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Abstract

It is shown that the Zakharov-Mihailov (ZM) Lagrangian structure for integrable
nonlinear equations derived from a general class of Lax pairs possesses a Lagrangian
multiform structure in the sense of [1]. We show that, as a consequence of this multiform
structure, we can formulate a variational principle for the Lax pair itself, a problem
that to our knowledge was never previously considered. As an example, we present an
integrable N x N matrix system that contains the AKNS hierarchy, and we exhibit
the Lagrangian multiform structure of the scalar AKNS hierarchy by presenting the
components corresponding to the first three flows of the hierarchy.

1 Introduction

A unifying principle in physics is that at the classical level the fundamental theories
of interactions can be described by Lagrangian field theories through the least-action
principle applied to the corresponding action functional. There are strong indications
that field theories that are classically integrable in the sense of being solvable through
the inverse scattering method possess a Lagrangian description. In fact, Zakharov and
Mikhailov showed in [2] that integrable systems derived from a fairly broad class of Lax
pairs, i.e. based on zero-curvature conditions, in 141 dimensions, possess a natural
Lagrangian description, while the Lax pair allows for the application of the inverse scat-
tering method or other dressing method techniques for their exact solution. A key aspect
of such integrable systems is the notion of multidimensional consistency (MDC), namely
the fact that the defining equations can be seen as members of compatible hierarchies
of equations in terms of an, in principle, arbitrary number of independent variables,
which can be simultaneously and consistently imposed on one and the same set of de-
pendent variables (or the same set of components of the independent variable in the
multi-component case). Alternatively this can be interpreted as the existence of an infi-
nite hierarchy of symmetries for those constitutive equations. A point of view is that the
true integrable system in question is the collection of all these compatible equations, i.e.
we can consider the entire multidimensionally consistent system as the integrable system.

From that latter point of view, a key weakness of the conventional Lagrangian description
is that it fails to capture the multidimensional consistency. After all, a scalar Lagrangian
function will only provide one single equation of the motion per component of the system,
and not the whole system of compatible equations for those components. Thus, there
is a mismatch between the integrability and the Lagrangian aspect of the variational
approach, which we would like to be able to encode all relevant aspects of the system
including its multidimensional consistency. This weakness was overcome in the paper [1]
where it was proposed to extend the classical scalar Lagrangian (or volume form with
respect to the space of independent variables) to a genuine differential d-form in the
space of independent variables of N dimensions with d < N, where d corresponds to the
dimensionality of the equations (i.e. d = 2 for systems of 1+1-dimensional equations).
This led to the introduction of a new notion of a Lagrangian multiform [1, 3], where the
multidimensional consistency manifests itself by the Euler-Lagrange (EL) equations of



the Lagrangian d-form being independent of the choice of the surface of integration in
the action functional.

2 Multiforms and Lax Equations

2.1 Lagrangian 2-Forms

To make these ideas more precise, we define a Lagrangian 2-form in a space of N > 2

independent variables &1, ...,&n by an expression
Li=> ZLypd&sadg (2.1)
i<j

where the components Z{;;y are functions of (scalar or multi-component) field variables
@(&1, ... ,&n) and their derivatives. The action functional, defined by

L&y .., EN); 0] :/ L, (2.2)

should be considered as a functional not only of the field variables ¢, but also of the
two-dimensional surface ¢ in N-dimensional space of independent variables. Thus, the
relevant variational principle requires that the action % is stationary with respect to
infinitesimal variations of the fields ¢ — ¢ + d¢ for every choice of the surface o. In
the language of the variational bicomplex (see e.g. [4]) this leads to the relation

odL =0 (2.3)
where
dL = ) Diodé A dg A dé, (2.4)
i,k
0 0
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YL 0g)i . (9 i (2:6)
with |I| =71 +...+jnand [& = (j17--~7jk+17~-7jN)- Then
odL
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The proof of (2.3) (originally given in [5]) can be found in the first part of Appendix
A. For an autonomous L, i.e. one that has no direct dependence on the independent
variables &;, (2.3) implies that dL = ¢, a constant. This must hold, not as an identity
for arbitrary ¢, but on solutions of the Euler-Lagrange (EL) equations for those fields.

Remark 2.1. In [1] the slightly stronger “closure” relation dL = 0 was proposed as
a condition of stationarity of the action with respect to variations of the action as a
functional of the surface o. To date, all known examples of Lagrangian multiforms
beyond the 1-form case obey the latter condition.

A direct consequence of the relation (2.3) is that there are constraints on the compo-
nents .Z;;) that constitute the multiform L. We shall refer to these constraints as the
multiform EL equations of the Lagrangian multiform L. We introduce the notation
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and define the variational derivative




0L is 0L i;
=2l N (1t peD? G3) for a,b,c € Zsg (2.9)
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with ———— := 0 in the case where one or more of a, b, ¢ is negative. We shall use the
(Pia,jbkc
convention that
(53) _ 2z (2.10)
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when taking variational derivatives with respect to the matrix-valued field ¢.
Theorem 2.2. The multiform EL equations for a Lagrangian 2-form are given by
0L 0Ly 0Lk
5(Piljmk”*1 (;Cpil—ljmkn (5cpiljm—1kn

=0 (2.11)

forl,m,n>0.

This is equivalent to the equations given in [6, 5] that were derived by approximating
the surface of integration, o, by a stepped surface. We give an alternative proof of this
in Appendix A, that does not require the use of stepped surfaces.

Remark 2.3. The multiform EL equations include the standard EL equations and
the higher jet EL equations. For erample, in the case where | = 0,m = 0,n = 1,
(2.11) gives us

0Lj) _
o

i.e. the standard EL equations for £y . In the case where more than one of I,m and n
is greater than zero, we get the higher jet EL equations.

0, (2.12)

In the present paper we apply the idea of Lagrangian multiform to the Lagrangian density
proposed in [2], and we show that it can indeed be extended naturally to a Lagrangian
2-form structure. This makes the multidimensional consistency of the corresponding
Zakharov-Mikhailov (ZM) system manifest at the Lagrangian level. Furthermore we
show that, in a precise sense, our Lagrangian multiform leads to a variational formulation
of the underlying Lax pair itself. In fact, the 2-form structure leads naturally to the
Lagrangian description for a Laz triplet (or more generally a Lax multiplet), and thus
we can recover the Lax pair from the Lagrangian multiforms associated with the ZM
Lagrangians.

2.2 The Zakharov-Mikhailov Lagrangian

Following the method of Zakharov and Mikhailov [2] we start from a N x N matrix Lax
pair U and V and auxiliary problem

Ve = UE N, W, = V(E AT, (2.13)

Henceforth, we shall commit an abuse of terminology and refer to the N x N matrix ¥
as the eigenfunction of the Lax pair. This gives rise to the compatibility condition

U, — Ve + U, V] =0. (2.14)

We assume that U and V are rational functions of A\ with a finite number of distinct
simple poles (the case where U and V have higher order poles is dealt with in [4]), so

Ny Ui Ny Vi
U:U0(§777)+Z A(f’an.)’ V:V0(§7n)+2@. (2.15)
i=1 v j=1 J

giving the compatibility conditions



Uy =Ve+[U% v =0 (2.16)

and
No oy 4 i
i i 170 _ J L \yi o =
Un+[U7V +;aibj] 0, V{+ [V U +;b GJ 0. (2.17)

Equation (2.16) implies that U® and V° can be written in terms of an invertible matrix
g(&,n) such that

U=geg™!, Vo=gng " (2.18)
The matrices U? and V7 are expressed as
U'=@'Up")7Y, V=g Vi)t (2.19)

where U’ and V7 are the Jordan normal forms of U “ and V7 which depend only on & and
7 respectively. In order to show that U’ depends only on &, we let Y be the solution of

=Vrea,Y? (2.20)
then
o((Y)TIUY") = ~(Y) Vo UY' + (V) 7V aza,, UV + (Y1) UV a2a, Y =0,
(2.21)
o (YH)~LU'Y" is constant with respect to 7. Since similarity transformations preserve
eigenvalues, this tells us that the eigenvalues of U ¢ do not depend on 7. Therefore the
Jordan normal matrix U? which has the same eigenvalues as U’ does not depend on 7.

Similarly V7 does not depend on €.

The ZM Lagrangian

N1 N2

Z(gm—tr{zwi)l(w — gng U =D ()TN — geg T )V
i=1 j=1
Ny ,()/}JVJ w]) 1 zUz( i)fl (222)
i=1j=

has EL equations equivalent to the compatibility conditions (2.17). We find that

IVI(p)y~t N . .
0L () <<Pn (909" + Ziwv(wb) )@Z)Ul(w’)l

et
L (2.23a)
o Vi)t N\ .
+ U~ <<p,, (gng " + wab))sol) ()"
and
0L =1 L T N
507 =) (wg — (9¢g +ZH)W>WW)
i=1 J ¢
(2.23b)
—Vj(wj)_1< 959_1+Z¢5U_a )(wj)—l

which, when we use (2.19) and set equal to zero are equivalent to (2.17).



Remark 2.4. From the definition of ¢* and 17 in (2.19), it is clear that they are not-
unique. As a result, (2.23a) is equivalent to the statement that

()M — (gg™ +ZWV7 LI (2.24)

can be any matriz that commutes with U'. A similar statement relating to VI follows
from (2.23b). However, the non-uniqueness of ¢* and 1’ does not lead to any additional
freedom on solutions of the system because, by (2.19), this freedom does not affect U*
and V7.

We also find that

0L & —1 iy iy —1 —1 iy =1, —1

@—Z{Dn(g U (e") ) +g ¢'U(e") g gn}
= (2.25)

Z{Dagwww‘)1>+g1wvj<w>lglgg}.

Jj=1

When we use (2.19) and set equal to zero this is equivalent to

N1 N2 .

Z{U;#—[Ul,VO]} :Z{Vg + [VJ,UO]} (2.26)
i=1 j=1

which is a consequence of (2.17). Compatibility condition (2.16) follows directly from
the form of UY and V° in terms of g, i.e. it is not a variational equation of this La-
grangian. Zakharov and Mikhailov made no reference in [2] to varying the fields U and
V7 (although, in [4, 7], Dickey does vary the analog of these fields). We note that, in
the ZM formulation, this would amount to varying a Jordan normal matrix.

Remark 2.5. By letting @ — ® = g~ U, letting U* — U’ = ¢~ 'U'g and letting V7 —
Vi = ¢g='VWig we can express the auziliary problem (2.13) without U° and VO terms.
This allows us, without loss of gemerality, to omit g from all ZM related Lagrangians
from here on.

We shall now change our perspective from the ZM construction, and consider the ZM
Lagrangian

Mo Nz N JV (1 i (o)1
Lien) = tr { Z((pz)—l Z(w]) lquvj ZZ (& ()~ _SDb (¢") }
i=1 j=1 i=1 j=1

(2.27)

as our fundamental object. We impose that U? and V7 depend only on ¢ and 7 re-
spectively. We no longer impose that U’ and V7 are in Jordan normal form, and now
consider them to be fundamental matrix-valued fields. We now take variational deriva-
tives with respect to all field variables, including U? and V7. The variational derivative
with respect to U’ reads

0Llen) | iv—1 ok (") LIV (ypd) Lt

We set this equal to zero and define

VI =l VI (g?) (2.29)
and N
= Vi)
V= >, (2.30)
Jj=1



to get that

6= Vlrca,' (2.31)
Similarly, by varying with respect to V7 and setting

Ul =¢'U'e") ™! (2.32)
and N
~U'(€,n)
U= : .
—a (2.33)
=1
we get that ‘ ‘
Yl = Ul=p, ¥ (2.34)

These relations imply that

Uy = Dy(0'U(¢") ") = Vxea, @' U (") = ' U (¢") 7'V,

Ve U] (2.35)

and similarly ' 4
ng = [U|)\:bj7V]]. (2.36)

We get precisely the relations (2.17). We have already seen in (2.23a) and (2.23b)
that the variational derivatives with respect to ¢ and 7 also give us (2.17) and the
variational derivative with respect to g gives us (2.26) - a corollary of (2.17). Therefore
all of these variations give compatible equations.

Remark 2.6. The variational derivative with respect to ¢ gives a weaker relation than
the variational derivative with respect to U'. This is due to the non-uniqueness in the
choice of ' when putting U' into Jordan normal form. When we re-write these relations
in terms of U, using (2.29) this non-uniqueness is removed and we get the same relations
in both cases. A similar statement can be made regarding 17 and V7.

2.3 Multidimensional Consistency

One main goal is to incorporate the ZM Lagrangian into a Lagrangian multiform, each
component of which corresponds to two Lax matrices of a Lax multiplet. We will do so
for the first nontrivial case of a Lax triplet (U, V,W). In order for this to be possible at
all, a necessary property of the triplet is that it produces a multidimensionally consistent
system. Indeed, we will see that a consequence of our construction is that the multiform
EL equations form such a consistent system. Therefore, let us introduce a third Lax
matrix W and associated independent variable v (giving a third part to the auxiliary
problem (2.13) of the form ¥, = W¥). We require that all of the matrices U, V and W
are functions of three independent variables £, 7 and v. In addition to the relation

U, — Ve +[U,V] =0. (2.37)

that arises when we sum and combine equations (2.17), we assume that we have similar
relations

V,—W,+[V,W]=0 and We—U,+[W,U] =0 (2.38)

relating V and W, and W and U. In order to proceed, we assume that two of the
three relations (e.g. the relations (2.38)) hold simultaneously and show that the arising
compatibility conditions are consistent with the third relation (i.e. the relation (2.37)).
If we view the relations (2.38) as definitions for the n and ¢ derivatives of W then we
must check that D, W — D¢W,, = 0 when (2.37) holds:

DyWe = DeWyy = Dy (U, + [U, W) = De(V, + [V, W])
= Unu + [Una W] + [U7 Wﬂ] - VﬁV - [VS’ W] - [Vv W&] (2'39)
= Upy = Vo + [Uy = Ve, W] + [U, Wy — [V, We].

6



We use (2.38) again to write this as

Upy = Vew + Uy = Ve, W+ [UV, + [V, W] = [V, U, — W, U]]

2.40
DUy~ Vet W V) + [0~ Ve W+ 0 VW] o B
By the Jacobi identity, this is equivalent to
which is zero whenever (2.37) holds.
2.4 A Lagrangian Multiform Structure
We now introduce the Lagrangian multiform
L= ZLendé Adn + Liydn Adv + ZLeydv A d§ (2.42)
where
Ny No Ny T i\ —
PP o L wyvj wg SOZUW spz 1
R D EIRTTAE SIS 3) phaa Com LR
i=1 j=1 i=1 j=1
(2.43a)
No Ns Na Mo KYik ()= Lypi 173 ()1
o WHk( YAVE]
f(nu) =tr { Z(¢J) 1w}ij] Z( Wk ZZ b v (¥") }
° — Ck
j=1 k=1 j=1k=1
(2.43b)
and
N3 Ny Ns N1 574 z -1 k k
_ = i o' UY( W
Loy = tr { S0 = Y () A0 - 33 bl
‘ Ck — Q4
k=1 =1 k=11i=1
(2.43¢)

We impose that the U? only depend on &, the V7 only depend on n and the W* only
depend on v. The multiform EL equations of L correspond to the criticality of the action

S:/UL (2.44)

simultaneously for every surface o in the &, 7n,v plane and are given by (2.11). Since
this Lagrangian 2-form depends only on 1% order derivatives of the field variables, the
multiform EL equations (2.11) reduce to the following:

e The standard EL equations

0Len) o 9%em _ o, lew _
=0, =0, =0,
0p oY 0x (2.45a)
oU ’ % ’ oW
and similarly for £,y and Z(,¢).
e The first jet one component EL equations
0%, 0%

So Yy,

and similar relations for cyclic permutations of £, n and v.

e The first jet two component EL equations



0Zien) | 9wy _ o 0w | OLwe g e | OLen _

) , 0 (2.45¢)
e ooy Oy Ope opy Oy
and similar relations with respect to ¥ and .
Remark 2.7. Since, in this case, the Lagrangian multiform L has no 2% or higher jet

terms, the variational derivatives with respect to any given first jet term are just partial
derivatives with respect to that term.

Theorem 2.8. For the Lagrangian multiform

L = Lenydé Adn + Lydn A dv + Lipeydv A dE (2.46)

The relevant EL equations (2.45a), (2.45b) and (2.45¢) yield the multidimensional sys-
tem of equations given by (2.17) and the corresponding relations for the matriz W.
Furthermore, dL = 0 on solutions of the multiform Fuler-Lagrange equations.

Proof. We begin by confirming that the Multiform EL equations (2.45a), (2.45b) and
(2.45c) hold. From varying U and V' in Z(¢,) we get

0h=Virzap' and ¥l = Ulnzpy, . (2.47a)
From varying V and W in L) We get
From varying W and U in Lve) we get

X = Uh=eX® and o), = Wiz, 0" (2.47¢)

From varying ¢’ and 97 in Lien) we get

No %4 . M @
Ui+ |U* =0 and V{4 |VY =0 2.48
"+{ ’;ai—bj] o §+[ 7;%—%} (2482)

which are corollaries of (2.47a). From varying ¢/ and x* in %, we get

, Ns wk N3 Vi
V3+[V3,Zb_0k}:0 and W,’;+[Wk,20kb_]:0 (2.48b)
k=17 j=1 J

which are corollaries of (2.47b). From varying x* and ¢’ in Lve) we get

Ny Ui Ns Wk
Wk + {W’“, } =0 and U+ [U”, } =0 2.48¢

which are corollaries of (2.47c). Equations of the type given in (2.45b) are trivially
satisfied since there are no v derivatives in Z(¢,), no § derivatives in Z,,) and no 7
derivatives in .Z{;,). Equations of the type given in (2.45c) are also trivially satisfied,

in that they do not require the field variables to be critical points of the action in order
to hold.

The validity of the relation dL = 0 for the Lagrangian (2.46) on the solutions of the
EL equations is verified by direct computation, the details of which are presented in
Appendix B.

O



Remark 2.9. We notice that the N3 pairs of expressions derived from L by varying W,
X? = U|/\:0ka and X:; = V|>\:0ka (2.49&)

are precisely the auziliary problem (2.13) with A\ = ¢i. Similarly, we can view the Ny
expressions involving ¢ of the form

¢n=Viza, ¥ and ¢, =Wlrza,¢' (2.49b)

that come from varying U’ as an auziliary problem based on V' and W with A = a; and
the Ny expressions involving Y7 of the form

Yl = Wlazp, 7 and 1/;2 = Ulrzp, ¥ (2.49¢)

that come from varying V7 as an auziliary problem based on W and U with X = b;.

2.5 Lagrangian for the ZM Lax Pair

Building on remark 2.9, in the case of the Lax pair (2.13) involving U and V with spec-
tral parameter \ and associated coordinates ¢ and 7, we can view the spectral parameter
A as coming from a “ghost” direction v as one of the poles of the associated Lax matrix
W. In this case, the Lagrangian multiform (2.42) can be viewed as the Lagrangian for
the Lax pair U and V, with the multiform EL equations of the Lagrangian multiform
including both the equations of motion of the Lax pair U and V and also the auxiliary
problem (2.13). However, it would be just as valid to focus on V and W and consider £
as the “ghost” direction, or to focus on W and U with n as the “ghost” direction, since
the three Lax matrices U, V and W along with their respective associated coordinates
&, n and v all hold equal status within the multiform. Therefore, in the context of this
Lagrangian multiform description, rather that considering a Lax pair as consisting of
matrices U and V with spectral parameter A, it is more satisfactory to consider the Lax
triplet U, V and W.

If we are only interested in the U, V auxiliary problem

Ve =U(n,NY, ¥, =V({nNY, (2.50)

and want to cast this in the multiform structure of Section 2.4 then it is necessary to
introduce a “ghost” variable v and require that all field variables now have a v depen-
dence. We must also introduce the additional Lax matrix W relating to the “ghost”
direction v. These are required in the Lagrangian in order to have a closed 2-form. The
multiform EL equations from such a Lagrangian 2-form will have a v dependence. We
will go on to show that any set of v dependent solutions can be reduced to a set of
v independent solutions, thereby obtaining precisely the auxiliary problem (2.50) and
the associated compatibility conditions depending only on £ and 7 from our Lagrangian
2-form.

We take our Lagrangian L{p, v, x, U, V,W; A to be

Ny N2 N1 N2

o SV (3 -1t [T (o)~
L:(Z(wi)qw%[ji72(1/#‘)71%‘/] 7227/1 Vi) e'U N (¢") )de A dn

ai—bj

1=1 j=1 1=1 j=1

N: N. - S .
N i IR 2 xWx I VI (7)1
+( § (W) YLV — XTI W — ]E:I b=

Jj=1

M N1 ifTi( i) =1y T v—L
+ (X_1X5W _ Z((pi)—lsplijﬁi _ Z ©'U (‘P)\) xWx )dZ/ A de.
1=1 1=1

)dn A dv

—a;

(2.51)



This Lagrangian 2-form is special case of the multiform (2.42) where the matrix W has
a single pole at A. In accordance with Theorem 2.8 the multiform equations of motion
given by this multiform are

xe =Ux and x,=Vx (2.52a)
¢n=Vza, o' and @, = Wioa,¢' (2.52b)
Ul =Wz, and @ = Ul (2.52¢)
and corollaries thereof, including
, Xy ‘ M i

U;+{UZ,Za_bj] =0 and Vg+[vazbja} =0 (2.53a)

j=1"" i=1 ¢

. oWt Ny
VI+ |V, ——| =0 and W, + |W! =0 2.53b
e R U o AU

N1 ] 1

U’ , . W

1 1 _ (2 —

w¢ + [W ; Aai] =0 and U+ [UZ, aiJ =0. (2.53¢)

At this stage, our equations of motion contain v which does not feature in the U, V
Lax pair. However, if the matrices U, V, W, ¢*, 97 and x satisfy these equations, then
there is also a solution with the same U and V but with W = 0. In this case the second
equation of (2.52b) and the first equation of (2.52¢) tell us that ¢* and 1/ no longer
depend on v, i.e. we can think of these as the ' and v’ of the original solution, with
v = 1y, a constant. The first equation of (2.52b) and the second equation of (2.52c)
are simply the definitions of ¢* and 17 which hold for v = 1. Then (2.52a) is precisely
the auxiliary problem for U and V', which no longer depends upon v. Thus, the only
remaining relations that are non-zero are

xe=Ux and x,=Vx (2.54)
the auxiliary problem based on U and V,

SD,;] = V|A:a,;§0i and wg = U|A:bjwj (255)
the defining relations for ¢* and 17 and

7

]=0 (2.56)

ai—bj]

, Nz oy , -0
Uy + U =0 and Vg+[w,zbj_w
j=1 i=1 ¢

the equations of motion for U? and V7. All of these relations now only depend upon ¢
and 7. Therefore, the Lagrangian multiform (2.51) can be considered the Lagrangian
for the Lax pair U and V. We can summarise this result in the following theorem.

Theorem 2.10. The Lagrangian 2-form L(p,v,x,U,V,W,g;\) given by (2.51) is a
Lagrangian for the Lax pair U and V. When we take the multiform EL equations and
set W = 0 our equations of motion are the auxiliary problem

xe =Ux and x,=Vyx (2.57)

for U and V and the equations of motion

Neyi . Ny i
Ut 4+ U =0 d VI4[vi =0 2.58
ot ;aiw] and V¢ +] ’;bﬁai] (2.58)

corresponding to the compatibility conditions of this auxiliary problem.

10



3 Matrix AKNS Hierarchy

As a specific example of the general construction, we present here the case of the single-
pole Lax pair which, with appropriate choice of variables, can be viewed as a generating
model for the generalized, i.e. N x N matrix generalization, of the famous AKNS hier-
archy of [8].

3.1 An Integrable N x N Hierarchy and its ZM Lagrangian

We begin by introducing co-ordinates x; for ¢ = 1,..., 00 and we define the derivatives
with respect to & and 7 such that

— 1 0 — 1 0
=0 7=0

and apply this to form a Lax pair and auxiliary problem with a single simple pole
U(&;n) V(& n)
Ue = v, v, = v 2
3 )\ —a ) n )\ _ b ) (3 )

i.e. the ZM auxiliary problem with N; = 1 and No = 1. This gives rise to the compati-
bility conditions

[V, U]
U,=Ve = . 3.3
n 13 a—b ( )
By the ZM method outlined in Section 2, this has the Lagrangian
3 _ 3 _ w‘_/w—l U —1
Len) =tr {so YonU — ™MV — T _sob ? (3.4a)

We can now introduce the co-ordinate v, the associated matrix W (v) and parameter c
to form two further Lagrangians

DU R L S
and _ -
L =tr {X_1X£W —¢ U - W} (3.4¢)
to form the Lagrangian multiform
LiendE N dn + Liydn N dv + Zieydv A dE. (3.4d)

By Theorem 2.8, this Lagrangian multiform is closed on solutions of this system and has
Multiform EL equations that include (3.3) when we let U = pUp ! and V = V1L,
i.e. we have a Lagrangian multiform structure for this system.

Since, on the equations of motion, U,y = V¢, there exists a matrix H such that U = H¢
and V = H,,. Expressing (3.3) in terms of H, we get

_ [HnaHi]
Hep = ——> (3.5)

A conventional Lagrangian that gives this expression directly is given in [9]. When we
expand the £ and 7 derivatives in terms of the x; co-ordinates this gives us

Hxifl;j—l - Hafi—lxj = [ij—l7Hx'i—1]’ (36)

an integrable N x N matrix system [9, 10]. We will show that, in the 2 x 2 case, this
contains the AKNS hierarchy; this particular case, and the underlying Kac-Moody al-
gebra structure were treated in [11], where in particular the corresponding symplectic
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forms were given.
We define the matrix

Q;=—0,,_H fori>1 (3.7)
so (3.6) becomes

a:r:j Qi — axin = [Qj? Ql] (3'8)

and since partial derivatives of H with respect to the z; co-ordinates commute, we also
have that

aﬁEiQ‘] - Ij_lQi+1’ (3'9)

If we define @ to be a constant matrix then (3.8) and (3.9) give us the additional
relation

[Qo, Qr+1] + [Q1, Qk] = 02, Q. (3.10)

The relations (3.8),(3.9) and (3.10)are used recursively to find @; for all i. In the case
of the AKNS hierarchy, we take the @Q; to be 2 x 2 matrices and define

Qo = (BZ ?) Q1 = (2 g) (3.11)

where ¢ and r are functions of the z; co-ordinates. We are now able to follow the
procedure outlined in [11] and use (3.8),(3.9) and (3.10) recursively to find the @, e.g.

i (—qr g, U qre, — 70 Quiz, — 2¢°T
=5 , =—- oo 3.12
Q=" ( qr) Q=1 ( ey G 2T (3.12)

The equations of the AKNS hierarchy are given by

axNQl - 6I1QN = [QN7 Ql] (313)
i.e. equation (3.8) with i = 1.

3.2 A Scalar AKNS Multiform

Scalar Lagrangians for the AKNS hierarchy also possess a Lagrangian multiform struc-
ture. The £, ,,) and Z{,,,,) AKNS Lagrangians, see e.g. [12] are as follows:

1 1 i
"?(IIIZ) = 7(qu2 - qrmz) + =Qz Ty, + 7(127“2 (314)
2 2 2
giving equations of motion ‘
? .
Gey = 5are — 00T (3.15a)
and .
Ty = _%rzlzl + Z'rQq (315b)
0L a12,)

. 6°§€(ZE1&?2) . . .
corresponding to —5r 0 and = 0 respectively. These are identical to
r

the equations given by the off diagonal entries of

Oz, Q1 — 0z, Q2 = [Q2, Q1] (3.16)

1 1

§(qu3 - qus) +

3
] (TIl zizy — qa:lrwlffl) + 7qr<rqa:1 - qrwl)' (317)

Lwgar) = 3
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giving equations of motion

3 1

qﬂfa = iqr(J£1 - quclxlxl (3'188‘)
and 3 1
Ty = §T‘q7"z1 - z’rajlmlitl (318b)
0L as21)

. 5£(z3z1) . . .
corresponding to 5 - 0 and = 0 respectively. These are identical to
r

the equations given by the off diagonal en(’]cries of
02,Q1 — 02, Q3 = [Q3, Q1] (3.19)
From the requirement that ddL = 0 for the Lagrangian 2-form
L= Loay) dv1 A dog + Losayy dra A dx3 + Lyyay) des A day, (3.20)
we are able to derive the £{,,,,) Lagrangian as

1 ) 1 3
"g’ﬂ(IzIa) :i(qwzrﬂllﬂll - Tw2q11901) - §(qw37aw1 + r$3q$1) + g(qﬂllrmﬂiz - Tw1q$112) + qu(qT;pQ - 7"qu>

1 1 1 1 1
- gqurlrxlxl + qu(qrzlzl + qutlzl) - g(QQTgl + 7’2(]%1) + ZqTQIlrzl - iqSTS'
(3.21)

The equations of motion for this Z{,,,,) Lagrangian are

i LB Vi P2 Bias_
2T-T1-’E3 4(]7’7’m2 4Tf61?£1?£2 4(]7‘?”12 2(]7"7"1111 4T quiﬂl 4qrac1 4rqr1Tf61 2 qr =
(3.22a)
and
i 3 1 3 i i iy i 3y 4
_§QI113+quqm2_qumﬂm"_iquIz_§rqqm1:r1_iq 7’1111""_171(]:1:1_1(17'3017'11""574 q = 0

(3.22b)
6&%213) — 0 and 59%(062963)

oq
directly to the equations given by

corresponding to = 0 respectively. These do not correspond

6323@2 - 8382623 = [Q37 Q2] (323)

but are equivalent to them modulo the equations of motion of .Z(,, ,,) and Z(;,,,). By
construction, this Lagrangian multiform satisfies ddL = 0 and dL = 0 for ¢ and r sat-
isfying the equations of the AKNS hierarchy. Consequently, it obeys the multiform EL
equations (2.11). This is the first time that scalar Lagrangians of the AKNS hierarchy
have been shown to fit into a Lagrangian multiform description. This result is analogous
to the Lagrangian multiform relating to the KdV and sine-Gordon equations, presented
in [5].

4 Conclusion

Using the method outlined in this paper, one is able to construct a Lagrangian multiform
structure for systems with Lax pairs in the appropriate form, and in so doing, find a
Lagrangian for the Lax pair itself. Lagrangians in the case of Lax pairs with higher-order
poles were given by Dickey in [4], and it is to be expected that those can be extended
to a Lagrangian multiform structure. The generating PDEs introduced in [13, 14] which
are associated with non-isospectral Lax pairs, possess Lagrangians of the required form,
cf. also [1]. Furthermore, we expect that the universal symplectic form of Krichever and
Phong, [15, 16] associated with Lax operators could play a role in the construction of
Lagrangians possessing a multiform structure.
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A Proof of Theorem 2.2

We begin by introducing the notation

8 a a b a c N
Plab,c) = (81€1> (8152> <8tg) @ fora,bceZ (A1)

and consider the Lagrangian 2-form

L= D%(IQ)dtl Adty + wg(23)dt2 Adts + wg(31)dt3 A dty (AQ)

Let B be an arbitrary three dimensional ball with surface 0B. We consider the action
functional S over the closed surface B such that

sl = ¢ 1 (A.3)

We then apply Stokes’ theorem to write S in terms of an integral over B:

Sly] = /B dL (A4)

and we look for solutions of

58 = / sdL =0 (A.5)
B

Since this must hold for arbitrary variations (i.e. with no boundary constraints) for
every arbitrary ball B, it follows that on solutions ¢ of our system, ddL = 0. Up to this
point, we have used the same argument as the one given in the proof of Proposition 2.2
in [5]. We now define V" to be the vector of all n'* order derivatives with respect to
t1,t2 and t3 (e.g. V2 = (Ot t,, 0 10> Otits> Otntas Ototss Otats)t). 1f our Lagrangian 2-form
has terms up to N order derivatives of our field variable ¢ then we can expand ddL:

N+1
§dL = > dgi,dL - 6V = 0. (A.6)
i=0

Our sum is up to N + 1 since dL will contain N + 1** order derivatives of . Since

ddL = 0, each coefficient of d¢p(, 5 ) is zero on solutions of our system. As a result, it is
also true that

6dL = Ogn+1,dL - VN

(A7)
= OungLas) - OV, + 0uynLisy) - 6V, + Ogn Lz - 0V oy,

in terms of the constituent Z{; ;). As a result,

S = / (OvnpLi23) 0V N @, +0un o Listy 0V oy, + 0y o Li1ay 6V @, )dty Adta Adts
B

(A.8)
where the coefficient of each N + 1! order derivative of d¢ is zero. le. we get

N +2)(N+3
M relations on the constituent .#(;;), one for each of the N + 1% or-

der derivatives of doo. We can then get further relations on the constituent .Z;;) by
performing integration by parts on (A.8) in order to find the coefficients of lower order
derivatives of d¢, which must also be identically zero. We will use an inductive argu-
ment to show the general form of these relations. In our current notation, the variational
derivative takes the form

6$12 a o a-=g12
(12) :Z(_l)-i-BDlDﬂ (12)

for a,b,c € Z* (A.9)
2 s Uy
590(a,b,c) @,8>0 8¢(a+a,b+5,c)
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0% 0.Z:
e, 4 3L
<P(a,b,c) 5‘P(a,b,c)

and similarly for . In the case where one or more of a, b, c is neg-

0-L(ij)
590(a.,b,c)
derivative.

ative, := 0. We will refer to the sum a + b + ¢ as the order of the variational

The scheme of this proof from here is to first use the form of (A.8) to show that

0Ly 0%y 0y
6‘10(l,m,n—1) 5‘P(l—l,n@,n) 6‘P(l,m—1,n)

=0 (A.10)

holds for [ +m +n > N, and then use an inductive argument to show that if this holds
for | + m +n > M then it also holds for { +m +n =M — 1.
We begin by noticing that by setting the coefficients of each N + 1* jet derivative of d¢
in (A.8) equal to zero, we get the relations (A.10) for [+m+n = N. We also notice that
for I +m 4+ n > N the relations (A.10) hold since all terms are zero. We now assume
that for [ +m +n > M the coefficient of d¢(; ,,, ,) in (A.8) is

0Lty | 0Zpy O
590(l,m,n71) 690(l71,m,n) 690(l,m71,n)

(A.11)

and that the coefficient of 6 ; , ) for [+m+n < M is zero. We also assume that (A.10)
holds for order greater than or equal to M. We now proceed by finding the coefficient
of 64 (1 m,n) in the case where [ +m +mn = M and deriving the relations corresponding
to setting this coefficient equal to zero. First, we note that

0Luz) _ O0%uy , 0Zuy  0Zuy

0L12)
- — 1 — L2 - <.
§¢(a,b,c) 8(lo(a,b,c) 6¢(a+1,b,c) 590(a,b+1,c)

2
5<P(a+1,b+1,c)

DD (A.12)

Along with similar relations for Z(o3y and #{3;). By our inductive hypothesis we have
that

02ty | 0%y | 0l
5‘10(l+17m,n71) 690(l,m,n) &'p(l+1,mfl,n)

0.Z, 0., 0.Z,
the coefficient of 6¢; 41 ) I8 (12) + (23) + (1)
T 0PUmi1n-1) OPU-1mt1n)  OPUm.n)

0%, 0% 0%,
(12) (23) (31)
o

the coefficient of d¢o(; 11 1, ) 18

(A.13)

the coefficient of d¢(; 1 i) IS .
(momt1) (I,m,n) 590(lfl,m,n+l) &'p(l,mfl,n+1)

We will now use integration by parts to find the coeflicient of d¢(; ,,, .- We notice that,
since all of the coefficients above are identically zero, there will be no contribution from
boundary terms. Therefore, the coefficient of d¢(; ,,, ,) in (A.8) is

0% 0%, 0%,
_D1< 1z | 0Zey (31) >
5‘P(l+1,m,n—1) 530(l,m,n) 5‘p(l—&-l,m—l,n)
0L 0L, 0L
_ DQ( an Ly, 9% )
5‘P(l,m+1,n71) 690(l71,m+1,n) 5¢(l,m,n)
0% 0% 0%
3 Dg( a2 (23 (31) >
6‘P(l,m,n) 690(l717m,n+1) 5¢(l,m71,n+1)

(A.14)

which,by (A.12) is equal to
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0% 0 07 0%, 0%,
— D5 @ 5 D1Z(23) + o SRR D1D25¢ + D1D3§¢
P+1,mn—1) P(1,m,n) P(1—1,m,n) P(l,m+1,n) P(l,m,n+1)
0.Z 0%
+ D1D2 D3 &) _p, 5 G
‘p(l,m+1,n+l) So(lJrl,mfl,n)
0%, 0. 0 07, 0L
— D25 (12) — Do 5 (23) - ng(gl) + e C . + D1D275 (31)
P(,m+1,n—1) P—1,m+1,n) aLlo(l,rn,n) aclo(l,m,—l,n) P(1+1,m,n)
Z 0.Z
+ D2 D3 GY 4 DyDyDy )
5‘P(l,m,n+1) P(1+1,m,n+1)
0 0.7, Z 0. 0L
- 671933(12) + ai + D1D35 a2y D2D35¢ + D1D2D35 2)
P(1,m,n) P, m,n—1) P(14+1,m,n) P(1,m~+1,n) P(14+1,m+1,n)
0% 0%
- D3 (23) D3 (31) .
0P(1—1,mn+1) 0P m—1,n+1)
(A.15)
Here we have used that
D10 g0y L = 00,0y P12 (A.16)
Di0y, L =0p, D1ZL =04, , 2L fora=l .

along with similar relations for Dy and D3. We notice that the sum of the three terms

that begin is zero since it is the coefficient of d¢(; ,, ,,) in ddL. The sum of the

8‘P(l m,n)
three terms that begin Dy Dy Ds is zero by (A.10). We can simplify further by noticing
that

0% 0L 0L
DiDy——=CY L pp, =B _ _pp, (12) (A.17)
550(1,m+1,n) 690(l+1,m,n) 690(l+1,m+1,n—1)
< 0%, 0%,
Dy D4 G 4 popy——"U2  _ _p,p, T (A.18)
590(l,m,n+1) 6‘10(l,m+1,n) 6‘10(l71,m+1,n+1)
0%, 0%, 0%,
DsD; 42 | p,p,—2=C  _ _p.p, (12) (A.19)
0P (141,m,m) 0P (L m,nt1) 0PU—1,mt1,n+1)
by (A.10). Therefore, the surviving terms form (A.15) are:
0%, 0% 0%, 0%,
(12 Dy (12) — D, (12) — DD, (12)
a(p(l,m,nfl) 590(l+1,m,n71) 6¢(l,m+1,n71) 5<p(l+1,m+1,n71)
0.%, 0% 0.%, 0%,
(23) - D2 (23) _ Dd (23) _ D2D3¢ (AQO)
8¢(l—1,m,n) 6‘P(l—1,m+1,n) 580(1—1,m,n+1) 5‘P(l—1,m+1,n+1)
0%, 0% 0%, 0%,
6By Ds (12) - D (12) — DsD; (31)
a(p(l,mfl,n) 590(l,m71,n+1) 6¢(l+1,m71,n) 5<p(l+1,m71,n+1)
which, by (A.12), is precisely
0% 0.%, 0%,
@ ey e (A.21)

590(l,m,n—1) 5‘p(l—l,m,n) 5‘P(l,m—1,n) .
This is the coefficient of dp; ,,, ) and by setting this equal to zero, we have a new rela-
tion at the M — 1% order. We should note that if more than one of I, m and n is non-zero
then the coefficient of d¢(; , ,,) Will contribute to more than one of the coefficients at
the next order down. However, since each coefficient is identically zero, the integrand is
unchanged if we multiply each coefficient by 1,2 or 3 as required, corresponding to how
many of [,m and n are non-zero.

Whilst this proof applies only to a Lagrangian 2-form, it is relatively straightforward to
generalize this argument to get the multiform EL equations for a Lagrangian k-form.
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B Proof of Theorem 2.8

The Lagrangian 2-form Z{¢,)d§ A dn + L, dn Adv + £, dv AdE is closed if and only
it Dy, Zen) + DeLwy + DyZ{ey = 0 on solutions of the system.

Dy Zign) + DeLinw) + Dy Zine)

Ny
tr{ZW)hp:,,( ! UZ+Z ()7 ), (7)) VJ+Z xé () g
i=1 j=1 =
(B.1)
N1 N ky/J N3 Ni % k itk
ViU 4+ ViUL ZZW§V + WEV; ZZUW +UW}
_ R T . (B.2)
i=1 j—=1 a—b =1 k=1 bj —cx k=1 i=1 Ok — G

The first set of terms (part (B.1)) are equivalent to

{Z% LU+ ZW (¥9) 1Vf + fo 1W,’;} (B.3)

j=1

We can use the compatibility conditions (2.48) to re-write this as

N1 N3 Uzwk N» N3 No
1252) S LS ») SRS 3) S TS
=1 k=1 Jj=11i=1 k=1j=1

and we see that all of these terms will cancel with terms in part (B.2). This gives us
that

Dy Lieny + DeLiwy + Dy Live)

: N2 N WkVJ N3 N1 U’Wk (B.5)
{ZZ()_Q chk—b ZZ }

a; —C
=1 j=1 k

We use the compatibility conditions (2.48) again to re-write this as

N1 N3 N3
. R 1 1 1
' {ZZZV LW ]((bj —a;)(ck — a;) * (cr = bj)(ai — bj) " (a; — cx)(b; —Ck))}'

i=1j=1k=1

Which is zero, since the sum of the three fractions is zero.

References

[1] S.Lobb and F.W. Nijhoff. Lagrangian multiforms and multidimensional consistency.
Journal of Physics A: Mathematical and Theoretical, 42(45):454013, 2009.

[2] V.E. Zakharov and A.V. Mikhailov. Variational principle for equations integrable by
the inverse problem method. Functional Analysis and Its Applications, 14(1):43-44,
Jan 1980.

[3] P. Xenitidis, F.W. Nijhoff, and S. Lobb. On the Lagrangian formulation of mul-
tidimensionally consistent systems. Proceedings of the Royal Society of London A:
Mathematical, Physical and Engineering Sciences, 467(2135):3295-3317, 2011.

[4] L.A. Dickey. Soliton Equations and Hamiltonian Systems. World Scientific, 2nd
edition, 2003.

[5] Y.B. Suris and M. Vermeeren. On the Lagrangian Structure of Integrable Hierar-
chies, pages 347-378. Springer Berlin Heidelberg, Berlin, Heidelberg, 2016.

17



(6]

Y.B. Suris. Variational Symmetries and Pluri-Lagrangian Systems, chapter 13,
pages 255—266. World Scientific, 2016.

L.A. Dickey. General Zakharov-Shabat equations, multi-time Hamiltonian formal-
ism, and constants of motion. Comm. Math. Phys., 132(3):485-497, 1990.

M.J. Ablowitz, D.J. Kaup, A.C. Newell, and H. Segur. The inverse scattering
transform-Fourier analysis for nonlinear problems. Studies in Applied Mathematics,
53(4):249-315.

F.W. Nijhoff. Integrable hierarchies Lagrangian structures and non-commuting
flows. In M. Ablowitz, B. Fuchssteiner, and M. Kruskal, editors, Topics in Soliton

Theory and Ezactly Solvable Nonlinear Equations, pages 150-181. World Scientific,
1987.

F.W. Nijhoff. Linear integral transformations and hierarchies of integrable nonlinear
evolution equations. Physica D: Nonlinear Phenomena, 31(3):339-388, 1988.

H. Flaschka, A.C. Newell, and T. Ratiu. Kac-Moody Lie algebras and soliton equa-
tions: II. Lax equations associated with A1(1). Physica D: Nonlinear Phenomena,
9(3):300-323, 1983.

J. Avan, V. Caudrelier, A. Doikou, and A. Kundu. Lagrangian and Hamiltonian
structures in an integrable hierarchy and spacetime duality. Nuclear Physics B,
902:415-439, 2016.

F.W. Nijhoff, A. Hone, and N. Joshi. On a Schwarzian PDE associated with the
KdV hierarchy. Physics Letters A, 267(2):147-156, 2000.

A. Tongas and F.W. Nijhoff. Generalized hyperbolic Ernst equations for an Einstein-
Maxwell-Weyl field. Journal of Physics A: Mathematical and General, 38(4):895—
906, 2005.

IM. Krichever and D.H. Phong. On the integrable geometry of soliton equations
and n = 2 supersymmetric gauge theories. J. Differential Geom., 45(2):349-389,
1997.

IM. Krichever and D.H. Phong. Symplectic forms in the theory of solitons. In
Surveys in Differential Geometry IV, pages 239-313. International Press, 1998.

18



