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Abstract

We consider 1D Landau-Lifshitz-Gilbert equations with an external force. We
first prove the existence and uniqueness of the strong solution, and then give a
definition of the quasipotential and prove that the quasipotential is equal to the
potential energy of the system.

Keywords: Landau-Lifshitz-Gilbert equations, strong solution, quasipotential

Contents

1 Introduction 2

2 Notation and preliminaries 5

3 Existence and uniqueness of solution 9
3.1 Existence of a weak solution . . . . . ... ... .... 10
3.2 Further regularity and existence of a strong solution . 19
3.3 Uniqueness of a weak solution . . . . .. ... ... .. 25

*Corresponding author
Email address: liangli@buct.edu.cn (Liang Li)

Preprint submitted to Journal of Differential Equations May 30, 2019



4 Convergence towards minimum of the energy 26

5 The quasi-potential of LLG system 30
Appendix A Some frequently used equalities 34
Appendix B Discussion on other ¢ 35
Appendix B.1 ¢1(m)=21(mi+md). ... ... ... L. 35
Appendix B.2 ¢ = % — D1 e e 43
Appendix C The connection between Definition 5.1 and the no-
tions of quasipotential used in stochastic problems 44

Appendix C.1 The connection between Definition 5.1 and Definition
Appendix C.1 . . . . . . . 45

1. Introduction

We consider the following Landau-Lifshitz-Gilbert (LLG) equations with the
magnetisation field m depending on the time and the space variables (¢,z) €

R x O, where O := (0,27) and taking values in R3:

%—T = Aimx(Am—¢'(m)+h)=domx (mx(Am—¢'(m)+h)), A\ €R, Az > 0.
(1.1)
with periodic boundary conditions
m(t,0) = m(t,2n), Vm(t,0) =Vm(t,2n), forae. t€[0,T], (1.2)
and initial condition
m(0) = myo, (1.3)

where we assume that the data mg takes values in the two dimensional sphere
S2. In the system (1.1)-(1.3), the function ¢ : R* — R is a given map related
to the anisotropy energy and h can be regarded as an external “force”. To each

configuration m € H12(0;R3), we associate the energy defined by

£(m) = 51Vl + | om(a))da. (14)
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We will show that the solution of the system (1.1)-(1.3) takes values in the

two dimensional sphere S2. If, e.g. h =0 and
Lo 9 2
p(m) = §(m1 +m3),

for m = (mq, ma, mg), the constant configurations (4 equal respectively to the
north and south poles on the sphere S? are asymptotically stable equilibria of
the system (1.1)-(1.3). We are interested in how stable each equilibrium is, i.e.
how much “action” is necessary to move the solution m from (; to another
configuration a taking values in S? following the trajectory of the system (1.1)-
(1.3). To find out an answer to this question, we use a notion of the so called
quasipotential defined to be equal to, modulo a multiplicative constant, the
infimum of the L2-space time norms of the external forces h and prove that it
is equal to the energy £(a) at the configuration a. This is our main result, see
Theorem 5.2.

To the best of our knowledge, the quasipotential of LLG system has not
been studied before. The “quasipotential” has been an object studied only in
the context of stochastic dynamical systems, such as in the monograph [10] by
Freidlin and Wentzell, where it has been defined via the so-called “action func-
tional”, which is the rate function of the large deviation property of the solution
process. The quasipotential is defined as an appropriate infimum of the action
functional. But in some special cases, of which could be called the gradient
systems, there is an essential property (where the name “quasipotential” comes
from) of the equipotential, see [10, Theorem 4.3.1] and [8, Theorem 3.7] , ac-
cording to which the quasipotential differs from the potential of the system only
by a multiplicative constant. This property is not necessary to be stochastic,
and it is the motivation of our definition (Definition 5.1). A similar result for
the 2-D Navier-Stokes Equations with periodic boundary conditions has recently
been proved by the first named author et all [4]. The LLGEs, contrary to those
studied before but similarly to the NSEs, are not of the gradient type. In this
sense, the main result of our paper, i.e. Theorem 5.2, shows that our definition

of quasipotential is well defined. In view of our deterministic definition, i.e. in



30

35

40

45

50

view of Definition 5.1, we can also expect that in classical results, such as the
exit point is close to the minimum point of the quasipotential on the bound-
ary, the principal term of the asymptotics of the mean time before reaching the
boundary can be expressed in terms of the quasipotential and the behaviour
of the invariant measure of the solution can also be described in terms of the
quasipotential, hold if we change the external force h in (1.1) to be stochastic.
These properties will be studied in the future.

In section 2, we introduce the notation used throughout the whole paper
and the definition of a solution of the system of LLG system (1.1)-(1.3).

In section 3, we show the existence and uniqueness of the strong solution of
the system (1.1)-(1.3). To do this, we first prove the existence of weak solutions
by the Galerkin approximation method. In the next section, we show that the
weak solutions have sufficient regularity to be strong solutions. It is worth
mentioning that to show the regularity of weak solutions of LLG system; one
can write the equation in a mild form and then use the ultracontractivity and
the maximal regularity properties of the heat semigroup, see the paper [6]. This
method works here as well but would need quite a lot of calculations. In the
current paper, we prove the regularity of weak solutions easily by using a certain
geometric property of the LLG system without any complicated calculations. In
the last part of this section, we state the uniqueness result which can be proved
by the same method as in [6].

In section 4, we show that with a suitably defined function ¢ € C3(R3;R*)
which relates to the anisotropy energy, the constant function {; which equals
to the north pole of the unit ball is an asymptotically stable equilibrium of the
system (1.1)-(1.3). If the initial data my is close enough in the H! metric to (4,
then the solution will converge to it exponentially. The particular ¢ we choose
is different from the one in [6]. With our choice of ¢, we have the following
property

St — ¢yl = Em), 120

This equality is somehow the reason for the exponential convergence.
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Inspired by this, we use the energy as control of |[m(t) — (+||Z; and prove a
better convergence result with the function ¢ as in [6]. We postpone the proof
in the first part of Appendix B. In the second part of Appendix B, we give
another choice of ¢, such that there are infinitely many stationary solutions of
the system (1.1)-(1.3) and the poles are no longer attractors. In section 5, we
present a definition of quasipotential of the deterministic LLG system and prove
that the quasipotential is just the energy as in (1.4) which is our main result.

In the last part of this introduction, we would like to summarise the novelties
of this paper. Firstly, this is the first time one proved the existence and unique-
ness of a strong solution of this version of Landau-Lifshitz-Gilbert equations,
i.e. the system (2.7)-(2.9). The difficulty in proving existence and uniqueness
is that our assumptions are quite weak. In particular, we assume only that the
external “force” h belongs to space L2 ([0,00);L?). Secondly, as mentioned
before, we use a new method to show the regularity of the solution. Thirdly,
we have improved the convergence result in [6]. Finally, we define a quasipoten-
tial for this infinite dimensional non-gradient system and prove that this is well

defined.
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2. Notation and preliminaries

Notation 2.1. O := (0,27), WP := WmP(O;R3), H™ := H™(O;R?). More-

over, we will use S? to denote the unit sphere, use V to denote the weak deriva-
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tive with respect to the spatial variable x.

We define the linear operators A and A; by the following definition:

Definition 2.2. Let A be a linear operator acting on L?(0) with the domain
defined by

D(A) = {u € H? : u(0) = u(2m) and Vu(0) = Vu(2m)}, Au:=—Au, u€ D(A).

D(Al) = D(A), A]_ = I+A

It is known that, A; is positive self-adjoint operator in the Hilbert space

H = L*(O,R?) and that
1
D(A?) = {u e H" : u(0) = u(2m)}. (2.1)
Notation 2.3. We define V := D(Alé). Since V is a dense subset of H and the
embedding V < H is continuous, we have the following Gelfand triple

VcCH=H*CcV*

where V* is the dual space of V.
To denote the norm and the inner product in the space H, resp. V, we will use

the subscript ¢, resp. v.

Definition 2.4. For m € V we define Am, m x Am and m x (m x Am) as

elements of the dual space V* by the following formulae

vi{u, Am)y+ 1= —(Vu, Vm)y, u€eV. (2.2)
vi{u,m x Am)y- = (m x Vu, Vi), u € V. (2.3)

and
v{u,m x (mx Am)yye := —(V(m x (m x u)),Vm),, uweV. (24)

Remark 2.5. An attentive reader would notice that in order the definitions
above are correct, the RHS on the three equalities in Definition 2.4 should be
continuous linear w.r.t. u from V to R. Since m € V and V is an algebra, this

is the case.



To describe the problem we are going to deal with, we also need the following

o0 notations:

Notation 2.6.

M

{aeH":a(z) € S* forallz € O}, (2.5)
MT

{a e M:az(z) >0 forall z € O}. (2.6)
Let us fix a function
¢ € C2(R*RT),
an external “force”
h € L, ([0, 00); H)

and the initial data

mOEVﬂM.

Let us consider the following initial value problem for the 1-dimensional

Landau-Lifshitz-Gilbert (LLG) system with periodic boundary conditions

88—7? = Mimx(Am—¢'(m)+h)—Aemx (mx (Am—¢'(m)+h)), A €R, Ay > 0.
(2.7)

m(t,0) = m(t,2n), for a.e. ¢t € [0,00), (2.8)

m(0,-) = myo. (2.9)

Definition 2.7. We say that m € L2 _([0,00); V) N HL_.([0,00); V*) is a weak

solution of the LLG system (2.7)-(2.9) iff for all u € V, m satisfies
/o<m(t) o, u) da (2.10)
- /ot | amox (= (m) + ) = Agm x (m x (=¢/(m) + 1)), u) dzds
i /ot /o A (Vm, V(m xu)) + Az (Vim, V(m < (m x ) dz ds,

o for all ¢ € [0,00).



In what follows, we will look for solutions on finite time intervals of type
[0,T],T > 0. Since we will prove uniqueness, proving existence on such time

intervals is sufficient to proving the existence on infinite interval [0, co).

Remark 2.8.(1) Since by Lions-Magenes [13],
L*(0,T;V)n H*(0,T;V*) = C([0,T]; H) continuously,

every weak solution m of equations (2.7)-(2.9) belongs to the space C([0, T]; H).

(ii) By Definition 2.4, the equation (2.10) can be written in the following form

%—T =A1m x (Am — ¢’ (m) +h) — Xom x (m x (Am — ¢'(m) +h)) (2.11)

o with the initial condition (2.9).

We have the following proposition about the weak solution of equations

(2.7)-(2.9):

Proposition 2.9. If m is a weak solution of the LLG system (2.7)-(2.9), then
for allt € [0,T] and a.e. x € O we have

|m(t, z)| = |mo(x)]|. (2.12)

Proof. Let us point out that the idea of this proof is borrowed from [5].
For any ¢ € C§°(O;R), let us define a function

Y :H3>m+— (m,om)g € R.
It is known that 1 is of C'! class and
' (m) = 2¢m, m € H.
Since by Definition 2.4 and equation (2.11) and Lemma I11.1.2 in [18], one has

w(m(0) - v(ma) = [ t V<w’<m<s>>, f{”>v s

! d
= / <2<pm(s), dm> ds =0, te0,T).
0 v S /v
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We infer that for every ¢t € [0,T] we have
/ (@) (jmt,2)[2 = [mo(@)[2) da
(@)
- / (m(t, z), p(x)mi(t,2)) dz — / (mo(@), p(@)mo(2)) dz = 0.
(@) (@)

Since ¢ € C§°(O;R) is arbitrary, we deduce that the equality |m(t,z)| =
|mo ()| is valid for all ¢ € [0,T] and a.e. € O. Hence the proof is complete. O

Definition 2.10 (Energy). For a € H!, we define the energy £(a) by

E(a) = %HV(LH%{ + /ngﬁ(a(x))dx. (2.13)
About the energy &£, we have the following dissipative proposition:
Proposition 2.11. Let m be the weak solution of the system (2.7)-(2.9) with
h =0, then for allt > s >0,
E(m(t)) + Az /: [m(r) x (Am(r) — ¢'(m(r)))Ia dr = E(m(s)).  (2.14)

Proof. Let m be a weak solution of the system (2.7), (2.8) and (2.9) with A = 0.
Then

Lem(t)) = (V& (m(t)),m’ (1))

dt
{(=Am(t) +¢'(m), um x (Am(t) — ¢'(m))
— dam x (m x (Am(t) — ¢I(m)))>H

=Az|lm x (Am(t) — ¢'(m)) || < 0.
So (2.14) is proved. O

Definition 2.12. We say that a weak solution m of the LLG system (2.7)-(2.9)

is a strong solution iff

m € L*(0,T; D(A))n H*(0,T; H).

3. Existence and uniqueness of solution

We will prove the existence and uniqueness of a strong global solution of the
system (2.7)-(2.9). The results of this section are summarized in the Theorem

3.37.
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8.1. Ezxistence of a weak solution

To prove Theorem 3.37, we first prove the following theorem about the ex-

istence of a weak solution.

Theorem 3.1. For any T > 0, h € L?(0,T;H) and ¢ € CZ(R3R"), there
exists a weak solution m € L> (0, T;H') N H(0,T;H) of equation (2.7).

We use 3 steps, which is similar as in [19] to prove Theorem 3.1.

Step 1: Galerkin Approximation. We first consider a n dimensional system.

We have the following result similar as explained in ([9], p.355, Thm 6.5.1):

Proposition 3.2. [9] There ezists a countable ONB {e,, }22, of H, consisting of
eigenvectors of Ay such that e, € C*(O)ND(A). The corresponding eigenvalues

{52, satisfies
O0<n << <y Y1 <o and Yn — 0O GS M — OO.
Next, let us define the orthogonal projection
7 : H— H,, := linspan{ey, ..., e},

and let us consider the following finite dimensional problem in H™:

~

m, = Alﬂn(mn X (Amn - ﬂ—n[qb/(mn)] + hn))
o (M X (Mg X (A — ma[d (m)] + b)), (3.1)

My (0) = Mo, == TMo, (3.2)

where hy,(t) := m,h(t), for t € [0,T]. About the finite dimensional system (3.1)

and (3.2), we have the following result:

Lemma 3.3. The system (3.1) and (3.2) has a unique global solution m,, €
C([0,00); Hy).

Proposition 3.4. There is a constant C > 0 such that for alln € N, we have

Imo.n(z)] < Cllmollm:, for a.e. x € O. (3.3)

10



Proof. By the Sobolev imbedding and (2.1), it follows that there exists a con-
stant C' > 0 such that

1 1
[monllLe < Cllmoullm = C||Af Tamolla < Cl|AT molln = C||mo||m -
O

10 Step 2: A’priori Estimates. About the solution of n-dimensional system m,,

we have the following results:

Proposition 3.5. For alln € N, we have
[ (D)l = [[mn (0)][1,  Vt €[0,T]. (3.4)
Proof. By the equation (3.1) and since we have (A.3), one has
d 2 /
g mn @i = 2 (1m0, (8), 10 (8)) 3y = 0.

Therefore the proof is complete. O

Let us define the n-dimensional total energy &, : H, — R by

£ (u) = /O¢(u(x))dx+ %Hvuug, wEH, (3.5)

In addition, let us define for the solution m,, of the n-dimensional system (3.1)
and (3.2),
pn = —=VpEn(my) = —mp¢d' (my) + Am,, € H,. (3.6)

Then the equation (3.1) can be written as follows

ml, = M7y (M X (pn 4 ha)) = Aoy (M, X (Mg X (pn + hy))). (3.7)

Theorem 3.6. There exists a constant C > 0 which may depend on ||¢|| Lo r3),

lmoller and ||kl r20,7;m), such that for all n € N, we have

[mnllpeorm) < C, (3.8)

11



M X pullz2(0,7:m) < C, (3.9)

and
||mn X (mn X pn)HL2(O,T;H) <C. (310)

Proof of Theorem 3.6. Firstly, we will show the proof of (3.8) and (3.9).

135

For simplicity, we may use C' to denote different constants. By the n-
dimensional equation (3.1), one has
d dmy,
G Em) ) = (du0m). Tt
= <_pn7 Alﬂn(mn X (pn + hn) - )\27Tn (mn X ( pn + h )>H

= A1 (—pn, Tn(my X hn)>H = Ag|lm, x anIQ{ — A2 <_Pn77rn(mn X (my X hn))>H

Integrating both sides of the equation above over [0, t], we get

Enlt) — £4(0) = Ay / (= (5), T (M (5) X fin(5)))gg dls — Ao / 12 (5)  pa(s) % ds
_AQ/O (=pn(5), T (M () X (Mn(5) X hn(5))) )y ds, £ € [0,T].

Note that
(Pr, Tn(mp X hn)>H = —(my, X Pnahn>H7

and

<pn77rn(mn X (mn X hn))>H = - <mn X Py My X hn>H

Therefore by the Young’s inequality, we have for all € > 0

/ d(mn(t)) dz + %Han(t)HIQ{ +>\2/ M (s) X pn(s)|| ds (3.11)
o 0

2 4 )\1/0 (Mn(s) X pn(s), hn(s))y ds

:/ ¢(m0,n(x))dx+;
o
—|-)\2/0 (M (5) X pp(s), mn(8) X hy(s))y ds
< [ otmone)dn+ Jhmolts + 255 [ Imals) % pulolas+ 32 [ Inalo)l s

)\s
Ao /Hmn X pn(s >|\Hds+—/ () % P ()13 ds.

12



Now let us consider the last term of the right hand side of the inequality above.
32 [ Imats) < naolids < 32 [ lmato) i~ (o) as
By the interpolation inequality,
lullf < Cllullullullm, — weH, (3.12)
u and making use of (3.4), we have

[ma($)[Eee < Climn(s) ullmn (s) [

< Cllmoll (Imollu + [Vma(s)|[1n) < C + C[Vima(s)|u.
So
32 [ Imats) % s < 52 [ o )1
?2/ (C+ ClIVma(s) ) 7 (s)l[f ds < & (C + Cl[Vm(s) | Lo 0,m5m)) 1hll7 20,78

2
< 22 (2204 201Vl g + 10 om)

Hence, by the inequality (3.11), we have

1 AeC (A1 +A2)
(3-2% )an<>||im<o,T;H>+(A2—12) [ Imats) % a0l

)\1 /\260
||h||L2 o,7;H) T T % 3|| ||L2(0TH)

1
<C+ §||m0||1%11 +

Next we choose e such that \y — a(>\127+>\2) >0 and 1 — XoeC > 0. It is easy to
us  see that such an € > 0 exists. Then the estimates (3.8) and (3.9) are following
by Proposition 3.5.
Finally, we will prove (3.10).

Since H' — L*°, one has

My X (M X pn)llL20,71) < (Ml 0,7 M0 X pollz20,1m)

< [Imall Lo 0, 7) M0 X pnllL2(0,7:m)-

By (3.8) and (3.9), we have proved (3.10). O

13



Theorem 3.7. There is a constant C' > 0 which may depend on ||¢|| w3y,

|mollm: and ||h||L2(0,r;m), such that for alln € N,
Ml e 0,7m) < C. (3.13)
10 Proof. We have

T
||7Tn(mn X (M X (pn + hn)))“iﬂ(o’T;H) < /0 [mn X (M X (pn + hn))H;I dt

IN

T
2 2
2 [ (I e (m pu)l+ e (B )

IN

T
2/ / (Mm% ppl? + |mn[*|hn|?) dzdt
0 @]

< 2||mn||2L°°(O,T;IL°°)Hmn X Pn||2L2(o,T;H) + 2Hmn||%,°°(0,T;L°°)||hn||2L2(0,T;H)

IN

C (HmnHzLoo(o,T;Hl)”mn X p?’LH%Q(O,T;H) + HmnH%w(O,T;Hl)”hH%Q(O,T;H)) .
Similarly, we also have
Hﬂn (mn X (pn + hn))”iz(QT;H) <C (Hmn X PnH%?(o,T;H) + ||mn||2Loo(o,T;H1)Hh||2L2(0,T;H)) .
Therefore the result follows from (3.7), (3.8), (3.9) and (3.10). O
We have the following corollary of Theorem 3.6 and Theorem 3.7:

Corollary 3.8. There existm € L (0, T;H')NH(0,T;H) and P € L?(0,T; H)
such that

my, — m weakly* in L°°(0,T; H') and weakly in H*(0,T;H), (3.14)

and

My, X pp, — P weakly in L?(0,T;H). (3.15)
From now on all the m below are the same one as in Corollary 3.8.

Proposition 3.9.

Vm, — Vm weakly™ star in L*(0,T; H). (3.16)

14
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Proof. By the estimate (3.8), there exists some v € L>°(0,T; H) such that
Vm, —v weakly™ star in L*°(0,T; H).
Note that by (3.14), for any u € L*(0,T;H), one has

Lo (0,51 (v — Vm, u>L1(0,T;H) = nhjgc e (0,7;) (VM — Vm, “>L1(0,T;H)

= — nll_)ﬂgo L”(O,T;Hl) <mn —m, Vu)Ll(O,T;(Hl)*) = 0

So v=Vmin L>(0,T;H).

Step 3: Proof that the limit function m is a weak solution.

Lemma 3.10 (See [18],Th 3.2.1). Let Xy, X, X1 be three Banach spaces such
that Xg — X — X4, where the embeddings are continuous. In addition Xy, X1
are reflexive and the embedding Xy — X is compact. Let T > 0 be a fized finite
number, and let ag, a1 be two finite numbers such that o; > 1, 1 = 0,1. We

consider the space

Y = {’U S LOLO(O,T‘;)(O)7 v = % S Lal(O,T‘;)(l)}7

with the norm
[olly = [[vllLeo0,7:x0) + 110"l Lo (0,7x0) -

Then'Y C L*(0,T; X) and the embedding Y — L*°(0,T; X) is compact.

Theorem 3.11. For all ag € (1,00), we have

nh_)l’I;o ||m - mnHLao (O,T;C(@)) =0. (317)

Proof. Let Xo = H', X = C(O) and X; = H. Then by [1] Theorem 6.3, it
follows that Xy — X compactly and X — X; continuously. By the estimates
(3.8) and (3.13), m,, is bounded in the space Y as in the Lemma 3.10 for any

ap > 1 and a; = 2. By Lemma 3.10, Y < L®(0,T;C(0)) is compact. So

there exists an element m € L*(0,T;C(O)) such that there is a subsequence

of {my} (still denoted by {my}) converges to m in L*(0,T;C(0O)).

15



Note that

[m = mlZ2 0 74y = (m —m,m — T)12(0,7:H)

= lim (m —m,,m—m)

00 L2(0,T;H)

= nlgn Lo (0,T;H?) <m — My, M — m>L1(07T;(H1)*) =0.

Therefore, we have m = m a.e. and they are both in L*° (O, T; C’(@)), SO
m =m in L* (0,T;C(0)). This completes the proof. O

We have the following corollary of Theorem 3.11,
Corollary 3.12. For all ag > 1,
m(-,0) = m(-,2x) in L*(0,T;R?), (3.18)

and

m(t,0) = m(t,2m) for a.e. t € [0,T] . (3.19)

o Proof. By the convergence (3.17), one has

/|m(t,0) mi(t, 2m)|29 dt
0

IN

T
c/ (£, 0) — mn (£, 0)[* + [ (t, 27) — m(t, 21)| dt

T
< C/ sup |m(t, x) — my(t,x)|*° dt = C/ [m(t) — mn (Bl ey dt = 0,
z€0 0
as n — o0o.
Since ap > 1, the equality (3.19) follows from (3.18) immediately. O

Proposition 3.13.
My X (M X pp) —> m X P weakly in L*(0,T;H). (3.20)
Proof. Let u € C§°([0,T] x O), then we have
(M, X (M, X pr) —m X P, u>L2(O,T;H)
= ((mn —m) x (my x Pn)vu>L2(0,T;H) + (m X (my X pp — P)7U>L2(O,T;H)
= (mn X pn,u X (M — m)>L2(o,T;H) + (mp X pn — Pu x m>L2(0,T;H)

< lma X pallr20,mm)l[ull Lo (0,7000) M — Ml 2(0,75m) + (Mn X P — Pyu % m>L2(07T;H) :

16
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By (3.17) and (3.15) and since u x m € L?(0,T; H), we infer that
(M X (My X pn) = m X Pyu) oo pagy = 0, n — 00.

Since C3° ([0, T]x O) is dense in L*(0, T; H) and by (3.10) [y, X (mn, X pn )| L2(0,7:1)
is uniformly bounded, m,, X (m, X p,) — m x P weakly in L?(0,T;H). O
Proposition 3.14.
T (M X (M X p)) —> m x P weakly in L?(0, T; H). (3.21)
Proof. Let u € L*(0,T;H),
<7Tn (mn X (mn X pn)) —mX P’u>L2(O,T;H)
= (my X (M, X pn) —m X P,mu — “>L2(0,T;H)

+ (M X (M, X pp) =M X Pw) 2 gy + (Tn(m X P) —m X Pou) s o -

By (3.10) and since 7, u — u strongly in L?(0, T; H), the first term on the right
hand side of the equation above tends to 0, by (3.20) the second term tends to
0, and since m,(m X P) — m x P strongly, the third term also tends to 0. The

proof is complete. O
Similarly we can prove:

Proposition 3.15.

Tn(Mp X hy) — m X h weakly in L?(0,T; H). (3.22)
Corollary 3.16. Fort € [0,T], u € H,

t t
/ (m(t)—mo,u) dz = )\1/ / (mxh—P,u)dx ds—)\g/ / (mx(mxh—P),u)dzds.
o 0 Jo 0o Jo
(3.23)

Proof. By (3.14), (3.7), (3.15), (3.21) and (3.22), we have

/ (m(t) — mo,u) dz = lim (M (t) — M0, u) dz
(@]

n— oo @)

= lim /0 /o <)\17Tn(mn X (hp + pn)) — Agwn(mn X (Mg, X (hy +pn))),u> dz ds

n—oo

t t
)\1/ /(mxh—P,u}dxds—)\g/ /(mx(mxh—P),u>dzds.
0o Jo 0o Jo

17
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The proof is complete. O
Theorem 3.17. m satisfies the equation (2.10).

Proof. By (3.17), my,(t, z) converges to m(t, z) almost everywhere in [0,T] x O.
By our assumption, ¢’ : R® — R is continuous, so ¢'(m., (¢, x)) also converges to
@' (m(t,z)) almost everywhere in [0,7] x O. Since ¢’ and the integral domain
[0,T] x O are both bounded, by the Lebesgue’s dominated convergence theorem,

one has
¢ (my,) — ¢'(m) strongly in LP(0,T;1L7) for all p > 1. (3.24)
So one has
7o' (my)] — ¢'(m)  strongly in L2(0,T; H). (3.25)
Therefore, since

(my, x 7Tn[¢/(mn)] -—mX ¢/(m)vu>L2(0,T;H)
= <mn X (Trn [¢/(mn)] - ¢/(m))’u>L2(O,T;H) + <(mn - m) X (b/(m)? U>L2(O,T;H)
< a6 (ma)] = @' (M)l L2 0,750 1| 2 (0,71 |70 ]| Loe (0,752

+||m, — m||L2(0,T;H)||U||L2(0,T;H)||¢I(m)||Loo(o,T;1Loo) — 0,

and
(Mg X hp —m X h,u)Lz(O,T;H)
= (my x (hy, — h), U>L2(07T;H) + ((m,, —m) x h7u>L2(O,T;H)
< [[hn = hll 20,70 [men | Loo (0,700) [l 22 0,71
+lmn — ml L2 0,y 12l 22 0,8 10| oo (0,751) — O,
we have

My X (=7 [@ (M) +hn) — mx (—¢'(m)+h) weakly in L*(0,T;H). (3.26)
So by (3.15),

My X Am, — P —m x (—=¢'(m)) weakly in L*(0,T;H). (3.27)

18



Therefore for u € L2(0,T;V) , one has

3 >< = 1 ><
A (Ve X ma, Vi) pa o pgy = Hm {mn X A, u) 20 7

(P —mx (=¢'(m)), U>L2(0,T;H) -(3.28)

On the other hand, for u € L?(0,T;H) one has

(Vmy, X mp — Vm < m,w) 2o )
= (Vmy, X (mn —m), u) 120 pymy + (VM — Vm) X m, w) p2 7.41)(3.29)
< [Vmag || Loe (0,751 [[Mm — M| L2 (0, 75000) |0l L2 0,7;1)

+ pe,1:m) (Vmy, — Vm,m x u>L1(07T;H) — 0, as n — o0o.
The convergence to 0 above follows from (3.8), (3.17) and (3.16). Therefore

nh_}n;o (VM X M, W) 2 pany = (VM X M, W) pao 1) - (3.30)

By (3.28) and (3.30), for u € L?(0,T; V), one has

(P, U>L2(0,T;H) = (Vm x mau>L2(07T;H) + (m x (*‘f’/(m))awLZ(o,T;H) - (3.31)

By (3.14) and (3.18), for u € L?(0,T; V), one has uxm € L?(0,T; V). Therefore
by (3.31), one also gets

(Pyuxm) e pa = (Vm x m, V(u X m)>L2(07T;H)—|—<m x (m x (—¢’(m))),u>L2(O’T;H) .
(3.32)
Hence by (3.31), (3.32) and (3.23), we deduce (2.10). So the proof is complete.
190 D

Remark 3.18. So far we have proved that there exists an element m € L>(0,7; H!)N
H'(0,T;H) satisfying the equation (2.10). So Theorem 3.1 has been proved.
Hence from now on we can use (2.12). Later on we will prove that our weak

solution is in fact a strong solution.

s 3.2. Further regularity and existence of a strong solution

Remark 3.19. By the proof of Theorem 3.17, we also have following three results:

19
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There exists a constant C' independent of n, such that

||mn X Amn||L2(O7T;H) S C, (333)
and hence
||mn X an”L2(O,T;H1) <C. (334)
We also have
Vi, X m, — Vm xm weakly in L*(0,T; H). (3.35)

Proof of (3.34). Note that m,,(t) € C>(O) for every t € [0,0), so we have

V(m,(t) x Vm,(t)) = Vmu(t) x Vmg,(t) + m,(t) X Am,(t)

= mu(t) X Am,(t).
Hence
T
IV (> V)22 0,70y = /O IV (i (t) x Vi (2))][7 dt
T
= [ o) < A O = s e Al
By (3.33), it follows that there exists some C' > 0 such that
||V(mn X an)||Lz(07T;H) < C7 neN
On the other hand, by (3.8), one has
M % Vmal|p20,75m) < Ml Lo 0,7505) IV || L20,75m) < C-

Therefore ||m,, X Vmy| 12, is bounded by some constant independent of

n. O
Proof of (3.35). It follows from (3.29) in the proof of Theorem 3.17. O

Corollary 3.20. Vm x m belongs to L*(0,T;H') and

Vmy, X my, — Vm xm weakly in L*(0,T;H"). (3.36)

20



Proof. By (3.34) and the Banach-Alaoglu Theorem, there exists some @ €
L?(0,T;H') such that

Vi, X m, — Q weakly in L?(0,T;H"). (3.37)
By (3.35) and (3.37), one has

IVm x m — Q||%2(0,T;H) =(Vmxm—Q,Vmxm—Q)p2r.m

= lim (Vm, xm, —Q,Vm xm — Q>L2(o T;H)
n—00 Y

= nlLII;O L2(0,T;H!) (an X My — Q, Vm x m — Q>L2(O,T;(H1)*) =0.

The proof is complete. O
Corollary 3.21. For almost every t € [0,T],
Vi, (t) x my, (£) — Vm(t) x m(t) in C(O). (3.38)

Proof. By (3.34), for almost every ¢ € [0,T], there exists C(¢) independent of
n, such that
[V (8) X m (8)[|sn < C(F)-

By (3.36) and since the embedding H! < C(O) is compact, we get (3.38). [

Corollary 3.22.
Vm(t,z) L m(t,x), a.e. (t,z). (3.39)

Proof. By (2.12) and by the chain rule of weak derivative we have
1
0= §V|m(t,:17)|2 = (Vm(t,z),m(t,z)), a.e. (t,x).
25 The proof is complete. O

Lemma 3.23.

(Vm x m) x m=—Vm € L*(0,T;H). (3.40)
Proof. Let us consider the following train of equalities:

1(Vm x m) ¢ m+ V|3 o
= [[(Vm x m) x mH%Z(O,T;H) +2(Vm, (Vm x m) x m>L2(o,T;H) + ”va%Z(O,T;H)

= [[(Vm xm) x m”%?(O,T;H) —2[[Vm x m||2L2(0,T-,H) + ||vm||2L2(O,T;H)a

21
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where we used (A.2) for the second “=".

Since by the property of cross product, Vm(t,z) x m(t,z) L m(t,z) and
by (2.12) |m(t,z)| = 1, one has [(Vm(t,z) x m(t,z)) x m(t,z)| = |[Vm(t,z) x
m(t,x)|. Therefore

[(Vm x m) x m + Vml[72 7.0
= [[Vm x m||2L2(0,T;H) —2[|[Vm x m||2L2(o,T;H) + ||Vm‘|%2(o,T;H)

= va”%"’(QT;H) —[[Vm x m||2L2(07T;H)'

Similar as before, since by (3.39) Vm(t, z) L m(t,z) and |m(¢,z)| = 1, one has
[Vm(t,x) x m(t,z)| = |Vm(t, z)|. Hence

1(Vm x m) > m + Vm|[Z2 o 7, = 0-
The proof is complete. O

Proposition 3.24.
m € L(0,T;H?) (3.41)

Proof. By (3.36) and (3.14), Vm x m € L?*(0,T;H') and m € L*>(0,T;H?).
Hence

(Vm x m) x m € L*(0,T;H).
Indeed, since H' is an algebra, we get
(Vm(t) x m(t)) x m(t) € H', for a.e. t € [0,T).

Thus by (3.8) we also have (Vm xm) xm € L%(0,T; H), hence (Vm x m) x m €
L2(0, T; HY).
On the other hand, we have (3.40), i.e.

(Vm xm) x m =—-Vm € L*(0,T;H).

Therefore Vm € L%(0,T;H'), and so since m € L?(0,T;H), m € L?(0,T;H?)

and the proof is complete. O
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Corollary 3.25. m satisfies the following equation in L*(0,T;H) (i.e. m sat-
isfies the following equation and all the terms in the following equation are in
L*(0,T3H)),

88—7? =Xim x (Am — ¢'(m) + h) — dom x (m x (Am — ¢'(m) + h)). (3.42)

Corollary 3.26. For almost everyt € [0,T] and all x € O, Vm(t,x) ezists (in

strong sense) and

Vm(t,z) L m(t,x) in R3. (3.43)

Proof. By (3.41) and since H? < C1(0), Vm(t,z) exists in strong sense for
almost every ¢ € [0,T] and all z € O.
Moreover, by (2.12),

1
<vm(t7 I’), m(tv SC)> = iv‘m(tv $)|2 =0.
So the proof complete. O

Lemma 3.27. Fora,b,c € R3 anda #0, ifaxb=axcanda L banda L c,
then b= c.

Theorem 3.28.
Vm(t,0) = Vm(t,2m), for a.e. t €10,T]. (3.44)
Proof. Since my,(t) € D(A), we infer that
Vi, (¢,0) X my,(t,0) = Vm, (¢, 21) x my,(t, 27),
for all ¢ € [0, T]. And by (3.38), one has
Vi, (t, ) x my(t,x) — Vm(t,x) x m(t, z) in R3
for almost all ¢ € [0,T] and all z € O. Therefore
Vm(t,0) x m(t,0) = Vm(t, 2m) x m(t, 2m),

for almost all ¢t € [0,7]. Then by (3.43) and (3.19) and Lemma 3.27, we get
(3.44). The proof is complete. O
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Corollary 3.29.
m € L*(0,T; D(A)). (3.45)

Proof. This is a direct result from (3.41), (3.19) and (3.44). O
Remark 3.30. By the following imbedding
L*(0,T; D(A)) N H*(0,T;H) — C([0,T]; V),
(see [13], Theorem 3.1, p.19), we have
m € C([0,T]; V). (3.46)
Proposition 3.31.
|m(t, z)| =1, for all (t,z) € [0,T] x O. (3.47)

Proof. By (2.12), |m(t,x)| =1 for a.e. t € [0,7] and = € O, and by (3.46) and
since C([0,T]; V) <= C([0,T] x O), we get (3.47). O

Proposition 3.32.
(m(t,z), Am(t, ))gs = —|Vm(t, z)|3s, a.e. (t,x). (3.48)

Proof. By (2.12), |m(t,z)|gs = 1. So by the chain rule of the weak derivative,
we infer that

0=V|m(t,z)|gs = 2(Vm(t,z), m(t, ))gs .
Therefore, by the chain rule used again
0=V (Vm(t, ), m(t,2))ps = (Am(t, ), m(t, z))ps + [Vm(t, 2)|gs.
The proof is complete. U

Proposition 3.33.
m € L0, T; Wh4). (3.49)
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Proof. By (2.12) and (3.41),
T
| [ ey, st o awa
o Jo

T
< / /O m(t, 2)[ 2| Ami(t, 2) 25 dz dt = | Am|[2 o zup) < 0.
So the result followed by (3.48). O

Remark 3.34. Our proof of (3.41) and (3.49) is different from the proof of the

one in a similar case given in ([6], Thm 5.2).
Proposition 3.35. m satisfies the following equation in L?(0,T;H):

m' = X Am 4+ Am x (Am — ¢'(m) + h) + Xom|Vm|? (3.50)

—Aom (m, —(b’(m) + h> - )\gqb'(m) + Aah.

Proof. This follows from (3.42), the equality a x (b x ¢) = b(a, ) — ¢{a,b) and
(3.48). O

3.8. Uniqueness of a weak solution

Theorem 3.36. If my and ma are both weak solutions of equation (2.7)-(2.9)
with mg € VOM and if m; € L*(0, T;HY) fori = 1,2, then my(t, z) = ma(t, )
for all (t,z) € [0,T] x O.

Proof. By Proposition 2.9, Theorem 3.36 can be proved similar as in the proof

of Theorem 4.1 in [6] by using the formula (3.50). O

Since all the previous results hold for all T' > 0, so the m in Corollary 3.8 is
actually a global solution, we summarize the previous results by the following

theroem:

Theorem 3.37. For h € L} _(0,00;H) and ¢ € CZ(R3*R™T), there exists a
unique strong global solution m of equation (2.7) satisfy (3.47) with the initial
condition (2.9) and the periodic boundary condition (2.8), such that

m € L*(0,T; D(A)) N C([0,00); V) N H*(0,T; H) N L*(0, T; Wh4), T > 0.
(3.51)
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4. Convergence towards minimum of the energy

In this section, we only consider the case h = 0 and

b= sl —Cols,  uweR?, (11)

where ¢4 = (0,0,1).

Let us observe that in this case we also have
¢ (u) =u— (4, u € R3, (4.2)

In this case the equation (2.7) can be also written as:

%L: = Mm% (Am — ¢ (m)) + AoTL, (Am — &' (m)), (4.3)

25 where I, = Il,,,(; ) is the orthogonal projection from R3 to the tangent space
at m(t,z) for (¢t,z) € [0,T] x O.
Suppose mg € M™, i.e. mgs(x) > 0 for almost all z € O, where mg =
(mo,1,m0,2,Mo,3), we want to prove that the solution m = (mq,mg,ms) of
equations (2.7)-(2.9) satisty m(t) — (4 as ¢ — oo exponentially.

Remark 4.1. Note that the restriction of ¢ to S? satisfies
o(u) =1 —ug, u €S2 (4.4)

Remark 4.2. Let us point out that if ¢ is defined in (4.1), then
1
Ew) = Slu—Cellfn,  weH. (4.5)
Moreover, if m is a solution of of equations (2.7)-(2.9), then
1d
53 m ) = Glldn = =X [T Vi€ (m (1)) [ (4.6)
Proof of (4.6).
1d
2 dt
=2 (Am, Iy, (Am — ¢'(m)) )y — A2 (G o (Am — ¢/ (m)) )

= =M (Am —¢'(m),m x (Am — ¢'(m))); — A2 (Am — ¢’ (m), I, (Am — ¢/ (m)))

2
5 <o

—As ||Hm (Am — ¢/(m))|

250 D

26

[m(t) = Cellin = =M (Ceym x (Am — ¢/ (m))) g — A1 (Am,m x (Am — ¢'(m))),

H



Lemma 4.3. If m is the solution of the system (4.3), (2.8) and (2.9) satisfies

xlg(fo ms(t,x) > 0, (4.7)

for somet >0, >0. Then

d d 1
IO = Gl < S - Gl < ~ramin {o. im0 - . (49

Proof. Let m be the global solution to the system (4.3), (2.8) and (2.9), let us
fix t > 0 and § > 0 such that (4.7) holds.
Firstly, we have

S llm(t) — Gl = (m(t) — G () = ~(Co ()

= =1 (Crom(t) x (Am(t) — ¢/ (m(1))) )y — A2 (G, T (Am(t) — ¢/ (m(1))) )y -

By (4.2), (A.2), (A.3), (A.4) and (A.6), we get

() = el = X (Goml®) % (Am(t) + ¢4) )y = Ao (G Tl (Am(t) +G1))

= )\1 <m(t) X C+, Am(t)>H — )\2 <C+7 HmAm(t)>H — <<+’ng+>H =: )\1]1 - )\2[2 — .[3.

»5 By integration by parts, we have

L= (m(t) x ¢ Am(t))y = = (Vm(t) x Cp +m(t) x VCy, Vm(t))y =0,
By the equality (3.48) and (4.7), we have
Iy = (G, L Am(t) )y = (o, Am(t) +m(t)[Vm(t)]*)y
= (G, Am(t))yy + (G m(t) | Vm(t)[*)yy = /Oms(t»ff)\vm(tﬁf)\zdff > 6)|Vmlf3,

which is dissiptivity of projected Laplacian.
Since ms(t,x) € (0,1], m3(t,z) < ms(t,z) and therefore by the equality
(4.4), we have
Iz = (G Iy ) g = (s G —mdm, G4 )y
= [a=ms@Prae > [ @ =my@)dr = Glm =k

20 Therefore we have

1d 1 . 1
§a\|m(t) — Chllf < =8| Vml — )\2§||m — (4l € —Aomin {5a 2} [m(t) = ¢4 -
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So we get the second half of the inequality (4.8).

Secondly, by integration by parts, (4.2), (A.3) and since II,, is a self-adjoint
operator, we have

1d

2 dt

= -\ (Am,m x (Am — (/)’(m))>H — A2 {Am, 1L, (Am — ¢'(m)))

IVm(®)If = —(Am,m'(t)n

H

=M {Am,m X Gy — Aoy Aml|E — Ao (Am, Ty

“M I — XTI, Aml|E — XoI2 < 0.

So we have proved the inequality (4.8). O

Theorem 4.4. If m is the solution of the system (4.3), (2.8) and (2.9) with
the initial mg € VN M satisfies

2
lmo — C4llf < 2(2-20)=1-4 (4.9)

for some 6 € (0,1), where

1
k=2max |1, — | .
( vl0>

then m(t) — (4 in H' exponentially as t — oc.

Proof. Let us fix § € (0,1), mg € VN M satisfy (4.9) and let m be the global
solution of the system (4.3), (2.8) and (2.9).
Let us define:

2
T = inf {t>0: [lm(t) — ¢ llm > k2(2—25)}. (4.10)
Note that by Theorem 3.37, m € C([0,00); V), so the set
2
{rz001m0 - el > 220}

is closed, hence if it is not empty, the infimum will be the minimum.
Again since m : [0,00) — H! is continuous, by (4.9), we infer that 7 > 0.

We will prove that 7 = co. Suppose by contradiction that 7 < oo.
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By the following interpolation inequality:
[mlfe < K mlls - [[Vmlla,  Ym e HY,
we have, for all t < 7,

sup m(t,z) = Crlgs < K2 [lm(t) — G llull Vn(t)

e
k? 2 2
< 5 (Im®) = Gl + IVm®) 1)
k% 2
——(2—-26) =2—26.
< 57l )
We infer that
ms(t, z) > 9, reO, t<T.
Therefore by Lemma 4.3, we have
2 2 2
[m(t) = el < llmo — Cillim < 75(2-20), i<

k2
Since m € C([0,00); H') and 7 < oo, we infer that

2
lm(7) = el < limo = Collfn < 15(2 - 29),

(4.11)

(4.12)

which contradicts the definition of 7. Therefore 7 = co. Hence we can use

Lemma 4.3 for all time ¢ > 0.

Next by Lemma 4.3, and by Gronwall inequality, we get

. 1
Im(t) = G 13 < llmo — G4l exp (—Az mm{g, 2}t) . i

In particular, this implies that [|m(t) — (1|2, — 0 as t — oo exponentially.

a5 Hence the proof is complete.

O

Remark 4.5. If mg satisfies the condition (4.9), then we say that mg is in the

basin of attraction of (;. Moreover (; is an asymptotically stable equilibrium

position of the system (4.3), (2.8) and (2.9).
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5. The quasi-potential of LLG system

From now on we will only consider the function ¢ such that there exist a
basin of attraction of (4, if mg is in the basin of attraction, then the solution
m of the system (4.3), (2.8) and (2.9) will converge to {4 as t — o0, e.g. the ¢
as in (4.1).

Definition 5.1. For a € VN M, we define the quasipotential U(a) of system
(2.7)-(2.9) as follows:

2 2 0
Ula) = inf { 21722 / R 12, dt -
Do oo

Im € C((—00,0]; V), a weak solution of

aa—:? =A1m x (Am — ¢'(m) + h) — Aam x (m x (Am — ¢'(m) + h)),

m(t,0) = m(t,27), Vm(t,0) = Vm(t,27), ae. t€ (—o0,0],

m(—oo, ) = (4 m(ov ) =a
(5.2)

The following theorem show that the quasipotential in Definition 5.1 is
well defined in both mathematic sense and physical sense. Mathematically the
qusipotential would not be infinite and physically it is just the potential energy

of the system without external force.

Theorem 5.2. If a is in the basin of attraction of (1 (see Remark 4.5), then

where the energy £(a) is defined in (2.13).

Proof. Let us fix a € VNM and a be in the basin of attraction of ;. We prove

the theorem by three steps:

Step 1: We show that for some particular h € L?(—T,0;H) for all T > 0, there
exists a solution m € C((—o0,0]; V) for the system (5.2).
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To do this, let us consider the following system:

m/(t) = Aim(t) x (Am(t) — ¢'(m(t)))
+ Xam(t) x (m(t) x (Am(t) — ¢'(m(t)))), t € (—00,0)

m(t,0) = m(t,27), Vm(t,0) = Vm(t,2r), for a.e. t € (—o0,0], >3
m(0) = a.
Let us define v(t) = m(—t), then in formal way v'(t) = —m/(—t), hence solving
the above system is equivalent to solve the following:
VI(t) = =i (t) x (Av(t) — ¢'(v(1)))
— Agv(t) x (v(t) x (Av(t) — ¢'(v(t))), te(0,00) (54)

v(t,0) = v(t,2m), Vv(t,0)=Vv(t,2r), forae. te|0,00),

v(0) = a.
This is LLGE for v with v(0) = a as in the system (2.7)-(2.9) with coefficients
—A1, A2 and h = 0. By theorem 3.37, there exists a unique strong solution

v e L*0,T; D(A) N C([0,00); V) N HY (0, T; H) N L0, T; Wh4), T >0,

and v also satisfies the following property:

[v(t,z)| =1, for all (t,x) € [0,00) x O.

Since a satisfies the conditions in Theorem 4.4, we infer that v(co) = (5.
Therefore there exists a unique solution m of the system (5.3) such that
m € L*(—=T,0; D(A)) N C((—o0,0]; V) N H(~T,0; H)
N LA(=T,0; Wh4), for everyT > 0.

|m(t,x)] =1, for all (t,7) € (—00,0] x O,

m(—00) = (s

For such m, let us choose h by

h=Xm x (Am — ¢'(m)) + Agm x (m x (Am — ¢'(m))) =m'. (5.6)
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Next we claim this m defined above is also the solution of equation (5.2) with
the h just chosen in (5.6). Note that by (5.5) and the meaning of cross product

x, one has
mxch=m x (mx (Am — ¢/(m))) = m x (Am — ¢/ (m)),
and
m x (mx h) = —m x (Am — ¢/ (m) —m x (m x (Am — ¢ (m))).

So if we substitute this A into the right hand side of the first equation of (5.2),

205 W€ get:
Aimox (Am = ¢'(m)) 4+ dom x (m x (Am — ¢'(m))) — Aym x (Am — ¢'(m))
—Xom x (m x (Am — ¢'(m))) + Aim x (Am — ¢'(m)) + Aom x (m x (Am — ¢'(m)))
= Mm x (Am — ¢'(m)) + Aem x (m x (Am — ¢'(m))) = h =,

where m’ is the left hand side of the first equation of (5.2). Hence the claim

follows.

Step 2: We show that if m € C((—o00,0];V) is a weak solution of system (5.2)
for some h € L?(—T,0;H) for all T > 0, then U(a) > &(a).

Let us assume m € C'((—o0,0]; V) is a weak solution of system (5.2) for some

h € L?(~T,0;H) for all T > 0. By the same way as in the proof of Proposition

2.9, one can show that |m(t,z)| = 1 for all (¢,z) € (—o0,0] x O. Hence by the

meaning of the cross product “x”, one has
m(t,x) X h(t,x) L m(t,z) x (m(t,z) x h(t,x)), (t,x) € (—00,0] x O
and
|m(t,x) x h(t,z)| = |m(t,z) x (m(t,z) x h(t,z))|, (t,x) € (—00,0] x O.
Therefore one has

(AT + M) h(®)[f = [Aam(t) x h(t) = Aam(t) x (m(t) x M®)[F, <0,
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a0 where II,,, was explained at beginning of Section 4. Moreover, we can prove
that m has the regularity of as in Theorem 3.37 by truncate a finite time and
then make a change of time variable to positive by add a finite number on it.

Next by the first equation in (5.2) one has

[Axm(t) > h(t) = Aem(t) x (m(t) x h(t)) ||

= [|m’ (&) = Aum( ( )

= [[m’(t) = Mm(t) x (Am(t) = &' (m(1))) + ATl (= Am(t) + &' (m(1)))|[7
) = Avm( ( )

@
= [|m/(£) — Aim(t) x (Am(t) — ¢ (m(t))) — ALl (—Am(t) + &' (m(t)))[|;

+4 (m/(t) = Aam(t) x (Am(t) — ¢ (m(1))), ATl (= Am(t) + ¢'(m(t)))) y -

Since (a x b, I, (b)) = 0 for a,b € R3, one has
(m/(t) = Aam(t) x (Am(t) = ¢'(m(t))), ALy (= Am(t) + ¢'(m (1))
= (m(), ATl (= Am(t) + ¢ (m(1)))) g -
s Therefore we get
(A + AL h (1) 17 (5.7)
= [[m’(t) = Mm(t) x (Am(t) = &' (m(1))) = ATl (=Am(t) + &' (m(1)))[7
+4(m (1), ATl (—Am(t) + ¢ (m(1)))) g -

Note that by integration by parts, one has

d d /1 ,
) =5 (519mlk+ [ some.)a)

= <m'(t),—Am(t)>H+/O<¢’(m(t»$)),m'(t,ff)>dw (5:8)
= (m/(t), =Am(t) + ¢'(m(t)))y = (M’ (), In (= Am(t) + ¢'(m(t))) g -

The last equality above is from m/ (¢, x) € Tm(t’m)SQ.
Hence by (5.7) and (5.8) we have

0 4\ ° q
/ ML)t > 5% / < e(m(s)) ds

B 4)\2 o 4)\2

Therefore U(a) > E(a).
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Step 3: We show that h defined by (5.6) is in L?(—o0, 0; H) and

0 4
2 _ 2
| Ikar= e,

a0 and therefore U(a) = &(a).
By (5.3), the solution m of (5.2) with h defined in (5.6) satisfies

I (£) = Xum() x (Am(t) = ¢/ (m(1)) = ATl (=Am(t) + ¢ (m(1)))][f; = 0.

So by (5.7) and (5.8),
0
4o
ML (8)|If dt = 5=~z (a).
/_ o H IYEDY
Note that h(t,x) = m/(¢t,z) L m(t,z), therefore h(t,z) = I, h(t,z) for
almost all ¢t < 0 and = € O. Hence actually we have

0 4\
2 _ 2
| Ihlat= )

— 0o

Therefore h € L?(—o0,0; H) and by the result of Step 2,

The proof of Theorem 5.2 is complete. O

Appendix A. Some frequently used equalities

For a,b,c € R3, we have the following equalities

a x (bx ¢) = bla, c) — c(a, b) (A1)
(@ x b,c)gs = {a,b x c)ga. (A.2)
(a x b,a)gs = 0. (A.3)
axa=0. (A4)
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For |a| =1,

Appendix B. Discussion on other ¢

Appendiz B.1. ¢1(m) = 3(m? +m3)

Now let us consider the function ¢ used in [6], which we denote by:

¢1(m) = %(m%—}—m%) = %(1—m§), m e S?. (B.1)

So
¢1(m) = —ma(s.
sis Some of our results in this section are formulated for ¢ = ¢1, but some for a

general ¢.

Let us formulate, for the future reference, three useful identities.

Lemma Appendix B.1. If m is the solution of the system (4.3), (2.8) and
(2.9) with ¢ = ¢1, then one has the following equalities:

1d
iaﬂm(t) — i == (t)u

==X <<+a IL,, (Am - ¢11 (m))>H .

320

S I9m @) = (A, m (1))

= =M1 (Am,m x (Am — ¢} (m)) )y — A2 (Am, IL, (Am — ¢} (m)) ), (B.3)
and

1d

S = Gl = =\ (Am o+ G x (Am = gl (m) )

—X2 (Am + (4, I (Am — ¢ (m)) )y, . (BA)
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Proof. The equality (B.2) follows from -||m(t) — (4 || = —2(C+, m/(t))u. The
equality (B.3) follows from - |Vm(t)||f = —2(Am,m/(t))u. And so the equal-
ity (B.4) follows from the equalities (B.2) and (B.3). O

Lemma Appendix B.2. If ¢ = ¢1 and inf,coms(z) > 0, then for every
me M,
AE(m) > [m — ¢4l (B.5)

E(m) < [lm — I, (B.6)
where € is defined in (2.13).

Proof. Let us fix m € M with inf,co ms(z) > 0 and assume ¢ = ¢;.

Firstly, we prove (B.5). Since

m = G = 2(1 = ma) < 2(1 — m3) = 461(m),

by (2.13), we have
AE(m) > [lm — Cellfy + 2IVmlE > [lm — Gyl

Secondly, we prove (B.6). Since

m = C4[? = 2(1 = mg) > (1 —mgs)(L+mz) =1 —m3 = 2¢1(m),

we have
26(m) < lm — Cllig + IVmllE = llm — Gl

Hence the proof is complete. O

Lemma Appendix B.3. If m is the solution of the system (4.3), (2.8) and

(2.9) with ¢ = ¢1, and for some 6 > 0 and some t > 0, one has

mg(t, z) > 0, xze€O. (B.7)
Then
1d , 1 )
§a||m(t) —Cillm < *5)\25”7’1(75) — G- (B.8)
Moreover if Ay = 0, then
d
2 Im® = Gl <0, (B.9)
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Proof. Let m be the global solution to the system (4.3), (2.8) and (2.9) with
¢ = ¢1, let us fix t > 0 and § > 0 such that (B.7) holds.
330 We first prove (B.8).

By (B.2) and (A.5) and integration by parts, one has

1d
5E\Im(t) = (i = = A2 (¢ M (Am — ¢'(m)))y

= —X <Hm<+a Am)H + A2 <Hm<+7 ¢/(m)>H
= A2 (m x (m x (p), Am)y — Az (m x (m x (p), ¢'(m))y
= A2 (mx (Vm x (1), Vm)y — Xz (m x (m x (1), ¢ (m))y -
By the formula (A.1), one has
d
S llm(e) = Gl = o (G T (Am — &/ (m)) (5.10)

= —)\2/0 \Vm(t, z)|*ma(t,z) — (¢, Vm(t, x)) (m(t, ), Vm(t, z)) dz

Y /O (m(t,2), ¢ (m(t, 2))yma(t, 2) — (1, & (mt, 2))) da
= —Ag(/OVm(t,x)ng(t,x) dm+/O<m(t,m),¢’(m(t,x))>m3(t,x)

—(Cy, @' (m(t, x))) dm) .

For ¢ = ¢, one has
¢ (m) = (m1,m2,0),
so that
(m,¢'(m)) =m2 +m2 and ((, ¢ (m)) =0.
Therefore

§a|\m(t)—(+||%{ =X </(9 |Vu(t, z)|*ms(t, z) da + /0(1 — ms(t, 2)*)ms(t, x) da:) )

We also have

1
1fm§217m3:§|mfg+|§3, for ms >0, m € S%, (B.11)
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Hence

1d
5 Im(®) = ¢4l

< =) (/ |Vm(t, z)[*ms(t, z) dz + %/ Im(t, 2) — (¢ |Zama(t, z) dx)
o o
< _1)\2(5 (/ |Vm(t, z)* dz —1—/ Im(t,z) — (4 |3 dx)
2 o o
1
=~ Lhaslm(t) - ¢ <0

15 So we get the inequality (B.8).
Next we assume A\; = 0 and prove (B.9).

Now let us consider -& ||m(t) — (4 ||2:. By (B.4), one has
S lm(®) — ColR = o (Am. T, (Am )y~ Ao (Co Tl (A — &' ()
= <o ((Am, Ty (Am = ¢'(m)) ), = (¢/ (), T (Am = ¢/ (m)) ),

(¢! (m), Ty (Am — ¢/ () ), + <<+ m(Bm = ¢ (m)))y )
= X2 (I (Am — & (M) |F + (&' (m) + ¢, T (Am — ¢/ (m))),) -

Now we only need to consider (¢'(m) + (4, 1L, (Am — ¢/(m)) ) .
Using the equality a x (b x ¢) = b{a,c) — c¢{a,b) and |m(¢t,z)| = 1, one has

(¢'(m), Iy (A — ¢'(m)) )y
— — (mx (mx (@ (m))), Am)y + (m x (m x (6/(m))), o (m)y
— {m x (Vm x (¢/(m))), Vm)y + (m x (m x V! (m)), Vim)y
e o)) om0 ) i = (o). )

/ (Vml2(m, ¢ (m)) dz — / (V! (m), Vm) dz
/o<m ¢’ (m))(m, ¢'(m )>d17*/o<¢'(m)v¢/(m)>d$-

s For ¢ = ¢; and by (B.10), one has

<¢/(m) + CJra IL,, (Am - ¢l(m))>H
= /(9 |Vm|?m3(1 —m3) da + /o |Vms|? dz + /<9m3(1 —mg3)(1 —m3)dz > 0.
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Therefore

d
Slm(®) = ¢yliE <o,

This completes the proof. O
Lemma Appendix B.4. Let m be the solution of the system (4.3), (2.8) and
(2.9) with ¢ = ¢1. If for some t > 0, one has

A2

1
m(t) — < , B.12
Imt) = Golln < 5 s (5.12)
then
d
—[Vm(#)|# < 0. (B.13)
dt
Moreover, in the particular case A1 = —1 and Ao = 1, we have
1
mg(t,x)zi, zeO.

Proof. Let m be the solution of the system (4.3), (2.8) and (2.9) with ¢ = ¢;.
Let us fix ¢ > 0 such that (B.12) holds.
Let us first figure out if ||[Vm(t)|lu is decreasing. (The following calculation

us  corresponds to equation (7.9) in [6].)
%%llvm(t)llH = =1 (Am(t), m(t) x (=@} (m(t)))y — A2 (Am(t), Iy (Am(t) — ¢ (m(t)))y

— /O (ma () Vs (£, ) — ma(t 2)Vm (£, 7)) Vims (¢, 2) da
—A2 (m(t) x Am(t), m(t) x (Am(t) — ¢1(m(t))))y

= -\ /O(ml(t)Vmg(Lx) —ma(t,)Vmy (t,))Vms(t, ) dz — Ag||m(t) x Am(t)|
o (m(t) x Am(t), m(t) X ma ()¢ )y

= -\ /O(ml(t)Vmg(t,:c) — ma(t, ) Vmy (t, 2))Vms(t, z) dz — Ao||m(t) x Am(t)||3
f)\g/omg(t,x)\Vm(t,x)\deJr /\2/0 |Vms(t, )|? do

= —Xo||m(t) x Am(t)||3 + /OR(t,x) dz,

where we define

R = —/\1(m1Vm2 — mQle)Vmg + )\2|Vm3|2 — )\gm§|Vm\2
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Therefore by using m1Vm; + maVmsg + m3Vmg = 0, we have (corresponds to
(7.10) in [6])

mi1Vmi +maVms (B 14)

R = /\1 (m1Vm2 - m2Vm1) ma

mi1Vmi +maVms
ms3

+A2(1 — m2) ( ) — d\omi ((le)Q + (Vm2)?)

By the Cauchy-Schwartz inequality, we obtain (corresponds to (7.11) in [6])

1— 2 1— 2\2
R< ()\1 i Aot T3) - Ang) (Vm1)® + (Vm2)?) . (B.15)
m3 m3

By (B.12), we have (the following corresponds to (7.5) in [6])

IN

Im () = CollEee < B2[lm(t) = Cellmllm(t) — ¢l (B.16)

N

1 Ao A2
k*2./|0 = :
- | |2k2\/|(9|/\1+2/\2 A1+ 2

So (corresponding to (7.6) in [6])

AL+ A
ma(t,2)? = 1—(ma(t, 2)>+ma(t,2)?) > 1=|m(t,z)—Co 2 > 21122 4 c o,
AL+ 2);
(B.17)
Therefore
1 —m? 1 —m32)?
)\1 23+)\2( 23) —)\ng
m3 m3
1
= m—g ()\1(1 — mg) + A2(1 — 2m§ + mg) — )\ng)
1 1
= — (A1 = Aimd + Ag — 20om3) = — (—(A1+2X2)m3 + A + X2) <0.

3 3
Hence by (B.15), we have (corresponding to (7.11) in [6])

R(t,z) <0 ze€O.

30 Therefore we proved that || Vm(¢)||x is nonincreasing.
Moreover, by (B.16), in the particular case Ay = —1 and Ay = 1, we have
sup(2 - 2ms(t,)) = m(t) ~ Gl < 1.
EAS

So we have
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Theorem Appendix B.5. Let m be the solution of the system (4.3), (2.8) and

(2.9) with ¢ = ¢1. If for some 0 < § < 1, we have
2

Imo = Collf < 15(2-28) =14,
where
1
k = 2max <1,> )
VIO

Then
(i) m(t) = (4 in H as t — oo exponentially.
(i) [~ E(m(t))dt < oco.
s (153) E(m(t)) — 0 ast — oo.
(iv) m(t) = ¢4 in H! ast — cc.

Furthermore, if A1 = =1, Ao =1 and

Imo = Cillar < —me 22 :
mo — 1 = s
OO T o O] M +20e  2k2,/[0)]

then one has m(t) — (4 in H' ast — oo exponentially.

(B.18)

(B.19)

Proof. Let m be the solution of the system (4.3), (2.8) and (2.9) with ¢ = ¢;.

By the same method as in the proof of Theorem 4.4, we can see (B.18) implies

w0 that (B.7) is true for all ¢ > 0.

We will prove the general result for A\; € R and Ay > 0 in four steps:

(i) By (B.8), we have

1d

1
§a||m(t) —(4llf < —5)\25“’”@) — 4l

So by Gronwall’s inequality, we have

1
() = Gl < o = ColFyexo (~Jast) ¢ 0

So m(t) = (4 in H as t — co exponentially.
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(ii) By (B.8) and (B.6), we have

1 d
<——— — 413 > 0.
Emit) < — 5= lm®) — Gl 20
So by (i),
1 *d 1
| smoyar <~ [T Sme) = Gl de = {sllmo - G < .

(iii) Hence (ii) and (2.14) implies that £(m(t)) — 0 as t — cc.
(iv) Moreover, by (B.5) and (iii), we also have m(t) — ¢, in H! as t — oo.

35 Now let us assume (B.19) is true and assume A; = —1 and A = 1.
By Lemma Appendix B.4 and by the same method as in the proof of Propo-
sition 7.2 in [6], we can see |[Vm(t)||y is decreasing and mg(t,z) > % for all

t >0 and x € O. Hence

S lm®) — CollRe < 32 m) — Gollh = — (G ()
= X1 (Gorm{t) X (Am() + mo()C4 )y — Ao (G T (Am(e) + ms ()
= _AQ <C+7H7n(Am(t) + m3(t)§+)>H

By (B.10), we have

() — ol
t
< o = Colla =20 [ [ [Fms. ) m(s.a).¢) do ds

= t [ (s, 6/ (s, ) m5,2). 1) = (G mt.)) s
0 Note that
22 [ [ (s, m(s,0) 0n(6,2),€4) = (G ) s
— o, /t/(—mg(s,z)+m3(s,x))dxds
_ _%/ / ma(s,2) (1 +ms(s, 2))(1 — ms(s, ) da ds

S—)\Q*/\/Z 2m381‘)dxd5——)\27//|msx — (4 |3s dads.
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Therefore

[Im(t) = ¢+l

1 I
< lmo — ¢4 l1Zn —/\27/ / |Vm(s,x)\2dxdsf)\27/ / |m(s,z) — (4 |3s dads
2Jo Jo 2Jo Jo

1 [t 1
— o = GolBs = gy [ Im(s) = Gl s < o — Gy B exp { =t}

Hence m(t) — (4 in H! as ¢t — oo exponentially.

This completes the proof. O

Appendiz B.2. ¢o = % — ¢
Now let us consider ¢ = & — ¢1 in the system (4.3), (2.8) and (2.9), in this

example the poles are no longer attractors.

Theorem Appendix B.6. The function

m(t,z) = m(z) = (mi(x), ma(z), ms(z)) = (, /1 —m§ zcosx, /1 —mg ssinz, m0,3)
(

B.20)
is the unique global solution of the system (4.3), (2.8) and (2.9) with ¢ = ¢2

and mo = m, where mo 3 is a constant.

Proof. Let us fix mg 3 € (—1,1) as a constant. Then by (B.20),

Am(t,z) = — (\/1 —m§gcosx,\/1 —mg 4 sina:,O) = —(m1(t,x), ma(t, z),0) = ¢h(m(t,x)),

so Am(t,z) — ¢h(m(t,x)) = 0. Hence the right hand side of (4.3) is 0. On
the other hand, since m does not depend on ¢, so m/(t) = 0. Therefore (4.3)
is satisfied. Since cos(27) = cos(0) and sin(27) = sin(0), m also satisfy the

periodic boundary condition (2.8). Therefore the proof is complete. O
Corollary Appendix B.7. For all p > 0, there exist mg € VN M such that

Imo — C4llf < p, (B.21)

but there exists € > 0 such that the solution m of the system (4.3), (2.8) and
(2.9) with ¢ = ¢ satisfies

lm(t) = G4l >e,  t>0. (B.22)
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Proof. Let us fix p > 0. For any m defined as in (B.20), we have
177 = Cllfn = Il = Cellfy + IVl = 4m(1 = mo,3) + 2m(1 — m{ 5).

So we can choose my = m as defined in (B.20) such that the constant mg 3 €
(0,1) satisfies
Am(1 —mo3) + 2m(1 — m 3) < p,

then (B.21) would be satisfied. Let
e =2m(1 —mopz3),
then by Theorem Appendix B.6,
lm(t) — ¢l = /o 2 = 2my(t,2)[* de = 4n(1 —mo3) >, ¢ >0.

So (B.22) is satisfied. Hence the proof is complete. O

Appendix C. The connection between Definition 5.1 and the notions

of quasipotential used in stochastic problems

According to the monograph [10] by Freidlin and Wentzell (from line 11 at
page 90), given a system

om

N = b(m), u(0) = uyp, (C.1)

We have the following definition of quasipotential.

Definition Appendix C.1. [10] The quasipotential of the system C.1 with

respect to a point ( was defined as

V(C>a) = inf {STsz (90) HINS C([T17T2D7 @(Tl) = Ca W(T2) = a, T, < T2}7
(C.2)

where

STsz(QD) = %/ 2 |90/(8) - b(@(s))‘zds

T
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The connection of Definition 5.1 and the version of quasipotential now com-
monly used in stochastic problems is that they are both closely connected with
the Definition Appendix C.1. Since the connection between the stochastic ver-
sion of quasipotential and Definition Appendix C.1 is well known, we will only

explain the connection between Definition 5.1 and Definition Appendix C.1.

Appendiz C.1. The connection between Definition 5.1 and Definition Appendiz
C.1

The system (C.1) corresponds to our system (2.7) but with » = 0 and (2.9)

with mo = {4 and (2.8), thus in our case
b(m) = \ym x (Am — ¢'(m)) — Aam x (m x (Am — ¢'(m))).

Now let us consider m’ — b(m). As explained in Section 4, if m’ — b(m) = 0,
then m will stay at ¢4 and will never reach a # (4. So we can assume (with
(t,z) omitted) m’ — b(m) = u # 0 for some u € 1,52, it is easy to check that

for
1

he ——
A3+ A
m is the solution of our system of (2.7), (2.9) with my = ( and (2.8). Therefore

(Am X u — Agu) € Tp, S,

|m’ — b(m)|*> = [A\ym x b — Xam x (m x h)|? = |\ym x h + A\ph|?
= A2|lm x b2 +2X\ A2 (m x by ) + A3|R|2 = (A2 4+ A2)|R)2.

Hence we can see that the Definition Appendix C.1 in our case can be written

in the following way:

Definition Appendix C.2. The quasipotential with respect to the point (

is defined as

2 2 T
V(a) = inf 4 M “2/ Ih())[|% dt - T > 0,
42 o

Im € C([0,T]; V), a weak solution of
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%—TZ = im x (Am — ¢'(m) + h) — Xom x (m x (Am — ¢'(m) + h)),

m(t,0) = m(t,27), Vm(t,0)=Vm(t,2r), ae tel0,T],
m(0,) =y, m(T,)=a
(C.4)

By setting m(t) = m(t+T), h(t) = h(t+T) for T > 0, we have the following

result:

Proposition Appendix C.3.

2 2 0
V(a) = inf AL+ / |h(t)||Edt: T >0,
o Jor (C.5)

Im € C([-T,0}; V), a weak solution of

8877? =\im X (Am — /(m) _|_}_L) — Aot X (m x (Am — (;5/(77_1) _’_}—L))7
m(t,0) =m(t,2m), Vm(t,0) =Vm(t,2n), a.e. te[-T,0], }

m(_Tv ) =y, m(0, ) =a
(C.6)

Next we will use a similar procedure as in [4] to show that V(a) = U(a),

w0 which means that Definition Appendix C.2 and Definition 5.1 are equivalent.

Notation Appendix C.4. For simplicity, we denote
®(m) :=m' —m x (Am — ¢'(m)) — I,(Am — ¢'(m)) € L*(0,T;H). (C.7)

Remark. ¢ is an asymptotically stable equilibrium position of the system (4.3),
(2.8) and (2.9). So if m(0,-) = (4, then m = (4 would be the solution of the
system (4.3), (2.8) and (2.9). Hence we have

(¢.) = 0. (C.8)

Proposition Appendix C.5. For a € VN M™, we have V(a) < cc.
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Proof. Let us fix T'> 0. We construct a continuous map

R:V — L*(0,T; D(A)) N H (0, T;H)

ar—m

such that m(T) = a, m(0) = {4 and R({y) = (4.
As explain in §1.2.3 of [13], we have the Hilbert space

H = {f | °° LFO i d() < oo} ,

and an unitary operator U : H — H which is an isomorphism of [D(A),H]y
onto Hi_g for 6 € [0,1]. For some ¢ € C>([0,T];RT) such that ¢(0) = 1, we
construct a map w(a) : [0,7] X [Ag,00) — R by

Tt

w(@)(t, ) = = UG + U@ (la - GlIvT =Y. (C9)

(Since we assumed that a € M1, w(a)(t,\) # 0 for all (£,)A). ) We can see
that ’LU(CL) € LQ(OvTle) N Hl(ovTvH)v W(C+) = U(C-‘r)a w(a)(()) = U(<+)a
w(a)(T) = U(a). Next we define

and

R(a) :

|R(a)]
(Note that divided by the norm “increase the smoothness” of a function.) It is
not difficult to see this map R is the one we need.

Then we define m := R(a).

Hence m(0) = ¢4 and m(T) = a and m € L?*(0,T; D(A))NH(0,T;H). And
som € C([0,T]; V) (see [13], Theorem 3.1, p.19). Hence we have

®(m) € L*(0,T;H).

Next we find h such that m is a weak solution of equation (C.4).

If such h exists, then
<I>(m) =Amxh+ )\QHm(h).
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Note that m(t, z) x h(t,z) L I, (h) (¢, z) and |m(¢, z) x h(t, z)| = [, (h)(¢, )],

0, (h) = 1 \/)‘2 ,\2
" A2+g MV v

we have

Therefore, let

5
1 )‘%"‘F 2
i g w00+ Ve wn x| e 0.7
Az + 5b AL+ AL

then our m satisfies the first equation in (C.4) in L?(0, T’; H).
And since m € L?(0,T; D(A)) N H'(0,T;H), the other conditions in (C.4)

are also satisfied. O

Proposition Appendix C.6. If (m, h) satisfies the equation (2.7), then (m,I1,,h)
also satisfies (2.7). Moreover, if (m,h1) and (m,hy) both satisfy (2.7), then
nhy = i ha.

Proof. We only prove the second statement here. If (m,h;) and (m,hs) are

both satisfy (2.7), then by (2.7), one has
% (hy — ha) = m x (m x (hy — ha)).
But
m(t, z)x (hi(t,x)—hy(t,z)) L m(t,z)x(m(t,z)x (h(t,x)—ha(t,x))) € R®, Vt x.

therefore

m(t,x) x (hy(t,z) — ha(t,z)) = 0.
Hence IL,,hq (¢, 2) = I, ha(t, x), for all ¢, . O

Notation Appendix C.7. For Ty, T5,T € [0,00), a € VN M™ we denote

Xr(a) = {m € L*(0,T; D(A)) N H' (0, T;H) N C([0, T]; M) :

m(0,-) = (4 and m(T,-) = a}v
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X_r(a) := {m € L*(=T,0; D(A)) N H'(=T,0;H) N C([-T,0]; M) :

m(*Tv ) = (4 and m(oa ) = a}a

X_oo(a) := {m — (4 € L*(—00,0; D(A)) N H'(—o0,0; H) N C((—00,0]; M) :

m(—o0,-) = (4 and m(0,-) = a},

X_Th_TQ(a) = {m S LQ(le, 7T2,D(A)) n Hl(le, 7T2,H) N C([*Tl, 7T2],M) :

m(Ty,-) = (4 and m(Ts, ) = a}.

T 0
Se(m)i= 5 [ 19Gm()Eat Sor(m)i= 1 [ |9l
0 —Ts
Seoclm) =7 [ 0GR Son )= [T @)

Proposition Appendix C.8. Fora € VN M, one has
V(a) = inf {ST(m) T >0,me XT(a)},

w20 Proof. For simplicity, we will only consider the case Ay = Ay = 1, it is not
difficult to generalize to the case A\; € R and Ay > 0.
By (3.51), if m is a weak solution of equation (C.4), then

m € L*(0,T; D(A)) N H' (0, T;H) N C([0, T]; M),

and

®(m)=m x h—mx (mx h)=m x h+1L,h.
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Som € Xr(a) and |®(m)|* = 2|I1,,h|?. By Proposition Appendix C.6, m is also
a solution of equation (C.4) with II,,h instead of h. Therefore

U(a) > inf {ST(m) T >0,me XT(a)}.

On the other hand, if m € Xp(a), one can construct h as in the proof of
Proposition Appendix C.5, such that m is the solution of equation (C.4) and
|®(m)|> = 2|h|%. Hence

U(a) < inf {ST(m) T >0,me XT(a)}.
The proof is complete. O

By Proposition Appendix C.3, we also have the following result:

Proposition Appendix C.9. Fora € VN M, one has
V(a) = inf {ST(m) T >0,me XT(a)},

Finally, we can show that

Proposition Appendix C.10. For a € VN M, we have

We need following two Lemmata to prove Proposition Appendix C.10.

Lemma Appendix C.11. For allT > 0, ¢ > 0, there existsn > 0 such that for

alla € V with ||a—C+|lv < n, there exists m € Xp(a) and such that Sp(m) < €.

Proof. Tt can be seen that the map St : L?(0,T; D(A)) N H*(0,T;H) — R is
continuous and ®(({4+) = 0 (by (C.8)). Moreover, as constructed in the proof of

Proposition Appendix C.5, there exists a continuous map
R:V — L*(0,T; D(A)) N H*(0,T;H)
ar—m
such that m(T) = a, m(0) = ¢4 and R({+) = (4. Hence the map StoR:V —

R is also continuous and (St o R)((4+) = 0. Therefore the proof is complete. [J
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Lemma Appendix C.12. Assume that m € X_(a) for some a € VN M.

Then for all e > 0, there exists T, > 0 and m. € X_r_(a), such that
S_1.(me) < S_oo(m) +e.

Proof. Let us fix € > 0 and assume that S_.(m) < co. Since m € X_(a),
m € C((—00,0]; V) and m(—o0) = (4. So

Im(®) — i lv — 0, t— —oo.
Hence for 7 > 0, there exists T;, > 0 such that
Im(t) = Cllv <m, < =T,

Therefore by Lemma Appendix C.11 (with T = 1, a = m(—T)))), there exists
we X_7,_1,-1,(m(=T,)) such that

S—Tn—L—Tn (’U)) < €.

Let

Then m, € X_r1,—1 and

S_r,~1(me) = S_1,-1,-1,(w) + S_1,(m)
1t
= S1,-1,-1,(w) + (S-oc(m) — Z/ 12 (m(t))|Ify dt) < S—oc(m) +e.
— 00
Let T, = T;, + 1, then the proof is complete. O

Proof of Proposition Appendiz C.10. We first prove that
V(a) =inf {S_oc(m) :m € X_(a)}. (C.10)
For T' > 0 and m € X_r(a), we define

m(t), te[-T,0;
¢, t<-T.

m(t) =

o1
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Then m € X_oo(a). ALy = ¢'(¢4) = % = 0, so ®(m) = ®(m). Therefore

S_oo(m) = S_r(m). Hence by Proposition Appendix C.9, we have
V(a) > inf {S_oo(m) :m e X_(a)}.

On the other hand, we can assume inf {S_.(m):m € X_(a)} < oo, so there
exists m € X_s(a) such that S_(m) < co. By Lemma Appendix C.12, one
has

inf {S_r(m):m e X_r(a)} < S_o(m)+e¢, e>0.

Since ¢ is arbitrary, by Proposition Appendix C.9 again,
Vi(a) <inf{S_o(m) :m e X_(a)}.

Hence (C.10) has been proved.
Then the rest part of the proof of Proposition Appendix C.10, i.e. prove
that
U(a) =inf {S_oc(m) : m € X_(a)}

can be done by the same way as in the proof of Proposition Appendix C.8. [
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