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Abstract

Using Sklyanin’s classical theory of integrable boundary conditions, we use the Hamiltonian approach
to derive new integrable boundary conditions for the Ablowitz—Ladik model on the finite and half infinite
lattice. In the case of half infinite lattice, the special and new emphasis of this paper is to connect directly
the Hamiltonian approach, based on the classical 7-matrix, with the zero curvature representation and Béck-
lund transformation approach that allows one to implement a nonlinear mirror image method and construct
explicit solutions. It is shown that for our boundary conditions, which generalise (discrete) Robin bound-
ary conditions, a nontrivial extension of the known mirror image method to what we call time-dependent
boundary conditions is needed. A careful discussion of this extension is given and is facilitated by introduc-
ing the notion of intrinsic and extrinsic picture for describing boundary conditions. This gives the specific
link between Sklyanin’s reflection matrices and Bicklund transformations combined with folding, in the
case of non-diagonal reflection matrices. All our results reproduce the known Robin boundary conditions
setup as a special case: the diagonal case. Explicit formulas for constructing multisoliton solutions on the
half-lattice with our time-dependent boundary conditions are given and some examples are plotted.
© 2019 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
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1. Introduction

The problem of formulating integrable partial differential equations (PDEs) on finite or half-
infinite intervals appeared very soon after the discovery of the Inverse Scattering Method (ISM)
[1,2], in [3]. However, this did not address, in the context of boundary conditions, one of the
most important aspects of integrable systems: the fact that integrable PDEs (in 1 4 1 dimensions)
are (infinite-dimensional) Hamiltonian systems. Sklyanin’s seminal work [4] paved the way to a
framework that tackles boundary conditions in integrable classical systems both from the point
of view of ISM and of Hamiltonian theory.! The PDE point of view seems to have prevailed
however until recently and developed into the so-called nonlinear mirror image method, follow-
ing the initial impetus of [5—8] and revived more recently e.g. in [9—11]. Note also a new related
angle on the question, called boundary dressing, which appeared in [12,13]. The key tools of that
method are Bécklund transformation and a special folding symmetry.

On the one hand, the Hamiltonian approach to integrable boundary conditions rests upon the
classical reflection equation which describes the allowed boundary conditions via its solutions:
the reflection matrices. The latter are conditioned by the classical r-matrix [14,15] of the model
under consideration. On the other hand, the nonlinear mirror image approach relies on the use
of a Bicklund matrix which satisfies what we could call a boundary zero curvature equation.
Both aspects are contained in [4]. However, a thorough analysis of the class of solutions allowed
by one or the other method shows that the reflection equation admit more general solutions
(non-diagonal reflection matrices) than the boundary zero curvature equation. This begged the
question: why such a discrepancy and how can we resolve it? This question was the motivation
behind [16] where a detailed answer was provided. The non-diagonal reflection matrices can be
cast into a boundary zero curvature form provided a time dependent term is included. This time-
dependent term is in fact the time derivative of the reflection matrix itself. In other words, the way
out of this discrepancy is to consider a time-dependent version of reflection matrices. This was
of course well-known in the Hamiltonian setup where they appear as solution of the so-called
dynamical reflection equation [17]. As it turns out, the time-dependent boundary zero curvature
equation has also appeared before in the literature but its direct connection with Hamiltonian
setup was not understood. Rather, some a posteriori checks were performed in some instances
(see e.g. [18,19] and references therein for this point of view).

The main aim of the present paper is to follow the general results obtained in [16] and illustrate
them in full detail on the example of the Ablowitz—Ladik (AL) model [20]. In doing so, we
actually find new integrable boundary conditions for the AL model. In fact, we work with a more
general Ablowitz—Ladik-type model which depends on three arbitrary parameters, see e.g. [21].
For special values of the parameters, one can recover the usual AL model or a discrete modified
Korteweg-de Vries model. Our approach is as follows. Starting from the Hamiltonian approach,
we obtain the general non-diagonal solution of Sklyanin’s classical reflection equation and show
how to derive the (boundary) zero curvature equations. Our results contain the case of (discrete)
Robin boundary conditions treated previously in [22] as a particular case. Using the method
introduced in [23], we compute the Lax pair for the model on the finite lattice. We then make
the explicit connection with the nonlinear mirror image method for our new integrable boundary
conditions. To facilitate the transition, we introduce the notion of intrinsic and extrinsic picture
for describing integrable boundary conditions. They are related by a local gauge transformation

1 We do not mention quantum integrable boundary conditions here. The literature is so vast that even an attempt at
surveying the main results would take us to far astray.



V. Caudprelier, N. Crampé / Nuclear Physics B 946 (2019) 114720 3

which realises the transition from the time-independent form of the boundary zero curvature
equation (intrinsic picture) to its time-dependent form (extrinsic picture). Once in the extrinsic
picture, we are able to use the ideas of the nonlinear mirror image method and to implement them
in our case. Explicit formulas for multisolitons solutions in the presence of our new integrable
boundary conditions are provided via symmetries on the scattering data coming from the folding
procedure.

In Section 2, we review the classical r-matrix approach for the Ablowitz—Ladik (AL) model
with periodic boundary conditions in order to introduce the required notations and tools. Note
that we obtain different results from the standard ones as we use a more convenient normalisation
for the Lax matrix of AL. We recall the notion of monodromy and transfer matrices and how one
can derive the Lax pair and the zero curvature representation of the equations of motions from the
Hamiltonian formalism. In Section 3, the necessary modifications to the r-matrix approach, as
proposed in [4], are implemented for AL on the finite chain with integrable boundary conditions
in our normalisation. We derive a general reflection matrix, obtain the corresponding equations of
motion on the open interval, first as Hamiltonian equations of motion and then as a zero curvature
equation for an appropriately modified Lax pair, to take the boundary conditions into account.
In section 4, we introduce the notion of intrinsic and extrinsic picture for boundary conditions.
It is first illustrate for the case of (discrete) Robin boundary conditions and then implemented
for our more general case. The time-dependent form of our new boundary conditions is then
obtained. In Section 5, the Lax pair and (boundary) zero curvature representation of the model
with boundary conditions are derived from the Hamiltonian approach. The extrinsic picture is
described in this setup, which allows us to make the connection with the nonlinear mirror image
method. In Section 6, the results of the previous section are used to construct explicit solutions,
in particular multisoliton solutions (see Proposition 6.3), for the problem on the half-lattice with
our integrable boundary conditions. We restrict our attention to the discrete NLS reduction in
the focusing regime and implement the nonlinear mirror image method. Some conclusions are
gathered in the last section.

2. Ablowitz-Ladik model with periodic boundary conditions
2.1. Transfer matrix formalism and integrable Hamiltonian

The classical r-matrix approach provides a neat and powerful formalism to present the Hamil-
tonian formulation of integrable systems. It also allows one to derive the time Lax matrix and the
zero curvature representation as Hamilton’s equations. In this section, we follow the well-known
method (see e.g. [24]) and adapt it to the Ablowitz—Ladik model. We stress that the explicit re-
sults are actually new since we use a different normalisation of the Lax pair, which turns out to
change the r-matrix underlying the model. In particular, the Liouville integrability of the general
AL system (2.22)-(2.23) below is established for the first time here to the best of our knowledge.
The normalisation we use was studied in [21] where it was advocated to be better than the tradi-
tional one as it produces a Lax pair with appealing algebraic properties. We will see throughout
this paper that indeed, this normalisation is superior for various reasons.

The starting point of the classical r-matrix approach to Hamiltonian integrable lattice models
is the so-called Lax matrix £(j, z), where j is an integer associated to a site in the chain and z
is the spectral parameter, which is assumed to obey the following quadratic ultralocal Poisson
algebra

{la(jow) , Lp(k,2)} =38k [rap(w/2) , La(j, w)lp(k,2) ], 2.1)
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which we consider in C? ® C? here. This Poisson algebra encodes the Poisson brackets used on
the phase space of the model. The standard auxiliary space notation has been used here

ba=LRI, (,=1®¢,
2
{ea(j» w) ) Eb(ka Z)} = Z {Emn(ja w) ) qu (k’ Z)} Emn ® qu ’ (22)
m,n,p,q=1

where I is the 2 x 2 identity matrix, E,,, is the canonical basis of 2 x 2 matrices and £""(j, w)
are the entries of the matrix £(j, z). The classical r-matrix rgp, is a 4 x 4 matrix. For the Ablowiz-
Ladik model we take

0(j,2)= (2.3)

NETACR
1— q;rj rj 1/ z)
Notice the extra factor in front of the matrix which ensures that det £(j, z) = 1. With this choice,
one can check that having the r-matrix in (2.1) of the form

241 0 0 0
i 0 0 2z 0

r(z) = 2(1—_12) 0 22 0 0 2.4)
0 0 0 zZ22+1

is equivalent to the following Poisson brackets on the fields

{gj » gqr}={rj, nc}=0 and {gj, i} =i8j (1 —qpry) . 2.5)
These are the standard AL brackets. The r-matrix (2.4) is skew-symmetric

rab(W) = —rpa(1/w) (2.6)
and satisfies the classical Yang-Baxter equation

[Fac(w/v) , Tpe(z/V)] + [rap(W/2) , Fac(W/V)] + [rap(w/2) , 1pe(z/v)]=0. 2.7

These two properties ensure that the Poisson bracket defined by (2.1) is antisymmetric and sat-
isfies the Jacobi property. In addition to these properties, the r-matrix (2.4) is symmetric in the
auxiliary spaces

Fap (W) =1pg (W) . (2.8)

Remark 1. There is a one-parameter family of normalisations for £(j, z):

i N (l—ar (%
(VG =0=g;r) (rj 1/Z> : (29)
for all s € R. It is still possible to find an r-matrix for each s
241 0 0 0
i 2
Oy — L 0 (I+29)(z"—1 2z 0 510
r@ 2(1 —22) 0 2z (1+25)(1=2z% 0 (2.10)
0 0 0 241

The case s = 0 corresponds to the normalisation which is most often used for the AL model. In
the present paper, we use s = —1/2 which is the particular value for which ) simplifies nicely
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and enjoys the additional property (2.8) of being symmetric. This is another argument in favour
of this particular normalisation, in addition to those advocated in [21].

The Hamiltonian of the model on N + 1 sites (and all conserved quantities) can be obtained
by defining the so-called single-row monodromy matrix

Ly(z) =€4(N,2)la(N —1,2)...£4(1,2)€4(0, z), 2.11)

and the associated single-row transfer matrix

t(z) =trqLq(2) (2.12)

Then, one shows that the following holds

{La(w), Lp(2)} = [rap(w/2) , La(w) Lp(2)], (2.13)
{t(w), ()} =0. (2.14)

The second relation allows us to take t(w) as the generating function in w of elements Z in
involution:

N+1
t(z) = Z I(—N+2j—1)Z—N+2j—1 (2.15)
=0

Let us introduce

N 1
C=[] ——. (2.16)

1—gqjr;

Then, by direct calculation, one shows that

TW+D — 7N=-D _ ¢ (2.17)
N N

I(N_l):Cerqj_,_l and I(_N+1):CZerj+1 (2.18)
j=0 j=0

where we have used the conventions gy+1 = qo and ry41 = rp.
Let us introduce the Ablowitz—Ladik type Hamiltonian as the following combination of ele-
ments in involution

H=-2aC'ZN=D _28c~17CN+D _ 4y 1InC
N
=22(—Wﬂj+1—ﬁq/'rj+1+l/ln(1—61jrj))- (2.19)
j=0

We associate to the Hamiltonian H a time evolution according to
o -={H, -}. (2.20)

With this choice, the equations of motion introduced in [21] appear as Hamilton’s equations for
the fields g, r; contained in £(j, z)

9 €(j,2) ={H, £(j,2)}, (2.21)
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i.e. explicitly, for j =0,1,..., N,

qj =2i(aqjr1+vq;+Bgj-1 —qjrj@qjt1+ Bgj-1) (2.22)
f‘j = —Zi(ﬂrj_H +yrjtoarj_1— quj(otrj_1 + ﬂl’j+1)) , (2.23)

together with periodic boundary conditions gy+1 = qo, 'N+1 =70, g—1 =gn and r_| =ry.
Since these equations of motion derive from the Hamiltonian H which was constructed from the
transfer matrix t(z), this proves the Liouville integrability of the model with periodic boundary
conditions.

The Ablowitz—Ladik equations are recovered for o« = g = % and y = —1. With the additional
reduction r; = vq;‘f (v = %1), equations of motion (2.22) and (2.23) becomes the ones of the
(integrable) discrete nonlinear Schrodinger equation

Gj=i(gj+1—2q; +qj-1 —vlg;I*(@jr1+q;-1) - (2.24)

Fora=—-8= ’7 and y = 0 with the reduction g; = vr; (and v = %1 and g, real), we recover
the equations of motion of the discrete modified Korteweg-de Vries equation given by

4j=qj-1 — qj+1 a3 (@j+1 — qj-1) - (2.25)
2.2. Lax pair associated to the Ablowitz—Ladik chain

It is one of the remarkable features of the »-matrix approach that instead of guessing a Lax pair
for a given system of equations, one can derive the time Lax matrix A(j, z) from the knowledge
of the space Lax matrix £(j,z) and its associated r-matrix.” The zero-curvature form of the
equations of motion (or compatibility condition of the Lax pair) is also a by product of this
approach. We implement this for the AL chain in the present normalisation. In particular, we will
derive the Lax matrix A(j, z) given in [21].

Let us define the partial monodromy for n > m

L,(n,m,z)=L,(n,2)lg(n—1,2)...L,(m, 7). (2.26)

We use the convention L(n — 1,n,z) = I and obviously one gets L(N, 0, z) = L(z). Following
[15,25], one defines, for j =0,..., N + 1,

ﬁb(j,w,Z)Ztra(La(N,j, w) rab(w_z) La(] - 170’ w)) (227)

To simplify the expansion in terms of the spectral parameter w, we introduce a regularized ver-
sion of M (j, w, z) as

— — 1 —
M@j,w,z) =M(j,w,2) - resy—M(j, w,z) — w+zresw=sz(j,w,Z)- (2.28)

The matrix M (j, w, z) is the generating function in w of the matrices M (j, z)

N+1
M(j,w,2) =) MENTID( yu N (2.29)
j=0

2 1In fact, one can derive all the Lax matrices A J, 2) corresponding to the commuting higher flows but that will not
be used here.
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In particular, one gets

(=N-1) - —i 00
) iC (qi_1ri 291
BN+ : :l_< j=1rj J 2.31
(J,2) 5 2r; z+z22§:oqprp+1 -
. N
M(1v-1)(j,z)=_£(2Z2+szorpqurl e ) o
) 2zrj_ Fj—14j
(N+D) ——i ¢ o
" (]’ Z) _ : (O 0) (233)

Using relation (2.1), one proves

{tw), £(j, )} =M{G + 1, w,2)€(j,2) —L(J, 20 M(j, w, z) . (2.34)

Comparing with the expansion (2.15) for t, this shows how the matrices M " (}, z) are associated
to the charges ZV. Indeed, by expanding relation (2.34) with respect to w, one gets

{ZW, 0, 2)y =M™ (G +1,2)L(j,2) — £, DM ™ (j, w, 2) . (2.35)

Remark 2. We see that the explicit form of the matrices M EN=D(j 72y and MNV+D(, 2) given
by (2.30) and (2.33) are different whereas the corresponding charges Z(-V =D and ZWV+D are
equal to C. This apparent contradiction is solved by noting that we can always add to any
M®™(j,z) a matrix proportional to the identity matrix and independent of the site j. In the
following, we will use M =N~ (j, z) or MN+D(j, z) for the charges C.

In particular, in view of the expression (2.19) of H in terms of the ZM’s. we obtain

{H,0(j,2)} = =2(C" TV 0(j,2)} = 2B{CT TN €(j, 2)} — 4y {InC, £(j, 2)} -

(2.36)
Using the Leibniz rule and relation (2.35), this becomes
{H,£(j,2)} = A( + 1, 2L(j,2) —€(j, DA, w, 2) (2.37)
where we have defined
A9 = %( —aM™ D (j.2) + @MV — )MV o) (2.38)

—BMTNID () 4 (BZENTDC — )M TN, z)) +i(az?— Z‘%n .

The last term in (2.38) is irrelevant in (2.37) but allows us to obtain that A(j, z) be traceless. By
using the explicit forms of the matrices M ™ (j, z) given by (2.30)-(2.33), we obtain

o e s 2
AG ) =iw@o +i [ Pri%i=t 7 A S A (2.39)
2(¥er71 — =T ﬂrjqj,1+(¥quj,1

where o3 is the Pauli matrix and

B

w@) =a’+y+ EE (2.40)
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This concludes our derivation of the time Lax matrix A(j, z) given in [21]. Equation (2.37) now
yields the zero curvature representation of (2.21)
0:0(j,2) =A( + 1,2€(j,2) —£(j,2)A(j, 2) - (2.41)

In other words, the pair (€(J, z), A(J, z)) is a Lax pair for the system under consideration.
2.3. Bdcklund transformation

It is well-known that the existence of the Lax pair (£(J, z), A(J, z)) satisfying the zero curva-
ture equation allows one to write a consistent auxiliary problem for the 2 x 2 matrix ¢ (j, t, z):

¢(+1.1.2)=L(j.2)9(.1.2), (2.42)
Wp(j.1.2) =A(,2) (.1, 2). (2.43)

For later purposes, it is important to notice that two solutions of the equations of motion
can be associated by a Bicklund transformation. Such a transformation has a representation at
the level of the Lax pair (gauge transformation) and at the level of the wavefunction (Darboux
transformation). For convenience, we will stick to the name Bicklund transformation for all these
different aspects of these transformations. Suppose that we have two solutions g, 7; and g;, 7
such that there exists a matrix B(J, ¢, z) satisfying

B(j,1,20¢(j. t,2) = (j,1,2), (2.44)

where 5( J»t,z) stands for the wavefunction of (2.42)-(2.43) associated with the fields g;,7;.
The matrix B(J, t, z) realises a Backlund transformatiog. The consistency of relation (2.44) with
the auxiliary problems (2.42)-(2.43) for ¢ (j, t, z) and ¢(J, ¢, z) leads to the following equations
for B(j,1,2)

B(j+1,1,2€(j,z)=4€(j,2)B(j.t,2), (2.45)
9 B(j,1,2) = A(j, 2)B(j,1,2) — B(j,1,2)A(j, 2) . (2.46)

It is easy to see that the system of the above equations is equivalent to equation (2.45) for all j
and equation (2.46) only for one given position jy, since (£(j, z), A(j, z)) and (Z(j, 2), K(j, 2))
satisfy the zero curvature condition. Then, to obtain the admissible Bicklund transformation, we
must first solve equation (2.45). The following Lemma gives one such solution that will be used
below. We will deal with (2.46) in Section 5.2.

Lemma 2.1. The matrix
1
1, 8 Iz f2,.
Bao=| LitE LI
~ 85
gt AT
1 ~
+ x_f ( % —4j-1 )
2 \=rj=2rj(l—qjry)  2rjgj-

2 ~
X~ Zr‘ . i
+ é( jqj—1 qj 1>

2\F+ a0 —g7) 1

q;7i-1 qj1(0—r;q;)
2.2 - -4 — =
+Z yj ~Z q] ZZ
—Fi1 7
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~ | gi+1(0-7q95)
21 ¢ 4t T
+z7y; (r Girj ) ) (2.47)

]_1 Z

is a solution of relation (2.45) if the functions x}, sz., y}, yjz, gjl., g?, fj1 and sz satisfy

yl x2
1 1 2 2 1 j 2 J
Nt =XjSj s Vi =S Y = X = (2.48)
j
L= (Mgt — G~ 2.49
fivmi=U; +yilgjrj-1 CI/-H”/))S‘ (2.49)
j
I S P VN 2.50
gj+1_(gj+-xj(qj—1rj quj+1))S. (2.50)
j
gjv1 = (8] +x;(qj—17j —qjrjt1)s; (2.51)
fro =7+ 9@ T —qjar))s) (2.52)
where s; = i::: Z-; and the fields are constrained by
£ = fiaj = viaja (U =a;rp) +y]@jn (1 = 4;7)
j4J ]QJ y]q]+1 q;jrj yjq]+] q;rj
=87qj-1—8jdj—1 —XjG;2(1 =171 +xiqj2(1 —qj_1rj_1) (2.53)
g7 — &jri = xjriv1( = q;ry) +x371(1 = ;7))
=firi-1— fj27j71 —yiFj 2l =G 1Fj-) +yjrj2(l —qj-1rj1) (2.54)

Proof. The proof is done by direct computation by inserting expression (2.47) into (2.45) and
matching the powers of the spectral parameter z. O

In the solution for the Béacklund matrix given in the previous lemma, there are 8 free parame-
ters which we can take to be for example fol, foz, g(l), g(z), xé, x(z), yé and yg. These are determined
by fixing B(0, ¢, z). For xé = xé = yé = yg =0, one gets x| = xjg =yl= yj2. =0 and we recover
the result of [22], up to slight modifications due to the different choice of normalisation of the
matrices £(j, z).

3. Integrable Ablowitz—Ladik model on the finite lattice
3.1. Double-row transfer matrix

To consider open finite chains with integrable boundary conditions, one needs to modify the
single-row method of the previous section. In his seminal work, Sklyanin [4] proposed to con-
sider the so-called double-row transfer matrix instead of the single-row transfer matrix (2.11). It
is defined by

b(z) =ty (kf (2)La(2))  with La(z) = La(@k; (2)La(r(z) 7", (3.1)

where L,(z) is defined as in (2.12). The matrices k*(u) are reflection matrices describing the
boundary conditions at both ends of the finite chain and t is a function of the spectral parameter
that depends on the model. In our case,
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1
T(2) = \/g = (3.2)

Let us emphasize that 7 is chosen so that w(7(z)) = w(z) where w is given by (2.40) and that
7(7(2)) = z. In the historical paper [4], a simpler involution 7(z) = 1/z was used but we must
generalize that construction to find integrable boundary conditions for any « and 8. The matrices
k™ () and k(7 (z)) are required to be solutions of the reflection equation

Yab ( - ) ka(w)kp(2) + ka(w) kp(2)rap ( (( ))>

— ka(w)rap (@)kb(m kb(z)rab( ())k(uo (33)

These equations ensure that IL,(z) satisfies the so-called dynamical reflection equation

{La(w), JLb(z)}—rab( )]L (w)Lb(Z)+La(w)Lb(Z)rab< ((w))>

T(w)
—Lg(w)rap ( - ) Lp(2) — Lp(2)rap ( @ )> La(w), 34
which in turn allows one to prove the analog of the important result (2.14) for b(u) i.e.

{b(z), b(w)} =0. (3.5

We take the following solutions of (3.3) as our reflection matrices

az+ L c ( 2 \/E - iﬁ) 0
k™(z) = “ta TV , k+<Z>=<Z 1 ﬂ) (3.6)
a(2-2) N ENE
fal*d zV o JaB
where a, b, ¢ and d are arbitrary parameters. The matrix k™ (z) is the most general solution
of the reflection equation (up to an irrelevant overall scaling). As we shall see, it describes the
boundary conditions at the “origin”. The matrix k™ (z) describes the vanishing of the fields at the
site N + 1 and is chosen for simplicity here. In particular, this choice allows us to consider the
“half-line” problem with vanishing fields at infinity, simply by taking N to infinity. Those choices
are already general enough to obtain new integrable boundary conditions for the Ablowitz—Ladik
model on the half-line which contain the (discrete) Robin boundary condition as a particular case.
The expansion of the double-row transfer matrix b(z) (3.1) is written as follows

1O IeY

b(z) = 2N+ + 2N+2

+... (3.7

From relation (3.5), we deduce that {I™, 1P} = 0. Upon inspection of the bulk terms, we define
the Hamiltonian by the following combination of the previous charges:

]I(l) o N/243 0
=—2B7G —2rin (3) 1) . (3.8)

By using the explicit form of b(z), we can show that the Hamiltonian is given explicitly by

N—-1 N

H=-2) (arjgjs1 +Bajrj+1) +2y Y _In(l —q;r;) +B(go, 70, q1,71) (3.9)
j=0 j=0
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with

1— b+adq —
B(qo, 70, 41, 71) _ U =90 +adq — fery) — 2y 1n(a +dqo — cro) . (3.10)
a+dgo—crg

Comparing with (2.19), we see that the effect of the boundary is contained in B and involves the
two neighbouring sites j =0, 1 of the origin. From now on, the time evolution is associated to
this Hamiltonian H by

0 - ={H, -}. (3.11)

Then, the Hamilton’s equations of motion can be computed using (2.5). Explicitly, on the left
boundary they read

go = 2i (aq1 + yqo — aqoroqi

1— c—aqy—dg?) (b +adg; — Ber
qoro ( q0 — dqy)( q1 — Ber) Ve (3.12)
a-+dqgo—crg a+dgo—crg
ro=—2i (Br1+yro— Bqorori
1— d+ary—cr?)(b + adq; — Ber
_ qoro ( 0 0)( q1 — Bery) v (3.13)
a-+dqgo—crg a+dgo—cro
. ) c(1 —qoro)(1 —q1r1)
G1=2i (aqz T yar + Bao — qir (g + o) — L4 1 (3.14)
a-+dqo—crg
ad(l — qorg)(1 — q1r
Fp=-=2i <ﬂr2 +yri+arg—qiri(aro + pr2) + S ] 1)> (.15)
a—+dgo—crg
while in the bulk they are given by, for j =2,3..., N — 1,
qj =2i(aqj1+vq; +Bgj-1 —qjrj(@qj+1 + Bgj-1)) (3.16)
Fj==2i(Briq1+yrj+arj_1 —qjrjlarj—1 + Brjs1)) (3.17)
and on the right boundary, we have
gy =2i(yqn + Ban-1 — Banrngn-1) (3.18)
N = —21'(er +ary_1 — ONINVNVN—I)- (3.19)

The equations of motion on the finite lattice come from the Hamiltonian (3.8) which was ex-
tracted from the transfer matrix b(z). This gives a proof that they are integrable in the sense of
Liouville. We now turn to the derivation of the time Lax matrix producing these on the finite
open lattice.

3.2. Double-row Lax pair

Recall that using the r-matrix approach, we can derive the time Lax matrices for all the time
flows associated to the Lax matrix £(j, z) via its single-row transfer matrix, as well as the corre-
sponding zero curvature equations reproducing Hamilton’s equations of motion. The same holds
true for models with boundaries but, of course, one has to modify formulas (2.27) and (2.28) to
take into account the presence of integrable boundaries, as dictated by the double-row transfer
matrix. Following the construction of [23], we define, for j =0,1,..., N + 1,
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M (j, w, z)

=1ra (kj(w) Lo(N, j,w) rap (%) La(j = 1,0,w) k; (w) La(t(w)™" )

=t (K ) Law) kg ) 206G = 1,000 v (T2 ) Lo o)
(3.20)
These matrices satisfy the following property [23]
{bw), €a(j, )} =Ma(j + 1, w, 2)la(j, 2) = a(j, D)Ma(j, w, 2) . (3.21)

Note that the proof of [23] must be adapted here to take in account our involution 7. In [16],
it was shown that M(j, w, z) satisfies two other equations which are of crucial importance for
describing integrable boundary conditions in a zero curvature representation

ML, (0, w, 2)k; (2) — k; ()M (0, w, 7(2)) =0 (3.22)
Mg (N + 1, w, 7(2)ky (2) — kg (2)Ma(N +1,w,2) =0 (3.23)

Writing the expansion of M(j, w, z) as

1
——MOj, 2) + MO G2+ ... (3.24)

1
w2N+4 w2N+2

and expanding (3.21), (3.22) and (3.23) w.r.t. w in accordance with expression (3.8) for H in
terms of the expansion of b(u), we can derive the following

0 £(j,2) ={H, £(j, )} =AG + 1,2)£(j,2) — £(j, 2)A(], 2) (3.25)
9 kT (2)=0=A(0,2) k™ (z) — k™ (2) A0, 7(2)) (3.26)
B kT (@) =0=AWN+1,7@) kT (2) —kT(2) AN+ 1,2) (3.27)

where

. M®(j, z) 1D MO, z) MO, z)

+in(), (3.28)

where w(z) is given by (2.40). The zero curvature equations (3.25)-(3.27) are invariant by adding
a term to A(J, z) which is proportional to the identity, is independent of j and is invariant un-
der z — t(z). We use this freedom in (3.28) to add iw(z) and make A(j, z) traceless. Then
(£(j, z), A(j, z)) is an adequate Lax pair associated with the AL model with integrable boundary
conditions determined by the matrices k®(z). The status of relations (3.26)-(3.27) is discussed in
detail in [16].

Upon performing the explicit computations of the matrices M (j, z), M (}, z), we find
that the matrices A(j, z) for j =2, ..., N have exactly the same form as the ones with periodic
boundary condition. Namely, one gets

. . fw@) —agiri—1 — Bqi—1rj 2aqjz—2Bqj-1/z
A —A — i j=1rj J J
2= 40,9 =1 ( 2arj_1z = 2Prj/z —0@)+aq;rj-1+pqj-1r;

(3.29)

However, the matrices A (0, z) and A (1, z) are different
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. l—qoro  (Ber) —adq Be/z
A(l,z) = A(, _ 3.30
(1,2) ( Z)+ldqo—cro+a < wdz wdas - per, (3.30)
and
i (I —qoro)(b + adq — Bcry) a 2c/z
A@©O,7) = —7—— — 3.31
©.2) a+dqgy— cro {(a)(z) a-+dqo—cro ) <2dz —a (3-31)
b 1+qor0o  2q0/z
—2}’02 —-1- qoro

B <(CV0 +dqo)(az® — B/z%)  2a(c —aqo+cqoro)z )}
2B(d +arg +dqoro)/z  (cro+dqo)(B/* —azh) )| -

Similarly, the matrix A(N + 1, z) is also different from the bulk one and is given by

A(N+1,z):i( (2) _zﬁ‘m/z> . (3.32)

2aryz —w(2)

This is the signature on the Lax matrices of the presence of boundary conditions. These explicit
expressions can of course be used to check directly the validity of (3.26)-(3.27) and the equiva-
lence between (3.25) and (3.12)-(3.19).

4. Ablowitz-Ladik model on the half-infinite lattice with time-dependent integrable
boundary conditions

4.1. Intrinsic vs extrinsic picture for boundary conditions

4.1.1. Illustrating the idea on Robin boundary conditions

The reader familiar with integrable chain models on a finite interval will be perfectly content
with the intrinsic representation of the boundary conditions at the end of the interval within the
equations of motion as in (3.12)-(3.19). However, the reader who is more familiar with inte-
grable PDEs on the finite interval (or half-line) might be more used to an extrinsic representation
of the problem in the form of a bulk equation of motion valid for all values of the space coordi-
nates supplemented by a condition on the field (and spatial derivatives) at the coordinate of the
boundary.

To clarify what we mean, let us first consider (3.12)-(3.19) in the case ¢ = d = 0, which
corresponding the (discrete) Robin condition on the left boundary as we will see. The intrinsic
picture is given by eqs (3.12)-(3.19) which boil down to the equations in the bulk, now valid for
j=1,...,N,

qj =2i(aqj+1+vqj+Bqj-1 —q;rj(Bgj—1+aqji1) 4.1
Fj==2i(Brjy1+yrj+arj_1 —q;rjlarj—1+ prj+1)), (4.2)
the equations at the left boundary,

. . b
qo = 2i(aq1 + Yq0 — aqoroq1 — ;(1 —q0r0)q0) 4.3)

. . b
ro =—2i(Bri+yro— Bqoror: — o (1= qoro)ro) (4.4)

and the ones at the right boundary,
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Gn =2i(yqn + Ban—1 — Banrngn—1) (4.5)
N = —Zi(er +ary—1— OqurNerl). (4.6)

We see that the equations at j =0 and at j = N are different from the naive continuation of the
bulk equations for j =1,...,N —1to j =0 or j = N. In the extrinsic picture, the idea is to
enforce this continuation and to think of the boundaries as sitting at j = —1and j =N 4 1. To
produce a system of equation equivalent to the one above, we introduce the value of the fields
q-1,7-1, gn+1 and ry41 at these sites such that the bulk equations of motion are the same for
all j=0,...,N

qj =2i(aqj+1+vqj+Bgj-1 —qjrj(Bgj—1+aqj+1)) 4.7
rj==2i(Brj1 +yri+arj_1—qjrjlarj_1 + Brjs1)). 4.8)

Then, at j = 0, the equivalence with the intrinsic picture is restored when imposing the boundary
conditions

b b
Bg-1+ 40 =0, ar_1+ 0= 0. (4.9)

In the discrete NLS case @« = B = 1/2, these are known to be the discrete analog of the Robin
boundary conditions, as studied e.g. in [22]. At j = N, the equivalence with the intrinsic picture
is obtained by setting

gn+1=0, ry4+1=0, (4.10)

which are Dirichlet boundary conditions.

In the rest of the paper, we keep these conditions on the right boundary and send N — oo to
consider the system on the half-infinite lattice with zero boundary conditions at infinity. We also
restore ¢, d # 0 in order to consider our general boundary conditions in the extrinsic picture.

4.1.2. From intrinsic to extrinsic for our general boundary conditions: emergence of
time-dependent boundary conditions

Motivated by this discussion, we would like to interpret our more general intrinsic equations
(3.12)-(3.19) from the extrinsic point of view, in the case of arbitrary parameters a, b, c, d.
A difficulty arises since the intrinsic equations of motion are modified both on site j = 0 and
Jj = 1 so that an interpretation via a boundary sitting at j = —1 together with a condition relating
the values of the fields at j = —1 and j = 0 is not clear. To circumvent this problem, it is
convenient to perform a change of variables. Let us define the new fields

c(qoro — 1) d(qoro — 1) .
= —— Ry=rg———, i=qi, Ri=r;j, j>1.
Qo 6IO‘i‘a_'_qu_cro 0=T10 @+ dqo — ¢ro Qj qj j=Trjs J
4.11)
The inversion of the change of variables (4.11) gives
1
=003 (a +4cd(1 — OoRo) +a2) and
1
ro=Ro+ 5 (a +/4cd(1 — QoRo) + a2> . (4.12)
c

In these new variables, the equations of motion for j > 1 read
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Qj=2i(¢Qjs1+vQj+BQj-1— QjR;@Qj+1 + Q1) 4.13)
Rj = —2i(,3Rj+1 +yRj+aR; 1 — QjRj(aR;_ +f3Rj+1)) . (4.14)

In particular, the equation of motion at the site j = 1 has now the same form as the other ones
in the bulk. Therefore, after this transformation, all the effect of the boundary is carried by the
equations of motion at site 0, similarly to the Robin case (4.1)-(4.4). It remains to go over the
extrinsic picture by introducing the values of the fields Q_; and R_; in such a way that the
bulk equations of motion are formally the same for all j > 0 and are supplemented by boundary
conditions involving Q_1 and R_; and neighbouring sites.

The time derivative of Q¢ and Ry are easily computed

S ; N _ . 2 -

Co=do+ (g5 (@ am — eriio = (e~ ago — daio) (4.15)

Romip— — 4 ((d +arg — crd)do — (¢ — ago — dqg)r'o) . (4.16)
(a+dqo — cro)?

Then, by using the equations of motion (3.12) and (3.13), the previous relations can be written

Qo=2i<aQ1+VQo—aQoRoQ1

n (1 — goro) (eeedqi (1 — qoro) + b(c — ago — dqé))) )
(a +dgg — crg)?
Ry =—2i (ﬁR1 +yRo—BQoRoR;
(1 — qoro)(Bedri (1 — goro) — b(d + arp — Crg))>
4.1
" (a+dqo — cro)? (4.18)

In view of this, the equations of motion at the site O for Qg and R can be written as the equation
of motion in the bulk (4.13)-(4.14) continued to j =0, i.e.:

Q0=2i (@Q1+yQo+BQO-1— QoRo(@Q1+BQ1)) (4.19)
Ro=—2i (BR1 +yRo+aR_; — QoRo(BR1 +aR_1)) (4.20)
provided Q_; and R_ satisfy the following conditions

o (@@ Q1 +bQo) <aj:\/4cd(1 - QoRo)+a2)

0_1=-01+ 2edB (1= OoRD 421)
g (@BRi+DbRy) (a + /4cd(1 — QoRo) + a2>

Roi=CRi+ . 4.22)
o 2cda(1 — QoRo)

We can summarize the previous discussion in the following proposition.

Proposition 4.1. The Hamilton equations of motion obtained from the Liouville integrable
Hamiltonian (3.9) are equivalent to the following equations in the extrinsic picture, for j > 0,

0 =2i(¢Qjy1 +yQj+BQj1— QjRj@Qj1+BQj-1), (4.23)
Rj =-2i (ﬂRj.H +¥YR;j+aRj_1 — QjRj(aR;j_1 + /3Rj+1)) , 4.24)
together with the boundary conditions (4.21) and (4.22), under the change of variables (4.11).
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Let us remark that the boundary conditions (4.21)-(4.22) depends on three sites —1,0 and 1.
However, by using equations of motion (4.23)-(4.24) at site 0, we can eliminate Q1 and R to
get boundary conditions depending only on the two sites —1 and 0. The time derivative of the
fields at the site O then appears. Namely, the boundary conditions (4.21)-(4.22) become

icd 0o+ (2ycd +ab T by/4ed(1 — QoRo) + a2> 0o

= , 425

0 2¢dB(1 = QoRo) (*25)
—icdRo+ (2ycd +ab T by/dcd(1 — QoRo) + a2) Ro

2cda(1 — QoRo)

R =

(4.26)

Due to the presence of the time derivative in the boundary conditions, we call them time-
dependent boundary conditions. This terminology has in fact a deeper root as will become clear
later on: the reflection matrix describing them is time-dependent. This has non-trivial conse-
quences on the implementation of the so-called nonlinear mirror image method which we address
below.

4.2. Reductions

The reduction of the previous equations of motion to get DNLS or DMKdV leads to some
constraints on the boundary parameters. For the DNLS (i.e. « =8 =1/2, y = —1 and R;f =
vQ ), the extrinsic equations of motion becomes

0;=i(0j+1-20;+ Q-1 — V| Q;1F(Qj41 + Qj-1), forj>0 4.27)

with the boundary conditions

@01 +2b00) (a +/4cd(1 — v|Qo%) +a2)

Q1=01+ 26d(1—v100P)

(4.28)

The parameters of the boundary satisfy a, b € R, ¢ = —vd*.
For the DMKAV (i.e.a =—B=i/2,y =0, R; =vQ; and R; € R), the extrinsic equations
of motion becomes

0j=0j1—-Qjn1+v03(Qjr1—Qj1). (4.29)

with the boundary conditions

a0, (a + JAcd(1 — v|Qol?) +a2>

Q-1=-1- 2¢d(1 —v[Qol?)

(4.30)

The parameters a, b, ¢, d of the boundary should all be real and satisfy ¢ = —vd, b =0.
5. Lax pair and zero curvature equations in the extrinsic picture

In view of the previous discussion, we need to establish the effect of going from intrinsic to
extrinsic picture on the results of Section 3.2.
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5.1. Change of variable, gauge transformation and extrinsic picture in the Lax pair
presentation

By using the change of variable (4.11), we get new expressions for the matrices A(j, z) for
=1

. fw@—aQjR;i1—BO; 1R, 200z —2B0j-1/z
A(]’Z)_l< 2aR;-12—2BR;/z —w(z)-l-OtQjle-i-,BQj]Rj)' SR

We see in particular that the Lax matrix A(1, z) on site j = 1 takes the same form as the bulk
ones A(j,z), j > 2. The same feature appears already in Section 4.1 where the equations of
motion on the site j = 1 becomes similar to the ones of the bulk after the change of variable.
However, even after the change of variables, the matrix A (0, z) still has a different structure from
the bulk ones. This is not compatible with the spirit of the extrinsic picture and we have seen that
introducing fields Q_1 and R_ satisfying appropriate boundary conditions (see (4.21)-(4.22))
allowed us to have equations of motion with the same form for all j > 0. Therefore, we would
like to introduce the same fields such that the Lax matrix A (0, z) is written as in the bulk, i.e.

. [w@) —aQoR 1 —-BO 1Ry 2000z —280-1/z
A0,2) =i ( 20R_1z —2BRo/z —a)(Z)-i-aQ()R_]-f-,BQ_lR()) ’ (52)

and such that the equation

AW,2) k() =k () A0, 7(2)) =0 (5.3)

is equivalent to the boundary conditions (4.21)-(4.22). However, for the generic boundary condi-
tions associated to k~(z), this procedure fails since A (0, z) given by (3.31) cannot be written in
the form (5.2). This is readily seen from the difference in the dependence on the spectral param-
eter z which cannot be accommodated by a constraint involving only fields. This is a feature of
our new boundary conditions. Indeed, for the particular choice of the Robin boundary conditions
(c =d =0), the passage to the extrinsic picture actually works and equation (5.3) with A (0, z)
given by (5.2) is equivalent to the Robin conditions (4.9). To overcome this problem for generic
boundary condition, we consider a gauge transformation G (z) concentrated at site 0 and defined
by

£(0,7)=£(0,2)G)~" LG, 2=0(,2) j>1, (5.4)
with, for j >0
. 1 z Qj)
L) = —— ) 55

We find that the gauge transformation is given in terms of the fields g and rg by

_ 1 a+dqo %
G = (a+dqo)(a—cro) +cd ( —dz a— C"O) ' (56)

Let us emphasize that since the gauge transformation depends on the fields gp and r, its time
derivative does not vanish. By injecting the gauge transformation for .Z(j, z) into the zero cur-
vature equation (3.25), one gets that the Lax matrices A(j, z) must be transformed to

70,2)=G@)G@) ' +G@AW0,)G)™", “(j,0)=A,2) j=>1. (5.7)
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The remarkable result is that (after some tedious computations) we can show that <7 (0, z) can
indeed be written as a Lax matrix of the same form as the bulk ones and takes the form (5.2)
where Q_| and R_; satisfies (4.21) and (4.22), as desired. Therefore, we have succeeded in
performing the transition from intrinsic to extrinsic picture consistently at the level of the Lax
pair:

(), 2), A(j,2) = (€, 2), 7 (j, 2)) - (5-8)

Perhaps the most important feature of this transition is the effect of the gauge transformation
on the boundary matrix k= (z)

k(@) > K (2)=GR) k() G(z(2) . (5.9)
It is explicitly given by
K ()= (“ng‘z miﬂ)
az ' Jop
(L - (axVacd(l-QoR) +a2) (L 0o /2
+ = ( TN ) _;O _Z\/é (5.10)

In turn this has a nontrivial impact on the boundary zero curvature equation (3.26) which now
reads

0 K (z2)=40,2)K™(z) — K™ (z) (0, t(2)). (5.11)

This equation is the main reason for calling these boundary conditions time-dependent: (5.11)
is the time-dependent generalisation of (3.26). Of course, it is not the first time that this equa-
tion appears in relation to integrable boundary conditions. However, as explained in [16] and as
illustrated on the AL model here, it is the first time that it is directly linked to the Hamiltonian
approach and that it appears as a necessity to give an extrinsic picture of boundary conditions
corresponding to the most general solutions of the reflection equation. Finally, we can now give
the extrinsic form of the equations of motion in the zero curvature representation.

Proposition 5.1. The equations of motion given by relations (4.13)-(4.14) for j > 0 and the
boundary conditions (4.21) and (4.22) are equivalent to

0 L(j,2)=A(+1,20ZL0j,2) = ZL(j, 2% (j,z), for j=0 (5.12)
0 K (0)=40,2)K™ (z2) — K™ (2) #(0,t(2)) . (5.13)

Proof. The procedure explained previously provides the proof that the equations of motion imply
the zero curvature representation. The implication in the other way is proven by direct computa-
tion. O

In other words, the boundary matrix K~ (z) is now dynamical and describes time-dependent
boundary conditions, even though the original boundary matrix k~(z) was non-dynamical. We
wish to stress at this point that this observation was one of the main motivation behind [16].
We see that if one want to consider the most general solution of the non-dynamical reflection
equation (3.3) and have an extrinsic interpretation of the boundary conditions, one is naturally
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led to consider the dynamical setting. It is at the basis of the long-standing discrepancy between
the classical r-matrix approach to boundary conditions and the zero curvature approach. This
was resolved in general in [16] and this paper is an explicit illustration of the process on the AL
model.

Another outstanding question at this stage is how to deal with our time-dependent boundary
conditions in the scheme of the so-called nonlinear mirror image. The latter has been well-known
since the early papers [5—8] where it appeared in connection with the use of Bécklund transfor-
mation together with a folding procedure. However, up to now, this scheme has only been use in
connection with the time-independent boundary zero curvature equation of the form (3.26). We
develop the time-dependent nonlinear mirror image method in two steps. In the next subsection,
we present the first step in implementing this approach with the view of constructing explicit
solutions: we embed (5.11) into a Bicklund transformation scheme coupled with a folding pre-
scription. Then, in Section 6, this is used in conjunction with the standard ISM framework to
construct explicit solutions of our AL model on the half-line with integrable boundary condi-
tions.

5.2. Auxiliary problem, Bdcklund transformation and nonlinear mirror image method

The zero curvature equations presented in Proposition 5.1 provide the consistency relations
for the following auxiliary problem for the 2 x 2 matrices ®(n, 1, 7)°

P(j+1,1,20)=2(j,2)P(.t,z), for j=0,1,... (5.14)

8[®(j, tv Z) = 'd(.lv Z)d)(], t, Z) ) forj =07 1’ e (515)

with the constraint

®0,1,z) = p(z) K™ (2) ®(0,1,7(2)). (5.16)

Here, p(z) is a function of the spectral parameter independent of n and ¢, chosen such that

P()p(T()K™ (K (t(2)) =1. (5.17)

The existence of such function can be shown but in the following we do not need its explicit
expression. We now show how this auxiliary problem arises from a Bicklund transformation by
using the nonlinear mirror image method. We start from two solutions (Q;, R;) and (@ s R i)
of the AL model on the full line (j € Z) such that they are related by the following folding
conditions

N g\ /2 5 o\ 172+
sz_(;> O_j-1, Rj=_<ﬁ) R_j_1. (5.18)

It is straightforward to show that this transformation leaves the equations of motion of the AL
model invariant. We have also the following properties on the Lax pair due to (5.18)

LGo=0" 2 —j-1,t@) I, (5.19)
A, 2)=J" d (—j,t(@) I, (5.20)

3 Inthe auxiliary problem approach that we set up now, the Lax pair depends on ¢ through the fields in the usual fashion
but we prefer to keep the Hamiltonian notation without mentioning ¢ explicitly in the Lax pair, for continuity of notations.
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where
o
J = 0“ — |- (5.21)
B

In particular, one gets
70,2 =0,7(2). (5.22)

Due to this symmetry on the Lax pair, we deduce that CTD( j.t,z)and J/ ®(—j, t,1(z)) are eigen-
vectors of the same auxiliary problem. Therefore, there exists a matrix M (z) independent of the
time and of the position such that

(j,t,2) =) D(—j,1,7(2)) M(2). (5.23)

We choose the normalisation of 5(j, t, z) such that M(z) = p(z) L. If we denote by B(j, 1, z)
the matrix realising the Bécklund transformation between both solutions,

B(j, t,2)®(j,t,2) =®(j,t,z), forjeZ (5.24)

then it must satisfy relations (2.45)-(2.46) for all j € Z. As in the periodic case equation (2.46)
taken at one particular value jo implies (2.46) for all j € Z. For jo = 0, one gets explicitly

8 B(0.1,2) = /(0,2)B(0.1,2) — B(0.1,.2)7(0.2) . (5.25)
By using (5.22), we see that relation (5.25) is similar to (5.13) and we can choose consistently
B(0,1,2) =K (2). (5.26)

This condition completely determines the Bicklund transformation (see below for the case stud-
ied here). Then, with the choice (5.26) of boundary condition for the Bicklund matrix, relation
(5.24) for j = 0 becomes (with the symmetry relation (5.23))

P()K(2)P(0,1,7(2)) = ©(0,7,2) . (5.27)

This is nothing but relation (5.16) and we conclude that the solution Q ; and R; satisfy the desired
boundary conditions encoded in (5.13). This shows that the folding procedure coupled with the
Bécklund transformation approach yields solutions of the equations of motion with the desired
integrable boundary conditions. It turns out that it also implies the following symmetry relation
on B(j,t,2):

Lemma 5.1. The Béicklund matrix B(j, t, z) in the folding procedure explained above satisfies

BN (—j,t,7(2) = p@)p(x(@) I/ B(j,1,2) /. (5.28)

Proof. By definition of B(j, t, z), we have

B(j,t,2)=®(j, 1,297 (j,1,2). (5.29)
From (5.23), it implies that
1 .
B(j,t,2)= mcb(j,t,z) O (—jtt@) I, (5.30)

and (5.28) is a consequence of (5.30). O
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The results of Lemma 2.1 are still valid in this case, simply replacing g;,r; by Q;, R;. By
using condition (5.26), one fixes the arbitrary parameters as

b , b

=x=0 ., g=-, =75 (5.31)
_ 2
\/’go \/E __B g aF+/4cd(1 — QoRy) +a ). 5.32)
,3 yo o xo 2

As mentioned previously, we have that det(.Z(j, z)) = 1 which implies that det(B(j, t, z)) is
independent of j (it is easy to see that on relation (2.45)). Therefore, we get in particular

det(B(4o00,1t,z)) =det(B(0,t,z)) =det(K ™ (2)) . (5.33)

Note that these determinants are also time independent due to the tracelessness of o7 and .
To determine the form of B(4o0, t, ), we assume that the fields vanish at infinity (this could be
shown following the same argument as in [22]). Looking at the coefficients z2 and z 2 in relation
(5.33), we deduce that

foloab 1 _ foloab

2= and gl = J% (5.34)
* VaB((fL)? —cd) *a((fL)? —cd)
where
1 nl;rl;of , 8= nllm g, r=12. (5.395)
In this case, we obtain that B(+00, ¢, z) is in fact independent of ¢ and we have
¢z 0 1 abfy cdp
B ,7) = h ) = 4 — .
(400, 2) < 0 (p(r(z))) where @(2) f°°2+a((folo)2—cd)z ol
(5.36)
The coefficients of z¥ in relation (5.33) gives a constraint for folo which reads
((fa)? +afl, —cd)((f2)* — afa, — cd)
b b
x (f‘)z——fl—cd)((fl)z—i-—fl—cd):O. (5.37)
( T Vap™ N 7 A
For any solution folo of (5.37), one gets that B(+o0, t(z))B(4+00,z2) = mﬂ. Then, in
particular, one gets
1
P@p(t(2) = ————. (5.38)
p(2)p((2))
By using the result of the Lemma 5.1, one gets that B(+400, 7(2))B(—00,z7) = mﬂ. Fi-
nally, we conclude that
B(—00,z) = B(+00,2) . (5.39)

We want to stress that in this paper, the choice of the value of B(0, ¢, z) is dictated by the
solution K~ of the reflection equation. This is in contrast with previous approaches, e.g. [22],
where educated guesses for B(0, ¢, z) are taken in order to produce the desired boundary condi-
tions under the folding method. Our approach has an advantage in practice (no guess work) but
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it also has a deeper significance which is the underlying message in this paper: the Hamiltonian
approach and the zero curvature approach to integrable boundary conditions are not separated
topics but two faces of the same coin. This interplay is well-known for problems on the line but
somehow was not as clear in the case with boundaries, despite the seminal work of Sklyanin
[4]. In particular, the reflection equation provides the reflection matrices that can be used as the
boundary condition for the Biacklund matrix that one uses to perform the nonlinear mirror image
method.

6. Application of the nonlinear mirror image method to the construction of solutions

In this section, we draw on the results of the previous section about the folding procedure
associated to Béacklund transformations in order to derive explicit solutions of the equations of
motions with our integrable boundary conditions. To do so, we first need to review the ISM
for the AL model (in our normalisation) on the full line. Then, the construction of solutions on
the half-line is implemented as a special Z, reduction realised by the Bécklund matrix B(j, t, z)
derived above. For the sake of clarity, we focus on case « = 8 = % and y = —1 in all this section.
Then, one gets fromnow on J =1, 7(z) = 1/z and w(z) = %(z —1/2)%

After presenting the main results we need, we will further restrict our attention to the discrete
NLS case Rj = ij, v = +1. As we are interested in soliton solutions, we will set v = —1.

6.1. Review of the ISM for AL on the full lattice in the normalisation (2.3)

In [21], the ISM for the AL system in the normalisation (2.3) was presented, with an emphasis
on the Riemann-Hilbert formulation of the inverse part. For our purposes, i.e. the construction
of explicit multisoliton solutions, the detailed results of [26] in the original normalisation will
be more useful. To be able to use them, we first need to make the connection between the two
normalisations as far as ISM is concerned. The best way is to realise that they area related by a
gauge transformation as follows.

Let us work with the fields Q;, R;, j € Z. We consider the auxiliary problem on the full
lattice (j € Z) in the new normalisation,

M (j+1,t,2) =ZL(j,2) " (j.1,2), (6.1
@M (j t,2) = (j,20) @ (j, 1, 2), (6.2)
where
, 1
2,2 = i (Zz+W;), (6.3)
j
. . . 1 1
o (j.2) = (@03 +i03(ZW; = W1 Z = W) Wit = Wi W), (6.4)
and,
z 0 0 Q0
Ni=,/1-—0;iR;, Z:( ) W-=< f). (6.5)
J J 0 % J R; 0

We also consider the auxiliary problem on the full line in the old normalisation, for j € Z,

%M (4 1,1,2) =U(j,2) 7,1, 2), (6.6)
P (j,1,2) =V(j,2) d"(j,1,2), (6.7)
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where
UG =(Z+ W), ©68)
V(j.2) =i0@0s +ioy(ZW; = Wi Z = W, Wio). 6.9)

One can check that the two are related by a gauge transformation of the following form (up to a
possible normalisation constant, see below)

% (j 1,2) = F(j, 1) ®"¥(j,1,2), (6.10)

where F is a scalar function satisfying

FG+1L0=NjFQj,t), aF(,0)=F(,0V({j,2)—(j,2). (6.11)

We fix F' by normalising itto 1 as j — —oo to get

j—1
FG.o= [] M. (6.12)

k=—00

We will use this gauge transformation below to transfer the results of [26] to our setup.
Let us now review ISM for AL. The initial sequences Q |;—o, Rj|;=o are assumed to have
finite 1-norm where

lully =Y lujl. (6.13)
JEZL
This ensures the desired analyticity properties below [26]. Also, they are assumed to be such that
N is defined and nonzero for all j € Z. Define

\I—’Old/new(j, t Z) — Z—je—iw(z)l‘(f3 (Dold/new (]7 t Z) (614)
and consider the two fundamental solutions \Ilf_le/ "W t,z) normalised to I as j — *oo:
lim Wy (Gt ) =1, (6.15)
j—=+o0
with corresponding Jost solutions CDf_le/ "W (j,t,z). The scattering matrix $°9/"¢¥ (z) is defined
by
(I)(ild/l’lew(j7 ‘. Z) _ qD(ild/}’le(j’ t, Z) Sald/new (Z) , |Z| =1. (616)

The gauge transformation between the two Lax pairs implies that

F(j,1)

o]

U, t,2) = F(j, 1) " (j,1,2), ®%9(j,1,2)= P (j,1,72), (6.17)
where
Foo= lim F(j,1). (6.18)
Jj— 00

It can be shown that F, is time-independent and hence is just a constant number. As a conse-
quence, we find

§%(2) = Fao §™"(2) . (6.19)
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This is the key relation we need to relate the results of [26] with our setup. One convenient
consequence of the new normalisation of .Z(J, z) is that

det®™¥(j,1,z) =1, detS"™¥(z)=1, |z|=1. (6.20)
This is of course consistent with the known fact [26] that det S (z) = FozO for |z|] = 1. The
analyticity properties in z of the column vectors of ®5/"*"(j,t,z) and that of the entries of

§old/new 7y are crucial for the implementation of the ISM. We see that the gauge transforma-
tion (6.17) and relation (6.19) have no consequence on these properties (domain of analyticity,
location of zeros). The only consequences are to produce an overall factor F, between the so-
called norming constants in the old and new normalisation and to change the normalisation of
the scattering coefficients which now reads (see [21])

I
S11(Z)=—+0(z*2), Z— 00, (6.21)
Fy
1
@) =7—+0 (2). z=o0. 6.22)
o

The change of normalisation of the norming constants can always be absorbed by redefining
them. Therefore, in the following, we simply review the results of ISM that we need from [26] and
assume that the overall constant F, has been absorbed in the norming constants. In particular,
we now focus on the new normalisation and drop the superscript new for conciseness.

Let us split the Jost solutions into column vectors and write

s11(z) Slz(Z)>

521(2)  $22(2) (6.23)

D4(j,t,2)= (d)i(j, t,2), PX(j, t,z)) , S(2) = (
One shows that d>JLr(j, t,z), ®R(j,t,z) and s7(z) are analytic functions of z for |z| < I and
continuous for |z| < 1 while CDf(j, t,2), <D§(j, t,z) and s11(z) are analytic functions of z for
|z| > 1 and continuous for |z| > 1. We consider a finite number of simple zeros z,, n =1,..., P
of s22(z) in the region |z| > 1 and a finite number of zeros z,, n =1, ..., P of 511 (z) in the region
|z| < 1. At those zeros, the column vectors of ®4.(j, ¢, z) are related by the so-called norming
constants as follows

L (j, 1, 20) =by @R (i1, 20), (6.24)
SR, 1,20) =ba DL (j, 1,70) . (6.25)
It will be convenient to introduce another set of norming constants defined by
b — b
h=———, Cp=——. (6.26)
Sll(zn) 522(Zn)

Equipped with the scattering data, one can implement the inverse part of the method to obtain
reconstruction formulas for the solution of the AL system on the full lattice. There is an inherent
symmetry on the discrete data. It comes from the fact that the Lax matrices .Z(j, z) and <7 (}, z)
satisfy the following symmetry relation

M(j,2)=—03 M(j,—2)03, M=ZL, . (6.27)
This implies

SL(j,t,2) = (=) o3 DL(j, 1, —2) 03 (6.28)
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and

S(z) =03 5(—2)03. (6.29)

As a consequence, the zeros of s11(z) (resp. s22(z)) come in pairs *+z, and hence P = 2«
for some integer k > 0 (resp. £z, P = 2%). One can show that the norming constant C,
(resp. C,) associated to z, (resp. z,) is equal to the norming constant associated to —z, (resp.
—Zn)- Equations (3.2.102)-(3.2.104) of [26] exploit this symmetry and can be used to de-
rive a nice compact formula for the pure soliton case associated to (half of) the discrete data
{z1,...,2¢:C1, ..., C; 21 ..., Zes C1, - .., Ce). After some calculations, we find*

C le e 2i0@N1
Qj(t)=-2(1...1) ﬁjfl(r) : , (6.30)
Cr 72 e 2iwGor

Ci Z1—2./—2 plio(znt

Rj(t)=2(1...1)ulf1(t) : , 6.31)
C, Z;2./'—2 2wzt

where the « x « matrix u;(¢) has the following entries

K C,Crzn Zi(ﬂrl) 22 (@ (@)~ @)1

(i (Ot =8 =4

2 =2 _ 2
k=1 (23 7@ — zj)

, nl=1,...,k, (6.32)

and the k¥ X K matrix 1t (¢) has the following entries

K = 220+D _=2j 2i(w(zk)—w@))t
CrCnz Z e
(O = — 4y 1T Cml=1,....k. (633
k=1

=2 202 52
(@ — )z — 7))

From now on, we set R; = — Q}f. This leads to an additional symmetry on the Lax pair which
in turns implies a symmetry on the scattering data which should be implemented in the above
formulas. In short we have,

1
J//(j,z)zo///*(j,—*)a_l, M =2, A, a:( 01 é) (6.34)
z _
It implies
1
L(j,1,2) =0 ®L(j.1, =)o (6.35)
* 1 -1
S(z)=aS(Z—*)a , (6.36)
and, on the discrete data, k =k and
_ C*
Zn=— and C,=—"L1.. 6.37

With these, we can restrict our attention to (6.30) and (6.33).

4 We shifted J —1— j compared to [26] when expressing Q ; as we find it more convenient.
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Under this reduction, we can use the trace formulas (3.2.89) of [26] in the pure soliton case to
obtain the following useful explicit form of s11(z), s22(z), suitably normalised to our setup (see
in particular (6.21 )—(6.22))

2 Z _ (Z*) -2
s11(z) = l_[ oz *) — ., s2() = l_[ |z, * f‘ . (6.38)
<j
Since det S(z) =1 when |z] = 1 and Fs > 0 in the DNLS reduction with v = —1, this fixes the
value of F, completely in terms of the scattering data as’
K
Foo=]]lz; . (6.39)
j=1
6.2. Symmetry from the mirror image procedure
The important idea behind the mirror image method is that one can obtain solutions of an
integrable PDE on the half-line with certain (integrable) boundary conditions by considering
solutions of the full line problem associated to scattering data with a special symmetry. One way
to obtain the desired symmetry on the scattering data is by interpreting the boundary conditions
as arising from a well chosen Bécklund transformation relating a solution to its “mirror image”.
This is what we have done above by constructing B(j, ¢, z) and we use it now to derive the

symmetry of the scattering data.
We first consider the continuous scattering data.

Proposition 6.1. The following relation holds on the Jost solutions

1
Q.4 (j,1,2)B(+00,2) = B(j, 1,2) P_(—j, 1, Z)’ (6.40)

As a consequence, the scattering matrix satisfies

S7'(2) = B(+00, 2) S(%) B (400,2) . (6.41)

Proof. Let us denote by 51( j,t,z) the Joit solutions of the auxiliary problem with the mirror
image solutions. ®4.(j,7,z) and B(j,t,z)®+(j,t, z) are solutions of the same auxiliary prob-
lem. Then, there exist matrices N+ (z) independent of time and position such that

®4(j,t,2) =B, 1,2)P+(j,1,2) N1 (2). (6.42)

By taking the limit j — =00 in the previous relation and by using the asymptotic of the Jost
solutions, one gets

B(+00,7) N+(z)=1. (6.43)
Then

®4(j,1,2)B(£00,2) = B(j, t,2)P+(j,1,2) . (6.44)

5 This does not seem to agree with the formula given in [27] for the constant C_ which should correspond to our

2
FZ.
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Because of the symmetry of the Lax pair (5.19)-(5.20), 5+(j, t,z) and ®_(—j, ¢, 1/z) are also
eigenvectors of the same auxiliary problem (we recall / =) and one gets

DL(j,t,2)=DP_(—j,1,1/2). (6.45)

It is easy to see that the normalisation in the previous relation is the identity by taking the limit
Jj — oo. Relations (6.44) and (6.45) lead to relation (6.40) of the proposition. Since ®_(j, ¢, z) =
®, (j,1,z) S(z) and by using (6.40) by replacing j — —j and z — 1/z, we obtain

1
I = B(—o0, z)S(;)B*1(+oo, NG (6.46)
From this and (5.39), one gets (6.41) as desired. O

As an important consequence of the Proposition 6.1, one gets

s11(1/2) = 522(2), (6.47)
and
s12(2) = f(@)s12(1/2), s21(2) = f(1/2)s12(1/2), (6.48)
where
floy=—2E (6.49)
e(1/2)

We turn to the discrete data. The symmetry relation (6.47) implies that k = k and without loss of
generality

Zn=—, n=1,...,k. (6.50)

Note that the reduction to k = k¥ would hold even if we did not consider the DNLS reduction of
the AL system. It is the result of the folding symmetry only. The same holds true for the folding
symmetry on the scattering data that we discuss below. That being said, since the focus of this
section is on DNLS, let us examine the effect of the DNLS reduction on the boundary data before
we proceed to showing the effect of the folding symmetry on the discrete data.

Lemma 6.1. Under the DNLS reduction with v = —1, the boundary parameters a, b, c, d satisfy
a,beR, c=d*, (6.51)
and the function ¢(z) satisfies
@(2) =¢*("). (6.52)
In particular; f1 € R.

Proof. The reduction also applies to K~ (z) and B(400, z) which must therefore satisfy the sym-
metry condition (6.34). Direct calculation yields the stated results. O

Proposition 6.2. Under the folding reduction, the discrete data satisfies

1 _ 1/z
Z,=—, C,Cp= ¢/n) n=1,...,k, (6.53)

Zn - (zn S{](Zn))2(p(zn) '
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where ¢(z) is given by (see (5.36), taking into account the DNLS reduction)
2abf); |d|?

()= flz+ - , (6.54)
PR = ot T P T 7L
and folO is a root of the following polynomial (see (5.37))
(L)% = 1412 = a2 (f20?) (S = 1aP)? = 462 (£1)?) =0. (6.55)
Proof. Recalling (6.24)-(6.25) and using (6.50) we have
Lt z0) = by @R (ji 1, 20) (6.56)
SR, 1, 1/2) =by DL (j, 1, 1/2,) . (6.57)
From relations (5.36) and (6.40), we obtain
L (j. 1,29 =B(j.t.2) L (—j, 1, 1/2), (6.58)
R (j. 1, 209(1/2) = B(j.t.2) DR (—j, 1,1/2). (6.59)
Using (5.28) and (5.38), we derive
bub
SR (jo1, 1/zn) = 22onOCn) @R G 4 1z (6.60)
@(I/Zn)

which, together relations (6.26), (6.47), gives the relation on the norming constants. The rest of
the proposition follows from Lemma 6.1. O

6.3. Reflected solitons for the DNLS

The three different symmetries on the scattering data (the one inherent to AL, the one coming
from the DNLS reduction and the one associated to the folding reduction) are compatible, as
we have seen. When they are imposed simultaneously, one can construct solutions of DNLS
on the half-lattice with integrable boundary conditions using the solution on the full lattice and
restricting to positive integers. More precisely, when all three symmetries hold, the numbers
of zeros P of sy is P = 2k where « is itself an even integer, x = 2k, as a consequence of the
folding symmetry. In that case, we also know that P = P = 4k. Therefore, the discrete data come
in octets that produce one soliton each. Each octet is completely determined by one zero z,, € C,

|zn| > 1, and one norming constant C,, € C which are paired as follows, forn =1, ...k,
(zn, Cn), (6.61)
(=21, Cn) (6.62)
@*(1/zn)
Z*7 - )7 (6‘63)
" C;’;(s;l (Zn))*z(p*(zn)
*
1
R LD R— (6.64)
Cy (511(_Zn)) ©*(zn)
¢(1/zn)
/zn, — ) (6.65)
/2n Cn(zn Sil(zn))z(p(zn)
1
(—=1/zn, = o/zn) ), (6.66)

Cn(zn 511 (—=zn))?9(zn)
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C*
(1/z;, *)2 (6.67)
(=1/z,, (Z*”)z) (6.68)

The first four zeros in each octet correspond to s11(z) while the last four correspond to $22(z).
The explicit formulas (6.38) now take the form

_ _ (%2
$11(2) = ]_[ 2Z (Zf) . Zz_ ((ZZ)) - (6.69)
1 (K2 2 " -2
$2() = 7— l_[ Iznl82 = (_Z’;)z 7 _((Zz*))z : (6.70)
with
k
Foo=[]lz,1*- 6.71)
=1

The fact that each zero and its opposite have the same norming constant is intrinsic to the model
as already discussed, and this has already been taken into account when deriving the explicit
formulas (6.30)-(6.33). Hence here, all we have to do is to take account the additional symmetries
yielding ¥ = 2k into these formulas.

Proposition 6.3. The k-soliton solution of DNLS on the half-infinite lattice with the new (time-
dependent) boundary condition

a+y/a®+4|d]>(1+ Qo)

Q-1=01+@Q1+2bQo) ) (6.72)
2|d1>(141Q01%)
is determined by k complex numbers ¢y, ..., & with || > 1 and k complex numbers Dy, ..., Dy
and reads
C ij e 2iw@D1
Qj()=-2(1.. )__1(1) : . J=-1, (6.73)

— i =
CZk Z2/]< e 2iw(Zox)t

where the 2k x 2k matrix [t ;(t) reads

2k C 6 ZZ(]—FI) Z;Z] ezi(a)(Zp)*CU(Zn))t

(T (Ot =8 — 4y - cml=1,...,2%, (674
oy @ — 2323 = 7))

with the following conventions

,n=1,...,k, _ 1 ,n=1,...,k,
in = é‘}i in = /§1 (675)
¢ n=k+1,...,2%, /% o n=k+1,....2k,

n=k+1,...,2k,

D,, n=1,...,k,
Cn=1_ ¢* (/80 4)
D:_k(si|(Cn—k))*2(/’*(§n—k) ’
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el
DG sy G ey T K

(f:fz, n=k+1.....2%.
n—k

We recall that ¢ is given by (6.54) and s11 by (6.69).

C,= (6.76)

The appearance of the discrete data in octets for the AL model with integrable boundary
conditions was first shown in [27] and then in [22] in the case of Robin boundary conditions. In
our case, the entirety of the effect of our time-dependent boundary conditions is encoded in the
function ¢(z) or, alternatively, in the function f(z) in (6.49). This is in line with the results of
[22] for the Robin case. In fact, we can reproduce the known Robin case by choosing c=d =0
and for instance @ = —1, b = 1 /2 our function f(z) in (6.49) becomes

o (fP -1/
2= x(fL)?/z

which consistently reproduces the function f(z) of [22] (eq. (7.12)) where our ( f;o)2 plays
the role of poo in that paper. In our more general case, a thorough analysis of all the possible
values that folo can take among the roots of (6.54), analogously to Corollary 6.4 of [22], would
be required to classify all the possible scenarios of solutions that one can construct using the
mirror image method. We do not perform this analysis here as the number of cases to consider
is much larger than in the Robin case. This technical point does not affect the significance of
the results we have obtained. In particular, in the explicit examples to follow, we simply fix
compatible numerical values of folo and a, b, ¢, d to produce plots of solitons being reflected by
our boundary conditions.

In Fig. 1, we present such a reflected solution in the one-soliton case. Left plots show a
one-soliton being reflecting off the boundary at x = —1. We allowed x to be real-valued but
highlighted integer values in solid black curves. Right plots show contour plots of the one-soliton
being reflected as well as the image soliton on the other side of the boundary (the black vertical
line). For comparison, we display 3 types of boundary conditions: our time-dependent case and
two particular cases of it which were previously known (Robin and Dirichlet).

f@ (6.77)

7. Conclusions and outlook

The main message illustrated in this paper is that the Hamiltonian approach and the zero cur-
vature approach to integrable boundary conditions are not separated topics but two faces of the
same coin. This interplay is well-known for problems on the line but somehow was not as clear
in the case with boundaries, despite the seminal work of Sklyanin [4]. The two aspects inform
each other, as we have shown in detail with the AL model in this paper. For instance, the choice
of the value of the Bicklund matrix B(j, t, z) at j = 0 is dictated by the solution of the reflection
equation that we consider. Taking non-diagonal solutions of the reflection equation, we showed
that new, time-dependent, boundary conditions arise. For the first time, we then developed the
nonlinear mirror image method for such boundary conditions and constructed explicit soliton so-
lutions. A study of a continuous model, such as the nonlinear Schrédinger (NLS) equation, along
the lines of the present work would be desirable to investigate what kind of more general inte-
grable boundary conditions than the standard Robin boundary conditions can be imposed. This
is currently under investigation. We note that the Hamiltonian aspects of this question, for the
(vector) NLS equation, have already been discussed in [28]. However, the full connection to zero
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Fig. 1. Time-dependent (top), Robin (middle) and Dirichlet (bottom) boundary conditions. Parameters of the soliton
solution: £ =0.6 4+ 1.9i, D} =0.1.
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curvature representation and to the nonlinear mirror method for the construction of solutions re-
mains an open problem. There are alternative discretizations of the NLS model [29,30] for which
a study of boundary conditions related to (non diagonal) reflection matrices of the rational type
along the lines of the present paper are an interesting open problem. Such an investigation would
provide a complementary point of view on the NLS with time-dependent boundary conditions as
continuous limit.

The results illustrated here rely on the general procedure described in [16] which only involves
fundamental features of integrable systems, such as r-matrix and Lax matrix. Therefore, there is
no obstacle in principle to apply the same ideas for other models, with the important proviso that
the model allows for a natural folding (Z,) symmetry in order to implement the nonlinear mirror
image method. The problem of understanding the analog of the mirror image method for models
that do not possess a natural Z, symmetry is completely open and rather fascinating. So far, the
only alternative to discuss such models (e.g. KdV) on the half-line with boundary conditions is to
use the so-called unified transform [31]. It is a completely open problem to investigate integrable
time-dependent boundary conditions of the kind we found in that setup.

Finally, the quantization of our results is a natural question. The quantum Ablowitz—Ladik
model with periodic boundary conditions [32] has been well studied. Regarding boundary condi-
tions, the algebraic Bethe ansatz was considered in [33] for diagonal reflection matrices. A more
recent study of the g-boson model, related to the quantum Ablowitz—Ladik model, with bound-
ary conditions can be found in [34] where the reflection matrices were also chosen to be diagonal
(equal to the identity actually). The investigation of the quantization of our results is currently
under way.

Acknowledgement

N. Crampé acknowledges the hospitality of the School of Mathematics, University of Leeds
where this work was completed. N. Crampé’s visit was partially supported by the Research Vis-
itor Centre of the School of Mathematics.

References

[1] C.S. Gardner, J.M. Greene, M.D. Kruskal, R.M. Miura, Method for solving the Korteweg-deVries equation, Phys.
Rev. Lett. 19 (1967) 1095.

[2] V.E. Zakharov, A.B. Shabat, Exact theory of two-dimensional self-focusing and one-dimensional self-modulation
of waves in nonlinear media, Sov. Phys. JETP 34 (1972) 62.

[3] M. Ablowitz, H. Segur, The inverse scattering transform: semi-infinite interval, J. Math. Phys. 16 (1975) 1054.

[4] E.K. Sklyanin, Boundary conditions for integrable equations, Funkc. Anal. Prilozh. 21 (1987) 86, English transl.:
Funct. Anal. Appl. 21 (1987) 164.

[5] LT. Habibullin, Bécklund transformation and integrable boundary-initial value problems, in: Nonlinear World, vol.
1, Kiev, 1989, World Sci. Publ., River Edge, NJ, 1990, pp. 130-138;
[.T. Habibullin, Integrable initial-boundary value problems, Theor. Math. Phys. 86 (1991) 28.

[6] P.N. Bibikov, V.O. Tarasov, A boundary-value problem for the nonlinear Schrodinger equation, Theor. Math. Phys.
79 (1989) 570.

[7] R.F. Bikbaev, V.O. Tarasov, Initial-boundary value problem for the nonlinear Schrodinger equation, J. Phys. A 24
(1991) 2507.

[8] V.O. Tarasov, The integrable initial-boundary value problem on a semiline: nonlinear Schrodinger and sine-Gordon
equations, Inverse Probl. 7 (1991) 435.

[9] G. Biondini, G. Hwang, Solitons, boundary value problems and a nonlinear method of images, J. Phys. A 42 (2009)
205207.

[10] V. Caudrelier, Q.C. Zhang, Vector nonlinear Schrodinger equation on the half-line, J. Phys. A 45 (2012) 105201.


http://refhub.elsevier.com/S0550-3213(19)30206-8/bib47474B4Ds1
http://refhub.elsevier.com/S0550-3213(19)30206-8/bib47474B4Ds1
http://refhub.elsevier.com/S0550-3213(19)30206-8/bib5A53s1
http://refhub.elsevier.com/S0550-3213(19)30206-8/bib5A53s1
http://refhub.elsevier.com/S0550-3213(19)30206-8/bib4153s1
http://refhub.elsevier.com/S0550-3213(19)30206-8/bib536Bs1
http://refhub.elsevier.com/S0550-3213(19)30206-8/bib536Bs1
http://refhub.elsevier.com/S0550-3213(19)30206-8/bib48s1
http://refhub.elsevier.com/S0550-3213(19)30206-8/bib48s1
http://refhub.elsevier.com/S0550-3213(19)30206-8/bib48s2
http://refhub.elsevier.com/S0550-3213(19)30206-8/bib425431s1
http://refhub.elsevier.com/S0550-3213(19)30206-8/bib425431s1
http://refhub.elsevier.com/S0550-3213(19)30206-8/bib425432s1
http://refhub.elsevier.com/S0550-3213(19)30206-8/bib425432s1
http://refhub.elsevier.com/S0550-3213(19)30206-8/bib54s1
http://refhub.elsevier.com/S0550-3213(19)30206-8/bib54s1
http://refhub.elsevier.com/S0550-3213(19)30206-8/bib424831s1
http://refhub.elsevier.com/S0550-3213(19)30206-8/bib424831s1
http://refhub.elsevier.com/S0550-3213(19)30206-8/bib435A31s1

V. Caudrelier, N. Crampé / Nuclear Physics B 946 (2019) 114720 33

[11] V. Caudrelier, Q.C. Zhang, Yang-Baxter and reflection maps from vector solitons with a boundary, Nonlinearity 27
(2014) 1081.

[12] C.Zhang, Dressing the boundary: on soliton solutions of the nonlinear Schrodinger equation on the half-line, arXiv:
1809.00432.

[13] C. Zhang, Da-jun Zhang, Vector NLS solitons interacting with a boundary, arXiv:1903.01791.

[14] E.K. Sklyanin, Method of the inverse scattering problem and quantum nonlinear Schrodinger equation, Dokl. Akad.
Nauk SSSR 244 (1978) 1337.

[15] M.A. Semenov-Tian-Shansky, What is a classical r-matrix?, Funct. Anal. Appl. 17 (1983) 259.

[16] J. Avan, V. Caudrelier, N. Crampe, From Hamiltonian to zero curvature formulation for classical integrable boundary
conditions, J. Phys. A 51 (2018) 30LTO1, Letter.

[17] E.K. Sklyanin, Boundary conditions for integrable quantum systems, J. Phys. A 21 (1988) 2375.

[18] E. Corrigan, Integrable field theory with boundary conditions, in: C.-Z. Zha, K. Wu (Eds.), Frontiers in Quantum
Field Theory: Proc. Int. Workshop, 10-19 August 1996, Wulumugqi, China, 1st edn., World Scientific, Singapore,
1996, arXiv:hep-th/9612138.

[19] P. Bowcock, E. Corrigan, P.E. Dorey, R.H. Rietdijk, Classically integrable boundary conditions for affine Toda field
theories, Nucl. Phys. B 445 (1995) 469.

[20] M.J. Ablowitz, J.E. Ladik, Nonlinear differential-difference equations and Fourier analysis, J. Math. Phys. 17 (1976)
1011.

[21] B. Xia, A.S. Fokas, Initial-boundary value problems associated with the Ablowitz—Ladik system, Physica D 364
(2018) 27-61, arXiv:1703.01687.

[22] G. Biondini, A. Bui, The Ablowitz—Ladik system with linearizable boundary conditions, J. Phys. A 48 (2015)
375202.

[23] J. Avan, A. Doikou, Integrable boundary conditions and modified Lax equations, Nucl. Phys. B 800 (2008) 591.

[24] L.D. Faddeev, L.A. Takhtadjan, Hamiltonian Methods in the Theory of Solitons, Springer-Verlag, 1987.

[25] L.D. Faddeeyv, Integrable Models in (1 + 1)-Dimensional Quantum Field Theory, Les Houches 1982, Elsevier Sci-
ence Publ., 1984, MR 782509.

[26] M.J. Ablowitz, B. Prinari, A.D. Trubatch, Discrete and Continuous Nonlinear Schrédinger Systems, London Math-
ematical Society Lecture Note Series, vol. 302, Cambridge University Press, 2003.

[27] G. Biondini, G. Hwang, The Ablowitz-Ladik system on the natural numbers with certain linearizable boundary
conditions, Appl. Anal. 89 (2010) 627.

[28] A. Doikou, D. Fioravanti, F. Ravanini, The generalized non-linear Schrodinger model on the interval, Nucl. Phys.
B 790 (2008) 465.

[29] A.C. Scott, J.C. Eilbeck, The quantized discrete self-trapping equation, Phys. Lett. A 119 (1986) 60.

[30] A. Kundu, O. Ragnisco, A simple lattice version of the nonlinear Schrodinger equation and its deformation with an
exact quantum solution, J. Phys. A 27 (1994) 6335.

[31] A.S. Fokas, A unified transform method for solving linear and certain nonlinear PDEs, Proc. R. Soc. Lond. A 453
(1997) 1411.

[32] P.P. Kulish, Quantum difference nonlinear Schrodinger equation, Lett. Math. Phys. 5 (1981) 191.

[33] A.R. Chowdhury, N. Dasgupta, Quantum inverse problem for the Ablowitz—Ladik open chain, J. Phys. A 26 (1993)
L583.

[34] A. Doikou, I. Findlay, The quantum auxiliary linear problem and quantum Darboux-Bécklund transformations,
arXiv:1706.06052.


http://refhub.elsevier.com/S0550-3213(19)30206-8/bib435A32s1
http://refhub.elsevier.com/S0550-3213(19)30206-8/bib435A32s1
http://refhub.elsevier.com/S0550-3213(19)30206-8/bib5As1
http://refhub.elsevier.com/S0550-3213(19)30206-8/bib5As1
http://refhub.elsevier.com/S0550-3213(19)30206-8/bib5A5As1
http://refhub.elsevier.com/S0550-3213(19)30206-8/bib536B6C79s1
http://refhub.elsevier.com/S0550-3213(19)30206-8/bib536B6C79s1
http://refhub.elsevier.com/S0550-3213(19)30206-8/bib53545331s1
http://refhub.elsevier.com/S0550-3213(19)30206-8/bib414343s1
http://refhub.elsevier.com/S0550-3213(19)30206-8/bib414343s1
http://refhub.elsevier.com/S0550-3213(19)30206-8/bib536B7175616E74s1
http://refhub.elsevier.com/S0550-3213(19)30206-8/bib436F72s1
http://refhub.elsevier.com/S0550-3213(19)30206-8/bib436F72s1
http://refhub.elsevier.com/S0550-3213(19)30206-8/bib436F72s1
http://refhub.elsevier.com/S0550-3213(19)30206-8/bib42434452s1
http://refhub.elsevier.com/S0550-3213(19)30206-8/bib42434452s1
http://refhub.elsevier.com/S0550-3213(19)30206-8/bib62696256544558s1
http://refhub.elsevier.com/S0550-3213(19)30206-8/bib62696256544558s1
http://refhub.elsevier.com/S0550-3213(19)30206-8/bib5846s1
http://refhub.elsevier.com/S0550-3213(19)30206-8/bib5846s1
http://refhub.elsevier.com/S0550-3213(19)30206-8/bib4248s1
http://refhub.elsevier.com/S0550-3213(19)30206-8/bib4248s1
http://refhub.elsevier.com/S0550-3213(19)30206-8/bib414431s1
http://refhub.elsevier.com/S0550-3213(19)30206-8/bib4654s1
http://refhub.elsevier.com/S0550-3213(19)30206-8/bib466164s1
http://refhub.elsevier.com/S0550-3213(19)30206-8/bib466164s1
http://refhub.elsevier.com/S0550-3213(19)30206-8/bib415054s1
http://refhub.elsevier.com/S0550-3213(19)30206-8/bib415054s1
http://refhub.elsevier.com/S0550-3213(19)30206-8/bib424877s1
http://refhub.elsevier.com/S0550-3213(19)30206-8/bib424877s1
http://refhub.elsevier.com/S0550-3213(19)30206-8/bib444652s1
http://refhub.elsevier.com/S0550-3213(19)30206-8/bib444652s1
http://refhub.elsevier.com/S0550-3213(19)30206-8/bib5345s1
http://refhub.elsevier.com/S0550-3213(19)30206-8/bib4B52s1
http://refhub.elsevier.com/S0550-3213(19)30206-8/bib4B52s1
http://refhub.elsevier.com/S0550-3213(19)30206-8/bib466F6B31s1
http://refhub.elsevier.com/S0550-3213(19)30206-8/bib466F6B31s1
http://refhub.elsevier.com/S0550-3213(19)30206-8/bib4B756Cs1
http://refhub.elsevier.com/S0550-3213(19)30206-8/bib4344s1
http://refhub.elsevier.com/S0550-3213(19)30206-8/bib4344s1
http://refhub.elsevier.com/S0550-3213(19)30206-8/bib4446s1
http://refhub.elsevier.com/S0550-3213(19)30206-8/bib4446s1

	New integrable boundary conditions for the Ablowitz-Ladik model: From Hamiltonian formalism to nonlinear mirror image method
	1 Introduction
	2 Ablowitz-Ladik model with periodic boundary conditions
	2.1 Transfer matrix formalism and integrable Hamiltonian
	2.2 Lax pair associated to the Ablowitz-Ladik chain
	2.3 Bäcklund transformation

	3 Integrable Ablowitz-Ladik model on the ﬁnite lattice
	3.1 Double-row transfer matrix
	3.2 Double-row Lax pair

	4 Ablowitz-Ladik model on the half-inﬁnite lattice with time-dependent integrable boundary conditions
	4.1 Intrinsic vs extrinsic picture for boundary conditions
	4.1.1 Illustrating the idea on Robin boundary conditions
	4.1.2 From intrinsic to extrinsic for our general boundary conditions: emergence of time-dependent boundary conditions

	4.2 Reductions

	5 Lax pair and zero curvature equations in the extrinsic picture
	5.1 Change of variable, gauge transformation and extrinsic picture in the Lax pair presentation
	5.2 Auxiliary problem, Bäcklund transformation and nonlinear mirror image method

	6 Application of the nonlinear mirror image method to the construction of solutions
	6.1 Review of the ISM for AL on the full lattice in the normalisation (2.3)
	6.2 Symmetry from the mirror image procedure
	6.3 Reﬂected solitons for the DNLS

	7 Conclusions and outlook
	Acknowledgement
	References


