[  

 

[  

[  

[

[  

[  

 

[  

[  

[
[  

[  

 

[  

[  

 

[  

 

[  

 

elocity contribution of the sphere of interest, and the second term is
he fluid velocity contribution of the other sphere. If the fluid velocity,
hich are the second terms of Eqs. (10) and ( 11 ), are summed at all val-
es of z, the overall fluid velocity, V F can be calculated. The first term
n Eq. (A1) is the fluid velocity contribution of the leading sphere V Z(1) .
he second term is the trailing sphere fluid velocity V Z(2) , adjusted for
he lower viscosity using the viscosity ratio ( Eq. (12) ) and sphere posi-
ion ( z = z – d ). 

 F = 

( 

1 + 

𝑟 2 

6 
∇ 

2 
) 

𝑉 𝑍 ( 1 ) + 

( 

𝜇𝑆 

𝜇2 

) ( 

1 + 

𝑟 2 

6 
∇ 

2 
) 

𝑉 𝑍− 𝑑 ( 2 ) (A1)

Fig. A3 shows the calculated fluid velocity around 2 spheres d / r =
ettling in a non-Newtonian xanthan fluid as given by Eq. (A1) (dash
ine) and measured directly by PIV (solid line). The sphere separation
 / r = 14.0 shown in Fig. A3 is in the region of the negative wake. In
ig. 8 we showed that the calculated sphere velocity is underpredicted
n this region when compared to the experimental data. Unfortunately,
ue to the field of view of the PIV camera and desire to show the fluid
elocity ahead of and behind the spheres, a larger separation (where the
phere velocity agreement is better) cannot be shown. 

As expected, the calculated trailing sphere velocity is lower than the
easured velocity (by 7.5%). The calculated leading sphere velocity is in

ood agreement with the measured velocity (overestimated by 0.17%).
he measured and calculated fluid velocities appear to be in good agree-
ent, despite the discrepancy in trailing sphere velocity. The difference

etween the measured and calculated velocities is less than 0.03 ×V S but
he small fluid velocity relative to the sphere velocity should be noted.
ue to the changing separation, the error associated with the measured
elocity could not be quantified. 
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