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Presentations for singular wreath products

Ying-Ying Feng! Asawer Al-Aadhami? Igor Dolinka? James East?} Victoria Gould?®

Abstract

For a monoid M and a subsemigroup S of the full transformation semigroup 7, the wreath product
M S is defined to be the semidirect product M™ x S, with the coordinatewise action of S on M™. The
full wreath product M {7, is isomorphic to the endomorphism monoid of the free M-act on n generators.
Here, we are particularly interested in the case that S = Sing,, is the singular part of 7,, consisting of all
non-invertible transformations. Our main results are presentations for MSing,, in terms of certain natural
generating sets, and we prove these via general results on semidirect products and wreath products. We
re-prove a classical result of Bulman-Fleming that M Sing,, is idempotent generated if and only if the set
M/ % of L-classes of M forms a chain under the usual ordering of .Z-classes, and we give a presentation
for M ¢ Sing,, in terms of idempotent generators for such a monoid M. Among other results, we also give
estimates for the minimal size of a generating set for M @ Sing,,, as well as exact values in some cases
(including the case that M is finite and M/.Z is a chain, in which case we also calculate the minimal
size of an idempotent generating set). As an application of our results, we obtain a presentation (with
idempotent generators) for the idempotent generated subsemigroup of the endomorphism monoid of a
uniform partition of a finite set.

Keywords: Wreath products, semidirect products, transformation semigroups, presentations, rank,
idempotent rank.

MSC: 20M05; 20M20.

1 Introduction

We draw our main inspiration from three closely related themes in semigroup theory: idempotent generation,
endomorphism monoids, and presentations. Idempotents have long played an important role in algebraic
and combinatorial semigroup theory. On the one hand, Howie’s 1966 article [49] on singular transformation
semigroups initiated a vast research theme in idempotent generated semigroups, with much attention focused
on (partial) endomorphism monoids of sets, vector spaces, modules, independence algebras, free acts and
other structures [3,6,7,9,10,15,25,29-31,35-38,41,43,44,50,52,57,60,71,75,76]. Among other things, Howie’s
article [49] demonstrated a universal property: every semigroup S embeds in an idempotent generated
(singular transformation) semigroup that may be taken to be finite if S is finite. On the other hand,
every idempotent generated semigroup 7' is a homomorphic image of a so-called free idempotent generated
semigroup that has the same biordered set of idempotents as T. These semigroups (henceforth referred
to as FIGSs) are defined by means of a presentation (by generators and relations) derived from abstract
biordered sets [22,65]. Among other things, these FIGSs encode combinatorial and topological properties
of semigroups, as their maximal subgroups are isomorphic to the fundamental groups of certain complexes
arising from the biordered set [8]. These maximal subgroups have therefore been the subject of intense
study, particularly in the last decade or so. Early results [63,66,67] led to a conjecture that these maximal
subgroups were always free, but this turned out to be false. The first counter-example was provided in [8]
and, soon after, it was shown by Gray and Ruskuc [46] that every group occurs as a maximal subgroup of
some FIGS. A recent focus has, therefore, been to describe the maximal subgroups of FIGSs arising from
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biordered sets of well-known semigroups [11,13,14,16,19,45,62], while relatively fewer studies of the global
structure of a FIGS have been carried out [12,54]. The Gray-Ruskuc result [46] has now been proved in a
number of different ways [11,20,42], with endomorphism monoids of free G-acts playing a key role in some
of these later proofs, and providing a natural biordered set for the construction. It has long been known
that the endomorphism monoid of a free G-act of (finite) rank n is isomorphic to a wreath product G Tp;
in fact, this is true in the more general case of free M-acts, where M is a monoid [55,77]. It is therefore
very natural to study the structure of wreath products M 17, or, more generally, M ! S for an arbitrary
subsemigroup S of 7,. Further motivation for studying such wreath products comes from the fact that the
wreath product 7., ! T, of two transformation semigroups is isomorphic to the endomorphism monoid of a
uniform partition with n blocks of size m [5,17,68].

Close to the time that Howie’s article [49] appeared, a number of authors obtained presentations for various
monoids of (partial) transformations [1, 2,69, 70], sparking a field of research that continues to this day;
see for example [23,24,32,56,58], and especially the survey [33] and references therein. Presentations have
recently been obtained for certain singular semigroups of transformations and related structures [25-28,61].
In particular, a presentation for Sing,, , the singular part of 7y, is given in [26] in terms of the generating
set consisting of all idempotents of rank n — 1. To the authors’ knowledge, a general presentation for the
endomorphism monoid End(A) of an arbitrary independence algebra A is not currently known. But for
a special subclass of such algebras, the above-mentioned free G-acts of finite rank, such a presentation
can be described using results of Lavers [59] on general products of monoids, since (as noted above) these
endomorphism monoids are isomorphic to wreath products of the form G 7,. Here, we are interested in the
more general problem of finding presentations for wreath products M S for an arbitrary monoid M and an
arbitrary subsemigroup S C Ty, particularly in the case that S = Sing,,. This kind of problem can be quite
difficult in the case that S does not contain the identity transformation (as happens when S = Sing,,, for
example), since many articles on presentations for semigroup constructions (including wreath and semidirect
products) focus on the case of monoids [34, 53,59, 74]; notable exceptions that are not restricted to monoids
have concentrated on constructions that do not capture the kind of wreath and semidirect products that
arise from endomorphisms of M-acts [21,73]. As such, to achieve our main aim of finding presentations for
wreath products M @ Sing,,, we first prove general results on presentations for arbitrary semidirect products
M xS (of which the wreath product is a special case) where M is a monoid and S a semigroup. From
these, we are able to deduce a number of presentations for M @ Sing,, that extend the presentation for Sing,,
from [26]. Along the way, we obtain several other results of independent interest, as we describe below.

The article is organised as follows. In Section 2, we establish notation and gather some background results on
(transformation) semigroups and presentations. In Section 3, we give a general presentation for a semidirect
product M x S of a monoid M and semigroup S (Theorem 3.1), including wreath products as a special
case. In Section 4, we classify and enumerate the idempotents of M7, (Proposition 4.3 and Corollary 4.5),
describe canonical generating sets for M ! Sing,, (Theorem 4.7), give necessary and sufficient conditions for
M 1 Sing,, to be idempotent generated (also contained in Theorem 4.7, and originally proved by Bulman-
Fleming [9]), and give bounds (and exact values in the idempotent generated case) for the minimal size of a
generating set for finite MSing,, (Proposition 4.10 and Theorem 4.12; see also Theorem 4.14). In Section 5,
we give a number of presentations for M ! Sing,, with respect to the canonical generating sets alluded to
above (Corollary 5.1 and Theorem 5.2); in the case that M { Sing, is idempotent generated, we give a
presentation in terms of a particularly natural idempotent generating set (Theorems 5.9 and 5.12). Finally,
in Section 6, we apply our results to obtain presentations for the idempotent generated subsemigroups of a
class of monoids including the endomorphism monoid of a uniform partition of a finite set (see Theorem 6.3).

2 Preliminaries

Let S be a semigroup, and write S! for the monoid obtained by adjoining an identity 1 to S, if necessary.
Unless otherwise specified, we will generally write 1 for the identity element of any monoid. Recall that
Green’s preorders are defined, for a,b € S, by

a<pb & a€bS', a<ygb e acSh a<y;b e acSHS,



and that Green’s relations are defined by

It can easily be proved that 9 = Z 0. = £ o % (so that & is the least upper bound of # and £ in
the lattice of equivalence relations on S). If S is finite, then ¥ = #. If a € S, and % is one of Green’s
relations, we write K, for the J#-class of S containing a. If a subset A C S is a union of J# -classes, we
write A/ ¥ = {K, : a € A} for the set of all J# -classes contained in A. If ¢ is one of Z,.Z, 7, then <y
induces a partial order on S/.#"; as usual, we will generally write <, for this induced order, so that a < b
in S & K, <y K,in S/2#. For any subset A C S, we write E(A) = {a € A : a = a?} for the set of
idempotents in A, and (A) for the subsemigroup of S generated by A. The rank of a semigroup S, denoted
rank(S), is the smallest size of a generating set for S. If S is idempotent generated, then the idempotent
rank, denoted idrank(S), is defined analogously with respect to generating sets consisting of idempotents.
For more background on semigroups, see [48,51].

Let X be an alphabet (a set whose elements are called letters), and denote by X™* (resp., X*) the free
semigroup (resp., free monoid) on X. We denote the empty word (over any alphabet) by 1, so X* = X+tU{1}.
If RC XT x X* (resp., R C X* x X*), we denote by R the congruence on X+ (resp., X*) generated by R.
We say a semigroup (resp., monoid) S has semigroup (resp., monoid) presentation (X : R) if S = X+ /Rf
(resp., S = X*/R!) or, equivalently, if there is an epimorphism X+ — S (resp., X* — S) with kernel R?. If
¢ is such an epimorphism, we say S has presentation (X : R) via ¢. The elements of R are generally referred
to as relations, and a relation (wi,wy) € R will usually be displayed as an equation: w; = ws. Unless
otherwise specified (and this will only occur in Section 6), all presentations will be semigroup presentations.

For an integer n > 0, we write n = {1,...,n} and 7, for the full transformation semigroup of degree n,
which consists of all transformations of n (i.e., all maps n — n) under composition. (When n =0, n = ()
and 7T consists only of the empty function § — (.) For a € T,, and i € n, we write i« for the image of i
under «, so that transformations are composed left-to-right. For a € 7, define

im(a) = {ia:i €n}, ker(a)={(i,j) €Enxn:ia=ja}, rank(a)= |im(a)|.
It is well known (see [51, Exercise 16]) that, for a, 8 € Ty,
a<g B & ker(a) Dker(f), a<gpf & im(a) Cim(B), o<y B & rank(a) < rank(s).

Since 7, is finite (of size n™), 2 = _#. The next result is well known, and is easily proved.

Proposition 2.1. A transformation o € Ty, is an idempotent if and only if the restriction a|im(a) of a to
im(a) is the identity map. Consequently, |E(Ty)| = Y pn_; (})k"F. O

The group of units of 7, is the symmetric group S, = {a € Ty, : rank(a)) = n}. We write Sing,, = T, \ Sn
for the singular part of T,, which consists of all non-invertible (i.e., singular) transformations of n. A
famous result of Howie [49] states that Sing,, is generated by its idempotents: in fact, by its idempotents of
rank n — 1. The latter are precisely the maps ¢;; (for 7,5 € n with ¢ # j) defined by

k ifk#£j
keij=4q . . .
1 ifk=j.
As usual, these idempotents may be represented diagrammatically, for 1 < i < j < n, by

n

w- DIIED T me s DIRUL T

We will write X = {g;; : i,j €n, i # j} for the set of all rank n — 1 idempotents from 7,. Note that
|X| = 2(2) =mn(n—1). It is easy to check (and follows from facts mentioned above) that for all 7,5, k,l € n
with ¢ # j and k # [,

€ij<%5kl = {Z,j} = {]C,l} and Eij.iﬂ&“kl & =1

The next result is [49, Theorem IJ.



Theorem 2.2. Ifn > 2, then Sing,, = (X). O

Note that Sing,, = 0 if n < 1. Note also that Sing, = X = {e12,£21} is a right-zero semigroup, so the
smallest (idempotent) generating set for Sing, has size 2 = |X|. For n > 3, Sing,, may be generated by |X|
elements, by further results of Howie, as we now explain. For a subset F* C X, let ['r be the directed graph
with vertex set n and edge set {(4,) : €;; € F'}. We say a directed graph I' is complete if its associated
undirected graph (obtained by changing directed edges to undirected edges, and converting any resulting
parallel edges to single edges) is the complete graph (with the same vertex set as I'). Part (i) of the next
result is [41, Theorem 2.1], and Part (ii) is [50, Theorem 1]. Recall that a directed graph is strongly connected
if, for any pair of vertices z,y, there is a (possibly empty) directed path from z to y.

Theorem 2.3. Let n > 3. Then
(i) rank(Sing,) = idrank(Sing,) = () = in(n — 1);

(ii) of F C X, then Sing,, = (F) if and only if T'p is strongly connected and complete. O

A presentation for Sing,, was given in [26], in terms of the generating set X'. Define an alphabet
X ={ej:i,j€mn, i#j},

an epimorphism
(Z) : X+ — Singn D645 > €,

and let R be the set of relations

egj = ejj = €ji€ij for distinct 4, j (R1)
€ij€kl = €kl€ij for distinct 1, j, k, { (R2)

eikejk = €ik for distinct 4, j, k (R3)

€ijeik = €ik€ij = €jkCij for distinct 4, j, k (R4)
Chi€ij€jk = €ikCkj€jiCik for distinct i, j, k (R5)
€ki€ij€jkCkl = €ikCLICLiCij€jl for distinct 4, j, k, [. (R6)

The next result is [26, Theorem 6].

Theorem 2.4. For n > 2, the semigroup Sing,, has presentation (X :R) via ¢. O

3 Semidirect products and wreath products

In this section, we prove some general results about semidirect products M x S and wreath products M S,
where M is a monoid and S a semigroup (S will be a subsemigroup of some 7, in the case of M .5).

3.1 Semidirect products

Let S be a semigroup and M a monoid with identity 1. (Note that S might also be a monoid.) Suppose S has
a left action on M by monoid endomorphisms; that is, there is a homomorphism ¢ : S — End*(M) : s — s,
where End*(M) denotes the monoid of endomorphisms of M with right-to-left composition. For s € S and
a € M, we write s-a = ps(a). So

s-1=1, s-(t-a)=(st)-a, s-(ab)=(s-a)(s-b) for all s,t € S and a,b € M.

(Note that if S happens to be a monoid, we do not assume that it acts monoidally on M: i.e., we do not
assume that the identity of S acts as the identity automorphism of M.) The semidirect product M x S =
M xS has underlying set M x S = {(a,s) : a € M, s € S}, and product defined by

(a,s)(b,t) = (a(s-b),st) for all s,t € .S and a,b € M.



The fact that S acts by monoid endomorphisms ensures that S may be identified with the subsemigroup
{(1,s) : s€ S} of M x S. If S is a monoid acting monoidally on M (i.e., 1-a = a for all a € M), then
{(a,1) : @ € M} is an isomorphic copy of M inside M x S. However, this article is mostly concerned with
the case that S is not a monoid, in which case M x S does not contain such a canonical copy of M. A
motivating example of the semidirect product are the wreath products, which are the subject of Section 3.2.

Suppose now that S has semigroup presentation (X : R) via ¢ : XT — S. Define a new alphabet X, =
{zqe 1z € X, a€ M}. We regard X as a subset of X,; by identifying x € X with z; € X;. For a word
w=x1- -2 € XT, and for an element a € M, we define the word w, = (21)qw2 - T} € X]\'Z. Consider the
set Ry = R]l\/[ U R?\/[ of relations over X s, where R]l\/[ and R?\/[ are defined by

RY, = {(ua,va) : (u,v) €R, a € M} and R%, = {(a¥p, Ta(zgn)y) : T,y € X, a,b € M},
Note that, by identifying X C Xj; as above, we also have R C Ry, via (u,v) = (u,v1). Define a map
o X > M xS by Tady = (a,z9) forallz € X and a € M.

It is easy to check that w,¢n = (a, we) for all a € M and w € X . It quickly follows (from the surjectivity
of ¢ : Xt — S) that ¢y is surjective. For convenience, in the following proof, even though R and Rj; may
not be symmetric, we will say “(u,v) € R” to mean “(u,v) € R or (v,u) € R” (and similarly for Ry;).

Theorem 3.1. With the above notation, M x S has semigroup presentation (X : Ryr) via ¢pr.

Proof. We showed above that ¢); is surjective, so we just need to show that ker(¢ys) = ng. First note
that for any (u,v) € R and a € M, usdy = (a,ud) = (a,vd) = vedp, while for any z,y € X and
a,b € M, (zayp)drr = (a,29)(b,yd) = (a(xg - b), (zy)9) = (a(z¢ - b),2¢)(1,y¢) = (Ta(wss)y)PM, showing
that Ry C ker(¢oar).

Conversely, suppose u = (21)a; =+ (Tk)ags v = (Y1) -+ (W), € Xy are such that ugp = vép. For the
remainder of the proof, write ~ = R§\4' Using relations from R?\/[, we have

um(r1)qr2 k= (T1-2K)a and v (yi)ey2 oy = (y1---y)y  for some a,b e M.
Since ~ C ker(¢ps), we have

(a,(z1- - 2k)9) = (21 2R)abdy = udpnr = vérr = (Y1 yodnr = (b, (Y1 - y1)@).
It follows that a = b and (x1---21)¢ = (y1 - - - y1)¢. Since ker(¢) = R, it follows that there is a sequence of
words x1 - - - T = Wo, W1, ..., W, = Y1 - - -y such that, for each 0 <7 <r —1, w; = wuw! and w1 = wivw!
for some w}, w! € X* and (u,v) € R. But then we see that (w;)q ~ (wj+1)q, using either (u,v) € R C Ry
(if w} is non-empty) or (uq,vq) € Ras (if w} is empty). But then

ur (21 2T)a = (Wo)a R (W1)a == (Wr)a= Y1 Y)a= W1 U)p =V,

completing the proof. O

The next result follows immediately from Theorem 3.1

Corollary 3.2. If S is finitely presented and M is finite, then M x S is finitely presented. O

Of course the converse of Corollary 3.2 is not true: for example, the semidirect product M x S of finitely
presented infinite monoids (with a monoidal action of S on M) is finitely presented [59, Corollary 2]. One
might hope to improve Corollary 3.2 by assuming only that M is finitely presented (rather than the stronger
assumption of being finite). But this is not the case in general, as the following examples show.

Example 3.3. Let N be the additive monoid of natural numbers (including 0), and let S = {x, 22} with
23 = 22 # x. It is easy to show that any generating set for the direct product N x S must contain N x {x}.

In particular, N x S is not finitely generated (and, hence, not finitely presented).

Example 3.4. Our second example is a semidirect product that is not direct. Let M = N x N, and
let S = {e} be a trivial semigroup. Define an action of S on M by ¢ - (a,b) = (a,a). Since |S| = 1,
we may identify the element ((a,b),e) of M x S with (a,b): in this way, the operation on M x S obeys
(a,b)(c,d) = (a+c¢,b+c). It is again easy to show that any generating set for M x S must contain N x {0}.
(In fact, this example can be viewed as a wreath product; see Section 3.2 for more details.)



3.2 Wreath products

Let S be a subsemigroup of the full transformation semigroup 7, and let M be an arbitrary monoid. Then S
has a natural left action on M™ (the direct product of n copies of M) given by

a-(ar,...,an) = (a1as-- - 0na) fora € Sanday,...,a, € M.

The resulting semidirect product M™ x §' is the wreath product of M by S, denoted M .S. Multiplication
in M S obeys the rule

((a1y ... ap)a)((b1y...,bn), B) = ((a1b1as - - -, Anbpa), af).

For example, writing e = 12 € T, if M = N and S = {e}, then M S is the semigroup from Example 3.4.
When S = T,, we obtain the full wreath product M 7,. When S = Sing,, = 7,, \ S,, we obtain the singular
wreath product M ! Sing,,; these singular wreath products are the main focus of this article. If M = {1},
then M S = S for any S. On the other hand, if S = {1}, where 1 € 7,, denotes the identity map, then
MyS =M™

There is a useful way to picture an element (a,a) of M 7,. We draw two parallel rows of vertices, both
labelled 1,...,n (and assumed to be increasing from left to right, unless otherwise specified); for each i € n,
we draw an edge between upper vertex ¢ and lower vertex icy; and we decorate upper vertex ¢ with the
monoid element a;, where a = (ay,...,a,). For example, two elements (a, ), (b, 3) € M ! Ts are pictured
in Figure 1. To calculate the product (a,a)(b,3) = (a(a - b),a) diagrammatically: we first stack (a, «)
above (b, ), identifying lower vertex ¢ of (a,«) with upper vertex i of (b, ) for each i; we then “slide”
the b; decorations up the edges of (a,«) and form the appropriate products a;b;; finally, we straighten
the remaining edges, and remove incomplete edges. An example calculation is also given in Figure 1. By
convention, we will often omit the decoration on upper vertex i of (a,a) if a; = 1.

PN

-—

Figure 1: Elements of M 7g (top left) and their product (bottom left).

Since M1.S = M™ xS is a semidirect product, Theorem 3.1 directly leads to a general presentation for M5,
modulo a presentation (X :R) for S, but we will not state this explicitly.

The remainder of the article almost exclusively concerns singular wreath products M ¢Sing,,. Because Sing,,
is empty for n < 1, we will assume that n > 2 whenever we make a statement about Sing,,.



4 Idempotents and generators for M Sing,

In this section, we extend Proposition 2.1 to full wreath products M ! 7, and Theorems 2.2 and 2.3
to singular wreath products M ! Sing,,. In particular, we characterise and enumerate the idempotents
of M T, (Lemma 4.1, Proposition 4.3 and Corollary 4.5); we give canonical generators and re-prove Bulman-
Fleming’s [9] necessary and sufficient conditions for M ! Sing,, to be idempotent generated (Theorem 4.7);
and we give bounds (and exact values in some cases) on the minimal size of (idempotent) generating sets
for M (@ Sing,, (Proposition 4.10 and Theorems 4.12 and 4.14).

For i,j € n with i # j, and for a € M™, we define ;5,4 = (a, ;) € M1Sing,,. As a special case, for a,b € M,
we define
a ifk=1

Eij:ab = Eijia where a € M"™ is defined by a, = (b if k=
1 otherwise.
As a special case of the latter, we define ;5,4 = €;j;14, for a € M. We gather these elements into the sets
X, ={gija:i,jEN, i #j, aec M"},
Xo ={e€ijup 11, j €M, i # j, a,be M},
X1 ={eijiu 11, j €N, i #j, ae M}

As usual, we also identify €;; € Sing,, with €;;.1 € M ¢ Sing,,. So we have X C A} C &> C X),. Note that

i =2("), =M x (D), %l =2MPx (1), X =2M k(D).
2 2 2 2

Note also that X; C E(M (¢ Sing,,), as we show in Figure 2 (and also follows from Lemma 4.1 below), but
that elements of X3 need not be idempotent in general.

i J a1 in—2

T ® ° °
i J i1 in—2
€ijsa
1 o ° = Eijia
€ijia o
- [ [ J [ J
Figure 2: Diagrammatic proof that €;;., is an idempotent. Vertices are drawn in the order 4, j, 41, ..., %p—2,

where n\ {i,j} = {i1,...,in—2}.

4.1 Idempotents in M7,

We begin with a simple description of the idempotents of M T,.
Lemma 4.1. We have E(MT,) ={(a,a) € M1 T, : « € E(Ty) and a;aio = a; for all i € n}.

Proof. This follows immediately from the fact that (a,a)? = ((a1601a; - - -, Gnlna), 2). O

Remark 4.2. If (a,a) € E(M7T,), then a; € E(M) for all ¢ € im(«), since o € E(7T,) acts as the identity
on im(a).

If M is infinite, then |E(M 2 T,)| = |[M| = |M 1 T,|, since |X;| = |M| and Xy C E(M7,). The next result
calculates the number of idempotents in M 7,, when M is finite.



Proposition 4.3. If M is a finite monoid, then

Proof. To specify an idempotent (a, a) € E(M1T,), we first choose im(c), of size k (say), in (}) ways. Write
im(o) = {j1,...,Jr}, where ji < --- < ji. We then choose idempotents a;, = e1,...,a; = e, € E(M); see
Remark 4.2. We then choose the preimages jia~!, ..., jra™!, of sizes [ +1, ..., 11 +1 (say), in (h"_kl”k) ways,
noting that j; = j; for each i. For each 1 < i < k, and for each ¢ € j;a=1\ {j;}, we must choose a, € M so
that ase; = ag: i.e., a; € Me;. So there are |Me;|" ways to choose {a, : ¢ € jia™!\ {j;}}. Multiplying and
adding these values, as appropriate, gives

IE(Mm)\zzn:C;) > (n_klk>f[1|Mei|li.

h, ...,

k=1 €Ll (1 )enk
EE(M) llj&»-wtl]]z:nfk
The multinomial formula then completes the proof. O

Remark 4.4. In the case that M = 7T, for some m, Proposition 4.3 specialises to a much simpler version
of [17, Proposition 3.1]; the latter gives a formula for |E(7,,17,)| that bears more similarity to the displayed
equation in the proof of Proposition 4.3. A formula for |E(M @ Sing,,)| may be obtained from |E(MTy,)|
by subtracting |E(M)|™ (i.e., the kK = n term in the sum from Proposition 4.3).

Proposition 4.3 simplifies substantially in the case that the finite monoid M has only a single idempotent;
this occurs precisely when M is a finite group.

k

Corollary 4.5. If G is a finite group, then |E(G1T,)| = <n> A lelions O
k=1

Remark 4.6. In the case that |G| =1, G1 7T, = 7,, and Corollary 4.5 reduces to the formula in Proposi-
tion 2.1.

4.2 Generation and idempotent generation in M { Sing,,

The statement and proof of the next result refer to the sets X C &} C Ay C A, € M ! Sing,, defined at
the beginning of Section 4, and to the preorder < ¢ and relation .Z defined (on M) as in Section 2. Recall
that M /% denotes the partially ordered set of all Z-classes of M. We denote by § the diagonal equivalence
{(4,7) : i € n}. Parts (ii) and (iii) of the next result are contained in [9, Theorems 5.5 and 5.7], but they
are crucial in what follows, and we provide short proofs for convenience. We note that the corresponding
statements from [9] are dual to ours, because we compose maps from left to right. Note also that

M /% is a chain < the principal left ideals of M form a chain under inclusion
< all finitely generated left ideals of M are principal.

Theorem 4.7. If M is any monoid, then
(i) M 8Sing,, = (X,) = (Xa);
(ii) (E(M8Sing,)) = (X1) = {(a,a) € M Sing,, : a; < a; for some (i,j) € ker(a) \ 0}; and

(iii) M Sing,, is idempotent generated if and only if M /L is a chain.



Proof. Theorems 2.2 and 3.1 quickly give M Sing,, = (X},). To complete the proof of (i), since Xy C X,
it suffices to prove that X, C (X3), so let ;5.2 € &,,. Relabelling the elements of n, if necessary, we may
assume that (7,7) = (1,2). We show in Figure 3 that €12.a = €12:41,02€32:a3,1 * * * En2:an,1-

For (ii), put
Y ={(a,a) € MSing, : a; < a; for some (i, j) € ker(a) \ }.

Since X} C E(M @ Sing,,), it suffices to show that: (a) (E(MSing,)) C ¥; and (b) X C (&]).

For (a), let (a, ) € (E(M 1Sing,)). So (a,a) = (b, 5)(a,a) = (b(S-a), Ba) for some (b, ) € E(MSing,).
Since 8 € Sing,,, we may choose some ¢ € n \ im(f3). Put j = i/, noting also that j = jf (since S is
an idempotent). Examining the ith coordinate of a = b(3 - a) gives a; = bjaig = bja; <g a;. Since
(1,7) € ker() C ker(Ba) = ker(a), this completes the proof of (a).

For (b), let (a,a) € . Relabelling the elements of n, if necessary, we may assume that (1,2) € ker(«) and
a1 <y ag, so that a; = zay for some x € M. Note that (a,«) = £12;a0 (thinking of « € Sing,, as an element
of M Sing,). Since Sing,, = (X) C (X)), it remains to show that €12, € (X1). As in Part (i), we have
€12:a = €12:a1,a2632a3,1 * * * En2ian,1, and the proof of (b) is complete, after noting that

€12a1,a2 = €21;2€12;a0 and Ek2iap,] = E2k;a),Ek2;1 for all 3 <k <mn.

For (iii), suppose first that M/.Z is a chain. Consider an arbitrary element (a,a) € M ? Sing,,, and choose
any (i,j) € ker(a) \ 0. Then either a; <g aj or aj <g a; (since M/Z is a chain). Part (ii) then gives
(a,) € (E(M ?Sing,)), showing that M  Sing,, is idempotent generated. Conversely, suppose M ! Sing,,
is idempotent generated, and let a,b € M be arbitrary. Then e12.4p € ¥, by (ii). As we clearly have
ker(e12) \ 0 = {(1,2),(2,1)}, it follows that a <¢ b or b < a. This completes the proof of (iii). 0

€12;a1,a2
........ ® 4
@ @@ @
€12;a = [ ] [ ] -
(
(@)
En2;an,1

Figure 3: Diagrammatic proof that that €12.a = €12;4;,a2€32;a3,1 * * * €En2;an,1-

Remark 4.8. Recall from Theorem 2.2 that Sing,, is generated by its idempotents of rank n — 1. Parts (ii)
and (iii) of Theorem 4.7 show that when M { Sing,, is idempotent generated (i.e., when M/.Z is a chain),
it is generated by idempotents whose underlying (idempotent) transformation has rank n — 1. See also [36,
Theorem 4.2] and [37, Theorem 2.1].

The elements of (E(MT,)) were characterised in [9, Theorem 5.6]; the description is a little more technical
than Theorem 4.7(ii). The next result (which was not proved in [9]) characterises the monoids M for which
(E(MT,)) takes on a particularly simple form. For its statement, recall that we write 1 for the identity
element of any monoid (including M 7y,).



Corollary 4.9. For any monoid M, the following are equivalent:
(i) (E(MT,)) = {1} U (M Sing,); and
(ii) M/Z is a chain and E(M) = {1}.

Proof. Suppose first that (i) holds. If there was a non-identity idempotent a € E(M) \ {1}, then
((a,1,...,1),1) € E(MT,) € {1} U (M Sing,,), a contradiction. It follows that E(M) = {1}. Now
suppose a,b € M are arbitrary. By assumption, we may write €12.qp = (a1, 1) - - - (&g, o) for some idempo-
tents (ar, ai1),. .., (ak, ax) € E(MUT,). If any a; = 1, then Lemma 4.1 and E(M) = {1} givesa; = (1,...,1);
in this case, the factor (a;, ;) is the identity of M7, and so may be cancelled from the product. After
cancelling all such trivial factors, we deduce that 12,4 € (E(M8Sing,,)). Since ker(e12) \d = {(1,2),(2,1)},
Theorem 4.7(ii) gives a <g b or b <y a. So M/.Z is a chain.

Conversely, suppose (ii) holds. First note that {1}U(MSing,,) = {1}U(E(MSing,,)) C (E(MT,)), by The-
orem 4.7(iii). Conversely, suppose (a1, a1),...,(ay, o) € E(M 1 T,), and put (a,a) = (aj,a1) - (ak, ag).
Again, E(M) = {1} tells us that any factor with a; = 1 is the identity of M 7T,. If a; = 1 for all 4, then
(a,a) = 1; otherwise, we cancel all such trivial factors and deduce that (a, ) € (E(M ¢ Sing,,)). O

4.3 Rank and idempotent rank in M { Sing,

Recall that the rank (resp., idempotent rank) of a semigroup (resp., idempotent generated semigroup),
denoted rank(S) (resp., idrank(S)), is the minimum size of a generating set (resp., idempotent generating
set) for S. In this section, we prove a number of results concerning the rank and idempotent rank of
M ¢ Sing,,.

For 1 <i < j < n, write n;; for the equivalence relation on n with unique non-trivial equivalence class {7, j}.
In particular, 7;; = ker(e;;) = ker(ej;). For several proofs in this section, recall that a directed graph I’
with no loops is a tournament if, for every pair of distinct vertices xz, y, I" has exactly one of the edges (z,y)
or (y,z). Note that a tournament on vertex set n has (Z) edges if n > 3 (and that there are no strongly

connected tournaments on 2 vertices).

Proposition 4.10. If M is a finite monoid with group of units G, then

M2 +1 ifn =2
(2|M] - |G]) % (Z) < rank(M 1 Sing,,) < {' "+ if n

M2 x (1) ifn>3.

Proof. Put
A— {512;ab : a,bGM}U{Egl;H} ifn=2
{5ij;ab : (l,j) € br, a,be M} if n >3,

where I' is a strongly connected tournament with vertex set n and edge set Er in the n > 3 case. To
establish the stated upper bound, it suffices to show that M ! Sing,, = (A); by Theorem 4.7(i), it is enough
to show that Xo C (A). With this in mind, let ¢,j € n with ¢ # j, and let a,b € M. We must show that
€ijiabs €jizab € (A). Without loss of generality, we may assume that €5, € A (so (4,5) = (1,2) if n = 2, or
(i,j) € Er if n > 3). Note also that €;;., € A. Next, note that A N Sing,, is a generating set for Sing,
(regarded as a subsemigroup of M Sing,, as usual), by Theorem 2.3(ii). In particular, €;;;11 € (A). But
then €j5.qp = €ij:0a€5i:11 € (A), as required.

To establish the stated lower bound, suppose M ¢ Sing,, = (A). Let 1 <i < j < n, let a € M, and consider
an expression €;j., = (a,a)(a, 1) - (ag, o), where k£ > 0 and (a,a), (a,),...,(ay, o) € A. Since
€ij = aay - - ay, we see that ker(a) = n;;. Write (b, ) = (a1, a1) - - - (ag, ax), so that €55, = (a(a - b), af).
In particular, examining the ith and jth coordinates of a(a-b), we see that 1 = a;bio and a = a;bjo = a;bjq.
It follows that a; € G (as M is finite) and a;l = bia, so that a = aja,; !, To summarise, A contains an
element (a, ) with ker(a) = 7;;, a; € G, and aja; ' = a. A similar argument (considering a factorisation of
€ji:a) shows that A contains an element (c,v) with ker(y) = 7n;;, ¢; € G, and cicj_l =a. Ifa e M\ G, then
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(a,a) # (c,7), or else then a = aja; ' = cja; ' € G (though might possibly be the case that (a,a) = (c,7)

if a € G). In particular, A contains at least 2|M \ G| + |G| = 2|M| — |G| elements whose underlying
transformation has kernel 7;;. Since this is true for all 1 < i < j < n, it follows that |A| > (2|M|—|G|) x (}).
Since this is true for any generating set, the proof is complete. O

Although the next result is a special case of the one immediately following it, it will be convenient to state
and prove it separately.

Proposition 4.11. If G is a finite group, then

rank(G ! Sing,,) = idrank(G ? Sing,,) = {]G| % () Zg{fi?erwis:n <
" .

Proof. If n = 2 and |G| = 1, then G Sing,, = Sing, is a right zero semigroup of size 2, so the result is clear.
For the rest of the proof, suppose at least one of n > 3 or |G| > 2 holds. By Proposition 4.10, the proof will
be complete if we can produce an idempotent generating set for G Sing,, of the specified size. With this in
mind, put
A {Elg;a a€e @G \ {1}} U {621;1} ifn=2

{Sij;a : (Z,]) € Er, CLEG} if n >3,
where I' is a strongly connected tournament with vertex set n and edge set Er in the n > 3 case. Since
A has the required size, it suffices to show that X; C (A), by Theorem 4.7(ii) and (iii). As in the proof of
Proposition 4.10, we immediately see that (A) contains X if n > 3. We claim that this is also the case for
n = 2. Indeed, if n = 2, then we already have 1,1 € A, while for any a € G\ {1} with a¥ =1 (and k > 1),
we have €191 = (812;a7a)k = (621;1612;a)k € (A). So far we have shown that X C (A). Let i,j € n with
i # j,and let a € G\ {1}. The proof will be complete if we can show that €;j.q, €ji;e € (A). Without loss of
generality, we may assume that ¢;;,, € A, which also implies that ¢;;.,-1 € A (by definition of A). But then
Ejia = E€ijia—1Eji1 EijiaCin € (A). m

The next result extends Proposition 4.11 to the case of an arbitrary finite idempotent generated singular
wreath product. In parts of its proof, we use some general results of Gray [44] on (idempotent) ranks
of completely 0-simple semigroups; see also [30,47]. We also make use of Green’s relations, as defined in
Section 2.

Theorem 4.12. If M is a finite monoid with group of units G, and if M /L is a chain, then

2 ifn=2and |[M|=1

k(M Sing,) =
rank( ngn) {(2|M\ —|G|)(5) otherwise,

and

2| M| ifn=2and |G| =1

idrank(M ! Sing,,) =
idrank( ing,,) {(2|M\ —|G|)(5) otherwise.

Proof. The case in which M = G is covered in Proposition 4.11, so suppose M # G. In particular, |[M| > 2.
We break the proof up into three cases.

Case 1. Suppose first that n > 3. The proof will be complete (in this case) if we can produce an
idempotent generating set for M ¢ Sing,, of size (2|M| — |G|)(5). With this in mind, let I be a strongly
connected tournament on vertex set n, and put A = A; U A, where

A ={eiju:i,jEN, i#j, ac M\ G} and Ay = {€ijiq : (i,)) € Er, a € G}.

The proof of Proposition 4.11 gives (A2) = G 1 Sing,,. Consequently, (A) contains X, and we are done, by
Theorem 4.7.
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Case 2. Next suppose that n = 2 and |G| > 2. This time, put A = A; U Ay, where
A= {512;a7521;a ca€ M\ G} and Ao = {812;a ra €GN\ {1}} U {521;1}.

Again, the proof of Proposition 4.11 gives (A2) = G 1 Sings,, and it quickly follows that A is an idempotent
generating set of the required size, completing the proof in this case.

Case 3. Finally, suppose n = 2 and |G| = 1, noting that M ¢ Sing, = X5 = {€12.ap,€21:ap : @, 0 € M}. It is
easy to check that for any a € M, and for (i,7) = (1,2) or (2,1),

Rsij;la = Rsﬁ;al = {5ij;1a75ji;a1} and Lsij;la = Lsij;al = {sij;1b7€ij;b1 RS M}

It follows that the set

J = {512;ab7521;ab : a,b S M, 1e {a, b}}
isa 2 = _¢-class of M ¢ Sing,. It is clear that X = E(J), so it follows that M Sing, = (J) = (E(J)). It
then follows from [30, Lemma 3.2] that

rank(M ¢ Sing,) = rank(J°) and idrank(M ¢ Sing,) = idrank(J°),

where J° is the principal factor of J: i.e., the semigroup with underlying set JU{0} and operation o defined,
for x,y € J U {0}, by
xy ifx,y,zyeJ
Toy= .
0  otherwise.

Since M ! Sing, is generated by Xy = E(J), it follows that J° is idempotent generated. It then follows
from [44, Lemma 2.3] that rank(J°) is equal to the larger of |J/Z#| and |J/£|. Write M = {aq,...,ar},
where k = |M| and a; = 1. From the above calculations, we see that the .Z- and %-classes contained in J
are

Ly =Leyyy,, Lo=Ley and Ris = Reyyy,,,  Rs1 = Reyyo s for each 1 < s <k,

so that |J/Z| =2k — 1 and |J/.Z| = 2, giving rank(J°) = 2k — 1. To complete the proof, we need to show
that idrank(J°) = 2k. To do this, we use some more ideas from [44]. For a subset F' C X} = E(.J), define
a (bipartite) graph Ap as follows: the vertex set of Ap is (J/Z#) U (J/.Z), and there is an (undirected)
edge between R € J/% and L € J/.% if and only if (RN L)NF # (). Such a graph Ap is a subgraph
of Ap(s), which is pictured in Figure 4. By [44, Lemma 2.5], J° = (F) if and only if Ar is connected.
Since the removal of any edge from Ap ;) disconnects the graph, it follows that no proper subset F' of E(J)

generates J°. So idrank(J°) = |E(J)| = 2k, and the proof is complete. O
Ry Ryp—1 Ris Riin Ra Ri_11 R
]
Ll L2

Figure 4: The graph Apjy; see the proof of Theorem 4.12 for more details.

Remark 4.13. Theorem 4.12 shows that when M Sing,, is idempotent generated, its rank and idempotent
rank are equal unless n = 2 and |G| = 1 # |M|, in which case the rank and idempotent rank are equal
to 2| M| — 1 and 2| M|, respectively. It would be interesting to calculate exact values for rank(M ? Sing,,) for
various classes of finite monoids M where M/.Z is not a chain.

We now give some information about the (idempotent) rank of M ? Sing,, for infinite M. A monoid M has
a natural (right) diagonal action on the set M x M, defined by (a,b) - ¢ = (ac,bc), for all a,b,c € M. We
say this action is finitely generated if there exists a finite subset 2 C M x M such that Q- M =M x M. It
is easy to check that the diagonal action of an infinite group is never finitely generated.
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Theorem 4.14. (i) If M is an infinite monoid, then M @ Sing,, is finitely generated if and only if M is
finitely generated (as a semigroup) and the diagonal action of M on M x M is finitely generated.

(ii) If M Sing,, is not finitely generated (e.g., if M is an infinite group), then rank(M  Sing,,) = |M|; if
M/ is also a chain, then idrank(M ? Sing,,) = |M]|.

Proof. Suppose M is an infinite monoid. For (i), suppose first that M @ Sing,, is generated by a finite set
A={(as,as) : 1 <s <k} Forl<s<k, write a; = (as1,...,asy), and put

A={ag:1<s<k, 1<t<n} and Q= {(as1,as):1<s<k},

noting that both sets are finite. Let a € M be arbitrary. Consideration of €12,, as a product of elements
from A shows that a € (A), giving M = (A). To show that M x M is finitely generated as an M-act, let
a,b € M be arbitrary, and consider a product

€12:0b = (A5, 0s)(Qs;, 0y ) -+ - (A, s, ) where 1 < s,s1,...,8- < k.

From €12 = asas, - - as,, we deduce ker(as) = n12. Writing (b, 5) = (as,, as,) - - - (as,, s, ), and examining
the first and second coordinates of €12,45 = (a5, as)(b, 8) = (as(as - b), as3), we see that

(a,b) = (as1b1a,, as2b20,) = (as1010a,, @s2b10,) = (as1,0s2) - b1a,,
showing that M x M = Q- M.
Conversely, suppose M = (A) and M x M = Q- M for finite sets A C M and Q C M x M. Put
A={eijap 0,5 €m, i #j, (a,0) € QU {eijia1 11,5 Em, i # j, a € A}

Since A is finite, the proof of (i) will be complete (by Theorem 4.7(i)) if we can show that (A) contains X.
So let a,b € M, and let i,j € n with i # j. Now, (a,b) = (¢,d) - f = (cf,df) for some (¢,d) € Q and f € M,
and we may write f = f1--- f. for some fi,..., f, € A. But then

Eijiab = Eijied€ijif1 = Eijicd€ijifil " Eijifr1 € (A),

as required. Part (ii) follows from the fact that rank(S) = |S| for any non-finitely generated semigroup S. O

Remark 4.15. We have not attempted to give the value (or any estimate) for the rank (or idempotent
rank, if applicable) of M ! Sing,, in the case that M ! Sing,, is infinite but finitely generated. Although the
generating set A constructed in the second paragraph of the proof of Theorem 4.14(i) leads to an upper
bound for rank(MSing,,), A is certainly not of minimal size, in general. It would be interesting to calculate
exact values for the rank (and idempotent rank, if appropriate) of M { Sing,, for various classes of finitely
generated infinite monoids M with finitely generated diagonal action.

Remark 4.16. Finite generation of the diagonal action plays an important role in [73]. However, the wreath
products studied there are different to those studied here, so Theorem 4.14(i) appears to be independent of
the results from [73]. See also [39,40,72], where diagonal actions are studied in detail, and several interesting
examples discussed.

5 Presentations for M (! Sing,

We now turn to the main topic of the paper: namely, the task of finding presentations for the singular
wreath products M { Sing,,. In Section 5.1, we give a presentation in terms of the generating set X (see
Theorem 5.2). In Section 5.2, we give a presentation in terms of the idempotent generating set X} in the
case that M/.Z is a chain (see Theorem 5.9). Our strategy is to begin with the general presentation for
semidirect products (Theorem 3.1) in order to deduce a presentation for MSing,, in terms of the (very large)
generating set &, (Corollary 5.1), and to then reduce this to the above-mentioned simpler presentations,
using Tietze transformations. Each of the presentations we give in this section extends the presentation for
Sing,, stated in Theorem 2.4.
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5.1 A presentation for M ! Sing,

Since M @ Sing,, = M"™ x Sing,, is a semidirect product, Theorem 3.1 allows us to write down a presentation
for M @ Sing,, in terms of the presentation (X : R) for Sing,, from Theorem 2.4. In order to state this
presentation (in Corollary 5.1 below), define an alphabet

Xn ={eija:i, €N, i #j, ac M"},

an epimorphism
bn : X;F — M Sing,, : €ij:a W Eija,

and let R,, be the set of relations (identifying a letter e;; € X with €iji(1,...,1) € Xn, as in Section 3)

€ijia€ij = €ij:a = €ji;aij for a € M"™ and distinct i, j (R1),
€ij;aCkl = €kl:aCij for a € M"™ and distinct i, j, k, [ (R2),

Cik:a€ik = Cik:a for a € M"™ and distinct i, j, k (R3)n

€ijiaCik = Cik;aCij = €jk:alij for a € M"™ and distinct i, j, k (R4),,
Chi:a€ij€jk = €ik:aCkj€jiCik for a € M™ and distinct i, j, k (R5)n
Chi;aCij€jkChl = Cik;aCklCliCij€;]l for a € M™ and distinct ¢, j, k, [ (R6),,
€ij:a€kl:b = €ij:cCk for a,b € M™ and any i, j, k, I, (R7)p,

where in (R7),, ¢ = a(e;j - b) = (c1,...,cp) satisfies ¢; = a;b; and ¢, = axby, for k # j. Note that i, j, k,
are not assumed to be distinct (apart from ¢ # j and k # [) in (R7),. As noted above, the next result is a
special case of Theorem 3.1.

Corollary 5.1. The semigroup M Sing,, has presentation (X, : Ry,) via ¢n,. O

The presentation (X,, : R,) utilises the large generating set X,,. Consequently, our next goal is to simplify
this presentation to obtain a presentation utilising the smaller generating set X5 C A&,,. With this in mind,
define an alphabet

Xo ={eijiap:5,J €En, i # 4, a,be M},

an epimorphism
.Y+ 3 .
¢2 1 X3° — MSing,, : €jj.ab > €ijiabs

and let Ry be the set of relations

€ijiabCijicd = €ijiacc = €jizbaCijide for a,b,c,d € M and distinct i, j (R1)2
€ijiabC€hiscd = €kl:cdCijsab for a,b,c,d € M and distinct i, j, k, (R2)s

Cik:abCik:lc = €iksab for a,b,c € M and distinct i, j, k (R3a)2

€ik;ab€jkicl = €ki;baCji;cl €ik;11 for a,b,c € M and distinct 7, j, k (R3b)2

€ik:aaCik;bl = €ik:11€5k:b1€Cik;al for a,b € M and distinct i, j, k (R3c)2

€ij:abCiksed = €iksac,d€ij;lbc = €jk:be,dCijsac,] for a,b,c,d € M and distinct i, j, k (R4a)s
€ij:c,adCik;1,bd = Cikie,bdCij;l,ad = €jk;abCijied for a,b,c,d € M and distinct i, j, k (R4b)s
€Li€ij€jk = €ik€kj€jiCik for distinct i, j, k (R5)2

Chi€ij€jkCkl = €ikC€kICLiCijC;l for distinct 1, 7, k, [. (R6)2

Note that the labelling of relations is chosen to reflect the labels of the relations from R (as stated in
Section 2), some of which have been split up into separate relations in Rs. Note also that in relations (R5)9
and (R6)2, we identify X as a subset of Xy via e;; = €;5,11; in this way, relations (R5)2 and (R6)2 are really
just (R5) and (R6). Finally, note also that in several relations, we have separated the two monoid subscripts
on a letter from X5 with a comma when at least one of the subscripts involves a product; for example, the
two monoid subscripts on “€;j.qcp.” in relation (R1)s are the products ac and be from M. Our goal in this
section is to prove the following.
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Theorem 5.2. The semigroup M Sing,, has presentation (Xa : Ro) via ¢2.

Remark 5.3. The “€jk.qc,d€iji1,be = €jkibe,d€ijiac,” Part of (R4a)s follows from the “ejk:cpa€iji1,ad = €jkabCijied”
part of (R4b)s, upon making the substitution (a,b,c,d) — (bc,d,ac,1). Similarly, the “ejj.cad€ik:1,6a =
€ikic,bd€iji1,ad Part of (R4b)s follows from the “e;j.qp€ik:cd = €ikiac,d€ijiipe’ Part of (R4a)s. As such, we could
replace (R4a)2 and (R4b)y by just

€ij;abCik;cd = €ik;ac,d€ij;1,be and €ik;c,bd€ij;1,ad = €jk;abCij;cd-
However, in the calculations that follow, it is convenient to leave both relations as they are.
As noted earlier, we will prove Theorem 5.2 by performing a sequence of Tietze transformations, beginning
with the presentation (X, : R,) from Corollary 5.1. We will write ~,, = Rgl = ker(¢,,) for the congruence

on X, generated by Ry, and we think of X as a subset of X,, by identifying e;j,qp € X2 with e;j.a € X,
where a = (a1, ...,a,) satisfies a; =a, aj =band ap, =1 if k & {i,5}.

One may check (diagrammatically) that u¢, = v¢, (in M Sing,,) for each relation (u,v) from Rs. We do
this for relations (R1)2 and (R3b)s in Figure 5, and leave the reader to check the rest. In particular, we
may add the relations Ry to the presentation (X, : Ry) to obtain (X, : Ra U R,,).

@ @ O @
/@ @

Figure 5: Diagrammatic verification of relations (R1)g, left, and (R3b)s, right. Only the relevant parts of
the diagrams have been included, and no ordering on i, j (or i, j, k) is to be implied.

Out next goal is to show that the generators from X, \ X5 may be removed from the presentation. To do

this, we define words Ejj.a € X2+, for each i,j € n with ¢ # j and each a = (ay,...,a,) € M", as follows. If
it happens that ay = 1 for all k € n'\ {7, j}, then we simply define Ejj;a = €;j,0,0,- Otherwise, we first write
n\{i,j}={i1,...,in—2}, where iy < --- < i,_9, and define

Eijia = €ijiaia;€i15;a5,1 " " Cin_ajiai, ,1-

As shown in Figure 3, we have Ejj.a¢n = €ij.a = €ij.a®pn. In particular, because ~,, = ker(¢,), it follows
that e;j.a ~n Ejja. S0 we may remove each generator e;;.a € Xj, \ X5 from the presentation (X, : Re U R,,),
replacing every occurrence of such a generator in the relations by the word F;;.a € X, 2+ . Since Ry C X; X X; ,
the only relations modified in this way are those from R,. We label the relations modified in this way as

Eijaij = Eija = Eji:a€ij for a € M"™ and distinct 1, j (R1)),
Eij.aek = Eyatij for a € M™ and distinct i, 5, k, [ (R2)!,

Eikajk = Eiga for a € M™ and distinct i, 7, k (R3)!,

Eij.atik = Eika€ij = Ejkatij for a € M™ and distinct i, j, k (R4)!,
Eyiacijejr = Eikatkj€jicik for a € M™ and distinct i, j, k (R5)),
Eyiacijejrers = Eipacrierieijej for a € M™ and distinct i, j, k, [ (R6),
Eij.aErin = Eij.ceri for a,b € M"™ and any 1, j, k, I, (R7),,
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and denote the whole set of relations modified in this way by R]. So the presentation has now become
(X9 : RoUR)). To complete the proof of Theorem 5.2, it remains to show that the relations R), can be
s Where ~o = Rg denotes the
congruence on X2+ generated by Ro. We begin this task with some technical results that will be of use on
a number of occasions.

removed. That is, we need to show that u ~o v for each relation (u,v) € R!

Lemma 5.4. For any i,j,k,l € n with i # j and with j, k,l distinct, and for any a,b,c,d € M, we have
€ij;ab€kj;c1€lj;dl ™2 €ij;ab€lj;d1Ckj;cl -

Proof. We have

€ij:abChij;c1 €ljsdl ™2 €ij;abChj;11€hjicl €lj;dl by (R1)2 if k =i, or (R3a)z if k # i
~2 €ijiabChjiccClizdl by (R1)2
~2 €ijiabChkj;11€1j;d1 Chyicl by (R3c)2
~2 €ij;ab€lj;d1Ckjscl by (R1); or (R3a)s. =

Corollary 5.5. For any i,j,k1,...,k: € n with i # j and with j, k1, ...,k distinct, for any a,b,cq,...,c: €
M, and for any permutation ™ € S;, we have

€ij;abCkijic1l " " Chegicel ™2 €if;abChinjicinl T Chingicnl:

Proof. Consider the subword e, j.c,1€k,,1jic,411 0 the product eg,j.c;1- - €gjie,1- The letter immediately
before this subword is €., for some I € n\ {j} and some u,v € M. In particular, Lemma 5.4 gives
€1jiuvChyjics1Chasi fics i1l 2 €lLjsuvChyijicsst1Chsjics1- S0 the result is true if 7 is a simple transposition (s, s+1).
Since 7 is the product of such simple transpositions, the result follows. O

As a special case of the previous result, we may immediately deduce the following.

Corollary 5.6. Leti,j € n with i # j, and let a € M"™. If ji,...,jn—2 is any ordering of n\ {i,j}, then

Eij;a ~2 Cijiaza;Ciigia5,1 " Ajn_agiay, o1 -

Lemma 5.7. Suppose i,j, k1, ...,k € n are distinct, and let a,b,c1,...,c; € M, where t > 0. Then

€ij;ab€kijic1l * Chygierl ™2 €4isbaCkiizerl Tt €kyise1€ig;11-

Proof. We use induction on ¢. If t = 0, then the words ey, j.c;1° " €gjic,1 aNd €k iici1 - * ki1 aTE €mpty,
and we have €;j.qp ~ €jipa€iji11, by (R1)2. If ¢ > 1, then

€ijiabChyjicil " Chy_1jser 11€kygicrl ™2 €jibaChyiserl * " €hy iz, 11€ij;11€k,jie,1 DY an induction hypothesis

~2 €5isbaCkiizerl T Chi_14300-11€5i511€ksi5¢, 1645511 by (R3b)2
~2 €jisbaChiizeil " Chy_vise_11€hkise1€ijill by (R3a)z if t > 2, or (R1)2if t =1,
completing the proof. O

Lemma 5.8. Leti,j,k € n with i # j and k # j, and let a,b,c,d € M. Then
(1) €ijiabChjicd ~2 €ij:abhjicl;

(i) eijiabChisclChjzdl ~2 €ijiabChjicd,1-
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Proof. For (i), we have

€ij;abC€kj;cd ™2 €ij;ab€kj;11€kj;cd
~2 €ij:abCkj;cc
~2 €i5:ab€kj;11€kj;cl

~2 €ij:ab€kj;cl

For (ii), €jj:abChjscl €kjzdl ~2 €ijiabChjicd,d ~2 €ij:abChijed,1, Dy (R1)2 and Part (i).

Proof of Theorem 5.2. It remains to show that the relations from Ry imply those from R],. The relations
from R/, all involve at least one word of the form Ejj.5. Recall that if ay =1 for all k € n'\ {4, j}, the word
FE;j.a is simply defined to be €;j.q,q,- But in this case, if n\ {7, j} = {71, ..

. ,in,Q}, with 41 < --- < i,_9, then

Eij;a = Cijiaia; ™2 €ijsaia;€i15;11 """ Cin o511 = €igiasa;€irg5ai, 177 Cin_ojias, 15

by (R3a)2. So, for uniformity, it will be convenient to assume that Ej;.. is always given by the longer

expression.

/. .. — .. .. e .- . .. .. e e . .. — .. ..
(R1);,: Here we have Ejja = €ijiasa;€i1g;ai,1 " Cin_ajia;, o1 ™2 Cijiasa;Ci1g;ai1 " Cin_ojia;, ,1€ij11 = Eijiaeij,
by (R3a)2, and Ejjia = €ijiasa;€irjsan 1" Cin_sjiar, ,1 ~2 €jisasa;Civizai 1" €in_sija;, _,1€i5;11 = Ejiaeij, by

Lemma 5.7.

Now that we know (R1)/, holds (modulo Rs), we can quickly derive (R3)!, (R5)!, and (R6)),.

(R3)),: Here we have Ejg.aeji ~2 Eiga€ikejr ~ Eika€ik ~ Eika, using (R1);, and (R3a)s.

(R5);,: Here we have Ey;.a€ijejr ~2 Epiacri€ijejk ~2 Eria€ikerjejicit ~2 Eikacrjeji€ir, by (R1);, and (R5)a.

(R6)/,: This is almost identical to (R5)],.

(R2)],: Relabelling the elements of n, if necessary, and using Corollary 5.6, we may assume that (i, j, k,1) =

(1,2,3,4), and it suffices to show that Ej2,a€34 ~2 E34.a€12. Here we have

E12:2€34 = €12,0102€32;031€42;a41 * €52;a51 * * * €n2anl * €34;11

~2

(R4)],: As in the

€12;a1a2€32;a031€42;a41€34;11 * €52;a51 * * * €n2;a,1

€12;01a2€32;031€42;a41€34;11€14;11€14;11 * €52;a51 * *
€12;a1a2€32;a031€34;1a4€32;11€14;11€14;11 * €52;a51 * *
€12;a1a2€34;a304€32;11€32;11€14;11€14;11 * €52;a51 * *

€34;a304€12;a102€32;11€32;11€14;11€14;11 * €52;a51 * *

€34;a304€12;a102€14;11€14;11 * €52;a51 * * * €n2;a,1

€34;a3a4€14;a11€12;1a2€14;11
€34;a3a4€14;a11€24;021€12;11
€34;a3a4€14;011€24;a21€12;11
€34;a3a4€14;a11€24;021€12;11
€34;a304€14;a11€24;021€34;11€12;11
€34;a304€14;a11€24;a21€12;11€34;11
€34;a3a4€14;a011€24;a21€12;11€34;11

€34;a3a4€14;a011€24;a21€34;11€12;11

*€52:a51 " °

* €52;a51 * ** €n2;a,1

: en?;anl

*€n2;a,1
*€n2;a,1
*€n2;a,1

*€n2;a,1

: 642;11 *€52:a51 ' €n2:a,1

©€24:11 * €54;a51 * * * Endja,l * €42;11
©€24:11 * €54;a51 * * " €ndja,l C €42;11
©€24:11 * €54;a51 * " €ndja,l C €42;11
* €54;a51 ** * Endianl t €42;11

* €54;a51 * ** Endsanl " €42;11

€34;a304€14;a11€24;a21€12;11 * €54;a51 * * * €nd;a,l - €42;11

€34;a3a4€14;a11€24;a21 * €54;a51 * * * End;anl - €12;11€42:11

€34;a3a4€14;a11€24;a21 * €54;a51 * * * €nd;a,l © €12;11 = E34;a€12

previous calculation, we may assume (4,7, k) = (1,2, 3). First,

El?;a€13 = €12;a1a2€32;a31 * €42;a41 " * " €n2;a,1 * €13;11
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~2 €12;a1a2€32;a31€13;11 * €42;a41 " * En2;a,1 by (R2)2

~9 €12:a1a9€13;1a3€12:11 * €42:a41 * * * En2:anl by (R4b)2

~2 €13;01a3€12;1a2€12:11 * €42:a41 * * * €n2ian1 by (R4a)s

~9 €13;a1a3€13:11€21;a21€12;11 * €42;a41 * * * €n2;ianl by (R1)2 twice
~9 €13;a1a3623:a21€21;11€12;11 * €42;a41 * * * €n2;an 1 by (R4b)2

~2 €13;a1a3€23;a21€12;11 * €42:a41 * * * €n2;a,1 by (Rl)Q

~92 €13;a1a3623:a21€12;11 * €32;11 * €42:a41 " " * En2:anl by (R3a)2

~92 €13:a1a3623:a21€12;11 * €23:11 * €43:a41 " * * En3ianl * €32;11 by Lemma 5.7
~9 €13:a1a3623;a21€43;11€12;11 * €23;11 * €43;a41 " * * En3sanl * €32;11 by (R3a)

~2 €13;a1a3€23;a21€12;11€43;11 * €23;11 * €43;a41 * * " En3;a,1 * €32;11 by (R2)2

~2 €13;a1a3€23;a21€12;11€43:11 * €43:a41 * * * €n3;a,1 * €32;11 by (R3a)2

~2 €13;a1a3€23;a21€43;11€12;11 * €43:a41 * * * €n3;a,1 * €32;11 by (R2)2

~2 €13:01a3623;a21€12:11 * €43:a41 ** * €n3ianl * €32:11 by (R3a)2

~2 €13:a1a36235a01 * €43;a41 " E€n3ianl * €12;11€32;11 by (R2)2

~9 €13:a1a3€23:a01 * €435a41 ** * €nBianl * €12:11 = F13:a€12 by (R3a)2,

establishing the first part of (R4)],. For the second part,

E13.2€12 = €13:a1a5623:a21 * €43;a41 * * * €n3;a,1 * €12;11

~9 €13;a1a3623:a21€12;11 * €43;a41 * ** €n3;anl by (R2)2

~9 €13;a1a3€12;1a2€13;11 * €43;a41 * ** €n3;anl by (R4b)2
~9 €23:a5a3€12;:a11€13;11 * €43;a41 * ** €n3;anl by (R4b)2
~2 €23:a2a3€13;a11€12;11 * €43;a41 " * * En3;anl by (R4a)2
~9 €23:a0a3€13;a11 * €43;a41 " " En3sanl * €12;11 = Fogaci2 by (R2)a.

(RT7)],: Here we may assume that (i,7) = (1,2), but (because 1, j, k, | are not necessarily distinct), there are
several possibilities for the values of k, I:

(i) (k1) = (1,2); (iii) (k, 1) = (1,3); (v) (k,01) = (3,2); (vil) (k,1) = (3,4).

In each case, we have ¢ = (¢1,...,¢,) = a(e12 - b) = (a1b1, a2b1,asbs, ..., apby,). In Case (i), we have

E12.aF12:b = €12;01a2€32;a31 * * * €n2;a01€12:b1b2€32:b31 * * * €n2:bn 1

~92 €12:a1a2€32a31 " €n2an1€12:611€32:b31 * ** €n2:bnl by Lemma 5.8(i)

~2 €12:01a2€12:b11(€32:031€32:b51) * * * (€n2:an1€n2:b,1) by Corollary 5.5, repeatedly
~2 €12;a1b1,a2b1 €32;a3b3,1 * * * En2;anbp,1 by (R1)2 and Lemma 58(11)
~2 €12:a1by,a2b1 €32;abs,1 " En2ianb,,1€12:11 = E12,c€12 by (R3a)2,

For Case (ii), we use (R1)/,, Case (i) of (R7)!, and (R1)s:
Ei2.aE01,b ~2 E12.aE12n621 ~2 Ero.ce12€21 ~2 Eio.c€21.
In Case (iii), we have
E12.aF13.b = €12;0102€32;a31€42;a41 * * * €n2;a1€13:b1b3€23:521€43:b41 * * * En3:by 1
~92 €12:a1a2€32a31€13;b1b3€42;a41 * * * €n2;a,1€23:21€43:b41 * * * En3iby 1 by (R2)2
~2 €12;01a2€32;a31€13:b1b3€42;a41 * * * €n2;a,1€32;1h0€42:b41 * * * €n2:b,1€23;11 Dy Lemma 5.7
~2 €12:01a2€12:b1b3€13:1,a3bs €42;a41 * * * En2:an1€32:1b€42:b41 * * * En2:b,1€23;11 DY (R4b)2

~2 €12:a1b1,a2b1 €13;1,a3b3€42;a41 * " €En2;a,1€32;1b2€42;b41 * * * €n2:b,1€23;11 by (R1)2
~9 €12:a1b1,azb1 €13:1,a3b3 €42;a41 * * * €n2ian 1€42;b41 " * * €n2:b, 1€23;11 by (R3a)2 unless n =3 (%)
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~2 612;a1b1,a2b1 642;(1,41 e 6n2;an1642;b41 e en?;bn1613;1,a3b3623;11 by (R2)2

~2 €12:a1b1,a2b1 (€42:a21€42:541) "+ * (€n2;an1€n23b,1)€13:1,a5b5 €23;11 by Corollary 5.5

~~9 €12:a1by,aby €42;a4bs,1 " * * En2ianbn,1€13;1,a3b3€23;11 by Lemma 5.8(ii)

~9 €12:a1b1,azb1 €42:asba,l " " En2ianbn,1€12;11€13;1,a3b3€23;11 by (R3a)2

~2 €12:a1by,a2b1 €42;a4bs,1 " * " €n2;anbn,1€32;a3b3,1€13;11€23:11 by (R4b)s

~9 €12:a1b1,azb1 €32:a3bs,1€42asba,1 " * " En2ianbn,1€13:11 = H12;c€13 by Corollary 5.5 and (R3a)s.

Note that at the step labelled (x), relation (R3a)2 does not apply if n = 3, since then the word e42.4,1 - -  €n2:a,.1
is empty. However, this step can still be accomplished, albeit by using more relations:

612;a1b1,a2b1613;1,(13173642;(141 e €n2;an1€32;1b2 = 612;a1b17a2b1613;1,a3b3€32;1b2

~2 €13:a1b1,a3bs €12:1,a2b1 €32 16y by (R4a)z
~2 613;a1b1,a3b3612;1,a2b1 by (Rga)Q
~2 €12:a1b1,a2b1 €13;1,a3b3 by (R4a)2

= €12:a1b1,a2b1€13:1,a3b3€42;a41 * * * €n2;a,1-
Again, we may deduce Case (iv) from Case (iii), together with (R1)!, and (R1)s:
Ei2.aE31,b ~2 E12.aE13n631 ~2 Er2.ce13€31 ~2 Ero.c€31.
In Case (v), we have
E12;aE32;b = €12;a1a2€32;a31€42;a41 * * * €n2;a,1€32;b3b2€12;b11€42;b41 * * * En2:b, 1
~2 €12:01a2€32;031€42:a41 * * * €n2ia, 1€32:b31€12:b11€42:b41 * * * €n2:b, 1 Dy Lemma 5.8(i)
~2 €12:01a2€12:b11(€32:051€32:b51) (€42:041€42:5,1) - * (En2:an1€n2:,1) by Corollary 5.5

~2 €12:a1b1,a2b1 €32;a3b3,1€42;a4b4,1 * * * €n2;anby,1 by (R1)2 and Lemma 58(11)

~9 €12:a1b1,a2b1 €32;a3bs,1€42;a4bs,1 * * * €n2ianbn,1€32;11 = F12,c€32 by (R3a)s.

Case (vi) follows quickly from (v), (R1)}, and (R1)2. Finally, for Case (vii), we first observe that for any
u,v,T,Y € M7

€12;uv€32;x1€42;y1€34;11 ™2 €12;uv€32;21€32;11€34;1y by (R4b)2
~2 €12:uv€32;x1€34;1y by (Rl)g
~2 €12;uv€34;xy€32;11 by (R4a)2
~2 €34;2y€12;uv€32;11 by (RQ)Q
~2 €34;2y€12;uv by (R3a)2
~2 €12:uv€34;xy by (R2)2

We then calculate

E12.aF34.b = €12:01a2€32;051€42:a41€52;a51 * * * €n2;a,1€34:b3b4 €14;611€24:b21€54:b51 * * * Endsb, 1

~2 €12;01a2€32;a31€42;a41€34:b3b4 €14:b11€52:a51 * * * €n2:an1€24:b51€54:b51 * * * Endsby, 1 by (R2)2

~9 €12;a1a2632;a31€42:a41€34:b3b4 €14:611€52;a51 * * * €n2:a,1€42:1b0€52:b51 * * * €n2:b,1€24;11 by Lemma 5.7
~2 €12;0109€32;a31€34:b3,a4bs €32;16,€14:511€52:a51 * * * Cn2ian1€42:1b9€52:b51 * * * €n2:b,1€24:11 by (R4b),

~2 €12:01a2€345a3b3,a4ba €32:1,b5 €14:b11€32:1b5 €52:a51 * * * €n2:ia, 1€42:1b2€52:bs1 * - €n2ibn1€24:11 DY (R2)2 and (R4a)s
~2 €34:a3b3,a4b4€12;a1a2€32;1,03€14;b11€32;1b4€52;a51 * * * €n2;a,1€42;1b2€52:b51 * * * €n2;b,,1€24;11 (RQ)

~2 €34ia3b3,a0bs €125a1 a2 €145b11€32:154€525a51 * * * €n2;an1€42:1b9€52:b51 * * * En2:b, 1€24;11 by (R3a)2

~9 €34:a3bs,a0ba €14;a1b1,1€12:1,a0b1 €32:164€525a51 * * * €n2;an1€42:1b €52:b51 * * * En2:b,1€24:11 by (R4a)s

~9 €34:a3bs,a0ba€14;a1b1,1€12:1,a0b1 €525a51 * * * €n2:an1€52:b51 * * * €n2:b, 162411 by (R3a)s twice
~9 €34:a3b3,a0ba €12:a1b1,a2b1 €14;11€525a51 * * * €n2:an1€52:b51 * * * Cn2:b, 162411 by (R4a)2

~9 €12:a1b1,a2b1 €34:a3bs,a0bs €14;11€525a51 * * * €n2:an1€52:b51 * * * €n2:b, 162411 by (R2)2

~9 €12:a1b1,a2b1 €34:a3bs,aaba €52a51 T €n2ian1€52:bs1 " T En2:b,1€24;11 by (R3a)s
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~2 €34:a3b3,a4b4€12;a1b1,a2b1 €52;a51 * * * €n2;a,1€52;b51 * °  €En2;b, 1€24;11 by (R2)2

~2 €34:a3bs,a4ba €12;a1b1,a0b1 (€52;a51€52:b51) * * * (€n2ian1€n25b,1)€24;11 by Corollary 5.5
~2 €34:a3b3,a0bs €12;a1b1,asb1 €52:a5bs,1 * * * En2ianbn,1€24;11 by Lemma 5.8(ii)
~2 €12;01b1,a2b1 €52;a5bs5,1 * * * €n2:anbn,1€34;a3bs,a4bs €24;11 by (R2)2

~92 €12:a1b1,a2b1 €52;a5b5,1 * * * €n2;anbn,1€34;a3b3,a4by by (R3a)s

~2 €12:a1b1,a2b1 €34;a3b3,a4b4€52;a5b5,1 * * * En2;anbn,l by (R2)2

~2 €12:a1b1,a2b1 €32;a3b3,1€42;a4b4,1€34;11€52:a5b5,1 * * * En2;anbn,1 by the observation
~9 €12:a1b1,asbi €32:asbs,1€42:a4ba,1€52:a5b5,1 * * * €n2:anbn,1€34;11 = F12.c€34 by (R2),.

We have finally shown that all the relations from R/, may be removed, and the proof is therefore complete. O

5.2 An idempotent generated presentation for M ( Sing, with M/.Z a chain

For the duration of this section, we fix a monoid M for which M/.Z is a chain. Recall from Theorem 4.7
that, for such a monoid M, the singular wreath product M ! Sing,, is generated by its idempotents: indeed,
by the idempotents from the set X;. It is therefore our goal in this section to obtain a presentation (see
Theorem 5.9) for M Sing,, in terms of the idempotent generating set Xj. In the special case that M is a
group, some of the relations take on a simpler form (see Theorem 5.12).

With the stated goal in mind, define an alphabet
Xl = {eij;a : 27] € n, { 7&]7 ac M}>

an epimorphism
.Y+ 3 .
o1 : X7 — M1Sing,, : €j:0  €ijia,

and let Ry be the set of relations

€ij;aCijb = Cijia for a,b € M and distinct ¢, j (R1a);
€ij;1€ji5aCijib = €jis1€ijiab for a,b € M and distinct 1, j (R1b);
€ji:aCijic = €jibCijic for a,b,c € M and distinct 4, j with ac = bc (Rlc)y
€ij:b€jisc€ijil = €ji:aCijibe for a,b,c € M and distinct 7, j with abc = ¢ (R1d),
€ji1€ij;1 = €4ji1 for distinct 7, j (Rle)q
€ijiaChl:b = €kl:bCijia for a,b € M and distinct 14, j, k, [ (R2);
€ik:a€jkib = Cikia for a,b € M and distinct i, j, k (R3a)y
€iji1€jk;aChisl = €ji1€iksaChiz1€ijil for a € M and distinct i, j, k (R3b);
€iji1€ji:aCiksb = €ji1€iksbChj:a€iksl for a,b € M and distinct i, j, k (R3c)1
€ij:bCiksab = CikiabCij:b = €jk:aCijib for a,b € M and distinct ¢, j, k (R4),
€Li€ij€jk = €ikCkj€jiCik for distinct 4, j, k (R5)1
€ki€ij€jkCKl = €ikCrICLiCijC;l for distinct i, j, k, [. (R6)1

Again, we have identified X with a subset of X in relations (R5); and (R6);. It is important to note that
some relations (such as (R1b);) involve a letter of the form e;;qp from X;, where “ab” denotes a single
subscript (the product of @ and b in M): in particular, e;;.qp does not represent the letter from Xy where a
and b are separate subscripts. In order to avoid any potential confusion, we will write all letters from Xs
as €j:q,5 (not just those for which the monoid subscripts are expressed as products) for the duration of this
section. We may now state the main result of this section.

Theorem 5.9. If M/.Z is a chain, then the semigroup M Sing, has presentation (X1 : Ri) via ¢1.

To prove Theorem 5.9, we begin with the presentation (Xs : Ry) from Theorem 5.2. Again, we think of X
as a subset of Xy by identifying e;;., € X1 with e;5.1, € Xo. Since ugy = vgy for all (u,v) € Ry, as may
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easily be checked diagrammatically, we may add relations R; to the presentation to obtain (Xo : Ry U R3).
Now write ~1 = R?l for the congruence on X 1+ generated by Rj.

Since M/.Z is a chain, we may fix some subset 2 C M x M such that the following conditions are satisfied:
(i) for all a,b € M, Q contains exactly one of (a,b) or (b,a); and
(ii) for all (a,b) € 2, a <g b.

Note that Q (regarded as a binary relation) is reflexive and anti-symmetric, but need not be transitive
(though € could be chosen to have this additional property, in which case 2 would then be a total order on
M that refines the preorder <g). For each (a,b) € Q, we choose some x,, € M such that a = zgb. For
each i,j € n with ¢ # j, and for each a,b € M, we define the word

Ejip = €jiszap Cigih if (a,b) € Q
13;a0 — .
€ijiwp, ChizaCijil 1L (a,b) & Q.

(Since there is no chance of confusion, we will not generally need to write Ejj.q for these words.) We begin
with a simple lemma.

Lemma 5.10. Let i,j € n with i # j, and let a,b € M. Then
(i) Eijiap®2 = €ij:a,bP2;

(i)

(iii)
)

(iv) Eijiia ~1 €ijia-

Eij.ab ~1 €jizijp for any v € M with a = xb;
Eij.ap ~1 €ijizejiatij for any x € M with b = za;

Proof. Part (i) is easily checked diagrammatically. For (ii), we must consider two cases. If (a,b) € Q, then
(Rlc)1 gives Eijiap = €jiswy,€ijib ~1 €ji€ijsb, since b = a = xgpb. If (a,b) € Q, then (b,a) € Q, b = xp,a and
a = xb = xapea, so (R1d); gives Ejjiap = €ijizy, €ji:a€ijil ~1 €jisaCijizpaa = €jizaCijb-

For (iii), if (a,b) € Q, then a = zu4b = zgra, and (R1d); gives Eijiap = €jin,,€ijib = €jima,Cijiwa ~1
€ijiwejia€iil- 1f (a,b) & €2, then (R1c)y gives Eijab = €ijiay, €jizaCijsl ~1 €ijiaCyisaCiil-

For (iV), we have Ejj.1q ~1 €i5;a€ji;1€ij;1 ~1 €ij;aij;1 ~1 €ijia, USing Part (iii) and then (Rle)1 and (Rla)l. |

By Lemma 5.10(i) and Theorem 5.2, it follows that e;j.qp ~2 Eij.qp for each 4,j,a,b, so we may remove
each generator e;j., € Xo \ X from the presentation (X5 : R; U Rg), replacing every occurence of such a
generator in the relations by the word Ejj.., € X 1+ . The only relations that are affected in this way are those
from Rj, excluding (R5)2 and (R6)2, which are just (R5); and (R6);. We denote the relations modified in
this way by:

Eij.avEij.cd = Eijache = EjisvaLijide for a,b,c,d € M and distinct i, j (R1)5
Eij.abErizcd = ErizcdEijiab for a,b,c,d € M and distinct 1, j, k, (R2),,

EitavEjkic = Eiksab for a,b,c € M and distinct i, j, k (R3a);

EiksavEjk:ct = EgizpaEjise1 Bik1 for a,b,c € M and distinct i, j, k (R3b)5

EitaaEjkp1 = Eir11Ejkp1 Eika1 for a,b € M and distinct 17, 7, k (R3c)5

Eij.abEik:ed = Eikac,dFijipe = Ejkibe,dFijiac for a,b,c,d € M and distinct i, j, k (R4a)
Eij.c.adFik va = FikiepdEiji,ad = EjkabEijied for a,b,c,d € M and distinct 1, j, k, (R4b)S,

and denote the whole set of relations modified in this way by Rj. So the presentation has now become
(X1 : Ry UR)), and we must show that the relations from R, may be removed. We now pause to prove a
technical lemma that will be useful on a number of occasions. For its proof, and for many calculations in
this section, we observe that the first part of (R4); implies

€ij:aCik:b ~1 €ik:bCijia for a,b € M and distinct 4, j, k,

since we either have a = xb or b = xa for some x € M, as M/.Z is a chain.
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Lemma 5.11. Let i, j,k € n be distinct, and let a,b,c,d € M. Then
(1) €ik;a€kj;bCki;cCik;d ™1 €5k;a€kj;bdCki;cdCik;1;
(1) €ni1€ik:bCijiab ~1 €ik:1€ij;0€5ibCiji1;
(i) eri1€ik:abCijb ~1 €ik;1€ji:alijib;
(iV) eriaCik:c€ij:d ~1 €jizbCik;cCij:d if ac = bd.

Proof. For (i), we have

€jk:aChij:bChizcCikid ~1 €jkiaChiscChj:bCiksd by (R4)1
~1 €jkaCiki1 ChizcCik:dCijibd by (R3a); and (R4);
~1 €jk;aChisl CiksedCijibd by (R1b);
~1 €jkiaCik;1ChisedCiki1€ijpd Dy (R1b)1
~1 €jk:aChizcdCik:1€ijibd by (R3a);
~1 €jkiaChisedChibdCiksl by (R4):
~1 €jkiaChj;bdChizcdCiksl by (R4)1.

For (ii), we have

€ik;1€i;aCji;bCij;1 ~1 ChjsaCik;1€jibCijil by (R4)1
~1 €kj:a€jish€ik:bEijil by (R4)q
~1 €kjiaCikibCiisbCijil by (R4):
~1 €kjiaChisl €5k:bCigi1 by (R4):
~1 €kis1ChjiaCifil Ciksh by (R4); twice
~1 ki1 ChjiaCiksh by (R3a)
~1 ki1 CikibCijiab by (R4);.

For (iii), we have epi1€ik:abCijib ~1 €ki;1€jk:aCij:b ~1 €jk:aCjiaCijsh ~1 €ik:1€jisaCij:b, Dy three applications
of (R4);. For (iv), we must consider two cases. If ¢ = xd for some = € M, then

€ki;aCik;cCij;d = €ki;aCik;xd€ij;d ™1 €ki;aCik;xCijid by (R4)1
~1 €jisax€jik;xCij;d by (R4)1
~1 €jisanCikizdCijid by (R4)1
~1 €jisaz€ij;dCik;zd by (R4)y
~1 €53:b€ij:dCikse by (Rlc)1, as axd = ac = bd and zd = ¢
~1 €ji:bCikicCijid by (R4);

while if d = yc for some y € M, then

€ji:bCik;cCij;d = €isbCik;cCijiye ~1 €i:bCijsycCiksc by (R4):
~1 €4i;b€kj;yCik;c by (R4);
~1 Chishy €y Cikie by (R4)1
~1 Chishy CijiycCikic by (R4):
~1 Chisby CikscCijiye by (R4):
~1 kizaCikicCijid by (Rlc)i, as byc = bd = ac and yc = d,
completing the proof. U

Proof of Theorem 5.9. We consider the relations from R} one at a time; each splits into several cases,
depending on the relationship between the monoid subscripts in the < ¢ order.

(R1)%: There are four cases to consider:
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(i) a<gband c <gd; (iii) b <y a and ¢ <y d;

(ii) a <gband d <g ¢ (iv) b<gaand d <g c.

In Case (i), writing a = b and ¢ = yd, we have

Eij;abEij;cd ~1 €ji;x€ij;b€jisyCijid by Lemma 5.10(ii)
~1 €5i;x€5i;1€45;b€i5;1€4i5yCij:d by (Rla)1 twice
~1 €5i;2€4i;1€45;b€5i;1€i5;c by (Rlb)l, noting that ¢ = yd
~1 €jiwCij1€jisbCijic by (R1b):
~1 €5i;2€5i:1€45;bc by (R1b);
~1 €ji:zCijsbe by (Rla);
~1 Eijac,be by Lemma 5.10(ii), noting that zbc = ac,
while
EjivaEijide ~1 €jiz€ijb€jis1€ijiy€jisd€ij:1 by Lemma 5.10(iii)
~1 €5i;2€i5:b€i5;1€5i;cCij;1 by (Rlb)l, noting that ¢ = yd
~1 €5i;2€4i;1€45;b€5i;cCij;51 by (Rla)1 twice
~1 €5i;2€i5;1€5i:bcCij;1 by (R1b);
~1 €5i;2€5i;1€45;bc by (R1b);
~1 €i:z€ijibe by (Rla);
~1 Eijiac.be by Lemma 5.10(ii).

In Case (ii), writing a = b and d = yc, we have

Eij;abEij;cd ~1 €5i;2€i5:bCij5;y€5i;cCij;1 by Lemma 510(11) and (111)
~1 €ji;x€jis1€45:b€5i:cCigi1 by (Rla); twice
~1 €jisxCif;1€4ibcCij;l by (R1b);
~1 €53:1€5i;1€i5;bc by (R1b);
~1 €4i:3x€ij:bcs by (Rla);
~1 Eijac,be by Lemma 5.10(ii),

while

Eji;baEij;dc ~1 €5i;2€i5:b6€5i;1€5i;yCij:c by Lemma 510(11) and (111)
~1 €53 €5is1€45:bEjis1 €ijic by (Rla); twice
~1 €53:1€5i;1€i5;bc by (R1b); twice
~1 €ji;x€ij;be by (Rla);
~1 Eijiacpe by Lemma 5.10(ii).

In Case (iii), writing b = za and ¢ = yd, we have

Eij;abEij;cd ~1 €ij;x€5i;0€i5;1€5iyCi5:d by Lemma 5.10(ii) and (iii)
1 €ijiwCiji €iaCijsl iy Cijid by (Rla);
~1 €i5;2€5i;1€i5:ayd by (R1b); three times,
while
Eij;ac,bc ~1 €ij;x€ji;acCij;l by Lemma 510(111)
~1 €45:2€ij;1€5i;acCij;1 by (Rla)l
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~1 €45:2€5i;1€i5;ayd by (R1b); and ¢ = yd,

and
Eji;baEij;dc ~1 €ij;2€4i;a€ij;y€5i;d€ij;1 by Lemma 5.10(ii) and (iii)
~1 €iji€ij1 €jizaCijiy CizdCii1 by (Rla)
~1 €ij:2€5is1€i5;ayd by (R1b); three times.

In Case (iv), writing b = za and d = yc, we have

Eij;abEij;cd ~1 €i5;x€4i;0€i5;1€i5;y€5i;cCij;1 by Lemma 5.10(111)
~1 €35:2€i5;1€5i:a€ij;1€5i;cCij:1 by (Rla); twice
~1 €i5:2€5is1€ijiac by (R1b); three times,

while
Eijiacpe ™1 €ij:z€iiacti;1 by Lemma 5.10(iii)
~1 €45:2€ij;1€5isacCij;1 by (Rla);
~1 €ij:2:€5i:1€ij5:ac by (R1b)i,
and

EjisvaEijide ~1 €ijiajiaCjizyCijie by Lemma 5.10(ii)
~1 €45:2€ij;1€5isaCijic by (Rla); twice
~1 €45:2x€ji;1€ij;ac by (R1b);.

(R2)%: This relation follows immediately from (R2);.

(R3a)5: If a = xb, then Lemma 5.10 and (R3a)1 give EigapEjkic ~1 €kiz€ikib€ikic ~1 €kizCikip ~1 Eikab-
An almost identical calculation deals with the case in which b = za.

(R3b)4: If a = xb, then

EripaEjizc1 Bik11 ~1 €kizCik:b€ki;1 €ijicCji1 €ik;1 by Lemma 5.10(ii), (iii) and (iv)
~1 Cki;xCik;bCik;1€kj;cCik;1 by (R?)b)l
~1 €CkisxCik;bChj;cCik;1 by (Rla)l
~1 EigabEjk;e1 by Lemma 5.10(ii).
If b = za, then

Eit:avEjkic1 ™1 €ik:wChizaCiks1€kjscCik:1 by Lemma 5.10(ii) and (iii)
~1 €ik;xChi;aCki;1€ij;cChi;1Cik;l by (R3b)1
~1 €ik;xChi;aCij;cCii;1 Cik;l by (Rla)l
~1 ErivaEjize1 Eik1 by Lemma 5.10(ii) and (iv).

(R3c),: Here we have

EikaaEjkp1 ~1 €ki;l €ik;aCkj;pEik;1 by Lemma 5.10(ii)
~1 €ik:1€hjib€iizaCifi1 €ks1 by (R3c)1
~1 €ik:1€ljibChii1€isaCijs1€k;1 by (Rla);
~1 €ik;1ChjbCiik;1ChizaCiks1 Chyjs1Cik;1 by (R3b);
~1 €ik;1€kj;bCjk;1€kizaCik;1€5k;1 by (Rle);
~1 €ik1€kjibEik:1ChizaCiksl by (R3a);
~1 Eig11 Fjkp1 Eika1 by Lemma 5.10(ii) and (iv).

(R4a)5: As explained in Remark 5.3, we only need to show that E;j.apEik.ca ~1 Eikac,aFiji pe. However, to
do this, we must consider six cases:
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(i) a <g band c <g d; (iii) a <o band d <g ac; (v) a<gband ac <y d <g ¢

(ii) b<gaand c <gd; (iv) b <gaand d <g ac; (vi) b<gaand ac <y d<gc.
(Note that ac <g d in Cases (i) and (ii), and that d < ¢ in Cases (iii) and (iv).) For Cases (i) and (ii),
write ¢ = yd, and note that ac = (ay)d, so that

Eik;ac,dEij;l,bc ~ €LisayCik;dCij;be by Lemma 510(11) and (IV)

= €ki;ayCik;dCij;byd

~ €LiayCkyj;byCik;d

In Case (i), writing a = b, we have

Eij;abEik;cd

~1 €4i;2€i5;bCki;yCik;d
~1 €ji;xCkisyChki;byCik;d
~1 €ji;x€kj;byCik;d

~1 CkizayCkyj;byCik;d

In Case (ii), writing b = za, we have

Eij;abEik;cd

~1 €i5:2€5i;a€i5;1€kisyCik;d
~1 €ij:2€5i:aCki;yChki;yCik;d
~1 €i5:2€5i;a€Ckj;yCik;d

~1 €i5:2€ki;ayCkjyCik;d
~1 CkisayCki;byCkyjyCik;d

~1 Cki;ayCkyj;byCik;d

For Case (iii), write a = xb and d = zac. Then

and

Eij;abEik;cd

Eik;ac,dEij;l,bc ~

~1 €45i;x€i5:b€ik;2aCki;cCik;1
= €4i;2€i5;bCik;zxbCki;cCik;1
~1 €jisxCjk;zx€i;bCki;cCik;1
~1 €jk;22€5i;2€ki;cCkyj;bcCik;1
~1 €jk;zx€5i;3€kj;bcCik;1

~1 €5isx€k;zx€ik;1€i5;bc

€ik;2Cki;acCik;1€ij;bc
~ €ik:zCki;xbcCky;bcCik;l
~ €ik:2€5i;xCkj;bcCik;1

~ €5i;x€5k;2xCik;1€i5;bc

For Case (iv), write b = xza and d = zac. Then

Eij;abEik;cd

~1 €i5:2€5i:a€i5;1€ik;2aCki;cCik;1
~1 €i5:2€5i:a€5k;2aCij;1€ki;cCik;1
~1 €i5:2€5k;2a€ji;aCki;c€kj;cCik;l
~1 €i5:2€5k;2a€5i;0€kj;cCik;1
~1 €i5:2€5k;2aCki;acCkj;cCik;1

~1 €i5:2€k5;1€5k;2aCkj;cCkisacCik;l
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by Lemma 5.10(ii)

by (R4):

by (R3a);

by (R4)1, noting that xby = ay.

by Lemma 5.10(ii) and (iii)

by Lemma 5.10(ii) and (iii)

R4),

R4); twice
R3a);

R4); twice,

by (
by (
by (
by (

by Lemma 5.10(iii) and (iv)
by (R4); and a = zb

by (R4)1

by (R4); twice.

by Lemma 5.10(iii)
by (R4)1

R4); twice
R3a);

R4),

by (
by (
by (
by (R3a); and (R4);



and

Eik;ac,dEij;l,bc ~

~1 €i5;:2€5k;1€kj;2acCkizacCik;1
~1 €i5:2€k5;1€ik;2€ki;acCik;1

~1 €i5:2€ik;2€ki;acCik;1

€ik;2Cki;acCik;1€ij;bc
~ €ik:2Cki;acCkj;xacCik;l
~ €ik:2€ij;xCkisacCik;l

~ €i5;2€ik;2Cki;acCik;1

For Case (v), write a = b, d = yc and ac = zd. Then

Eij;abEik;cd

~1 €4i;x€ij;bCik;yCki;cCik;l

~1 €jisxCik;y€if;bChiscCik;l

~1 €5i;xCik;yChi;c€ky;beCik;l

~1 €5i;x€ki;1€ik;yCki;cCik;1€ij;bc
~1 €5i;x€ik;1€ki;dCik;1€i5;bc

~1 €5i;x€ki;1€ik;dCij;bc

~1 €5i;2€ik;d€ij;be

~1 €ki;2€ik;d€ij;be

~1 Eik;ac,dEijgl,bc

For Case (vi), write b = za, d = yc and ac = zd. Then

Eij.avFik;cd

(R4b),:

consider six cases:

(i) a<gband d <g ¢

(ii) b<gaand d<g ¢

~1 €45:2€5i:a€i5;1€ik;y Cki;cCik;1
~1 €i5:2€5i;a€5k;y€ij;1€ki;cCik;1
~1 €i5:2€k;y€iisaCki;cChky;cCik;l
~1 €45:2€5k;y€5i;a€kj;cCik;1

~1 €45:2€k5;1€5k;yCkj;cCkizacCik;l
~1 €i5:2€5k;1€kj;dCki;zdCik;1
~1 €ij:2€5k;1€54;2€k5;dCik;1

~1 €ij:2€ki;2€5k;1€kj;dCik;1

~1 Cki;2€kj;x2€5k;1€ik;1€i5:d
~1 Cki;2€kj;02€5k;1645;d

~1 €ki;2€kj;x2C€i5;dCik;d

~1 €ki;2€kjx2Cik;d

~1 €ki;2€ik;d€ij;be

~1 Eikac,dFij:1,pe

(iii) a <o b and ¢ <g bd;

(iv) b <y a and ¢ <g bd;

by (Rlb)l
by Lemma 5.11(iii)
by (R3a)y,

by Lemma 5.10(iii) and (iv)
by (R4); and b = za

by (R4)1

by (R4);.

by Lemma 5.10(ii) and (iii)

by (R4),
(R4)
by (R3a); and (R4);
by (R1b); and d = yc
(R1b);

by (RBa)1

by Lemma 5.11(iv), as zd = ac = zbe

by Lemma 5.10(ii) and (iv).

by Lemma 5.10(iii)
by (R4)1

by R4); twice
R3a);

R3a); and (R4);

=

4)
4);
R4); twice

R3a);

R4),

R3a):

by (R4); and zzd = zac = be
by Lemma 5.10(ii) and (iv).

=

(
by (
by (
by (
by (
by (
by (
by (
by (
by (

As in Remark 5.3, we only need to show that Eiy.cpaij1,ada ~1 EjkabEijied-

R1b)1, yc = d and ac = zd

Again, we must

(v) a<gband bd <y c<gd;

(vi) b<gaand bd <y c<gd.

(Note that bd <g c in Cases (i) and (ii), and that ¢ <g d in Cases (iii) and (iv).) For Cases (i) and (ii),

write d = yc, and note that bd =

(by)c, so that

Eik:cepaFiji1,ad ~1 €ik;byChi;cCik;1€ij;ad
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~1
~1
~1

~1

€ik;by€ik;1€ki;cCik;1€i5;ad
€ik;by€ki;1€ik;cCij;ayc
€ik;byCik;1€i5:ay€ji;cCij;1

Cik;byCig;ayChi;cCig;l

In Case (i), writing a = b, we have

Ej

‘k;abEij;cd ~1

~1
~1

~1

€kj;xCik;bCijsyChiscCij;1
€kj;xCijsyCik;by €ji;cCig;l
€kj;xCik;byCji;cCij;l

Cik;byCij;ayCji;cCif;l

In Case (ii), writing b = xa, we have

E;

k;abEij;cd ~1

€jk;zChj;aCik;1€if;y € i;cCig;1
€jk;zChj;aCijyCik;y€i;cCig;l
€jk;xCkj;aCik;yCji;cCif;l
€ik;xCik;yCij;ayCii;cCis;l
€jk;xCij;ay€iiscCij;l

€ik;byCij;ayCji;cCij;l

For Case (iii), write a = b and ¢ = zbd. Then

Ej

'k;abEij;cd ~1

€kj;xCik;bCsi;2bCij;d
Ckj;wCji;2bCjk;bCij;d
€kj;2€if;1€54;2b€ij;d Cik;bd
€kj;x€4i;1€45;2bdEik;bd
€kj;x€5i;1€kj;2Cik;bd
Ckj;xChj;zChisz Cik;bd
€kj;xChi;zCik;bd
€ki;z€hjwCiks;bd
€ki;2€ik;bdCij;ad

Eik;c,deij;l,ad

For Case (iv), write b = xa and ¢ = zbd. Then

Ej

‘k;abEij;cd ~1

€ik;x€kj;a€ik;1€5i;20€i5:d
€ik;x€kj;a€ji;2b€5k;1€45:d
€ik;x€kj;aCij;1€4i;2b€45;,dCik;d
€ik;x€kj;a€ji;1€i5;2bdCik;d
€ik;x€kj;a€5i;1€kj;2b€ik;d
€ik;x€kj;aCkj;zbCki;zbCik;d
€ik;x€kj;aCki;zaaCik;d
€ik;x€ji;22€kj;aCik;d
€ji;2x€ik;xCik;dCij;ad
€ji;22€jk;xCij;ad
€ki;2Cjk;x€ij;ad
€ki;zCik;bdCij;ad

Eik;c,deij;l,ad

by (Rla);

by (R1b); and d = yc
by Lemma 5.11(ii)

by (Rla);.

by Lemma 5.10(ii) and (iii)
by (R4);

by (R3a);

by (R4); and zb = a.

by Lemma 5.10(iii)

by Lemma 5.10(ii)
by (R4)1

R3a); and (R4);
R1b),

R4)
R4),

Rla);

R4);

by (R4): and zb =a

by Lemma 5.10(ii) and (iv).

1

by (
by (
by (
by (
by (
by (

by Lemma 5.10(ii) and (iii)
b (R4);

by (R3a); and (R4);

by (R1b)q

by (R4)1

by (R4):
by (Rla); and b = za
by (R4)1
by (R4); twice
by (R3a);
by (R4)1
by (R4); and za =b
by Lemma 5.10(ii) and (iv).



For Case (v), write a = xb, ¢ = yd and bd = zc. Then

Ejk;abEij;cd ~1

and

Eik,epabiji1,aa ~1

Ckj;zCik;bChizyCijid
Ckj;zChisyCik;bCij;d
€kj;x€if;1€5iy€i5:dCik;bd

€kj;x€ji;1€i5;cCik;zc

€ik;2€ki;cCik;1€i5;ad
€ik;2Cki;cChkyj;xzcCik;l
€ik;2€ij;x2€ki;cCik;1
€kjxCik;2Cki;cCik;l
€kj;x€if;1€ik;2Cki;cCik;l

€kj;2€ji;1€i5;cCik;zc

For Case (vi), write b = xa, ¢ = yd and bd = zc. Then

Ejk;abEij;cd ~1

€jk;xCkj;aCik;1€5iy Cigid
€ik;x€kj;aCki;y€ik;1€i5:d
€ik;xCki;y€kj;a€ij;dCik;d
€ik;xCki;y€kj;aCik;d
€ik;x€kj;aCkiyCik;d
€ik;xCkj;adCki;cCik;l
€ik;x€ki;cCkj;adCik;l
€ik;2€ki;c€kj;adCik;1
€ik;2€ki;c€ik;1€ij;ad

Eik;c,deij;l,ad

by Lemma 5.10(ii)

by (R4)1

by (R3a); and (R4),

by (R1b)1, yd = ¢ and bd = zc,

by Lemma 5.10(iii) and (iv)
by (R4); and ad = zbd = zzc
by (R4)1

by (R4)1

by (R3a);

by Lemma 5.11(ii).

by Lemma 5.10(ii) and (iii)

by (R4):

by (R4); twice

by (R3a);

by (R4):

by Lemma 5.11(i) and yd = ¢

by (R4)1

by Lemma 5.11(iv), as zc = bd = zad
by (R4);

by Lemma 5.10(iii) and (iv).

This completes the proof of the theorem. O

As noted at the beginning of this section, some of the relations from R; may be simplified in the case that
M is a group.

Theorem 5.12. If M is a group, then M ! Sing,, has presentation (X
from Ry by replacing (R1a—Rle); by

: R}) via ¢1, where Ry is obtained

fora,b € M and distinct 1, j
fora,b e M and distinct 1, j.

(R1a);
(R1b),

€ijiaCijib = Cijia = €jisa—1Cijia

€ij;1€5i;a€ij;b = €5i;1€i5;ab

Proof. Suppose M is a group. We start with the presentation (X; : R;) from Therorem 5.9. Since
(€ji:a—1€ij:a)P1 = €ijia®1, We may augment (Rla); by replacing it with (Rla)j. Relation (Rle); may be
removed, as it is just part of (Rla)]. Relation (Rlc); may also be removed, since ac = be is only possible
in M (a group) if @ = b, in which case the relation is vacuous. For relation (R1d)1, let i,j € n be distinct,
and let a,b,c € M with abc = ¢, noting that this forces b = a~'. Then, writing ~} = (R})*, we have

€ji:aCijibe ™1 Cijb€iiaCijsbe by (Rla)j and b =a™"
~1 €ij;b€igi1€jisaCijsbe by (Rla)
~ €ij:b€ji1 €ijic by (R1b); and abc = ¢
~ €ijibigi1 €jiscCiil by (R1b)y
~1 €ijipejiscCijl by (Rla)) O
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Remark 5.13. Theorem 5.12 can also be deduced directly from Theorem 5.2 in a similar way to Theo-
rem 5.9, though the calculations are far easier under the assumption that M is a group. Here we may simply
define the words Ejj.qp as €;.q,-1€i5, for all 4, j, a, b, and we never need to consider multiple cases (according
to whether a < ¢ b or b < g a, etc.).

Remark 5.14. Although M { Sing,, # (X1) in the case that M /. is not a chain, it is still the case (by
Theorem 4.7) that (E(M @ Sing,,)) = (X1). It would be interesting to give a presentation for (F(M Sing,))
in terms of the generating set A7.

6 The endomorphism monoid of a uniform partition

We now apply the results of previous sections to obtain a presentation for the idempotent generated sub-
semigroup of the endomorphism monoid of a uniform partition of a finite set. These monoids are defined
as follows. Let X be a non-empty finite set, and let P = {C1,...,Cy} be a uniform partition of X: by this
we mean that the sets C,...,C, are pairwise disjoint, have a common size (m, say), and their union is all
of X (so that |X| = mn). The endomorphism monoid of P is defined to be the submonoid

T(X,P)={aeTx : (Vien)(3j€n) Cia CCj}

of Tx, the full transformation semigroup on X. These monoids were introduced by Pei in [68], and have
subsequently been studied by a number of different authors. In particular, the rank of 7 (X, P) was calculated
in [5], while the rank and idempotent rank of the idempotent generated subsemigroup of 7(X,P) were
calculated in [17]; for the corresponding studies of the non-uniform case, see [4,18]. As noted in [5],
T (X,P) is isomorphic to the wreath product T, ! T,. So we will concentrate on such a wreath product
Tm U Tn, and our goal (as stated above) is to give a monoid presentation for the idempotent generated
subsemigroup (E (7,1 Ty)). In fact, we are able to solve a more general problem: namely, in Theorem 6.3,
we give a monoid presentation for the idempotent generated subsemigroup (E(M7T,)) of M T,, modulo
a presentation for (E/(M)), in the case that M is a monoid satisfying (E(M)) = {1} U (M \ G), where G is
the group of units of M. So for the remainder of this section, we fix a monoid M, write G for its group of
units, and we assume that (E(M)) = {1} U (M \ G). Examples of such monoids M include the finite full
transformation semigroups [49], finite dimensional full linear monoids [31], finite partition monoids [25], finite
Brauer monoids [61], the endomorphism monoids of certain finite dimensional free M-acts (see Corollary 4.9
above), and many more. Presentations for the idempotent generated subsemigroups of some (but not all)
of these examples are known [25-27,61].

To avoid confusion, we will write 1 and 1, for the identity elements of M and 7,, respectively. Recall
that any subsemigroup S of 7, leads to a wreath product K .S, for any monoid K. In particular, when
S = {1,} C Ty consists of only the identity transformation, K {1} is isomorphic to the direct product of n
copies of K. The M = T, case of the next result is contained in [17, Proposition 4.1]. We write A = BUC
to indicate that A is the disjoint union of B and C. To simplify notation throughout this section, if 7" is
any semigroup, we will write E(T") = (E(T)) for the idempotent generated subsemigroup of 7T'.

Proposition 6.1. Suppose M is a monoid with group of units G, and that E(M) = {1} U (M \ G). Then
(i) E(MTy) = (E(M) 2 {1,}) U (M Sing,,); and
(ii) M Sing, = (E(M){1,})(GSing,).

Proof. We begin with (ii). First note that if (a, 1,) € E(M){1,} and (b, 8) € GiSing,,, then (a, 1,)(b, 3) =
(ab, 8) € M Sing,,. Conversely, suppose (c,vy) € M Sing,,. For each i € n, define

1 if¢g e ¢ ifee@
a; = and b; =
Ci ifCZ'GM\G 1 ifCiEM\G.

Since a;b; = ¢; for each i, it follows that (c,7) = (a, 1,)(b, ). It is also clear that (b,v) € G ¢ Sing,,, while
(a,1,) € E(M)1{1,} follows from the fact that E(M) = {1} U (M \ G). This completes the proof of (ii).
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For (i), first suppose (a1, a1),...,(ak, ar) € E(M 1 7T,), and write (a,a) = (a1, a1) - - (ag, ag). If any of
ai, ..., belongs to Sing,,, then so too does o = a - - - ag, so that (a,«) € M ¢ Sing,,. On the other hand,
if a; =+ =ay = 1,, then Lemma 4.1 gives a; € E(M)" for all i, in which case

(a,a) = (ar ---ag, 1) € E(M) 1 {1,}.

We have shown that E(M7,) C (E(M) {1,}) U (M ¢ Sing,). To prove the converse, first suppose
(b,1,) e E(M){1,}. Since 1 € E(M), we may write b = by --- by with by,..., by € E(M)", and it then
follows that (b, 1,) = (b1, 1) - (bg, 1) € E(M 1 T,). This shows that E(M){1,} CE(M7,). Together
with Part (ii) and the fact that G ¢ Sing,, is idempotent generated (by Theorem 4.7(iii)), it also follows that
M Sing,, CE(M 1 T,). O

Suppose now that E(M) = (E(M)) has monoid presentation (Y : Q) via ¢ : Y* — E(M). Since this is
a monoid presentation, we may assume that yy 7é 1 for all y € Y, and it will be important to do so in
what follows. Define new alphabets Y{;) = {y;) : y € Y} for each i € n, and put Y = Y3y U--- U Y[y,
For a word w = y;1 -+ -y € Y*, and for 2 € n, deﬁne wiy = (Y1) ey (Uk) @) € Y. For each i € n, write

Quy = (@), v)) (u, v) € Q} and put Q = Q1)U --- U Q). We also define
RH_{( )Y3)» ()l‘(z))ﬁﬂ,yEY, i, €n, 1#]}

For a € M and i € n, write a;) = ((1,...,1,a,1,...,1),1,), where the a is in the ith position. Define an
epimorphism

VY™ = E(M){1n):ye) = (yd) )

The next result follows from an obvious (and essentially folklore) result on presentations for direct products
of monoids.

Lemma 6.2. With the above notation, the monoid E(M) 1 {1,} has monoid presentation (Y : QU R)
via V. O

We fix the semigroup presentation (X; : R}) for G Sing,, (via ¢1 : X;” — G 1 Sing,,) from Theorem 5.12,
where X1 = {e5.0 : 4, €n, i # j, a € G}, and so on. We now explain how to stitch this together with the
monoid presentation (Y : QU R,;) for E(M){1,} in order to yield a monoid presentation for E(M Ty,).
In what follows, it will be convenient to write w = wy € E(M) for any word w € Y*. By Proposition 6.1,
we may define an epimorphism

©:(YUX1)" = EWMT)  yu = Yy Cijia = Eijia-

We will also choose (and fix for the remainder of the section) a set of words {h, : a € E(M)} C Y™ such
that h,Y = a for all a € E(M). For a € E(M) and i € n, define hy; = (ha)) € Y(;), noting that
ha:i© = he; ¥ = ag)- In practice, we might like to choose the words h, to be as short as possible, but this
is not a requirement. Note that if w € Y* is such that w© = ((a1,...,a,),1,) € E(M) 1 {1,}, then w may
be transformed into hg,.1 - - - ha,.n using relations Q U R, by Lemma 6.2.

Now let Ry denote the set of relations

Y(iyhag;j€iji1 if k=1 (Vla)

eij;ay(k) =\ €ij;a if k :j (Vlb)
Y(k)Cija otherwise (Vle)

Y(j) €ijsa = hyasj€ijs (V2)
Y(i)€ji:aCijib = NgabiiCijsbs (V3)

where y € Y in each relation, and ¢, j, k, a, b range over all allowable values, subject to the stated constraints.
Note that the assumption that ¥ =y # 1 for all y € Y (and the assumption that E(M) = {1} U (M \ G))
implies that ay,ya € M\ G CE(M) for all y € Y and a € G (so that the words hay, hya, hyap appearing in
the above relations are well defined). We aim to prove the following.
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Theorem 6.3. Suppose M is a monoid with group of units G, and that E(M) = (E(M)) = {1} U (M \ G).
With the above notation, the idempotent generated subsemigroup E(MT,) = (E(M 1 Ty)) of M T, has
monoid presentation (Y U X1 : QU Ry U R} U Ry) via ©.

To prove Theorem 6.3, we first need some preliminary lemmas. We will write & = (QU R., U R} U Ry)* for
the congruence on (Y U X1)* generated by the relations QU R, U R} U Ry. The next result follows by a
simple diagrammatic check that the relations Ry are preserved by ©.

Lemma 6.4. We have = C ker(0). O

As usual, proving the reverse containment is more of a challenge.

Lemma 6.5. Ifw € (YUX1)*, then w & wiwsy for somew; € Y* and we € X5. Ifw € Y*, then ws € X1+.

Proof. For a word u € (Y U X;)*, we write {(u) for the number of letters from X; appearing in u. We
prove the lemma by induction on &(w). If {(w) = 0, then we are already done (with w; = w and wy = 1),
so suppose {(w) > 1, and write w = ue;j,,v, where u € (Y U X;)* and v € Y*, so {(u) = {(w) — 1. By
(V1a-Vlc), we have ejj.qv & ze;j, for some z € Y* and some b € G. Since {(uz) = {(u) = £(w) — 1, an
induction hypothesis gives uz & ujug for some u; € Y* and ug € X{. So w = ue;j,qv & uze;j,p & u1u2e;jp,
and we are done (with w1 = w1 € Y* and wy = uge;j, € X1+) (Note that the final assertion in the lemma
follows from the above argument.) |

We now improve Lemma 6.5 by showing that the two words w1, ws can be chosen to have a very specific
form, in the case that w ¢ Y*.

Lemma 6.6. Let w € (Y U X1)*\ Y*, and write w® = (a,«). For i € n, define
1 ifai€G a; ifa; €G
bi — ) and C; = 3
a; ifa;e M\ G 1 ifa; e M\QG.
Then w = wiws for some w1 € Y* and wy € Xfr with w10 = (b, 1,) and w.© = (c,a).

Proof. By Lemma 6.5, the set Q = {(w;,w2) € Y* X Xfr :w & wiws} is non-empty. We define a function
€ :Q — N as follows. Let (wy,ws) € Q, and write

w1© = (p,1,) and w20 = (q,«a) where p € E(M)" and q € G".

(Because the last coordinate of w;® must be 1,, it follows that the last coordinate of we® must be a.)
We then define &(wq,ws) to be the cardinality of the set E(wi,we) = {i € n: (pi,¢;) # (bi,¢)}. (Here, we
assume that p = (p1,...,pn) and q = (q1,..-,qn)-)

We now choose a pair (wq,ws) € Q for which &(wy,ws2) is minimal. We claim that £(w,w2) = 0. Indeed,
suppose to the contrary that £(wi,ws) > 1. As above, write w10 = (p, 1,,) and w20 = (q, @), noting that

(a,a) = wO = (10)(w20) = (pq, a).

This gives p;q; = a; for all i. Since wy € X;", we have a € Sing,,, so we may fix some (i,5) € ker(a) with
i # j. By relabelling the elements of n, if necessary, we may assume that (i,j) = (1,2). Define words

U1 = (€g1,0,651€12:02) - (€23:5€32:1) * -+ (€2nign €n2:1) A Uz = (€190 —1€21:01) - (€13145€31:1) - -+ (C1nign€n1s1),
and let v be any word over X (regarded as a subset of X; as usual) with v© = ((1,...,1),«). It is easy to
check (diagrammatically) that u10© = (q,e12) and u2© = (q,£21). In particular, since a = g0 = £91x, we

have
(u1©)(vO) = (u20)(vVO) = (q, ) = w20O.
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Since we, u1v, ugv all belong to Xfr, Theorem 5.12 then gives wo & u1v & usv. As noted earlier, Lemma 6.2
also gives w1 & hp,;1 - hppin-

Since &(wi,wz) > 1, we may fix some r € Z(wi,wz). Note that we could not have p, = 1, or else
then a, = py¢y = ¢ € G, which would give (b,,¢,) = (1,a,) = (pr,qr), contradicting our assump-
tion that r € E(wi,wz). In particular, hp,.» # 1, so we may write hy.r = (1)) (Y&)(r)¥(r), Where
Yi, .-, Yk, y €Y (and where p, is therefore equal to 7, - - 7,y). Note that R, gives wi & w3hy, ., where
w3 = hp; 1Ny 1hp 100 Rpine Note also that

pr#l = pe M\G = a,=prq € M\G = (by,¢,) = (ar,1).
We now consider separate cases, depending on the value of 7.
Case 1. Suppose first that » > 3. Note that
hprrur = (Y1) ) - W) () Y(r) (Ca1,g, 651 €12:02) - (€23105€32:1) -~ (€219, 1 €r—121)

X (€2r;qrer2;1)(62,r+1;qr+1er+172;1) T (€2n;qnen2;1)

(yl)(r) T (yk)(r)(ezl;qlqglem;q2> - (ea3;g5€32;1) -+ (€27 — 150, €r—1,2,1)

&

X Y(r) (627";11,«67"2;1)(62,7"+1;qr+1 67"—}—1,2;1) cee (eQn;qnenQ;l) by (V1C)

X

W) (yk)(r)(em;qlq;lem;qz) - (e23igz€32:1) -+ - (€215, €r—1,2:1)
X h@qr;r(627';167"2;1)(62,r+1;q7»+16T+172;1) T (€2n;qn€n2;1) by (V2)
R W) W) ) g (€a1,4, 471 €12100) - (€23105€32:1) -+ (€210, 1 €r-1.2:1)
X (earaeran)(€2r i1, €r12:1) - (€2nig, €n2:1) by (Vle).
(In the last step of the previous calculation, recall that hyg,., involves only letters from Y/,.) Note also that
(W) We) ) hgger)© = (W1 - Ti¥2 ) (1) = (Pr@r) () = (@) (1)
As seen above, a, € M \ G, so Lemma 6.2 gives (y1) () (Y&) () Pggrir = Pa,yr- Now put
u3 = (€150, €12:02) - (€23:5€32:1) -~ (€20 119, 1 €r—1.2:0) (€2r1€r2:1) (€20 113041 €r41,2:1) * * (€2n3g, €n2:1)-

The above calculations show that h,, .,u1 & he,rus3, and it follows that
w R wiws T (wshyp, ) (W1v) & (wWahg,r)(ugv) = V102,

where v1 = w3hg,., € Y* and vy = ugv € Xfr. It follows that (v1,v2) € Q. But one may easily check that

Ul@:((p17"‘7p7’—17a1”7p7‘+17"'7p7’b)71n) a‘nd /U2@:((QL"'7qr—1717qr+17”'7qn)7a)'

Since (by,c¢.) = (ar,1), it follows that {(v1,v2) = (w1, w2) — 1, contradicting the minimality of &(wy,ws),
and completing the proof of the claim in this case.

Case 2. Next, suppose r = 1. So now we have w1 & wshy,;1 and hp,.1 = (y1)1) -+ - (k) 1)¥1)- First note that
Y(1)€21,q,q; 1 €122 & hyg1€12:45, Dy (V3). As in the previous case, we have (y1)) - (Ur)(1)hgg:1 & hayi1-
It quickly follows that hp,. u1 & hg 1uz, where uz = €12, - (€23:05€32:1) - - (€2n:g,€n2:1). SO W X wiwy &
(w3hp,.1)(u10) & (wsha,.1)(usv) = v1v2, where v1 = w3hg,.1 € Y* and vy = uzv € X;7. This time we have

Ul@:((a17p27"'>pn)71n) and 020 = ((1,q2,...,qn),a),
and again we obtain {(v1,v2) = {(wy,ws2) — 1, a contradiction.

Case 3. The case in which r = 2 is almost identical to the previous case, but we use the word uy (defined
above) instead of uy.

This completes the proof of the claim that £(wy,w2) = 0. And this, of course, completes the proof of the
lemma. O

We are now ready to tie the loose ends together.
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Proof of Theorem 6.3. It remains to prove that ker(0) C &, so suppose u,v € (Y U X;)* are such
that u® = vO. If u € Y*, then u® € E(M){1,}, which also gives v € Y*; in this case, u & v follows
from Lemma 6.2. So suppose u € Y*, noting that this also forces v € Y*. Lemma 6.6 then gives u & ujus
and v & vivy for some ui,v;1 € Y* and ug, vy € X1+ with 410 = 110 and us® = v960. Lemma 6.2

~

and Theorem 5.12 (respectively) then give u; & v; and ug & vy. Putting this all together, we obtain
U T ULU2 V1V 0. |

Remark 6.7. Asnoted above, in the case that M = T,,, Theorem 6.3 gives a presentation for the idempotent
generated subsemigroup of T, 1 T, = T (X, P), where 7(X,P) is the endomorphism monoid of a uniform
partition P of the set X into n blocks of size m. Here we have G = S,,,, and the monoid presentation (Y : Q)
for E(7m) = {1} U (Tm \ Sm) is deduced from the semigroup presentation for 7, \ Sy, in Theorem 2.4.
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