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Simultaneous Wireless Information
and Power Transfer Based on
Generalized Triangular Decomposition

Ahmed Al-Baidhani, Student Member, IEEE, Mikko Vehkapera, Member, IEEE,
and Mohammed Benaissa, Senior Member, IEEE

Abstract

In this paper, a new approach, based on the generalized triangular decomposition (GTD), is proposed
for simultaneous wireless information and power transfer (SWIPT) in the spatial domain for a point-
to-point multiple-input multiple-output (MIMO) system. The proposed approach takes advantage of the
GTD structure to allow the transmitter to use the strongest eigenchannel jointly for energy harvesting and
information exchange while these transmissions can be separated at the receiver. The optimal structure
of the GTD that maximizes the total information rate constrained by a given power allocation and a
required amount of energy harvesting is derived. An algorithm is developed that minimizes the total
transmitted power for given information rate and energy harvesting constraints with a limited total power
at the transmitter. Both theoretical and simulation results show that our proposed GTD based SWIPT
outperforms singular value decomposition (SVD) based SWIPT. This is due to the flexibility introduced

by the GTD to increase the energy harvested via interstream interference.

Index Terms

Energy harvesting, SWIPT, MIMO channel, singular value decomposition, generalized triangular

decomposition, optimization.

I. INTRODUCTION

The provision of automated approaches to supply energy to wireless devices deployed in

resource constrained environments is fast emerging as a key enabler to sustain current progress in
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wireless applications and deliver the forecast growth in these applications. Among multiple forms
of automated energy sources, electromagnetic waves of the wireless signals are considered a
promising solution for energy harvesting (EH) [1]. Indeed, the energy content in electromagnetic
waves can for example be converted to DC voltage by using specific rectenna circuits [2]-[5].
Wireless energy transfer can also be combined with simultaneous information transfer, a concept
known as simultaneous wireless information and power transfer (SWIPT) [6].

The first information-theoretic study that considered simultaneous information transmission
and power transfer was conducted by Varshney [7]. The paper characterized the trade-off between
the energy harvesting and the information rate for point-to-point binary discrete and additive
white Gaussian noise (AWGN) channels. This study was extended to a frequency-selective
AWGN channel in [8]. Both studies assumed an ideal receiver that could decode the information
and harvest the energy from the same signal, which was a practical limitation.

In [9], time-switching (TS) and power-splitting (PS) techniques were proposed to overcome
this limitation; in TS, the receiver has the ability to switch between decoding information and
harvesting energy while in PS, the receiver has the ability to split the received signal in two parts,
one for decoding information and one for harvesting energy. Since then, SWIPT based on TS and
PS techniques has been widely investigated in both single and multiuser network configurations
and scenarios, such as, single- and multi-antenna relay systems [10], [11], multiuser MISO
[12]-[15] and MIMO [16]-[18] networks, interference channels [19], [20] and full-duplex [21]
systems. In these studies, multiple antennas at the transmitter are utilized for beamforming the
transmissions towards the receiver(s), where TS or PS is used for separating the information and
energy streams.

Instead of transmit-side beamforming combined with TS or PS at the receiver, a novel approach
utilizing spatial switching (SS) of the information and energy was proposed in [22]. Using
singular value decomposition (SVD), the point-to-point MIMO channel can be transformed into
parallel channels carrying either information or energy so that neither TS nor PS is necessary. The
problem of minimizing the transmitted power subject to information rate and energy harvesting
constraints was solved using Lagrange optimization theory. This work was extended in [23], [24]
to find jointly the optimal subchannel assignment and the optimal power allocation that minimizes
the total transmit power subject to information rate, energy harvesting and instantaneous per
subchannel power constraints. Two exponentially complex optimal solutions based on integer

programming along with a suboptimal heuristic algorithm were proposed given either perfect or



imperfect channel knowledge. The SS concept of [22]-[24] was further studied in [25], where the
problem of joint antenna selection, subchannel assignment and power allocation for maximizing
the energy efficiency was investigated. Similar setup and rate constrained EH optimization via
joint subchannel assignment and power allocation was later considered in [26].

The common assumption in the studies [7]-[26] is that the output power of the energy
harvester is linearly proportional to its input power, that is, the EH efficiency of the rectifier is
constant and independent of the input. Measurements and circuit simulations of actual rectifier
implementations have shown that this is approximately true only when the rectifier input power is
within a limited range that depends on the rectifier design [27]-[29]. Based on this observation, a
simple parametric EH model that depends only on the received signal power was proposed in [30].
Due to its simplicity and ability to match measured EH efficiency quite well, the model has been
used extensively in the recent SWIPT literature, see for example [31]-[34] and references therein.
An alternative analytical model based on diode characteristics of the rectifier was proposed in
[35], where it was shown that the harvested energy is in general a function of the entire received
signal waveform, not just the received power. Later researches [36]-[40] have investigated the
use of this model for waveform design. Even though the diode-based model is more accurate
than the one proposed in [30] when the rectifier input power is low, for fixed waveform and

moderate-to-high input power at the rectifier, both EH models yield comparable results [41].

A. Contribution

In this paper, we propose a novel approach for spatial domain SWIPT, in a point-to-point
MIMO system, based on the generalized triangular decomposition (GTD) [42]. While GTD
has been previously proposed for creating spatial subchannels with equal [43] or flexible [44]
predefined information rates in MIMO communication systems, we believe the current work is
the first to deploy the GTD for SWIPT. In particular, the properties of the GTD are exploited
so that the transmitter can use the best subchannel jointly for energy harvesting and information
exchange and the receiver can separate these transmissions. This leads to significant performance
improvement over the SVD based SWIPT approach.

The key contributions' in the paper are summarized as follows:

IParts of this paper have been published in [45], where some initial results without detailed derivations for the linear EH
model have been reported. In addition to a detailed exposition, the present work includes additional results, complexity analysis
and an extension to the non-linear EH model.



o Development of an optimal solution for SWIPT based on GTD that minimizes the total
transmitted power for given rate and energy harvesting constraints under a limited available
total power at the transmitter. The results show that significant savings in the total power
are achieved with the proposed method compared with those obtained by the SVD.

o Derivation of an optimal structure of the GTD for SWIPT that maximizes the total in-
formation rate for a given power allocation and energy harvesting constraint. It is shown,
both theoretically (Theorem 2) and via numerical analysis, that the proposed approach well
outperforms the SVD based SWIPT approach.

o The above results are derived for the simplified linear EH model. An extension of SWIPT

based on GTD is presented for the non-linear EH model proposed in [30].

Notation: Lower case symbols refer to scalars while upper case and lower case bold symbols
refer to matrices and vectors, respectively. Calligraphic letters refer to sets. ()7 and (.)7, represent
the conjugate transpose operation and the transpose operation, respectively. tr(.) and E(.) denote
to the trace operator and the expectation operator, respectively. The absolute value operator is
represented by |.| while the norm operator is represented by ||.||. Iy represents the identity matrix
of order N. A ;. represents a submatrix with elements taken from the i-th row to the k-th
row and from the j-th column to /-th column of the matrix A.

The paper is organized as follows: Section II is divided into three subsections: The first one
introduces the GTD algorithm, the second presents the system model with linear EH model where
the GTD algorithm is employed in a point-to-point MIMO system, and the last one provides an
illustrative example that shows how GTD can improve the performance of SWIPT compared to
SVD based solution. In Section III, an algorithm is presented for energy harvesting transceiver
design that minimizes the total transmit power for SWIPT based on GTD. Section IV extends
the previous results to the case of a non-linear EH model. Section V discusses and compares

the results of the GTD approach against the SVD approach and Section VI concludes the paper.

II. PRELIMINARIES AND MOTIVATION

In this section, we first briefly revisit the GTD, then describe the MIMO SWIPT system
model used for the rest of the paper and finally provide a motivational example which shows
that GTD based SWIPT can offer higher information rate than SVD based SWIPT for a given
power allocation and energy harvesting constraint. To the best of our knowledge, no work to

date has considered the use of the GTD for energy harvesting.



A. Generalized Triangular Decomposition

Let us first recall the definition of multiplicative majorization and then recap [42, Theorem 2.3]

that provides the necessary and sufficient conditions for GTD of a given matrix to exist.
Definition 1. (Multiplicative majorization [46]) Let u = [uy, .. .,un]T and v = [vy,.. .,vn]T be
two real-valued vectors with positive elements. Vector u is multiplicatively majorized by v if

uiuy -+ - uy = viva - - - v, and and their descendingly ordered elements satisfy

k
[Tu <

i=1 i=1

Vi, ()

1~

for all 1 < k < n. In the following, the terms multiplicative majorization and majorization are

used interchangeably and denoted u < v for brevity.

Theorem 1 (Generalized triangular decomposition [42]). Consider a matrix H € C™*" that has

rank K and positive singular values o = [0, . .., 0x]. The matrix H can be decomposed as
H = QRX”, (2)

if and only if the positive diagonal elements of R are multiplicatively majorized by o-. Matrices
Q € C"™ and X € C™ are unitary matrices (or real orthogonal matrices if H is real) while
R € R™" is a rectangular matrix whose upper-left corner is a K X K upper triangular matrix
and the rest of the elements are zeros.

The decomposition given in Theorem 1 introduces flexibility to define a vector r = [ry, ..., rx]"

as the positive diagonal of the matrix R as long as r < o. In addition, some structure can be
forced also on the off-diagonal elements of R, as can be observed from the algorithm below that
calculates the decomposition (2). For more details on GTD, see [42].

GTD Algorithm

1) Given the SVD of H as H = ULV and a prescribed vector r = [ry,...,rx]’ € RX that
satisfies r < o, iteration k = 1 is initialized by setting Q = U, X =V, and R = X.

2) Indices p and g are defined as

p =argmin{R; : R; > ri}, (3a)
k<i<K
g =argmax {R;; : R <ri ANi # q}, (3b)

k<i<K



3)

where R;; denotes the (i, j)th elements of R. Let ay = R,, and By = Ry, for future

convenience and perform the following permutations on the matrices R, X and Q:

(Riks Riv1k+1) © (Rpps Ryq) » (4a)
(Razk—1.6) Ritsk=1.4+1)) © (Rtk=1,p) Razk-1,9)) » (4b)
(Xer X)) © (X Xiag) (40)
(Qey Qu+1) © (Qeep Q) - (4d)

The permutations in (4a) and (4b) can also be written in matrix form R = HgRHl, while
the expressions (4c) and (4d) are equivalent to X = XII; and Q = QII,, respectively, where
IT; € R and II, € R™ are appropriate permutation matrices.

Construct two matrices, G1 and G», as follows

c - 1 |cax —spBk
G, = , Gy = — : )
s c Tk |sBr  cay

The variables s and ¢ are given by s =0 and ¢ = 1 if oy = Bx = r; and

2
r
c=y P /N e (©)
@~ ﬁk
otherwise. Note that the matrices G| and G, are orthogonal. Then, let B; =1, and B, =1,

and update the elements of B; and B, as

Bi(kk+1,k:k+1) = G1, Bokk+1,k:k41) = Go. (N
The matrices R, X and Q are then updated to R, X and Q as follows

R = BY/RB,, (8a)

X = XB,, Q =QB,. (8b)

Note that (8a) ensures that the element Rix is updated to r;. For future convenience, we

also remark that according to (8a), the elements Rirer and Ryiqps; are given by

R sc(a? - B2)
Rigsr = % (9a)



A o
Rit1k+1 = ];—fk (9b)

4) While k < K, set R=R, X=X and Q = Q and then replace k by k + 1. Go to Step 2).
5) If k = K, replace Rgx by rx and H is decomposed into QRXH based on r.

We denote the outcome of this algorithm as [Q, R, X] « GTD(H, r) in the following sections.

Remark 1. The GTD provided by the above algorithm is related to the SVD as [42]

Q XA
H=U(Q; - - Qx_1)R(XEZ ,---XI) V¥, (10a)
p)
R=(QF, - Q)Z(X; - Xk-1), (10b)
where Q; and X; are the matrices created in Step 4) during iteration k = 1,...,K — 1. The

direct implication of (10) is that the matrix R is obtained from X through a series of rotations

by unitary matrices so that the energy tr(ZX) = tr(RR*) is conserved.

B. System Model

Consider a point-to-point MIMO system where the source and the destination are equipped
with N; and N, antennas, respectively. The transmitter uses a linear precoder to transmit informa-
tion and energy simultaneously and the destination applies a linear filter on the received signal
to harvest energy and to decode information in the spatial domain. Narrowband transmission
over a flat fading MIMO channel represented by a complex matrix H € CV*M is assumed.
The channel remains constant for each transmission time-slot and changes independently from
one slot to another. We assume for simplicity that the channel is perfectly known at both the
transmitter and the receiver.

The signal model for the system under consideration is given as
y = HFs +n, (11)

where y € C¥¥! is the received signal vector and n € CN*! denotes the additive noise vector
whose elements are are drawn independently from a zero-mean circularly symmetric complex
Gaussian (ZMCSCG) distribution with variance 0',%. The transmitted signal vector s € CNx!

is precoded using the matrix F € CV*N that in general depends on the instantaneous channel



realization H. Transmitter employes Gaussian signaling® so that s € CM*! is a ZMCSCG random
vector with covariance E[ss”] = Iy,. It should be noted that even though the vector s has
nominally N; degrees-of-freedom, the maximum number of streams after precoding will always
be K, where K denotes the rank of the channel matrix H.

In the following, we describe two specific precoder designs applicable to spatial domain
SWIPT, the first based on SVD and the second based on GTD.

1) SVD Based SWIPT: Recall that the SVD of the channel H is given by H = ULV#, where
¥ € CVN*Nr is a rectangular diagonal matrix whose diagonal elements o represent the singular
values of H and both U € CN>*N and V € CN*N are unitary matrices. For simplicity, we
assume that the positive singular values of the channel are ordered in descending order, that is,
oy >0y >--->0x > 0.

The precoder in (11) for the SVD based SWIPT can be written as
F = VP'/%, (12)

where P is a square diagonal matrix that has transmit-side power allocation (pi, p2, ..., py,) On
the diagonal. Using linear filter U at the receiver and omitting subchannels that carry only

noise parallelizes the MIMO channel into K parallel Gaussian channels with signal-to-noise

ratios (SNRs) pla'l2 Jok . ...p KO'I% /o2, so that the achievable rate and the harvested energy of
the SVD based SWIPT are given by
pio-iz
C= Z logy | 1+ . (13a)
i€lgyp n
EH = Z npeO'ez, (13b)
ee&

respectively. The index sets & C {1,2,...,K} and Zsyp C {1,2,...,K} \ & represent the
subchannels assigned for energy harvesting and information exchange, respectively, and 7 € [0, 1]
is the EH efficiency that is assumed to be independent of the rectifier input signal. Extension
to the more realistic EH model where the EH efficiency 7 is a function of the rectifier input

power [30] is presented in Section IV. Under the linear EH model, the information rate or the

2As shown in [35]-[41], ZMCSCG signaling is optimal for SWIPT when the linear EH model is assumed, but suboptimal
when the non-linear diode-based EH model is considered. In this paper, the linear EH model or the parametric non-linear EH
model from [30] is considered for fixed waveform and an extension to more accurate diode-based EH model and waveform
optimization is left as future work.



harvested energy of a specific subchannel for SVD based SWIPT is determined only by the
corresponding singular value of the channel and the amount of power allocated to it. While
the SVD based structure is optimal for information transmission when combined with power
allocation through the water filling algorithm, it is suboptimal when both energy and information
need to be transmitted simultaneously in the spatial domain, as shown later in this paper.

2) GTD Based SWIPT: We start by recalling the SVD of the channel H = UXV” and
multiplying the precoder given in (12) by an orthogonal matrix X € RN that is designed
based on the decomposition [Q, R, X] « GTD(EP'/ 2 r). As discussed in Section II-A, the
positive vector r needs to satisfy the majorization condition r < A, where A contains the non-

zero diagonal elements of X(P*)!/2 in descending order. Substituting the modified precoder
F = VP'/2X, (14)

with identities H = ULV and QRX” = ZP!/? into the signal model (11) and simplifying gives

y = HFs + n = UQRs + n. (15)

Applying linear filter W# = QTU# on the received vector y, leads to an end-to-end signal model
for the GTD based SWIPT as
=Wy =Rs +0, (16)

where fi = Q"U”n has the same distribution as n in (11). According to (10b), the equivalent
channel R after precoding and receive-side filtering is related to the singular values X of the
fading channel H through rotations by orthogonal matrices. Since the matrix R is not in general
diagonal, the received signal at a specific subchannel may now contain interference. While this
interference is useful for increasing the amount of energy that can be harvested at the receiver,
it degrades total information rate if such subchannel is assigned for information exchange and
per-stream decoding without interference cancellation is used at the receiver. For the rest of
the paper we therefore focus on GTD based designs that create interference-free subchannels
for information exchange; i.e., the subchannels used for information decoding at the receive-
side correspond to the rows of R that have only diagonal elements. This allows for per-stream
decoding, similar to the case of SVD-based SWIPT, to be used at the receiver.

The achievable rate and the harvested energy for the GTD based SWIPT system described



above are given by

R
C= log, |1+ 2], 17
. log ( 02) (17a)
ielgrp n
K
EH =) > R}, (17b)
J€T 1=j

respectively, where R;; denotes the (i, j)th elements of R and 7 and J are disjoint sets, related
to the subchannels that are used for information exchange and energy harvesting at the receive-
side, respectively. Note that the effect of power allocation matrix P is embedded in R due to
the decomposition of XP'/2,

It is worth noting that the practical implementation issues of the SVD based SWIPT were
discussed in [23]. The main practical limitation of the SVD based SWIPT is implementing the
required signal processing; i.e., the channel matrix decomposition in the RF band. To overcome
this issue, the authors of [23], [25] suggested using analog beamforming based on passive
electronic devices to perform channel diagonalization in the RF band as proposed in [47], [48].
Due to the similarities in the SVD and GTD based SWIPT, analog beamforming could potentially
be used for the GTD based SWIPT as well. In general, a practical implementation of the proposed
approach would require efficient implementation of phase shifting, switching/multiplexing as well
as implementing a complex switch-bar matrix operation in hardware including efficient control.
However, the work in this paper, similarly to [23], focuses only on the theoretical aspects of the
problem and practical implementation of RF hardware is left as future work.

The next subsection demonstrates that GTD based SWIPT can achieve a higher information
rate than SVD based SWIPT for a simplified system setup. More particular cases will be

considered in Section III after this simple, but illustrative example.

C. Example: SVD and GTD based SWIPT Without Instantaneous Power Constraint

In this subsection we provide a simplified example that highlights the main differences between
the SVD and GTD based systems. We also show that the latter provides superior performance in
most scenarios and present preliminary results that will be used in the latter parts of the paper.
For simplicity, no instantaneous power constraint is enforced; i.e., tr(P) < P; = +oco here.

1) SVD Based SWIPT: Consider the problem of minimizing the total transmit power tr(P)

with information rate constraint Csyp and energy harvesting constraint EHgyp in the SVD



based system introduced in Section II-B1. The information rate and harvested energy for a given
channel realization and subchannel assignment & C {1,2,...,K} and Zgyp C {1,2,...,K} \ &
are given as in (13). The goal is to find the subchannel assignment (sets & and Zsyp) and power
allocation P, that jointly satisfy the constraints and minimize the total transmitted power. The

power allocation problem for the SVD based SWIPT reads then

minimlze tr(FF7), (18a)
P, Isvp, &

s.t. log2 (1 + ——| > Csyp, (18b)

ielsyp
Z npeo, > EHgyp, (18¢c)

ecE
where F is given by (12), Zgyp € {1,...,K} \ & are the subchannels assigned for information
exchange and & C {1, ..., K} denotes to the subchannels that are assigned for energy harvesting.

As shown in [23], [24], when there is no instantaneous power constraint, it is optimal to choose
only one subchannel for energy harvesting, that is, & = {e} for SVD based SWIPT. The optimal
value of e can be found numerically by solving (18) for all K possible subchannel assignments;
ie.,e=172...,K, and choosing the one that satisfies the energy harvesting and rate constraints
with the least transmitted power. For each subchannel assignment, power is first allocated to
satisfy the energy harvesting constraint. Then a water filling type algorithm developed in [26]
is used for the information bearing subchannels to obtain power allocation that meets the rate

constraint with minimum total transmit power, namely,

2(1 1 : -
Pw + 0, (_2__2), I<w and i #e
pi= B (19)
0, w<i<K and i#e
where the subchannel index w is given by
k2
W = max {k 2G> ]—[ LA ke{l,2,...K}\ {e}}, (20)
-1 %
and p,, is defined as
Csvd l
L-1
pw =0, - = 1)



where L is the number of subchannels that have nonzero power. Note that for given subchannel

2

[> > 0'17; and energy harvesting assignment, the water filling algorithm may allocate

gains o

power to only some of the strongest subchannels in its use. Therefore, the optimal channel

assignment for (18) in general has the first L < K subchannels active so that ¢* € {1,2,...,L}
and I, ) = {1,2,..., L}\{e*}. The power allocation matrix that jointly minimizes the transmitted

power with the optimal subchannel assignment (e*, I}, ) for SVD based SWIPT is denoted P*.

2) GTD Based SWIPT: Consider now the design of the GTD based precoder (14) when the
power allocation matrix P* optimized for the SVD based SWIPT is used also by the GTD based
precoder. Clearly this may not be the optimal choice for GTD. However, it turns out that the
structure of GTD provides enough flexibility to achieve superior information rate compared to
SVD most of the time, even when the power allocation is suboptimal.

According to (17), we need to select two disjoint index sets, denoted for the GTD based
system Zgrp and 7, that can be different from the index sets Zsyp and & used for the SVD

based SWIPT. As with SVD, using one subchannel for energy harvesting at the receiver is

optimal, so that = {j},j € {1,2,..., L}, and we can define an optimization problem

R?
maximize Cgrp = Z log, [1+ —’; , (22a)
r=<A4, Igrp, Jj . (o}
ielgrp n
L
s.t. Z nR% > EHgrp. (22b)
=)
where Zgrp = {1,...,L} \ {j} is the set of subchannels the used for information decoding at

the receive-side. Matrix R is designed to guarantee interference-free information channels and
satisfy the majorization condition r < A, where 4 = [A, 4y, .. .,Az]" contains the non-zero
diagonal elements of X(P*)!/? in descending order, as explained in Section II-B2.

The following theorem shows that with appropriate selection of Zgrp and 7, the solution
to the optimization problem (22) provides a GTD based design that achieves an information

rate that is better, or at least as good as, than that obtained with SVD, even when the power

allocation is specifically designed to optimize the SVD based system.

Theorem 2. Consider the SVD based precoder given in (12). Let e* € {1,...,L} with L < K
be the optimal subchannel index for energy harvesting and P* the optimal power allocation that
solve the SVD based design problem (18) for the given rate and energy constraints Csyp and

EHgyp, respectively. Given the power allocation P*, if e* € {1, L}, the optimal GTD precoder



(14) reduces to the SVD based precoder and both systems have the same performance. When

e* ¢ {1, L}, selecting the non-zero diagonal elements r = [ry,..., rL]T of R as
44 EH
rn=A; =43 ... 52 = Ap-15 -1 = - 12 LEH §’"L:\//l%+/li_ ;VD, (23)
JAG + 2 - Ee

and choosing Zgrp = {1,2,...,L —2,L}, J = {L — 1}, guarantees that the harvested energy
satisfies EHgrp = EHgyp and the information rate Cgrp > Csyp of the GTD based system is

maximized.

Proof: See Appendix A. [ |
Theorem 2 can be divided into two cases: 1) When the information rates are equal (Cgrp =
Csyvp); and 2) when GTD achieves a higher rate than SVD (Cgrp > Csyp). The first case occurs
when the transmit power for the SVD based precoder is minimized by associating the strongest
or the weakest eigenmode of X(P*)!/2; i.e., A, or A;, with energy harvesting. This corresponds
to a scenario where either the energy harvesting or the information rate requirement dominates
the constraints, respectively, and no additional benefit can be achieved by the GTD based system.
The case Cgrp > Csyp occurs when the energy harvesting constraint (18c) for SVD is satisfied
through any subchannel but the best or the worst; i.e., & = {e},e ¢ {1,L}. In this case, R is
obtained via the GTD according to Theorem 1, [Q, R,X] « GTD(Z(P*)!/2 r), where r is given

in (23). The only non-zero off-diagonal element of R is at the (L — 1)-th row and reads

1
Rioin = (=) (2~ ), (4

which is non-zero when e ¢ {1, L}. By recalling that A; = pyoy, k = 1,2,..., L, it is straight-
forward to verify that matrix R constructed as in (23) and (24) satisfies EHsyp = EHgrp and
rp—1 < A.. Together with Remark 1 this implies that more energy is received in the information
bearing subchannels of the GTD based system and higher rate can be achieved, see Appendix A
for details.

The key difference between the SVD based design and the GTD based system described
above is that in the GTD based system the transmitter has the ability to use the subchannel
associated with the highest singular value to transmit both information and energy signals while
the receiver is able to separate that particular transmission into two different streams; one is used

for information and the other is used for energy harvesting. This is in contrast with SVD based
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Fig. 1. Comparison between SVD and GTD based SWIPT.

system where each subchannel can carry either information or energy signals [22], [23]. As a
result, more transmit power can be used in information bearing subchannels since subchannel
with highest singular value is used to transfer information and energy as well. The difference

between the GTD approach and the SVD approach is illustrated in Fig. 1.

III. TRANSCEIVER DESIGN FOR SWIPT BASED ON GTD

Having demonstrated in Section II-C that the GTD based precoder can outperform the SVD
based precoder in a simplified setting, we now consider a more practical problem of minimizing
the transmit power given information rate and energy harvesting constraints. Total instantaneous
transmit power constraint tr(P) < P; is also included. Due to the difference in instantaneous power

constraint, the SVD based precoder considered here is slightly different to the case investigated



in [23], [24]. However, due to the space constraints, we omit the details of the SVD based system

and concentrate solely on the GTD based SWIPT approach.

A. Transmit Power Minimization for GTD Based SWIPT

As discussed in Section II-B2, the received signal at the k-th subchannel contains interference
if the k-th row in R has off-diagonal elements. Since interference is detrimental for achievable
rate, we concentrate here on designing GTD based precoder and receive-side filter that guarantee
interference-free subchannels for information transfer. However, as discovered in Section II-C,
interference is useful for increasing the amount of energy available for harvesting at the receive-
side and, thus, saves transmit power for satisfying the rate constraint.

Based on the above discussion, the following optimization problem can be formulated

minimize tr(FF7), (25a)
PrA, 1,9
R
st. Y log |1+ —2|>C, (25b)
iel On
K
> > nR} > EH, (25¢)
jeT 155
> P <Py (25d)
keK

where the precoder matrix F is given by (14), A represents the positive diagonal elements of
TP!/2 and K denotes the set of the total available subchannels while 7 C K and J € K\ T are
the sets of subchannels from which the receiver decodes the information and harvests the energy,
respectively. In addition to finding power allocation matrix P, optimal solution requires also to
identify which subchannels are used for information and energy transfer, and construction of the
precoding and the receive-side matrices F and W, respectively.

In the following we show that while the SVD based transceiver design allows a particular
subchannel to carry only one type of signal, information or energy, the GTD based system can
be designed so that a particular transmitted stream separates at the receiver into two parts; one
stream that is used for decoding information and another stream from which energy is harvested,
as illustrated in Fig. 1. This is the key difference between the two approaches and is the main

reason why the GTD based SWIPT outperforms its SVD counterpart. It should be noted, however,



that the same receive-side stream cannot be used to both harvest energy and decode information
in the GTD based system either, rather, the subchannel “re-use” happens at the transmit-side.

To solve (25), we propose a two-stage process that consists of first finding the power allocation
matrix P* and then using GTD to construct the precoding and the receive-side matrices F and W,
respectively, as discussed in Section II-B2. The power allocation for information transmission
is carried out according to the singular values X of the MIMO channel matrix H using the
water filling algorithm that is developed in [26], and then power necessary for satisfying the
energy harvesting constraint is added to it. After obtaining the complete power allocation P*,
GTD is used to decompose the matrix Z(P*)!/2 as [Q, R, X] « GTD(Z(P*)!/% r) to arrive at
the input-output relation (16).

To follow the above process, we need to show that the power allocation matrix can be optimized
based on the singular values of X so that the constraints (25b) and (25c) are both satisfied if the
diagonal elements r of R in the GTD are chosen appropriately. This design rule relies on the fact
that it is optimal to allocate all power that is used for energy harvesting to the strongest singular
value o [23], [24]. Specifically, our goal is to prove that information rate C and harvested

energy EH given as

K-1 2
o
C = log, (1 L2 2"), (26a)
k=1 On
EH=n- (Peh0'12 + pKo'Iz(), (26b)

can be achieved in GTD based SWIPT. In (26a), the powers (#1, ¢o, . .., ¢x—1) are obtained by
applying the water filling algorithm that is proposed in [26] on the parallel Gaussian channels

that have gains 0'12, 0'22, .. .0'1%_1 as follows
) +02(L—l), k<w
p={ "\ 27)
0, w<k<K-1

where the subchannel index w is given by

J 2
w:max{j 2C>]_[ k /\je{1,2,...K—l}}, (28)
k=1 j

\qN| S



and ¢,, is defined as

C
2% 1
gy =0 | ———— - = |. (29)

T 2
w 2\
(szl O'k)

Oy

Note that a similar strategy was used for the SVD based system in Section II-C, but now o7 is
associated with both information and energy, which is not allowed in the SVD based SWIPT.
For notational simplicity, we consider first the case when the water filling algorithm returns
(¢1, ¢, ..., ¢K_1) that are all non-zero; i.e., w = K — 1. The power pgx > 0 is set to be as small
as possible while keeping the corresponding subchannel active; therefore, the total number of
subchannels that have nonzero power is L = K. Given that pKO'Iz< < 1 and from (26b) we see
that p.; is mainly responsible for satisfying the energy harvesting constraint. The reason for the
special treatment of px will be explained later. From (26), the power allocation matrix that uses

the least power and satisfies both constraints is given by

P* = diag ([¢1 + pen> 62, .., b1, Pk]), (30)

where P = diag(p) constructs a square diagonal matrix with p on the diagonal. Therefore,

problem (25) is feasible if
K-1

Z¢k + Pen + Pk < Py, (31)
k=1

holds and (26a)—(26b) match (25b)—(25¢) exactly.

If the power allocation is carried out as in (26a) and (26b), the GTD of £(P*)!/2 has to be done
using r that results in R that satisfies the information rate and energy harvesting constraints given
in (25b) and (25c). As discussed in Section II-C, the chosen r must be multiplicatively majorized
by the positive diagonal elements of Z(P*)!/2, that is, r < A. Using r given in Theorem 2 satisfies
this condition and results in a receive-side subchannel assignment where J = {K — 1} is used
for energy harvesting and 7 = {1,...,K — 2, K} for information decoding. To show that this
GTD structure indeed solves (25), we need to verify that the resulting R with 7 and J as above
satisfy (25b) and (25b). For energy harvesting, we note that Rx_jx_; coincides with r;_; given
in (23) and Rgx_ix is equal to (24) if we set L = K. From (23), to have a non-zero (K — 1)-
th receive-side subchannel for energy harvesting, we need ¢ = pgog > 0 — px > 0.
This is the reason why px > 0 even though it does not contribute to satisfying the constraints.

With the above, substituting A4; = Vp.n + ¢101 and Agx = \/pxox to (23) and (24) verifies that



R2

Y 1k-1 7T R12<—11< = peh0'12 + p[(O'z, so that (25¢) and (26b) are equal, as desired.

To guarantee that the information rates in (25b) and (26a) are equal, we need to have

Zlog2 (1 + ) Zlog2 (1 + ) (32)

iel
where R;; = r;. As discussed in Section II-A, vector r given in (23) leads to subchannels in I

that contain no interference, that is, the corresponding rows of R have only diagonal elements.
From (23) we recall that r; = Ay = Voo, ... rk2 = Ag-1 = \édg_10k_1 so that the
corresponding K — 2 subchannels related to information transfer in (25b) and (26a) are just
permutations of each other. To guarantee equal information rate in both cases, the subchannel
associated with rx must therefore satisfy log,(1 + ¢10'2 Jo2) =logy(1 +r / o2). Substituting rg

given in (23) on the RHS yields the equality leads to

r2 2+ -k
10g2(1+0—) log, 1+T’7) (33a)
n n
oh + O' + e a +
“tog, |1+ (Pen + ¢1)0y + pr O 3 = (Pen PKOR) (33b)
On
2
g
- log, 1+¢121), (33¢)
O-I’l

where the second equality follows from the fact that A; = Vpep + 101, Ak = /pxok and
EH/n = peh0'12 + p[(O'IZ(. Thus, vector r given in (23) guarantees that (26a)—(26b) match (25b)—
(25¢) and power allocation (30) satisfies the constraints with minimum total transmit power if
(25) is feasible.

Finally, if the water filling algorithm allocates power to only the first w strongest subchannels
(w < K —1) so that ¢y11 = ¢yi2 = -+ = ¢pg—1 = 0, the above development still holds when
ok is replaced with 0,41 and pg by p,,+1 everywhere;thus, the number of the subchannels with
nonzero powers L = w + 1. For simplicity, Algorithm 1 summarizes the solution to the problem

(25) for the case L = K — 1.

B. Complexity Analysis

In this subsection, we briefly summarize the complexity of the GTD and SVD based SWIPT
schemes. Following [43], [44], the complexity of the main steps in GTD based SWIPT can
be obtained as given in Table I. Note that the complexity in Step 2 is due to the water filling



Algorithm 1 Solution to the problem (25)

1: [U,X, V] « SVD(H)

2: Obtain [¢, ¢2, ..., ¢x—1] that satisfy (25b) using (27), (28) and (29), given channel gains 07,03 ..., 0% _,.
3: Set minimum transmit power px > 0, so that the K-th transmit stream is active
4: Set pep = (EH — pgog)[noy

5: if (31) holds then

6: Set power allocation P* as in (30)

7: Set vector r as in (23)

8 [Q,R X] < GTD(E(P*)'/%r)

9: Transmit using precoder (14) and apply filter (16) at the receiver

10: Harvest energy from the subchannel J = {K — 1}

11: Decode information from the subchannels 7 = {1,...,K}\ J

12: else

13: Problem (25) is infeasible for GTD based SWIPT

14: End if

algorithm that has complexity of O(Kz) and that both schemes require the calculation of an
SVD and matrix F. The additional complexity of GTD based SWIPT is O(KZ) and due to
Steps 3 and 4 that are not required in the SVD based SWIPT. On the other hand, because the
SVD based SWIPT examines K of the subchannels assignment, Step 2 is executed K-times
in order to obtain the minimum required power allocation. This implies that Step 2 for SVD
based SWIPT requires in fact 0(K3) computations to obtain the solution. The leading term in
complexity of both schemes is, however, due to the calculation of the SVD in Step 1 and, thus,

both schemes are O(N,N,K).

TABLE 1
COMPLEXITY OF THE GTD BASED SWIPT

Step Operation Complexity
1 Compute SVD H = UXV#? O(N;N,K)
2 | Calculate the power allocation using (30) 0(K?)

3 Calculate X(P*)!/2 O(K)
4 Apply GTD on £(P*)!/? 0(K?)
5 Obtain F as in (14) O(N,K)

IV. NON-LINEAR ENERGY HARVESTING MODEL

In this section, we extend the developed GTD design for the non-linear EH model proposed

in [30]. Assuming that each EH subchannel is assigned one rectifier, the energy harvested at the
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Fig. 2. Comparison between the non-linear EH model, the linear EH model, and measurement data from a practical 5-stage
rectifier circuit in [49, Fig.3]. The parameters M; = 3.348, a; = 0.6152 and b = 1.55 in (34) were obtained by a standard curve
fitting tool when the rectifier input power pfF is in mWs.

Jj-th subchannel for the GTD based system can be written as

_ . RF
1 —e 9P

L oo sty o

where pfF = Zf: j Rjz.l is the received RF power at the j-th subchannel and {aj, b;, M;} are
tunable parameters that characterize the EH behavior of the rectifier at the j-th subchannel (for
more details, see [30], [31], [41]). In practice, these parameters are found by curve fitting on
measurements as demonstrated in Fig. 2. Note that now the EH efficiency nj(pfF )=EH;/ pfF
is not a constant but a non-linear function of the rectifier input power pfF . However, for a
limited range of received / harvested power, the linear model can be used as an approximation
of the non-linear EH model; for example in the case of Fig. 2 when the harvested energy is
roughly between 0.1 mW and 2 mW. Within this region, the rectifier operates efficiently and the
non-linear model (34) yields a good approximation to the practical implementation.

Within the “linear region” of the rectifier, the development in Section III that assumed sim-
plified linear EH model is still valid; i.e., all power that is used for energy harvesting should
be allocated to the subchannel corresponding to the highest singular value oj. Recalling that

pRE ~ p,,o? since the contribution from the Kth subchannel is negligible, the power allocation
j 1
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at the transmitter that guarantees harvested energy equal to EH is now given by

(35)

1 M + ¢°’EH
Peh = ) In s

ao; M -FEH

where we have dropped the subscripts j since the subchannel allocation is fixed as detailed in
Section III. As before, the transmitter allocates power to the information streams according to
(27)—(29). To construct the transmit- and receive-side matrices F and W, respectively, the vector
r used in the GTD algorithm is obtained from (23). The only change is that the constant 7 is
now replaced by 7(p®) that can be calculated after power allocation (35) is carried out.
Finally, let us consider the case when one subchannel is used for energy harvesting as before,
but the EH requirement is above the efficient region of the rectifier. As shown in Fig. 2, in this
region an increase in the received RF power increases the harvested energy only marginally since
the rectifier is close to saturation or has already saturated. To solve this issue while keeping the
structure derived in Section III, one could split the received RF power over multiple rectifiers as
proposed in [34], [50].Using the multiple rectifiers solution provided in [34] with the proposed
GTD approach requires solving a joint optimization problem of finding the power allocation p,
along with the split ratios that distribute the received RF power over multiple rectifiers. In this
case, the developed GTD structure in this paper is still applicable if sufficient number of rectifiers
are available so that they all operate in the efficient region. We conjecture that this structure is
in fact optimal for the proposed system with EH model [30], but this line of research is left as
future work. Another option would be to use multiple subchannels, each with one rectifier, for
energy harvesting. This requires developing new subchannel assignment and power allocation
algorithms for the system and is not considered in this paper. It should also be remarked that
(34) is not accurate when the received RF power that is required to satisfy the EH requirement
is below 0.1 mW [41]. Therefore, more accurate model, such as, the diode-based EH model
investigated in [35]-[41] should be used. When the diode-based EH model is used, the energy
conversion efficiency ; i.e., 7 is known to be non-linear function with respect to the received
signal y. Hence, incorporating such model with the GTD based SWIPT requires associating
the problem of joint power allocation and subchannel assignment with the distribution of the
transmitted signal and its waveform design. However, using the diode model with the developed

GTD approach is left as future work.
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V. NUMERICAL RESULTS

In this section, simulation results are presented to compare the performance of GTD and SVD
based precoding methods for SWIPT. A Rayleigh block fading spatially uncorrelated MIMO
channel is considered, so that the entries of H are independent ZMCSCG random variables with
variance 0'}% = ad™” where a = 0.1 is the path loss factor, d = 15 m is the transmitter to receiver
distance and y = 3 represents the path loss exponent. The noise power is set to —60 dBm. A
symmetric antenna setup N, = N, = 4 is assumed in all simulations. The power is measured
in watts (W) and the information rate is measured in bits per second per hertz (bps/Hz). Both
the linear and the non-linear EH models are considered and the relevant parameters of the EH
models are as in Fig. 2. The results are averaged over 10° independent channel realizations using
Monte Carlo simulations.

In Figures 3 and 4, the blue color refers to the GTD based SWIPT and the red color to the
SVD based SWIPT. In all figures the lines denote the results related to the linear EH model
used in Sections II and III, while the markers represent the results of the non-linear EH model
introduced in Section IV. In all cases, the GTD based precoder is optimized as described in
Section III-A. The SVD based precoder is optimized similarly, but the details are omitted due
to space constraints. It can be observed that the performance gap between the linear and the
non-linear EH models is small in all selected cases since the EH requirement lies within the
“linear region” of the EH circuit as discussed in Section IV.

Figure 3 shows plots of outage probability versus the instantaneous total transmit power
constraint P; under different data rate C and energy harvesting EH requirements. The outage is
defined as an event when one or both of the constraints cannot be satisfied for the given power
constraint P,. In Fig. 3(a), the outage probability of the GTD based SWIPT decays steeply as a
function of the total transmit power. In contrast, the curves representing the SVD based SWIPT
decay slowly and exhibit much higher outage probabilities throughout the entire range. It is
also clear that for a constant rate constraint C = 15 bps/Hz, increasing the energy harvesting
requirement from EH = 0.1 mW to EH = 0.5 mW has significantly less impact on the outage
probability of the GTD base system compared to the SVD based one. The dramatic difference
between the two techniques can be highlighted by considering a case of moderate power, rate
and energy harvesting constraints, namely, P, = 4 W, C = 15 bps/Hz and EH = 0.3 mW.
Under these conditions, the GTD based system shows 4% outage probability, while the SVD
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Fig. 3. Outage probability vs. total transmit power constraint P; for different energy harvesting and rate requirements (C in
bps/Hz, EH in mW).

based system has 69% outage probability, making the system unusable. The difference in the
performance is explained by the fact that the best eigenchannel in the GTD based precoder
can be assigned to carry both information and energy simultaneously, while for the SVD based
precoder each eigenchannel can carry either information or energy, but not both at the same
time. Similar behavior can be observed in Fig. 3(b), where the GTD based approach provides
superior performance in all considered cases. For example, given energy harvesting constraint
EH = 0.4 mW and 15% outage probability, increasing the rate constraint C from 12 to 20 bps/Hz
requires the average transmit power to be increased by 3 W for the GTD based approach while
14 W more power is needed for the SVD based approach.

Having demonstrated that for given instantaneous transmit power constraint P;, the probability
that a GTD based system fails to meet the energy harvesting and information rate targets is orders
of magnitude lower than with SVD based system, in Fig. 4 we examine the average transmitted
powers of both systems when the instantaneous power constraint is relaxed as P; = +o0o. Note
that the SVD based SWIPT in this case becomes similar to those investigated in [24] and [23].
The considered setup guarantees that both SWIPT strategies always succeed in meeting the
constraints, while minimizing the total transmit power as explained in Section III.

Figure 4(a) plots the average total transmit power versus rate constraint for both precoding
schemes. For a given value of EH, increasing the rate requirement for the GTD based system

shows only mild increase in the average transmit power. In contrast, the curves representing
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Fig. 5. Average transmit power ratio between GTD and SVD based SWIPT with optimum power allocation and no instantaneous
power constraint, P; = +oo.

the SVD based system rise sharply for the higher values of the rate constraint. For example,
increasing the rate constraint C from 9 to 13 bps/Hz while holding EH fixed at 0.6 mW requires
increasing the average total transmitted power by 0.3 W and 1.4 W for the GTD and SVD based
approaches, respectively. The average total transmit power as a function of energy harvesting
constraint is examined in Fig. 4(b). The results clearly show that using GTD based SWIPT leads
to significant saving of transmitted power in comparison with the SVD based SWIPT, especially
for higher rate constraints. For example, EH = 0.4 mW, C = 16 bps/Hz can be achieved using
average power of 3.6 W with GTD, while approximately 7 W are required with SVD.
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To investigate the relative performance of the two SWIPT schemes in more detail, Fig. 5 plots
the ratio between the average total transmit power for the GTD and SVD based systems versus
the rate and energy harvesting constraints. As in Fig. 4, the scenario of no instantaneous power
constraint (P; = 4+o0) is considered. The results clearly show that a significant saving in the
transmitted power can be achieved for a wide range of system parameter values by using the

proposed GTD based approach instead of the conventional SVD based approach.

VI. CONCLUSIONS

In this paper, we have proposed a new approach for SWIPT, based on the GTD, in a point-
to-point MIMO communication system. The GTD structure is exploited to create an interfering
subchannel to satisfy the energy harvesting requirement while maintaining the best subchannels
for information exchange. We have derived the optimal GTD structure that maximizes the
information rate for a given power allocation and energy harvesting constraint. We have proposed
an algorithm that obtains the optimal subchannel assignment and power allocation to minimize
the total transmitted power for given information and energy harvesting constraints. We compare
the proposed approach against the state-of-the-art SVD based scheme. Both the theoretical and
the numerical simulation results show that the GTD based SWIPT well outperforms the SVD
based SWIPT. The improvements provided by the proposed method arise from the fact that
the GTD allows the transmitter to use the strongest subchannel to transfer both energy and
information jointly which is not possible in the SVD based SWIPT. Extension of the present
work to a more realistic energy harvesting model is important future work and would open up
new possibilities for optimization of the system, for example via waveform design. Another
research avenue worth exploring in future, is the practical implementation aspects of GTD based

SWIPT in light of advances in RF CMOS design of switching, phase shifters, and EH circuits.

APPENDIX A

PROOF OF THEOREM 2

Let J = {j} so that the energy harvested at the GTD based receiver is given by

2 2 2
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For simplicity, we assume that = 1 where the proof is valid for any value of 7. Substituting
(6) in (9a) and following [42], it can be shown that the value of the diagonal element R;; = r;
is related to the off-diagonal elements on the same row as
1
2 2 2 _ p2\(R2 2
R, + + R = —(a; = R;) (R;; = ), (37)

J RZ J
JJ

where the parameters «; and §; are set in the GTD algorithm during the j-th iteration as discussed
in Section II-A. From (36) and (37) the harvested energy as a function of the predefined diagonal
elements r is thus given by

1
EHerp = r} + = (o] = 17) (1} = B}). (38)

J
where the values of a; and B; also depend on r. Clearly (38) implies that for the subchannels
i € Igrp carrying data, we must have a; = r; or §; = r; in the GTD algorithm at the i-th iteration
to guarantee interference free information transmission.

The multiplicative majorization condition r < A and ordering 41 > A2 > ... > Ay imply that
A< <A, VYk=12,...,L, (39)

where A is a vector constructed from the diagonal elements of the matrix X(P*)!/2. According

to [42], the values of oy and B must satisfy

AL < ap < 4y, (40a)

A < B < 44, (40b)

that together with (39) limit the range of Cgrp and EHgrp. This leads to two different cases
when EHgrp = EHgyp is guaranteed, namely Cgrp = Csyp and Cgrp > Csyp, depending on
how the power and subchannels are allocated in the SVD based system as shown below.

Let us denote e = ¢* for the subchannel assigned for energy harvesting by the SVD based
precoder so that & = {e} and Zsyp = {1,...,L} \ {e} are the optimal subchannel assignments.
The energy harvested EHgyp = A2 by the SVD based system satisfies /li < EHgyp < /l%.
We show below that if e ¢ {1, L}, the subchannels J = {j} and Zgrp = {1,...,L} \ {j} and
the vector r < A can be designed so that the energy harvested by the GTD based system (38)

satisfies EHgrp = EHgyp with A <r; < A,. Since the energy harvesting constraint is satisfied
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in part through interference, more power can be allocated to information transmission leading
to information rate Cgrp > Csyp. The special case e € {1,L}, on the other hand, leads to
EHgrp = EHgyp and Cgrp = Csyp.

According to (38), the contribution of interference to the harvested energy is highest when
@; is maximized and S; minimized. For given r;, the constraints (40) imply that a maximum
amount of interference is obtained when «; = A and §; = A.. However, «; and B; are not
free parameters but set during the j-th iteration of the GTD algorithm and depend in general
on the first j entries r,7,...,r; of r. Based on the GTD algorithm discussed in Section II-A,
a; = A1 and B; = A; can be obtained simultaneously if and only if energy is harvested from the

subchannel j = L — 1 and
r=Ad; =432 = A, (41)

as given in (23). This implies that the GTD based system decodes information always from the
subchannels i = 1,2,..., L —2, L and there is no need for numerical optimization of subchannel
assignment as in the SVD based system.

Based on the above, let us now fix the subchannel assignment for GTD as J = {L — 1},
Iorp = {1,...,L —2,L} and set ry,...,rp—> as in (41). Substitute a;_; = A1, Br-1 = AL
and EHgrp = EHgyp = /lg into (38), so that after some algebraic manipulations we get r;_;
as given in (23). Since the interference term is maximized in (38), the value r;_; < A, is
the minimum possible that satisfies the energy harvesting constraint EHgrp = EHgsyp. The
majorization condition, together with (41) provides r; as also given in (23), and the only non-
zero off-diagonal element in R, Ry _;, is given as (24) and follows from (38). The construction
(23) satisfies now r < A and yields a matrix R for which EHgrp = EHgyp = /15 given any
power allocation P and subchannel assignment & = {e}, Zsyp = {1,...,L} \ {e} in the SVD
based system.

Given r as described above, two cases can be identified depending on how the SVD based
system allocates the energy harvesting subchannel, namely, 1) when e € {1, L}; and 2) when
e ¢ {1,L}. In the first case (24) implies directly r;_; = A, and the interference term in (38)
vanishes. Since r is now just a permutation of 4, SVD and GTD based systems are equivalent
so that EHsyp = EHgrp and Cgrp = Csyp. For the second case r;_1 < ar_; = 4; and

rp—1 > PBr-1 = Ag so that the interference term in (38) is positive and r; -1 < A.. To show
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that this improves the rate of the GTD based system, the condition X 7. log,(1 + rl.20'n_ 2 >

Ziclovp (l+/ll.20'”_ 2) must hold. To check this condition is always true for the assignment discussed

above, we write the achievable rate of the GTD system in term of A’s by using (41) and substitute

the value of ry as given in (23) to the above condition to obtain

L-1 2 2 2 2 L 2
A Ay +A5—A4 A
1 L
E 10g2 1+ 0_—12 + log2 1+ Te > E 10g2 1+ 0_—12 . 42)
i=2 n n i=1 n
1*e
Corp

Csvp

From (42) the condition for Cgrp > Csyp can be directly written as

A2 A+ 12 -2 A2 2
1og2(1+—3)+10g2 1+1—L26 > log, 1+—12 +log, |1+ —= (43a)
On On Oy Oy
A2+ 22\ 2222+ 222-18 A2+ 2\ 222
= log, 1+12L+‘e ﬁ 2| > log, 1+‘2L+14L (43b)
On Ohn Opn Op
— 23+ 23 -2 -2342 > 0. (43¢)

To prove (43c) indeed holds, define y > 0 and z > O to be real positive numbers. Because

A < A, < A1, we can write /lg = /I% +y and /lf = /1% + y+ z and substitute into (43c). After some

simplifications we get yz > 0, and, thus Cgrp > Csyp, completing the proof of Theorem 2.
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