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during this type of normal form transformation process.
Two specific examples are considered to demonstrate
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particular challenges that can occur in this type of analysis.

D. J. Wagg The first is a two-degree-of-freedom system with both

e-mail: david.wagg@sheffield.ac.uk quadratic and cubic nonlinearities, where there is no internal
resonance, but the nonlinear terms are not necessarily el
order small. To obtain an accurate solution, the direct
normal form expansion is extended to £2-order to capture
the nonlinear dynamic behaviour, whilst simultaneously
reducing the order of the system from two- to one-degree-
of-freedom. The second example is a thin plate with
nonlinearities that are &'-order small, but with an internal
resonance in the set of ordinary differential equations
used to model the low-frequency vibration response of the
system. In this case, we show how a direct normal form
transformation can be applied to further reduce the order
of the system whilst simultaneously obtaining the normal
form, which is used as a model for the internal resonance.
The results are verified by comparison with numerically
computed results using a continuation software.

1. Introduction

The idea of a normal form transformation was first introduced
by Poincaré as a method for reducing a system of equations
to their simplest or ‘normal’ form [1]. This method was
subsequently developed by other researchers throughout the
early 20th Century, and the interested reader can find details
of the historical background and analytical development of the
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theory of normal form transformations in a number of comprehensive texts including [2-7]. A crucial part
of the transform process is the identification of ‘resonant’ terms in the sense of terms that can grow without
%, % multiples.

These resonant terms cannot be removed during the transformation, and therefore represent an irreducible

bound when the system has eigenvalues at (or very close to) integer, 1, 2, 3... or fractional

component of the system. However, using the Poincaré-Dulac theorem it is typically possible to remove all
other non-resonant terms during the normal form transformation [3].

Normal form transformations have been used extensively to treat a range of practical applications in
physics and engineering, particularly single-degree-of-freedom nonlinear oscillators, and systems of two or
more coupled oscillators [4,6]. Relevant to the type of applications considered here, Jezequel & Lamarque
[8] proposed a normal form decomposition for a system of two coupled oscillators with cubic nonlinearities
and both forcing and damping. Following this, the relationship between the normal form transformation
and nonlinear normal modes was established by Touzé and co-workers [9,10], using examples of coupled
oscillator systems that included both quadratic and cubic nonlinear terms. In addition to establishing this
connection, Touzé’s method had the important advantage that it maintained the final result in the form of
second-order oscillator equations, and in the process kept the system eigenvalues in a real form — as a
result this is sometimes called the ‘real normal form’.

Retaining the form of second-order oscillator equations is very useful for vibration based applications
where there are systems of multiple oscillator equations, as for example, in modal analysis [11]. Also
following this approach, Neild & Wagg proposed a normal form transform applied directly to second-order
oscillator equations [12] which is sometimes called the ‘direct normal form’ in that it is applied directly to
second-order oscillator equations without having to transform the equations into an equivalent set of first-
order differential equations. Neild and co-workers subsequently used this approach to analyse the resonant
behaviour of mechanical systems [13—17] using the established idea of backbone curves [4,18,19] that also
provided a link to nonlinear normal modes [9,10,20,21]. This enabled phenomena such as out-of-unison
nonlinear normal modes [22] to be captured and recast as bifurcations of the backbone curves [23].

More recently, numerical approximations to the spectral sub-manifolds associated with backbone curves
have been developed by Haller and co-workers — see [24] and references therein — which can be used to
model the dynamics in the non-internally-resonant case. Of particular interest, in a recent study Breunung &
Haller [24] carried out a comparison between their spectral sub-manifold method and the methods of Touzé
& Amabili [10] and Neild & Wagg [12]. This comparison considered the system we will discuss in Sect. 4,
and it showed that the !
fact, as we will show in Sect. 4, the £2 terms are required to give the correct solutions for systems of this
type — a fact that has been previously pointed out in [10]. In addition, a useful study of the upper limit of
normal form validity was carried out by Lamarque et al. [25], which clarifies the parameter region within

-order direct normal form gave the incorrect approximations for this example. In

which any normal form decomposition can be considered valid.

In terms of reduction of the system order (i.e. size in terms of numbers of degrees-of-freedom), there is a
large body of literature spanning several different domains. From a physical applications perspective there
has been much work in the area of reducing high dimensional systems such as models of solids and fluids, a
few examples from the very large literature on this topic can be found in [26-33], and in some cases explicit
mention of reduction as part of a normal form procedure is discussed [28]. The concept of nonlinear normal
modes has been strongly motivated by reducing the size of the system, once again the literature on this
topic is large and a selection of examples are given in [20,21,34-36]. For example, Touzé and coworkers
demonstrated how the application of the real normal form in this context can be used to reduce the system
dimension of shell structures [37,38].

In this paper, we present a modification to the direct normal form transformation for systems of
nonlinearly coupled oscillators, based on the method of [12], which also includes systematic model order
reduction as part of the process. The paper is structured as follows. In Sect. 2, we first describe the normal
form transform directly applied to the general forced and damped systems governed by N nonlinearly
coupled second-order ordinary differential equations. Following this a variant of the method is introduced
which includes the ability to reduce the order of the model. Then in Sect. 4, the proposed technique is
used to transform and reduce a two-degree-of-freedom discrete example system of quadratic and cubic
nonlinearities to an equivalent single-degree-of-freedom normal form model. The resonant curves and
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backbone curves of the example system are then found and compared with numerically computed results,
in order to validate the proposed technique up to order &2 and also resolve the issues raised by [24]. Then
in Sect. 5, the application of the new method to a thin plate system is considered in order to demonstrate
the ability of this method to work for (i) systems with many degrees-of-freedom, and (ii) systems that have
internal resonance. Conclusions are drawn in Sect. 6.

2. Direct normal form method

The direct normal form method uses the same philosophy as the classical Poincaré-Dulac theorem [3],
but without initially transforming the system of N second-order differential equations into a system of
2N equivalent first-order differential equations, (thereby avoiding doubling the size of the system being
considered). Instead, the formulation is carried out directly on the second-order differential equations, and
incorporates the benefits of (i) not increasing the system dimension to 2N, and (ii) keeping the eigenvalues
analysis real instead of complex, as for the method of Touzé & Amabili [10].

There are several other differences with these existing methods that are notable. First to enable a compact
formulation, a € parameter, which can be assumed to be small, is used so that order £7, for v > 1, terms
can be neglected as required. However, the method is entirely consistent with the classical method derived
without € and using a power series approach [3], and the interested reader can find this formulation of
the direct normal form in [15]. Note also that, as a result of the compact formulation the ¢ order does not
correspond directly to the order of the nonlinear term. This is because for a wide class of coupled oscillator
systems including just the el terms will provide sufficient levels of accuracy, although a counter example
to this is given in Sect. 4.

Furthermore, the type of detuning used in the direct normal form is different from that typically used in
either classical normal form methods or multiple scales methods — see for example [4] for the traditional
application of detuning. In fact, the detuning used in the direct normal form can be interpreted as giving
an increased accuracy at a lower € order than the traditional detuning, because the ¢ orders are different,
although we note that the same accuracy can be achieved in all methods if sufficient terms in the expansion
are used. A detailed explanation of how this mechanism works is given in [39], for both the direct normal
form and multiple scales method. Note also that, rather than using this type of detuning approach, it is
possible to use the direct normal form with the detuning parameter treated as a (small) unfolding parameter
— as shown in [15] — where additional unfolding parameters representing damping and forcing were also
included.

Here we consider the nonlinear oscillating system, whose dynamic behaviour could be described using
the equations of motion given by

Mx + Kx + eNg(x,%,r) =Pyr, (2.1

where x is the {INV x 1} vector of physical displacements, i.e. x=[z1, ---, zx]T, M and K are the
{N x N} mass and stiffness matrices respectively, N is an {IN x 1} vector of linear damping terms
and nonlinear terms related to stiffness, damping and external forcing, ¢ is a dimensionless book-keeping
parameter that indicates which terms are small, NV is the number of degrees-of-freedom of the system,
and an over-dot represents the differentiation with respect to time ¢. The external force is expressed as the
product of an {/N x 2} forcing amplitude matrix P, and a {2 x 1} forcing frequency related vector r,
written as

bR
2 2 o
+i2t
. . r e
P, = : : , and r:< T:«L >:< it )7 (2.2)
Py Py
2 2

where {2 is the frequency of the external excitation and i is the imaginary unit. Here the analysis is restricted
to the case where the nonlinear terms in N (x) are polynomial functions of x only, other cases are detailed
in [46].

H
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The first step in dealing with the problem is to carry out a transform which can decouple the linear part
of Eq. (2.1). To do this, the vibration modes obtained from the underlying unforced and undamped linear
system defined by setting the damping, forcing and nonlinear terms in Eq. (2.1) to zero, i.e. Mx + Kx = 0,
are used. Then the linear transform can be achieved by transforming Eq. (2.1) using the substitution x = ®q,
where qis an { N x 1} vector of modal coordinates, i.e. q = [q1,- - - ,qn]T, and @ is the {N x N} matrix
of linear modeshapes found from the eigenvalue problem $A =M~ K®, and A is a {N x N} diagonal
matrix containing the square of the natural frequencies of the vibration modes, i.e. wfn- fori=1,2,....,N.
The linear modes are scaled so that the largest element in each mode vector is |[|1]].

Making the substitution x = @q into Eq. (2.1) and pre-multiplying by ®T gives

(@TMP)g + (PTKP)q + edT N, (Pq, &g, r) = PTP,r. (2.3)
Eq. (2.3) is then multiplied by (&7 M45)71 and, rearranged using M 'K =4, leading to
4+ Aq +eNy(q,q,r) =Pyr, (2.4)
where Ny (q) is the { N x 1} vector of nonlinear terms in modal coordinates, derived from

Ny(q,q,r) = (#TMP) ' ¢TN,(Pq, &q,r),

L (2.5)
P,=(¢"M®) " dTP,.
The next step is to remove non-resonant forcing terms via a transform written as
q=V +er, (2.6)

where e is an {INV x 2} force transform matrix. Full details of this forcing transformation process can be
found in [40], but for completeness, the main steps are outlined here. Substituting Eq. (2.6) into Eq. (2.4)
gives

v+ eWWr + Av + Aer + cNy(v + er,v + eWr,r) =Pyr, 2.7

where W is a {2 x 2} diagonal matrix with leading elements +i{2 and —i(2. After the forcing transform,
Eq. (2.7) is expected to be arranged as

V+ Av + eNy(v,v,r) =Pyr, (2.8)

where Ny, is an { N x 1} vector of nonlinear and damping terms in v and Py is an {/N x 2} matrix of
near-resonant forcing amplitudes in which the near-resonant one may be retained and non-resonant one has
been removed. Combining Eq. (2.7) and Eq. (2.8) leads to

eNy(v,v,r) =eNgy(v +er,v+eWr,r), 2.9
P, =Py —eWW — Je. (2.10)

For a nonlinear system, when the forcing frequency is commensurably close to one of the system natural
frequencies, a significant response would be occurred related to the corresponding mode, regarded as near-
resonant. Therefore, the matrix of the near-resonant forcing amplitudes may be set as

P, if: Q=wy,
P,;= (2.11)
[0, O] if: 228 wn,

where P, ; and P ; denote the i'" row of Py, and Py, respectively. Now making use of Eq. (2.11) and
Eq. (2.10), the terms in the force transform matrix, e, can be determined using,

[0, 0] if: 2~ Wy,

e; = (2.12)

P, .
%ﬂm if: £2 aé Wniy
Wi —
where e; is the i row of e. The detailed derivation process is given in [40]. Once the matrix e
is determined, the transformed linear damping and nonlinear terms vector N, can be computed using
Eq. (2.9).
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Now a nonlinear transform is applied to simplify Eq. (2.8) by cancelling the non-resonant terms, which
then leads to the normal form of the system. This nonlinear transform is often referred to as a near-identity
transform [40] and may be expressed as

v=u+eH(u,u,r), (2.13)

where u and H(u, u,r) are the { N x 1} vectors of fundamental (resonant) and non-resonant components
of v respectively. Here, the non-resonant components are assumed to be small as compared to the resonant
responses, thus H(u, u, r) is denoted to be of order el. The resulting normal form after the near-identity
transform has been applied may be expressed as

it + Au+ eNy(u,u,r) =0, (2.14)

which includes only the resonant terms, such that the ith state, u; where ¢ =1,--- , N, responds at its
corresponding resonant response frequency, w,.;, where w,.; is close to, but not equal to w,,; in general.

Here, the H(u, 0, r) vector in Eq. (2.13) and the Ny, (u, u, r) vector in Eq. (2.14) are approximated by
a series of functions of reducing levels of significance, i.e.

eH(u,u,r) =ch((u,a,r) + 52h(2)(u, u,1) + 03). (2.15a)

Ny (1,11, 1) = en (1) (1, 10, 7) + £7n,9) (u, 1, 1) + O(?), (2.15b)

where h;)(u,a,r) and n,;)(u,a,r) are {N x 1} vectors in the same form as H(u,a,r) and
Ny (u, u,r), respectively. Additionally, a Taylor series expansion is applied to the nonlinear term vector
in Eq. (2.8), such that after the substitution of Eq. (2.13), about the equilibrium point [v, v] = [u, ], we
obtain

22 ONy(v,v,r)

eNy(u+eH, i+ eH, 1) =Ny (u, 1, r) + 5v

H(u,u,r)

u,u

(2.16)
62 GNU (V7 V, I‘)

. ) 3
5% H(u,u,r) + O(e).

u,u

+

Furthermore, in recognition of the fact that the w,; values are close to, but not equal to w,,; in general, a
frequency detuning is introduced, to define this relationship
A=T +eA, (2.17)

where T isa { N x N} diagonal matrix of the square of the response frequencies, w2;, and A= (A — 1) /e
represents the frequency detuning values which are assumed to be small, i.e. of order el. The purpose of
this detuning parameter is to represent the amplitude dependent nature of the response frequencies, w,.;, of
the system.

Now making the substitution of Egs. (2.13), (2.154) and (2.16) into Eq. (2.8) and eliminating the similar
terms using Eq. (2.14) with the substitution of Eq. (2.15b) gives

Si’i(l) (l.l7 u, I‘) + E2i’i(2) (l.l7 u, I‘) + ETh(l) (l.l7 u, I‘) + 82Ah(1) (u, u, I‘)

82 aNU (V7 ‘./7 I‘)

2 . .
+e"Th(y)(u,0,r) + eNy(u, 0, 1) + v

) h(l) (u, 1:17 I‘)
v (2.18)
2 ONy(v,v,r)

+ ov

.h(l)(u, u,r) — Pyr

u,a

=eny (1) (W, ,1) + £2n,(0) (1, 1,1) = Pyr + O(%).

Note that only the terms of up to order &2 are included. Although in principle higher order € may also be
derived, typically it is assumed that these terms are vanishingly small. Balancing the terms associated to
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different orders € in Eq. (2.18) gives a set of homological equations, written as

e P,r=Pur, (2.19a)
e hp)(u, i1, 1) + Thpy(u, i, 1) + 0y (0, 0,1) = 0, (a9, 1), (2.19b)
e h(y)(u, i1, 1) + Thyg) (u, 1, 1) + n(g) (0, 8,1) = 0,9 (u, 0, 1), (2.19¢)
where
n(p(u,i,r) = Ny(u,u,r), (2.20a)
n(y)(u,it,r) = Ah) + W wh(l) + W u,ah(”' (2.200)

Note that the sequential calculations, typical of the normal form approach is represented in Eq. (2.20b)
because n(g) is dependent on (1) which in turn is determined by n(1).
To satisfy Eq. (2.19a), it can be obtained that

P,=P,. 2.21)

Then, following the approach of [4], we consider that the response of each of the individual states in u, i.e.
u;, responds at a single response frequency w;.;, and its trial solution may be assumed to be

Ui —id: \ iws Ui i6.\ —w..:
Wi = Ui + Wiy, = (7% “l“) elwrit 4 (ée‘@) e writ (2.22)
where U;, ¢; and w,; are the displacement amplitude, phase lag and response frequency of u;, respectively.
Using the left hand side of Eq. (2.22), a vector u?j) (of length L;) containing all the polynomial

combinations of w;p, and w;y, presentin n;) may be defined, and then n;y, h;) and n,,(; are expressed

u(j
as,

ng =g, he=khehg, g =Rgug), 2.23)
where [n(;)], [h(;)] and [ny;)] are {N x £;} matrices of corresponding coefficients. Substituting
Egs. (2.23) into the j th homological equation gives
dup))

i)l

+ Tlhelugy) = Ingluy — uglug)- (2.24)

Note that the individual terms of u?j) are functions of u;p, and w;,,, which may be written as

N
ko Mpje, Mmj,e Spj,L.i, Smj, 0,
U(jye=Tp Tm H (O (N (2.25)
i=1
where £=1,---, L, and 8p; ¢ 5> Simj,e,i» Mpj,e and My, 5 o are exponents of Uy, Ui, Tp and T in the

0™ element of u’(kj), respectively. Using the right hand side of Eq. (2.22) and Eq. (2.25), the second time

derivative of uz}-) ¢ can be derived to be

0%ul,
(4)e 2
G2 = Y (2.26)
where w?j)l is the response frequency of uz‘j)e, ie.
N
wipye = (Mpje = mmje) 2+ (spjei = Smy.ei) wri- 2.27)
i=1

Therefore, the second time derivative of the vector u’(k ;) may be written as
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where 7 is a {L]— X Cj} diagonal matrix of w(Qj)e. So, finally Eq. (2.28) is substituted into Eq. (2.24) to
obtain

[u()] = Ing) = ()T =TTk,

=B o lhl,

(2.29)

where o denotes the Hadamard product operator and ﬂ(j) is a {N X Ej} coefficients matrix, whose
{i, 0} " element is
2 2
Bliyie =W — Wri- (2.30)

As n,,(jy is expected to be as simple as possible, all terms in it are set to zero, except where there is a
zero in B ), for which case [n,,(;)], , = [n(;)]; , in order for Eq. (2.29) to be satisfied. The criteria for the
determination of the resonant terms and the co’rnputation of the coefficients of the non-resonant terms is
given as

[”UO‘)L,e = ["v(a‘)]M and [%‘)]M =0, if: Bjyi,e =0, (2.31a)

[n“(j)] il

ey if: Bjyi.0 £0. 2.31b)
Biivie (9)

P, =0 wd ), =

)

More details on this process including the different types of resonance obtained are given in [40].

Once the coefficient matrices [nu( j)] are determined to a specific level of accuracy, i.e. &7, the vector
of resonant nonlinear terms can be formed using Eq. (2.15b). Then Eq. (2.14) can be rearranged, with the
substitution of the trial solution Eq. (2.22), to give

xie it 4 g it =0, (2.32)

where x» and X are time-independent complex conjugates. By inspection of Eq. (2.32), a solution can be
found by setting x; = 0 (or equivalently ; = 0) which then finally leads to the expressions describing the
relationship between the fundamental response amplitudes and frequencies.

3. An order-reduced variant of the nonlinear transform

As described in §1, previous authors have considered reduction of system size via a transform — for
example [37,38]. For the direct normal form method, an essential step within the nonlinear transform is
to construct the vector containing all relevant combinations of polynomial nonlinear terms, u’(kj), and its
corresponding coefficient matrices, [n( j)]. The elements in uz}-) are defined by the structure of the nonlinear
terms in the original problem, e.g. the number of states originally in N, but then transformed into N, Ny,
and n ;. In fact, the number of polynomial terms in uz‘j) will be exponentially increasing with the degrees-
of-freedom of the considered systems. For example, considering nonlinear systems of quadratic and cubic
nonlinearities, £1 = C%N_,_Q + (C%N+2 + C%N+2) + (C%N_,’_Q + C%N_,’_QC% + C%N+2) for an N-degree-
of-freedom system. Correspondingly, the growth of the system size would significantly complicate the
determination of the nonlinear coefficient matrices, [n(j)], the resonance criteria coefficient matrices, B(j)
and the non-resonant coefficient matrices, [h(j)]. This issue will be compounded when a higher-level of
accuracy, e.g. €2, is required to be considered. For example, to find n ), large matrix manipulations may
need to be performed if £; is large, which is typically the case via Eq. (2.20b).

One approach is to use symbolic manipulation methods to solve such problems, but here we consider
another natural solution which is to reduce the size of u?j) without significantly compromising the accuracy.
This is based on the observation that for many applications, the majority of the u’{j) are non-responding and
their associated coefficients are zero. For example, for nonlinear systems under a harmonic excitation, only a
small number of eigenmodes of nearly commensurable natural frequencies to the external forcing frequency
would respond significantly. Based on this, a sparse resonant state vector usp is introduced whose entries
are set to be zero except for R specifically selected terms where R < N. These selected non-zero-response
states will be either the externally-resonant ones for the external forcing situation or the internally-resonant
ones for the free vibration.

!
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When making the substitution of usp, Eq. (2.20) becomes

n(l)(ﬁ7 ﬁ7 I‘) :Nv(u5p7u5P7r)7 (310)
. o ONy(v,v,r L
n() (4, a,r) = Ah (4, a,r) + % . h(q,4a,r) (3.1b)
ONy(v,v,r) : L
+ v _ h(a,a,r),

where G is a {R x 1} vector containing the response of the R dominant states only. Now due to the
reduction of the number of terms in 1 relative to that of the original state vector, u, the basis vector, u?j)’
and coefficients matrices, [n(;], [y, ;)] [h(;)] will be simplified significantly.

Furthermore, as a number of the states are now set to zero in advance, the final normal form of,

Eq. (2.14), will become

U+ Apqii 4 eNy (1) =0, (3.2)

which only has R resonant equations and, then the number of time-independent equations related to
response amplitudes and frequencies also shrinks to R. Therefore, this variant of the nonlinear transform
also performs a model order reduction.

4. Example 1: a two-degree-of-freedom discrete mass-spring
system

Figure 1. The example two-degree-of-freedom system. For previous discussions of this example see [9,24,41].

The first example system considered is shown in Fig. 1. This system has been previously studied in
[9,24,41], and for the purpose of making a comparison we follow the format introduced by these previous
authors. The system consists of a mass supported by a vertical and a horizontal spring. The equation of
motion of this example system, with L =1, is given by

Z1 + 2Cwid1 + w%xl + alx? + asx1To + a3x% + a4x? + a5x1x% = f1 cos(£2t),
4.1)

i + 2(owois 4+ wiTy 4 bixs + bax12o + b33 + bariza + bsTh = fo cos(£2t),
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where the coefficients of the nonlinear terms are

(a1 b1 ] i %w% %w% 1
as  bo w% w%
as by | = 1w? 3w , 4.2)
as by $(f +wd)  F(wi+ws)

Las b5 | | 3(wi+w)) 3(wi+ws)

and the damping terms 2(;w;%; and forcing terms f; cos({2t), for ¢ =1,2 have been added after the
conservative equations (i.e. with ¢; = f; =0) are derived from Fig. 1, [9]. For the purpose of applying
the direct normal form methods, the terms in Eq. (4.2) are assumed to be the order ¢! terms. Is should be
noted that increasing the (; damping values can lead to increased complexity in the dynamic behaviour, as
shown by [10].

As the conservative form of Eq. (4.1) is naturally linearly decoupled, it can be described in the matrix
form of Eq. (2.4) by setting q = [q1, q2]T = [z1, x2]T, where

w3

2
A= ["81 02} , (4.3q)

2010141 + a1¢% + a +a 2+a43+a 2
N, ( )_< Gwidr +a1qi + a2q192 + a3q3 @ +asqgs | (4.3h)

2Cawade + b1¢7 + baqi g + b3g3 + bagiqo + bsqgs

Here a non-internal-resonant case is considered, i.e. w,1 7# nwy,o and wy9 # nw,1, where n=1,2,-- .
We assume that the system is only forced in the horizontal direction, i.e. fo =0, thus only the horizontal
response is significant. Therefore, the vector of reduced state vector is @ = [uj]. Substituting q =
lq1, q2]T = [u1p + uim, 0]T into Eq. (4.3b), we obtain the the vector of nonlinear terms of el significance
as

n((a)
2 2 3 3 2 2
a1(uip + Uiy, + 2u1puim) + as(uip + uip, + 3uipuim + 3uipul,,) @.4)
- +Hi2¢wiwrr (u1p — u1m)
by (u%p + u%m + 2u1puim)
Expressing nq) (1) in the matrix form, i.e. ng ) = [”(1)]11?1)a gives
r T i2C1w1wT1 0
Uty
Ulm, *i2<1€4.)1w7«1 0
w3, ai by
Ut a b1
u?l) = UpUlm s [n(l)]T = 2a1 2by . 4.5)
u%p a4 0
ui’m aq 0
2
UTpUlm 3ay 0
2
L UlpUim | 3@4 0
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Here because of introducing 1, the size of uz‘l) has reduced significantly. Based on Eq. (4.5), 3(1) and
[h(l)] are found, using Egs. (2.30) and (2.31), to be

_ 2 - a -
0 —Wy 0 O
0 —w3 0 0
1 1
3wl dwp — wh ay b1
2 2 2
3‘?1 dwiy — w3
2 2 2
Bwrp Awp —wh 5-a1 5 501
3w51 dwzy ; wy
2 2
gl) = —Wr1 —w3 ’ [h(l)]T = ——2a1 ——261 ) (46)
Wiy w3
2 2 2 1
8wy Ywyp —wiy R 0
wrl
2 2 2
8wy Ywyp —wy 2 12 ay 0
Wi
0 w2 — w3 TO 0
rl 2
2 2 0 0
L0 Wpp — Wy - .

where w9 = ws is used as ug = 0 is assumed. Note that the coefficients of resonant terms are identified by
having boxes around them in [n(l)], Eq. (4.5). Using Eqgs. (2.23), the vectors of resonant and non-resonant
terms of &' significance are obtained as

N 2 wiwe(u1y —u + 3a4(ud uim + u1pul
nu(l)(u) _ < G1w1 7‘1( 1p 1m) 0 4( 1pUlm 1p lm) 7 (4.7a)
1 2 1
—Qal(u%p +ui,,) - —5—Q1UIpUIm + —204(Ui’p +ui,)
hoy ()= |2, e S . @b
4w31 — w% 1(ulp +ui,,) wg 1U1pUim

As the example system has quadratic nonlinearity, the level of accuracy 2 must be considered for capturing
the nonlinear behaviour, as will be explained below.
Therefore, the nonlinear terms of &2 significance for this example are now determined. Considering

Eq. (3.1b), A, h(l)(ﬁ), aal\i“ o and % are required to be derived first, which in this
Usp,Usp Usp,Usp
example gives
2 2
R o e B (4.8)
0 0 O an — w7.2
2 . . 3 2 . 2 .
4 . 3w—2a1(mpu1p + UL U1m) + &u—2a4(u1pu1p + Ul U1m)
h(y)(a,0) = L, vl , (4.8b)
b . .
74%%1 - 1(u1ptp + wimGim)
Mo | 2l ) az(ip Fuim) | og2) 480
ov Wap, il 2b1 (ulp —+ ulm) b2(u1p —+ ulm) ’
N 2
ONy _ | 2wr 0 (4.8d)
ov Ugp,Ugp 0 2(2{.«)2

Note that in Eq. (4.8D) derivatives of terms containing w;pu;y, will go to zero when the assumed solution
Eq. (2.22) is substituted, and so to maintain the simplest form of the equations, we eliminate them at this
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stage. Now it can be determined that,

ONy
ov

hp) (1, @)

uspﬂ:lsp

( 5-a1 + 2(1261)(1&;0 + U?m)
Wiy rl T W3

1 3 3
mble)(ulp +uim)
Wy — W3
10 3w? — 8w?
? 4 22 D) Ti a2bl)(u%pulm + Ulp“%m)
WrWy — Wiy

2 2
10 3[.«)2 — 8w 1 2 2
4 P) P) T4 ble)(ulpulm + ulpulm)
WrWy — Wy

ONy
ov

hp) (@, 1)
Usp,Usp

4G w1

3w72_1

4wz . .
—5 b1 (u1pl1p + U1mUim)
dwiy — w3

3¢1w
4w7%1

) . 2 . 2 .
a1 (uipip + UlmUim) + (uTptp + ulmU1m)

(4.9a)

(4.9b)

It is noteworthy that including up to cubic nonlinear terms should provide an accurate solution for this
example, thus the nonlinear terms vector ns) is truncated at (’)(ﬁ4). This assumption will be verified by the
simulation results shown below. By comparing Eqs. (4.7b) and (4.9a), it can be determined that uz‘2) = uz‘l).

Now, projecting ng) = Ah(l) + % _h(l) + 661\‘{’U

u,a u,u
n is found to be,
(2)
0
0
0 4
LI Clwlal
3w$1 3wr1
01 LACwr
L M i
3L«)T1 W1
261@
2
5 wrl C
1 2 .3C1w1
_ aq + ai + ash; +i———a
[n(2)]11'— 8w21 * 3w$1 1 4w$1 w% 2 4wy 0,
) 2 .3
12 as + —— a%—f— 5 2a261—1 ClW1a4
8wz 3wy dw?i — wy 4wy
10 o 3w —8w?
T332 Ty 22 2_T14a2b1
Wiy Wr Wy — Wy
10 % 3w§ 78w31 asb
2 2 2 1
3wry dwrjwy — Wy

h(l) in terms of u’(kQ), the coefficient matrix

(4.10a)
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where resonant terms have boxes around them, and

0
0
0
0
0
2 1 4
5 a1by + —5 3 b1bs + i7C§w2wr12 1
[n(g)]g — 3wy dwi) —wj dwy) —wj , (4.10b)
2 1 . 4Cowowyr1
3,2 bt g biby — iP5 by
3wy dwyy —wjy ) 24Wr1 — w3
10 3wy — 8
5-a1by + ? 5 %14 b1b2
3wiy 4""%""2 — ;uQ
10 3wy — 8w,
_3 2 albl 4 22 2 _T14b1b2
Wi Wpwy — Wy

where [n(2]1 and [n(2)]2 are the first and second rows of [r()] respectively. Similarly, the coefficients of

non-resonant terms of £ si gnificance are computed, leading to

0
0
1 4
14 L+ C1<§11
9wr1 9wr1
1 4G w1
9 3
Wy gwrl
201
T_ b
[h))i = ot a1 7
J! L2 1 3¢1w1
a a asby +1 a
64‘”;%1 ! 12‘”;‘«‘1 ! 8‘“’?1(4”?1 - %) o 32“?1 !
o1 L 2 1 3¢1w1
by —
61e, T T2t T B2 (102, — ) T 30u3,
0
0
and,
0
0
0
0
0
2 1 . 4Cowawyr1
arby + b1bo +1i by
. wWa2Wr1
a1by + biby —1i 2 b
BnOh )T Gl SOl D) T Tl e e )
10 3&)2 — 8w 1
T3 (ot —ooy bt . bib
3wl (wh) — w3) . (w? —w§3(4w3127 w3)w? 172
1 _
0 aiby + —5 Swh — 8wy 5b1b2
w

3”31(‘“31 —w3)

(wiy *w%)(‘l‘*’% — w3)ws

where [h(5)]1 and [l (o) ]2 are the first and second rows of [h2)] respectively. Then, the vector representing

the 2 contribution is found to be
10
- 3 2 a% 4 2
Wi WrWy — Wy
0

3(4)% — 8&)31

Ru(2) =

2 1 ale)(u%pulm + ulpu%m)

, 4.12)
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and the vector of non-resonant terms for the order &2 part is,

1) ACiw 20
a1y + ) + 120 (13 — wdn) + 2oy
9w4 P 9w3 P w4 P
rl rl rl
hy) = 9 1 .
(75— a1b1 + b1b2)(utp + ulm)
3w21 (9w21 — w%) (9w$1 - w%)(4w$1 - w%) P m
01 2 1 3 3
+ a4 + al + a2b1|(uy, +u
(64w§1 208 T B2 (w2 —wd) iy + i)
0 22 82 (4.13)
wo — SW. 2 2
+ (———5——5-a1b1 + 2 rl b1b2) (ulpUim + urpu
NETR s Ko T R A A S S
.3C1wr 3 3
+1 ag(ui, —u
32&)?1 4( 1p 1m)
. 4Cawawr1 3 3
+i b1 (ulp — ulm)
(4W72~1 - W%)(ngl - W%) ! "
Now using Ny =1n,,(1) + ny(2), the reduced resonant equation of motion of the first resonance is
i+ wiug + i2¢wiwr (Wip — uim)
3w§ _ 8w31 (4.14)

1 10
+ |:3(l4 + —( ai +

2 2
P s a2b1) | (Ulpuim + U1puim) =Py 1T
Wy 3wr1

2
4wr1w2 — w5

Substituting u1p, = (Le191)el ! and uy,, = (Lrel?t)e 1t into Eq. (4.14) and arranging the result
as Eq. (2.32) gives

2 2 .
X1 —{wl —wp1 +i2Qwiwr

) ) ) (4.15)
1 10 3wy — 8 Ui | Ul =
+ {3a4+—2(7 3 ai + w22 5 w”4azb1)} Uil —ien _ 1,
wry o 3wl dwrwy — wy 4 2 2
Setting x1 = 0 and eliminating the phase related term gives
2
1 10 3w3 — 8w? Ut
{w% - w'l%l + |:3a4 + _2(7 2 CL% + 22 2 T14 a261):| _1}
wyip o 3wy dwiwy — wy 4
(4.16)
2 ST
+(2Gwiwr1)” = =5
vz’

which describes the forced response curve. Furthermore, substituting the forcing and damping related terms
to zero, i.e. (; =0 and f1 =0, gives the backbone curve expression of the system first mode to be

1 10 3w — 8w? U?
wi =wi + |3as + —5 (-~ ——-af 2 —rlagby)| <L (@.17)
Wy 3w dwiqwy — wh 4

Note, that expressions analogous to this have been previously obtained, for example by [9]. Once the
fundamental response amplitudes and frequencies are obtained by solving Eq. (4.16) or Eq. (4.17), the
physical displacement response may be computed using the corresponding reverse transform described in
Sect. 2, so that

r1=u1 + by (u1) + by (u1),
(4.18)
w2 = h(y1(u1) + h)2(u1).

The reason for needing the ¢2 terms in the direct normal form, is based on the following. First, the
quadratic terms of the type found in this example generate cubic terms in the nonlinear normal mode
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decomposition, as pointed out by [10]. However, in the direct normal form method, these terms are captured
in the &2 expansion not the !, and most previous applications of the method were restricted to the el
version. So for example, when the comparison was carried out by [24], the el order approximation was
used, and as a result the softening nonlinear effects were not captured appropriately. As we show in the
results below, (and for the full system in [44]) this is corrected by the addition of the 2 terms. It should be
noted that the direct normal form method relies on the nonlinear terms being small in the sense that they
should be significantly smaller than the w2 values. However, in this example the nonlinear coefficients are
of the same order as the wfn- values, and yet despite this, it is not the determining factor for the discrepancy
observed by [24] — see [44] for further details.

Now specific values are chosen to compute the analytical forced response curves defined by, Eq. (4.16),
and backbone curves, Eq. (4.17), of the example mass-spring system. In order to verify the analytical results,
both the backbone curves and the resonant response curves are computed using the continuation Matlab
toolbox, COCO [42,43].

The simulation uses the same undamped parameters as [9,24], while the forcing and damping parameters
are slightly different — as will be explained below. Specifically, two sets of damping and forcing parameters
are employed, i.e. {1 =2 =0.001, f; =[0.001,0.002], fo =0 and ¢; =2 =0.01, f; =[0.01,0.02],
f2 = 0 and the results are shown in Fig. 2. The plots are presented in the projection of the response amplitude
of the physical coordinates,

x|, against the external forcing frequency, {2. In Fig. 2, panels (a) and (c) show
the |x1| response, and panels (b) and (d) show the |x2|. In each panel there are two forcing cases shown,
and the small damping ({1 = {2 = 0.001) case is shown in panels (a) and (b) with the higher damping case
(€1 = (2 =0.01) shown in panels (c) and (d). It can be seen that the order 2 (reduced-order) backbone
curves correctly predict the softening dynamics of the example system which is consistent with the findings
in [9,10] and [24]. Furthermore, the backbone curves and forced-damped response curves computed using
COCO are also shown in Fig. 2. It can be seen that the analytical and numerical curves are in very close
agreement, particularly for the smaller forcing cases. As would be expected, the level of agreement is less
good for the higher forcing curves, and in general, agreement is better when amplitudes of excitation are
smaller. Specifically, it can be seen that as amplitude increases, there is the increasing difference between
the analytically computed curves and the numerically computed curves. This is due to the truncation of the
analytical approximation at order 2.

It is noteworthy that as the horizontal mode is assumed to be the dominant one here, and as a result,
the vertical response, |z2|, is only made up of contributions from the non-resonant terms (see Eq. (4.18)).
This implies that the reduced-order normal form technique is also able to correctly estimate the response
amplitudes of the non-resonant terms of the forced response of the system. The forcing parameters were
chosen to be similar to those used by [9], except here we are primarily interested in how accurate the
undamped backbone curves are. Therefore we have reduced (2 to the same (small) level as (1, whereas
in [10] the authors discussed the coupling effect of when (2 was at a range of different levels.

It is important to remember this type of model order reduction will be limited by the fact that a specific
part of the system has been neglected. One instance, in this example, is that the backbone curve expression
in Eq. (4.17) is an implicit function of w;.1, but with both modes included, it would be an implicit function
of both w,1 and wy2. Given that we would expect w2 to vary with amplitude, using the assumption that
wyr2 = w2 (as in Eq. (4.17)) is an obvious limitation of the reduced-order approach.

5. Example 2: a continuous plate system

A pinned-pinned rectangular thin plate of large-amplitude vibration is now considered, as shown
schematically in Fig. 3. Unlike the previous example, in this case we focus on the fact that the system
has an internal resonance. As a result we have selected the example to have only cubic nonlinear terms
and hence it only requires the el order normal to find the backbone curves. In fact, the case of 1:1 internal
resonance with both quadratic and cubic nonlinearity, has previously been investigated by [10,37,38].

This example has already been studied in detail in [45], and here it is used to consider the application
of the reduced-order-direct normal form technique for a system with internal resonance. Following the
approach in [45], the nonlinear partial differential equations governing the dynamic behaviour of the plate
of large-amplitude responses can be projected onto an orthogonal set of linear eigenmodes, from which a
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Figure 2. The backbone curves and resonance curves of the two-degree-of-freedom example system described in

Eq. (4.1) for the case where its horizontal mode is dominant. The solid-black and blue lines denote the analytically

approximated backbone curves and forced response

curves respectively. The dashed-green and dashed-red lines

represent the numerically computed backbone curves and forced response curves (from COCO), respectively. The

black dots indicate branch points, where the backbone

curves start. Parameters: wi = 2, wa = 4.5, Panel (a) and (b):

{1 =(2=0.001, f1 =[0.001, 0.002] and fo = 0; Panel (c) and (d): {1 = {2 =0.01, f1 =[0.01, 0.02] and f2 = 0.
The stability of the solution curves is not indicated on this figure.

Figure 3. The plate system example. For further details

, see the discussion by [45].

set of ordinary differential equations can be obtained of the form

. . 2
Gi + 2Ciwniq; + wniq; +

N
Z al[ﬁanzqmqn = fi cos(§2t), (5.1

l,m,n
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fort=1,2,..., N. The detailed model derivation process is given, for example, in [40]. Due to the geometry
and boundary conditions of the plate, only cubic nonlinearity terms appear in Eq. (5.1). In this paper, we
consider the same plate investigated in [45]. The geometrical and material properties of the plate and the
values of the natural frequencies and nonlinear terms coefficients are given in Appendix A.

For this example plate, only its backbone curves are investigated, and also, it is assumed that the system
is excited at a frequency in the vicinity of its second (and third) natural frequency. Considering just the first
four eigenfrequencies (/N = 4), there may exist a 1 : 1 resonant interaction between the second and third
mode of the plate system because w2 /= wy,3. Therefore, it may not be possible to discern which of these
two modes will be the dominant one, in order to construct the sparse vector of resonant states. Here, we
may set ug 7 0 and u3 # 0 to represent the situation that an initial motion is initiated in either the second
or third mode.

Following the approach in [45], and using & = [ug, u3]T, which reduces the system from a four-mode
to a two-mode approximation, the vector of nonlinear terms is found to be

2
) (@)12;3) = I R A
;O] T 3
agfjs(“gp + ugm + 3u§pu3m + 3“3p“§m) 52)
. .
+a[2?]3 (uQPugp + u2mu§m + u2mu§p + u2pu§m + u2pu3puU3m + U2mu3pu3m) )

[3] (2 2 2 2
T3 (u2pu3p + Uy U3m + UgpU3m + U2 Usm + U2pU2mU3p + u2pu2mu3m)

where the subscript [2; 3] indicates the nonlinear terms in n ;) associated with the second and third modes.
Note that due to the specific value of the nonlinear coefficients, see Table 2, ny) (ﬁ)[l] =n(p)(a) = 0

thus they are omitted. From Eq. (5.2), the vector of polynomials terms can be defined and its associated 3
matrix is computed as

2
U2pU3m
U2pU3pU3m
* U2mU3pU3mM T 2
u(l)f 2 ) ﬂ(l) . =Wr

U2pU3p [2;3]

2

UQm U3m

2
u2pu3m
U2 U3m
U2pU2mU3p
U2pU2m U3 m

ng

3

121’3771
3ug,uzm

2
3uzpuzy, | L J

) (5.3)

O O 0000 OO OO WO OO O w o O o
O O 0o OO OO WO OO O wo o w

where w; = w;9 = w,-3 is used as the 1 : 1 internal resonance is assumed. The coefficient matrix of n)
is found in which the terms corresponding to the resonant ones are identified with boxes and then the
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coefficients of non-resonant terms are computed, as

_ a%]Q 0 -
)
Q999 0 2]
3a[222]2 0 Qg9 0
2] 0‘[222}2 0
3559 0 0 0
o 0 0 0
Q933 0
(2] abls 0
a233 0 [2]
- Q233 0
Q933 0 0 0
204[223]3 0 0 0
0 0
- 2012, 0 . 1 0 0 54
P31 = 13] W3 = g 2 : :
(2;3] 8 by (23] w2 0 a[232]3
Q553
3]
0 3 0 Q293
223 0 0
3
0 ol 0o 0
0 0
3
0 2
223 0 0
3
0 204[22]3 0 agg
3] 3]
8 O‘?S:]B 0 Q334
O"T? 0 0
3
0 3a333 ) 0 |
(3]
0 3az34

Using Egs. (5.3) and (5.4), the vector of resonant and non-resonant nonlinear terms are determined as

2
_{ 3ab, (B uam + uzpud,,)
(1) [2;3) = B, 2 2
3azgs (u3pUsm + u3pUsm ) 55)
) )
+O[[23J3(u27nu§p + uQZDu%m + 2u2pu3pu3m + 2u2mu3pu3m) )

3
+a[22]3(u%pu3m + u%mugp + 2u2pu2mu3p + 2U2pu2mu3m)
2 2
I — by (u3, + u3yn) + s (uzpuidy, + uzpu,) ) (5.6)
(23] 8w? agg(ugp +ud,,) + a[232]3(u%pu3p + 3 U3m)

Finally, the time-invariant equations governing the response frequencies and amplitudes of the second and
third modes are found to be,

3 12 2+ el(@s—d2) U.

[%212 —wi 4 Za[QQ]QUQQ T fo‘g;gz]g 5 =0, (5.7a)
3 [23 24 cl(@2=93) U.

[wis —wp + Za[333U32 + f04[22]3 3| S =0 (5.7b)
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Successively setting Uz = 0 and Uz = 0 results in the expressions of two single-mode (i.e. non-internally-
resonant) backbone curves given by

Sy w? —wng + - 04[222]2U227 (5.8a)
. 2 _ 3]
Ss:  wr —wng + a333U3 (5.8D)

Combining the bracketed contents in Eqs. (5.7) and rearranging gives the expression of the double-mode
(i.e. internally-resonant) backbone curves, written as

3 2
U2 — 4 wa3 — Wiy i 0‘[22}3 - 0‘[22}2 U2
S N RN N
DE . 233 — 333 233 — 333 (5.9)
23 TN IO N O N N I
W2 — X233%n3 — X333Wno 233%223 — ¥992(%333 U2
" [2] [3] 4 [2] [3]
« — —
233 — 0333 Q933 — (333

where, for balancing the complex terms, el1#3=92)l — 1 the phase relationships ¢3 — ¢ =0 or 7, are
assumed, which means there are two double-mode backbone curves with identical response frequencies
and amplitudes but of different modal phase differences denoted by the superscript of Dg:g. See also [22]
for a comparison of these results.

Fig. 4 shows the analytically approximated backbone curve results of the example plate using the
coefficient values in Table 2. Again, the results from numerical continuation serve as the benchmark
solution. The plate is assumed to be forced in the third (linear) mode-shape only. The frequency is set
to be close to the second/third eigenfrequency, and the forcing amplitude is specifically chosen to make
the resonant amplitude close to the thickness of the plate, i.e. f3 =0.02, which will ensure that the
large-amplitude response assumption is satisfied.

Fig. 4 shows that the double-mode backbone curves, D237 bifurcate from the single-mode backbone
curve, S3. Note that as the results are projected in the modal coordinates, the two double-mode backbone
curves overlap (as opposed to being in the u2, ug coordinate space). As we are forcing the system only in
mode 3, the g3 responses are driven by the external forcing, and has a hardening response curve (Fig. 4(b))
as would be expected for a system with cubic nonlinearity. The g response (Fig. 4(a)) is only triggered
after the Dgig curves bifurcate from the Sg curve at an amplitude of approximately g3 =2.9 x 107%. In
contrast with the previous example, here the amplitudes are 10~ smaller, and as a result the analytically
computed backbone curve matches very accurately with the numerical solution, for both the single- and
double-mode responses.

6. Conclusion

In this paper, we introduced a technique with the ability to perform a simultaneous direct normal
form transform and model order reduction for nonlinear dynamic problems. This method is derived via
its application to a general N-degree-of-freedom system of coupled oscillators with polynomial type
nonlinearities. The main advantages of this new method are that (i) it is directly applicable to systems of
second-order ordinary differential equations which are the natural description form of mechanical structures
and (ii) it significantly simplifies the derivation process of the normal form transformation when applied to
larger-scale systems. However, it should also be noted that model order reduction methods of this type will,
by definition, neglect part of the system behaviour (often called the residual), and therefore care should be
exercised to ensure that all the required dynamic behaviour is appropriately captured by the reduced order
model. In our case, this was done by verifying the model using numerical continuation simulations of the
forced damped system.

Following on from the general derivations, we demonstrated the performance of the proposed technique
using two examples. The first example was a two-degree-of-freedom system that has both quadratic and
cubic nonlinearities, but no resonant interactions. Due to the fact that the direct normal form method
captures cubic terms generated by the presence of quadratic nonlinearities at order 2, the application
of the normal form transformation has to be performed at least order 2 in order to capture the key
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Figure 4. The backbone curves and resonance curves of the example plate system. The solid-red and green lines
denote the analytically approximated backbone curves Ss and D}? respectively. The solid-black and blue lines are
the numerically computed backbone curves and forced responses (using COCO), respectively. The red and green dots
denote the branch points. Note that the information on the stability of the solution curves is not indicated on this figure.
qi

Also note that the unit of the response amplitude, ,is metres and the plate thickness is 5 x 10~*m. The units of w-

is radians/second.

dynamic behaviour. However, as we demonstrated, this can be done whilst simultaneously reducing the
system from two- to one-degrees-of-freedom. As a result, all the intermediate matrices constructed during
the nonlinear transform and the final resulting equation of motion were significantly simplified without
sacrificing the accuracy of the solution. The approximated backbone curves results were then shown to be
able to accurately predict the softening behaviour and the resonant response of the example system when
harmonically forced, by comparison with numerical continuation simulations of the forced damped system.

Finally, the application of the new method to the example of a thin, rectangular, simply-supported plate
was investigated. Due to the specific geometry and boundary conditions of the plate, there exists a 1:1
internal resonance between the second and third modes of the system. In previous work, a four-mode
reduced order model was used to explain this behaviour. However, by using the reduced-order-direct normal
form, only the two interacting modes were required to capture the key dynamic behaviour. Accordingly,
the dynamics of the plate system were reduced to a system of two resonantly interacting oscillators. The
associated numerical continuation results show a high degree of consistency with the analytically obtained
backbone curve solutions for both single-mode and resonant double-mode responses.
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A. The parameters of the example plate

The geometrical and material properties of the example plate considered in Sect. 5 are shown in Table 1.
Note that SI units are used throughout this example. The natural frequencies and coefficients of nonlinear
terms related to the first four mode of the example plate are shown Table 2.
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Table 1. The properties of the example plate.

Length

Width

Thickness

Density

Young’s modulus

Poisson’s ratio

0.38 m

0.48 m

0.0005 m

2700 kg/m®

70 GPa 0.31

Table 2. The values of coefficients for the lowest four modes of the example plate.

ol =545 x 10 al?, =236 x 1010
w1 =589  all, =236 x 100 | w,p=143.9 ok, =3.14 x 10'°
all, =227 x 1010 ol =6.51 x 1010
=001 ol =244x10"° | =001 o, =124x10"
b, =7.43 x 1010 all, =7.43 x 1010
ol¥, =227 x 1010 ol =2.44 x 1010
wn3 =150.8  ally =651 x 100 | w,y =235.8 ol =1.24 x 101!
ol =314 x 1010 alll, =132 x 10"
=001 o), =132x102 | ¢4=001  olf], =558 x 101
al¥ =7.43 x 1010 alll, =7.43 x 1010
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