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ON THE UNIQUENESS OF GIBBS MEASURE IN THE POTTS
MODEL ON A CAYLEY TREE WITH EXTERNAL FIELD

LEONID V. BOGACHEV AND UTKIR A. ROZIKOV

To the memory of H.-O. Georgii

ABSTRACT. The paper concerns the g-state Potts model (i.e., with spin values in
{1,...,q}) on a Cayley tree T* of degree k > 2 (i.e., with k + 1 edges emanating
from each vertex) in an external (possibly random) field. We construct the so-called
splitting Gibbs measures (SGM) using generalized boundary conditions on a sequence
of expanding balls, subject to a suitable compatibility criterion. Hence, the problem of
existence/uniqueness of SGM is reduced to solvability of the corresponding functional
equation on the tree. In particular, we introduce the notion of translation-invariant
SGMs and prove a novel criterion of translation invariance. Assuming a ferromagnetic
nearest-neighbour spin-spin interaction, we obtain various sufficient conditions for
uniqueness. For a model with constant external field, we provide in-depth analysis of
uniqueness vs. non-uniqueness in the subclass of completely homogeneous SGMs by
identifying the phase diagrams on the “temperature—field” plane for different values of
the parameters g and k. In a few particular cases (e.g., ¢ = 2 or k = 2), the maximal
number of completely homogeneous SGMs in this model is shown to be 2¢ — 1, and
we make a conjecture (supported by computer calculations) that this bound is valid
for all g > 2 and k > 2.
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1. INTRODUCTION

1.1. Background and motivation. The Potts model was introduced by R. B. Potts
[43] as a lattice system with ¢ > 2 spin states and nearest-neighbour interaction,
aiming to generalize the Kramers—Wannier duality [28] of the Ising model (¢ = 2).
Since then, it has become the darling of statistical mechanics, both for physicists and
mathematicians [4, [64], as one of few “exactly soluble” (or at least tractable) models
demonstrating a phase transition [11, [15, 16, 27, BT, 35]. Due to its intuitive appeal
to describe multistate systems, combined with a rich structure of inner symmetries,
the Potts model has been quickly picked up by a host of research in diverse areas,
such as probability [25], algebra [33], graph theory [5], conformally invariant scaling
limits [46], 54], computer science [18], statistics [23], 39], biology [24], medicine [58] [59],
sociology [53 b5, financial engineering [45] [60], computational algorithms [10} [17],
technological processes [52], 62], and many more.

Much of this modelling has involved interacting spin system on graphs. In this
context, tree-like graphs are especially attractive for the analysis due to their recursive
structure and the lack of circuits. In particular, regular trees (known as Cayley trees
or Bethe lattices [6]) have become a standard trial template for various models of
statistical physics (see, e.g., [1, 2, B, B4, 37, [61], 63]), which are interesting in their
own right but also provide useful insights into (harder) models in more realistic spaces
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(such as lattices Z?) as their “infinite-dimensional” approximation [4, Chapter 4]. On
the other hand, the use of Cayley trees is often motivated by the applications, such
as information flows [38] and reconstruction algorithms on networks [15, 36], DNA
strands and Holliday junctions [48], evolution of genetic data and phylogenetics [14],
bacterial growth and fire forest models [12], or computational complexity on graphs
[18]. Crucially, the criticality in such models is governed by phase transitions in the
underlying spin systems.

It should be stressed, however, that the Cayley tree is distinctly different from finite-
dimensional lattices, in that the ratio of the number of boundary vertices to the number
of interior vertices in a large finite subset of the tree does not vanish in the thermody-
namic limit For example, if k£ > 2 is the degree of the tree (i.e., each vertex has k + 1
neighbours), V;, is a “ball” of radius n (centred at some point z,) and 9V, = V11 \ V,,
is the boundary “sphere”, then

oV, (k+ 1)k
Vol 1+ (k+1D) (k" —1)/(k—1)

Therefore, the remote boundary may be expected to have a very strong influence on
spins located deep inside the graph, which in turn pinpoints a rich and complex picture
of phase transitions, including the number of possible pure phases of the system as a
function of temperature.

Mathematical foundations of random fields on Cayley trees were laid by Preston
[44] and Spitzer [57], followed by an extensive analysis of Gibbs measures and phase
transitions (see Georgii [22 Chapter 12] and Rozikov [47], including historical remarks
and further bibliography). The Ising model on a Cayley tree has been studied in most
detail (see [47, Chapter 2] for a review). In particular, Bleher et al. [8] described the
phase diagram of a ferromagnetic Ising model in the presence of an external random
ﬁeld.ﬂ Using physical argumentation, Peruggi et al. [41] 42] considered the Potts model
on a Cayley tree (both ferromagnetic and antiferromagnetic) with a (constant) external
field, and discussed the “order/disorder” transitions (cf. [15] [18]).

In the present paper, we consider a similar (ferromagnetic) model but we are primar-
ily concerned with more general “uniqueness/non-uniqueness” transitions. We choose
to work with the so-called splitting Gibbs measures (SGM), which are conveniently
defined in the thermodynamic limit using generalized boundary conditions (GBC). To
be consistent, permissible GBC fields must satisfy a certain functional equation, which
can then be used as a tool to identify the number of solutions. In this approach, it is
crucial that any extremal Gibbs measure is SGM, and so the problem of uniqueness is
reduced to that in the SGM class.

Kiilske et al. [30] described the full set of completely homogeneous SGMs for the g-
state Potts model on a Cayley tree with zero external field; in particular, it was shown
that, at sufficiently low temperatures, their number is 27 — 1. Recently, Kiilske and
Rozikov [29] found some regions for the temperature parameter ensuring that a given
completely homogeneous SGM is extreme/non-extreme; in particular, there exists a
temperature interval in which there are at least 297! 4 ¢ extreme SGMs. In contrast,
in the antiferromagnetic Potts model on a tree, a completely homogeneous SGM is
unique at all temperatures and for any field (see [47), Section 5.2.1]).

—k—-12>1, n — oo.

'This is the common feature of nonamenable graphs (see [T]).
2Note that perturbation caused by the field breaks all symmetries of the model, which renders
standard arguments inapplicable (cf. [9, Chapter 6]).
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1.2. Set-up. We start by summarizing the basic concepts for Gibbs measures on a
Cayley tree, and also fix some notation.

1.2.1. Cayley tree. Let T* be a (homogeneous) Cayley tree of degree k > 2, that is,
an infinite connected cycle-free (undirected) regular graph with each vertex incident
to k+ 1 edges.ﬁ For example, T' = Z. Denote by V = {x} the set of the vertices
of the tree and by F = {(x,y)} the set of its (non-oriented) edges connecting pairs
of neighbouring vertices. The natural distance d(z,y) on T* is defined as the number
of edges on the unique path connecting vertices z,y € V. In particular, (z,y) € E
whenever d(z,y) = 1. A (non-empty) set A C V' is called connected if for any =,y € A
the path connecting x and y lies in A. We denote the complement of A by A¢:=V\ A
and its boundary by 0N := {x € A°: Jy € A, d(z,y) = 1}, and we write A = AU IA.
The subset of edges in A is denoted E, := {(z,y) € E: x,y € A}.

Fix a vertex x, € V, interpreted as the root of the tree. We say that y € V is a direct
successor of x € V if x is the penultimate vertex on the unique path leading from the
root x, to the vertex y; that is, d(z.,y) = d(z.,x) + 1 and d(x,y) = 1. The set of all
direct successors of x € V' is denoted S(x). It is convenient to work with the family of
the radial subsets centred at x,, defined for n € Ny := {0} UN by

Vo i={x e V:d(x,,z) <n}, W, ={z e V:d(z,,z)=n},
interpreted as the “ball” and “sphere”, respectively, of radius n centred at the root x,.
Clearly, 0V,, = W, ;1. Note that if z € W), then S(x) = {y € W,41: d(z,y) = 1}. In
the special case x = x, we have S(x,) = W;. For short, we set E,, := Ey,.

Remark 1.1. Note that the sequence of balls (V) (n € Ny) is cofinal (see [22], Sec-
tion 1.2, page 17]), that is, any finite subset A C V' is contained in some V,.

1.2.2. The Potts model and Gibbs measures. In the g-state Potts model, the spin at
each vertex € V can take values in the set @ := {1,...,¢}. Thus, the spin configura-
tion on V is a function o: V — @ and the set of all configurations is #". For a subset
A C V., we denote by g,: A — @ the restriction of configuration o to A,

oa(z) = o(x), xz e A

The Potts model with a nearest-neighbour interaction kernel {J,y}. yev (i.e., such that
oy = Jye and Jyy = 0 if d(x,y) # 1) is defined by the formal Hamiltonian

H(O‘) == Z nyda(x),a(y) - Zfa(m)@), o€ Q)V, (11)

(@,y)eB eV

where §;; is the Kronecker delta symbol (i.e., §;; = 1 if i = j and J;; = 0 otherwise),
and &(z) = (&(x),...,&(x)) € R? is the external (possibly random) field. According
to (1.1]), the spin-spin interaction is activated only when the neighbouring spins are
equal, whereas the additive contribution of the external field is provided, at each vertex
x € V, by the component of the vector &(x) corresponding to the spin value o(x).

For each finite subset A C V (A # @) and any fixed subconfiguration n € 4° (called
the configurational boundary condition), the Gibbs distribution ~/] is a probability mea-
sure in @/ defined by the formula

6 = g op{ SO+ 8 S It | s (12

r€EA yeA®

3In the physics literature, an infinite Cayley tree is often referred to as the Bethe lattice, whereas
the term “Cayley tree” is reserved for rooted trees truncated at a finite height [13] [40].
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where 5 € (0,00) is a parameter (having the meaning of inverse temperature), Hy is
the restriction of the Hamiltonian (| m to subconﬁgurations in A,

Z Jzy(S (2),s(y ch v CE @A’ (13)

(z,y)EEA zeA

and Z)(f) is the normalizing constant (often called the canonical partition function),

= Z exp {—BHA<§) + ﬁz Z Juy 5€(w),n(y)}'

ceph xEA yEA®
Due to the nearest-neighbour interaction, formula (|1.2)) can be rewritten asﬁ
1
Yi(<) = Z03) P —BHA(S) + BZ Z Jay Oc(a)n(y) ¢ s €’ (1.4)
4(8) zeA yedA

Finally, a measure ;1 = pg¢ on @V is called a Gibbs measure if, for any non-empty
finite set A C V and any n €

ploa =sloge=n)=71), ceot. (1.5)

1.2.3. SGM construction. It is convenient to construct Gibbs measures on the Cayley
tree T* using a version of Gibbs distributions on the balls (V;,) defined via auxiliary
fields encapsulating the interaction with the exterior of the balls. More precisely, for

a vector field V' 3 = — h(z) = (hi(x),...,hy(z)) € R? and each n € Ny, define a
probability measure in V,, by the formula

p(o,) = Zi exp {—ﬁHn(an) + Z han(x)(x)} : o, €DV, (1.6)

zeWnp
where Z,, = Z, (B, h) is the normalizing factor and H, := Hy,, that is (see (1.3)),
= > Teylen@ron) — Y o (), 0n €D (1.7)
(z,y)€En zeVy

The vector field {h(x)}.cv in (1.6) is called generalized boundary conditions (GBC).
We say that the probability distributions ([1.6)) are compatible (and the intrinsic GBC
{h(x)} are permissible) if for each n € Ny the following identity holds,

S (VW) = o), o e d', (1.8)
wedWn+1

where the symbol V stands for concatenation of subconfigurations. A criterion for
permissibility of GBC is provided by Theorem (see Section below). By Kol-
mogorov’s extension theorem (see, e.g., [56, Chapter II, §3, Theorem 4, page 167]), the
compatibility condition (1.8]) ensures that there exists a unique measure p" = u/’é’ ¢ on

@V such that, for all n € Ny,
oy, = 0,) = pl(0,), on €O, (1.9)
or more explicitly (substituting (|1.6)),
1
“h(O—Vn = Un) = Z_ exp {_5Hn(o_n) + 6 Z han(x)(x)} 5 Op € ¢Vn' (110)
n $6Wn

1t is also tacitly assumed in (T.4) that (x,y) € E, that is, d(x,y) = 1.
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It is easy to show that p”* so defined is a Gibbs measure (see (1.5])); since the family
(Vi) is cofinal (see Remark [L.1]), according to a standard result [22, Remark (1.24),
page 17] it suffices to check that, for each n € Ny and any n € @',

1oy, = o,|ove =n) = ¥(0n), on € P, (1.11)

where 7 is the Gibbs distribution in V,, with configurational boundary condition 7
(cf. (1.2)). Indeed, denote w := nw,,, € "1 then, due to the nearest-neighbour
interaction in the Hamiltonian ((1.1)) and according to ([1.9), we have

" (ov, = onlove =n) = 1 (v, = onlow,,, = w)
Woy, = onVw)
Nh(UWnH = w)
o NZH(UnVW)
B ,Uﬁ-i-l(w)

Furthermore, recalling the definitions (|1.4) and (1.6, and using the proportionality
symbol o to indicate omission of factors not depending on o,,, we obtain

p'ov, = oulove =) o< piy 1 (0 V w)

OceXp{_ﬂHnJrl(anvw)—i_ﬁ Z hw(r)('x)}

mEWn.H
oC exp {—5Hn(0n) +BY > Ty 5an<x),w<y>}
zeWp yeS(x)
o Yy (o), (1.12)

and since both the left- and the right-hand sides of (1.12)) are probability measures on
@V, the relation ((1.11]) follows.

Definition 1.1. Measure u" satisfying (1.9) is called a splitting Gibbs measure (SGM).

The term splitting was coined by Rozikov and Suhov [50] to emphasize that, in ad-
dition to the Markov property (see [22, Section 12.1] and also Remark [1.4| below), such
measures enjoy the following factorization property: conditioned on a fixed subconfig-
uration o, € @', the values {o(z)},ew,,, are independent under the law p". Indeed,
using and , it is easy to see that, for each n € Ny and any w € @Wn+1,

u" (JWRJrl =w|oy, = an)

X H exp {ﬂjx’z 5Jn(x’),w(x) + 65w(x)<x) + /Bhw(:c) ({L‘)}

IGWnJrl

x H p'(o(z) = w(x)|ov, =0n),

z€EWn 41

where the proportionality symbol o indicates omission of factors not depending on w,
and z’ = 2/(x) € W, is the unique vertex such that z € S(2’).

Remark 1.2. Note that adding a constant ¢ = ¢(z) to all coordinates h;(z) of the vector
h(z) does not change the probability measure ([1.6) due to the normalization Z,. The
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same is true for the external field &(x) in the Hamiltonian (1.7)). Therefore, without
loss of generality we can consider reduced GBC' h(x), for example defined as

hi(z) = hi(z) — he(z), i=1,...,q— 1
The same remark also applies to the external field £ and its reduced version é(:c),
defined by ]

&i(x) == &(z) — & (), i=1,...,q— 1

Of course, such a reduction can equally be done by subtracting any other coordinate,
chi(w) == hi(x) = he(w), i) = &) = &lx) (i #0).
Remark 1.3. For ¢ = 2, the Potts model is equivalent to the Ising model with redefined
spins
o(z) :=20(z) —3 € {-1,1}, eV,
whereby the Hamiltonians in the two models are linked through the relations

50(95)70(31) - w, §J(x)(x) = M 5(1,) + w

In turn, this leads to rescaling of the inverse temperature g = % B :

1.2.4. Boundary laws. Let us comment on the link between the SGM construction
outlined in Section and an alternative (classical) approach to defining Gibbs
measures on tree-like graphs (including Cayley trees), as presented in the book by
Georgii [22 Chapter 12]. As was already mentioned in |29 pages 641-642], the family
of permissible GBC {h(z)},cv defines a boundary law {z(x,y)}.)ecp in the sense of
[22, Definition (12.10)] (see also [65]); that is, for any x,y € V such that (x,y) € FE,
and for all ¢ € @ it holds

zi(x,y) = c(z,y) H Z zj(v, ) eXp{BJM(Sij + p&(x) + 5@-(1})}, (1.13)
ved{z\{y} jeo

where ¢(z,y) > 0 is an arbitrary constant (not depending on ¢ € ).
To see this, for any y € V and « € S(y) (so that d(x.,y) = d(z.,z) — 1), set

zi(z,y) := exp{Bhi(z)}, 1€ P, (1.14)
which defines the values of the boundary law on ordered edges (x,y) pointing to the
root x,. This definition is consistent, in that the equation is satisfied (for such
edges) due to the assumed permissibility of the GBC {h(z)},ev (see Theorem 2.1)).

The values z;(z,y) on the edges (z,y) pointing away from the root x, (i.e., such that
d(xs,y) = d(zo,x) + 1) can be identified inductively (up to proportionality constants)
using formula . The base of induction is set out by choosing x = z, and y €
o} = S(wo). Then for all v € S(x,) we have z;(v,z,) = exp{Bh;(v)} (see (L.14)),
and equation yields

g(toy) =clzoy) [ D exp{Bhj(v) + BJr. by + BEi(xo) + BE(v) ],
vES(zo)\{y} JEP

which defines z;(zo,y) (i € @) up to an unimportant constant factor. If z;(x,y) is
already defined for all z € V,, and y € S(x), then for x € W,, 1 and y € S(x) we have

{3\ {y} = (S() \ {y}) U{z'},
where ' € W, is the unique vertex such that z € S(2/). Noting that the values
zij(2',x) (j € ®) are already defined by the induction hypothesis and that z;(v,z) =
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exp{fh;(v)} for all v € S(x), formula (1.13) yields z;(x,y) (again, up to a proportion-

ality constant), which completes the induction step.

Remark 1.4. As a consequence of the equivalence between (permissible) GBC {h(z)}.ev
and boundary laws {z (2, y)} 2y, it follows from [22, Theorem (12.12), page 243] that
any SGM p"* determines a unique Markov chain pi (see [22], Definition (12.2), page 239]),
and vice versa, each Markov chain ;o defines a unique SGM p”.

Remark 1.5. It is known that for each § > 0 the Gibbs measures form a non-empty
convex compact set 4 in the space of all probability measures on ¢" endowed with
the weak topology (see, e.g., [22, Chapter 7]). A measure p € ¢ is called extreme if
it cannot be expressed as % H1 + % io for some pq, ps € 4 with py # ps. The set of
all extreme measures in ¢ denoted by ex¥ is a Choquet simplez, in the sense that
any p € ¢ can be represented as p = fex% v p(dr), with some probability measure p
on ex¥. The crucial observation, which will be instrumental throughout the paper,
is that, by virtue of combining [22] Theorem (12.6)] with Remark any extreme
measure | € ex¥ is SGM; therefore, the question of uniqueness of the Gibbs measure
is reduced to that in the SGM class.

Using the boundary law {z(z,y)}z4)cr, formula (1.10) can be extended to more
general subsets in V. Namely, according to [22, formula (12.13), page 243] (adapted
to our notation), for any finite connected set @ # A CV (and A = AU IA),

1 _
Wog=¢) = —expl —BH(s —i—ﬁz hT (x,24) ¢ e P, (1.15)
ZA xeoA

where Z; = Z3(8, h) is the normalizing factor, x4 denotes the unique neighbour of
x € 0A belonging to A, and

hli(z,y) ="' In zl(x y) i€ (1.16)
In particular, if € S(y) then (combining (1.16) with (1.14))
Wiz, y) = hi(:c), i€d. (1.17)

To link the general expression (1.15) with formula (1.10)) for balls V,, consider part
of the boundary 04 defined as

ON = {r € 0A: S(x)N A= 2} (1.18)
In other words, A% consists of the points € dA such that the corresponding vertex
x4 € Ais closer to the root x, than x itself. In view of the definition , for x € oA
we get hl(z, 1) = hy(x). Clearly, if z, € A then dA = A, but if z, ¢ A then the set
O\ A is non-empty and, moreover, it contains exactly one vertex, which we denote
by Z. Note that & € dA is closer to the root z, than &4 € A, and in this case h!(Z, 7,)
is only expressible through the GBC {h(z)} via a recursive procedure, as explained

above.
Thus, formula (1.15]) can be represented more explicitly as follows,

piog=¢) = ZiAexp{—ﬁHA(g) + Z he@)(x) + B Z hg(x T, T } (1.19)

zedNd €N\ oY

In fact, the last sum in (1.19)) includes at most one term, which corresponds to x = ;
more precisely, the latter sum is vacuous whenever z, € A, in which case the first sum
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in is reduced to the sum over all x € dA. In particular, the formula is
consistent with by picking the set A =V,,_; (n > 1), with boundary 04 = W,,.
For a graphical illustration of the sets involved in formula (|1.19)), see Figure 1| (for a
single-vertex set A = {v} with v # z,).

FIGURE 1. Ilustration of the sets in formula ((1.19) relative to the root
zo: A = {v}, 04 = {x1, 29,2} (here T4, = v), A = {v,21,22,2}, and

0N+ = {z1, 72} (see (L.1§)).

1.2.5. Layout. The rest of the paper is organized as follows (cf. the table of contents).
We state our main results in Section |2 starting with a general compatibility criterion
(Theorem [2.1]), which reduces the existence of SGM p” to the solvability of an infinite
system of non-linear equations for permissible GBC {h(x)}. This is followed by various
sufficient conditions for uniqueness of SGM with uniform ferromagnetic interaction
(Theorems , and . As part of our general treatment of the Potts model on
the Cayley tree, in Section [2.3.1f we introduce the notion of translation-invariant SGMs
(based on a bijection between T* and a free group with k + 1 generators of period 2
each), and state a novel criterion of translation invariance (Proposition in terms
of the external field and the GBC.

Non-uniqueness results for a subclass of completely homogeneous SGMs (i.e., where
the reduced fields {€(z)} and {h(z)} are constant) are summarized in Theorems
and[2.10} The number of such measures is estimated in several special cases by 27—1
(Theorem , and we conjecture that this is a universal upper bound. In Section
we record some auxiliary lemmas. The proofs of the uniqueness results (Theorems
and are presented in Section . Section [5|is devoted to the in-depth analysis of
completely homogeneous SGMs, culminating in the proof of Theorems [2.8H2.11| (given
in Sections respectively). In Section |§|, we study some fine properties (such as
monotonicity, bounds and zeros) of the critical curves on the temperature—field plane,
summarized in Propositions 6.5, [6.11H6.14}, [6.16] and [6.17. Finally, Appendix [A]
presents the proof of Proposition [2.6] while Appendix [B]is devoted to the proof of a
technical Lemma 5.3| addressing the special case ¢ = 3.

2. RESuLTS

2.1. Compatibility criterion. In view of Remark when working with vectors
and vector-valued functions and fields it will often be convenient to pass from a generic
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vector u = (uy,...,u,) € R? to a “reduced vector” @ = (i, ...,U%,—1) € RI™ by
setting @, '=w; —u, (i=1,...,¢—1).

The following general statement describes a criterionf] for the GBC {h(z)},ev to
guarantee compatibility of the measures {u},en, -

Theorem 2.1. The probability distributions {"}nen, defined in (1.6) are compatible
(and the underlying GBC {h(x)}.cv are permissible) if and only if the following vector
wdentity holds

Bh(z)= Y F(Bh(y) +pE(y);e™), zeV, (2.1)
yeS(z)
where h(z) = (hi(z), ..., he-1(2)), &(x) = (&G(2), ..., 51 (2)),

hi(a) = hi(x) = ho(x),  &(2) = &(2) = &), i=1...¢-1,  (22)
and the map F(u;0) = (Fi(u;0),...,F,_1(u;0)) is defined for uw = (uy,...,us_1) €
R~ and 6 > 0 by the formulas
(0 —1)e" +1+>0- e
0+ ijl el
Remark 2.1. Likewise, Theorem is true for any of the ¢ possible reductions (see

Remark .

Remark 2.2. Note that F'(0;60) = 0 for any 6 > 0.

Remark 2.3. In view of the link (discussed in Section [1.2.4]) between GBC {h(z)}.cv
and boundary laws {z(x,y)} 4 ecr, the compatibility criterion (2.1]) is but a reformu-
lation of the consistency property (1.13)) of the boundary law.

By virtue of Theorem 2.1} if the GBC {h(z)} and the external field {&(z)} satisfy
the functional equation |-} for some 5 > 0 then there is a (unique) SGM pg’f.

Fi(u;0) :=In , i1=1,...,q—1. (2.3)

2.2. Uniqueness results. From now on, we confine ourselves to the case of uniform
(ferromagnetic) nearest-neighbour interaction by setting J,, = J > 0 if d(z,y) = 1
(and J,, = 0 otherwise). It will also be convenient to re-parameterize the model by
introducing the new parameter 6 = e’ > 1 termed activity.

For # > 1, consider the function

—1
o) =—— =Dy (2.4)
(VO —1)+Vt—0)
which can also be written as
oy = YUZN=VIZ0 (25)
VOt —1)+Vt—
Noting that
g—1
o(t;0) = 5)

(Vo=bjt+1=0]t)

SEarlier versions of this theorem are found in [2I, Proposition 1, page 375] or [47, Theorem 5.1,
page 106].
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it is evident that t — o(t;0) is a decreasing function; in particular, for all ¢ > 6

Vo —1
1=0(0;0) > ¢p(t;0) > p(oco;0) = . 2.6
w()%()w()\/aJrl (2.6)
For brevity, introduce the notation
Vo —1
0) :=(q—2 , 2.7
Q(0) (¢ ) Vo +1 (2.7)
and for k > 2, ¢ > 2 consider the equation
1
QU)+pl0+1:0) =7, 021, 28)
or more explicitly (noting that (0 + 1;60) = (0 —1)/(6 + 1)),
0—1 1
—_— = = > 1. .
QO +y7=% 921 (2.9)

The left-hand side of (2.9)) is a continuous increasing function of 6 € [1,00) ranging
from 0 to ¢ — 1 > k™!, which implies that there is a unique solution of the equation

(2.9), denoted 6y = by(k, q). In particular, for ¢ = 2 we get
k+1

Oo(k,2) = ——. 2.1
Let us also consider the equation
-1 1
—1)—=- 2.11
which has the unique root
k(g—1)+1
0, =0.(k,q) = 2.12

Noting from (2.7)) that, for any 6 > 1,

Vo —1 6—1 6—1
(q—l)m<Q(9)+m§(q—1)9+—l>

and comparing equations (2.9) and ({2.11)), it follows that
9*(k7 q) S €0<k7 Q) < (0*(ka Q>)2 )

where the first inequality is in fact strict unless ¢ = 2.

Theorem 2.2. Let 0y = 0y(k, q) be the unique solution of the equation (2.9). Then the
Gibbs measure g ¢ is unique for 0 € (1,6y) and any external field §.

Remark 2.4. Tt is known that the Ising model on a Cayley tree with zero external field
has a unique Gibbs measure if and only if § < 6.(k) = \/1 + 2 (see [§]); that is to say,

k—1
0.(k) is the critical activity of the Ising model. Since 6.(k) = 0y(k, 2), our Theorem
is sharp in this case. Let 6..(k,q) be the critical activity for the Potts model; its exact
value is known only for the binary tree (k = 2), namely 0.,(2,¢9) = 1+ 2y/¢ —1 [30].
Note that 0..(2,2) = 65(2,2) (= 3) but 0.,(2,q) > 0y(2, q) for ¢ > 3, so Theorem [2.2| is

not sharp already for k = 2, ¢ > 3.
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For k > 2, ¢ > 2 and any v € R, consider the equation (cf. (2.8))

1
QO +o(t,(0):0) =2, 0>1, (2.13)
where p(t;0) and Q(0) are defined in and (2.7)), respectively, and
t,(0) :=0+1+(¢—2)0". (2.14)

It can be shown (see Lemma that equation has a unique root, 6 = 03(k, q).
More specifically, if ¢ = 2 then ¢,(§) = 6+ 1 and equation is reduced to equation
2.8) (with Q(0) = 0), so that 0%(k,2) = 0(k,2) = (k+1)/(k — 1) (see (2.10)).
However, if ¢ > 3 then the root 67 is an increasing function of parameter v with the
asymptotic bounds

eo(k,q)zwg@ooej(k,q) < 0:(k,q) < lim 0:(k,q) = (0.(k,q))*. (2.15)

Y—+00

Definition 2.1. Given the external field &£(x) = (& (x),...,&,(x)) (z € V), define the
asymptotic “gap” between its coordinates as follows,

€. .. e
AN lrggghgg/nf &y (), (2.16)
where ] ]
(o) = min () = min(6 () - &(&)),  zEV. .17

Theorem 2.3. The Gibbs measure pg ¢ is unique for any 3 € (O,ln (9257,6), where 03
denotes the unique solution of the equation (12.13)).

Remark 2.5. As already mentioned, if ¢ = 2 then 07(k,2) = 60y(k,2) and we recover
Theorem [2.2|in this case. But if ¢ > 3 then 02(k, q) > 0y(k, q) for any v € R (see ([2-15)),
so that Theorem ensures the uniqueness of the SGM pg ¢ on a wider interval of
temperatures as compared to Theorem for any Af. Moreover, due to the mono-
tonicity of the map v + 67 (Lemma , a larger gap A¢ facilitates uniqueness of
SGM; however, the domain of guaranteed uniqueness (in parameter ) is bounded in

all cases (see (2.15) by (6.(k, q))* < (0.(2,3))* = 25/9 = 2.7778.

Remark 2.6. If the external field £ is random then the gap is a random variable
measurable with respect to the “tail” o-algebra F> = (", 0{&(z), z € V,°}. Intu-
itively, this means that A% does not depend on the values of the field £(x) on any finite
set A C V. If the values of £(z) are assumed to be independent (not necessarily identi-
cally distributed) for different z € V then, by Kolmogorov’s zero—one law, A* = const
(and therefore ¢, , = const) almost surely (a.s.).

Example 2.1. Let us compute the asymptotic gap A in a few examples.

(a) Let the random vectors &£(z) (x € V) be mutually independent, with inde-
pendent and identically distributed (i.i.d.) coordinates &;(x) (i = 1,...,q),
each taking the values £1 with probabilities 2. Note that (£)(z) € {0,£2}
(¢=1,...,q) and

P(ny() = 2) = P(&(x) = 1, min&(x) = —1)
=P(&(x)=1) - (1 =P(&(x) =1, 1 #£0))
L(i-@)") >0 (2.18)
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The Borel-Cantelli lemma then implies that liminf,cy 45(1)@) = —2 a.s. and
hence, according to (2.1€)), A = —2 a.s.

In the previous example, let us remove the i.i.d. assumption for the coordinates,
and instead suppose that each of the random vectors &(x) (still mutually inde-
pendent for different x € V') can take two values, (1, ..., 1), with probability
1 each. Then it is clear that ,£1y(z) =0 (£ =1,...,q), hence A =0 as.

Extending example (b), suppose that, with some o € R,

P(&(z) = aand &(z) =0 for all j #4) = ¢ (i=1,...,q).
Of course, for a = 0 we have £€(z) = 0 and hence A® = 0; thus, let o # 0. If
q = 2 then it is straightforward to see that

P(y(z) = £a) = 1 (=1,2.

2
For ¢ > 3, if a > 0 then, similarly,

P(uy(z) = —a) =q¢ 1, P(ay(z) =0) =1—¢q !, (2.19)
whereas if o < 0 then

P(uy(z) =—a)=q", Pfylx)=a)=1-—¢". (2.20)
Thus, in all cases, the Borel-Cantelli lemma yields that A* = —|a| a.s. (which

also includes the case a = 0).

Consider i.i.d. vectors &(x) (x € V) with i.i.d. coordinates §;(x) (i = 1,...,q),
each with the uniform distribution on [0,1]. Note that —1 < ,£qy(z) < 1
(¢=1,...,q) and, for any € € (0, 1),

P(fy(z) < —1+2¢) > P(gg(x) > 11—, rglp&(x) < 8)

=P(&(@) 21— 2) - (1~ P{min&(e) 2 <})
=e(1-(1-¢)"") >0.

The Borel-Cantelli lemma then implies that liminf,cy 45(1)@) < —1+42¢ as.,
and since € > 0 is arbitrary, it follows that liminf,cy gf(l)(x) = —1 a.s., for
each £ =1,...,¢; hence, according to (2.16), A* = —1 a.s.

For a “non-ergodic” type of example leading to a random gap A¢, suppose that
£€(z) = &(x,) (z € V), where the distribution of £(z,) is as in example (a). That
is to say, the values of the field &(x) are obtained by duplicating its (random)
value at the root. Then, similarly to , we compute

P(AS = -2) =L~ (1), PQAf=2)=()", PBA=0)=1

2 2
Finally, the simplest “coordinate-oriented” choice &(z) = (a,0,...,0), x € V|
with a fixed @ € R, exemplifies translation-invariant (non-random) external
fields, including the case of zero field, a = 0. Our results for this model will be
stated in Section for now, let us calculate the value of the gap A®. Again,
for & = 0 we have £€(z) = 0 and hence A® = 0; thus, let o # 0. If ¢ = 2 then
1€y () = —a, 261y (%) = @, hence it is easy to see that AS = max{—a, a} = |a|.
For ¢ > 3, if a > 0 then 15(1)(56) = —a and gf(l)(x) =0 (¢ # 1), whereas if
a < 0 then still 1€y (z) = —a but £1y(z) = a (£ # 1); as a result, A = 0 for
a >0 and A = |af for a < 0.
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The following general assertion summarizes Example Recall that random vari-
ables Xy, ..., X, are said to be exchangeable if the distribution of the random vector
(Xi,...,X,) is invariant with respect to permutations of the coordinates. The sup-
port supp X of (the distribution of) a random variable X is defined as the (closed) set
comprising all points v € R such that for any ¢ > 0 we have P(|X —u| <¢) > 0.

Proposition 2.4. Suppose that the random vectors {&(x)}rev are i.i.d., and for each

x € V their coordinates & (x), ..., &, (x) are exchangeable. Then
A* = inf{supp (&1(2) — & ()} as.
In particular, A® <0 a.s., unless & (x) = -+ = ,(x) a.s., in which case A* =0 a.s.

Proof. Observe that, by exchangeability of {£;(x)}, the distribution of ¢£1)(z) does not
depend on ¢ =1,...,q and, moreover,

supp ¢(1)(x) = supp (&1 () — & (). (2.21)

Denote ug := inf{supp (& (z) — & (x))}. From ([2:21), it follows that ,&1)(z) > up a.s.,
and therefore, according to (2.16]), A¢ > ug a.s. On the other hand, for any ¢ > 0 we

have

Py () S ug+¢e) =P(&(z) — &(x) Sug+¢) >0,
and the Borel-Cantelli lemma implies that liminf,cy 45(1)@) < ug + € a.s., so that
AS < g as. As a result, AS = ug a.s., as claimed. O

Theorem 2.5. Assume that the random external field € = {&(x)}zev is as in Propo-
sition . Let 0T = 07(k, q) be the root of the equatiorﬁ

Q) + E{p(tz, )-1(0):0) } = 0>1, (2.22)

where €ay(z) = €y (x) = min#q(fi(x) — &(2)) cf. ) and the notation t,(6) is
introduced in (2.14]). Then, for each § € [1,01) and for P-almost all realizations of the
random field €, there is a unique Gibbs measure fig ¢.

Remark 2.7. Note that Theorem [2.3] guarantees uniqueness of the Gibbs measure in

the interval 1 < 6 < 67, ,, where 0}, , is the solution of the equation
1
QO) + (tae_x(0);0) = T 0>1
By Proposition , we have {qy(r) > A% (as.), and moreover, £y(z) > A with
positive probability, unless & (z) = --- = &,(x) a.s. Thus, excluding the case ¢ = 2

where t.,(f) = 6 + 1, by monotonicity of the function v — ¢(t,;6) we conclude that
O (k,q) < 0 (k, q) and therefore the domain of uniqueness in Theorem [2.5 ﬂ is wider

than that in Theorem [2 .

Example 2.2. Let us illustrate Theorem with a simple model described in Example
2.1j(c), assuming that ¢ > 3. Suppose first that @ > 0. Then, according to the

distribution (2.19)) and notation ([2.14)), equation (2.22)) specializes to
1 q—2 qg—1 q—2 1
) + 6+1 7 —p(0+1 0] = —.
e e

6The left-hand side of (2.22)) does not depend on z € V due to the i.i.d. assumption on {&(z)}.
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By monotonicity of the function t + o(t; 0), it is clear that the root 6 of this equation
is strictly bigger than the root 07, , = 60, _, of the equation

q—2 1
Q) + <9+1+9a+k7‘9):E7
in accordance with Remark 2.7 Similarly, if & < 0 then the distribution (2.19) is
replaced by (2.20) and equation ({2.22]) takes the form

1 q—2 q—1 q—2 1
1 — 1 = —
Q0) + ke (9+ +9a+k,9)+ . so(9+ +9a+k,9) e

and by the monotonicity argument it is evident that its root 07 is strictly bigger than
the root 0, , = 07 _, of the equation

2 1
Qo)+ ¢ (0414 fst) = 1

again confirming the observation of Remark [2.7]

2.3. Translation-invariant SGM and the problem of non-uniqueness.

2.3.1. Translation invariance. To introduce the notion of translations on the Cayley
tree T*, let o, be the free group with generators ay,...,ary1 of order 2 each (i.e.,
a;' = a;). Tt is easy to see (cf. [20] and also [47, Section 2.2]) that the Cayley tree
Tk = (V,E) is in a one-to-one correspondence with the group .2%. Namely, start
by associating the root x, € V with the identity element e € <7, and identify the
elements ay, . .., a1 with the k + 1 nearest neighbours of z, (i.e., comprising the set
S(x,) = W1). Proceed inductively by expanding the elements a € 7, along the tree via
right-multiplication by the generators a; (1 = 1,...,k + 1), yielding k new elementsﬂ
corresponding to the set of direct successors of a (see Figure . This establishes a
bijection b: V — 7.
Consider the family of left shifts T},: <%, — <, (g € ) defined by

T,(a) = ga, a € .
By virtue of the bijection b, this determines conjugate translations on V/,
T.:=b"loTyob, z€V, (2.23)

Clearly, T, is an automorphism of V' preserving the nearest-neighbour relation; indeed,
if (z,y) € £ and y € S(z) (so that b(y) = b(z)a;, with some generator a;) then,

according to ([223), 2’ := T.(z) and ' := T.(y) = b= (b(2)b(y)) = b~'(b(z')a;) are

nearest neighbours, (¢/,y') € E (see Figure [2). For example, if & = 1 (whereby the

Cayley tree T is reduced to the integer lattice Z!), the action of the shift T, (z € Z*)
can be written in closed form,

T.(x) = z + (—1)*z, x €7
In turn, the map (2.23)) induces shifts on configurations o € @V,
(T.o)(z) :=o(T,'x), zeV. (2.24)

"Indeed, if a = waj then aa; = wa? = w, so this particular multiplication returns the element w
already obtained at the previous step.
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Definition 2.2. We say that SGM u" = ,ug ¢ 18 translation invariant (with respect to

the group of shifts (7%)) if for each z € V the measures " o T, and p* coincide; that
is, for any (finite) A C V and any configuration ¢ € "

1oy = To(5)) = p"(oa = <) (2.25)

FIGURE 2. A fragment of the Cayley tree T? (k = 2), with vertices
represented (one-to-one) by elements of the free group 2% with generators
{a1,as,a3} (of order 2 each). The identity element e € < designates
the root =, € V. Starting from e, the elements a € & are inductively
expanded along the tree via right-multiplication by one of the generators.
Translations on % are defined as left shifts, 7,: a — ga (g9, a € 9%). For
example, under the shift T,, the edge (as, asas) is mapped to the edge

<a1a2, a1a2a3>-

Recall that the quantities Al(z,y) ((z,y) € E) defining the boundary law were
introduced in Section [[.2.4l
Proposition 2.6. An SGM u" = /Lg’g 18 translation invariant under the group of shifts
(i)zev if and only if the following conditions are satisfied.
(i) The reduced field {€(x)} is constant over the tree,

E(x) = &(x,), relV. (2.26)
(ii) The reduced field {h'(x,vy)} is symmetric,
hi(z,y) = hi(y, z), (x,y) € E. (2.27)
(iii) For any z € V,
hl(z,y) = A(T.(2), T.(y)),  (z.y) € E. (2.28)

This result will be proved in Appendix [A]

For x # x,, denote by 2’ the unique vertex such that x € S(2’). Then, according to
(1.17) and (2.28),

hi(z,2") = h(z) = h(T,;'(z)). (2.29)

Note that f,]c_,l(x) € d{x,} = W,. Thus, there are k+1 (vector) values h(z;) (z; € W)
that determine a translation-invariant SGM p”. By translations (2.29)), these values
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(which can be pictured as k + 1 “colours”) are propagated to all vertices x € V in a
periodic “chessboard” tiling, except the root x = x, where the value ﬁ(xo) is calculated
separately, according to the compatibility formula (2.1)).

The criterion of translation invariance given by Proposition appears to be new.
In Georgii [22], Corollary (12.17)], a version of this result is established (in the language
of boundary laws) for completely homogeneous SGM, that is, assuming the invariance
under the group of all automorphisms of the tree Tkﬁ Namely, we have the following

Corollary 2.7. An SGM p"* = [1376 is completely homogeneous if and only if €(z) = €°
for all z € V and h(z) = h° for all © # .

Remark 2.8. In the existing studies of Gibbs measures on trees (see, e.g., [1930]), it is
common to use the term “translation invariant” (and the abbreviation TISGM) having
in mind just completely homogeneous SGM. We prefer to keep the terminological
distinction between “single-coloured” completely homogeneous GBC fL( ) = h? and

“multi-coloured” translation-invariant GBC as characterized by Proposition [2.6, The
latter case is very interesting (especially with regard to uniqueness) but technlcally
more challenging, so it is not addressed here in full generality. However, as we will see
below, the subclass of completely homogeneous SGM in the Potts model is very rich
in its own right.

2.3.2. Analysis of um’queness For the rest of Section [2.3] we deal with completely
homogeneous SGM " = pg ., that is, with the external field {&(2)}rev and GBC

{h(z)},ev satisfying the homogeneity conditions of Corollary . For simplicity, we

confine ourselves to the case where all coordinates of the (reduced) vector £° are zero
except one; due to permutational symmetry, we may assume, without loss of generality,
thatfl—aERand£2— —f

£0= (a,O, ...,0) € R (2.30)
We also write 3 } }
h’=(hY,...,h)_y) e R\
Then, denoting z; := 6/* (i =1,...,q9 — 1), the compatibility equations (2.1)) are
equivalently rewritten in the form
0 —1)(0%2F —
I | o
0+ 0%2F + > 97, 2k

j=2 J
2.31
I G 1)(2 — 1) i=2 1 =
P = - 15 =2,...,q .
0+ 0%z Z” ;

Solvability of the system can be analysed in some detail; in particular, we are
able to characterize the uniqueness of its solution, which in turn gives a criterion of
the uniqueness of completely homogeneous SGM in the Potts model.

The case § = 1 is trivial, as the system ([2.31]) will then have the unique solution
2y == 2,1 = 1. The case # > 1 and a = 0 has been studied in [29]; these results
can be reproduced directly by the methods developed in the present work similarly to
a more general (and difficult) case a # 0, and are also obtainable in the limit as & — 0

(see Lemma[5.1(b) and Remark [5.1]).

81t is worth pointing out that the latter group is generated by the group of (left) shifts (fz) and
pairwise inversions between vertices x;, x, € 9{xo} [32] §3.5].



18 L.V. BOGACHEV AND U. A.ROZIKOV
Thus, let us focus on the new case a # 0. By Lemma [5.1f(c), the system (2.31)) with

6 > 1 is reduced either to a single equation

(0 — 1)(0°u* — 1)

=1 2.32
“ +9+0auk+q—2 (232)
or to the system of equations (indexed by m =1,...,q — 2)
— (¥ u* —
s O-vE -y
0+ 0°uk +muvk +qg—2—m
1 (2.33)
O@—-1D14+v+---+0"1)
1= ,
0+ 0°uF +mvk +q—2—m
subject to the condition
v A1 (2.34)
Let us first address the solvability of the equation (2.32)). Denote
1 k+ 1\
b = Oulk.q) = & <\/ @-2r 10 () - 2))' (2.35)
In particular, if ¢ = 2 then 6.(k, 2) = ¥ = 6,(k,2) (cf. (2.10)). Let us also set
0(6 -2
b=b(0) := (+—q1). (2.36)
q —

Clearly, b(1) = 1 and b(#) > 1 for § > 1. Furthermore, comparing (2.35) and ({2.30)

observe that b(f.) = (%)2 and b(0) > (%)2 for 6 > 6.. For 8 > 6., denote by

x4 = x4(0) the roots of the quadratic equation
b+x)(1+2)=k(b—1)x (2.37)

with discriminant

D=D(0):= (k(b—1)— (b+1))" —4b= (b— 1)(k — 1) (b_ (%)2) , (2.38)

that is[]
b—1)(k—1)—2++D
Ty =24(0) = ( I 2) : (2.39)
Furthermore, introduce the notation
1 (14+z:\"
= = — > 0. .
ar = ax(0) o <b+mi> , 0> 0. (2.40)

Of course, a_(6.) = a,(0.), and one can also show that a_(0) < a(f) for all 6 > 6.
(see the proof of Theorem in Section . Finally, denote

1 qg—1
= = — —— > .
ar = ax(0) (k+1)+ 0 In P 0>0., (2.41)

so that a_(6.) = a4 (6.) and a_(0) < ay(0) for 6 > 6.

9Here and in what follows, formulas involving the symbols =+ and/or F combine the two cases
corresponding to the choice of either the upper or lower sign throughout.
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Theorem 2.8. Let vy(0, o) denote the number of solutions u > 0 of the equation (2.32)).
Then

1 if 0<6. or 0>0. and a ¢ [a_,a],
wl,a) =<2 if 0>0. and a € {a_,a,},
3 if 0>0. and a € (a_,ay),

where 0. is given in (2.35) and agx = as(0) are defined by (2.41)).

Let us now state our results on the solvability of the set of equations ([2.33)). For
each m € {1,...,q — 2}, consider the functions

Lp(v;0):= (0 —1) (0" '+ +0) —mo* — (¢ —1—m), (2.42)
(ot 1)kLm(v;9)
(V¥ - v Lo (0;0))"

It can be checked (see Lemma that for any @ > 1 there is a unique value v,, =
v (0) > 0 such that

K (v;0) =

(2.43)

L (0) := L, (v; 0) = max L, (v; 0),

v>0

and moreover, the function 0 — L (0) is strictly increasing. Denote by 6, the (unique)
value of # > 1 such that

L%, (6,) = 0. (2.44)

Thus, for any 6 > 6, the range of the functions v +— L,,(v;0) and v — K,,(v;8)
includes positive values,

Y (0) == {v>0: Ly(v;0) >0} ={v>0: K,,(v;0) >0} # &, (2.45)
and, therefore, the function
_ 1 gy L KT (0)

is well defined, where
K (0) .= max K, (v;0).
vEYE ()

FEzample 2.3. In the case k = 2, from (2.42)) and ([2.44)) we obtain explicitly

Op =142y/m(qg—m—1), m=1,...,q—2. (2.47)
In particular, #; = 1 for ¢ = 2, and 6; > 3 whenever ¢ > 3. Comparing and
, we also find that 6. < 6; if and only if ¢ > 6. For example, for ¢ = 5 we have
01 = 1+2V3 = 4.4641, 6, = 5, 0, = 1(v/153 — 3) = 4.6847, that is, 6; < 0. < 65,
whereas for ¢ = 6 and ¢ = 7 we compute 6; = 6, = 5 and 6, = 1 + 2v/5 = 5.4721 >
0. = %(\/m — 5) = 5.2621, respectively. Another simple case is ¢ = 3 (with m =1
and any k > 2); indeed, it is easy to see that the condition is satisfied with
v =v1(61) =1 (cf. Lemma (c)), whence we readily find 6; =1+ 2.

Theorem 2.9. For eachm € {1,...,q—2}, let v,,(0, ) denote the number of positive
solutions (u,v) of the system (2.33)). Then v,,(0,«a) > 1 if and only if 0 > 0,, and
a < a,(0).
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As will be shown in Proposition [6.16(b), . () has a unique zero given by 65 =

1+ L, whereas a_(f) has a unique zero 6, which coincides with the zero 67 of o4 (6).

It also holds that «;(€) is a majorant of the family of functions {a,,(6)} (see Proposi-
tions and [6.12)).

2.3.3. Uniqueness of completely homogeneous SGM. In the case ¢ = 3, there appears
to be an additional critical value (see Lemma

-~ 5k +/A9KZ + 62k + 49

0, = 0,(k 2.48
1= 61(k) 6(k— 1) (2.48)
For example,
(1+ /41
+T\/_ = 3.7016, k=2,
~ 7
01(k) = 3 = 2:3333, k=3, (2.49)
\ Lt 1”8108 = 1.8821, k=4

For ¢ > 2, consider the following subsets of the half-plane {# > 1} = {(0,«): 0 >
1, a € R},

Ay ={0>6., a_(0) <a<a,(0)},

%) if ¢ =2,
By =< {0>60,a<a()}U{0>0,a=a(0)} if ¢=3, (2.50)
{0 >0, a <ai(0)} if ¢ > 4.
Denote the total number of positive solutions z = (zi,...,2,-1) of the system of

equations (2.31) by v(0,«) (0 > 1, a € R); of course, this number also depends on k
and ¢. Theorems and can now be summarized as follows.

Theorem 2.10 (Non-uniqueness).
(a) If ¢ =2 then v(0,a) > 2 z'f and only if (0,a) € As U By = A,.
(b) If ¢ =3 then v(0,a) > 2 if (0,c) € A3 U Bs. The “only if” statement holds
true at least for k = 2,3,4.
(c) If ¢ >4 then v(6,a) > 2 if and only if (6,a) € A, U By.

Remark 2.9. The special~ case ¢ = 3 in the definition and in Theorem
emerges because for § < #; and o = «;(0), there is a (hypothetically unique) solution
(u,v) = (8 — 9%2, 1) of the system ([2.33)), which is, however, not admissible due to the
constraint (2.34]) and, therefore, does not destroy the uniqueness of solution to .
This hypothesis is conjectured below; if it is true then “if” in Theorem m(b) (i.e.,

g = 3) can be enhanced to “if and only if” for all k > 2.

Conjecture 2.1. If ¢ = 3, 0 < 6, and o = () then (u,v) = (0 — £2,1) is the sole
solution of the system (2.33]).

Remark 2.10. Regardless of Conjecture [2.1], the inclusion of a proper part of the curve
a = a;(f) in the uniqueness region in the case ¢ = 3 is indeed necessary. Namely, it
can be proved (see Proposition that if € > 0 is small enough then v (6, ay(0)) = 1
for 0; < 6 < 0; + ¢ but v(0,a,(0)) > 2 for § > 0 — &, where 6? is the zero of ay(6).
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-0.31
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FiGUrRE 3. The phase diagram for the Potts model showing the
non-uniqueness region (shaded in grey) according to Theorem 2.10} (a)
regular case ¢ > 4 (shown here for ¢ = 5); (b) special case ¢ = 3, both
with & = 2. The critical boundaries are determined by (parts of) the
graphs of the functions a4 () and «;(f) defined in and (2.46),
respectively. The dotted part of the boundary on panel (b), given by
o = ay(0), 0 € (01,60,] (see formula with ¢ = 3), is excluded from
the shaded region (see Theorem [2.10[b) and Conjecture 2.1 proved for
2 < k < 4); here, 6; = 3 and 0, = 1 (1 + /41) = 3.7016.

Theorem provides a sufficient and (almost) necessary condition for the unique-
ness of solution of (2.31)), illustrated in Figure |3| for ¢ = 5 and ¢ = 3, both with
k= 2.

To conclude this subsection, the following result describes a few cases where it is
possible to estimate the maximal number of solutions of the system ([2.31)).

Theorem 2.11.
(a) If g =2 then v(0, ) < 3; moreover, v(0,«) = 3 for all 0 > 1 large enough.
(b) Let « =0 and k > 2. Then v(6,0) < 27— 1 for all > 1; moreover, v(6,0) =
29 — 1 for all 6 large enough.
(¢) If k=2 then v(0,a) <29 —1 for all > 1 and a € R.

Conjecture 2.2. The upper bound 2¢ — 1 in Theorem [2.11] appears to be universal.
There is empirical evidence from exploration of many specific cases (using the comput-
ing packageH Maple) to conjecture that Theorem [2.11c) holds true for all k > 2.

2.3.4. Some comments on earlier work. For ¢ = 2, when the Potts model is reduced
to the Ising model, the result of Theorem [2.11f(a) is well known (see [22, Section 12.2]
or [47, Chapter 2]). The case o = 0 (i.e., with zero field) is also well studied (see, e.g.,
[47, Section 5.2.2.2, Proposition 5.4, pages 114-115] and [30, Theorem 1, page 192]),
the result of Theorem [2.11|b) can be considered as a corollary of [30, Theorem 1,

OThroughout this paper, we used Maple 18 (Build ID 922027) licensed to the University of Leeds.
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page 192]); in particular, it is known that there are L%(q + 1)J critical values of 6,
including 0; = 00 and 0 =1+ q/(k —1).

The general case ¢ > 3 with a € R was first addressed by Peruggi et al. [41] (and
continued in [42]) using physical argumentation. In particular, they correctly identified
the critical point . [42, equation (22), page 160] (cf. (2.35)) and also suggested an
explicit critical boundary in the phase diagram for o > 0, defined by the expression
[42, equation (21), page 160] (adapted to our notation)

G (6) = (k+1)1n(1+(q—2)/0) —(k—=1)In(q — 1)
B 2In6

Note that this function enjoys a correct value at 0 = 0. (i.e., a_(6.) = ax(0.), see
formula (6.4)) below), but @_(6) > «_(€) for all & > 6.. The corresponding critical value
of activity 6, emerging as zero of a_(#), is reported in [42], equation (20), page 158] as

q—2
(g — DE=D/G+1) — 17

ecr = ecr(ka Q) =

In particular, 6., is bigger than the exact critical value §; = 07, where the uniqueness
breaks down at o = 0 (see Proposition|6.16]). For example, the corresponding numerical
values (for k =5 and ¢ = 3 or ¢ = 8) are given by (cf. [42, figure 1, page 159])

g = 417024 q=3, . ]1.6966, ¢=3,
¢ 22562, ¢=38, ° 121803, ¢=38.

The critical boundary in the phase diagram for o < 0 was described in [42], page 160]
only heuristically, as a line “joining” the points 6 = 0, (k, q), « = 0 and 6 = 0., (k,q—1),
a = —oo, and illustrated by a sketch graph in the vicinity of 0..(k,q) (for k =5 and
g=3orq=238).

It should be stressed that the phase transition occurring at these critical boundaries is
not of type “uniqueness/non-uniqueness”, with which we are primarily concerned in the
present paper, but in fact the so-called “order/disorder” phase transition. The latter
was studied rigorously in a recent paper by Galanis et al. [I§] in connection with the
computational complexity of approximating the partition function of the Potts model.
The useful classification of critical points deployed in [I§] is based on the notion of
dominant phase; in particular, the critical point 6 = 1+¢/(k—1) (conjectured earlier
by Héggstrom [26] in a more general context of random cluster measures on trees) can
be explained from this point of view as a threshold beyond which only ordered phases
are dominant. Note that the paper [18] studies the Potts model primarily with zero
external field (a = 0); the authors claim that their methods should also work in a more
general ferromagnetic framework including a non-zero field, but no details are spelled
out clearly.

In the present paper, we do not investigate the thermodynamical nature of phase
transitions, instead focussing on the number of completely homogeneous SGMs, es-
pecially on the uniqueness issue. In particular, the order/disorder critical point 6.,
is not immediately detectable by our methods. It would be interesting to look into
these issues for the Potts model with external field, thus extending the results of [I8].
More specifically, our analysis (see Proposition shows that the critical point 6
is the signature of the upper critical function a, () at a = 0, which has a minimum
at @ = 0f. Therefore, it is reasonable to conjecture that the o > 0 analogue of the
interval of activities § between the critical points §; and 6, is the interval [0, 61],
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where 6 is the (sole) root of the equation a_(0) = o and 07 is the smaller root of the
similar equation oy (6) = o. However, it is not clear as to what happens in the interval
between the roots of the latter equation. The counterpart of this picture for v < 0 is
likely to be simpler, as only the equation a_ () = « is involved. We intend to address
these issues in our forthcoming work.

3. AUXILIARY LEMMAS

In this section, we collect a few technical results that will be instrumental in the
proofs of the main theorems. We start with an elementary lemma.

Lemma 3.1. For a,b,c,d > 0, consider the function
ae’ +b

t):=Iln——

f(t):=1n cet +d’

(a) If ad > bc then f(t) is monotone increasing on R and

teR. (3.1)

b
In= < f(t) < me  teRr (3.2)
c
Similarly, if ad < be then f(t) is monotone decreasing on R and
a b
In— < f(t) <Iln- teR.

(b) Furthermore,

lad — b
1f@)] < , teR (3.3)
(\/ ad + \/6_0)2
Proof. (a) Differentiating equation (3.1)), we get
aet ce ad — be
fi(t) = (3.4)

T act+ b cet+d  acel +bdet+ad+ be

If ad > bc then, according to (3.4), the function f(¢) is monotone increasing, and
the bounds (3.2)) follow by taking the limit as ¢t — +oo. The case ad < bc is similar.

(b) By the inequality between the arithmetic and geometric means, the denominator
on the right-hand side of (3.4]) is bounded below by

2V abed 4+ ad + be = (\/@qL \/b_c)Q,

and the result follows. O
Let us define two norms for vector u = (uy,...,u, 1) € RT™H
q—1
lulloo = max Juil,  full = Zl |ui. (3.5)
The next two lemmas give useful estimates for the function F' = (Fy,..., F,_1) defined

in (2.3) and for its partial derivatives.
Lemma 3.2. For any 0 > 1, the following uniform estimate holds,

sup || F(u;0)|o <Iné. (3.6)
ueRI~1
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Proof. Note that F}, as a function of u;, may be represented by formula (3.1)) with the

coefficients

a=0, b=1+s, c=1, d=60+s, s::Ze”jZO, (3.7)
J#
where
ad—bc=00+s)—(1+s)=0—-1)0+1+s)>0.

Therefore, by the estimates (3.2]) we have
1+s
0+ s

Furthermore, noting that (1 +s)/(60 + s) > 1/6, the two-sided bound (3.8 implies the
inequality |Fj(u;6)| < In#, and the bound (3.6) follows by taking the maximum over
1=1,...,q. Ul

Recall that the function ¢(t; ) is defined by (2.4). Denote by VF; the gradient of
the map u — Fj(u;0),

In

< Fi(u;0) <Iné. (3.8)

VF(u;0) =

OF;(u; ) OF;(u;0)
aul Y 8U,q_1

Recall that the norm ||-||; is defined in (3.5)).

) , u e RITL

Lemma 3.3. For vy € R and any w = (uq,...,us1) € R such that minj<j<qg—1 U; >
vIn b, it holds
(Jnax [VE(w;0)l1 < Q(6) + (t,(6);9), (3.9)

where Q(0) is defined in (2.7) and t,(0) =0+ 14 (¢ — 2)07 (see (2.14)). Moreover,
the following uniform estimate holds,
0—1
dnax sup IVE(w;6)ll < QO) + g7 (3.10)
Proof. Like in the proof of Lemma [3.2] let us represent Fj(u;6) by formula (3.1)) with
the coefficients (3.7). Then by Lemma

OFi(u; 0) B-D@F+1+s) .
‘ Ou S(\/Mﬂ/mf_@(ﬁ”’e)’ (3.11)

where s = Z#i e > (¢q—2)0" =1t,(0) — 6 — 1. Hence, by monotonicity of the map
t — @(t;0), from (3.11)) it follows that

OF;(u; 0)
6’u,-
On the other hand, expressing F;(u; ) by formula (3.1) with

a=1, b=0e“"+1+5, c=1, d=60+e" +5, s'::Ze“">0,

< o(t4(0);0). (3.12)

by Lemma we obtain
0F;(u; 0)’ < (0 —1)e" —1]

< . (3.13)
O (VO +eu + 5 +heu +1+5)
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If w; > 0 then the estimate (3.13)) specializes to

laﬂ(w 0) ‘ < (6 —1)(e" —1)
Ouj |7 (VBten++Vies+1+5)°
< 0—1
S (VI4+ 0+ 1)/(em — 1)+ 0+ (0+1)/(e% — 1))2
< o1 :V@_l. (3.14)
V1I+v0): Vo+1
Similarly, if u; <0 then 1 > e* > 0 and from (3.13]) we obtain
‘am(u; 0) (0 —1)(1 — %)
Ouj |7 (VB+em 8+ lem +1+5)°
0—1 0—1
< = Vo : (3.15)
(VO+V1)2 Vo+1
Thus, combining (3.14]) and (3.15)), we have
OF;(u;0)| _ VO—1 L,
< , . 3.16
Bl <P iz (3.10)

As a result, according to the definition (3.5)) of the norm || - ||;, the bounds (3.12)) and
(3.16)) imply the estimate (3.9)).

Finally, since
0—1
li t(0);0) =@+ 1;0) = ——
T g1 (0):0) = 90+ 150) = 5.
from (3.9) we obtain (3.10]), and the proof of Lemma is complete. O

Remark 3.1. Estimates similar to (3.9)) were proved in [49].

(3.17)

Lemma 3.4. For integer ¢ > 2 and any v € R, the map [1,00) 3 0 — ¢(t,(0);0) is a
continuous, strictly increasing function with the range [0,1).

Proof. Denoting G := q — 2 € Ny, by formula (2.5 we have

olts050) = 10 + 1+ 730) = Ve LT

-1
02 4+ g+t
=1-2(1+/——] . 1
( + T ) (3.18)

Clearly, the function (3.18]) is continuous, so we only need to show that

0% + gor+t
Af) = ————
(9) 1+ g6

0>1, (3.19)

Y

is an increasing function.
First of all, if ¢ = 0 then (3.19) is reduced to A(#) = 62, so there is nothing to prove.
Suppose that ¢ > 1. Differentiating (3.19)), it is easy to see that

204407 [0+2+ G0+ (1 —7)(0 —1)]
(1+ 6

A'(0) , (3.20)
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and it is evident that the right-hand side of (3.20)) is positive for all # > 1 as long as
v < 1. On the other hand, for v > 1 by Bernoulli’s inequality we have

g0 > 60" =(1+(0-1))" >1+~(0-1),

and the expression in square brackets in (3.20]) is estimated from below by (6 + 2) +
1+ (0 —1)=20+2>0. Thus, in all cases A’'(f) > 0 for § > 1, as required.

Finally, from we see that A(1) = 1 and limg_,», A(f) = oo, and it follows that
the range of the function is [0, 1), which completes the proof of the lemma. O

Lemma 3.5. For k > 2, q > 2 and any v € R, the equation has a unique root
0x = 03(k,q). If ¢ =2 then 05(k,2) = Oy(k,2) = (k+1)/(k — 1), where 0y(k, q) is the
root of the equation . For q > 3, the root (9;‘ 1S a continuous monotone Increasing
function of v, such that

) . B . . _ 2
71—1>IE10067(]€7Q> - 00(k7q)7 71—1>I—i1-10097(k7q) - (0*<k7Q)) ) (321)

where 0,(k,q) is the root of the equation ; i particular,
Oo(k, q) < 65k, q) < (8.(k, )" (3.22)

Proof. The case ¢ = 2 is straightforward, so assume that ¢ > 3. Due to continuity
and monotonicity of the function Q(6) (see (2.7)) and by virtue of Lemma [3.4] the
left-hand side of equation is a continuous increasing function of 0 € [1, c0), with
the range [0,q — 1) because

lm (Q(8) + (t,(6):0) =0, Jim (Q(6) + ¢(t,(6):0)) =g — 1.

Hence, the equation (2.13) always has a unique solution, 65 = 62(k,q). Since t,(0)
is a continuous increasing function of -, while the map ¢ — ¢(¢; ) is continuous and

decreasing, it follows that the root 6 is continuous and increasing in 7.

Finally, observing that (see (2.6) and (3.17))

lim ¢(t,(0);0) = (0 +1;0) = Z%l lim (t,(0);0) = p(00;0) = j_g_; 17

)
y——00 1 Y00

and comparing equation (2.13) with the limiting equations as v — 4oo (which have
the roots y and 62, respectively), we obtain the required limits (3.21)), and hence the

asymptotic bounds (3.22)) for 6. O

4. PROOFS OF THE MAIN RESULTS RELATED TO UNIQUENESS

4.1. Proof of Theorem (criterion of compatibility). For shorthand, denote
temporarily ¢(z) := h(x)+&(x). Suppose that the compatibility condition (|1.8]) holds.
On substituting ([1.6)), it is easy to see that ([1.8]) simplifies to

Zn,
II II D. ep{B8(1eybonywm + Con®)} = ZZI [T exp{Bho,w) (@)},

z€Wn yeS(z) w(y)ed €Wy

(4.1)

for any o, € ®"». Consider the equality (4.1) on configurations o}, € @' that

n»-n

coincide everywhere in V,, except at vertex z € W,, where ol(z) =i < ¢ — 1 and
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02(x) = q. Taking the log-ratio of the two resulting relations, we obtain

Z In exp{ﬁ( zy T Cz )} + Z]#’L eXp{ﬂCj }

ot exp{B( ey + G) } + 25 exp{ B¢ (v) }

which is readily reduced to in view of the notation and .
2.2

Conversely, again using (2.2) and (2.3)), equation (2.1)) can be rewritten in the coor-
dinate form as follows,

= B(hi(x) — hy(2)),

H Zexp{ﬁ Joy0ii + G(y)) } = alz) exp{Bhs(z)}, i=1,....,q—1, (4.2

yeS(x) J

where (omitting the immaterial dependence on 3, h and &) we denote

a(z) == exp{Bhy(@)} I D ew{B(/edy+GW)}  zeV.

yeS(x) j=1

Hence, using (4.2) and setting A, =[] oy, a(z), we get

S ph(onvew) = 2L Zﬁi SOl | Zexp{ﬁ TayOoras + G 0)}

wedWni1 x€Wp yeS(z) j=1

A, AnZ,
= 7 eXp{_5Hn<0n) +0 Z han(x)<x)} 7 NZ(UR)
n+1 zeW, n+1
(4.3)

Finally, observe that

Z Z MZH(Un\/ w) = Z NZH(UTH-I) =1,

€PN epWn+1 Ont1€P V1

whereas from the right-hand side of | E the same sum is given by

AnZ, AnZ,
Z fin(00) = :

onEDVn Zn+1 Zn+1

Hence, A, Z,/Z,+1 = 1 and formula (4.3]) yields (1.8]), as required. This completes the
proof of Theorem [2.1]

4.2. Preparatory results for the uniqueness of SGM. First, let us rewrite the
functional equation (2.1) in a form more convenient for iterations. Recall that we
assume J,, = J > 0 (d(z,y) = 1) and use the notation § = .

Lemma 4.1. Via the substitutions

g(x) = F(Bh(2) + BE(x):0) € RV, 2 eV, (4.4)
and

=67 > gl zeV, (4.5)

yeS(x)
equation (2.1) is equivalent to the fized-point equation

g(z) = Wg(x), eV, (4.6)
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where the mapping ¥: (RI™H)Y — (RTHY s defined by

Yg(z) = F<6€(:r) + ) g(y);9> , weV (4.7)

y€S(x)

Proof. By means of (£.4), the recursive equation ([2.1)) for h can be written as (£.5)).
(4.4

Substituting this into (4.4) and using the notation (4.7)), we see that g solves the
functional equation (4.6]). Conversely, if g satisfies the equation (4.6|) then for h defined

by we have, using ([4.7)),
Bh(z)= > gly)= Y Pg(y)
)

yeS(z yeS(z)
= F(ﬁé(y) + > g(Z)ﬁ)
yeS(x) z€5(y)
= > F(BE(y) + Bh(y):0)
y€S(z)
so that h solves the equation (2.1)). Thus, Lemma is proved. O

In particular, Lemma [4.1] implies that for the proof of uniqueness of SGM it suffices
to show that the equation has a unique solution g(z) (x € V).

Let us state and prove one general result in the contraction case. On the vector space
(R971)V of R4~ 1-valued functions on the vertex set V of the Cayley tree T*, introduce
the sup-norm

lglly = sup ()l = sup max [ge)l,  9() = (9(0),. .94 2(2))
€V zeV 1<i<g—1

Sometimes, we need the similar norm for functions restricted to subsets A C V/,
lglla = supllg(@)loe, g€ (RTH)% (4.8)
xe
The next lemma and its proof are an adaptation of a standard result for £>°(R).

Lemma 4.2. For any subset A CV, the space (RT1)4 is complete with respect to the
sup-norm (4.8]).

Proof. Let {g"} be a Cauchy sequence in (R?971)% that is, for any € > 0 there is N € N
such that for any n,m > N we have ||g" — g™||4 < . In particular, {g"} is bounded,
lg" |4 < M < oo for some M > 0 and all n € N. Note that every coordinate sequence
{g"(x)} (i=1,...,9g— 1,z € A) is also a Cauchy sequence (in R) because, according
to (B.9), |g"(z) — g™(x)| < ||g™ — g™||4 < &; hence, it converges to a limit which we
denote g;(x). Clearly, |g;(z)| < M and ||g||a= sup,c, max; |g;(x)] < M < oo.

Now, passing to the limit as m — oo in each inequality |g!"(z) — ¢/*(x)| < €, we
obtain |gl'(z) — ¢g;(x)| < e, which implies that ||g" —g|la< ¢, for all n > N. Since ¢ > 0
is arbitrary, we conclude that ||g" — g||a— 0 as n — oo, and the lemma is proved. [

We also require the following simple estimate.

Lemma 4.3. Let f(u): R — R be a C'-function and V f(u) = (8f(“), o af("))

Ouy ’ 8uq,1

its gradient. Then, for any v,w € RI7!,
|f(w) = f(v)] < flw - v sup IV f ()] (4.9)
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Proof. Define the function 9 (t) := f(v + t(w — 'v)) te [0, 1], then

Flw) — f(v) = / W () dt = / W =0 o, vy,

Ou;
whence the estimate (4.9) readily follows. U
Theorem 4.4. Suppose that, for some 6 > 1,
M) := k max sup IVF;(u;0)]: < 1. (4.10)
1<i<q—1,,

Then, for every realization of the field & = {&(x)}rev, the equation (4.6) has a unique
solution.

Proof. Consider a mapping @ = (¥, ..., ¥, 1) of the space (RI™1)V to itself defined by
formula . Solving the functional equation (4.6)) is then equivalent to finding a fixed
point of ¥, that is, ¥g* = g*. The lemma’s hypothesis implies that ¥ is a contraction
on (R971)Y5'; indeed, for any functions g,g € (R9™')V and each i = 1,...,q — 1, we

obtain, using (1.7) and Lemma [4.3]
ig(x) ~Wig(@)l < sup [VE (i) > llg®) = 9l

yeS(x)

Noting that for z # x, the set S(z) contains exactly k vertices, and recalling condition
(4.10) with A(f) € [0, 1), it follows that

¢ = sup [|¥g(z) — ¥g(z)|e
zeVy

< max - sup [[VE(w;0)]1-kllg = gllvy = A0) llg — gllvg-

1<i<g—1 ycR—

Thus, because (R9™1)" is a Banach space (Lemma [4.2)), the well-known Banach con-
traction principle (e.g., [51, Theorem 9.23, page 220]) implies that [|g — gl[|ve = 0, that
is, g(x) = g(z) for all x € V. It remains to notice that the value of the solution
g(x) at x = x, is uniquely determined from formulas and (4.7)) using the (unique)
values outside Vy = {,}. This completes the proof of Theorem O

Remark 4.1. The unique solution g* can be obtained by iterations [51]; for exam-
ple, put g° = 0 and define g" := ¥g" ! (n € N), then g" — g* as n — oo (i.e.,
limy, o0 [|g"™ — g*[lv = 0).

Remark 4.2. Tt is stralghtforward to generalize Theorem[4.4]to the case where the vector
B&(x) + > yest 9() (see (A7) is guaranteed to be in a convex domain B(z) C R*™
for any function g: V — R‘Fl from a suitable subspace 2 C (R 1)V such that 2 is
closed with respect to the norm ||- ||y and ¥(Z) C 2. In that case, the supremum in

(4.10]) should be taken over all u € B(x),
A(#) := ksup  Inax - sup |V Ei(u;0)]: <1,
zeV

<’L<q7 'LLEB( )
and the unique solution g* automatically belongs to 2. For our purposes, it will suffice
to consider the balls B(z) = {u € RI"': |u—B€(7)||o < kInb} and the corresponding
subspace Z = {g € (RT™")V: ||g|ly < In6} (see Lemma .

4.3. Proofs of Theorems [2.2 2.3| and [2.5| (uniqueness). By virtue of Remark
[1.5] for the uniqueness in the class of all Gibbs measure it suffices to prove it for SGMs.
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4.3.1. Proof of Theorem 2.2 By virtue of the uniform bound (3.10) of Lemma [3.3] for
every 0 € [1,6y) we have

A(0) = k max sup |VEFi(u;0)]1 <k (Q(Q) + 0;1) <1,

1<i<q—1 o cR3— 0+1

and the required result follows by Theorem [4.4]
4.3.2. Proof of Theorem . In view of equation ([2.13)) with v = A® — k, we have

1
Q(O) + ¢(tac_x(0);0) < A (1,05 ). (4.11)
By continuity of the map v — ¢(t,(6); ), inequality (4.11)) extends to
1
QO) + ¢(tac_s1(0);0) < T (4.12)

for some 0 > 0 small enough.
According to the definition ({2.16)), there exists an integer N such that

. e é o
max xlen‘% Ey(x) > AS = 6. (4.13)
For a specific reduction ,€(x) € (R?, with components (&;(z) = &(z) — &(z) (5 # €),
denote by (F;(u;0) (i # £) the corresponding functions analogous to F;(u;#) that were
defined in (2.3)) under the standard reduction (i.e., with ¢ = ¢). Lemma [3.3| (modified
to the case of reduction via the ¢-th coordinate) implies that

max sup IVeFi(w; 0)[h < QO) + ¢ (L, @)-(0): 0), (4.14)

u€By(z)

where
By(x) == {u e [RY: m;?uj > (65(1)@) — k) In 6’}.
J
Furthermore, exploiting monotonicity and continuity of the function ¢t — ¢(¢;0), we

obtain from
min sup max sup ||V F;(u;0)|l1 < Q) + ¢ (tx(6);0), (4.15)

1S€queV§ il u€By(x)
with

t*N(e) = g?gxq xien‘% te€(1)(x)—k(9)'

Due to the bound (4.13), we have t5(6) > tac_s_,(0), and by monotonicity of ¢ —
©(t; 0) it follows that
. 1

Q(O) + ¢ (tn(0);0) < Q(O) + ¢(tac_s-x(0);0) < T
according to the estimate (4.12). Together with (4.15]), this implies that (cf. condition
(4.10))

An(0) := k min sup max su ViFi(u;0)||; < 1.

N () 1S£qu€% i#Xuergm) [V eFi(u; 0)[1

Hence, by an extended version of Theorem (see Remark , it follows that the
solution g(x) to the functional equation (4.6)) is unique on the subset {z € V$}. Finally,
the values of the solution g(x) for x € Vi are retrieved uniquely by the “backward”

recursion (4.6)) using (4.7)). Thus, the proof of Theorem is complete.
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4.3.3. Proof of Theorem [2.5] Let g ¢ and jig ¢ be two SGMs determined by the func-
tions g(z) and g(x), respectively, each satisfying the functional equation (4.6). Our
aim is to show that, under the theorem’s hypotheses, g(z) = g(z), which Would 1mply
that p15¢ = fige. The idea of the proof is to obtain a suitable upper bound on the
norm ||g(z) — g(z)||« for x € W, in terms of ||g(y) — g(y)|l for y € W, 41, and to
propagate this estimate along the tree. To circumvent cumbersome notation arising
from the direct iterations, we will use mathematical induction. Consider the filtration
Fo C F C ... %, C--- consisting of the sigma-algebras .%,, generated by the values
of the random field £ in the sequence of expanding balls V,, = {z € V: d(x,,z) < n},

Fn=0{€(x): x €V, }, n € Ny.
Put
AO) =k (Q0) +E[p(te, o)-1(0): 0)]). (4.16)

where the expectation does not depend on x € V' due to the i.i.d. assumption on the
field {&(x)}. Let us first show that for each € W,, (n > 1) we have the upper bound

E(|lg(z) — g(2) ] Fur) < 2O AO)™,  m € Ny, (4.17)

where E(-|.%,,—1) stands for the conditional expectation.
Fix x € W,. The base of induction (m = 0) is obvious, noting that, due to (4.6,

(1.7 and Lemma3.2]
lg(z) = g(2)llec < llg(z)[[oc + 1g(2)]|oc < 2In0.

Suppose now that the bound (4.17)) is true for some m € Ny, and show that it holds
for m + 1 as well. By Lemma we have

lg(z) — g(2)lle = [¥g(x) — ¥g(z)|
< max suwp [VE(w ) Y 9() = 3(1)ll. (4.18)

1<i<q— 1'u,€B( e @)

where B(x) C R?! is the ball of radius kIn@ centred at S€(x),
B(z) = {ueR"": |u— BE(x)|o < kInb}.
Recalling that § = Inf, observe that if w = (uy,...,u,—1) € B(x) then, for each
1=1,...,q9—1,
u; > BE(x) —kInd =1n b (§(x) — k),
and hence

min u; > Inf min (fl(x) —k)=1Ind (5(1)@) — k),

1<i<g—1 1<i<q—1

with £y(2) = minj<j<,—1 &(z). Therefore, on applying Lemma 3.3 we have
max sup [[VE(u:0)[l < Q(0) +¢(te, @)1 (0):0).

1<i<g-1 u€B(z)
Thus, returning to (4.18)) we get
lg(z) = g(@) oo < [QO) + @ (te 0)-1(0):0)] D 19(%) = G(H) - (4.19)
yeS(z)

Now, take the conditional expectation E(-|.%#,) on both sides of (4.19)), noting that
the factor in front of the sum is a random variable measurable with respect to the
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sigma-algebra .%,, so it can be pulled out of the expectation (see [50, Property K*,
page 216]). This yields

E[lg(x) - 5() ol ] < [Q0) + 0ltey 1 @:8)] S Ellgy) - 80| 7]
yeS(z)
< k[QO) + ¢t @)-x(0):0)] - 2In0 (A(9)™, (4.20)

where in the last inequality we used that card S(z) = k and also applied the induction
hypothesis to each y € S(z) (see (4.17))). In turn, using the tower property of condi-
tional expectation (see [50, Property H*, page 216]) with .%,,_1 C %, from (4.20) we
obtain

E(llg(z) — g(@)llso| Fu-1) = E[E[llg(z) — g(2)lloc] Fu] | Fu-1]

<KE[Q(9) + @(Qm(z)_k(e)a 0)| Fn-a] - 2100 (A(0)"
= kE[Q(0) + o(te, o)-1(0):0)] - 2In6 (A(9))™
= 21In 0 (A\(0))™"!

(see (4.16)). Thus, the induction step is completed and, therefore, the claim (4.17)
is true for all m > 0. In particular, again using the tower property of conditional
expectation, from (4.17)) we readily get

E(llg(z) — g(=)ll«) = E[E(llg(2) — g(2)[loo| Fn-1)]
<210 (\6)™. (4.21)

Now, if 87 > 1 is the (unique) solution of the equation (2.22)), then A\(§) < 1 for all
0 € [1,07). Hence, taking the limit of (4.21]) as m — oo gives

E(lg(@) —g(@)lle) =0, = # .,
and therefore g(z) = g(x) (a.s.) for any = # x,. It remains to notice that this equality
extends to x = z, by the recursion (4.6)).

5. ANALYSIS OF THE MODEL WITH CONSTANT FIELD

5.1. Classification of positive solutions to the system (2.31). Denote

pr(2) = 2" 4z (5.1)
so that
2 —1=(2=1)(pu(2) +1). (5.2)
Lemma 5.1. Let (z1,...,2,-1) be a solution to , with z; >0 (i=1,...,q—1).
(a) If 0 =1 then z; = - -+ = z,_1 = 1 is the unique solution.
(b) If 6 > 1 and o = 0 then either zy = -+ = z,1 = 1 or there is a non-empty

subset Ty C {1,...,q— 1}, with m := card Zy ranging from 1 to ¢ — 1, such that
{u if i €I,
Zi =

1 otherwise,

where u = u(0,m) # 1 satisfies the equation

(6 D)+ 1)
O0+mufF+qg—1—m
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(¢) If 0 > 1 and o # 0 then:
(i) either zy = w and zo = -+ = z,.1 = 1, where u = u(f, ) satisfies the
equation
(0 — 1)(0ur — 1)
0+ 6 +q—2

=1+ (5.4)

and, in particular, u # 1;
(ii) or, provided that q > 3, there is a non-empty subset Ty C {2,...,q — 1},
with m := card Z; ranging from 1 to q — 2, such that
u ifi=1,
zi=<v if 1 €1,
1 otherwise,
where u = u(0,,m) and v =v(0,a,m) # 1 satisfy the set of equations
(0 — 1)(0uk — 1)
0+ 0cuk + mok +q—2—m’
(0 — D(pe(v) + 1)
0+ 0°uF +mvkF+q—2—m
and, in particular, u # 1 and u # v.

u=1+
(5.5)
1=

Proof. As a general remark, observe that z; = 1 solves the i-th equation of the system
(2.31]) regardless of all other z; with j # i.

(a) Obvious.

(b) In this case, the system (2.31) takes the form

(0 —1)(zF—1)
0+ 07, 2

J1]

=1+ i=1,...,.q—1. (5.6)
Suppose that the set Zy := {i > 1: z; # 1} is non-empty. By virtue of the
identity (5.2), for any i € Zy equation (5.6)) is reduced to

(0 — 1) pr(z) = +Z k (5.7)

Because the right-hand side of (5.7 . ) does not depend on i € 7y and the function
pr(2) is strictly increasing for z > 0, it follows that z; =: u = const (i € Zy).
Specifically, if card Zo = m > 1 then equation specializes to ([5.3)).

(¢) The proof is similar to part (b). First of all, note that u := z; # 1, for otherwise
the first equation in is not satisfied unless § = 1 or a = 0, either of which
is ruled out. Next, if 29 = --- = 2,01 = 1 then the first equation for z; = u in

(2.31)) specializes to (5.4]), as stated.

Suppose now that Z; := {i > 2: z; # 1} # &, then similarly as above we show

that z; = const (¢ € Zy), and the system specializes to equations
with 2y =w and z; =v (i € T,).

Finally, assuming to the contrary that v = v and comparing the equations
in (5.5), we would conclude that #°u* = u*, that is, o = 0, which is ruled out.
Hence, u # v as claimed.

Thus, the proof of Lemma is complete. O
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Remark 5.1. It is not hard to check that, in the limit as @ — 0, case (c) of Lemma
transforms into case (b).

5.2. Proof of Theorem By the substitution

1
uk = %, x>0, (5.8)

equation ([2.32) can be represented in the form

1 k
w=f. 1= () (59)
with the coefficients (cf. (2.36))

a=a(d): q—1

B 60 +q—2)
T Qk+1+a

q—1
Equation is well known in the theory of Markov chains on the Cayley tree (see,
e.g., [44l, Proposition 10.7] or [57, page 389]), and it is easy to analyse the number of its
positive solutions. The case b = 1 is obvious. Assuming b > 1, it is straightforward to
check that f(z) is an increasing function, with f(0) = b=* < 1 and lim, ., f(x) = 1;

also, it has one inflection point zo = L (b(k — 1) — (k + 1)), such that f(z) is convex

2
for x < z¢ and concave for x > zy (note that zo > 0 only when b > %) Therefore,
the equation has at least one and at most three positive solutions. In fact, by
fixing b > 0 and gradually increasing the slope a > 0 of the ray y = ax (z > 0), it
is evident that there are more than one solutions (i.e., intersections with the graph
y = f(z)) if and only if the equation z f'(x) = f(x) has at least one solution, each such
solution z = x, corresponding to the line y = ax, with a = f'(x,), serving as a tangent

to the graph y = f(x) at point x = z,. In turn, from (5.9) we compute

1+a\"" b—1 k(b—1)
b+x) (b+x)2_f(x)(b+x)(1+x)’

> 1. (5.10)

> 0, b=0(0):=

(5.11)

)=

and it readily follows that the condition = f'(z) = f(x) transcribes as the quadratic
equation (2.37), with discriminant D given by (2.38). Thus, if D > 0, that is, b >

(%)2, then the equation ([2.37)) has two distinct roots 0 < z_ < x, corresponding to

the “critical” values ax = f(z4)/x+ (see (2.39) and (2.40))). Furthermore, using (5.11))
it is easy to see that the function x +— f(z)/x is increasing on the interval = € [z_, x];
hence, a_ < ay.

To summarize, if b < (%)2 then the equation ([5.9) has a unique solution, whereas

if b > (%)2 then there are one, two or three solutions according as a ¢ [a_,a4],

a € {a_,a,} ora€ (a_,ay), respectively. Adapting these results to equation (2.32)),

in view of the second formula in (5.10)) the condition b(0) > (%)2 is equivalent to

0 > 0., with 0. = 0.(k, q) defined in (2.35)). The corresponding critical values a4 of the
field parameter o are determined by the first formula in ([5.10)), that is,

-1
9k+1+ai — q_ (512)

Y

ax

leading to formula (2.41]). This completes the proof of Theorem 2.8
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5.3. Proof of Theorem [2.9] For m € {1,...,q — 2}, denote by m’:= ¢ — 1 — m the
“conjugate” index, m’ € {1,...,q— 2}. Recall the notation (2.42)),

L (v;0) := (6 — 1) p(v) — mo® —m/, 0>1, v>0, (5.13)
where the polynomial py(v) is defined in (5.1)).

Lemma 5.2.

(a) For every 0 > 1, there is v, = v, (0) > 0 such that the function v — L, (v;0) is
increasing for 0 < v < v, and decreasing for v > v,,, thus attaining its unique
mazimum value at v = vy,

L (0) := Ly(vy,(0);0) = max Ly, (v; 0), 0> 1. (5.14)

v>0

(b) For each m > 1, the function 6 — L (0) defined in (5.14)) is continuous and
monotone increasing, with limg_,o, L} (0) = oo. Furthermore, L} (0) has a
unique zero 0, > 1, that is,

LE(0) = Ln(0pa(01): 01) = 0. (5.15)

(¢) The value v}, := vy (0,,) is the unique positive root of the equation

k—1 k—1

mZz’vk_i —m’ Zivi_k =0. (5.16)

i=1 i=1
In particular, v, =1 if m = %(q — 1) and v}, >1if m< %(q —1).
Proof. (a) Differentiating (5.13)) with respect to v, we get

0Ly (v;0)

— 1\ _ k—1
5, — (0 = 1)pi(v) = kmv

. ((9 —-1) i kv_ L k:m) . (5.17)

=1

It is evident that the function in the parentheses in ([5.17)) is continuous and monotone
decreasing in v > 0, with the limiting values 400 as v | 0 and —km < 0 as v — oo.
Hence, there is a unique root v, = v,,(#) of the equation 0L,,(v;0)/0v = 0, that is,

(0 — 1) P, (V) — kmoEt =0, (5.18)
and, moreover, dL,,/0v > 0 for 0 < v < v, and 0L,,/0v < 0 for v > v,,. Thus, claim
(a) is proved.

(b) Note that the derivative v/, (6) exists by the inverse function theorem applied to
equation (5.17)). Differentiating (5.14)) and using (5.18)), we get
dL; (0)  OLn(v;0) " dv,(0) N 0L, (v 6)
o o |6 9 |0

= pr(vm(0)) > 0.
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Thus, L%,(0) is continuously differentiable and (strictly) increasing["] Observe from
(B-19) that
Ly, (0) = Ly (v; 0)|o=1
=0 —-1)pr(1) —m—m'
=0-1)(k—1)—(¢—1) = +o0, 0 — 0. (5.19)
On the other hand, from (5.17]) we see that if 1 < 0 < k—ﬁl then, for all m > 1,

k-1

0L, (v;0)

ov =0-1

M

(k—1i)—km

i=1

:@-1)k2>

1

Therefore, by part (a), for such § we have 0 < v,,,(0) < 1, hence, for all m < g — 2,
Ly, (0) = (0 — 1) pi(vm) — mufy, —m’

k
) () =
= <k 1 )p’“( J—m
=1-m'<0. (5.20)
Thus, combining ([5.19)) and (/5.20)), it follows that there is a unique root 6§ = 6,, of the
equation L () = 0, which proves claim (b).
(c) Elimination of 6 = 6,, from the system of equations ([5.15) and - ) gives for

v = v,(0,) a closed equation,

mkv" 'pp(v) — (mo* + m') pj,(v) = 0, (5.21)

which can be rearranged to a more symmetric form . The uniqueness of the root
vy, is obvious, because the left-hand side of is a continuous, increasing function
in v > 0, with the range from —oo to +00. Finally, observe that for v = 1 the left-hand
side of is reduced to (m — m') - k(k — 1)/2, which vanishes if m = m’ and is
negative if m < m/, so that, respectively, v}, =1 or v} > 1, as claimed.

Thus, the proof of Lemma is complete. O

/\@’

— km

Remark 5.2. The statements of Lemma including the identity (5.15]) are valid with
a continuous parameter m.

We can now proceed to the proof of Theorem [2.9] Assume that o # 0. The second
equation in the system ([5.5) is reduced to

0+ 0°u* +mo" +m' — 1= (0—1) (pe(v) + 1), (5.22)
which can be rewritten, using the notation (5.13)), in the form
0°“u* = L, (v;0). (5.23)

UThe monotonicity of L% (8) is obvious without proof, because the function 6 + L, (v;6) is
monotone increasing for each v > 0, since 9L, /00 = py(v) > 0.
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Furthermore, substituting (5.22)) and (5.23)) into the denominator and numerator, re-
spectively, of the ratio in the first equation of (5.5)), we get

"y Pk (V) + L (v;0)

pe(v) +1 524
Finally, substituting back into ([5.23)), we obtain the equation
0% = K (v;0), (5.25)
where (cf. (2.43))
Ko (0:0) = Lo (v;0) (pr(v) + 1)* (5.26)

(P (v) + Lin(v; 0))% -
Conversely, all steps above are reversible, so equations and imply the
system ([5.5)).

Note from ((5.25) that v > 0 must satisfy the condition K,,(v;0) > 0, that is,
v € ¥,5(6) (see (2.45)); by Lemma [5.2(b), this is possible if and only if § > 6,,.
Moreover, the equation has a solution v > 0 if and only if o < «,(0), with the
critical threshold a.,(#) defined in (2.46). This completes the proof of Theorem [2.9]

5.4. Proof of Theorem Recall that the critical point 6, was defined in (2.48)).
If ¢ = 2 then the only solutions of the compatibility system are provided by
equation (2.32); therefore, Theorem [2.10)(a) readily follows from Theorem [2.§|

More generally (i.e., for ¢ > 3), in order that v(f,a) > 2, either there must be
at least two solutions of equation , that is, (6,a) € A, (see Theorem [2.8)), or,
since we always have 1(6,«) > 1, there should exist at least one solution (u,v) of the
system . By Theorem , such solutions exist if a < a,,,(6) for some m; since
a1 (f) is a majorant of the family {a,,(0)} (see Proposition [6.12), the latter condition
is reduced to a < ay(#), which leads to the inclusion (0, «) € B,. However, we must

ensure that this solution also satisfies the constraint v # 1 (see (2.34)). By Lemma
2.10(c)

this is certainly true if m = 1 < %(q — 1), that is, ¢ > 3, which proves Theorem

Finally, Theorem [2.10(b) (for ¢ = 3) readily follows by the next lemma about the
maximum of the function v — K (v;6) over the domain v € #;"(6) (see ([2.45))).
Lemma 5.3. Let ¢ =3 and k > 2.

(a) For all 0 > 0y, we have K,(v;0)]y—1 < max, ¢ y+g) K1(v;6).
(b) Let k € {2,3,4}. If1 < 0 < 6, then the function v — K, (v;0) has the unique
mazimum at v = 1, that is, Ky(v;0) < K1(1;0) for any v # 1.
The proof of the lemma is elementary but tedious, so it is deferred to Appendix

Remark 5.3. The maximum of the function v — K,,(v;0), as well as the number of
solutions v > 0 of the equation ({5.25)) for various values of parameters are illustrated
in Figure 4| (for the regular case ¢ > 4) and in Figure [5| (for the special case g = 3).

As mentioned in Remark [2.10] the case ¢ = 3 is truly critical with regard to the
uniqueness. Recall that v(0, a) denotes the number of positive solutions of the system
([2-31); the function ay(6) is defined in (2.46) and 6 is its zero. The proof of the next
proposition relies on some lemmas that will be proved later, in Sections and [6.3]

Proposition 5.4. Let ¢ =3 and k > 2. There exists € > 0 small enough such that
(a) v(0,01(0)) =1if 1 <0 <0 +¢,
(b) v(0,a1(0)) > 2 for all 6 > 69 — .
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FIGURE 4. The graph of the function v — Kj(v;0) (i.e., with m = 1)
for k = 2, ¢ = 5 and various values of § > 6, = 1 + 2+/3 = 4.4641,
illustrating different possible numbers of solutions v; = v4(6, @) of the
equation (5.25): (a) # =54, 0<wv; <2;(b) 6=6.9, 0 <1y <4.

0.81
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(a) 0 =34

FIGURE 5. The graph of the function v — K;(v;0) for ¢ = 3 and k = 2,
illustrating the location of its maximum point depending on whether

0. <0< 9~1 or § > 9~1; here, . = 3 and 9~1 = %(1 —i—\/ﬂ) = 3.7016.

Proof. (a) As shown in the proof of Lemma (see Appendix [B]), 9K /0v?|,—1 < 0
for all § € [6;,6,); in particular, 9?K; (61,v)/0v?|,—1 < 0. By Lemma [5.2(c), the set
¥,7(0) (see (2.45)) is reduced for § = 6; to the single point v = 1, and Kj(6;) =
max, ¢ .+ g, /1(v;61) = K1(1;61) = 0. By continuity, it follows that 0K (0;v)/0v* <
0 for each 6 € [61,0; + ¢) and all v € #;7(0); that is, the function v — K;(v;0) is
concave on ¥, (0) and therefore has a unique maximum located at v = 1 (remembering

that K, /0v|,—1 = 0). But the solution (u,v) with v = 1 is not admissible (see ([2.34])),
hence v (0, a1 (0)) = 1, with the only solution of (2.31)) coming from equation (2.32)).
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(b) We have a;(0)) = 0, hence K;(0)) = 1 (see (2.46)) and, by Lemma [6.15|b),

also Li(09) = 1. If vy = v1(0Y) is the point where the latter maximum is attained,
that is, Ly(vy;60Y) = Li(#)) = 1, then it holds that v; > 1 (see Lemma below).
Furthermore, according to Lemma (a), vy is the unique maximum of the function
v Ly (v;60?), and in particular L;(1;6?) < L;(69) = 1.

From the definition (5.26), it follows that also Kj(vi;69) = 1 = K;(69)]? and
since L;(1;60)) < 1, Lemma [6.15(a) implies that K;(1;6%) < 1 = K;(6?). Thus, the
corresponding solution of the system satisfies the condition , and therefore
v(0, a1 (67)) = 2.

By continuity of K;(1;60) and K;(6), for all § € (69 —¢,60?] (with € > 0 small enough)
we still have that K;(1;0) < K3(0), so the maximum is attained outside v = 1. Thus,
by the same argument as before, the claim follows. O

5.5. Proof of Theorem (a) First, let ¢ = 2. According to Lemma [5.1] the

system ([2.31]) is reduced to the single equation (2.32)), and by Theorem [2.8 the number

of its solutions is not more than 3 = 22 — 1; furthermore, for 6 > 0. = % and

a_(0) < a < ay(0), there are exactly three solutions, so the upper bound is attained.
(b) Let now o = 0 (and ¢ > 3). Due to Lemma [5.1|(b), either z; = 1 or the system

is reduced to the equation (5.3 indexed by m = 1,...,q¢ — 1, which can be
rewritten as Ly,(u;0) = 1 (see (5.13)). By Lemma [5.2(a), the latter equation has no
more than two roots. Hence, considering permutations of the values u # 1 over the
q — 1 places, it is clear that the total number of solutions to (2.32)) is bounded by

1+2qz<q_1):1+2(2q—1—1)=2q—1. (5.27)

Moreover, for § > 1 large enough, there will be exactly two roots of each of the equations
Ly (u;60) =1, because L7 (0) = max,so L (u;0) = 0o as § — oo (see Lemma [5.2(b)).
Therefore, the upper bound is attained.

(c) Finally, let £k = 2 and « # 0. First of all, up to three solutions of the system
(2.32) arising from the equation are ensured by Lemma/5.1| (see also Theorem [2.8]).
Other solutions are determined by the system indexed by m = 1,...,q— 2, which
in turn depends on the solvability of the equation . In the case k = 2, the latter
is a polynomial equation of degree 4, and therefore has at most four roots v > 0, for
each m. The value u > 0 is then determined uniquely by formula , and it occupies
the first place in the vector z = (z1,...,2,-1). As for the root v > 0, it occupies m
out of the ¢ — 2 remaining places. Counting the total number of such permutations,
we get the upper bound

q—2
-1
as required. This completes the proof of Theorem [2.11]

6. FURTHER PROPERTIES OF THE CRITICAL CURVES a4 (f) AND «,,(6)

6.1. Properties of a ().

12By the scaling property (6.15), we also have K (vy';69) = K (v1;69) = 1.
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Lemma 6.1. The quantities a4, defined in forb > (%)2, satisfy the identity
ay X a_ =bF1, (6.1)

Proof. Using and noting that _ = b/z, (see equation (2.37))), we find

1 (1+x)k
a/_:_
T_ \b+ux_
_ay (14b/ay F

. x+ b+l'+ b
o bk+1 1+x+

p—k-1
= o
and formula follows. O
Lemma 6.2. Suppose that b > (%)2 Then the following inequalities hold,
ay <b 1 a_ >b" (6.2)

Proof. From (|5.11)), for all x > 0 we get the upper bound
b—1\""  k(b-1) 1 1
()= (1 < < —
J@) ( +1—|—x) b+z)1+2z) b+ax b
noting that, by Bernoulli’s inequality,

b—1\"_ k(-1
1+ > ( ) .
1+ 1+=x
Hence, a, = f'(zy) < b™!, and the first inequality in ((6.2) is proved. The second
inequality then readily follows from the identity (6.1). O

Lemma 6.3. The functions a+(0) satisfy the following identity,

21 —1 k+1)(Inb(6) —2
o (0)+ ay (0) = 20U )Hm; WbO)=2) oy (63
where b(0) is defined in (2.36)). In particular, if ¢ = 2 then a_(0) + a(0) = 0 for all
>0, =

Proof. Using (5.12)), we obtain

—_

p2(kt D)o (0)+as(0) _ (q—1) ’ 0> 0.,
@a@ 7
and the identity (6.3]) follows upon substituting formula (6.1). O

Proposition 6.4. The functions a.(0): [0.,00) — R defined in (2.41) have the fol-

lowing “boundary” values,

0 (6) = =k + 1)+ (ln(q— 1)+ (k+ 1)1n]’ji> , (6.4)
ar(®) = t(k—1) (8 — o0). (6.5)

In particular, aL(0.) =0 if ¢ =2 and ay(6.) >0 if ¢ > 2.
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Proof. Recall from the proof of Theorem [2.8| (see Section that the critical value

0 = 0. corresponds to b(6.) = (%)2, whereby the quadratic equation (2.37)) has the
double root

kE+1
$:|:(8C) = 1/ b(@c) = m
Hence, using ([2.40]), we find
k—1\""
Oc) =\ 7—= ;
ax(0c) (k:+1)

which, together with (5.12]), yields formula (6.4)).
If ¢ = 2 then formula (2.35) gives . = %5 and it readily follows from (6.4)) that

k=1’
(0.) = 0. For ¢ > 2, using the relation (5.12)) observe that the required inequality

a(f.)
a+(6:) > 0 is reduced to

1 E41)
g+t < 1 :( *) (4—1).

ai(QC) k—1
that is,
k+1
B < (S22 (g = 1)V, (6.6)
kE—1
Denote o
Pr = /{j——i_l > 1, S = (q — 1)1/(k+1) > 1,
then takes the form
O < pis. (6.7)
Furthermore, recalling that b(6.) = (%)2 = p2 and b(f) is monotone increasing for

0 > 1 (see (2.35) and ([2.36))), the inequality (6.7) is equivalent to
pis(pes + s = 1)

pIZq = b(eC) < b(ka) = Gh+1 )
that is,
5k+1 -1> pk(sk - 5)7
which is reduced, upon dividing by s — 1 > 0 and substituting p, — 1 = %, to
2
d(s) 1= s +1 — kp’“_(sl) > 0. (6.8)

In fact, it is easy to show that ¢r(s) > 0 for any s > 1. Indeed, since pi(1) = k — 1,
we have ¢ (1) = 0, while

k-1
2 .
P (s) = ksP™! — 1 g is' !

i=

1
k-1

k-1 - (k—1)
=35 (k 3 Zzs )

1

—1
2
k—1 .
> S (k) — m Z Z)
i=1

k(k—1
k_k—l' 2 )_O'

=l
[\

.
I

N

\)
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Thus, inequality is verified, which implies that a(6.) > 0, as argued above.
Let us now prove (6.5)). Using the definition of b = b(#) and D = D(0) (see ([2.306)
and ([2.38)), respectively), we obtain the following asymptotics as § — oo,

62 92(k‘— 1)
b—q_1+0(0), @_q_—lﬂ)(e)),
and
02(k — 1) b 1 .

Hence,

b—i—fbi
Inzy =(1+£1)In6+ O(1), In =(1F1)ln6+0(1).

1+I:|:

Using formula ([2.40)), this yields
b+ x4

—Inay(f) =lnzy +kln .

+ T4
=((k+1)F (k—1))In6+ O(1).
Therefore, from ((5.12) we get

1 0
kt1+ay=— nfje( ) 4o(1) = (k+1) % (k— 1)+ o(1),
and the limit (6.5)) follows. 0
Proposition 6.5. The functions as(6) satisfy the following bounds,
a_(0) > —(k—-1), 0>46., (6.9)
a(0) <k-—1, 0 > max{6.,0}, (6.10)
where 5
q J—
o , > 2,
6=0(k,q):={ (¢q—DEDF_1 1 (6.11)
17 q = 2.

Proof. Using the relation ([5.12)), the first inequality in (6.2)) and the definition of b
in (5.10), we get

—1
9kz+1+oc7 :q_ > (q—l)b

at
=0(0+q—2)> 6 q>2,
which proves the bound .
Similarly, using the second inequality in (6.2)) we have

—1
gh+itar _ 4 <(q- 1)
a

q—2

k
= (q—1)1Fg* (1 + T) : (6.12)
Noting from (6.11]) that, for 6 > 0,
q—2 q—2

L=<l Sm = (=) g2,
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it is easy to see that the right-hand side of (6.12) is bounded above by 6%*; hence, the
inequality (6.10)) follows. O

Remark 6.1. Note that § > 1 for ¢ > 3. Of course, if 6, > 0 then the upper bound
(6.10) holds for all & > 6.; however, the ordering between 6. and 6 depends on k and q.
For example, for k=2 and ¢ =5

0 =3<0.=4.6847,
whereas for k = 2 and ¢ = 50
6 =8> 0.=7.8904.
In fact, for large ¢ the upper bound fails near 6.; indeed, using we get

q—2 A4g—1) (k+1\7 k+1\2
ec:— 1 -1~ ) )
2 \/+(q_2)2 K1 K1 47700

and, according to (6.4)),

— 00, q — 0.

Conjecture 6.1. The function a_ () is monotone decreasing for all 6 > 6., whereas
a4 (0) is decreasing for § < 6 and increasing for > 6, with the unique minimum
a4 (0§) = 0 at the critical point

0Ff =07 (k,q) =1+ % (6.13)
In the case ¢ = 2, we have 0. = 0 = % and, by Lemma a;(0) = —a_(0); hence,

the function ay (@) should be monotone increasing for all 6 > 0.

This conjecture is supported by computer plots (see Figure @ Towards a proof, we
have been able to characterize the unique zero 6, of a_(6) and to show rigorously that
a4 (0§) =0 and &, (6) = 0 (see Proposition (b)), but the monotonicity properties
are more cumbersome to verify.

Remark 6.2. Note that the value ((6.13]) coincides with a known critical point in the case
a = 0, above which the solution z = 1 is unstable (see [47), Section 5.2.2.2, Proposition
5.4]). Our Proposition [6.16(b-1) explains the emergence of this critical point and its

explicit value (6.13]).

6.2. Properties of L,,(v;0) and K,,(v;0). Here and below, we assume that ¢ > 3.
Recall that v,, = v,,(0) is the unique maximum of the function v — L,,(v;0) (see
Lemma [5.2(a)), and 6,, is defined by the relation (5.15), where 1 <m < ¢ — 2.

Remark 6.3. All results in this section hold true for a continuous parameter m (cf.
Remark , which is evident by inspection of the proofs.

The next lemma describes the useful scaling properties of the functions L,,(v; #) and
K (v;0) (see (5.13)) and (5.26))) under the conjugation m +— m/'.

Lemma 6.6. For eachm=1,...,q—2 and m' = q— 1 —m, the following identities
hold for allv > 0 and 6 > 0,,,
Ly (v;0) = v*L,, (v 0), (6.14)
K (v;0) = K(v™10). (6.15)
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@ o
0.11

o (0)

0.051 4

-0.14

-0.051
-0.21

-0.101

-0.39
-0.15-

FIGURE 6. The graphs of the functions a;(f) and a_() (see (2.41))):
(a) ¢ =2,k =3; (b) ¢ =5, k =2. The coordinates of the cusp point C
(see and (6.4)) are given numerically by: (a) 0. = 2, ay(6.) = 0;
(b) 6. = 4.6847, a1(0.) = 0.0319. The axis o = 0 is a tangent line for
ay(0) at 05 = 14q/(k—1) (see Proposition m(b—i)): (a) O =2 (=0.);
(b) 65 = 6. In panel (b), the function «_(6) has zero at 6, = 5 (see
Proposition [6.16](b-ii) and Example [6.1)), whereas in panel (a) we have
0y = 0 = 2 (see Proposition . Note that the graphs display the
monotone behaviour as predicted by Conjecture [6.1

Proof. Recalling the notation , note that
(o) = v T = R (),
and similarly
p D +1=0v"® Dty = v (pr(v) +1).
Using and , we can write

Ln(v750) = (0 — Dpp(v™) —mo™ —m/
= v ((0 — 1) p(v) — m — m/'v")
=0 L (v 6),

(6.16)

(6.17)
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and formula (6.14]) follows. Furthermore, using (6.14) and substituting (6.16) and
(6.17), we obtain

K,(v™'0) = L0 0) (e + 1>:
(pe(v=1) + Ly (v1;6))
_ O F Ly (0560) - v~ *DE (py (v) + 1)k
(v"*pr(v) 4+ vF Ly (05 9))k

_ Ll >( (v) +1)°

(pe(v) + Ly (v; 9))k

= Ky (v;0),

which proves formula . O

For 6 > 0,,, let v,, = v,,,(0) be the point where the function v — L,,(v;0) attains its
(positive) maximum value, that is, Ly, (vm;0) = max,c .+ g L (v;0) (see Lemma .
The next result provides a strict lower bound for v, (cf. Lemma (c) for 6 = 0,,).
Lemma 6.7. For all m in the range 1 < m < 1(q — 1), we have

v (0) > 1, 0> 0. (6.18)

Proof. To the contrary, suppose first that v, < 1 for some 6 > 6,,,. Then, according to
Lemma [6.6] we have

Ly (v 0) = 07 F Lyt (U 0) > Ly (03 6), (6.19)
and furthermore,
Ly (U 0) = (0 — 1) p(vy) — m/vE —m
= L (U3 0) + (m' —m)(1 — %) > L, (vm; 0), (6.20)

since m’" = ¢ — 1 — m > m by the hypothesis of the lemma. Combining and
(6.20), we see that L, (v,,';0) > L, (v,,;0), which contradicts the assumption that
L. (vyn; 0) is the maximum value of the function v — L,,(v;6).

Assume now that v,, = 1 for some 6 > 6,,. Then

Ol — -1y —km=( 1)

61} v=vm=1
whence (0 — 1)(k — 1) = 2m. Hence,
Ln(1;0) =(0—1)(k—1)—(¢—1)=2m—(¢—1) <0,

which contradicts the assumption Ly, (vy,;60) > 0.
Thus, the inequality (6.18]) is proved. O

k(k - 1)

—km =0,

For 6 > 0,,, let w,, = w,,(0) be the point where the function v — K,,(v;0) attains
its (positive) maximum value, that is, K, (wp;0) = max,cy+ g Kn(v;0). Note that
Wi (0) = Um(0,) = v}, (see Lemma [5.2(c)). The importance of the next technical
lemma is pinpointed by involvement of the expression pg(v) — (k — 1) Ly, (v;6) in the
partial derivative 0K, /0v (see formula below).

Lemma 6.8. Let 1 <m < 3(q—1) and 0 > 0,,.
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(a) Let w € ¥#,5(0) be a critical point of the function v — K,,(v;0), that is, any
solution of the equation 0K,,/O0v = 0. Assume that either (i) w < v, and
Ly (w;0) <1, or (ii) w > vy,. Then

pr(w) — (k= 1) Ly, (w; 0) > 0. (6.21)
(b) In particular, the inequality (6.21)) holds for w = w,,, that is,
k(W) — (K — 1) Ly (wp; 6) > 0. (6.22)
Proof. (a) From the definition ([5.26)), compute the partial derivative
(3Km (pk + l)kil 8Lm
- Do — (k=)L) =2 — kL, (1= L)ph ), (6.2
o0~ Gt Lot (P DB (b= DL0) T, ( 7). (6:23)

with the shorthand notation py := px(v) and L,, := L,,(v;0). Hence, the condition
0K,,/0v = 0 is reduced to the equality
0L,

(pr+ 1) (pe — (k —1)Lyy,) T

If w < vy, then OL,,/0v|y=, > 0, and the required inequality readily follows from
equation (6.24)) using that L,,(w; ) < 1. Similarly, if w > v,, then L,,/0v|,—, < 0 and
equation (|6.24]) implies the inequality provided that L,,(w;6) > 1. Alternatively,
if L, (w;0) < 1 then, noting that w > v,,, > 1 (by Lemma, we obtain, in agreement

with (6.21)),

— kLm(1 = L), = 0. (6.24)

pe(w) > pp(1) =k — 1> (k — 1) Lyn(w; 0), (6.25)
because the function w +— pg(w) is strictly increasing and pg(1) = k — 1.
Lastly, if w = vy, then 0L,,/0v|,=,,, = 0 and equation (6.24]) implies L,,(vy,;0) = 1.
Again using Lemma [6.7] similarly to (6.25) we get
pr(w) = pe(vm) > pe(l) =k — 1= (k—1) Ly,(w; 0), (6.26)
so the inequality (6.21)) holds in this case as well.

(b) Let w = wy, be the point of maximum of the function v — K,,(v; ). According
to part (a), we only have to consider the case where w,, < v,, and L,(w,;0) > 1.
If Ly (wp; 0) > 1, let @ > v, > w,, be such that L,,(w;0) = L,,(w,;0), then

 La@;0) -1 >’“
k(@) + Ly, (w;0)

_ ) L (w3 0) — 1 '
= Lnuyit) (1~ el )

| Ly (w3 0) — 1 ’
> Ly (wy; 0) (1 " pe(Wim) + Lo (Wi 9))

= K, (wp,; 0). (6.27)

K,,(w;0) = L,(w;0) (1

Thus, K,,(w;0) > K,,(w,;0), which contradicts the assumption that v = w,, provides
the maximum value of the function v — K,,(v;0).
Lastly, suppose that, for some 6 > 6,,,

L (wy,;0) = 1. (6.28)

In view of the definition (5.26]), condition (6.28)) implies that K,,(w,,;6) = 1. Let us
prove that in this case we must have w,, > 1, which would then automatically imply

the required inequality (6.22) (cf. (6.25) and (6.26])). To the contrary, assume that
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Wy, < 1. If wy,, = 1 then, using the definition ([5.13) and recalling that m +m' = ¢ —1,
the equation ([6.28)) is reduced to

Ly(1;0)=(0—-1)(k—1)—(¢—1) =1,

whence we find ‘

=14+ -—. 2
0 + 1 (6.29)
Furthermore, noting that
k—1
. k(k-1)
(1) = = —" 6.30
=i = (6.30)

and substituting (6.29)), from ([5.13)) we get

0L, (1;0) k(k—1) q
OLullst) _ ) BE=1) (1) g

v (6 -1)— m=k{g=m)=>"0
since m < 1(¢ — 1) < ¢/2. Thus, w,, = 1 is the left root of the equation L,,(v;6) = 1.
Denote by © > 1 the right root, that is, L,,(v;6) = 1 and dL,,/0v|,—; < 0. It follows
that K,,(v;0) =1 (see (5.26])), so the maximum value 1 of the function v — K,,(v;0)
is also attained at v = v > 1. Returning to formula (6.23]), observe that

OKn(0:0) _ pi(v) = (k —1) 9Lu(0:0)
ov (@)1 ov

because p(v) > pr(l) = k — 1 and, as mentioned above, OL,,/0v|,—; < 0. But the
inequality implies that there are points v < v such that K,,(v;0) > K,,(v;0), a
contradiction. Hence, the case w,, = 1 is impossible.

Now, suppose that w,, < 1. Then pi(w,) < pp(l) = k — 1 and, in view of the
condition , from equation it readily follows that 0L,,/0v|y=w,, = 0, that
is, Ly (wpm;0) = 1 is the maximum value of the function v — L,,(v; ). Hence, for all
v < w,, we have

<0, (6.31)

Lin(v;0) < 1, aL”é—(;;@) > 0. (6.32)

On the other hand, by (6.24)) and monotonicity of py(v),
Pe(wm) = (k= 1) Lin(wi; 0) = pr(wm) — (k= 1)
<pe(1) = (k—1)=0. (6.33)

By continuity of the functions v +— pi(v) and v — L,,(v;0), the inequality (6.33) is
preserved for all v < w,, close enough to w,,:

pr(v) — (b —1) Ly (v;6) < 0. (6.34)
Using (6.32) and (6.34]), from (6.23)) it follows that for such v we have 0K, /dv < 0.

But this means that the function v — K,,(v; ) is decreasing in the left vicinity of wy,,
and thus w,, cannot be a maximum, in contradiction with our assumption. Thus, we
have proved that w,, > 1 as required, which completes the proof of Lemma O

The next two lemmas provide useful bounds on w,, = w,,(6). First, there is a simple
uniform upper bound.

Lemma 6.9. For allm € [1,q — 2],
W <0, 0>0,. (6.35)
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Proof. Observe, using the definition (5.13)), that

Lin(v;0)]u=0 = (6 — 1) pi(8) — m* —m’
=O—-1)O""+--+0)—mb" —m/
=—(m—1)0" -0 —-m' <0,

and also (cf. (5.17))

0L, (v 6) _
O = (00— 1)p,(0) — kmoF?
S| == i)~
=0-1)(k—1)0"2+ - +20+1) — kmo*!
= —(km—k+1)0"' 02 —...—9—-1<0.
Hence, the point v = 6 lies to the right of the set ¥, 7(0) = {v > 0: L,,(v;0) > 0}
(see (2.45))). But w,, € ¥,7(#) and therefore w,, < 6, as claimed in ([6.35)). O

The important lower bound for w,, = w,,(0) is established next.
Lemma 6.10.
(a) For all m in the range 1 < m < 3(q — 1), we have
Wy > 1, 0>0,,. (6.36)

(b) If m = 3(q—1) then the mazimum point wy, (which may not be unique) can be
chosen so that w,, > 1.

Proof. If L, (wy,;0) > 1 then, by the inequality (6.22)) of Lemma [6.8]

pr(Wm) > (k= 1) Ly (wm; 0) > k — 1 = pi(1),
which implies, due to the monotonicity of px(-), that w,, > 1, in line with (6.36]). Thus,
it remains to consider the case L,,(wy,;0) < 1.

Assume first that w,, = 1 for some 6 > 6,,. Using the definition ([5.13)) and the value
pr(l) =k — 1, we have

Lin(1;0) = (0 — 1)pi(1) —m —m/

—O—1)(k—1)—(g—1), (6.37)
and also, recalling formula (5:30),
B0 _ (9 1)p42) — km
=500k -1 —2m)
- g(Lm(l;G) +m' —m). (6.38)

Substituting (6.30)), (6.37) and (6.38)) into (6.23)), it is easy to check that the condition
0K, /0v]y=1 = 0 (see (6.24))) is reduced to

(1= Lin(1;60))(m' —m) = 0. (6.39)

Since L, (1;0) = L, (wp;0) < 1 by assumption, the condition (6.39) is only satisfied if
m/ —m = 0, that is, m = (¢ — 1). Conversely, if m = 1(¢— 1) (i.e., m’ = m) then, by
the scaling formula (6.15) of Lemma [6.6] we have the identity

Kn(v™10) = Kw(v;0) = K, (v;0), 0 >0, v>0, (6.40)
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which implies that the maximum point w,, = w,,(0) can always be chosen so as to
satisfy the inequality w,, > 1, which proves part (b) of the lemma.

Finally, let m < i(¢ — 1) and w, < 1 for some 6 > 6,,. Denote L (0) :=
Ly (v (0);0) = max,cy+ g Lin(v; 0) (see Lemma and the definition (2.45))). We
need to distinguish between two subcases, (i) L’ (6) < 1 and (ii) L} (6) > 1, which
require a different argumentation.

(i) Assuming first that L} () < 1, we will show that then
Kp(w,50) > K (wp; 0), (6.41)

which would contradict the assumption that K,,(w,,;0) is the maximum value. By

formula (6.15) of Lemma 6.6} we have K., (w;,};0) = K,(w,,;0). Hence, recalling the
definition ([5.26)) of the function K,,(v;#), the inequality (6.41]) is reduced to
Lm’ m) 0 Lm m) 0
Wnif) (Wnib) (6.42)

Note that (cf. (6.20))

)

L (W30) = (0 — 1) pi(wy) — m'wl, —m
= Ly (wp; 0) 4+ (m' —m)(1 — wk)
> L (Wi, 0).

Hence, for the proof of the inequality , it suffices to show that the function

L — L(pg(w,,)+L)7" is strictly increasing on the interval L € Ly, (wp; 0), Ly (w,,; 0)].
Computing the derivative of this function, we see that the claim holds provided that

PZ(wq) S L, Lp(wi0) < L < Loy(wp; 0),
or simply if
pZ(iUr;) > Ly (w3 0). (6.43)

The inequality ((6.43) is easy to prove. Indeed, using the assumption w,, < 1, observe
from the definition (/5.1]) that

Pr(Wim)

1 wh > wk (6.44)
On the other hand, according to the scaling formula ([6.14)) of Lemma [6.6] we have
L (W 0) = WP Ly, (w1 0) < wk L* (0) < wk | (6.45)

by virtue of the assumption L’ (6) < 1. Now, the required inequality (6.43]) readily

follows from the estimates 16.44 and ((6.45)).

Thus, the inequality (6.41)) is proved, and therefore the assumptions w,, < 1 and
L?.(0) <1 are incompatible.

(ii) Assume now that L} () = L,,(vm;0) > 1 and, as before, w,, = w,(0) < 1.
0K, (v;0)

Denote
=0
av v=w } ’

that is, the set of all critical points of the function v — K,,(v;0) (i.e., satisfying the
equation (6.24))) that lie to the right of point v = 1. By assumption,

K (wp,; 0) > max K, (w;8), (6.46)
weWm

W = Wi (6) = {w > 1:




50 L.V. BOGACHEV AND U. A.ROZIKOV

and our aim is to show that this leads to a contradiction.

Since OL, /0| y=y,, = 0 and Ly, (v,,; 0) > 1, formula implies 0K,/ Ov|y=y,, > 0
and, therefore, there is at least one critical point w > v,,, which then automatically
belongs to the set W,,, because v,, > 1 by Lemma [6.7. There may also be critical
points w € W,, such that 1 < w < v,,; for these we may assume, without loss of
generality, that L,,(w;0) < 1, for otherwise we consider the point @ > v,, > w such that
Ly (w0;6) = Ly(w;0), and it follows (similarly to the derivation of inequality (6.27))
that K,,(w;0) > K,,(w;0), which means that such w can be removed from the set W,
without affecting the maximum in .

Now, the idea is to increase the index m. Namely, treating m as a continuous
parameter (see Remark [6.3)), differentiate the function m — K, (w,();6) to obtain

OK (w3 0) 0Ky (v;0) " Ow,y, (0)
om N ov — om
N 0K (wpm; 0) y 0Ly (v;0)
8L L=Ly,(wm;0) am V=Wm

B (pk(wm) 1 1)k(pk(wm) — (k’ — I)Lm(wm; 9)) < (1 _ wk ) (647)

(pk.(wm) + Lo (Wi 9))k+1

where we used the condition 0K,,/0v|y=,, = 0 and the definitions and .
Owing to Lemma (b), the right-hand side of is positive and, therefore, the
function m — K,,(wp,;0) is monotone increasing as long as w,, < 1 and m < mg :=
1(q —1). Likewise, every critical point w = w® from the original (finite) set W,,
generates a continuously differentiable branch m — w?) as a function of the increasing
variable m, and an argument similar to (6.47), now based on Lemma [6.8(a), yields
that the corresponding function m — max,ew,, K,,(w;#) is monotone decreasing up
to m = my.

If for some m € (m, my) it occurs that wgz = 1 then, by continuity, 0Ky /0v|,=1 = 0,
which implies, as was shown before (see (6.39)), that Lz (wm;6) = 1 and therefore
Ki(wi;0) = 1 is the maximum value of the function v — Ky (v;60). Moreover, com-
bining the monotonicity properties established above with the hypothetical inequal-

ity (6.46]), this implies
1 = Ka(wm; 0) > Kp(wy,; 0) > max K,,(w;0) > max Kz (w;0),

weWnpm, weWp
that is,
Ky ;19 < 1. 6.48
Inax K (w; 0) (6.48)
But this cannot be true, because there is w > vz where Lz (w;0) = 1, so that

K (w; 0) =1 is another maximum and, hence, w € W, thus contradicting (/6.48]).
This shows that we can exploit the monotonicity properties with respect to variable

m up to the final value m = mgy = %(q — 1), so that
Ko (wm; 0) < K (wing; 0) (6.49)
and also
max K, (w;6) < max K,,(w;0). (6.50)

wWEWm, weWn,
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Combining (6.49) and (6.50) with (6.46)), it follows that
max K, (w;0) < Ky (Wing; 0). (6.51)

weWmg
But this is impossible, since my = my, and, by the scaling relation of Lemma
Ko (v;0) = Ky (071 0) (see (6.40)), which implies that the maximum values of the
function v — K, (v;0) over v < 1 and v > 1 must be the same, in contradiction with
the inequality (6.51]).
Thus, the hypothesis (6.46) is false, together with the assumption w,, < 1 under
case (ii) (i.e., with L;,(#) > 1). This completes the proof of Lemma [6.10] d

6.3. Properties of 6, and «,, ().

Proposition 6.11. For eachm=1,...,q—2 and m' = q¢— 1 —m, we have
O = O (6.52)

Moreover, the functions 0 — ., (0) (see (2.46)) satisfy the symmetry relation
A (0) = i (0), 6> 0. (6.53)

Proof. Like in Lemma [5.2(c), denote v}, := vp(6,,). Observe that v}, satisfies the
conjugation property

1
aa
where m’ = ¢ — 1 — m. Indeed, computing the left-hand side of (5.16) for v = 1/v},
and with m replaced by m’, we get, due to Lemma [5.2{c),

* o
Uy =

m=1,...,q—2, (6.54)

m’%i <i)kl— mkz_ii (i>lk— - (mkiii(v* A
i \Um — \Un P "
whence follows due to the uniqueness of solution.
Now, using and the scaling property , we have
L (V3 0m) = L ((05,) "5 0m)
= (Up) " Lin(v3,:6m) = 0,
according to , and by the uniqueness of solution to the equation L, (v, (0);6) =0
5.2(b

(see Lemma )), the equality (6.52)) follows.
Finally, the identity (6.53) is valid due to the definition (2.46)) and formula (6.15). O

Proposition 6.12. Let ¢ > 5, and set mg := L%(q —1)]. Then form=1,...,my—1
0,0 < O, (6.55)

k—1

i(v;"nY"f) =0,

=1

Proof. Treating m as a continuous parameter (see Remark [5.2)), differentiate the iden-

tity (5.15]) to obtain

ALy (v 0m) 0Ly (v;00) doy,

dm ov e dm
N OL(vk 5 6) " do,, n 0Ly, (v;0) —0.
00 o—g, dm om vevr 0=,
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Using (5.13) and ([5.18)), the last identity is reduced to

* m 1 — * \k —
pele) S 1= ()t =0,
which yields

do,, (v:)F—1
—~m ) 6.57
dm p(vE) (6.57)
Recalling that v, > 1 for all m < (¢ — 1) (see Lemma (c)), from (6.57) it follows

that df,,,/dm > 0 for m < 5(q — 1). For integer m = 1,...,my, this transcribes as the
inequality .

Turning to the proof of , for a given 0 > 0; let m* > 1 be the root of the
equation 6, = 6. We shall prove a (stronger) continuous version of the inequality
(6.56), namely, that the function m — ,(6) (defined for m > m*) is monotone
decreasing. As before, denote by w,, = w,,(f) the point where the function v
K, (v;0) attains its maximum value, and set K (0) := K,,(w,,(0);0). Differentiating
the function m — K,(0), we obtain (see (6.47))

0K (pe(wm) + 1) (p(wnm) = (k = 1) Ly (w3 6)) .
— o x (1 —wp). (6.58)
om (P () + Lun(wpn; 6))
Now, owing to Lemmas and (see also Remark , the right-hand side of
is negative for all m € [m*,1(¢ — 1)) and, therefore, the function m — K, (6)
is monotone decreasing in the closed interval [m*, %(q — 1)]. By the definition ,
the same holds for the function m — «,, (), as claimed. O

Proposition 6.13. For all m = 1,...,q — 2, the functions 6 — «,,(0) defined by
formula (2.46)) satisfy the upper bound

am(0) <k—1, 0>0,,. (6.59)
Moreover, they have the following “boundary” values,
Glig}n () = —o0, (lalglo am(0) =k —1. (6.60)

Proof. Let w,, = w,,(0) be the point of maximum of the function v — K,,(v;0), so
that K% () = K,,(wy,;0). Treating the term L,, = L,,(v;0) in the expression ([5.26]
as an independent parameter L > 0, we can write
L
K*(0) < )+ 1)F .
m(0) = (e(wm) + 1) max o=

By differentiation, it easy to verify that the maximum on the right-hand side of (6.61))
is attained at Lo := pg(w,,)/(k — 1), hence

(6.61)

K7,(0) < (pr(wn) + 1)k

(pr(wp) + L)* L=Ly

_ E—1\" L+ 1 k pr(wp,)
< p,';(iU”{)- (6.62)
Furthermore, w,, < 6 by Lemma[6.9] so that
P (Wi) < p(0) < (b —1)0F 1.
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Substituting this estimate into the right-hand side of , we obtain
K (0) < 0",
and therefore (see (2.46))

In K* (6
am(f) = lnné( )

which proves the bound ((6.59). In particular, this implies that
lim sup o, (0) < k — 1.

06— 00

<k-—1,

To obtain a matching lower bound, take a specific value
t Int
v:v0::—<1—i>, t:=60-—1,
m t

then, as t — oo,

th—1 AN -
pk<’U0) = 1 (1 — T) + O(tk 2)

mF—1
and
L (vo; 0) = tpr(vo) — muvg —m’
t* (k—1)ne) ¢ Flnt -
:m’“‘l(l_ t )_mk—l L——— ) +0(")
t*~Int -
= Tkl O(t™)
Hence,
t*!Int
Pr(v0) + L (vo; 0) ~ e
and
b k-1
K o ) = Lm0 0) (o) + )k N ( ,iL ) |
(Pk(v0) + L (v0; 6)) mlnt
Therefore,
In K, (vo;0) ~ (k—1)Int ~ (k—1)In6, 0 oo,
so that

In K (v0;
lim inf ap(6) > Jim im(®0i6)
60— 00 0—00 Iné

Thus, combining (6.63) and (6.64)), we obtain the second limit in (6.60)).

53

(6.63)

(6.64)

Finally, we turn to the proof of the first limit in (6.60]). By virtue of Proposition
we may assume that m < 1(¢ — 1). Then, by Lemma [6.10, w,, > 1 and therefore

2

pr(wy,) > k — 1. Hence, from the definition (5.26) we get

k
0<:K;W>Slm4wmﬂ>(1+ﬁﬁiﬁj)

(6.65)
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0.21
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F1GURE 7. The graphs of the functions a,,,(0) (0 > 6,,) for k=2, g=5
and m = 1,2 (see the definition (2.4€))). According to formula
(with ¢ = 5), 6, = 14+ 2/3 = 4.4641 < 0, = 5. Note that #) = 5 and
09 = 14 2v/6 = 5.8990 are the zeros of a;(f) and ay(f), respectively
(see Example . Note that the graphs are monotone increasing in line
with Conjecture [6.2]

where L* (0) = Ly, (v,,(0);0) = max,~o L, (v; 0). By continuity,

and it follows from the bound (6.65]) that limge, K (0) = 0, which implies the first

limit in (6.60). Thus, the proof of Proposition is complete. O
Proposition 6.14. For each m = 1,...,q — 2, the function 0 — K3 (0) is monotone

increasing for 6 > 0,,.

Proof. By virtue of Lemma , K (0) = K,(6), where m" = ¢ — 1 — m; hence, it
suffices to prove the claim for m in the range 1 < m < %(q —1). Using the definitions
(5.13]) and (5.26)), differentiate with respect to € to obtain

dK:, 0K, dw,, K, L L

0~ v |y A0 O | e 00 |
k
pe(wn) + 1) (pr(wm) — (K — 1) Ly (w,; 0
= (pe(wm) +1)" (pr(1em) = ( ’)€+1 ( ) X i (W), (6.66)

on account of the identity 0K,,/0v|y—y, = 0. To complete the proof, it remains to
notice that the right-hand side of is positive due to Lemma [6.8|(b). O

Remark 6.4. The result of Proposition is not trivial (unlike the similar statement
for L?,(8), see the footnote in the proof of Lemma[5.2b)), because, for each v > 0, we
have that L., (v;0) — oo and, therefore, K,,(v;8) — 0 as 6 — oo (see formula (/5.26])).

Conjecture 6.2. For each m =1,...,q — 2, the function 6 — «,,,(#) =In K},(0)/1n0
is monotone increasing.
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This conjecture is confirmed by computer plots (see Figure [7)) and is easy to prove
at least for § < 02, where 09 is the root of the equation K* (f) = 1 (cf. Proposi-

tion [6.16)(a)); that nfs, am(0) <0 for # < 2. Indeed, for any 6 € (6,,,60°], we have
dan,(0)  dK;(0) " 1 K7 (0) -0
o de Inf-Kx(0) 6In’6 ’

because dK?, /df > 0 (Proposition [6.14]), whereas In K, () < In K*,(6°) = 0.

6.4. Zeros of ay(0) and «,,(6). Recall that the functions oy (6) and «,,(0) are defined
in and ([2.46)), respectively. As was observed in numerical examples (see Figure
and also Figures |6 and , the functions a_ () and a4 (6) have the same zero, 6, = 69,
whereas o (0) = 0 at 6; = 1+ ¢/(k — 1). In this subsection, we give a proof of these
observations.

Let us first state and prove a lemma. Recall the notation Ly, (0) = max, ¢+ g Lm(v; 0)
and K7, (0) = max, ¢+ g) Km(v;0).

Lemma 6.15. Let g > 3 and k > 2.
(a) For any m € [1,q — 2], if Lyn(v;0) < 1 for some v > 1 and 0 > 0, then
K, (v;0) < 1.
(b) Let 1 <m < (qg—1). If L, () < 1 for some > 6,, then K, () < 1. In
particular, LY (0) =1 if and only if K, (0) = 1.

Proof. (a) Denoting s := (L,,(v;0))"* < 1 and using the definition (5.26)), the required
inequality K,,(v;#) < 1 can be rewritten as
k
s—s
pr(v) > 11— 3 = pi(s),
and the last inequality holds by monotonicity of py(v), since v > 1 > s.

(b) Let v = w,, be such that K,,(w,,;0) = K}, (0) < 1; by Lemma Wy > 1. On
the other hand, L,,(wn,;0) < L* (0) < 1, and by part (a) it follows that K, (w,,;0) < 1.
The last claim in part (b) then follows by continuity and monotonicity of both L} ()
and K7, (6) (see Lemma [5.2(b) and Proposition [6.14] respectively), also recalling that
L., (v;6) =1 implies K,,(v;0) =1 (see ((5.26))). O

Proposition 6.16. Let ¢ > 3, and set mg := L%(q — 1)J

(a) For each m in the range 1 < m < my, the function a,,(0) has a unique zero
given by

m(vl)* +m' +1
pr(vy,)
where v) > 1 is a sole positive oot of the equation

60, =

m

(6.67)

k—1

k1
mz ik — (m! 1) Z vk = 0. (6.68)
i=1

i=1
(b) (i) The function o (0) has a unique zero given by 65 = 14 <. Moreover,
oL, (6) = 0.
(i) The function a_(0) has a unique zero 0y , which coincides with the zero 6
of the function oy (6).



56 L.V. BOGACHEV AND U. A.ROZIKOV
(¢) The zeros 07,...,0p,  follow in ascending order and are strictly below 6 ,

9§<---<0£,m<90+:1+%. (6.69)
Proof. (a) By the definition ({2.46)), the condition «,,(f) = 0 means that K}, (0) = 1
and hence, by Lemma [6.15(b), L* () = 1. Eliminating 6 from the system of equations

Ly (v;0) =1, OL,,(v; 0)/0v = 0 gives for the root v =v? the equation (cf. (5.21)))
mkv" p(v) — (mo* +m’ + 1) pl(v) = 0,

which can be rearranged to the form (6.68). Uniqueness of positive solution v of the
equation ([6.68)) is obvious, noting that the left-hand side of (6.68)) is a continuous,
increasing function in v > 0, with the range from —oo to +00. To show that v2 > 1, it

suffices to check that the left-hand side of (6.68)) at v = 1 is negative, which is indeed
true since 2m < q — 1 < q. Expressing 6 from the equation L,,(v2;6) = 1, we obtain

formula .

(b) In the limit « — 0, the equation always has root u = 1, while for u # 1,
by virtue of the identity , it is reduced to equation with m = 1. Using the
notation (5.13), the latter equation can be rewritten as L;(u; ) = 1, which in turn has
up to two (positive) roots (see Lemma . In total, there are three positive roots,
and for this number to reduce to two (which is the condition of belonging to the curves
y = ax(0)), either (i) one zero of the function u — L;i(u;0) — 1 must coincide with
u =1, or (ii) the equation L;(u;0) = 1 must have a double root, thus also satisfying
the condition 9L (u;6)/0u = 0.

In case (i), the condition L;(u;0)|,=1 = 1 transcribes as (# —1)(k—1) —(¢—1) =1,
which immediately yields the root 8 = 1+ ¢/(k — 1). According to the substitution
(5.8]) (with o = 0), the corresponding root of the quadratic equation is given by
x =07 /(¢ — 1), which appears to be the smaller of the two roots, z = x_. Therefore,
in view of formulas (2.40) and (2.41]), the value 6 is a zero of the function o ().
Indeed, using the definition (2.36|) of b = b(¢), the second root of is found to be

b 050 +q—2) q—1 o

=0 4+q—2>
T qg—1 O 0 T4 qg—1

Ty =

::E_7

as claimed.

In case (ii), according to the proof of part (a), the unique solution of the system
Li(u;0) =1, 0Ly (u;0)/0u = 0 is given by (u,0) = (v9,67), where

(v))* +2
pr(v?)
and vY > 1 is a sole root of the equation (6.68)) with m = 1, that is,

k—1 k—1
it = (g=1)) ivF=0. (6.71)
=1 =1

Again by the substitution (5.8]) with o = 0, the corresponding root of the quadratic
equation ([2.37)) is given by

0) =1+ (6.70)

_ @)
= o1

and we wish to prove that this is the bigger of the two roots, * = z,, which would
imply like before that 6} is a zero of the function «_(6). Since the other root of

T

Y
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equals b/x, with b = b() defined in (2.36]), our claim is expressed as x > b/x, that is,

() > (¢ —1) <1 + q;f) : (6.72)

Furthermore, recalling that 6 > 1 (see (6.70])), we have

—9
1+ L2541,

07
so for the proof of (6.72)) it suffices to show that
v? > (g — 1)V* (6.73)

Since the function on the left-hand side of (6.71]) is monotone increasing, we only need
to check that its value at v = (¢ — 1)/ is non-positive, that is,

k—1 k—1
§ vkt — § vk <.
i=1 i=1

which can be rewritten as
k—1

> (2i— k)v 2 > 0.

i=1
Now, the latter inequality holds because the left-hand side is obviously monotone
increasing as a function of v > 1, being equal to 0 at v = 1. Hence, follows.

Thus, we have proved that 65 =1+ ¢/(k — 1) and 6; = 0 are the sole roots of the
functions oy (0) and a_(0), respectively.

Finally, since the function o () is known to be positive both at 6, < 67 and at
infinity (see Proposition , it readily follows that it has a minimum value 0 at
6 = 67, hence o, (0) = 0, as claimed in part (b)(i).

(c) The ordering inequalities between (6°) in ([6.69) readily follow from the mono-
tonicity property proved in Proposition [6.55, Thus, it remains to show that
09 < 6F. Observe that the value L,,(v;0)|y=1 = (0§ — 1)(k — 1) — (¢ — 1) does not
depend on m. Recalling that L;(1;05) = 1 (see the proof of part (a)), we get that
L,(1;05) =1, but

0Ly, (v; 0 ,
S| = - 1) - mk
_q k(k—1) ok
k—1 2
:k<g—m> > 0,

since m < $(q — 1) < ¢/2. Hence, L},(6;) > Ly (1;65) = 1, and by monotonicity of
the function 6 — L,,(v;#) it follows, according to the proof in part (a), that 62, < 6.

An alternative simple argument is that, as shown in part (a), the maximum value
of v L, (v;00) = 1 is attained at v = v2, > 1, hence L,,(1;60%) < 1 and, again by
monotonicity, it follows that 6 > 62 O

A version of Proposition [6.16|(b) for ¢ = 2 is easy to obtain.
Proposition 6.17. In the case ¢ = 2, the functions as(0) have a unique zero at

0. = %, which coincides with 0 =1+ 2/(k —1). Moreover, o/, (0.+) = 0.



58 L.V. BOGACHEV AND U. A.ROZIKOV

Proof. By Lemmawith q =2, we have a_(0) = —a (0) for all § > 6, = *+1. Thus,
it suffices to consider the function a (#). Treating the index ¢ > 2 as a continuous
variable and taking the limit from the domain ¢ > 2 as ¢ — 2+, we see that the unique
zero of vy (0), given by 07 (k,q) = 14 ¢/(k — 1), converges to 1 +2/(k—1) = ¥4 = 4.
On the other hand, the derivative o/, vanishes at 67 (k,q) for each ¢ > 2, hence its
limiting value at 6, is also zero, that is, o/ (6.+) = 0, as claimed.

This result can also be obtained by a direct calculation. Namely, for ¢ = 2 the

definition ([2.36) is reduced to b(#) = 6%. From equation (2.37) with ¢ = 2, it is easy to
see that x4 (0) — 0. as 0 — 0.4. Moreover, a simple asymptotic analysis shows that

23 (0) =0, £ /2k0.(0 —0.) + (k+1)(0 —6.) +0(0 —0.), 60— 0.+.
Hence, from (|2.40)) it follows
lnay(9) = —(k+1)Inb. — (k—1)(0 —6.) + o(0 — 6.), 0 —0.+.
Finally, substituting this into we obtain
(k+1)In6.+ (k—1)(0 —6.) + o0 — 6.)
Inb.+6:-1(0 —0.)+ o0 — 6.)
— (’ln_efc ((k —1) — k; 1) + 0(0 — 6.)

C

=00 —0.), 60— 0o+,

ozi(é’) = —(k‘ + 1) +

which implies that o £ —(f.+) = 0, as claimed. O

Ezample 6.1. Consider the case k& = 2. Then the zero of the function a(6) = 0
specializes to 6 = 1 + ¢q. Furthermore, the equation (6.68)) is easily solved to yield

02 = /(¢ —m)/m, and from (6.67)) we readily find

09 =1+2ym(g—m), 1<m<i(g—1). (6.74)

It is of interest to note, by comparing (6.74) with (2.47)), that 0° = 6,,.1 (cf. [30
equation (2.1), page 192]). Finally, taking m = 1in (6.74)) gives 6, = 0Y = 1+2/q — 1.
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APPENDIX A. PROOF OF PROPOSITION

Necessity. Assume that the measure p” is translation invariant, that is, the condition
holds. Pick the set A C V to be the unit ball V; = Vi(z,) = {70, T1, ..., Tps1}
centred at the root z,, with 0{z.} = {z1,...,2x41}, where the numbering in (z;) is
consistent with the bijection b: V' — 4, that is, z; = b~!(a;) (see Section .

For z € V, the shifted set Vi(z) := T.(V4) = {2, 21,..., 241} (where z; = T.(xj),
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j=1,...,k+1) is the unit ball centred at z = T.(z.), so that {z} = {z1, ..., zps1 }-
Consider an arbitrary configuration ¢ € ¢"1, with spin values

¢(xo) = i, s(xj) =1ij, j=1,...k+1
Note that if y = T, (x) then, according to ([2.24)),
(T29)(y) = (T () = s(x). (A1)

Hence, the property (2.25)) of translation invariance of u" specializes as follows,

p'o € @V o(z) =i, 0(21) = in, ..., 0(2k41) = iks1)
= pMo € DV o(x,) =g, o(x1) =i1,..., O(Tps1) = ipr1). (A2)

Using formulas and (|1.15} -, and cancelling the common term [ ZkH J 04y, the
equality (A.2) is reduced to

k+1 k+1

ji:[ég(%ﬁ-%hl(zj,Zﬂ-+£m(2)==ji:[ﬁg(xj%+h2($j,xoﬂ-+£m(xo)+~l1n it

]:1 j:l /8 ZV1($O)

Varying ip € @ in (A.3)) (whilst keeping all other i; fixed) shows that the difference
&io(2) — &y (25) does not depend on ig. More precisely, on subtracting from (A.3) the
same equality with 29 = ¢, we obtain

6(2) — &(2) = la) — o), i=Toq—1. (A.4)
Since (A.4)) holds for any z € V| this proves (2.26)) in view of the notation ([2.2)).
A3

Furthermore, by virtue of (2.26) the equality (A.3)) becomes

. (A3)

k+1 k+1

D bl =) bl () + Y &)= &, 6 —ZZVI(Z)). (A.5)
J=1 j=1 1(zo

z€Vi (o) yeVi(z

Similarly, varying the values i1, ...,ix1 in (A.5) (one at a time) yields, for each j =
1. k+1,

hl(zj, 2) = hl(z;, z,), i=1,...,q—1 (A.6)
On the other hand, fix j € {1,...,k+ 1} and consider the shift sz, resulting in

T. () = zj, i(x]) = Z.

J J

The latter equality follows by recalling the definition of conjugate translations (see ([2.23))
and noting that z; = T,(z;) = b~(b(2)b(z;)) = b~(b(2)a;) and, therefore,

T, (2;) = b7 (02 b(x;)) = b7 (b(2)a?) = (b (2)) = =,

7 = e (see Section [2.3.1)). Hence, for sz the result (A.6) transforms into

because a

hi(z,2) = Bi(zj.20),  i=1,....q—1. (A7)
Comparing (A.6) and (A.7), we conclude that A} (z;, z) = hl(z, z;), and the claim (2.27)

follows. Finally, let y = T,(2) and y; = T,(2;), for some v € V. Observe that

Yy = Ty<xo)a Yj = Ty(mj)‘ (A8)
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The first equality in (A.8) is automatic; to check the second one, note that

b(y;) = b(v)b(2;) ly; = Tu(2))]
=b(v) (b(2)b(z;)) [z = Ta(xy)]
= (b(v)b(2)) b(x;)
= b(y)b(z;) ly = T,(2)].

That is, b(y;) = b(y)b(x;) and follows. Thus, formula applied to the edge
(yj,y) gives
h(y,y) = hi(ej20),  i=1,...,¢—1
Combined with , this implies
hi(zj,2) = Bi(y;,y) = DY (T (=), Tu(2)),
and follows. This completes the “only if” part of the proof.

Sufficiency. Suppose that the conditions (2.26]), (2.27) and (2.28)) are satisfied. It
suffices to verify formula (2.25)) for the balls V,, (n > 1). For z € V| denote A :=

TZ(Vn_l), then A= TZ(Vn) and 94 = T,(W,). Furthermore, for ¢ € &' set ¢, :=
T.(s) € & (see (2.24))). Observe that if y = T,(x) then, according to (A.1)),

<-(y) = (T (y)) = s(x). (A.9)
Hence, recalling (1.3)), we have

HA gz Z J5<z )ys=(y") Z&z(y) (y)

(y,v")E€E1 yed
- Z Jég(x)vg(xl) - Z gc(x) (T x
(z,2')€En zeVy
)+ Y (Gl@) = &(Tu()),
eV,

where at the last step we used the property (2.26). Thus, from formula (1.15) we
obtain, omitting factors not depending on ¢,

p'oq= <) oc p(ov, =) eXp{ PENUANES:DY hg(x)(ﬂﬂ)}; (A.10)
yedA xeWn

where y, is the unique neighbour of y € 94 in A. Note that if y = fz(x), with
x € OV,_1 = W, then yy = T,(2'), where 2’ € W,,_; is the unique vertex such that

z € S(z’). Thus, using (A.9)), (2.28) and (2.29)), we can write
exp {5 > bl s yA)} = exp {ﬂ >l (Te(x), fz(x'))}

y€eIN zeWn,

X exp {5 Z hi(z) (z, x’)}

CEEWTL

o< exp {5 > hew) (x)}'

.’L'EWn
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Returning to (A.10)), this gives p" (o5 =<.) < p(oy, =), and since
D ioa=)=1= 3 u'ov, =),
sePVn cEDVn

it follows that p" (o4 =7¢.) = p"(oy, = <), and the proof of the “if” part is complete.

APPENDIX B. PROOF OF LEMMA 5.3

B.1. Proof of part (a). Denote t := 6§ — 1. For ¢ = 3 (i.e., with m = m/ = 1), the
partial derivative 0K /0v (see (6.23) can be represented as

0Ky _ (prt+ 1) {(pk + 14 (1= Ly)(k—1)) L} (pr. — (k= 1))

ov (pk + Lm)k+1
k(k—1 k(k—1
2 2
where L, = tp, —v* — 1 and L} = 0L, /0v = tp), — kov*L.
Note that 0K;/0v|,—1 = 0 (cf. (6.39)); this follows without calculations from the
scaling property K(v;t) = Ki(v™1;t) (see (6.15)). More explicitly, using the formulas
k(k — 1)

(- L)@~k |, (B

pk|U:1 =k— 17 p;g|v:1 = Ta (B2)

it is easy to see that the terms in (B.1]) vanish at v = 1. We will also need the formula
k(k—1)(k—2

Phlo=1 = (k= Dk =2) (B.3)

3
Such expressions can be obtained by successively differentiating (at v = 1) the identity

" —1=(v—1)(px +1).

To compute the second-order derivative 9> K, /0v? at v = 1, we need to differentiate
in (B.1) only the factors that vanish at v = 1, setting v = 1 elsewhere. Hence,

92 |~ e £ LR (pr + 1) Lipj,

v

(- L) [(k )L, — kLl PE =D o kL’l)} } (B.4)
Using and , we find -

Lilp=1 =tpr(1) =2 =t(k - 1) — 2, (B.5)

ooy = (1) —k = 2E (B.6)

Llomy = tpl(1) —k(k—1) =1 (k= 1;(k =2 _ k(k—1). (B.7)

Finally, substituting formulas (B.2)), (B.3) and (B.5)—(B.7) into (B.4), after simple

manipulations (verified with Maple) we obtain

PK,| ( k )k’“ k—1
ey \(E=D(t+1)-2 2

o2
. ((k—21)2 PGS 1)(67k— 1)

t— 3k + 1) . (B.8)
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The quadratic polynomial in has one positive zero t = t*,
o 11— Tk 4 VAOR? £ 62k + 49
6(k—1) ’
which corresponds to 6; = t*+ 1 as defined in (2:48). Hence, 9Ky /0v?*|,=1 > 0 for

> 6, which implies that v = 1 is a local minimum of the function v — K;(v;8).
This completes the proof of Lemma [5.3|(a).

B.2. Proof of part (b). It suffices to show, for 1 < 6 < 0, (i.e., 0 <t < t*), that
v = 1 is the sole root of the equation 0K;/0v = 0. A plausible general scheme of the
proof of the latter statement may be as follows.

(1) First, the condition dK;/0v = 0 (see (6.23)) is reduced to P(v;t) = 0, where
P(v;t) is a polynomial in v (and also a quadratic polynomial in t).

(2) Since P(1;t) = 0, the quotient R(v;t) = P(v;t)/(v — 1) is a polynomial in v,
and we wish to prove that R(v;t) < 0 for any ¢ < ¢* and all v # 1.

(3) According to the proof in Section [B.1] the condition 62K /9v?|,—; < 0 is satis-
fied whenever R(1;t) < 0; moreover, the critical value t* is determined by the
quadratic equation R(1;t*) = 0, which implies that R(1;¢) < 0 for ¢ € [0, t*].

(4) Bearing in mind the invariance of K;(v;t) under the map v — v, it should
be possible to represent the polynomial R(v;t) in the form

R(v;t) = x(v) - R(y;t), y=v4v'>2
where x(v) > 0 and ﬁ(y, t) is a polynomial in y.

(5) The crucial step is to show that, for each ¢ € [0,#*], the function y — R(y;t) is
monotone decreasing.

(6) Finally, using steps (3) to (5), for any y > 2 (i.e., v # 1) we have

RO o g<i<r
x(1)

Hence, for all ¢ € [0,¢*] and v # 1, we get

R(y;t) < R(2;t) =

R(v;t) = x(v) - R(y;t) <0,
as required.

In what follows, we implement this scheme in more detail for the cases k = 2,3, 4.
All calculations were done analytically and also verified using Maple.

B.2.1. Case k = 2. According to formula (2.49)), t* = %(\/41 — 1). The polynomial
P(v;t) is found to be

P(v;t) = t*0? — t?v — tv® + 4tv? — dtv +t — 40° + 20% — 20 4+ 4
=(w—1{t*v—t(v* = 3v+1) — (4v° +2v+4)}.
Hence,

R(vit) =tv —t(v* = 3v+ 1) — (40* + 2v + 4

oo )i t) )

=v(®—tly—3)—4y—2),
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where iy = v +v~!. This gives
Rlyit)=t*—t(y—3) —dy—2=—y(t+4)+t>+3t — 2,
which is clearly a decreasing function of y for any ¢ > 0.
Ez}ihgﬁ; g/szHSByBy (2.49), we have t*= 3. The quotient R(v;t) = P(v;t)/(v—1)
R(t,v) = (v+1)(t + 3)(2t0® + 2tv — 2v* — 24 5t0* — 40° — 4v)

=vi(v+1)(t+3) <2t<v+%) —2(1}2—1—%)—1—&—4(11—!—%))

=0v*(v+1)(t + 3)(2ty — 2(y* — 2) + 5t — 4y).
Thus,
E(y;t) =(t+ 3)(2ty —2(y* —2) + 5t — 4y),
and it is easy to check that this function is decreasing in y for any ¢ < t*= %.

B.2.3. Case k = 4. Elementary but tedious calculations yield
R(vit) = t* (3v" + 110° + 250° + 300" 4 250° + 110° + 3v)
— ¢ (30° + 0" — 130° = 570" — 720" — 5Tv® — 13v® + v + 3)
— (80° + 240" + 480° + 36v° + 320" + 360" + 48v* + 24v + 8) .
Rearranging under the substitution y = v +v~! gives R(v;t) = v4]§(y; t) with
R(y;t) = t(3y° + 11y% + 16y + 8)
—t(3y* + y* — 25y — 60y — 40)
— (8y* + 24y® + 16y* — 36y — 48). (B.9)
In particular, if y = 2 then
R(2;t) = 12(9¢* + 17t — 22) = 0

for t = £ (/1081 — 17) = t* (cf. (2.49)), as it should be.

Finally, we need to verify that the function y ~— E(y;t) is decreasing for any
t € [0,¢*]. Unfortunately (but inevitably), technicalities involved in a purely ana-
lytic check become quite substantial; however, using Maple to plot the graph of ,
with parameter ¢ ranging from 0 to ¢*, makes the monotonicity evident.
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