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AFFINE GAUDIN MODELS AND HYPERGEOMETRIC
FUNCTIONS ON AFFINE OPERS

SYLVAIN LACROIX, BENOIT VICEDO, AND CHARLES YOUNG

ABSTRACT. We conjecture that quantum Gaudin models in affine types admit
families of higher Hamiltonians, labelled by the (countably infinite set of) expo-
nents, whose eigenvalues are given by functions on a space of meromorphic opers
associated with the Langlands dual Lie algebra. This is in direct analogy with the
situation in finite types. However, in stark contrast to finite types, we prove that
in affine types such functions take the form of hypergeometric integrals, over cycles
of a twisted homology defined by the levels of the modules at the marked points.
That result prompts the further conjecture that the Hamiltonians themselves are
naturally expressed as such integrals.

We go on to describe the space of meromorphic affine opers on an arbitrary
Riemann surface. We prove that it fibres over the space of meromorphic connections
on the canonical line bundle 2. Each fibre is isomorphic to the direct product of
the space of sections of the square of €2 with the direct product, over the exponents
j not equal to 1, of the twisted cohomology of the j* tensor power of Q.
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1. INTRODUCTION AND OVERVIEW

Let g be any symmetrizable Kac-Moody Lie algebra. Pick a collection zi,..., 2N
of distinct points in the complex plane. The quadratic Hamiltonians of the quantum
Gaudin model for these data are the elements

N ..

K=Yy —9 i=1,...,N, (1.1)
= 2y — Zj

J#i
of the (suitably completed) tensor product U(g)®", where the notation Z;; means
E acting in tensor factors i and j. Here = = ) =) is the (possibly infinite) sum
over all root spaces of g of the canonical elements Z(,) € go ® g—o defined by the
standard bilinear form on g [Kac90, Chapter 2|. The action of = is well-defined on
tensor products of highest-weight g-modules. Let L) denote the irreducible g-module
of highest weight A € h* = g{j, and pick a collection Aq,..., Ay of weights. Then in
particular J; are well-defined as linear maps in End(®2., Ly,). These maps com-
mute amongst themselves. The Bethe ansatz is a technique for finding their joint
eigenvectors and eigenvalues. One constructs a vector 1 called the weight function
or Schechtman-Varchenko vector, which depends on variables called Bethe roots. Pro-
vided these variables obey certain Bethe ansatz equations, then v is a joint eigenvector
of the H;, with certain explicit eigenvalues. Let us stress that this statement is known
to hold for arbitrary symmetrizable Kac-Moody algebras g. Indeed, it follows from
results in [SV91, RV95], as we recall in an appendix.

In the special case where g is of finite type, much more is known. Namely, in
that case the quadratic Gaudin Hamiltonians H; belong to a commutative subal-
gebra B C U(g)®V called the Gaudin [Fre05| or Bethe [MTV06] subalgebra. The
Schechtman-Varchenko vector is a joint eigenvector for this commutative algebra B
[FFR94|, and the eigenvalues are encoded as functions on a space of opers (see be-
low for the definition). In fact there is even a stronger result that the image of B
in End(®i]\;1 L),) can be identified with the algebra of functions on a certain space
of monodromy-free opers whose singularities are at the marked points z; and whose
residues at these singularities are given by the highest weights \; — see [MTV09] in
type A and [Ryb] in all finite types.

Now suppose g is of untwisted affine type. Two natural questions arise [FF11]:

1. Are there higher Gaudin Hamiltonians? i.e. are the quadratic Hamiltonians
above part of some larger commutative subalgebra of (a suitable completion of)
U(g)®", such that 4 is still a common eigenvector?

2. If yes, then what parameterizes the eigenvalues of these higher Hamiltonians?

In this paper we shall provisionally assume that the answer to the first question is
yes, and give a conjectural answer to the second. Namely, we introduce a notion of
meromorphic affine opers on P! (affine opers have been defined previously in [BZF01,
Fre04]), and then the main result of the paper is that:

(i) There is a notion of quasi-canonical form for affine opers which is the direct
generalisation of the canonical form in finite type, and yet



HYPERGEOMETRIC FUNCTIONS ON AFFINE OPERS 3

(ii) The functions on the space of affine opers turn out to be of a very different
character than in the finite case. Namely, they are given by hypergeometric
integrals, over cycles of a certain twisted homology defined by the levels of the
modules at the marked points.

We conjecture that these hypergeometric integrals give the eigenvalues of (“local”)
higher affine Gaudin Hamiltonians. This observation in turn allows us to make a
conjecture about the form of the higher affine Gaudin Hamiltonians themselves.

To explain these statements, let us begin by recalling the situation in finite types.
Consider first g of finite type of rank ¢. The spectrum of the Gaudin algebra for g is
described by Lg-opers, where g is the Langlands dual of g, i.e. the Kac-Moody algebra
with transposed Cartan matrix. Let ‘g = “n_ @ *h@® In be a Cartan decomposition

and p_1 = Zle fi € In_ the corresponding principal nilpotent element (f; are
Chevalley generators). A Miura “g-oper is a connection of the form

d+ (p—1+u(z))dz (1.2a)
where u(z) is a meromorphic function valued in “h = h*. Let a; € h*, i =1,...,£ be

the simple roots of g; they are also the simple coroots of “g. For the Gaudin model
with regular singularities as described above, u(z) generically takes the form

N i ™o )
% c(j
_ <) 1.2
W= -3 Ay (1.20)
=1 7=1
where wi, ..., wp, are the m € Z> Bethe roots, with “colours” {c(j)}7L; C {1,...,¢}.

An Lg-oper is a gauge equivalence class of connections of the form
d+ (p-1 + b(2))dz,

where b(z) is a meromorphic function valued in “b; = “h @ n, under the gauge
action of the unipotent subgroup “N = exp(¥ny). So in particular each Miura “g-oper
defines an underlying “g-oper, namely the equivalence class to which it belongs. It is
known that each ‘g-oper has a unique representative of the form

d+ [ po1+ > we(2)pe | dz. (1.3)
kcE

Here the sum is over the (finite) set! E of exponents of “g. For each exponent k € E,
Pr € Iny is a certain nonzero element of grade k in the principal gradation of g.
Its coefficient U (z) is a meromorphic function valued in C. Since this representative
is unique, these functions {0 (z)},cp are good coordinates on the space of Ig-opers.
On the underlying g-oper of the Miura “g-oper in (1.2), the functions {vx(2)}icp
will generically have poles at all the poles of u(z). The Bethe equations are precisely
the equations needed to ensure they in fact only have poles at the marked points
{2}, and not at the Bethe roots {w; }7L1. Suppose the Bethe equations hold. Then

1y exactly one case, that of type Da,, F is a multiset.
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the Schechtman-Varchenko vector ¢ obeys Sy(2)¢ = v(2)y for all k € E, where
{Sk(2)} e are certain generating functions of the Gaudin algebra.

Let us now turn to affine types and try to follow the steps above as closely as
possible. Suppose g is an untwisted affine Kac-Moody algebra with Cartan matrix of
rank ¢. Let Ig be its Langlands dual, with Cartan decomposition /g = n_@Lh®in,.
Define a Miura “g-oper to be a connection of the form

d+ (p—1 +u(z))dz (1.4)

where u(z) is again a meromorphic function valued in “h = h*, and where now p_; =
Zf:o fi € In_. The Cartan subalgebra L = h* of Lg is now of dimension ¢ + 2. As
a basis, we may choose the simple roots «;, i = 0,1,...,¢, of g (which are the simple
coroots of 1g) together with a choice of derivation element. It is natural to choose the
derivation corresponding to the principal gradation of Xg. So let us pick a derivation
element p € b such that [p, & = &, [p, fi] = —f; for each i = 0,1,..., .

By analogy with (1.2) one can expect that for the Gaudin model with regular
singularities at the marked points {z;}}¥; the relevant Miura fg-opers are those with
u(z) just as in (1.2b) except that now the “colours” of the Bethe roots {c(j)}2; C
{0,1,...,¢} can include 0. We can write u(z) in our basis as

B~ T )
u(z> - Zuz(z)al h\/ P
=0

where {u;(2)}{_, and ¢(z) are meromorphic functions valued in C. (It proves conve-
nient to include the factor of one over the Coxeter number h" of Xg.) The function
¢(z) depends only on the levels k; of the g-modules Ly, i.e. the values of the central
element of g on these modules:

o(2) = b (1.5)

z— 2z
i=1 t

Now define an Lg-oper to be a gauge equivalence class of connections of the form
d+ (p-1 +b(2))dz,

where b(z) is a meromorphic function valued in “b; = “h @ ny, under the gauge
action of the subgroup “N; = exp(¥n,). This subgroup is no longer unipotent,
but it is still easy to make sense of gauge transformations grade-by-grade in the
principal gradation. See §3.3 below. In this way we shall show that each “g-oper has
a representative of the form

d+ <p1 - (p}fj)p + Z vr(z)pr> dz. (1.6)

rekE

Here E denotes the set of positive exponents of g, which is now an infinite set?. For
each r € +F, p, is a certain nonzero element of grade r in the principal gradation of

2once again, multiset, in the case of type ' Da,,.
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Ly, and its coefficient vr(z) is a meromorphic function valued in C. In particular, the
underlying ‘g-oper of the Miura “g-oper in (1.4) has a representative of this form.

However, in stark contrast to the case of finite type algebras above, the represen-
tative (1.6) is not unique, because there is a residual gauge freedom. This freedom
is generated by gauge transformations of the form exp(}_, . By 9r(2)pr), where g.(z)
are meromorphic functions valued in C and E>9 is the set of positive exponents of
g excluding 1. Such a transformation preserves the form of the connection (1.6) and
the function ¢(z) while sending, for each® r € Ea,

0(2) () — () + 2 g (o), (1.7

Consequently, these v,(z) are not themselves well-defined functions on the space of
Ig-opers, and one should not expect them to parameterize eigenvalues of Gaudin
Hamiltonians. Rather, one should take appropriate integrals of them. Indeed, consider

the multivalued (for generic k;) function on C\ {z1,...,2x} defined as
N
P(z) = H(z — 2k,
i=1

If we multiply v,(2) by P(z)~"/ h" then its transformation property (1.7) can equiva-
lently be written as

P(2) 7 0, (2) s P(2) T 0, (2) — 0,(P(2) T g, (2)).

We now see that in order to get gauge-invariant quantities we should consider integrals
I = / P(2) M v (2)dz (1.8)
¥

over any cycle v along which P~/ " has a single-valued branch. The prototypical
example of such a cycle is a Pochhammer contour, drawn below around two distinct
points z; and z;, 4,5 =1,...,N:

D

Another way of formulating the above, described in more detail in §7, is to note that
the transformation property (1.7) says that the 1-form v,.(z)dz is really an element
of some suitably defined twisted cohomology, and (1.8) represents its integral over
the class of a cycle v in the dual twisted homology. (For an introduction to twisted
homology and local systems see e.g. [EFK98|. Note, though, that the local system
underlying the twisted homology described above is conceptually distinct from the
“usual” local system associated to Gaudin models, namely the local system defined by
the KZ connection.)

3There is a subtlety for r = 1; see Corollary 3.9 below.
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Next one should ask about the role of the Bethe equations. Consider the underlying
Lg-oper of the Miura ‘g-oper (1.4) with u(z) as in (1.2b). We shall show that the Bethe
equations are precisely the equations needed to ensure that there exists a choice of
gauge in which the functions v,(z) only have poles at the marked points {z;}" ; and
not at the Bethe roots {w; };”:1 The Bethe equations thus ensure that the integrands

P(z)~"/" v,(z)dz in (1.8) have no residues at the Bethe roots. Thus, in particular,
if the Bethe equations hold then the integrals (1.8) do not depend on the position of
the chosen contour ~ relative to these Bethe roots.

The form of the functions (1.8) on the space of “g-opers leads us to conjecture the
existence of a collection {8,(z)},cp of meromorphic functions valued in (a suitable
completion of) U (g)®N , whose properties are listed in Conjecture 5.1. These ensure,
in particular, that the corresponding integrals

07 = / P(2) /M S, (2)d (1.9)
i

mutually commute in the quotient of (the completion of ) U(g)®" in which the central
elements act by the levels k;. Moreover, we conjecture that the Schechtman-Varchenko
vector 1 is a simultaneous eigenvector of the Q7 with eigenvalues given by (1.8). That
is, Q;fw = I,)4 for any choice of contour v as above and any r € E. R

A first non-trivial check of these conjectures is to show that in the case g’ = sljy, for
M > 3, there are commuting cubic Hamiltonians fitting this pattern. In a forthcoming
paper |LVY], we explicitly construct such cubic Hamiltonians and prove that they
commute; we also check that v is an eigenvector with the expected eigenvalues as in
(1.8), at least for 0 and 1 Bethe roots.

Our conjecture on the general form of the “local” higher affine Gaudin Hamilto-
nians in (1.9) is motivated by the recent construction of local integrals of motion in
classical affine Gaudin models. Specifically, it was shown in [Vic| that classical affine
Gaudin models provide a unifying framework for describing a broad family of classi-
cal integrable field theories. One of the defining features of such theories is that the
Poisson bracket of their Lax matrix is characterised by a certain rational function,
called the twist function ¢(z). We restrict attention in this article to those with twist
function of the form (1.5). It was subsequently shown in [LMV17], in the case when g
is the untwisted affine Kac-Moody algebra associated with a semisimple Lie algebra of
classical type, how to associate an infinite set {Q% },cg of local integrals of motion in
such a theory to each zero x of the twist function. These local charges were obtained
by generalising the original procedure of [EHMMO99| for classical principal chiral mod-
els on compact Lie groups of classical type, which had later also been extended to
various other classical integrable field theories in [EHMMO00, EM00, EY05], see also
[Eva0l|. As we argue in §8.3, the integral over the contour v in (1.9) localises in the
classical limit to critical points of the function P(z), in other words to zeroes of the
twist function ¢(z). In this sense, the operators (1.9) provide natural quantisations
of the local integrals of motion Q¥ in the classical affine Gaudin model.



HYPERGEOMETRIC FUNCTIONS ON AFFINE OPERS 7

Let us finally note that the appearance of hypergeometric integrals, as in (1.8), is
very suggestive in relation to recent work on the massive ODE/IM correspondence for
the Fateev model [Luk13, BL14].

The paper is organised as follows.

In §2, to set the notation we recall the definition of an affine Kac-Moody algebra
g and its Langlands dual %g, focusing on the latter for the purpose of this paper. In
particular, we recall the definition and main properties of its principal subalgebra.

In §3 we introduce the space of meromorphic “g-opers on P!, working in a fixed
global coordinate on C C P'. The main result of this section is Theorem 3.7 which
describes the quasi-canonical form of an “g-oper [V]. This allows us to describe gauge
invariant functions on the space of “g-opers as hypergeometric integrals of the form
(1.8) in Corollary 3.13.

In §4 we introduce a class of Miura “g-opers with simple poles at the marked points
zi, 1 =1,..., N with residues \; € h*, and additional simple poles at the Bethe roots
wj, j = 1,...,m. The Ig-oper [V] underlying such a Miura “g-oper V is shown to
be regular at each of the Bethe roots w; if and only if the Bethe equations hold.
Moreover, we show that the eigenvalues of the quadratic Gaudin Hamiltonians (1.1)
on the tensor product ®i\;1 L), appear as the residues at the z; in the coefficient of
p1 in any quasi-canonical form of the g-oper [V].

Based on the description of functions on the space of “g-opers from Corollary 3.13,
in §5 we formulate our main conjecture about the form of the higher Gaudin Hamil-
tonians of an affine Gaudin model associated with the affine Kac-Moody algebra g.
See Conjecture 5.1.

In §6 we give a coordinate-independent definition of meromorphic ‘g-opers on an
arbitrary Riemann surface X. In particular, we compare and contrast the description
of the space of “g-opers in the cases when g is of finite and affine type.

Specialising the discussion of §6 to the case ¥ = P!, §7 is devoted to a coordinate-
independent description of the functions on the space of “g-opers from Corollary 3.13.

In §8 we discuss various connections between the present work and the literature.
In particular, we compare our main Theorem 3.7 with the procedure of Drinfel’d and
Sokolov [DS85] for constructing classical integrals of motion of generalised (m)KdV.
We also mention connections with the (massive) ODE/IM correspondence. We provide
motivation for Conjecture 5.1 by relating the form of the classical limit of the higher
Gaudin Hamiltonians with the existing hierarchy of classical integrals of motion in
classical affine Gaudin models.

Finally, in appendix A we briefly review the work of Schechtmann and Varchenko
[SV91] on the diagonalisation of the quadratic Gaudin Hamiltonians for an arbitrary
Kac-Moody algebra g by the Bethe ansatz.

Acknowledgements. CY is grateful to E. Mukhin for interesting discussions. The
authors thank M. Magro for interesting discussions. This work is partially supported
by the French Agence Nationale de la Recherche (ANR) under grant ANR-15-CE31-
0006 DefIS.
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2. THE AFFINE ALGEBRA g

2.1. Cartan data and defining relations. Let g := g(A4) be an untwisted affine
Kac-Moody algebra with indecomposable Cartan matrix A := (Aij)ﬁ j—0» and let Ly =
g(*A) be its Langlands dual, namely the affine Kac-Moody algebra associated with the
transposed Cartan matrix. We have the Cartan decomposition

g=n_90hdny
where b is a complex vector space of dimension dimf = £ + 2. The sets of simple
roots {a;}¢_, and simple coroots {¢;}_, of g are by definition linearly independent
subsets of h* and b, respectively, such that A;; = (o, &;) for ¢,5 € I :=={0,...,¢}.
Here (-,-) : h* x h — C denotes the canonical pairing. In the Cartan decomposition
of g,
Ly =Ly glyeln,,

we may identify “f = h*. Then {ai}fzo is a set of simple coroots of g, and {di}fzo
a set of simple roots of Ig. In terms of the Chevalley generators ¢é;, i € I, of “n_ and
fi, i €1, of “'n_, the defining relations of Lg are given by

[z, &] = (x, &) és, [z, fi] = —(z, &) fi, (2.1a)

[z,2'] =0, &, fj] = cidi, (2.1b)
for any z, 2’ € ©h, together with the Serre relations

(ade;) " Yie; =0,  (ad fi)'"Yif; = 0. (2.1c)

Remark 2.1. We shall be mostly concerned with the Lie algebra “g rather than g. Nev-
ertheless, since we have in mind applications to the Gaudin model for g, we prefer to
keep the notation adapted to g, at the cost of the somewhat non-standard appearance
of these relations (2.1) and others below. q

Let a; (resp. a;), @ € I, be the unique positive relatively prime integers such that
AYag,...,ap) =0 (resp. 'AYao, . ..,a) = 0). Define

)4 l
h::Zai hY ::Zdi.
=0 =0

Then h is the Coxeter number of g (and the dual Coxeter number of g) while h" is
the Coxeter number of /g (and the dual Coxeter number of g). Define also

14 L
0= Zaiai, k := Zdzdl
=0 1=0

Then & spans the centre of g while k spans the centre of g. Denote by ¢’ = [g,g] and
Ly’ .= [fg, Ig] the derived subalgebras of g and g, respectively.

We shall suppose that ¢p = 1 and ag = 1.

Remark 2.2. One has dg = 1 and ag = 1 for all affine Kac-Moody algebras except for
type 2Agy. In type 2Ag;, one can choose to take either Gop = 1 and ag = 2 or vice versa
ag = 2 and ag = 1. The Cartan matrices in these two descriptions are transposes of
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one another so that in this case g and g are both twisted, of type 24s;. Since we
have in mind applications to the Gaudin model for an untwisted affine Kac-Moody
algebra g, we shall not consider this case. N

Recall that given any d € b such that (d,d) # 0, {di}fzo U {d} forms a basis of b;
and similarly, given any A € L such that (A, k) # 0, {a;}¢_, U {A} provides a basis
for . We call such elements d and A derivation elements of h and “h, respectively.

Let d € b be a derivation element of g such that

<Ozi,d> = 5@0, 1€ 1.

Such a d is unique up to the addition of a multiple of k. Having made such a choice
we define a non-degenerate symmetric bilinear form (-|-) : h x h — C on b by

(@il2) = asa; H(ai,x),  (d|d) =0 (2.2)
for any ¢ € I and x € h. It extends uniquely to an invariant symmetric bilinear form
on the whole of g [Kac90, Proposition 2.2|, which we also denote (-|-) : g x g — C. It
also induces a linear isomorphism v : h = Lh, and hence we have a non-degenerate
symmetric bilinear form (v=1(-)|v=1(-)) : h x 'h — C on ©h, which henceforth we
shall also denote by (+|-). The latter then extends uniquely to an invariant symmetric
bilinear form (-|-) : g x g — C on the whole of g.

There exists a unique set {Ai}fzo C b of derivation elements of “p, the funda-
mental coweights of “g (and the fundamental weights of g) relative to our choice of d,
such that

<AZ', d> =0 and <Ai, dj> = 51',]', i,j el (2.3)
Likewise, there exists a unique set {]\Z-}fzo C b of derivation elements of b, the fun-
damental coweights of g (and the fundamental weights of “g) such that

<A0,Ai> =0 and <Oél', AJ> = 5i,j7 Z,j el (24)
In particular, we have Ag = d.

2.2. Principal gradation. Let () = EBE:O Zév; be the root lattice of g. We have
the root space decomposition
Lg = @ g &

aeQ
where g, == {z € Hg|[h,z] = (h,&)x for all h € Lh}. In particular, for the origin of
the root lattice 0 € Q we have Lgy = Ib. The height of a root & = Zfzo ridy € Q is
ht(a) == Zf:o r;. The principal gradation of g is the Z-gradation defined by

Lg:@an Lgn:: @ Ld'

ne” acqQ
ht(&)=n

Equivalently, the principal gradation is the Z-gradation defined by
deg(él) =1, deg(fz) =—1, e,

and deg(“h) = 0. In particular g, = ©b, so that the notation ’g,, where the subscript
0 could stand for either 0 € @) or 0 € Z, is unambiguous.
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Let p € Ll be the unique derivation element of “h such that

(pyai) =1,  (plp) =0,

for every i € I. By the first property we have (p,k) = h"V. The ad-eigenspaces of p
are the subspaces g,,, n € Z. Indeed, we have

[pa él] = €&, [pa fl] = *fi, 1€1.

2.3. Principal subalgebra and exponents. Define p_i, the cyclic element of g,
as

p-1 = Z fi- (2.5)
i=0

It belongs to the (—1)%-grade of the derived subalgebra g’ = [fg,g]. There is a
realization of 1y’ as the central extension of a certain twisted loop algebra £, in such
a way that the power of the formal loop variable ¢ measures the grade in the principal
gradation. (Equivalently, the derivation element p € g is realized as td;.) By studying
this realization, one establishes some important facts about the adjoint action of p_;.
Here we shall merely recall these facts; for more details see [Kac90, Chapter 14]. Let

m:ly — L=y /Co

be the canonical projection. The twisted loop algebra £ is the direct sum of the image
and the kernel of the adjoint action of 7w(p_1):

L = ker(ady(,_,)) @ im(adyg_)), (2.6a)
and this decomposition respects the principal gradation, i.e. for each n € Z,
L, = ker(adﬂ(pil))n D im(adﬁ(pil))n, (2.6b)

where £,, .= n(lg),).
The graded subspaces im(ad(,_,))n are all of dimension ¢ and moreover

adw( ) . im(adw(pil))n L) im(adﬂ(pil))nfl

p-1
is a linear isomorphism for each n. The graded subspaces ker(ad,,(p_l))n have dimen-
sions encoded by the exponents. Indeed, the multiset of exponents of g is by definition
the multiset consisting of each integer n with multiplicity dim(ker(ad;g,_,))s). One
has dim(ker(ady(,_,))n) = dim(ker(ad,(,_,))-n) and dim(ker(ad.(,_,))o) = 0. So the
multiset of exponents is of the form +F, where we denote by E the multiset of strictly
positive exponents. The kernel ker(ad,(,_,)) forms an abelian Lie subalgebra of the
twisted loop algebra £, called the principal subalgebra.

We need the “lift” to Ig of the decomposition (2.6). For each n € Zg, we have

L, =g the map ey Ig' =5 L, is a linear isomorphism, and one defines

a, = (7T|L%)_1 (ker(adﬂ(pil))n) , ¢y = (7T|L%)_1 (im(adﬂ(pil))n) .
Meanwhile the subspaces ag and ¢g of /gy = L are defined as

ap == Co & Cp, co = adp_, (c1).
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Then for each n € Z we have the direct sum decomposition

Lgn =a, D cy,. (2.7)

Let a = @, 7 an and ¢ = @),,c7, tn, 50 “g = a®¢. One has dim(c,,) = £ for each n € Z
and the linear map

ady_; 1 ¢y —> €1
is an isomorphism for every n € Z.

The subspace a is a Lie subalgebra, the principal subalgebra of Mg. It is the central
extension, by a one-dimensional centre C§, of the principal subalgebra im(ad,r(pil)) of
L, equipped with a derivation element p. Indeed, we may pick a basis {pp, }nexrU{d, p}
of a where for each exponent n € =F, p, € a,. This basis can be so chosen that the
non-trivial Lie algebra relations of a are given by

[pmypn] = m5m+n,0 57 [p>pn} = N Pn, m,n € +FE. (28)

The restriction to a of the bilinear form (-|-) on ’g is non-degenerate, with the non-
trivial pairings given by

(5’p) = (,O|(5) = hv7 (pm‘pn) = hV5m+n70, m,n € +F.
Remark 2.3.
(a) 1 are always exponents with multiplicity 1. We keep p_; as in (2.5) and set

¢
p1= Z a;€;.
i=0

(b) The pattern of exponents is periodic with period 7h", where "Xy is the type of
g in Kac’s notation. For a table of the patterns of exponents in all types see e.g.
[Kac90, Chapter 14| or [DS85, §5].

(c) The exponents of g and “g are the same [Kac90, Corollary 14.3], which is important
for Conjecture 5.1 below. (Consequently, if *Y)y is the type of g then the pattern
of exponents is also periodic with period sh, which need not equal rhY. For us
s =1 since g is untwisted.)

(d) In all types except Doy, the multiset E of positive exponents is actually a set,
i.e. dim(a,) € {0,1} for all n € Z4y. In such cases, for each j € E the basis
element p; € a; is unique up to rescaling. Exceptionally, in type 1Dy one has
dim(agy—14(ak—2)yn) = 2 for every n € Z. For each n > 0 one must therefore
pick two basis vectors, each one labelled by one of the two distinct copies of
2k — 1+ (4k — 2)n in E. (The basis vectors for n < 0 are then fixed by the form
of the bilinear form above.)

(e) The action of the C-linear map ad,_, : Lg — g on the subspaces g,,, n € Z, of
the principal gradation of “g can be summarised in the following diagram

Cp — a_1 a_o
S¥ S S
=~ Co A C1 A Co =~ 1 a C_9 a
® @ @

as ap — Co
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where each column corresponds to a subspace g, decomposed as in (2.7).

(f) Recall the decomposition (2.6) of the subquotient £. In fact ¢, = im(ad,_,),
and a, = ker(ad,_,), for every n € Z, with precisely the following exceptions:
¢o # (imad,_,)o and ¢y # (imad,_,)—1 since § = [p1,p—1] and p_1 = [p_1,
both belong to the image of ad, , : ig — Lg; and a1 # (kerad, ,); since ad,_, :
Lgl — Lgo is injective. N

3. lg-OPERS AND QUASI-CANONICAL FORM

3.1. Inverse limits. Recall the subalgebras “ and “n of ig from §2.1. We introduce
also the Borel subalgebra Lb, = “h @ In, C Ig. These can be described in terms of
the principal gradation of g as ‘ny = @, g, and “b; = @,~,9,. Moreover,
there is a natural descending Z--filtration on “n, (and “by) by Lie ideals

L L
n>k

Since Fny, C Iy for each k € Z~, these ideals also define a descending Z-o-filtration
on the derived subalgebra Lb’+ =lp, Nty

Let M be the field of meromorphic functions on P! := C U {co}. For any Lie
subalgebra p C g we introduce the Lie algebra p(M) := p@M of p-valued meromorphic
functions on P*.

The Lie algebras “ng(M), k € Z~g endow “ny (M) with a descending Z--filtration
by ideals such that the quotient Lie algebras “n, (M)/Fn;, (M), k € Z~¢ are nilpotent.
Consider the Lie algebra defined as the inverse limit

Py (M) = lim P (M) Py (V).

By definition, its elements are infinite sums Y, _ o yn, with y,, € g, (M), which trun-
cate to finite sums when working in the quotient “n (M)/Fni (M) for any k € Z,.

Remark 3.1. It should be stressed that for a given element Y., n of “fiy (M), the
orders of the poles of the g, -valued meromorphic functions ¥, are allowed to increase

without bound as n increases. Thus Ffiy (M) is strictly larger than “fi, ® M, where

Lo, = r&anJ’_/Lnk is the completion of ‘. Q

We also have the inverse limits
Yo (M) = EHV0) @ Fivy (V) = Tim Pb (M) /F i (M),
L3V = P (M) @ FH(M) @ Py (M) = Lim "g(M) /g, (M),
The latter is an inverse limit of vector spaces only, since the “ny (M) are not Lie ideals

in Lg(M). Nonetheless, g(M) is a Lie algebra, with “g(M) as a subalgebra.*

4Given any two elements z = Yo N Tns Y = D, Yn of the vector space Eg(M), with each
Tn,Yn € g, (M), their Lie bracket [z,y] = 32,0 N 1 Yon>—N.m>—[Tn, ym] is a well-defined ele-
n+m==k

ment of “§(M) since the inner sum is finite for each k. This bracket obeys the Jacobi identity and
agrees with the usual bracket on g(M) C “g(M).
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3.2. The group LN+(JV[). For every k € Zsq, the Baker-Campbell-Hausdorff for-
mula then endows the vector space Fny (M)/Fng(M) with the structure of a group.
Specifically, we denote this group by

exp (0 (V) /0, (M) := {exp(m) [m € “n (V) /0, (M)},

whose elements are denoted formally as exponentials of elements in “n (M) /Ing, (M).
The group operation is then defined as

exp(z) exp(y) == exp(z e y) = exp(z +y + [z, y| +...) (3.1)

for all z,y € “ny (M)/Fngx(M). Here z o 3 is given by the Baker-Campbell-Hausdorff
formula, whose first few term are shown in the exponent on the right hand side of
(3.1). The sum is finite because “ny (M)/“ng(M) is nilpotent.

Now the formal exponential map exp : ‘ny (M) /Ing (M) =5 exp (“ny (M) /Ing(M))
is a bijection by definition, and there are canonical group homomorphisms ;" making
the following diagram commutative:

m
Ty,

exp (P (V) /P (M) —— exp (P (V) /Py (M)

exp ? exp ¢

Py (M) /Frm (M) o (M) /Fre (M)

for all m > k > 0. We define a group LN+(M) as the corresponding inverse limit
NG (V) = Limexp (Pny (M) /Py (). (3.2)
The above commutative diagram defines an exponential map exp : “fy (M) — LN, (M).

3.3. Definition of an ‘g-oper. Now, and until §6 below, we shall pick and fix a
global coordinate z on C C P'. Thus, for any f € © 6+(JV[) its holomorphic de Rham
differential is df = dz0.f.

Define opu, (P') to be the affine space of connections of the form

V=d+pdz+bdz, belb (). (3.3)

Remark 3.2. This is an affine space over © 6+(J\/[) For the moment, in calling it a
space of connections we mean merely that it admits an action of the group LN+ (M)
by gauge transformations, as we shall now describe. In §6 we will discuss its behaviour
under coordinate transformations. N

Define the adjoint action of the group “N. (M) on the vector space L§(M) as follows.
Let g = exp(m) € ENy (M) with m = 3, m, € Py (M).  For any u € Lg(M),
which we write as u = an M Un for some M € Z, we define the adjoint action of g
on u as

g = 3 Ladhu= 3wt Y Yl 42 5 Y [ fre]] ..

k>0 n>M n>M r>0 n>M r,s>0
(3.4a)
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where the dots represent terms involving an increasing number of m,’s with n > 1.
Since degm,, = n in the principal gradation of g, it follows that for each k € Z+g
there are only finitely many terms of degree less than k in the expression on the right
hand side. Therefore the sum on the right hand side of (3.4a) is a well-defined element
of Lg(M).

Lemma 3.3. The definition (3.4a) defines an action of the group "Ny (M) on Lg(M).

Proof. By the Baker-Campbell-Hausdorff formula we have

1 1, 1
<Z]'ad¥n>< Madn>u: Hadm,nu,

>0 k>0 k>0
for any m,n € P, (M) and u € Lg(M). O
Now we define also
1 1
-1 ._ k—1 _
(dg)g~— = o ad;, "~ dm = Z dmy, + 3 Z [my, dmy] + ..., (3.4b)
k>1 n>0 n,r>0

which is a well-defined sum in “fi; (M)dz. (To motivate this definition (3.4b) one can
write gdg~! = d — (dg)g~ ' and then, purely formally, use (3.4a) on the left-hand side,
noting that [m,d] = —(dm).)

Lemma 3.4. For any g,h € LN+(M), we have
d(gh)(gh)™" = g ((dh)h™") g™ + (dg)g .

Proof. By direct calculation from the definitions (3.4) one verifies that

d(gyg™") = [(dg)g™", gyg™ "] + g(dy)g~",

for any y € Lg(M) and any g € LNy (M). By Lemma 3.3, we have (gh)y(gh)~! =
g(hyh~1) g1, and on applying d to both sides we obtain

[—d(gh)(gh)™" + g ((dh)h™") 7" + (dg)g~ ", =] =0

is arbitrary. Since the centre of “fi, (M) is trivial, the result follows.
g

where z = gyg~*

Observe that gp_1g7' — p_1 € by (M), so that if u € “§(M) is of the form
u=p_1+bwith b € “b, (M) then so is gug~'. Hence, from Lemmas 3.3 and 3.4, we
have the following.

Proposition 3.5. We have an action of “N (M) on opry(P') defined by
LN—‘r (M) X OPig (Pl) — OpLg(P1)7
(9,d +p_1dz +bdz) — d + gp_19~*dz — (dg)g~" + gbg™'dz,

which we refer to as the action by gauge transformations. If V € OpLg(]P’l) then we
denote by VI € opLg(IP’l) its gauge transformation by an element g € L]V+(J\/[). O
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Our main object of interest, the space of g-opers, can now be defined as the quotient
of the affine space (3.3) by this gauge action

Opiy(P') := opry (P') /AN (M).

In fact, we shall be interested in certain affine subspaces of OpLg(IPl) defined as follows.

3.4. Twist function ¢. Fix a choice of meromorphic function ¢ on P!, called the
twist function. We call a derivation element A of “h normalised if (A, k) = 1. Define
op1 (P1)# to be the affine subspace of oprg (P!) consisting of connections of the form

d+p_1dz — Apdz + Vdz, Ve Lo, (W)

Lemma 3.6. The affine subspace opLg(]P’l)“’ is independent of the choice of normalised

derivation element A, and it is stable under LN+(M)-valued gauge transformations.

Proof. Let A and A’ be two choices of normalised derivation element of “f. Then we
have (A, k) — (A’ k) = 0 so that A — A’ is in the span of the simple roots «;, i € I and
hence A — A’ € o N Ev/,. Tt follows that oprg (P1)% is independent of A.

Since we have the direct sum of vector spaces “g = Ly’ @ CA, and so in particular
Lp, =10/, @ CA, it follows from the definition of the action of “N (M) on opzy(P')
by gauge transformations that opLg(IP’l)W is stable. O

Given a choice of twist function ¢, we may now define the corresponding affine
subspace of Fg-opers as

Opey(P1)? == opry(P)? /AN, (M). (3.5)

If Ve OpLg(]P’l)‘p then we shall denote its class in OpLg(IP’l)“’ by [V].
We introduce also the twisted de Rham differential corresponding to the twist func-
tion . For every f € Lby (M),

d?f == df —h" " 'p(ad, f)dz (3.6)
— dz (azf — 1Y y(ad, f)) .

3.5. Quasi-canonical form of an “g-oper. Recall, from §2.3, the definition of the
principal subalgebra a of Tg, and its basis {p;};e+r U {5, p} where E is the multiset
of positive exponents of L.
Let a(M) denote the completion of the algebra a(M) of a-valued mermorphic func-
tions on P!:
a(M) = lim a(M)/(a N ng) (M).

For each n € Zxo, let a>n(M) := lim a>n(M)/(azn Nng)(M), where a>, == @72, a;.
These are Lie subalgebras of a(M).
Theorem 3.7. Every class [V] € Opry(P')? has a representative V € opry(P1)¥ of
the form

V=d+p_idz—h"" 'pedz + adz, a € a>1(M).
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We say that such a representative is in quasi-canonical form. For any g € LN+(J\/[),
V9 is still in quasi-canonical form if and only if g = exp(f) € exp(a>2(M)), in which
case VI =V —d?f.

Equivalently but more explicitly, every class [V] € OpLg(IP’l)‘p has a quasi-canonical
representative of the form

'

V=d+ (p_1 v + Z Ujpj) dz, (3.7)
JjEE

where vj s a meromorphic function on P! for each positive exponent j € E. The

gauge transformations in “N (M) preserving quasi-canonical form are precisely those

of the form exp (ZjEEZQ fjpj) with f; meromorphic functions on P'. The effect of

such gauge transformations on the functions v; is to send

Je
Vj — U — f]/ + Y, fj (3'8)
for all j € E>q, and to leave vy invariant.

Proof. Let [V] € Opry(P')?. Since KV~ 'p is a normalised derivation element of £p,
see §2.2, it follows using Lemma 3.6 that there is a representative of [V] of the form
V =d+p_1dz—h""p pdz+Y ", <o Undz € opLg(IP’l)“’ for some functions u,, € Hg/,(M).
Let g € LN, (M) be of the form g = exp(m) with m = Y ns0 Mn Where my, € ¢, (M)
for each n > 0. Using (3.4) we determine the gauge transformation of V by g to be

V9 =d+p_1dz—hY " pepdz + Z andz

n>0
where a,, € Ig!,(M) for each n > 0 are of the form
andz = updz + [Mpy1,p—1]dz + Fn({uk, dmy,, mk}k<n) (3.9)
— d?my, + [y, ug] + %[mn, [ml,p_ﬂ]dz + (1 —0pn1) [ml, [mn,p_l]]dz.
The last term on the first line of the right hand side contains all the terms involving

only my and ug with k£ < n, and the second line contains those terms involving m.,,.
Let wydz, w, € g, (M), denote the sum of all these terms, i.e. we rewrite (3.9) as
apn = Up + [mn+1,p_1] + wy,. (3.10)

We can now use (3.10) to determine m,, € ¢, (M) recursively for all n > 0 by requiring
that a, € a,(M) for each n > 0. Indeed, suppose mj has been determined for each
k < n. Then w, is known (in fact wy = 0 for the base case) and so decomposing
Uy, + wy, relative to the direct sum (2.7) (or rather g = C§ @ ¢o in the case n = 0)
we can use the injectivity of ad,_, : ¢,41 — ¢, to fix mp41 uniquely so as to cancel
the component of u, + wy, in ¢,, thereby ensuring that a, € a,(M) for all n > 0 or
ap € (C8)(M). This proves V9 € d +p_1dz — hY " ppdz + (C6 @ as1)(M)dz.

Let us write V9 = d4p_1dz—h" "' p pdz+0xdz+a'dz with y € M and d’ € a>1(M).
In order to remove the term in §, we can apply a further gauge transformation by
h = exp(—xp1), which yields

VM = d+p_ydz—h" " pedz +ddz + d?(xpr).
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The last two terms belong to a>1(M)dz, which completes the proof of the first state-
ment.

Finally, suppose V = d + p_1dz — hvflp wdz + udz where u € a>1(M) and let
g = exp(m) for some m € Ly (M). Then V9 = d + p_1dz — h¥ "' ppdz + vdz where
V= ),500n € L[;QL(JV[) is given by (3.9). We want to recursively determine the
components m,, € Ig,, (M) of m so that v € a>1(M). Considering first the case n = 0
we have ug = a9 = 0 so that (3.9) reduces to [mi,p_1] = 0, and therefore m; = 0
since ad,_, : Ly, — Lgo is injective. In particular, for every n > 0 the last two terms
on the right hand side of (3.9) are now absent. Suppose that having aj € ai(M) for
all k& < n requires that my € ax(M) for each k < n. It just remains to show that the
condition a,, € a,(M) also implies my 1 € a,41(M). For this we note that all the
terms contained in Fn({uk,dmk,mk}k<n) are commutators, which vanish using the
fact that u € a>; (M), m; = 0, my € axp(M) for 1 < k < n and a>; is abelian. So
(3.9) now simply reads

andz — updz + d?my, = [my41,p-1]dz.

The left hand side clearly belongs to a,(M)dz, using the fact that ad, m, = nm,. On
the other hand, the right hand side belongs instead to ¢, (M)dz since ¢, = (imad,_, )»
for every n > 0, cf. Remark 2.3(f). Hence both sides vanish so that, in particular,
Mpt1 € apt1(M). The vanishing of the left hand side is the final statement about the
form of V9 — V. 0

Although the quasi-canonical form of an “g-oper [V] € OpLg(Pl)‘p is not unique,
the coefficient v; of p; in any quasi-canonical form is the same. To emphasise the
origin of this distinction between vy and all the remaining coefficients v;, j € E>o,
the following is helpful.

Proposition 3.8. Every class [V] € OpLg(IP’l)W has a representative of the form

'
V=d+ <p_1 —hvp—i-vod—i—Zvjpj)dz, (3.11)
JjeEE
where v; is a meromorphic function on P! for each j € {0}UE. The gauge transforma-
tions in 'N (M) preserving this form are precisely those of the form exp (ZJEE fjpj)

with f; meromorphic functions on P'. The effect of such gauge transformations on
the functions v; is as in (3.8) for all j € E>a, and now also

vg — v + f1
vy — v — f1+ hﬁvfy
Proof. The proof is very similar to that of Theorem 3.7. g

Consequently, if one works not with g but with the quotient by the centre 1g/Cé
then the distinction between v; and the rest disappears, as follows. (We return to
this point in §5.3 below.)
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Corollary 3.9. For an (%g/Cé)-oper [V] € OpLg/C(;(}P’l)W, there is always a quasi-

canonical representative of the form (3.7). The gauge transformations in LN+(M)
preserving this form are precisely those of the form exp (Z]EE fjpj) with f; mero-
morphic functions on P'. The effect of such gauge transformations on the functions
vj is as in (3.8) but now for all j € E (including 1). O

Returning to “g-opers, we have the following explicit expression for the coefficient
v1 in any quasi-canonical form.

Proposition 3.10. The coefficient of p1 € a; of any quasi-canonical form of an
Lg-oper [V] € Opry(P1)? is
—1 -1
vr = hY" (3(uoluo) + (plug) — h* ™ w(pluo) + (p—1|u1)),

where

V=d+pdz—h""pedz+ Y undz € opry(P)?,
n>0

with u, € 19!, is any representative of [V].
Proof. In the present case, the recursion relation (3.9) for n = 0 gives ug = —[m1,p_1].
Note that here we are including in m; the term —yxp; coming from the subsequent

gauge transformation performed in the second step of the proof of Theorem 3.7. Using
this, the relation (3.9) for n = 1 then reads

ardz = widz + [ma, p_1]dz + L [mq, [ma, p—1]]dz + [m1, uoldz — d¥my
= u1dz + [ma,p_1]dz — %[ml, [ml,p_l]]dz —d?m;.
By applying the linear map (p_1]-) to both sides we find
(p-1lar)dz = (p-1|u1)dz + 5 (uoluo)dz — (p—1|d¥my),
where to obtain the second term on the right hand side we have used again the fact
that ug = —[m1,p—1]. To evaluate further the last term above, we note that
(p-1ld?ma) = ([p-1, p)[d?ma) = (pl[d?m1,p-1]) = —(plduo) + h” ™ p(pluo)dz,

where in the last step we used the definition (3.6) of the twisted de Rham differential.

Since (p_1|p1) = h", we arrive at the desired expression for v; = h¥ ' (p_1|as). O

Remark 3.11. Let V € opLg(]P’l)S‘j be as in the statement of Proposition 3.10 and
introduce g = —hY 'pp + uy € Lgo(M) and @, = u, € g, (M) for every n > 0.
Then we have

V=d+pidz+ ) tndz,

n>0

and, using the fact that (p|p) = 0, cf. §2.2, the expression for the coefficient v; in any
quasi-canonical form of [V] can be rewritten as

v =hY" (@) + (o) + (p-1]iin))dz. <
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3.6. Twisted homology and functions on the space of affine opers. Our goal
is to describe functions Opu, (P1)¥ — C on the space of meromorphic ‘g-opers on P!.

Theorem 3.7 shows that one well-defined map OpLg(IP’l)“’ — M is given by extract-
ing the coefficient vy of p; in any quasi-canonical form (and Proposition 3.10 gives the
explicit formula). Obviously we can then “pair” this function with any point p € P!
where v; doesn’t have a pole, by simply evaluating it there, v1 — v1(p).

Yet Theorem 3.7 also shows that the remaining data in the oper comes in the form
of functions v;, i € E>2, defined only up to certain “twisted” derivatives. So they are
in some sense cohomology elements. In §6 we shall make that idea precise by showing
that each of the functions v;, i € E>9, represents a cocycle in the cohomology of the
de Rham complex with coefficients in a certain local system. A generalization of the
usual de Rham theorem states that there is a pairing (given by integrating) between
such cocycles and the cycles of the singular homology with coefficients in the dual
local system. For the moment though, we are not quite in a position to invoke such
results: a local system is a vector bundle with a flat connection and we cannot yet
identify the correct bundle, since we have no handle on its transition functions.

Nonetheless, it is already possible to define the integrals one should take to obtain
functions Opr, (P1)? — C, as follows.

First, let us now and for the remainder of this article restrict attention to the case
when the twist function ¢ has only simple poles, i.e. we shall take it to be of the form

o(z) =3 N (3.12)

e
for some k; € C*, i =1,...,N. It has simple poles in the subset {2;}}¥, C C.

Remark 3.12. Based on the situation in finite types, [FFTL10, VY17a|, our expecta-
tion is that introducing a pole of order p > 2 at z; in the twist function ¢ (and more
generally in the Miura ‘g-opers of §4.1 below) will correspond to a Gaudin model in
which one assigns to the marked point z; a representation of a Takiff algebra g[t]/tPg[t]
over the affine Kac-Moody algebra g. N

We denote the complement of the set of marked points {2} as
X =C\ {z}Y,. (3.13)

Consider the multivalued holomorphic function P on X defined by

N

P(z) = H(z — )k, (3.14)

=1

which is related to the twist function as ¢(z) = 9, log P(z). Observe that the ambi-
guity in the function v;, namely (3.8), can be expressed as

P(2) M 0(2) s P(2) M 0(2) — 8,(P(2) M £(2)).

We therefore obtain the following corollary of Theorem 3.7.
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Corollary 3.13. Suppose

V=d+p idz—h"""pedz + > vjpidz
JEE
is a quasi-canonical form of an oper [V] € OpLg(]Pl)‘p.
Let r € E>o be a positive exponent greater than or equal to 2. Let vy be any contour
in X = C\ {2}, such that
1. 7 is closed;
2. there exists a single-valued branch of the function P~
3. v, has no poles (and is therefore holomorphic) along ~y.

r/hY along v;

Then the following integral is gauge-invariant, i.e. it depends only on the oper [V]
and is independent of the choice of quasi-canonical form:

L([V]) = /3’(2)_T/hvvr(z)d2-

This function is invariant under smooth deformations of the contour v which do not

cross any pole of v, or any of the marked points {z;}72 ;. O

4. MIURA “g-OPERS AND THE BETHE EQUATIONS

4.1. A class of Miura ‘g-opers. Define a Miura “g-oper as a connection of the form
Vi=d+p1dz+udz € opLg(}P’l) (4.1)

where u € Lh(M) = b*(M), using the natural identification “h = h*. Let MOpLg(IP’l)
denote the affine space of all Miura ‘g-opers. Given a Miura ‘g-oper V € MOpLg(IP’l)
we refer to its class [V] € Opzy(P!) as the underlying ‘g-oper.

Recall the twist function ¢ € M defined in (3.12). Given any choice of normalised
derivation element A of ', cf. §3.3, we introduce the affine subspace

MOpLg(IP’l)“D i=d +p_1dz — Apdz + P/ (M)dz (4.2)

of MOpr, (P1) where L’ is the span of the simple roots {;}f_,. It follows from the
first part of the proof of Lemma 3.6 that MOpv,4 (PY)% is independent of the choice of
normalised derivation A.

In this paper we shall be interested in Miura “g-opers (4.1) where the meromorphic
h*-valued function v € h*(M) has at most simple poles. Fix a collection of weights
A, ..., AN € b*. We shall, more specifically, be interested in the case when u has a
simple pole at each marked point z, i = 1,..., N, with residue —\; € £p. We will
furthermore allow the function u to have simple poles at some additional m € Z>q

marked points wj, j = 1,...,m, with residues there given by simple roots a.(;, for
some function ¢ : {1,...,m} — I = {0,...,¢}. In other words, we shall consider
Miura “g-opers of the form
N s m o )
V=d+p_idz — —d — . 4.3
+po1dz ;Z_Zinr;z_wjz (4.3)

The residue of V at infinity is the weight Ay, == Zf\il A — Z;nzl Qe(j) € Lp.
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Decomposing each weight \; € h* with respect to the basis {a; }¢_; U{p, J}, we may
write it as

ok
A= N+ th — A0 (4.4)

for some \; € h* = span(c{aj}ﬁzl, ki == (M\i,k) € C and A; = —(\;,d) € C.
Since A;, 8 and the simple roots Qe all lie in Ly, it follows that V belongs to the

space MOpry(P')? with the twist function ¢ defined as in (3.12) in terms of the k;,
i=1,...,N.

4.2. Regular points. Let M;® be the (C—algebra of meromorphic functions on P!
which are holomorphic at z. We shall say that an “g-connection V = d+p_1dz + bdz
in opry(P') is regular at a point # € C if in fact b € L, (M5®), i.e. b has no pole
at x. Let oplzzg (P1), denote the set of all such “g-connections. It is stabilised by the
action of the subgroup N (M%) c “N, (M) on opzy(P!) by gauge transformations.
In particular, we can define the quotient space

Opi(P!) = opef (P1)s /I (V).

If z is not a pole of the twist function ¢ we may similarly define the space opreg(IP’l)

of Tg-connections of the form V = d 4+ p_1dz — Apdz + b'dz where A is a normahsed
derivation element of L and ¥’ € Lb/, (M5®). We then also define

ODIE(B')g = opieB(PY)2 /", (MEF%).
Lemma 4.1. For each x € C there is a canonical injection
Opreg(]}”l) <—>OpLg(]P’1). (4.5)

When x is not a pole of ¢ there is a canonical injection Opreg(]P’l) — Opy, (PLye.

Proof. Since *N, (M%) ¢ N (M) we certainly have a well-defined canonical map
Opreg(IP’l) — OpLg(IP’l). Suppose that two “g-connections V,V’ € oprLeg (P1),, regular
at x, define the same class [V] = [V'] in Opzy(P'). We must show that they also define
the same class in Op} Ly 5(PL),.

Applying the procedure in the first half of the proof of Theorem 3.7 to both of the
Lg-connections V, V' € opf;g(IP’l)x, with M there replaced by M3 ®, we find that they
can each be brought to a quasi-canonical form which is regular at x using a gauge
transformation in “N, (M%), On the other hand, by the argument in the second half
of the proof of Theorem 3.7 with M there replaced by M3®, we also deduce that these
two quasi-canonical forms are related by a gauge transformation in exp(a>o(M5®)).
It now follows that V and V’ define the same class in Opreg (P1),.

U
We will identify Opreg (P!), with its image in Opry (P!) under the injection (4.5). We
then say that an “g-oper [V] € Opry(P!) is regular at = € P! if it lies in Opr 5(PL),.

More concretely, this means that there exists a representative of the class V] in
oprLeg(IP’l)w, i.e. which has no pole at x.
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Recall the set X = C\ {2}, introduced in §3.6. We define the space of Lg-opers
regular on X as
Opyf(P') x = OpyE(P'); C Opry(BY).
zeX
Since the twist function has no poles in X, we may also define the space of “g-opers
with twist function ¢ reqular on X as
Opf(B)% = (1) Opigt (P1)7 C Opry(P1)?.
zeX

4.3. Bethe equations.
Proposition 4.2. Let x € X and suppose V € MOpr, (PY)? has the form

V=d+ (pfl—hv_lgop+i+r)dz
z—XT

for some simple root o, i € I, where v € “b/(M) is regular at . Then [V] is regular
at x, i.e. there is a representative of [V] which is reqular at x, if and only if

RY (r(x), &) = ¢(x). (4.6)

Proof. Suppose first that Visa representative of [V] which is regular at z. Then the
gauge transformation parameter g € LN+(M) determined by following the recursive
procedure of Theorem 3.7 is of the form g = exp(—x4) exp(}_, - mn) where x € Mi™*
and my, € ¢,(Mz®), n > 0 are all regular at z. Therefore, the quasi-canonical form
V9 of [V] is regular at . Then, in particular, its component in a; must be regular.
Yet by Proposition 3.10 the latter is proportional to (note that in the notation of

Proposition 3.10 we have ug = ;*-- +r and u; = 0 in the present case)

(caal —0i+20) - (ulr(@) = b p(@)(ailp)

2(z —x)? z2—x

where the dots represent terms regular at z = z. Recalling that (p,d&;) = 1 for all
i € I, and in view of (2.2), we see that the double pole term here vanishes and the
simple pole term vanishes only if the equation (4.6) holds.

Conversely, suppose (4.6) holds. Let g = exp (f lxéi). For all u € “h(M) we have

_ . dz _ 1 . u, &)
(dg)g 1:€z‘m7 gug 1:U_z_x[€z‘7u]:u—|—<z_;>ei7

-1 _ _ s I _ o i
gp-1g” =po1— [l 5w [ [0, p—a]] = p1 — — e

Therefore, with u = —hY 1o p + 2 47 we find
V9 =d— (dg)g~' + gp_19~ " dz + gug~dz
(r(z), @) —h¥ "op(2)

Z—T

éi)dz.

(The coefficient of the (2 — )72 term is —1 — 1 + (o, &;) = 0.) This is regular at z
by virtue of (4.6), so the ‘g-oper [V] = [V9] is regular at x. O

=d+ (pfl —h optr(z) +
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Remark 4.3. In the statement of Proposition 4.2, if we write V € opLg(]P’l)‘P as
(673 ~
V=d+ (p71+7+r)dz
z—x
where 7 € Lh(M) is regular at x, noting that ¢ is regular at 2 € X, then the Bethe
equation (4.6) for the regularity of [V] at = simply reads
(r(x),a;) = 0. N
Recall the subset X = C\ {2z}, of P! introduced in §3.6.

Corollary 4.4. Let V € MOpr(P') be of the form (4.3). We have [V] € Opf;g(}P’l)X
if and only if

g Do) | g feenleer) (4.7)
— wj — % wj—w; J =4 m '

We refer to these as the Bethe equations.

In particular, when the Bethe equations hold then there exists a quasi-canonical rep-
resentative of [V] in which the coefficient functions vi(z), i € E, have no singularities
at the Bethe roots wj, j =1,...,m.

Proof. The g-oper [V] is certainly regular away from the points z;, i = 1,..., N and

wj, j =1,...,m, since the defining representative V in (4.3) is regular there.
And by Proposition 4.2, see also Remark 4.3, the g-oper [V] is also regular at each
of the wj if and only if the j*® Bethe equation (4.7) holds. a

Define the master function to be

N N m
© = (NilAg)log(zi — 25) = DY (Nilae(j)) log(zi — wy)
i,j=1 i=1 j=1
1<j
+ > (el log(w; — w;). (4.8)
ij=1
i<
It is a multivalued function on C\ {z1,..., 2N, w1,...,wn,}. One sees that the Bethe
equations (4.7) are given by
0P
— =0 ) =1,...,m.
8’11)] ) ._7 ) 7m

Moreover it is known — see Appendix A for a brief review — that the eigenvalues of
the quadratic Hamiltonians (1.1) are given in terms of the partial derivates 0®/0z;.

The following result shows that the partial derivatives of the master function can
be read off from the “g-oper underlying the Miura “g-oper V of (4.3).
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Theorem 4.5. Let V € MOpLg(]P’l) be a Miura oper of the form (4.3). The coefficient
of p1 in any quasi-canonical form of the underlying “g-oper [V] € OpLg(Pl) is

N N m
1 %()\zp\z + 2,0) 8@/8% 8<I>/8wj
(S g el S om0,

i=1 1=

Proof. Let us write the Miura “g-oper in (4.3) as V = d + p_1dz + u(z)dz with

N m
Qe ~ ~ )\7, Qe(;
we) = PO i), = -y ey
=1 ]

Z — wj i
i#j

The result follows from a direct computation, using the expression given in Remark
3.11 for the coefficient of p; in any quasi-canonical form of the ‘g-oper [V], with ug = u
given above and u; = 0. Explicitly, we find on the one hand

1N YIRY 1m Qe(5)|Ce(4 N@@@zi m8<1>6wj
) = 3 30 2 Ly Bealte)) 5 0005 57 00100,

i=1 j=1 i=1 1

where the derivatives of the master function (4.8) with respect to the variables z;,
t=1,...,Nand wj, j=1,...,m read

N m N m
0P — (\ilAy) (Ailae)) 0P (Ailaegy) (i)l aey)
%_Z;zi—zj Z; Zi—w]’7 8wj_ ;’wj—zi +zz; wj—wi '
i ’ =
On the other hand, we also have
N m
(plAs) (placg))
() = 3 0 3 o),
=1 ’L Jj= 1 J

Adding the above and using the fact that 2(«a;|p) = (ay|a;) for any simple root «;
(since (p, ;) = 1) we obtain the result. O

5. CONJECTURES ON AFFINE GAUDIN HAMILTONIANS

Before turning to the affine case, let us recall some features of the situation in finite
types. When g is a Kac-Moody algebra of finite type, the quantum Gaudin algebra
is a commutative subalgebra of U(g®") generated by the coefficients in the partial
fraction decompositions of a finite collection of U (g®")-valued meromorphic functions
Si(2), indexed by the exponents k € E. The Si(z) have poles at the marked points

Z1y.-.y ZN. TheX commute amongst themselves and with the diagonal action of g. In
particular, 1 € E, and the explicit form of Si(z) is
N ; N
el 3
S = 5.1
@=Lty (5.1)

where the H; are the quadratic Hamiltonians in (1.1) and where € () is the copy of the
Casimir element € € U(g)? in the it tensor factor of U(g®"). More generally, the pole
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terms of highest order in each Si(z) are Zf\il G,(;_H (z — 2;)F*1, where Cpy 1 € U(g)®
is a central element — as indeed it must be for S(z) to commute with the diagonal
action of g. Each Sy (z) has degree k + 1 as an element of U(g®V).

As we sketched in the introduction, to each Miura “g-oper of the form (1.2), with
the Bethe roots w; obeying the Bethe equations, there corresponds a joint eigenvector
¥ of the functions Sk(z), and the joint eigenvalues are given by the coefficients v (z)
of the P, in the canonical form of the underlying ‘g-oper.

Now, not all these features can be precisely preserved in the affine case. Indeed, in
finite types the centre U(g)? is isomorphic (via the Harish-Chandra isomorphism) to
a graded polynomial algebra C[{Cj1},c5] in rank g generators of the correct degrees.
But in affine types the centre is much smaller. Namely, the centre of the (completed,
as in §5.1 below) envelope of an affine Kac-Moody algebra is isomorphic to the graded
polynomial algebra in only two generators, k and € (of degrees 0 and 2; the definition
of € in the affine case is in (5.7) below) [CI84]. Thus, one should not expect to find
meromorphic functions Sk(z), indexed by the positive exponents k € FE, such that
they commute with the diagonal action of g for each z € X = C\ {z1,...,2n} and
have degrees k + 1.7

This is consistent with the results in §3 — §4 above: we saw in Theorem 3.7 that the
coefficients vg(2) of the quasi-canonical form of an ‘g-oper are defined, for k € E>,
only up to the addition of twisted derivatives. So they themselves are not good
candidates for the eigenvalues of such would-be generating functions. But we also saw
that there are well-defined functions on the space of opers given by integrals, as in
Corollary 3.13. It is natural to think that these functions are the eigenvalues of higher
Gaudin Hamiltonians. That in turn suggests that such Hamiltonians are themselves
given by such integrals. This is the content of Conjecture 5.1 below. To state it, we
must define an appropriate completion of U(g®") when g is of untwisted affine type.

5.1. Completion of U(g®"). Let g = g(A) be an untwisted affine Kac-Moody alge-
bra as in §2.1. Let A = (Aij)fﬂ.:l denote the Cartan matrix of finite type obtained

from the Cartan matrix A of affine type by removing the O

row and column, and
g = g(A) the corresponding finite-dimensional simple Lie algebra. The Lie alge-
bra g can be realised as the semi-direct product ﬁg X Ctdy of the central extension
Ld = Li @ Ck of the loop algebra £§ = g[t,t~1] with derivation element d acting
as the derivative td, in the formal loop variable £. In what follows we shall identify g
with £g x Ctd;.

Let g®V denote the N-fold direct sum of g. We denote by X @) the copy of any X € g
in the i*" summand, fori = 1,..., N. Consider the left ideals J,, := U (g®™)(t"g[t]) *,
for n € Z>g, of the universal enveloping algebra U (g®N). They define a descending
Z>o-filtration on U(g®N), that is to say we have Jg D J; D Jo D ... with Nn>0Jn = {0}.
Define the corresponding completion of U(g®") as the inverse limit

U(g®Y) :=1im U(g™™) /3.

5That would be impossible in any type with an even exponent, since any polynomial in k and € has
degree k 4+ 1 with k odd; in other types these considerations merely make it seem unnatural.
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By definition, an element of U(g®") is a possibly infinite sum

T = Z Tm (5.2)

of elements in U(g®"), with z,, € J,, for all m > 0 so that only finitely many terms
contribute when one works modulo any J,,. Since the J,, n > 0 are only left ideals,
the quotients U(g®")/J,, are not associative algebras. However, the multiplication
in U(g®N) is continuous with respect to the linear topology whose basis of open
neighbourhoods for 0 is {J,, }n>0. So the completion U (g®") is an associative algebra.

The tensor product ®§V:1 L), of irreducible g-modules is smooth as a module over

U(g®"), meaning that for every v € ®§V:1 Ly, there exists n € Z>o such that J,v = 0.
Therefore ®j\7:1 Ly, is a module over the completion U(g®N). Let Ug(g®Y), with

k = (k;){_,, denote the quotient of the algebra U (g®N) by the ideal Jy, generated by
the elements k() — k;, namely

U(a®V) = U(a®")/Ji.

The action of U(g®N) on ®§V:1 L), factors through the quotient Ui (g®N). In partic-
ular, if we define

(@)
k(z) = Z Zk_ s (5.3)

=1

then the image of k(z) in Uy (g®V) is the twist function ¢(2) as in (3.12), cf. (4.4).

We have the usual ascending filtration C1 = Fy C F7 C Fo C ... of the universal
enveloping algebra U(g®V) of the Lie algebra g®V. Every z € U(g®") belongs to
some filtered subspace; the degree of = is by definition the smallest k € Z>( such that
x € Fy,. Let us say that an element z € U(g®N) has (finite) degree k € Z>g if, when
x is written as a sum as in (5.2), the degrees of the z,, are bounded above and k is
their maximum.

5.2. Conjectures.
Conjecture 5.1. There exist nonzero U(g'®N)-valued meromorphic functions 8;(z),
i € E, on P! with the following properties:

(i) For each i € E, 8;(z) has degree i + 1.

(ii) For any i,j € E we have

[8i(2),8;(w)] = (hV0. — ik(z)) (Aij(z,w)) + (hY 0w — jk(w)) (Bi;(z, w)),
for some U (g/®N)-valued meromorphic functions A;j(z,w), Bij(z,w) on P* x P!
regular along the diagonal z = w.

(i1i) For each i € E and each j =1,...,N we have

(9, 8i(2)] = (b0, — ik(2)) (D(2)),

for some U(g'®N)-valued meromorphic function Dg(z) on PL.
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(itv) For each i € E and any v € g we have, writing Ax = Z;V:1 z0),
[Az,8;(2)] = (hY0. — ik(2)) (€F(2)),
for some U(g'®N)-valued meromorphic function C*(z) on P'. O

Suppose such functions 8;(z) do exist. For any contour v as in Corollary 3.13 and
any ¢ € E, denote by @] the image of

/ P(z) "8 (2)dz (5.4)

in the quotient Ug (g®V). Then these QZ are commuting Hamiltonians, as follows.

Corollary 5.2. Given Conjecture 5.1, one has

[ ;Yv Q?] =0
for any i,j € E and any pair of contours v,n. Moreover, each QZ commutes with the
diagonal action of g and with the quadratic Hamiltonians H;, j =1,...,N. ([l

Conjecture 5.3. Let ¢ € (®§V:1 LAj)/\ be the Schechtman-Varchenko vector asso-
ciated with the Miura Tg-oper V € MOp.y(P') in (4.3). For every j € E, let vj(z) be

the coefficient of p; in any quasi-canonical form of the Lg-oper [V].
If the Bethe roots wj, j = 1,...,m, satisfy the Bethe equations (4.7) then

O = / P(2) " vy (2)dz
Yy

for every i € E and any choice of contour v as in Corollary 3.183. O

The remainder of this section is devoted to showing that these conjectures are
consistent with what is known about the quadratic Hamiltonians for affine Gaudin
models. N

In a separate paper [LVY] we explicitly construct 82(z) in the case g’ = sly, M > 3
and show that the statements of Conjecture 5.1 hold for ¢ = 1,2. In these cases we
also verify Conjecture 5.3 for m =0, 1.

5.3. Quadratic affine Gaudin Hamiltonians. Recall g = £g x Ctd;. Fix a basis
I? fora=1,...,dimg, of g. Recall the non-degenerate bilinear form (:|-) : gxg — C
on g from §2.1. It restricts to a non-degenerate bilinear form g x § — C on g. Let
I, be the dual basis of g with respect to this restriction. A basis of g is then given
by I# = I*®t", for a = 1,...,dimg and n € Z, together with k and d. The
corresponding dual basis of g, with respect to (-|-), is given by I, _,, == [, @ t~", for
a =1,...,dimg and n € Z, together with d and k. In terms of these bases, the
quadratic Gaudin Hamiltonians (1.1) in this untwisted affine case then take the form

N4 dOk0) 450, 10 0
H; = nez o, o =1,...,N. (55
Z p— eU@®™), i=1...N. (55)

J#Z

(Here and below we employ summation convention: [, 1% := Zsi:rrig I,1%)
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For every 1 = 1,..., N, the completed enveloping algebra U(g@N ) also contains the
b copy of the quadratic Casimir of g, namely the element of U(g®") defined as
€O = (k@ 4 pV)d® + 1](1 a(% + Z_] _nlg(l (5.6)

n>0

Proposition 5.4. Each € i=1,... N is central in U(g®V).
Its action on the tensor product of irreducible highest weight g-module ®§V:1 Ly,
for any A\i,...,An € b*, is given by multiplication by +(N\i|X\; + 2p).

Proof. 1t suffices to consider the case N = 1, for which we can drop all superscripts
labelling the copy of g in the direct sum g®V. For the first statement we will simply
show that C as defined in (5.6) coincides with the quadratic Casimir for a general
Kac-Moody algebra [Kac90, §2.5] in the affine case. The second part of the statement
will then follow from [Kac90, Corollary 2.6].

We have the Cartan subalgebra h = h N g of g and the root space decomposition

g:6®@ga7

a€cA

where A denotes the root system of g. Let A+ C A denote the subset of positive
roots. The corresponding root space decomposition of the untwisted affine Kac-Moody

algebra g reads
0=EP e

acA

where A = {a+nd|a € A,n € Z} is the root system of g. We denote the subset of
positive roots by Ap ={a+nd|lac An> 0} U AL . Explicitly, g+ains = dta @ t"
for every o € A+ and n € Z, while gps = h@ 1" for all n € Z\{O} and go = h. We fix
a basis eZ, s = 1,...,dim g5 of the root space g5 for each @ € A and denote by e’ .,
s=1,...,dimgg its dual basis in g_g. Also fix a basis {u,}dimh = {hi}t_, U{k,d} of
b, Where {h;}¢_, is a basis of h, and let {u/}™0 = {hi}f_ U {d,k} be its dual basis,
where {h’}!_, is the basis of b dual to {h;}!_;.

We may now rewrite the expression (5.6) for the quadratic Casimir using the above
dual bases of g. For the second term on the right hand side of (5.6) we have

0
I,oly = Zhihi + Z (eae,a + e,aea) =27 Z hiht + 2 Z €—ata,

i=1 O(EA+ OéEA+

where we dropped the superscript ‘s’ on the basis elements ef , for a € A+ since in
this case dim g+, = 1. In the second equality we used the relation [eq,e_o] = v71(a)
and set p == 3 > ach, @ On the other hand, the infinite sum over n > 0 in (5.6) can

be written as
dim g5

DIonli= > ) e ek

n>0 &€A+\A+ s=1
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Recall the set of fundamental coweights {A;}¢_, of g defined by (2.4). The set of
fundamental coweights {w,} =1 of g can be identified with @; = A; — a;Ag for each
i=1,...,0 If we set ¢; := q;a forz—() , 0, then

4 ¢
= Z 62_ (Z]l Z _1([\1' — az']\()) = l/_l(p) — hVd
=1 =0
where in the second step we used the assumption that ap = 1, c¢f. Remark 2.2.

Therefore, combining all the above we can rewrite the quadratic Casimir (5.6) as

dim b dim gz
€= Z w4+ Y > ef el (5.7)
OCGA+ s=1
which coincides with its expression given in [Kac90, §2.5], as required. O

By direct analogy with the finite-dimensional case, cf. (5.1), it is natural to intro-
duce the U(g®")-valued meromorphic function

N N

(i) .
Si(z) =) G f = +> ;_fz (5.8)
i=1 ! i=1 '

We then have the following direct generalisation of the finite-dimensional case.

Theorem 5.5. Let V € MOpLg(IPl) be of the form (4.3). If the set of Bethe roots
wj, j = 1,...,m satisfy the Bethe equations (4.7), then the eigenvalue of Si(z) on
the subspace (®§V:1 LAJ)/\N of weight \oo = Zf\il Ai — Z;n:1 (jy € b*, is given by hY
times the coefficient of p1 in any quasi-canonical form of the underlying “g-oper [V].

Proof. This follows form Theorem 4.5 together with Proposition 5.4 and (A.6). U

The expression (5.8) can alternatively be described as follows. For any x € g we
define the g®"-valued meromorphic function, cf. (5.3),

o)

N
x(z) = Z pon
i=1 !

We then introduce the formal Lax matriz of the Gaudin model associated with g as
the element

L(z)=k@d(z) +d@k(2) + Y Ton@I3(2) (5.9)
neZ

of the completed tensor product g ® g®V. Then the generating function (5.8) for the
quadratic affine Gaudin Hamiltonians can be rewritten as

S1(z) = 1 :(£(2)|£(2)): — hVd'(z), (5.10)

where : -: denotes normal ordering by mode numbers, i.e. :I%Ig: is Irbllﬁn ifm>0
and I% 1% otherwise.
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Remark 5.6. This expression can be regarded as a quantisation of the generating func-
tion for the quadratic Hamiltonians of a classical affine Gaudin model [Vic]. Indeed,
the latter is a meromorphic function valued in a completion of the symmetric algebra
S(g®N), given explicitly by (£(2)|£(z)). In fact, the above expression for Si(z) can
be heuristically obtained from 3 (£(2)|£(z)) by using the commutation relations of g
to rewrite each term so that all raising operators, ¢.e. I$ with n > 0, appear on the
right. This procedure results in a meaningless infinite sum, but the term —h"d’(z)
can be thought of as its regularisation; see [Kac90, §2.11] for a similar motivation of
the linear term v~!(p) in the expression (5.7) for the quadratic Casimir of g in the
proof of Proposition 5.4. N

Now we explain how the generating function Si(z) of the quadratic Hamiltonians
fits into our conjecture on the form of the higher affine Gaudin Hamiltonians. We
first reinterpret it in light of Corollary 3.9. Define the local Lax matriz as the part of
the formal Lax matrix (5.9) involving only the loop generators of g, namely

L(z) =) Ion®I(2). (5.11)
neZ
The expression (5.10) for S1(z) can now be rewritten as follows
S1(2) = $1(2) — (0. — k(=) (d(2)), (512)
where we defined
81(2) = 3 «(L(2)|L(2)): .

Let ¢ € (®§V:1 LAj) e denote the Schechtman-Varchenko vector corresponding to
the Miura “g-oper V € MOpvy(PP') in (4.3). Recall the expression (4.4) for the weights
Ai€eb*,i=1,...,N. On ®§V:1 Ly;, k(z) acts as ¢(z) as we noted above, and the
action of d(z) on 1) is given by

N A; — my )
d(z)y = ; ﬁw = A(2)1),
where myq is the number of Bethe roots associated to the affine simple root ag. In
other words, the action of (5.12) on the Schechtman-Varchenko vector reads

120 =10 - 1 (86) - S ae v (5.13)

Observe that the final term is a twisted derivative of degree 1.

Now recall from Corollary 3.9 that if instead of working with “g-opers we were to
consider 1g/Cé-opers, then the coefficients of all the p;’s, i € E in a quasi-canonical
form would be on an equal footing since the coefficient v1(2) of p; would also only be
defined up to a twisted derivative

v — v — fi + h%fla
with f; € M. In particular, only its integral

/ P(z) V" v (2)dz
.
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over a cycle v as in Corollary 3.13 would provide a well-defined function on the space
of 1g/Cs-opers.

In exactly the same way as we conjecture the spectrum of an affine Gaudin model
associated with g to be described by ‘g-opers, the space of “g/Cd-opers should describe
the spectrum of an affine Gaudin model associated with the derived algebra g’. Indeed,
since the weights appearing as the residues in a Miura “g/Céd-oper are classes in
Lp/C6 = b*/C4, i.e. weights in h* defined up to an arbitrary multiple of &, we should
not include the generator d on the Gaudin model side since it pairs non-trivially with
the weight 6. And one way to disregard the generator d from the expression (5.12)
for S1(z) is to consider its integral

/ P(2) "M Sy (2)dz

over a contour vy as in Corollary 3.13. Indeed, it follows from (5.13) that the action
of this operator on the Schechtman-Varchenko vector 1 coincides with the action of
the operator

/ P(2) 1 8, () dx.

The following Lemma shows that Conjecture 5.1 holds at least for ¢ = 1.

Lemma 5.7. For any distinct z,w € X we have
[81(2),81(w)] = (h¥0, — k(2)) (A(z,w)) — (A" 0w — k(w)) (A(z,w)),
where A(z,w) is the U(g'®N)-valued meromorphic function on P* x P! given by
N (1) 7ad)
1 I, In
A(z,w) = > 2nga le, ,

Z-w A (z — zi)(w — 25)
1#]
which is reqular at z = w. Also, for each j=1,...,N,
N () ja(@)
Z €Z nIa —nIn
H;, 81(w)] = (hY 0w — k(w) - : .
81wl = { & @2

i=1
7]

Moreover, for any x € g we have [Az,81(z)] = (hV0: — k(z2)) ([z,d](2)).

Proof. Since the quadratic Gaudin Hamiltonians H;, ¢ = 1,..., N mutually commute
and the €@, ¢ =1,... N are central in ﬁ(g@N) by Proposition 5.4, it follows that
[S1(2),S1(w)] = 0. Noting that [d(z),81(w)] = A(z,w) one has

[RVd'(2) — k(2)d(2), 81(w)] = (hYD; — k(2)) (A(z,w))
Using the relation (5.12) we get the first result. The regularity of A(z,w) at z = w is
a consequence of the fact that [IC(LZ),,L, Ig(j)] =0 for i # j.

It also follows that [S}(2),81(w)] = —(h¥8y — k(w))(A(z,w)), from which, taking
the residue at z = z;, we obtain the commutators with H;. The last part follows
similarly from the relation [Axz,S1(z)] = 0 which is a consequence of the fact that
both €% and H;, for each i = 1,..., N, commute with the diagonal action of g. [
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6. COORDINATE INVARIANCE AND MEROMORPHIC Lg—OPERS ON CURVES

Throughout §3-4 we fixed a global coordinate z on C C P! and studied meromorphic
Ig-opers in that coordinate. Let us now consider meromorphic “g-opers in local charts,
and discuss their behaviour under changes in coordinate. In this section only, we shall
work over an arbitrary Riemann surface .

When g is of finite type, an ‘g-oper on ¥ is a triple (F, B, V) where J is a principal
IG-bundle, B is an “B-reduction and V is a connection on JF with certain properties;
see e.g. [BD, Fre07|. Concretely, such a triple can be constructed by gluing together
trivial “G-bundles over coordinate patches, each equipped with a connection given
by an g-oper in canonical form, using the “B-valued transition functions relating
canonical forms in different coordinates (see equation (6.12) below) [Fre04, Fre07].

The abstract definition of an g-oper as a triple can be generalised to the case when
g is of affine type [Fre04]|. However, since the quasi-canonical form is not unique in
this case by Theorem 3.7, and there is no naturally preferred quasi-canonical form, it
is less clear how to construct such a triple explicitly. We therefore proceed differently:
we first define the space of g-opers over any coordinate patch as in §3 and then glue
these together to form a sheaf, the sheaf of ‘“g-opers over 3.

6.1. The sheaf of ‘g-opers Opr,. For any open subset U C ¥ we let K(U) denote
the field of meromorphic functions on U. We denote by X the sheaf U — K(U) of
meromorphic functions on ¥. When ¥ = P!, the field M of meromorphic functions
on P!, introduced in §3.1, is the field of global sections of K. For any open subset
U C %, we define the Lie algebra “a, (X(U)) and the group “N, (X(U)) as in §3.3.
We also set Lb (K(U)) = Lh(K(U)) & Lay (K(U)).

To begin with, let us suppose that U C X is an open subset equipped with a holo-
morphic coordinate ¢ : U — C. Define opry(U) to be the affine space of connections
of the form

Vi=d+p_idt +bdt, be Lo (KU)). (6.1)
As in §3.3, it admits an action of the group LN+(9C(U)) by gauge transformations,
and we define the space of meromorphic “g-opers on U to be the quotient

Opiy(U) = opry(U) /AN (K(U)). (6.2)
The proof of the following is as for Theorem 3.7.

Theorem 6.1. Let U C X be open with a holomorphic coordinate t : U — C. FEvery
class [V] € Opry(U) has a representative of the form

V=d+ <p—1 - ;vap-i-zvz‘pi)dt

i€ER
where ¢ € XK(U) and v; € K(U) for each i € E. We call such a form quasi-canonical.
It is unique up to residual gauge transformations as in Theorem 3.7. g

We would like to understand the behaviour of such quasi-canonical representatives
under changes in local coordinate. We will come back to this in §6.2 below. The first
problem is to formulate the definition of Opry(U) itself in a coordinate-independent
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fashion. Indeed, suppose s : U — C is another holomorphic coordinate on the same
open set U C X, with ¢ = u(s). The connection in (6.1) becomes

V =d+p_1/(s)ds + bp/(s)ds. (6.3)

This is no longer of the form (6.1) in the new coordinate s, and in this sense the defini-
tion of opLg(U) is coordinate dependent. However, it is possible to re-express OpLg(U )
as the quotient of a suitably larger affine space of connections opLy(U) D opy(U),
which itself is coordinate independent, by some larger group of gauge transformations
LB (X(U)) D N, (K(U)) to be defined below.

Indeed, let opry(U) be the affine space consisting of all connections of the form

¢
%:d+<2¢iﬁ+b> dt (6.4)
=0

with 1; a nonzero element of K(U) for each i € I, and b € Lb(K(U)). Observe that
the definition of opry(U) is independent of the choice of coordinate. (The derivative
w' in (6.3) belongs to K(U) since it is holomorphic and non-vanishing on U.)

Now we define the group LB+(9<(U )) and its action on opL,(U) by gauge transfor-
mations. First, let P = @f:o ZA; C T denote the lattice of integral coweights of g,
where {A;}¢_, are the fundamental coweights of Ig defined in (2.3). Let H(X(U))
denote the abelian group generated by elements of the form ¢*, ¢ € K(U) \ {0},
A € P, subject to the relations ¢p*p* = (¢ap)}, p*H = proH for all ¢, € K(U) \ {0}
and A\, u € P. (Note that this definition makes sense for any open subset U C X, but
to describe the action of the group “H (X (U)) on opzy(U) we shall only need the case
when U is a coordinate chart.)

For each & € @ in the root lattice of Iy, we have the (adjoint) action of the group
LH (X (U)) on the space “g5(K(U)) of meromorphic functions on U valued in the root
space g, given by

g = ¢<’\’d>n, (6.5)

for all n € L9, (K(U)), ¢ € K(U)\ {0} and X € P. Here (\, @) € Z, by definition of P,
so that ¢ € K(U). Hence we get an action on the Lie algebra “f (X(U)). Then
LH(K(U)) acts also on the group “N, (X(U)), with ¢* exp(n)p= = exp(¢*ng=?).
We may now define the desired group to be the semi-direct product

LB (K(U)) = "N (K(U)) % "H(K(U)).

That is, “B, (X(U)) is the group generated by elements of the form exp(n)¢* with
n € L (K(U)), ¢ € K(U)\ {0} and A € P, with the group product given by

(exp(n)6*) (exp(m)y™) = (exp(n) exp (6*mo™) ) (6*4%),

for any m,n € I (K(U)), ¢, € K(U) \ {0} and \, u € P.
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Finally, we define the gauge action of “H (X (U)) on connections in opry(U), of the
form (6.4), by

l 4
o (d + > i fudt + bdt) o i=d+ Y ¢ NIy, fidt — \¢ T do + ¢ bp dt, (6.6)
=0 =0

where, again, ¢*b¢ =" is defined by extending (6.5) to Lo (KU )) by linearity.

Lemma 6.2. Equation (6.6) defines an action of the group “H(X(U)) on the space of
connections opry(U). Combining it with the action of IN(K(U)) defined as in §3.8,
we obtain a well-defined action of LB (K(U)) on opry(U). O

Lemma 6.3. The space of meromorphic “g-opers on a coordinate chart U is equal to
the quotient of opry(U) by this gauge action of LB (K(U)):

Opry(U) = 0pry (U) /"B (K(U)).

Proof. Let V € opzy(U) be as in (6.4). On inspecting (6.6), we see that its LH(X(U))-
orbit has a unique representative in opry(U), namely (Hf:o %AZ)%(HLO (1 AyO

Remark 6.4. If we were to replace P by P @ C§ in the definition of “H(X(U)) then
the quotient 6vpLg(U)/LB+ (X(U)) would be smaller than Opry(U); in fact it would be
isomorphic to Opry,cs(U). q

Now suppose U C ¥ is any open subset, not necessarily a coordinate chart. Let
{Ua}aca be an open cover of U by coordinate charts, i.e. open subsets U, C ¥ for
each « in some indexing set A with holomorphic coordinates t,, : U, — C such that
U = UaeaU,. We define Opry(U) to be the set of collections {[Va] € Opry(Ua)taca
with the following property: for any pair of overlapping charts U, N U # (0 and
any choice of representatives Vo € opry(Ua) and Vg € opry(Up), their restrictions
Valvanus and Vsly,nu, define the same class in Opry(Us N Ug). That is, the pair of
representatives Vo € opry(Ua) and Vg € opry(Ugs) considered on the overlap U, NUg
are related by a gauge transformation in “B (K (U, N Ug)). Since LB, (K(U,)) and
LB, (X(Us)) are naturally subgroups of “B. (X(U, N Ups)), the above property does
not depend on the choice of representatives of the ‘g-opers [V,] € Opry(Uy) for each
a € A. This defines the sheaf of “g-opers Opig.

6.2. Quasi-canonical form. Let U C ¥ be open and [V] := {[V4] € Opry(Ua)}aca
be an element of Opry(U). Call Vi={V, e 0Py (Ua) faca a representative of [V] if
[Vl = [Va] for each o € A. We shall say that this representative is in quasi-canonical

form if for each o € A, V,, is a quasi-canonical form as in Theorem 6.1 with respect
to the local coordinate t,, : Uy, — C, i.e. for each o € A we have

604 =d+ (pl - Soa(ta) p+ Z Ua,i(ta)pi> dta (67)

hV
i€l

for some ¢, € K(Uy) and vo,; € K(Uy), @ € E. In this section we identify which
sheaves the collections of functions {4 }aca and {va,itaca, ¢ € E define sections of.
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It suffices to consider an open subset U C ¥ equipped with a pair of holomorphic
coordinates ¢t : U — C and s : U — C, and to determine the gauge transformation
parameter in LE+(K(U)) relating quasi-canonical forms in each coordinate. In the
above notation, U corresponds to the overlap U, N Ug of the open sets U, and Ug
with coordinates t =t : Uy — C and s = tg : Ug — C, respectively. So suppose that
we start with a representative of an ‘g-oper [V] € Opry(U) which is in quasi-canonical
form in the t coordinate, as in Theorem 6.1:

V= d+p1ﬁ——$)mﬁ+§:m (t)pidt.
i€EE

In terms of the other coordinate s with ¢t = p(s) we have

V=d+pp(s)ds— (hs s)ds + > vi(u(s))pird (s)ds.
i€l

This can be brought into quasi-canonical form in the s coordinate by performing a
gauge transformation by u'(s)? € “H(X(U)). Indeed, one finds that

s )pds + Zvl )pids

h\/
el

(1 (s)P Vi (s)" =d+p-1ds -

making use of the second relation in (2.8), and where we defined

11 iy 1)
_WSO(S) = —W@(M(S))ﬂ (s) — [ (s)’

0i(s) = vi(p(s))p' (5)1F1, i€ L. (6.8b)
Here we will interpret the transformation property (6.8a) as well as (6.8b) in the case
i = 1. We will come back to (6.8b) for i € E>9 in §6.4 below.

We shall need the following notation. For any k € Z, let us denote by QF = Q®*F
the k' tensor power® of the canonical line bundle (i.e. the cotangent bundle) Q over
Y. We denote by U + T'(U,QF) the sheaf of meromorphic sections of Q. Also let
U +— Conn(U, Q?) denote the sheaf of meromorphic connections on €.

(6.8a)

Theorem 6.5. Let U C ¥ be open and V be any quasi-canonical form of an Tg-oper
[V] € Opry(U). The coefficient of p is the component of a connection in Conn(U, Q2).

Proof. The coefficient of p in V, or to be more precise the collection of coefficients of
p for every V, € opry(Ua) where V = {V,}qaca relative to a cover {Ua}aca of U, is
independent of the choice of quasi-canonical form V by Lemma 3.6.

In the local trivialization defined by the coordinate ¢, a meromorphic section of QF
is given by a meromorphic function f(¢), and a connection I'(U, Q) — T(U, Q @ QF)
is a differential operator f(t) — f'(t)+ A(t) f(t), specified by a meromorphic function
A(t), the component of the connection in this local trivialization. Here f'(¢)+A(t) f (¢)
must transform as a section of Q ® QF, which is to say that

F(s) + A(s)f(s) = (F/(t) + A@) (1)) ' (5)°F.

6Recall that over P!, QF is defined for all k € Z/2. In particular 072 is the tautological line bundle.
For our purposes with Ig affine we shall need only integer powers.



36 SYLVAIN LACROIX, BENOIT VICEDO, AND CHARLES YOUNG

Now in fact
F'(s) + A(s) f(s) = 05 (f () (5)%) + A(s) f(t)/ ()"
= O () + R0 () " () + As) f(£)/ ()"

and we see that indeed A must transform as A(s) = A(t)y/(s) — k' (s)/p/(s). On
comparing with (6.8a) the result follows. O

6.3. Interlude: Comparison with finite type opers. Before proceeding, it is
interesting to compare the transformation properties (6.8) with those of opers of finite
type. To that end, we now briefly recall the situation for finite type opers. Suppose,
for this subsection only, that Lg is of finite type. Let U C ¥ be an open subset with
two coordinates t : U — C and s : U — C. Define opry(U) to be the affine space of
connections of the form

Vi=d+p_1dt +bdt, berb, (KU)).
with p_1 == Zle fi, and define opry(U) to be the affine space of connections of the

form
l
Vi=d+ (Z%fi”) dt

with 9; a nonzero element of K(U) for each i € I\ {0}, and with b € b (K(U)). (In
finite type b, = Lb+ since “n,, = {0} for all m > h".) Then the definition of the
space OpLg(U) of Ig-opers on U in (6.2) and Lemma 6.3 remains correct as written.

Let p == Zle A; be the sum of the fundamental coweights A; of g. There is a unique
element p; € “n such that {p_1,2p,p1} form an slo-triple:

[p—1,p1] = —2p, 2D, px1] = £2p41. (6.9)
The analogue of Theorem 6.1 in finite type is the following statement: Each gauge
equivalence class [V] € Opry,(U) contains a unique representative of the form

V =d+poadt+ Yy vi(t)pidt, (6.10)
i€k
where the (multi)set E of exponents is now finite and where, for each i € E we have
v; € X(U) and p; € Iny are elements such that
[pr,pi] =0, [p,pi] = ipi. (6.11)
In terms of the new coordinate s with ¢t = pu(s) we have

V=d+p_14(s ds—l—Zvl ))pipd (s)ds.
ickE

Similarly to the affine case above, we may first perform a gauge transformation by
W' (s)? € LH(K(U)) to bring the p_1 term into the canonical form p_1ds, namely

ds + Z 0 ((8))pipd )Z‘Hds.
i€k

W (s)PVp'(s)? =d+p1ds —p
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However, in contrast to the affine case, we are not yet done, because it is necessary —
in order to reach the canonical form — to remove the p term by performing a further

gauge transformation by exp (p1 2Hu ((S))) One finds that

exp <p1 1(s) ) 1 ()P 41 (5) P exp <—p1 1(s) ) = d+pords+ Y Bi(s)pids

/ /
214/ (s) 214/ (s) =
(6.12)
using both the relations (6.11) and (6.9), and where we defined
U1(s) = v (u(s))4'(5)* = §(Sp)(s), (6.13a)
0i(s) = 0i(p(s)) ' (5)F1, icE,i>1. (6.13Db)

Here Sy is the Schwarzian derivative of p,

Now, what (6.13) shows is that each of the v;, ¢ > 1 transforms as a section of the
power 't of the canonical bundle, but that ©; transforms as a projective connection;
see [Fre04, Fre07]. Since (6.10) was the unique canonical form of the “g-oper in this
chart, that means there is an isomorphism, in finite type ‘g,

Opry(U) =~ Proj(U) x H (U, Q. (6.14)
i€E
i>1
where Proj(U) denotes the space of projective connections on U.

Remark 6.6. Let us emphasise why, in the affine case, there is no analogue of the

second gauge transformation by exp (p1 QHI(( ))) performed above. When % is of affine

type it is the central element § (and not p) which appears in the bracket [p1,p_1] = 4.
The derivation element p is not in the derived subalgebra. Hence, as we saw in Lemma
3.6, there is no way to remove the term —p/hYpdt from a quasi-canonical form via
LN (K(U))-valued gauge transformations. Rather, the twist function ¢ forms part of
the data defining the underlying “g-oper (and Theorem 6.5 gives its properties under
coordinate transformations). <

6.4. Twisted cohomologies. Now we return to the case in which g is of affine type.
We would like to give a coordinate-independent description of the space of affine opers
analogous to (6.14) in finite types.

Let [V] € Opy(U) be a meromorphic Lg-oper on an open subset U C ¥ and let V
be a representative in quasi-canonical form. According to Theorem 6.5, the coefficient
of p in V defines a (trivially flat, since we are working on a curve) connection on €2
over U, which we denote by

V|, : T(U,Q) — T(U,Q2Q),

Ift: U — Cis a coordinate on U then it can be written as f — V|, f = df—hv_lcpfdt
for some ¢ € K(U). We therefore obtain a surjective map

Opry(U) — Conn(U, Q), V] — V|, (6.15)
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into the space of meromorphic connections on €2 over U. Given any Vie Conn(U, ),

we denote its preimage in Opry(U) under the map (6.15) by OpLg(U)V. This can be
seen as a coordinate-independent version, over an open subset of an arbitrary curve
U C %, of the space OpLg(IP’l)“J introduced in §3.4.

For each j € Z, V|, induces a connection on the line bundle O,
V|, : T(U,Q) — T(U,Q @ Q).

In a local coordinate ¢t : U — C it takes the form f — V|, f = df — jhv_lgofdt. The
transformation property (6.8b) suggests that the coefficient of p; in V, for each j € F,
defines a section of Q/T!. This is indeed the case for j = 1 since the coefficient of p;
in V, i.e. the collection of coefficients of p; for every V, € opLg(Ua), is independent
of the choice of quasi-canonical form V by Proposition 3.10. However, it is not quite
true for j € E>g since, unlike the coefficient ¢, of p and v, of p1 in (6.7), the
coefficient v, ; of pj, 7 € F>o in each chart U, depends on the choice of quasi-canonical
representative V, by Theorem 6.1. More precisely, as formulated in Theorem 3.7, the
coefficient of p; in V is defined up to the addition of an element V|, f.

Recall that a local system is a vector bundle equipped with a flat connection. In our
case, for each j € E we have the local system (7, V|,) consisting of the line bundle
€ equipped with the connection V| p- Given any local system one has the associated
de Rham complex with coefficients in that local system. In our case it is

0 — T, 99 Yo r, 0 0 0F) — 0.
The de Rham cohomology of U with coefficients in (27, V|,), or simply the twisted de
Rham cohomology, is then by definition the quotient
HY (U, V|,) =T(U,Q® ) /V|,[ (U, Q).
We now see that, for each j € E>2, the coefficient of p; in V defines an element of this

twisted de Rham cohomology which is independent of the choice of quasi-canonical
form V. In other words, we have the following analogue of Theorem 6.5.

Proposition 6.7. Let U C X be open and V be any quasi-canonical form of an Lg-
oper [V] € Opey(U). For each j € Exy, the coefficient of p; belongs to H (U, 7,V ,).
The coefficient of p1 belongs to T'(U, Q?). O

Combining this with Theorem 6.5 we arrive at the following.

Theorem 6.8. For any open subset U C ¥, the space Opry(U) fibres over Conn(U, )
and we have the isomorphism
Opry(U)Y =T(U, Q%) x [[ H'(U,97,V)
JEE>
for the fibre over any connection V € Conn(U, Q). 0
Remark 6.9. Recall Corollary 3.9. One can also define the sheaf Opryc; of (Fg/Cé)-

opers over X, and one has the analogue of the above theorem, with
Oprycs(U)Y = [ H'(U, ¥, V)
JjEE
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for every V € Conn(U, Q). Q

In the present paper, our main interest lies in “g-opers over P'. What we need is the
analogous statement to Theorem 6.8 for the space Opreg (IP’l) % of global meromorphic
Ig-opers which are holomorphic on the complement X =C\ {ZZ ~, of the set of
marked points, as defined in §4.2.

For every j € E, let us denote by I'x (P!, Q/*!) the space of global meromorphic
sections of /7! that are holomorphic on X. Let H (P!, 7, V|,) be the corresponding
twisted cohomologies. Also let Connx (P!, ) denote the space of global meromorphic
connections on {2 which are holomorphic on X.

Theorem 6.10. Opreg(IP’l) fibres over Connx (P, Q) and we have the isomorphism

Opif(P)Y ~ Tx (P10 x ] Hi(P',97,V)
JEE>2

for the fibre over any V € Conny (P!, (). O

7. TWISTED HOMOLOGY AND THE INTEGRAL PAIRING

Recall the integrals from Corollary 3.13. With Theorem 6.10 in hand we can give
a coordinate-independent description of functions on OpL (]P’l)

7.1. Twisted homology. Suppose U C X is an open subset with a holomorphic
coordinate ¢t : U — C. In the trivialization defined by the coordinate ¢, a horizontal
section of the local system (€7, V|,), for any j € Z, is given by a holomorphic function
f on U such that df —j RVt fdt = 0. Recall the multivalued holomorphic function P
on the complement X = C\ {zZ Y, from (3.14): concretely, f is a constant multiple
of a univalued branch of P¥/"" over U.

Recall that a singular p-simplex in X is a continuous map o : A, — X from the
standard p-simplex A, to X. (We shall need only p € {0,1,2}.) Define a twisted
p-simplex in X of degree j to be a pair 0 ® f consisting of a singular p-simplex o in
X together with a horizontal section f of (€7, V/|,) over an open neighbourhood of
o(Ap) in X. A twisted p-chain of degree j is then a finite formal sum

WZZ%@%
k

of twisted p-simplices in X of degree j. Let C,(X, 7, V|,) be the (infinite-dimensional)
complex vector space of twisted p-chains in X of degree j, where scalar multiplication
of chains is by scalar multiplication of the horizontal sections. Recall that the usual
boundary operator sends a singular p-simplex o to gzo(—l)ksk where sj is the re-
striction of o to the k' face of A, (which is canonically identified with A,_1). In our
twisted setting, the boundary operator d is the linear map

0 : Cp(X, ¥, V|,) — Cpr (X, 7, V|,), (7.1)

defined by o @ f +— YF_(—1)¥s @ fr where fi is the restriction of f to an open
neighbourhood of sk(Ap,l) in X. The property 0% = 0 follows from the same property
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in the usual setting. The kernel of the map (7.1), which we denote by Z,(X,Q7,V|,),
is the space of closed twisted p-chains of degree j. The twisted homology of X is then
the quotient of vector spaces

Hi(X, Y, V) = Z1(X, ¥, V,)/0C2(X, 2, V).

and its elements are twisted cycles of degree j.

7.2. Twisted de Rham theorem. Let w € I'x (P!, Q ® ) and (o, f) be a twisted
1-simplex in X of degree —j, for any j € E. On an open neighbourhood U of o(A1)
we have the holomorphic 1-form fw € I'x (U, Q). Define the integral of w over o ® f
to be the usual integral of fw over the singular 1-simplex o:

/cr®fw . /ofw.

Extending by linearity we have the integral f7 w over any v € C1(X,Q77,V|,).

In the same way, one defines the integral of a O-form w € T'y (P!, /) over a twisted
0-chain v € Cp(X, 277, V|,); and also in principle of a 2-form over a twisted 2-chain,
although of course since we are on a curve the only meromorphic 2-form we have to
integrate is the zero 2-form.

Proposition 7.1 (Twisted Stokes’s theorem). Let p € {0,1}. For cmy p-form w €
Lx(PL, Q" @ Q) and any twisted (p + 1)-chain v € Cpi1(X,Q77,V|,)

fren

Proof. By linearity it suffices to consider v = o ® f with o a singular (p + 1)-simplex
on X and f a horizontal section of Q77 over an open neighbourhood of o(A,;1). We

then have
[Vio= [ 19 [ago)= [ fo=[ w=[
¥ o o oo O(o®f) oy

where in the second equality we used d(fw) = (V|,f)w + fV|,w = fV],w (since f is
horizontal) and in the third equality we used the usual Stokes’s theorem. O

Proposition 7.2 (Complex de Rham theorem). There is a bilinear pairing between
twisted homologies and cohomologies, given by integrating twisted forms over twisted
chains:

HZ(Xv Qij7v|,0) X H&(PI’QJ7V|,D) — (C’ (77"‘)) — /w
o

forie{0,1} and any j € E.

Proof. The fact that the integral pairing between forms and chains descends to a well-
defined pairing between homologies and cohomologies follows from the twisted version
of Stokes’s theorem above. O
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8. DISCUSSION

8.1. Smooth opers, Drinfel’d-Sokolov and (m)KdV. The present paper con-
cerned the role of affine opers in describing the spectrum of a (conjectured) family of
higher Hamiltonians for affine Gaudin models. Affine Miura opers also play a con-
ceptually quite distinct role in mathematical physics: namely they serve as the phase
space of classical generalized mKdV theories. In the latter context, the procedure of
Theorem 3.7 for putting an affine oper into quasi-canonical form essentially appears
in the paper of Drinfel’d and Sokolov [DS85, §6]. Specifically, if one replaces mero-
morphic functions with smooth functions on the circle, and — crucially — if one sets
the twist function ¢ to zero, then our procedure in §3.5 coincides with the procedure
of [DS85] to construct the densities of Hamiltonians of the classical generalised g-
(m)KdV hierarchy. In what follows we elaborate on this last statement, and contrast
the two settings.

In our earlier definition of “g-opers from §3 and of Miura “g-opers from §4.1, one can
replace the algebra M of meromorphic functions on P! by the algebra C*°(S*, C) of
smooth functions on the circle. On doing so, we obtain the spaces of smooth ‘g-opers
Opry(S 1) and Miura “g-opers MOpr,(S 1Y on S'. Furthermore, one may also consider
the spaces of smooth “g/Cé-opers OpLg/C(;(Sl) and Miura 'g/Cd-opers MOpLg/C(;(Sl),
cf. Corollary 3.9 and §5.3. The phase space of “g-mKdV can then be identified with
the set MOpLg/(C(;(Sl)O of Miura Ig/Cd-opers with zero twist function ¢ = 0. Indeed,
let o : S' — (0,27) denote the natural coordinate on the circle S' = R/27Z. Then a
connection V € MOpLg/C5(51)0 takes the form

¢
V= d—f—p,lda—l—Zui(U)aida (8.1)
i=1

where u;(0) € C*(S!,C) are smooth functions on the circle, the classical ‘g-mKdV
fields. Recalling that Lh’ is the span of the simple roots {o;}_,, here we implicitly
identify the quotient “h//Cé with the span of the subset {a;}¢_;.

To go from mKdV to KdV we first need some definitions. Let QJF be the finite-
dimensional nilpotent Lie subalgebra of “n, generated by &;, i = 1,...,¢. We may
form the infinite-dimensional nilpotent subalgebra Ln (C°°(S1, C)) of the Lie algebra
LA, (C>(S',C)) defined as a completion of “n, ® C*(S',C) as in §3.1. The Baker-
Campbell-Hausdorff formula (3.1) then endows the vector space Lny (C*(S', C)) with
the structure of a group which we denote by LN , (C°°(S*,C)). This is a subgroup of
LN, (C*(S*,C)) defined just as in §3.2 but with M replaced by C*°(S*,C).

The canonical map MOpLg/C5(51)0 — OpLg/(C5(Sl)O, V — [V] factors through

MODpLy/c5(S")? < oprycs(S')” —» A = oprycs(S")° /EN L (C™(S",C)). (8.2)
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The phase space of “g-KdV is by definition the quotient space .#. Consider now the
connection V € MOpLg/(C(;(Sl)O given in (8.1) which we write as

¢
V =d+ p_ido + fodo + Zui(a)aida € opLg(Sl)O
i=1
with p_1 = Zle fi. Since [¢;, fo] = 0 for i = 1,...,£ it follows that fy is invariant
under the adjoint action of LN (C°°(S',C)) on £§(C*>(S',C)). Therefore, exactly

as in the finite-dimensional setting recalled in §6.3, the image of V under the map
(8.2) has a unique representative of the form

d+p_1do+ vi(o)pido. (8.3)
i€k

Here p1 denotes the unique element in Ln, such that {p_1,2p — 2V Ag,p1} C g/Co
forms an sly-triple, and the p;, i € E span the kernel of adp; : fny — Lny. The
smooth functions v;(c) € C*(S1, C) are the classical lg-KdV fields.

Now Theorem 3.7, and in particular also Corollary 3.9, generalises to the smooth
setting. Therefore, starting from the smooth Miura g/Céd-oper V in (8.1) we obtain
a quasi-canonical form

d+p_1do+ ) hi(o)pido (8.4)
el
of the underlying smooth Xg/Cd-oper [V] € OpLg/C(;(Sl)O. Let g € IN,(C°°(S1, Q)
denote the gauge transformation parameter sending the Miura “g/Cé-oper (8.1) to
the quasi-canonical form (8.4). For any i € E, the i'" mKdV flow is given by

0 Gy = (g7 pi9)+.Vo,] (8.5)

ot;
where 1g +— Fny, X + X, is the canonical projection onto “n, relative to the Cartan
decomposition of g. Note that since p_; commutes with a>s in the quotient Xg/Cé,
the expression g~ !p_;g does not depend on the ambiguity in the quasi-canonical form
described in Theorem 3.7. Now the right hand side of (8.5) takes values in “§’'/C§
by |[DS85, Lemma 6.7] so that equation (8.5) indeed defines a flow, for each i € E, on
the phase space MOp,4 /(C(;(S 10 of fg-mKdV. Furthermore, these flows are mutually

commuting [DS85, Proposition 6.5] and define the ‘g-mKdV hierarchy. Similarly, one
can also define commuting flows on the phase space .# of fg-KdV [DS85, §6.2], giving
rise to the Lg-KdV hierarchy.

The smooth functions h;(c) € C*(S!,C) appearing in the quasi-canonical form
(8.4) are the densities of the 'g-(m)KdV Hamiltonians. Indeed, as in Theorem 3.7,
the h; are defined up to the addition of exact derivatives (now not twisted, since
¢ = 0). To get gauge-invariant functions we should integrate them over a cycle, and
on the circle that leaves only one possibility. Thus, we obtain the following functions
on the phase space MOpr, /(C(;(Sl)o of “g-mKdV, or alternatively on the phase space
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M of Lg-KdV:
27
A = / hi(o)do, i€ L.
0

These are the g-(m)KdV Hamiltonians. They are conserved quantities under the
flows of both the “g-mKdV hierarchy (8.5) and the “g-KdV hierarchy [DS85, Proposi-
tion 6.6]. Moreover, they generate these flows with respect to certain Poisson brackets
on MOpLg/Q;(Sl)O and ., respectively [DS85, Propositions 6.11 and 6.10].

It is interesting to note that the equation (8.5) also defines a flow on MOpLg/Q;(Sl)*”

for any choice of smooth function ¢ € C®(S!,C) since p ¢ &g'. In fact, one could
define “g-mKdV flows in the analytic setting of the present paper with non-zero twist
function . In the case ¢ = 0, the “g-(m)KdV flows have previously been discussed
in the analytic setting in [VW14] when g = sly and in [VWW14] for Xg of type 2As.

8.2. Ig-(m)KdV on polygonal domains. As recalled in §8.1, the affine space of
Miura “g-opers MOpv, (P1)# considered in the present article does not quite correspond
to the phase space of “g-mKdV. Indeed, for us the twist function ¢ plays a central
role in characterising the affine Gaudin model, just as in the classical case [Vic].

In the present section we show that the simple class of rational Miura ‘g-opers in
MOpLg(IP’l)S" introduced in §4.1 can, nevertheless, alternatively be described in terms
of Miura 'g-opers of the mKdV-type as in (8.1), i.e. with zero twist function. The
price to pay, however, is that one then needs to work with multivalued Miura ‘g-opers
defined over a polygonal region of the complex plane (whose shape now encodes the
same information as the twist function did). For this reason we prefer to keep the
twist function explicit and work with the space MOpzy(IP')%.

Let us remark, in passing, that the situation described below is very reminiscent of
the relation between the modified sinh-Gordon equation and the sinh-Gordon equation
in the context of the massive ODE/IM correspondence [LZ10].

Recall the class of Miura g-opers of the form (4.3) introduced in §4.1. We consider
the analogous class of Miura g/Cé-oper of the form

- z
V =d+p_1dz + u(z)dz — ('Oh(v)pdz, (8.6a)

where u € (Lb// (C(S)(M) is the rational function valued in “h’/C§ defined as

N mo
u(z) = — Z p— dz + Z (Z — - Z - _1wo)aidz. (8.6b)

=1 =1 \j=1 J j=1 J

Here, by comparison with the expression (4.3), we have split the sum over the simple
poles at the Bethe roots into separate sums over the collection of Bethe roots wj,
j=1,...,m; of the same colour i € I = {0,...,¢}. We also implicitly identify the
subspace Lf) /C6 of g’ /C6 with the span of the snnple roots {a; }f_, and the subspaces
Lg,,/Cs for n #0 w1th L as we did in §8.1.
Recall from §3.6 that (z) = 9, log P(2). Fix a collection of cuts C' C P! between
the branch points z; of the multivalued function P/ """ on the Riemann sphere P! and
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let M denote the field of meromorphic functions on P!\ C. From now on we fix a
branch of P/"" which by abuse of notation we also denote by P/ e M.

By treating (8.6) as a Miura “g/Céd-oper on P!\ C and working over the larger field
M D M one can then remove the p term by performing a gauge transformation by
P(z)=P/"" e LH(M). Using the second relation in (2.8) with n = —1 we find

V= P(z) VP = dt poP() M dz o+ (z)dz (8.7)

In order to bring V back to the form of a Miura Ly' /CS-oper, consider the new variable
x defined as the indefinite integral

N
x = /‘P(z)l/hvdz = /H(z — )k dz, (8.8)

where in the second equality we used the explicit form (3.14) of the function P.

Suppose, for simplicity, that all the z;, ¢ = 1,..., N are real. It is then convenient
to relabel them so that they are ordered as 21 < 22 < ... < zn. For generic k; € C,
i=1,...,N, a possible choice of cuts C' C P! is to take the following union of open

intervals along the real axis in the z-plane
N-1

C = (—00,21)U U (2i, zit1) U (2N, 00).
i=2

Let 2; € P!, for each i = 1,..., N, be the image of z; under the transformation (8.8),
and let zx4; € P! denote the image of z = co. Suppose the z;, i = 1,...,N + 1
are all distinct and the ordered set (z;); describes the adjacent vertices of a simple
polygonal domain P in the z-plane, where one of the x;’s could be infinite. In this
case, the transformation z — x given in (8.8) defines a Schwartz-Christoffel mapping.
It is a biholomorphic map H — P, i.e. a bijective holomorphic map whose inverse is
also holomorphic, from the upper-half H := {z € C |3z > 0} of the z-plane to the
polygon P in the z-plane. Each interval (z;,z;+1) for i = 1,..., N — 1 is sent to the
straight edge from x; to x;+1, while the semi-infinite intervals (—oo, z1) and (zx, 00)
are sent to the edges connecting x 41 to 1 and zy, respectively. The interior angles

a; of P at each of its vertices x;, for j = 1,..., N 4 1, are given by
ki + hY N ki +hY
o = l;\/ w, fori=1,...,N and aNH:—Z:l_lh\i—’—ﬂ

Furthermore, the transformation z — x maps the lower-half H = {2 € C|S$z < 0}
of the z-plane to the reflection P’ in the z-plane of the polygonal domain P through
its edge connecting the vertices x1 and xo. The map z — z in (8.8) therefore sends
the Riemann sphere P!, equipped with the global coordinate z on the dense open
subset C C P!, to another copy of the Riemann sphere P!, equipped with the global
coordinate x on an open and dense subset identified with the interior of the domain
P U P’ in the z-plane. The case N = 2 is depicted in Figure 1. A very similar change
of coordinate to this particular example was considered in |[Luk13] in the context of
the massive ODE/IM correspondence for the Fateev model.
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FIGURE 1. A pochhammer contour « in the case of two marked points
21, 29 in the z-plane (left) and its image in the polygonal region PU P’
in the 2-plane (right). The edge z;x3 is identified with z;z% for i = 1, 2.

Coming back to the connection (8.7), the pullback of the meromorphic differential
(z)dz by the inverse transformation P! — P!, z + 2 gives a multivalued differential
(x)dx, where 4 is the multivalued function on P! given in the interior of the domain
PUP’ of the z-plane by @(z) := P(z(z))"Y" U(z(x)). Here we have used the fact that
dz/dz = P(z)/"". Therefore (8.7) can now be re-expressed as a multivalued Miura
Ly’ /Cs-oper on P! which is meromorphic on P!\ {z;}N 1! and given in the interior of
the polygonal domain P U P’ of the z-plane by

¢
V= d+p_ 1dm+2ul Jadx. (8.9)
=1
Here we wrote u(x) = Zle ;(x)cy in the basis of simple roots {a;}¢_;. Comparing
the above expression (8.9) with the connection (8.1), it is tempting to regard the u;(x)
for i = 1,...,¢ as classical g-mKdV fields on the interior of the polygonal domain
PUP in the x-plane.

Just as in §8.1, one could also consider bringing the Miura “g-oper (8.9) to a form
analogous to (8.3) in the smooth setting and define classical ‘g-KdV fields v,(z), r € E
on the interior of the polygonal domain PU P’ as the coefficients of the p,., r € E, i.e.

d+p_1dx + ZUT )prd. (8.10)
rck

Suppose that the collection of Bethe roots w;'-, j=1,...,m; for i € {1,... ¢} satisty
the Bethe equations (4.7), or more explicitly

N m
)\ Ol O[
_y Wee) | grleamloen) o gy
=1 Wi T Fk k=1 wj_wk
K#j

for every i € {1,...,¢}. Then it follows from Proposition 4.2 and the explicit form
(8.6) of the connection V we started with in the z-plane, that the v.(x), r € £ are
holomorphic at the images x(w}) of these Bethe roots under the Schwarz-Christoffel

transformation (8.8). However, each v,(z), r € E will generically still be singular at
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the images x(w?), j=1,...,mg, of the Bethe roots of “colour” 0. (By contrast, let us

stress that there exists a quasi-canonical form of the affine “g-oper in which all Bethe
roots are erased, as in Corollary 4.4.)

Multivalued “g-opers of the form (8.10) but with a certain irregular singularity
were conjectured in [FF11] to describe the spectrum of quantum g-KdV. Specifically,
it was shown that in the case g = ;[2 such Ig-opers are equivalent to the Schrodinger
operators with ‘monster’ potentials used to describe the spectrum of both local and
non-local integrals of motion in quantum KdV theory via the ODE /IM correspondence
[DT99, BLZ01, BLZ03, DDT07|.

In the ODE/IM setting, it was recently shown in [FH16| and [MRV16, MRV17]
that a certain Q@—system can be extracted from both sides of the ‘KdV-oper’ corre-
spondence proposed in [FF11], providing strong evidence in support of the conjecture.
By contrast, the proposal of the present work is a direct approach to establishing a
correspondence between the spectra of quantum Gaudin models of affine type and
opers of Langlands-dual affine type. It relies on the idea that, in close parallel with
the well-established correspondence in finite types, the spectrum can be obtained from
a (quasi-)canonical form of the (affine) oper.

In view of the possible application to quantum g-KdV, it will therefore be interesting
to generalise the approach of the present article to the case of irregular singularities.
See for instance [Ryb06, FFTL10, FFRy10] in the case of finite type. In particular,
for the affine shift of argument Gaudin model with an irregular singularity of order
two at infinity, the twist function should take the general form, cf. [FF11],

k
p(2) = S X

The corresponding multivalued holomorphic function P(z) = eX?z* then acquires an
essential singularity at infinity. That gives rise to new possibilities for the contour ~,
stretching between different Stokes sectors at infinity.

8.3. Classical limit of higher Gaudin Hamiltonians. One of the motivations for
Conjectures 5.1 and 5.3 comes from the structure of higher local integrals of motion
in classical affine Gaudin models |Vic|, constructed in [LMV17] when the underlying
finite-dimensional simple Lie algebra g, cf. §5.1, is of classical type.

Specifically, to every exponent ¢ € F and every zero x of the twist function, i.e.
an ¢ € C such that p(z) = 0, is assigned an element Q)7 of a certain completion
Si(g®N) of the quotient of the symmetric algebra of g®N by the ideal generated by
the elements k@) —kj,j=1,...,N. These were obtained by generalising the approach
of [EHMM99|, where certain g-invariant homogeneous polynomials P; : <+ — C
of degree i + 1 were constructed for each i € E. Extending these to g’/Ck ¢ £L§ as
Pi(m, .. yn) = Pi(x,...,y)0m+. 4npo for any z,...,y € g and m,...,n € Z, they
can be applied to the first tensor factor of the local Lax matrix (5.11). The resulting
Sk(g’@N )-valued meromorphic functions on P! are then evaluated at any zero z of
the twist function to produce the charges )7, ¢ € E. The collection of these charges
was shown in [LMV17] to form a Poisson commutative subalgebra of Sg(g’®V), i.e.
{Q7, }”/} = 0 for every 4,7 € E and any pair of zeroes z,x’ of the twist function.
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We also expect the operators 8;(z), j € E in Conjecture 5.1 to be built from the
local Lax matrix L(z) in a similar way. Furthermore, reintroducing Planck’s constant
h to take the classical limit, we expect the dependence of the integral (5.4) on A to
come in the form

/ P(2) "M 8,(2)dz.
.

In the classical limit &~ — 0 such an integral localises, by the steepest descent method,
at the critical points of the function P(z). Yet these are nothing but the zeroes of
the twist function p(z) = 9,logP(z). Moreover, for generic z;, i = 1,..., N the
number of zeroes of the twist function is N — 1, which coincides with the number
of linearly independent cycles from Corollary 3.13. We thus expect that the higher
affine Gaudin Hamiltonians Q;’ of Conjecture 5.1 provide a quantisation of the local
integrals of motion Q7 for classical affine Gaudin models in [LMV17].

Strictly speaking, the classical field theories correspond to classical affine Gaudin
models with reality conditions and various other generalizations [Vic|]. To understand
the corresponding quantum field theories in the present framework, one would need to
extend the constructions above to, in particular, the cyclotomic case and the case of
irregular singularities. In finite types, such generalizations of quantum Gaudin models
were studied in [VY16, VY17b| and [FFTL10, VY17a| respectively.

8.4. Two-point case. One natural arena in which to test the conjectures in §5.2
is the special case of N = 2 marked points and g’ = sly. As was noted in [FF11,
§6.4], in that case the GKO coset construction [GKO86| means that one already has
candidates for the higher affine Gaudin Hamiltonians, namely the Integrals of Motion
of quantum KdV acting in multiplicity spaces. With that in mind, it is interesting
to note that Bethe equations of a two-point Gaudin model of type sly appeared in
[FJM17, §7.3| as limits of Bethe equations for quantum toroidal algebras.

APPENDIX A. HYPERPLANE ARRANGEMENTS AND QUADRATIC HAMILTONIANS

A.1. The Aomoto complex. Fix coordinates z1,..., 2N, w1, ..., Wy on CN x C™.
Let €nm denote the hyperplane arrangement in CV x C™ consisting of the following
affine hyperplanes:

Hij:w;—wj=0, 1<i<j<m,
H tw;—2j=0, 1<i<m, 1<j<N,
HY:2—2=0, 1<i<j<N.
A weighting of the hyperplane arrangement 6, means a map a : €n+m — C,

i.e. an assignment to every hyperplane H of a number a(H) € C called its weight.
Suppose we fix such a weighting. The corresponding master function is by definition

O = E a(H)logly,
HeCN+m
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where [;7 = 0 is an affine equation for the hyperplane H. It is a multivalued function
on the complement of the arrangement,

U(Ensm) = (CN x C™)\ Entm.

Let .Z denote the trivial line bundle, over this complement U(%n+m), equipped with
the flat connection given by

where f is any holomorphic function on U(%n4,) and d is the de Rham differential.
Let 2°(.%) denote the complex of U(%n+m)-sections of the holomorphic de Rham
complex of .. That means, Q°(.¥) is isomorphic as a vector space to the usual de
Rham complex of holomorphic forms on U(Gn4m ), but with the differential

dex = dxr +dd A x.
The Orlik-Solomon algebra [0S80] A® = )., AP can be defined as the C-algebra
of differential forms generated by 1 and the one-forms
lengZle/lH, HE%N_H”.

Notice that dz = 0 for all € A®. We have dg(A*) C A¥*1. The complex (A°®, ds)
is called the Aomoto complex or the complex of hypergeometric differential forms of
weight a. There is an inclusion of complexes

(A% de) — (2°(Z), ds).

A.2. Kac-Moody data. Let g be any Kac-Moody Lie algebra with symmetrizable
Cartan matrix of size r. Let B be the (non-extended) symmetrized Cartan matrix of
g. A realization of this Kac-Moody Lie algebra involves the choice of the following
data:

(1) A finite-dimensional complex vector space b;
(2) A non-degenerate symmetric bilinear form (-,-) : h x h — C;

(3) A collection ay,...,a, € h* of linearly independent elements (the simple roots)
such that B = ((ci, ;)); ;-

Let g denote “the Kac-Moody algebra g but without Serre relations” — see [SV91,
Section 6] for the precise definition. One has g = n_ @ h @ ny, where n_ and n are
free Lie algebras in generators F; and F;, i = 1,...,r, respectively. For any weight
A € b* let M, denote the Verma module over g of highest weight A and let M} denote
its contragredient dual. The Shapovalov form is a certain bilinear form defined on g
and on each weight subspace of M. The quotient g/ ker S is the Kac-Moody algebra
g. The quotient Ly = M, /ker S is the irreducible g module of highest weight A\. We
can regard the Shapovalov form S on M) as a map My — My. Then we can identify
L) with the image of M), in M7, i.e.

Ly = S(M,\) C M;
Now fix weights A1,...,Ax € b* and a tuple (k1,...,k,) € Z% and consider the

subspace
N
(@)
=1 Aoo
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of weight

N r
)\oo = Z)\Z — ijaj.
i=1 j=1

Set m = k1 + --- + k, and consider the arrangement én,, as above. We assign
“colours” 1,...,r to the coordinates wi,...,w,, in such a way that k; of them have
colour i, for each i. Pick any x € C*. The inner products amongst the weights A;
and roots «; defines a weighting of the arrangement € .,,. Namely:

a(HY) = (A, Xj) /K, a(H}) = =(Niyagp) /6, a(Hig) = (e, aeg)) /5 (A1)

where ¢(7) is the colour of the coordinate w; for each i = 1,...,m, cf. (4.8).

A.3. Eigenvectors of the quadratic Gaudin Hamiltonians. In [SV91, Section
7] Schechtman and Varchenko define a map

N
T <® M)\) — QML)
=1 Aoo

and prove that it obeys

1
den(z) = - ; () A dlog(z — zj). (A.2)
Here €);; are certain endomorphisms of M N &M /’\"j whose definition can be found in
[SVI1, Section 7|. Their important property here is that on the subspace Ly, ® Ly,,
2 coincides with the action of the element = of the Kac-Moody algebra g. (Recall,
the element Z is the element of the formal sum ) go ® g—a over root spaces, defined
by the standard bilinear form on g of [Kac90, Chapter 2|.)
The statement (A.2) is Theorem 7.2.5” in [SV91]. Note that the differential d7 in
the statement of Theorem 7.2.5” is the differential in Q°(.Z), i.e. den in our notation.
(This is stated explicitly in Theorem 7.2.5'.)

Let
N N
oc(@m) o(@an)
i=1 oo =1 Aoo

be the canonical element. Consider the image of © under the map S ® 7. The result
is an element

i=1

N
U= (S®7)ec (@LAZ) ® 0" (L)
A

o]

which obeys
1
deV = < Z Eij dlog(zi — Zj)) AW, (A3)
i<
We have the trivial fibre bundle 7 : CY x C™ — C» given by projecting along C™.
Now W can be uniquely written in the form

U = hpdwi A -+ - A dwy, + 10,
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where 9 is a (®f\; 1 L) ,_-valued holomorphic function on the complement U (€ +1)

of the arrangement and where v’ is a (®f\;1 L ,\i) Aw—valued holomorphic m-form on
U(%N+m) whose pull-back to each fibre vanishes. (That is, informally, 9" has factors
of le)

The function v is the weight function, or Schechtman-Varchenko vector. Now the
image of 7 is in fact in the subspace A™ — Q™ (Z) of hypergeometric forms and
these are closed as we noted above. So d¥ = 0 and hence dgW¥ = d® A ¥. Therefore
the identity (A.3) becomes

Z—dwzmb +Za dz; NV = = ZZ Zij dz; AN, (A.4)
i=1 i=1 j#i FiT A
Assume that 9%
9w, =0, for i=1,...,m, (A.5)

i.e. assume we are at a critical point of the pull-back of the master function to the fibre.
On inspecting the weighting of the arrangement in (A.1), one sees that equations (A.5)
are the Bethe ansatz equations. Now take the inner derivative —=0/0z; of (A.4) and
then pull back to the fibre. (That is, consider the coefficient of dz; Adwi A- -+ Adw,y,.)
The resulting equality of top—degree forms on the fibre gives

= __a. A.
Bzzw Zzz—z] (A-6)

In other words, v is an eigenvector of the quadratic Gaudin Hamiltonians, with the
eigenvalue x5~ q’ . It is known that if the critial point (A.5) is isolated then thls eigen-

vector 1) is nonzero. Indeed, this follows from [Varll, Theorem 9.13]; see, for example,
the proof of [VY17, Theorem 9.17].

A.4. KZ solutions. A related but slightly less direct way to derive the Bethe ansatz
for the quadratic Gaudin Hamilitonians starting with (A.3) is to go via asymptotics
of solutions of the KZ equations in terms of hypergeometric integrals, as in [RV95].
For comparision, and also because hypergeometric integrals appear in a quite different
role in the present paper, we now briefly recall this method. Let us re-write (A.4) but
now include the term d¥ (which as we noted above is actually zero). We obtain

Za dz; A dw + dy’ +Za dw; AN +Za dz; NU = = ZZZ dzl/\\lf

=1 j#i
where dw = dwi A ... A\ dwy,. Now upon taking the inner derivative —9/0z; of this
equation and pulling back to the fibres of the trivial fibre bundle 7 : CN x C™ — CV
we obtain the equation

—

0 0P 1 =i
—wd + —wdw Zdwj < -Xi + ‘Xi> = ;Z ——Y_ydw,

0z; ow; oz 2 — 2

where x; denotes the pullback to the fibre of the inner derivative —=9/0z; applied to
', Next, we multiply this last equation through by the multivalued function e® and
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integrate over an m-dimensional twisted cycle I in the fibre, along which this function
is single-valued. Since the bracketed sum on the left-hand side is the twisted derivative
of the function y;, it vanishes once we take the integral over I'. We therefore end up
with

w2 / ePpdw =Y —— / e®ydw,
&zi T #izi—zj T
which expresses the fact that the integral fr e®idt is a solution of the KZ equation.
The eigenvalue equation (A.6) can be recovered in the limit x — 0 by applying the
method of steepest descent to this integral solution, which localises in this limit to
the isolated zeroes of the Bethe equations (A.5). This is to be contrasted with the
discussion of the classical limit of the higher affine Gaudin Hamiltonians in §8.3.
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