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Bell Inequalities From No-Signalling Distributions

Thomas Cope* and Roger Colbeck!
Department of Mathematics, University of York, Heslington, York, YO10 5DD, UK
(Dated: 27" June 2019)

A Bell inequality is a constraint on a set of correlations whose violation can be used to certify non-
locality. They are instrumental for device-independent tasks such as key distribution or randomness
expansion. In this work we consider bipartite Bell inequalities where two parties have m4 and mp
possible inputs and give na and np possible outputs, referring to this as the (ma,mp,na,np)
scenario. By exploiting knowledge of the set of extremal no-signalling distributions, we find all 175
Bell inequality classes in the (4,4, 2,2) scenario as well as providing a partial list of 18277 classes in
the (4,5, 2,2) scenario. We also use a probabilistic algorithm to obtain 5 classes of inequality in the
(2,3,3,2) scenario, which we confirmed to be complete, 25 classes in the (3, 3,2, 3) scenario, and a
partial list of 21170 classes in the (3,3,3,3) scenario. Our inequalities are given in supplementary
files. Finally, we discuss the application of these inequalities to the detection loophole problem,
and provide new lower bounds on the detection efficiency threshold for small numbers of inputs and
outputs.

I. INTRODUCTION

Bell inequalities [1] can be thought of as constraints on the set of correlations realisable at spacelike separation
by using shared classical randomness and freely chosen measurements. One of the most counterintuitive features of
quantum theory is that by sharing quantum systems instead of classical randomness, these inequalities can be violated,
a fact that has been subject to extensive experimental investigation [2-6]. This curious feature has since been used
for cryptography [7] and shown to enable device-independent information processing tasks, such as quantum key
distribution [8-11] and randomness expansion [12-15]. In essence, that shared classical randomness cannot explain
the observed correlations implies that any eavesdropper can have only limited information about them, and so key or
random numbers can be distilled.

In spite of their usefulness, relatively little is known about the set of Bell inequalities in all but the simplest cases.
In part, this is due to the complexity of finding them and the fact that the number of such inequalities grows rapidly
as the number of inputs or outputs is increased. Bell inequalities can be thought of in a geometric way as the facets
of the polytope of local (classically realisable) correlations. This insight means that Bell inequalities can in principle
be found by facet enumeration, a well-known problem in polytope theory. However, because it quickly becomes
intractable, this method has only been applied to enumerate all Bell inequalities in simple cases.

In this paper we propose some alternative algorithms. These algorithms are relatively easy to run, although they
have the disadvantage that they don’t give a certificate when all the Bell inequalities have been found. In several cases
we have been able to enumerate the complete list of Bell inequality classes', whilst in other cases we find lower bounds
on the total number of classes of Bell inequality, which informs the complexity of doing facet enumeration in these
cases. Our approach utilises knowledge of the set of extremal no-signalling distributions, as opposed to techniques
based on enumerating the facets of simpler, related polytopes [16, 17], or shelling techniques which travel along the
polytope’s edges [17].

In particular, we provide a complete list of the 175 classes of Bell inequalities for the (4,4, 2, 2) scenario, normalized
in such a way as to provide easy comparison. The number of inequalities for this scenario was already known [18] but
a useable list was not provided, unlike for the (2,2,2,2) [19, 20], (2,m,2,n) [21], (3,3,2,2) [20, 22, 23], (3,4, 2,2) [23],
(3,5,2,2) [23, 26] and (2,2, 3,3) [24, 25] scenarios, which we summarize in Table 1.

In addition we investigate a number of other scenarios. In the (2,3, 3,2) scenario we find 5 classes of Bell inequality,
which we confirmed to be complete using facet enumeration. In the (3,3,2,3) scenario we find 25 classes of Bell
inequality, which may be complete. In the (4,5,2,2) scenario we find 18277 classes of inequality. Finally, in the
(3,3,3,3) scenario we find 21170 classes, adding substantially to the set of 19 known classes for this scenario (one was
found in [23] and 18 in [27]). In the last two cases, the sets of classes found are incomplete. Explicit representatives

*thomas.cope@york.ac.uk
froger.colbeck@york.ac.uk
1 Two Bell inequalities are in the same class if they are related by a relabelling.



Scenario  |Number of Inequality Classes Number of Facets Reference
(2,2,2,2) 2 24 (19, 20]
(2,mp,2,nB) 2 2(2"8 —2)(m% — 2) + 4npmp [21]

(2,2,3,3) 3 1116 [23-25]
(3,3,2,2) 3 684 20, 22, 23]
(2,3,3,2) 5 1260 Sec. IVC
(3,4,2,2) 6 12480 (18, 23]
(3,5,2,2) 7 71340 [18, 26]
(4,4,2,2) 175 36391264 18], Sec. IVB
(3,3,2,3) > 25 > 252558 Sec. IVD
(4,5,2,2) > 18277 Sec. IVE
(3,3,3,3) > 21170 Sec. IVF

TABLE I: Known Bell inequality classes for bipartite scenarios. For all scenarios, one of the classes always corresponds to the
trivial positivity inequalities. Those in the upper section are known to be complete, whilst for the final three we provide lower
bounds on the number of classes. We suspect the (3,3,2,3) may be complete (see Sec. IV D for details).

of each class are given as supplementary files.

The structure of the paper is as follows. In Section II we give an overview of relevant polytope theory and the
related topic of linear programming, before discussing Bell inequalities and detailing our representation of them. In
Section III, we discuss how to exploit knowledge of the set of extremal no-signalling distributions to obtain new Bell
inequalities, as well as a technique for doing so without such knowledge. Section IV then gives the results. Finally, in
Section V we apply these new inequalities to the problem of the detection loophole, presenting some numerical results
and list the new inequalities which are the most promising candidates for lowering the detection threshold for small
numbers of inputs and outputs.

II. PRELIMINARIES

A. Polytope Theory

A polytope is a convex set that can be described by the intersection of a finite number of half-spaces?.

A e R™ and ¢ € R" we can write

Given

’P:{xeRt|szc} (1)

(each Agx > ¢ describes a half-space). This is called an H-representation of the polytope. Polytopes may also be
described using a V-representation. If a polytope is bounded, then for some set {x;} with x; € R’ it can be written

'P:{X:Z)\kxk Z)\kzl, )\k>0}~
k k

According to the Minkowski-Weyl theorem, every polytope admits both a V-representation and H-representation.
We will always deal with minimal representations (in which unnecessary half-spaces or points x; are removed). In a
minimal representation {x;} are vertices®. Given a polytope P C R? with dimension d < ¢, the intersection of P with
a bounding hyperplane A;yx = ¢, is a facet of the polytope if it has dimension d — 1. The minimal H-representation
is exactly the set of facet-defining hyperplanes.

Converting from V-representation to H-representation is known as facet enumeration whilst going from H-
representation to V-representation is known as wverter enumeration. For a polytope of dimension d, given a V-
representation with n vertices (or an H-representation with n half-spaces) there are algorithms that can perform this
conversion in time O(ndr), with r the number of facets (vertices) enumerated [29]*. When performing facet enumera-
tion, r is generally not known in advance, and hence the worst case scenario is often used to provide an upper bound.

(2)

2 For a detailed summary of polytope theory, see [28].
3 For an unbounded polytope the V-representation will also have rays.
4 Some improvements on this have been achieved for specific classes of polytope.



For a given dimension and number of vertices, the so called cyclic polytope [30] has the largest possible number of
d—1 d—2

facets, ("_nL_?J) + ("_TLL_?J). Using this we obtain complexity O(nl2)) [30]. By contrast the simplest polytope is

the simplex, with only d 4 1 facets.

In this work it is convenient to represent points using matrices rather than vectors. In this case, the H-representation
of a polytope is based on a set {B;} with B; € R*** and a set of real numbers ¢; and can be expressed as

{IT € R | tx(B]II) > ¢; Vi} . (3)

Likewise the V-representation is formed via a set {IIj}, IIx € R*** as

{H:Z)\kﬂk > =1, Akzo}. (4)
k=1 k=1

B. Linear Programming

A linear programming problem involves the optimization of a linear objective function over a set of variables
constrained by a finite number of linear equalities and /or inequalities [31]. The canonical form of a linear programming
problem is as follows: given a fixed ¢ € R",q € R? and G € R¥*",

max c¢Ix subjectto Gx<q, x€R", x>0. (5)

X

For our later considerations it is convenient to rewrite this using A4;, @ € R**! as

I{nai( c;x; subject to Zl'iAi <Q, x; >0Vi. (6)
3 K3
We refer to this as the primal form. Any linear programming problem can be written in this way [31].

A linear programming problem is said to be infeasible, if there is no {z;} satisfying the constraints. Otherwise
we call the domain of {x;} satisfying the constraints the feasible region. If the problem admits a finite solution, the
problem is bounded. If the domain is bounded, then it forms a convex polytope, and the mazimum principle [32]
states that the optimum value is achieved at an extremal point of the polytope and is finite. Every linear program
has an associated dual. For a problem written in the form (6), the dual problem is

mz\iln tr(MTQ) subject to tr(MTA;) > ¢; for all i, M € R**!, M >0, (7)

where the condition M > 0 should be understood elementwise.

Linear programming problems are strongly dual: an optimum solution {z}} for the problem (6), and M* for the
problem (7) satisfy Y, c;z} = tr((M*)TQ). If the primal is unbounded, then the dual is infeasible and vice versa.
Solutions {x}}, M* also satisfy the complementary slackness conditions [31], which in our notation are

tr <(M*)T (Q - Z m;‘AZ)) =0, (8)
> (te(M*)TA;) = ci)a} = 0. (9)

K2

Two common approaches for solving linear programming problems are simplex algorithms [33] and interior point
methods [34]. Simplex algorithms exploit the fact that the optimum of a linear program is always achieved at a vertex.
Such algorithms move between vertices by following edges that improve the value of the objective function until no
further improvement is possible. Interior point methods make successive steps towards the optimal solution while
remaining in the interior of the feasible region. Since we are interested in finding extremal Bell inequalities, simplex
algorithms will be most useful for us.

C. Representing Probability Distributions and Bell Inequalities.

In this work we focus on the bipartite case, although most of the techniques we consider generalise straightforwardly
to multipartite scenarios. We consider two spacelike separate measurements, modelling the inputs using random



4

variables X and Y, and the respective outputs A and B. We label the possible values of X by {1,...,m4}. Likewise,
Y takes values from {1,...,mp}, A takes values from {1,...,n4} and B takes values from {1,...,np}. Sometimes
we will consider cases in which different inputs have different numbers of outputs. Taking the notation from [35],
if the measurements X = 1,2,... have numbers of outcomes n114,n124, ..., and likewise measurements ¥ = 1,2,...
have numbers of outcomes nk,n%,... we will label the scenario [(nly n% ...) (nh n% ...)]. If the measurements
X =z and Y = y are performed®, the joint distribution over the outputs is PyB|ay, 1-e., for all z,y,a,b we have
0 < Pap|ay(a,b) < 1, and for all x,y we have Za,b PaBjay(a,b) = 1. A distribution is said to be no-signalling if it
satisfies

ZPABWJ (a,b) ZPABM! (a,b) Y a,z,y,9y, and ZPAB\wy (a,b) ZPAB|Iy(a b) Vby,x 2.

Since we consider measurements made at spacelike separation, all distributions will be no-signalling.
Using notation from Tsirelson [36], we express the conditional distribution Py B|XY USIng an man4 X mpnp matrix:

Pappni(1,1) ... Pagui(Lng) |... ... ..o ooi| Papimg(1,1) ... Papjimg(1,nB)
PAB|11.(nA,1) <. Pappi(na,np) | o oo o] PaBlimg(may1l) ... Paplimg(na,nB)
o . ) ) . } : o
Papima1(11) ... Pagmai(Ling) |... ooo oo o] PaBimams(1,1) oo PaBjmams(1,n8)
PaBima1(na,1) .. Pagimai(na,np)|... ... ... ... PAB‘mA,,;B(nA,l) oo PaBlmamp(na,np)

where, for clarity, we have added dividing lines to the matrices to indicate the different measurements. This notation
makes it convenient to check the no-signalling conditions. However, it has some redundancy: the no-signalling
conditions and the normalization condition mean that the true dimension of the space is (ma(na —1) +1)(mp(ng —
1)+1)—1[36].

A local deterministic distribution is one for which Pyp|xy = Pajx Ppjy and for which Py, (a ) € {0,1} for all a,z

and Pp,(b) € {0,1} for all b,y. There are (n4)™*(np)™*# such distributions, and we use PAB|XY to denote the
'th

local distribution for ¢ = 1,...,(na)™4(ng)™=. A local dlstrlbutlon is then one that can be written as a convex
combination of local determlmstlc distributions, i.e., P4/ xy = Y NP AB|XY7 where \; > 0 and ), A\, = 1. We use

Lmampmnang) for the set of local distributions in each scenario. For all (ma, mp,n4,np), these form a polytope
(the local polytope) with the local deterministic distributions as its vertices.

A Bell inequality is a linear inequality that is satisfied if and only if a distribution is local. The most important
class of these are the facet Bell inequalities, which represent the facets of the local polytope. In principle, these can be
found by facet enumeration starting from the local deterministic distributions. We can represent every Bell inequality
using a mana x mpnp matrix, B, such that the Bell inequality can be expressed as tr(BTTI) > ¢, where c is some
constant. If IT is local, then it necessarily satisfies every Bell inequality. Given a complete set of facet Bell inequalities,
a distribution is local if and only if it satisfies them all. Thus, finding all the facet Bell inequalities is an important
task.

Note that the facet Bell inequalities include mampnanpg “trivial” inequalities that correspond to the positivity
of each component of II, and are necessary for II to represent a probability distribution. For each non-trivial Bell
inequality there is some no-signalling distribution that violates it.

Note that there are many ways to express the same Bell inequality. To explain these, we introduce a little termi-
nology. We say that a matrix M is no-signalling type if for all II representing a no-signalling distribution we have
tr(MTII) = 0. We say that a matrix M is identity type if for all II representing a valid distribution tr(M7T1I) = 1.

(for example, for (ma,mp,na,np) = (2,2,2,2), is no-signalling type and is identity

5 . .
2 We use upper case to denote random variables and lower case for particular values of these.



type). If B represents the Bell inequality tr(BTII) > ¢, then for reals s, t, r with r > 0, M no-signalling type and
I identity type we have that B = rB + sM + tI represents the Bell inequality tr(BTH) > rc+t. Although B # B,
both B and B are representations of the same Bell inequality. For a Bell inequality of the form tr(BTII) > ¢, any
local distribution, II, for which tr(BTf[) = c is said to saturate the inequality.

Given a Bell inequality, we can construct others in the same scenario by relabelling inputs and outputs. In addition,
if ng4 = np and my = mp then we can also swap parties to construct others. Two Bell inequalities related by such
relabellings are said to be in the same class. If n4 = np and m4 = mp then there are 2(na!)™4 (ng!)™2malmp! ways
to relabel (and half as many otherwise), although some relabellings may be equivalent to others.® Because relabellings
do not change the essential features of a Bell inequality, we focus on acquiring a representative of each Bell inequality
class, rather than the full list of inequalities.

Another important property of Bell inequalities is that they may be “lifted” to apply to scenarios with more inputs
and/or outputs [37]. We can add an input by setting the coefficients corresponding to the new input to 0. (This
means that the new Bell inequality ignores the new input.) To increase the number of outputs, the lifting involves
copying the coefficients for one of the existing outputs”. This corresponds to treating the new output in the same way
as one of the existing outputs. This copying is needed to ensure that the new Bell inequality has the same bound.
Note that these methods of lifting have the property that the lifting of a facet Bell inequality always gives a facet Bell
inequality [38].

To illustrate the concept of lifting, we present three Bell inequalities: The first (Bcepusn) is the CHSH inequality for
the (2,2,2,2) scenario. The second (By) lifts this to become a (2,3, 2,2) inequality, whilst the third (Bp) is a lifting
of Bc to a (2,2,2,3) inequality. All three are facet Bell inequalities with the form tr(BTTI) > 1.

Bcusn =

D. The sets of no-signalling and quantum distributions

For a given scenario, the set of all no-signalling distributions, N S(mampmnang), forms a polytope whose facets
correspond to the positivity of probabilities. The extremal no-signalling distributions can in principle be found by
vertex enumeration on these facets. In the general case, we do not know how to express all of these, but local
deterministic distributions are always vertices of N S(mampmnang)- Furthermore, if both parties have only two
outputs per measurement, i.e., ng = np = 2, it is known that (up to relabelling) all non-local extremal no-signalling
distributions have the form [39]

mp—2—g g
s S s ... S L ... L
S A S/A..S8AL .. L
S S/A S/A ... S/A L ... L
Do : D : ma—2—nh (11)
S S/A SJA ... S/JA L ... L
. . . . . . h

6 For example, when (ma,mp,n4,n5) = (2,2,2,2), there are 32 relabellings, but applying each of these to a CHSH inequality generates
only 8 unique inequalities.

7 The choice of output to copy may vary with each input. In addition we can also lift by only adding an output for one of the inputs, but
not the others, e.g., to go from [(3 4) (3 2)] to [(3 4) (4 2)].



where g € {0,1,...,mp — 2}, h € {0,1,...,m4 — 2} and with the following 2 x 2 blocks:

() i) =08 =) Gl

The set of quantum distributions is a subset of N'S. It is convex, but not a polytope. A distribution Psp|xy
is quantum if there exist POVMs {EZ}, and {F/}, and a bipartite quantum state pap such that Pspj,,(a,b) =
tr((Ef @ F))pap) for all a, b, x and y. We use Qm, mpnang) to denote the set of quantum distributions in each
scenario. Given a distribution Pp|xy it is difficult to decide whether it is quantum. To cope with this a series

of outer approximations to the quantum set were introduced [40]. For positive integer k, we use Q’(‘”mA’mBmA’nB) to

O Nl
O =
N
o=
NN

denote the set of correlations at the k™ level. These levels form a hierarchy, in that

k 1
Q(mA,mB,nA,nB) - Q(mA,mB,nA,nB) < Q(mA,MBmA,nB)

for any positive integers k > [. The advantage of using these sets is that testing for membership of Q?mA _—
is a semidefinite program, which is in practice tractable for small enough k,ma, mpg,na,npg.
Given a distribution II, we use the following measure of its non-locality.

na,nB)

Definition 1 ([41]). The local weight of a distribution II is the solution to the problem:

max x;
feid
subject to inPL’i <II (12)

?

x; > 0 for all 7,

where ) z; P%* <1l is interpreted component-wise.

If IT is local then the local weight is 1, while if IT is a non-local extremal no-signalling distribution, its local weight
is 0. Note that computing the local weight is a linear program. Its dual can be written

min tr(MTI)
M

subject to tr(MTPY%) > 1 for all i (13)
M>0,

where again M > 0 is treated component-wise, and ¢ runs over all local deterministic distributions. Note that
tr(MT P%%) > 1 for all i implies that tr(M7TTI) > 1 is a (possibly trivial) Bell inequality. If II is non-local, the matrix

M™ that achieves the minimum is a non-trivial inequality violated by II.

Definition 2. Let {z}} be the argument that achieves the optimum in the definition of the local weight of a distri-
bution. The local part of a distribution II is Y, 27 P%* and the non-local part is Il — Y, x} P

Note that the local and non-local parts of II are not in general normalized, but can be easily renormalized, for
instance by dividing by the sum of all elements and multiplying by mamp.

III. GENERATING FACET BELL INEQUALITIES

We can use the insight of the previous section to find Bell inequalities by solving the dual problem (13) for non-local
distributions. Note that the Bell inequalities that emerge as solutions have the form where all entries are positive
and have local bound 1. It turns out that all Bell inequalities can be represented in such a form (see Lemma 1 in
Appendix A). Furthermore, for every non-trivial facet Bell inequality of this form there exists a non-local extremal
no-signalling distribution which gives value 0 for this Bell expression (see Lemma 3 in Appendix A). In addition, there

8 This condition ensures that IT — 3", 2; P is equal to (1 — 3, ;)P for (1 — 3, ;) > 0 and with P as a valid distribution.



is a non-local extremal no-signalling distribution achieving this and that takes the form (11) with ¢ = h = 0 (see
Theorem 4 in Appendix A).

This suggests that we could find all the Bell inequalities by running the dual program for all non-local extremal
no-signalling distributions (in cases where these are known). However, there is a hidden subtlety: although 0 is the
minimum possible value for any Bell expression of this form (hence no other Bell inequality can have a larger violation)
there can be several Bell expressions all of which have value 0 at the same extremal no-signalling distribution. This
means that the output Bell inequality may not be a facet inequality, and that some facet inequalities may be missed.
To mitigate this problem, we can reduce the degeneracy by mixing extremal no-signalling distributions with local
distributions prior to using them as the dual problem’s objective function. This is the idea behind our algorithm. In
principle one can choose enough local distributions to break this degeneracy completely (see Appendix C); in practice
though we only mix with two local distributions to reduce the degeneracy whilst keeping a reasonable runtime.

The idea to use the dual of the local weight problem to find Bell inequalities was used before in [27], where a
procedure similar to our Algorithm 2 was used to find 18 Bell inequalities in the (3,3, 3, 3) scenario.

A. A Linear Programming Algorithm for Bell Inequalities

Our algorithm needs a few sub-algorithms.

1. This is a way to decide whether a Bell inequality B is a facet. To do so, we find the set of local deterministic
distributions for which tr(BT P%) = 1 (i.e., those that achieve equality in the Bell inequality). Call the values of
i giving equality a(1),a(2),...,a(t). These all lie on a face, which is a facet if its dimension is one less than that
of the entire space. In other words we have to check how many dimensions are spanned by {PL@(i) — PL’“(l)}ﬁzz.
If this is (ma(na — 1)+ 1)(mp(np — 1) + 1) — 2 then B represents a facet Bell inequality. (This dimensionality
can be found by computing the rank of a matrix whose rows comprise the elements of P%a() — pl.a(l) for
i=2,...,t)

2. This checks whether two matrices B and B are representations of the same inequality. To do so we compute two
vectors, v and ¥ with components v; = tr(BT P%) and 9; = tr(BT P%). By construction, the smallest element
of each of these vectors is 1. Let the second smallest value of v be s > 1. We perform an affine transformation
that maps 1 to 1 and s to 2, (i.e., the function z — 6%133 + £=2) to each component of v forming v’. A similar

s—1
procedure is performed on ¥ forming ¢’. The matrices B and B represent the same inequality if and only if
v =7

3. Because we are interested in classes of Bell inequality, rather than the inequalities themselves, we also need
to check whether two matrices are equivalent up to relabellings. This algorithm checks whether v/ = T, (")
where m runs over all the relabellings, and T}, is the permutation on the entries of ¥ corresponding to the m®™"
relabelling (a list of such permutations can be computed once before commencing the main algorithm to speed
up this check, although for larger cases a lot of memory is required to store them all). Note that if " and ¢' do
not have the same numbers of each type of entry (the same tally) then there cannot be such a permutation. We
hence first check for this before running over all the permutations corresponding to relabellings.

Algorithm 1

This algorithm generates new facet inequalities for cases where n4 = ng = 2. It takes input € € (0,2/3), and a list
W of known facet inequalities (which could be empty).

1. Set j = 1.

2. Set II to be the " extremal no-signalling distribution of the form (11) with g =h = 0.

3. Solve the dual problem (13) for II using a simplex algorithm, giving the matrix M that minimizes tr(M7TII).
4. Generate a list of values of i such that tr(MT PY) = 1. Call these a(1),a(2),...,a(t).

5. Check whether M defines a facet (using subalgorithm 1) and whether it or a Bell inequality in the same class
is in the list W (using subalgorithms 2 and 3). If not, add M to W.

6. Choose 2 distinct elements k,1 from {1,2,...,¢} and form IT' = (1 — 2)IT 4 ePLa(k) 4 £ ploa®),



7. Solve the dual problem (13) for II’ using a simplex algorithm, giving the matrix M’ that minimizes tr((M’)TTI’).

8. Check whether M’ defines a facet (using subalgorithm 1) and whether it or a Bell inequality in the same class
is in the list W (using subalgorithms 2 and 3). If not, add M’ to W.

9. Repeat steps 6-8 running over all distinct pairs k,! from {1,2,...,t}.

10. If j < 20ma=D0ms—1)=1 got j — 5 4+ 1 and return to step 2, otherwise end the algorithm, outputting W.

Algorithm 2

In cases where the complete set of extremal no-signalling vertices is not known, we use another algorithm to find facet
Bell inequalities. This works by picking random quantum-realisable distributions instead of extremal no-signalling
distributions. This algorithm takes as input a number of iterations, jmax, and a list W of known facet inequalities
(which could be empty).

1. Set j = 1.

2. Randomly choose a pure quantum state of dimension (max(na,np))? and m,4 random projective measure-
ments of dimension max(na,np) with n4 outcomes and mp random projective measurements of dimension
max(n4,np) with ng outcomes.? Form the (quantum) distribution IT by computing the distribution that would
be observed for this state and measurements.

3. Solve the dual problem (13) for II using a simplex algorithm, giving the matrix M that minimizes tr(M7TII).

4. Check whether M defines a facet (using subalgorithm 1) and whether it or a Bell inequality in the same class
is in the list W (using subalgorithms 2 and 3). If not, add M to W.

5. If 7 < Jmax set j = j + 1 and return to step 2, otherwise end the algorithm, outputting W.

We also consider Algorithm 2’, which is the same as Algorithm 2 except that the following additional step is added
between Steps 2 and 3.

2b. If I is non-local, replace II with the renormalized non-local part of II.

B. Comments on the algorithms

We use the simplex algorithm as implemented by Mathematica 11.1.1. Unfortunately, full details of this specific
implementation are not publicly available (to our knowledge). In particular, for our problem, in spite of the steps
taken to break some of the degeneracy, for a given I’ there remain many M’ that achieve the optimum for the dual.
Which one is given out by the simplex algorithm depends on the details of how it decides which edge to travel along
when faced with several possibilities. Mathematica’s implementation is deterministic, but for fixed k£ and [, small
changes in € can lead to a different solution based on II’. It is hence useful to rerun the algorithm for several values
of e.

As mentioned above, one disadvantage of the above algorithm is that in many cases the output of the dual program
does not correspond to a facet inequality. It is possible to alter the problem such that the solution space is the polar
dual of the local polytope, where indeed every solution will be facet. However, by doing this, it is no longer the
case that every facet inequality will be given as a solution, regardless of the input no-signalling distribution (i.e., the
analogue of Lemma 3 does not hold). This is further discussed in Appendix D. An alternative way to find facet Bell
inequalities from lower dimensional faces was used in [16].

Running through all permutations to check whether two Bell matrices are in the same class can take time, so
Algorithm 1 can also be run with a modified subalgorithm 3 in which M is added to W if the vectors v’ and ¥’
have different tallies. Running the algorithm in this way can generate many classes of Bell inequality, but without

9 For more details on how we do this, see Appendix B.



also running through all permutations, some classes may be missed. For instance, in the case (ma,mp,na,ng) =
(4,4,2,2), for i = 1,2, the Bell inequalities tr(BITI) > 1 where

0 210 0/0 0/0 0 0 2l0 2j0o 0f0 0
0 0[20[0050 0 0[0 0|0 0|5 0
0 0[00[0 %00 0 2{o ojoofo 2
£ 0/0 3|0 05 0 0 0[0 3|3 0[0 0
By =|-2 2 2 and By = Sl
000 2l00|50 00[00f0 210
3 0/00/30/00 1 0[2 0j0oo0f00
0 3|3 0/30/00 0 3(2 0|3 0[00
1 0/0 0/0 00 1 0 0[0 0|0 0[O0 2

are in different classes, but the corresponding vectors v’ and ¢’ have the same tallies.

Another disadvantage of our algorithm is that we do not have a criteria for deciding when the list of classes found is
complete. In cases where we are sure we have found all Bell inequalities, we know this only because the total number
had already been found by other means.

Note that because Algorithm 2 is based on quantum distributions, it is unable to find Bell inequalities for which
there is no quantum violation [42]. Furthermore, the chosen quantum distribution may be local, in which case the
dual program will not output a Bell inequality. To circumvent these disadvantages, other ways to pick non-local
distributions can be used. For instance, the renormalized non-local part of a distribution may violate Bell inequalities
that the original distribution does not. This motivates our Algorithm 2/, which may be able to find Bell inequalities
without quantum violation (see also Remark 2). If there were an extension of the work of [39] to cases with ng4 > 2
or ng > 2, we could use Algorithm 1 in these cases. We expect that this would be a quicker way to generate new Bell
inequalities.

IV. RESULTS USING THE ALGORITHM

In this section we summarise the results we have obtained using the above algorithm. Due to the large number of
inequality classes found we present them in separate files available at [43], along with a file explaining how to import
and use them in both Mathematica and Matlab. We give both the version the algorithm found (the “raw” version)
and a second version after an affine transformation analogous to that mentioned in subalgorithm 2 has been applied
(the “affine” version). These are presented after relabellings that make obvious input/output liftings.

A. (3,5,2,2) scenario

The number of facet classes for this scenario (7) was given in [18]. Six of these are also facet classes of the (3,4, 2, 2)
scenario, and are given in [23]. The remaining class was first found in [26]. We used this case to test Algorithm 1,
rederiving the result. We found a representative of the new class to be tr(I5,,11) > 1

0 2/00/0 2000 &
0 0[2 0[5 0/00[%0
0 0/00[20/20[00
I — 3 3 14
P27 12 0/0 20 0/00/00 (14)
0 0[0 2|0 £/0 0]% 0
0 0(0 05 0/02/04%

B. (4,4,2,2) scenario

For this scenario, we have enumerated all 175 inequivalent classes of facet Bell inequality (including the trivial
positivity inequality). Whilst the number of classes was already known [18], a complete list was not provided. A
partial list of 129 non-trivial inequalities was given in [17]. Our generation of these inequalities was performed on a
standard desktop computer and took a few days.

In order to give an idea of the symmetries of this polytope, Table II gives the number of members of each class.



Size of Class|Number of Classes|Notable cases
64 1 Positivity
288 1 CHSH [19]

9216 2 Is322 [23)]
18432 4 Tiaz2 [23)]
24576 1
36864 4
49152 2
73728 8
98304 2
147456 61
294912 89
36391264 175

10

TABLE II: The size of each facet class for the (4,4, 2,2) local polytope. 294912 is the size of the relabelling symmetry group.

Bell Inequality Class Number of Faces

Positivity 36
CHSH 216
3332 288
3532 288
353 432
Total 1260

TABLE III: The facets of the (2,3, 3,2) local polytope, sorted into their inequality classes.

C.

(2,3,3,2) scenario

The extremal no-signalling distributions are not known for this scenario, but using Algorithm 2’ we found five classes
of Bell inequality: the positivity condition, a lifting of CHSH and three new inequality classes tr((I333,)7 1) > 1 and
tr((12335)TH) > 1 and tr((I3335)TTI) > 1 with representative matrices

0 /0 3/1 0

0 %[1 0f/0 1

1 1

121332:}8?3?3
2 2 2

0 1{0 1|0 1

0 1/0 1|01

2 —
12332 -

0 /0 1[5 0
10/320[20
0 3|3 0[01
01/10f10
2 010 3]0 3
2 0]0 3]0 3

3 —
‘[2332 -

1 1{0 0|00
10(01]01
1 0/10f10
0 1|0 0/0 O
0 0|0 1|10
00|/10/01

For this scenario, we were able to perform facet enumeration of the local polytope, and verify that these five form the
complete list of classes. Table III gives the number of inequalities in each class.

D.

(3,3,2,3) scenario

In this scenario we again do not know the full list of extremal no-signalling distributions, and we employed Algorithm
2 for 250000 runs, finding 19 inequality classes. We then employed Algorithm 2’ for 3451207 runs to find 6 more
classes (a total of 25). As no new class was found for over 1164000 runs, we speculate this is the full list of classes.
We also used Algorithm 4 (detailed in Appendix E) to find the smallest scenario for which each of the inequalities
first appears. In Table IV we present this analysis. Surprisingly, only one of the classes found is not a lifting from a

smaller scenario.



11

Pre-Lifting Scenario Number of Classes Found Number of Distinct Classes in Pre-Lifting Scenario  Notable Inequality

[(2) (2)] 1 1 Positivity Condition
[(22) (2 2)] 1 1 CHSH
(22) (23) - -

(22) (3 3) - -
(22) (222) - -
(22) (223) - -
(22) (233) - -
[(22) (333)] - -
[(222) (2 3)] 2 1
[(222) (33)] 1 1

[(222)(222)] 3 1 I3322
[(222) (22 3)] 8 3
[(222) (23 3)] 8 4
[(222) (333)] 1 1

TABLE IV: The inequalities classes found for (3,3, 2, 3), sorted to show their degree of lifting. Relabelling of inputs has been
used to combine scenarios of equivalent dimension e.g., [(2 2 2) (2 2 3)] and [(2 2 2) (2 3 2)]. We use “—” to denote cases for
which it is known that no new classes exist. Note that classes that are unique before lifting may define several inequivalent
classes in a higher dimension. This is why although Is322 is the only new non-trivial inequality class in the [(2 2 2) (2 2 2)]
scenario, we found three inequivalent classes corresponding to Iss2o liftings.

E. (4,5,2,2) scenario

There is no known total of inequivalent classes for this scenario. Using Algorithm 1 we have established the existence
of at least 18277 classes and have a representative of each. We expect the total number of classes to be significantly
largeri®. As for this case the size of the relabelling symmetry group is quite large, which slows down the check to see
if a previous class member has been found, we use the modified version of subalgorithm 3 discussed in Section 111 B
in which only the tally of v’ is checked—this reduces the runtime considerably, but means that we may discard new
classes that have the same tally to a class that has already been found.

F. (3,3,3,3) scenario

Again for this scenario we do not know all the extremal no-signalling distributions, so we use Algorithm 2 to find
facet inequalities and the modified version of subalgorithm 3 discussed in Section IIIB in which only the tally of
v’ is checked. In our initial run, we found 10143 classes with jy,.x = 2.5million. We then ran Algorithm 2’ with
Jmax = 0.6million (again with the modified version of subalgorithm 3), and found a further 11018 classes. These
figures suggest 2’ is significantly better at finding new classes. We did a small further check to confirm that there are
inequivalent inequalities with the same tallies generating 9 further inequalities. We expect the total number of classes
to be significantly larger than the figure presented here (see Footnote 10).

Our list of inequalities can be augmented with the results of [27], who present 18 inequalities for this scenario, of
which 3 are contained in our list. Again we know that, of these classes, some of them will correspond to liftings of
lower dimensional inequalities. Table V partitions our 21170 classes into the scenario for which they first appear,
taking into account cases in which different inputs have different numbers of outputs. This uses Algorithm 4, detailed
in Appendix E.

10 We stopped the algorithm after a few weeks but new inequality classes were being found regularly.
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Pre-Lifting Scenario Number of Classes Found Number of Distinct Classes in Pre-Lifting Scenario  Notable Inequality

[(2) (2)] 1 1 Positivity Condition
[(22) (22)] 2 1 CHSH
(22) (23) - -

(22) (3 3) - -
(23) 23) - -
[(23) 33)] - -
(3 3) (33)] 1 1 I233
(22) (222) - -
(22) (223) - -
(22) (233) - -
(22) (33 3) - -
[(23) (222)] 7 1
[(23) (223)] 0 0
[(23) (23 3)] 0 0
[(23) (33 3)] 0 0
[(33) (222)] 2 1
[(33) (22 3)] 5 3
[(33) (23 3)] 9 7
((33) (333)] 4 4
[(222)(222)] 9 1 I3322
[(222) (22 3)] 27 3
[(222) (23 3)] 15 4
[(222)(333)] 3 1
[(223) (22 3)] 154 40
[(223) (23 3)] 762 337
[(223) (333)] 398 276
[(233) (23 3)] 2532 1764
[(233)(333)] 6637 6060
[(333)(333)] 10602 10602

TABLE V: The inequalities classes found for (3, 3,3, 3), sorted to show their degree of lifting. Due to the additional symmetry,
Relabelling of parties/inputs has been used to group classes, e.g. [(2 3) (2 2 2)] and [(2 2 2) (2 3)]. Again we find that unique
classes in lower dimensions can be lifted to define several facet classes.

V. APPLICATION TO THE DETECTION LOOPHOLE

In the remainder of this article we investigate whether these inequalities allow us to lower the efficiency required
for closing the detection loophole.

To perform a bipartite Bell experiment, entangled photons are sent to two detectors where they are measured. After
repeating many times using different randomly chosen measurements we can build up an estimate of the distribution
II, from which we can see whether a particular Bell inequality is violated or not. One of the issues with such an
experiment is that real detectors sometimes fail to detect. The question is then how to certify that the setup is
non-local in the presence of such no-click events. In particular, we would like to know the minimal detection efficiency
at which we can still certify the presence of non-locality. Given that certifying the presence of non-locality is necessary
for device-independent tasks, it is important to be able to treat cases with imperfect detectors.

To model this, we assume that each detector has an efficiency, representing the probability that it will click when
it should. For simplicity, we consider the case where the efficiencies of each detector are the same and call this
parameter 1. No-click can be treated as an additional outcome for each measurement that occurs with probability
1 —n (independently for each measurement). Given a probability distribution P4p|xy, we use PZ BIXY to denote the
inefficient detector version with efficiency 7, which is formed by adding the possible outcome “N” to each measurement
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and taking
PZB|a:y(a’ b) = n2PAB\my(a7 b),
Py ey (N, 0) = n(1 = 1) Pp, (),
PZB|wy<a’7 N) = n<1 - n)PA|x(a)>
Pllpy(N.N) = (1= n)%,

for all a € {1,2,...,n4}, b € {1,2,...,np}, z € {1,2,...,ma} and y € {1,2,...,mp}. We use II" to denote the
matrix representation of P} BIXY" (For a discussion of other ways to deal with no-click events, see [44].)

It is worth noting that for a given II € NS (mampmnans) We have that 117 & Limampnating+1) only if I ¢

E(mAamB,nAa”lB)’ and that for m 2 12, 1:[772 ¢ E(mmmBmA-&-lmB-&-l) implies 1:[711 ¢ E(mA,mB,nA-i-l,nB-i-l)'
We now define the detection threshold for a given Bell inequality, and for a given scenario.

Definition 3. Given a ma(na + 1) x mp(np + 1) matrix B such that tr(BTII) > ¢ for all I € L, mpnating+1)s
the detection threshold for B, is defined by

np = inf{n € [0,1] : I € Quny.mp.nang) (BT <c}. (15)

This is the smallest detection efficiency such that B can certify non-locality using quantum states and measurements
for all higher efficiencies. Note that B is a Bell inequality for the (ma,mp,n4a + 1,np + 1) scenario. Some Bell
inequalities of this type can be formed from those for the (ma,mp,na,np) scenario by lifting, as discussed in
Section ITC.

Definition 4. The detection threshold for the (ma,mp,na,np) scenario is defined by

Nmampnang) = 0{n €[0,1]: L€ Qunympnans)s I ¢ Limampnatins+1)}- (16)
We can also define a detection threshold for a set St mpnang) € NSmmamsnans)-

Definition 5. The detection threshold for Siy , mp, y is defined by

nA,MB
nzgmmmBmA,nB) = inf{n € [Oa 1] S=NINS S(MA,mB,nA,nB)’ " ¢ E(mA,mB,nA+1,nB+1)}' (17)

We will use the fact that if Q is a subset of S then the detection threshold for § is lower than the quantum one,
i~e-a Q(mA,mB,nA,nB) - S(mA,mB,nA,nB) imphes Ui,LAmBmAmB) < Nma,mp,nang):

It is known that there exist states and measurements for which this threshold tends to 0 as d — oo [45]. However,
to achieve this, the number of measurements required scales as O(2%). For practical reasons we are interested in cases
with small numbers of inputs and outputs.

In the (2,2,2,2) scenario, taking IT to be quantum correlations that achieve Tsirelson’s bound [46] for the CHSH
inequality, (tr(B&ysyll) = 2—+/2) it has been shown that T1” is non-local if and only if > 2(v2—1) ~ 82.8% [47]. A
lower value was found by Eberhard [48], who showed that one can use a two-qubit state of the form cos #|00) +sin 0|11)
and appropriate 2-outcome measurements to give rise to a distribution 11, such that for any 1 > 2/3 there exists 6
such that f[g is non-local, while for n = 2/3 the distribution fIZ is local for all 8. Somewhat counterintuitively, the
state demonstrating non-locality has § — 0 as n — 2/3. In [49], a (4,4, 2, 2) inequality (which we refer to as I4420 [23])
was considered and a state and measurements on a four dimensional Hilbert space were given demonstrating that
Nasms < (VB —1)/2 = 61.8%. The state used has the form /(1 — €2)/3 (|00) + |11) + [22)) + €[33), with the value
(v/5 —1)/2 achieved in the limit € — 0.

In [50], the problem was abstracted away from specific Bell inequalities, instead giving an explicit local-hidden
variable construction which can replicate any inefficient no-signalling distribution, provided the detection efficiency
is below (ma +mp —2)/(mamp — 1). This hence corresponds to a lower bound on 7(y, 4 my.nang)- In the next
subsection we improve on these lower bounds in cases where n4 =ng = 2.

A. A Fundamental Lower Bound on the Detection Threshold

In this section we show how to bound 7 4 mp,na,np) Using knowledge of the set of no-signalling distributions.
As discussed above, since Q4 mpnang) NS(mA’mB,nA’nB), a lower bound for the detection threshold for all
no-signalling distributions will apply to the quantum case too.

In cases where we have a complete set of extremal no-signalling distributions, we can obtain an arbitrarily good
estimate n%‘iymBynAynB) using the following algorithm.
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mal 2 3 4 5 6 [2/(mp+1)
2 2/32/32/32/32/3 2/3
3 4/75/95/9 5/9]  1/2
4 1/21/2 12|  2/5
5 4/9 * 1/3

TABLE VI: The maximum detection efficiency such that II” can be generated classically for any IT € NS, 4 mp,2,2)- The * in
the (5, 6,2, 2) case indicates that this was not evaluated due to the high number of non-local extremal no-signalling distributions.
The final column is the lower bound of [50]. The main part of the table is populated with fractions, even though the algorithm
outputs a decimal. Strictly we should say that the value is consistent with the stated fraction to 7 decimal places.

Algorithm 8

The algorithm takes input ¢ € (0,1), the tolerance we look for in the solutions.
1. Set 5 =1, n. =1 and jmax to be the total number of extremal no-signalling distributions.
. Set II to be the 5 non-local extremal no-signalling distribution.

. Set Mmin — 0 and Tlmax = 1.

~ W N

. Set 7' = (Nmin + Mmax)/2 and generate ﬁ,,/.

. Find the local weight of 1:177/ by solving the linear program (12), setting this to w.
Ifw =1, set nyin = 7', otherwise, set Nyax = 7'

- If Dmax — Mmin > 9, go to step 4.

CIf (nmin + 7711113»)()/2 < e set TNe = (nmin + nmax)/z-

© 00 N o ot

. If 7 < jmax, set 7 = j + 1 and return to step 2 otherwise the algorithm ends, outputting ..

This algorithm runs through all the non-local extremal no-signalling distributions, and computes at what 1 they
become local. Then by taking the minimum over all such distributions we obtain the no-signalling detection threshold
for this scenario.

We have applied this algorithm to the (m4, mp,2,2) scenario for various m4 and mp. The results are shown in
Table VI, where we have also compared with the lower bound from [50] in order to highlight the improvement we
obtain.

B. Bounding Detection Thresholds using the Semidefinite Hierarchy

We can think of these no-signalling values as lower bounds on the quantum detection thresholds. When interpreted
this way, we do not expect these lower bounds to be tight, although, somewhat surprisingly, they are in the case
where mp = 2 [48]. In order to give better bounds, we can use other supersets of the quantum set, for instance, those

based on the semidefinite hierarchy [40]. In other words, we can try to find n(Qﬂ: s for some level k£ € N of

the hierarchy.

naA,NB)

Since Q’(“mmmB,nA,nB) is not a polytope, we cannot directly use the method of Section V A. Instead, for each value
1 we perform a semidefinite optimisation over Qf, . minimising tr(B”II") over II € Q’fmA’mB’nA’nB) for a

specific Bell inequality tr(BTII) > 1 for the (m4,mp,n4 + 1,np + 1) scenario. If the minimum is at least 1, we can

conclude that there is no Il € Q(y , mp na,ng) for which tr(BTTI") < 1. Performing the computation for higher levels
k of the hierarchy gives successively tighter bounds.
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C. Results

All of the results in this section were obtained using the convex optimisation interface CVX [51] for Matlab, with
MOSEK [52] as the solver. Unless stated otherwise, tests were run at the default CVX precision. Note also that in
the code, a value of tr(BTII") > 1 — e was considered local for € ~ 1.49 x 10~8. This mitigates against the possibility
of concluding a distribution is non-locality because of the solver precision, when in fact it is not. However, it can
mean that we sometimes incorrectly conclude a distribution is local. Thus, the values we obtain will be upper bounds
of the threshold over the considered set.

In the supplementary files these results are given in the following format: first the inequality considered is given,
followed by the lifting choices of Alice, then the lifting choices of Bob, followed by the threshold found.

1. (4,4,2,2) Scenario

For this scenario an explicit quantum construction is given in [49] achieving (v/5—1)/2 ~ 0.6180 (61.80%) requiring
shared entangled states with local dimension 4. We were able to test every inequality in this scenario at level 2, with
no inequality beating I4490, which was the inequality used in [49]. We were only able to obtain the value 61.83% for
the Iy490 construction, implying we cannot rely on the results beyond 3 s.f., and an alternative lifting of the same
inequality was able to achieve 61.8% also. Repeating the analysis for these two with the CVX precision variable set
to “high”, gave a value of 61.82% for both liftings, which also means we cannot improve the number of significant
figures this way.

2. (3,5,2,2) Scenario

For the single new inequality (3, 5, 2, 2), we tested it with the CVX precision set to high. Note that we are considering
(3,5, 3,3) probability distributions, so lifting the inequality by adding an extra output for each input can be done in
2345 = 256 ways. For the first level, Q!, we obtained an optimal threshold of 64.0%, and for Q2, Q3 we obtained a
threshold of 66.7%. This, together with the fact that restricting to ma € {1,3} and mp € {3,5} (with reference to
the form of I35 in (14)), reduces to a CHSH inequality for which the threshold is known to be 2/3, suggests that
Ms520 = 2/3

The supplementary file for this case omits the inequality as only one was considered.

3. (3,3,3,3) Scenario

For each new inequality there are 3373 = 729 possible liftings. Since it would be time consuming to test the
detection threshold for all liftings of every inequality, we selected an “intuitively promising” subset of liftings to test
for each inequality. For each lifting we summed all coefficients corresponding to detection failure outcomes, and then
tested the ten with the lowest sum for each inequality. This is to minimise the impact of the failure sub-distributions,
which are entirely local. If more than ten had an equivalent sum, all were tested.

To cut down on computational time further, each chosen lifting was tested with n = 0.65 and discarded if no
non-local distributions I1°%° could be found for IT € Q2. 338 inequality/lifting combinations achieved a threshold
below this value; 65 of them obtained value 61.8% — due to the precision of 3 s.f. we are unable to compare them
definitively with I 495. Testing these 65 at level 3 of the hierarchy we find 21 of them maintain the value 61.8%. These
inequalities can be found in the supplementary files provided at [43]. All of these inequalities match the threshold
(\/5 —1)/2 up to 3 s.f., but we have not given an explicit quantum construction achieving this value. If it turns
out that the thresholds for 4490 and any of these inequalities are the same, this cannot be explained by a set of
correlations common to both, unlike in the case of I3500 and CHSH, whose thresholds match due to I3500 having a
CHSH submatrix (cf. Section V C2).

Added note

These results formed part of TC’s Ph.D. thesis [53] submitted to the University of York in September 2018. Since
then the work [54] appeared which independently found all the Bell inequalities in the (4,4, 2,2) scenario. Ref. [55]
took these inequalities and performed some analysis of them.
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Appendix A: Main mathematical results

Lemma 1. Let B be a matriz such that tr(BTII) > ¢ is a Bell inequality. There is a matriz B whose entries are all
non-negative such that tr(BTTI) > 1 represents the same Bell inequality.

Proof. Let 1 be the matrix with every entry 1. The matrix B’ = B + (1 — ¢)1/(mamp) is such that tr((B’)T1I) > 1
is a Bell inequality. If B’ has no negative entries we are done. Otherwise, suppose the minimum entry of B’ is —a.
If we choose B = (B’ + al)/(1 + amampg), so that, by construction, it has no negative entries, then for any local IT
we have

(6% 1 amasamp

tr(111) > + =1.
l1+amamp 1+ amyamp

tr(BTH) = ———tr((B)T1) + —
1B (BT 4+ e

O

Corollary 2. Let B be a matriz such that tr(BTTI) < ¢ is a Bell inequality. There is a matriz B whose entries are
all non-negative such that tr(BTTI) > 1 represents the same Bell inequality.

Proof. The original Bell inequality is equivalent to tr((—B)TII) > ¢ from which we can apply Lemma 1. O

Lemma 3. Let B be a matriz with no negative entries and such that tr(BTII) > 1 is a facet Bell inequality. There
exists an extremal no-signalling distribution TIN® such that tr(BTTIN®) = 0.
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Proof. Since B represents a violatable Bell inequality, there exists a no-signalling point II such that tr(BTfI) < 1 but
tr(BTTI) > 1 for all other matrices B that represent facet Bell inequalities with local bound 1. Thus, if we run the
dual program (13) for II, the optimum is obtained when M* corresponds to the same Bell inequality as B (it may be
that M* # B, but it must represent the same Bell inequality). Using the complementary slackness condition (8), we
have

tr (BT (H — Zx;PL»l)) =0, (A1)

where {z}} achieve the optimum in the primal problem (12). This implies that the non-local part, - S PR of I
gives value 0 for the Bell inequality B. This non-local part is a convex combination of extremal non-local no-signalling
distributions, {IIN*}, each satisfying tr(BTIIN¥) = 0, as required. O

Remark 1. For the problem in the previous lemma, the second complementary slackness condition (9) gives that

> (tr (B"PM) —1) 2y =0. (A2)

%

Hence, for all ¢ either 27 = 0 or (tr (BTPL’i) — 1) = 0 (both values are non-negative). As z} is non-zero if and only if
the local distribution P™ is in the local part of II, we can conclude that tr (BTPL’i) = 1 for these local distributions,
and so the local part of II satisfies the Bell inequality with equality.

Remark 2. Remark 1 provides an insight into why it may be useful to remove the local part of a quantum distribution
before using as the dual objective function. If one uses the original distribution, any deterministic distributions in the
local part must be saturating points of the Bell inequality obtained by the dual. Removing the local part removes this
requirement, which may allow the output Bell inequality to be such that these local points are not saturating. We
are not aware of any bipartite Bell inequality for which there is no quantum violation (although these exist for three
parties [42]). If such non-violatable inequalities exists, it is possible that they may be found by the dual program
whose input is a quantum distribution with its local part removed.

Theorem 4. Consider the (m4,mp,2,2) scenario and let B be a matriz with no negative entries and such that
tr(BTTI) > 1 is a facet Bell inequality. There exists an extremal no-signalling distribution 11 that, up to relabellings,
takes the form of (11) with g = h = 0 such that tr(BT1I) = 0.

Proof. By Lemma 3, there exists an extremal no-signalling distribution II such that tr(BTfI) = 0. Suppose that I
has the form (11) with either g # 0, h # 0, or both. Our aim is to show that in these cases there is always another

extremal no-signalling distribution IT of the form (11) with g = h = 0 such that tr(BTTI) = 0.

Case 1: Suppose g = 0, h # 0. Since the coefficients of B are non-negative, B must have zero entries whenever II
has non-zero entries. Hence, B(0b|zy) =0 for b € {0,1}, z € {ma—h+1,...,ma} and y € {1,...,mp}.

Suppose there exists a local deterministic distribution, P!, such that tr(BYP!) = 1 and for which P}llx,(l) =1
for some 2’ € {ma —h+1,...,ma}. Consider now another local deterministic distribution P? that is identical to
P! except that lew, (0) =1 (i.e., P? is formed by exchanging the row of P! corresponding to Pj‘lw, (0) with the row
corresponding to Py, (1)). It follows that 1 < tr(BT Py) < tr(BT Py) = 1, i.e., P? saturates the Bell inequality if P*
does. It also follows that the 2 x 2 blocks of B corresponding to a measurement of X =2’ and any Y € {1,...,mp}

have the form <8 3) or (3 8) (depending on whether Pg (0) = 1 or Py (1) = 1), where  is an arbitrary
non-negative value. ~

We can therefore replace the 2 x 2 blocks of II corresponding to X = 2/, Y € {1,...,mp} by A or S without
affecting the value of tr(BTTI). In other words, if tr(BT P') = 1 and P} (1) =1forsome x € {ma—h+1,...,ma},
there exists another extremal no-signalling distribution, II’, with a smaller value of h that also has tr(BTII') = 0.

If we can reduce in this way until h = 0, we are done. Alternatively, we reduce to the case where tr(BTP) = 1
implies Py|;(0) = 1 for all z € {ma—h+1,...,ma}. The affine span of the local deterministic distributions satisfying
tr(BT P) = 1 is hence the same as the affine span of those satisfying tr(B” P) = 1, where B and P comprise the first
2(ma — h) rows of B and P respectively. This is at most ((ma — h)(na — 1) + 1)(mp(ng — 1) + 1) — 2, and hence
contradicts the assumption that B is a facet inequality.

Case 2: If g # 0, h = 0, we can run an analogous argument.
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Case 3: Suppose that both g # 0 and h # 0, and consider some 2’ € {mg —h+1,...,ma} and ¢y € {mp —g +
1,...,mp}. We must have B(0b|z'y) = 0 for b € {0,1} and y € {1,...,mp — g}, B(aO|zy') = 0 for a € {0,1} and
x€{l,...,maq — h}, and B(00|z'y") = 0.

Suppose there exists a local deterministic distribution, P!, such that tr(B7P') = 1 and for which Pj“z,(l) =1
Let P? be another local deterministic distribution that is identical to P! except that P3,,(0) = 1 and P3 (0) =1
forally € {mp—g+1,...,mp}. It follows that 1 < tr(BT P,) < tr(BTP;) = 1, i.e., P? saturates the Bell inequality
if P! does.

It also follows that

e For X =2’ and any Y € {1,...,mp—g} the corresponding 2 x 2 blocks of B have the form ( 8 0 ) or ( 0 8 )
2 v

(depending on whether Pé‘y(O) =1lor Pély(l) =1).

eFor X =2'and Y € {mp —g+1,...,mp} the analogous blocks of B have the form < 0 Fz)l ) or (8 m )
Y2 72

We can therefore replace the 2 x 2 blocks of II corresponding to X = 2’ by either A, S or L (whichever matches the
zeros of B) without changing the value of tr(B”TI). In other words, if there exists a local deterministic distribution,
P1, such that tr(BTP') =1 and for which Pj“x,(l) =1, then there exists an extremal no-signalling distribution, IT’,
with a smaller value of h that also satisfies tr(BT1I’) = 0.

If we can reduce in this way until A = 0, then either g = 0 are we are done, or we can complete the argument using
Case 2. Alternatively, we reduce to the case where tr(BT P) = 1 implies Pyz(0) =1forallz € {ma—h+1,...,ma},
and Pg),(0) =1 for all y € {mp —g+1,...,mp}. The affine span of the local deterministic distributions satisfying
tr(BT P) = 1 is hence the same as the affine span of those satisfying tr(B” P) = 1, where B and P comprise the first
2(ma — h) rows and 2(mp — g) columns of B and P respectively. This is at most ((ma — h)(na — 1) + 1)((mp —

g)(ng —1) + 1) — 2, and hence contradicts the assumption that B is a facet inequality. O
) S S L

To get the idea of the proof, let us consider an example. Take II = S A L |. A Bell inequality with
K K M

tr (BTﬁ) = 0 must have the form

0 v1 |0 wy| 0 w3
vy 0 ]wvs 0] 0 wg

B= 0 V7 | U8 0 0 (¥ ’
V10 0 0 V11 0 V12

0 0 0 0 0 V13

V14 V15| V16 V17| V18 V19

where v; denotes an arbitrary non-negative entry.
Consider now the local deterministic distributions

10/l1o][to 1 0/10[1o0 10/10lo01
00[00/00 00[00/00 00[00[00
pro| 10ftoftof g |1oftofto] s _[1o0[10f01
00[00[00 00[00/00 00[00[00
00[00/00 10/10[10 00[00[00
01/01[10 00/00[00 0 1[0 1{0 1

If tr(BTP') = 1 then we must have tr(BT P?) = 1, and hence v15 = v17 = vig = 0. In this case the distribution
S S L
I'=| S A L | will also satisfy tr(BTTI') = 0. We can then apply the argument of case 2 to this distribution.
S S L
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Similarly, if tr(BTpl) = 1 then we must have tr(BTPQ) = 1, and hence v3 = v9g = v15 = v17 = v19g = 0. In this
S S A
case the distribution Il' = | § A4 A | will also satisfy tr(BTTI') = 0. Note that by relabelling the outputs for y = 3

S S S
corresponds to exchanging the A entries for Ss in the final column of II', bringing us into a form matching (11).

By arguments of this kind it follows that either we can reduce to a case with a lower value of g or h, or all
the local deterministic distributions with tr(B* P) = 1 have zeros in the final row and column (Px|,—3(0) = 1 and
Py y—3(0) = 1). In the latter case the dimension of the plane containing the saturating local deterministic distributions
is insufficient for B to be a facet Bell inequality.

Appendix B: Generating Quantum Distributions

As stated in the main body, one may use our linear programming algorithm using quantum distributions rather than
extremal no-signalling ones. To generate these, one must first fix the dimension of the state d. One then creates a nor-
malised real vector X of d non-zero real elements. We take these as the Schmidt coefficients of the pure entangled state
lp) = 25:1 Aili) ® |i). We then generate m4 + mp random unitaries {UAl, UAz . UA»ma UB UB2 . UBms }7
each unitary corresponding to a measurement. Since the columns of each U’ are orthonormal, we can define projec-
tion operators P := 37 e Ut|k)k|(U")T, where {S!} is a partition of {1,2,...,n4} or {1,2,...,np} as appropriate.

These projectors satisfy -, Pi = (U i)T U? = I4. Thus, we obtain the probability distribution:

Papjay(a,b) = (8|(P2+ @ PP")|6). (B1)

We may then use this as the objective function. Note that this construction does not guarantee a non-local distribution.

Appendix C: Guaranteeing All Inequality Classes

Although for the scenarios in which the number of inequality classes was known, Algorithm 1 was able to generate
a representative of every class, due to the degeneracy of the optimal solutions it does not guarantee that this generally
will be the case. In this appendix we discuss an alteration to the algorithm that can, in principle, provide this.
However, the run time of such an algorithm is prohibitive. We nevertheless state the method here, because it gives
the idea behind Algorithm 1. ~

Suppose we have a specific Bell inequality B we wish to find as a solution to (13). Let II be an extremal no-signalling
distribution such that tr(BTII) = 0 and let {P;}9_, be a set of linearly independent local deterministic distributions
saturating B (where d is the dimension of the local polytope). If we define II' = (1 — &) II + 5Z?=1 P;/d, then
tr(BTII') = 6.

Furthermore, the matrix B represents the unique Bell inequality that achieves the minimum solution to the dual
problem (13) with input II'. To see this, note that no matrix M for which tr(MTP) > 1 is a Bell inequality
can give a lower value because tr(M7TTI) is bounded below by 0 and tr(MTP;) > 1. In addition, no other matrix
M with non- negatlve entries for which tr(M7TP) > 1 is a different Bell inequality will achieve this value because
tr(MTIT') > 52]:1 tr(MTP;)/d. Tt cannot be that tr(MTP;) = 1 for all j € {1,...,d} because this would mean

{P; }?:1 also all lie on the facet formed by M, which is only possible if the facets are identical.

It follows that a Bell inequality of every class can be generated by considering all possible objective functions of
the form (1 — ) I+ & Z?:l P;/d where TI is an extremal no-signalling point of the form in Eq. (11) and {P; }?:1 are
linearly independent deterministic local distributions. However, this algorithm is impractical for all but the smallest
cases. In the case ny = np = 2, we wish to choose d = (m4 + 1)(mp + 1) — 1 local deterministic distributions from
2matms possible choices and the number of ways to do this scales roughly as 2m4™5(ma+ms) which is prohibitively
large. This is why in Algorithm 1 we mix each no-signalling point with only two local deterministic distributions. In
this algorithm the local deterministic distributions that are mixed with are taken from those that saturate the Bell
inequality M found in Step 3. Because of Remark 1, it is possible that the Bell inequality M’ that is found in Step 7
is equal to M, since not all degeneracies are broken. In practice though, it turns out this small mixing leads the linear
programming algorithm to output different inequalities. For small values of m4 and mp the algorithm can be run in
reasonable time.
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Appendix D: Using the Polar Dual

One disadvantage of our algorithm is that not all solutions of the linear programming problem are facet inequalities.
This increases the calculation time because we have to check the affine dimension of every solution and discard many
non-facet cases. In this appendix we consider an alternative approach which guarantees facet outputs, by taking
advantage of the polar dual of the local polytope.

Definition 6. Given a polytope P C R**?, its polar dual'! is the set of points:
P*i={B e R |tr(B"I) < 1VII € P}. (D1)

If the co-ordinate origin is interior to P (i.e., IT = 0 is a non-boundary element of P), then the polar dual satisfies
(P*)* = P, and the two are linked by the following [28]

H-representation V-representation

P={eR*|tx(BII) <1V j} P:{H:ZAiHi =1, )\i>0} (D2)

P* = {B e R |tx(BTT;) <1Vi} P*=SB=Y NB;j|Y \=1X2>0;, (D3)
J J

where II;, B; € R®**. Hence, there is a one-to-one correspondence between the vertices of the primal and the facets
of the dual, and vice versa.

The motivation for considering the polar dual is that by optimizing with the polar dual of the local polytope as the
solution space, a simplex algorithm will always give a solution corresponding to a facet of the local polytope.

In order to use this form of the polar dual we require the origin to lie in the interior. We hence perform a translation
of coordinates. A natural choice of the new origin is the distribution IT* whose entries are all 1/nanp. For example,
in the (2,2, 2,2) scenario this would map the extremal no-signalling distribution

O NI=|NI= O
NN N TN T
ENTEFNE NN

IR Ty A TN T

=+
]
NP P TN T

0
1
2
0
1
2

Note that this representation of a distribution can have negative entries. The linear programming problem we wish
to solve is then

-
max tr(MTH)
M
subject to tr(MT BY) < 1 for all i. (D4)

- -
where II refers to distribution IT after shifting origin. The canonical form of a linear program requires positive entries.
To take care of this, we can write M = M, — M_ where M, M_ > 0 component-wise, making the problem

rF T
MI?%i tr(MyII) — tr(MZ D)

subject to tr(MI?L’i) - tr(MT?L’i) <1 for all 4 (D5)
M., M_>0.
Although the solution space is technically unbounded due to rays of the form (My);; = (M_);;, these cannot

contribute to the objective function, and the problem (D5) is bounded. However, our conversion of the problem
into the form (D4) means we no longer have a known bound on the objective function'?. To illustrate the problem

11 In the study of convex bodies, there are other types of dual, which we do not use here.
12 Tn the original form, we had that tr(MTTI) > 0.
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with this, we perform the optimisation (D5), for all extremal non-local no-signalling distributions. For the (4,4, 2, 2)
scenario, the largest value obtained is 12/5, and the smallest is 2. (Unlike in problem (13), the optimal value varies
depending on the extremal no-signalling point used.)

We now consider a particular (4,4, 2,2) Bell inequality of the form:

0O -3/0 0|0 0|0 —%
0O 0|-2 0/0 0[O0 O
0 0|0 0|0 —2/0 0
Bo— |5 010 —5[0 00 0| w(BLI) <1, (D6)
0O 0|0 0|0 0|0 O
0 0/0O 0/O0O 0]O0 O
0 0|0 —2/0 0|-% 0
0 0|0 O|-2 0|0 O

= =
and the corresponding problem of maximizing tr(gz; IT) over all II € Ng(mA}mB,nA’nB). Performing this optimisation
we find the maximal value to be 9/5 < 2. We can therefore conclude there is no extremal no-signalling point that,

when used as the objective function for the problem (D4), will give the solution M = gex. By using the polar dual, if
€ is too small there are certain facets that Algorithm 1 (with this new linear programming problem) will never output,
and it is not clear whether € can be chosen in such a way that all facets could in principle be output. However, this
restriction does not apply to Algorithm 2, for which this translation may be useful.

Appendix E: Finding the Unlifted Form of a Bell Inequality

Given a facet inequality B, we would like to know whether it is lifted from a lower dimensional scenario. Whilst it
is sometimes easy to tell a lifting by inspection, because there are many ways to represent the same Bell inequality (as
discussed in Section ITC), this is not always the case. Here we present an algorithm that finds the smallest scenario
from which the inequality has been lifted, and gives the inequality in the smallest scenario. This algorithm uses two
subalgorithms, the first of which checks for lifted outputs, and the second of which removes lifted inputs.

The idea here is that output liftings correspond to copying the coefficients corresponding to one of the existing
outputs. This means that, in the resulting inequality, two local deterministic distributions that are identical up to
the choice of this output give the same Bell value.

1. Given a facet Bell inequality and an input z, this checks whether any of the outputs are lifted. To do so the
algorithm runs through all pairs of outputs a; and as corresponding to the input z. If for all local deterministic
distributions that use the output a; for input x the Bell value is the same as for the local deterministic distribution
that is identical except that it uses the output as for x, then the output as can be removed for input x. Having
checked all pairs of outputs, the algorithm returns the set of outputs that can be removed, O;.

2. Given a facet Bell inequality for which one of the inputs has only one possible output, this returns a new Bell
inequality for the scenario with one fewer input without altering the bound on the Bell inequality and with the
property that the input Bell inequality is a lifting of the returned inequality. This works by adding no-signalling
type matrices to the matrix form of the Bell inequality in such a way as to make all of the entries corresponding
to the input with only one output equal to zero. [This can be achieved with a no-signalling type matrix whose
only non-zero entries are in a single row in which the entry corresponding to the input to be removed takes
value —v and the entries corresponding to another input with d outputs has entries (v,v,...,v).] Once all the
entries are zero the new Bell inequality is formed by removing all entries corresponding to the input.

Algorithm 4

This algorithm starts with a matrix representation B of a facet Bell inequality, and the scenario in which it was
found, S = [(nYy n% ... n}*) (nk n% ... n}EP)).

1. Set j =ma, "= S and B’ = B.
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2. Apply subalgorithm 1 to the j*® input of Alice.

3. If the output set O; is non-empty, update B’ by removing the entries in the matrix corresponding to the outputs
in set O; for the j*® input and update S’ by replacing n’, by n’y — |0}

4. If the 1 input of Alice has only one possible output, update B’ using subalgorithm 2 and update S’ by removing
n’y.

.Set j=45—1.

. Repeat steps 2-5 until j = 0.

. Set j =mp.

. Repeat steps 2-5, but with the roles of Alice and Bob interchanged, until 5 = 0.

© oo N o w

. Return B’ and §5’.

This algorithm will return a facet Bell inequality B’ and a new scenario S’ reduced such that B’ contains no lifted
inputs and outputs, and hence S’ is the smallest scenario for which B can be formed from a lifting. Note also that
the local bounds for B and B’ are the same and that if B has all positive entries, so does B’.
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