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Abstract

This paper first presents a highly flexible 3D manipulator with links of arbi-
trary shape, then develops a closed-form dynamic model that best describes
it. The model is based on a Newton-Euler formulation and the substructur-
ing method is used to account for large deformations. The formulation of
the motion equations starts from a data set which can be either analytically
or numerically computed by finite elements(FE) codes. Simulation has been
used to validate the model and compare the results with those of two dif-
ferent multibody software and one experimental, which was obtained from
the Multi-Elastic-Link Robot Identification Dataset (MERIt), developed by
the TU Dortmund. Then, thanks to the approach here adopted, an integral
manifold model is derived, suitable for advanced control system design.

Keywords: Flexible manipulators, Newton Euler model, closed form model,
manipulator control, dynamics, flexible multibody

1. Introduction

There are many papers in the literature on the modelling and control
of flexible manipulators of robots (e.g., ). Space exploration, for example,
requires the design of lightweight robots that are capable of moving heavy
items, but yet flexible. The design of such robots, mainly their manipulators,
are of interest to this paper. [1], [2], [3]. Nowadays, the interest for mod-
elling flexible structures is even spreading to industrial robotics [4], where the
increase of performance requirements demands for a continuous increase in
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control loop bandwidths, that forces the introduction of flexible arm models
instead of the more traditional rigid ones [5].

For many years, however, the development of model-based estimation and
control strategies was limited to very simple structures [6], and manipulators
were modelled as chains of simplified slender and rectangular cross-section
beams. Indeed, the derivation of a dynamic model of a flexible manipulator
characterised by links with a generic shape, that is suitable for real-time
estimation and control, is a complex task, where feasibility and pertinence
of the solution are often limited by the complexity of the flexible dynamics,
which often introduce a heavy computational burden, or, in the worst case,
can be tackled only by means of multibody tools, which however are not
suitable for model-based control design.

The main problem with structural flexibility modelling, namely the ap-
proximation of the infinite dimensional model with a finite dimensional one,
is commonly solved by means of two techniques: the assumed mode method
(AMM) [7, 8], where the deformation field is defined over the entire link, and
the finite element method (FEM) [9], where the deformation field is described
over subdomains. Both AMM and FEM methods are usually adopted in con-
junction with the floating frame of reference (FFR) approach [10], where the
superposition of large body motion and small linear deformations is expressed
in a local reference frame, attached to each flexible body. FFR uses a lin-
ear combination of space-dependent shaped functions with time-dependent
weights of elastic coordinates to represent each deflection point. One of the
great advantages of the FFR approach is the possibility, provided by com-
mercial FE codes, to obtain the shape functions for arbitrary shapes. Most
commercial codes [11, 12] can reduce models from a huge number of nodal
coordinates to a small amount of modal coordinates by generating modal
shape functions, allowing to recovery the spatial displacement of connectors
as a combination of modal coordinates. This can be achieved by means of the
component mode synthesis (CMS) method [13], based on the Craig-Bampton
approach [14], as currently carried on by all commercial codes, or through
recently proposed methods, like Krylov subspaces [15], proper orthogonal
decomposition [16] or other non-modal order reduction techniques [17].

The standard FFR approach is however not feasible in the context of
large deflections, since the hypothesis of small linear deformations superim-
posed to a large rigid body motion no longer holds. In order to overcome the
restrictions imposed by the FFR method, the Absolute Nodal Coordinate
Formulation (ANCF) [18] has been developed. In fact, in the ANCF ap-
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proach, beams and shells are considered as isoparametric elements, hence no
infinitesimal or finite rotations are used, and, consequently, these elements
can account for arbitrary large deformation problems. In this formulation the
position vector of an arbitrary point on the flexible body is defined in terms
of a global shape function and a vector of nodal coordinates. On the other
hand, the ANCF has been mainly applied to beams and shell elements, and
it is not directly applicable to complex geometries and to automatic analysis
by means of FE packages.

Accuracy of results for large deformation fields can be anyway achieved, in
the context of the FFR approach, by means of the substructuring technique
[19]. Highly flexible bodies can thus be substructured into several elements,
while applying to each element the theory of linear elasticity. This approach,
adopted also in this work, is particularly feasible for long and thin structures
like robotic manipulators, helicopter blades and wind turbines.

This paper starts by introducing a dynamic model that represent 3D
flexible manipulators. The formulation of the manipulators’ motion equa-
tions and the spatial vector notation are from the Newton-Euler method
[20]. The model is formulated in closed form with respect to joint and elas-
tic coordinates, applying the substructuring approach in order to cope with
highly flexible structures. Links of arbitrary shape are considered, whose rel-
evant data can be acquired as the output of most commercial FEM packages
[21]. The model is then expressed in terms of the integral manifold approach
[22], where two separate dynamic systems are identified, representing the
on-manifold and the off-manifold dynamics, respectively. It must be pointed
out that the proposed formulation is suitable for manipulators made by open
kinematic chains of flexible links and rotational joints, hence, parallel manip-
ulators and robots with prismatic joints are beyond the scope of this work.
The approach proposed in this paper is based on a result, exaustively illus-
trated in [25] where the closed form model is defined. The improvements here
described consist in a further theoretical result regarding the the manipula-
tors characterized by higlhy flexible links and the related model validation.
Moreover, the closed form model is used as starting point for the devel-
opement of a control-oriented model whose formulation is completely new
with respect to literature. The proposed model is finally validated by means
of comparison with different mathematical formulations. The proposed for-
mulation allows to consider manipulators with links of general shape and
provides two different modelling tools, allowing the model to be used during
the analysis and design tasks, or in the synthesis of model based estimation

3



and control algorithms [23]. The paper is organized as follows. Section 2
describes how to correctly setup the preprocessing stage in order to retrieve
link’s data, in Section 3 the closed-form model of the 3D flexible manipulator
is derived and the substructuring technique, developed in order to account
for high flexibility, is presented. Section 4 introduces two case studies used
to validate the closed-form model, while in Section 5 the derivation of the
control oriented model of a flexible body and its validation are described.
Section 6 concludes the paper.

2. Generating the Flexible Body Data Set

As previously mentioned, the design of model-based control and estima-
tion algorithms was seriously hampered by the complexity of the derivation
of lumped parameter models describing the distributed flexibility of bodies.
In fact, this procedure can be performed analytically only in the case of very
simple geometries and adopting some simplifying assumptions, as in the case
of the Euler beam [24].

In this respect, the introduction of a FEM preprocessing stage allows to
consider more complex geometries, e.g. manipulators’ arms with articulated
shapes (see Figure 1), while not resulting, however, in a closed-form model
suitable for real-time implementations.

Figure 1: FEM preprocessing

On the other hand, most commercial FEM packages can directly pro-
vide the flexible body data, required for the derivation of such a closed-form
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model, as the output of a substructuring procedure based on the CMS method
[14], that is constituted by the following steps:

• Selection of connectors. Points corresponding to a reference frame must
be identified as boundary points of the substructuring analysis (Fig. 1).

• Meshing. The CAD model must be meshed, with a node corresponding
to every reference point identified in the previous stage.

• Coupling. Every contact region of the body, highlighted in green in
Figure 1, must be kinematically coupled to a corresponding reference
point through the MPC (Multi Point Constraint) construct in the FE
model.

• Boundary conditions. The node corresponding to the origin of the FFR
must be clamped.

• Choice of retained eigenmodes. There is no formal procedure for the
choice of the eigenmodes, but it is suggested to consider at least two or
three modes for every direction of interest, unless special requirements
in terms of frequency content must be considered.

• Substructuring. The substructuring analysis1 is usually performed au-
tomatically by most commercial FE solvers and the results are stored
in a modal neutral file (.mnf)2.

The body data obtained as the output of the procedure are listed in Table
1, where the inertia invariants account for the body mass distribution, and
the shape function matrices are used as a basis to describe the deformation
field (see next Section for further details).

1The substructuring analysis performed by FEM packages must not be confused with
the substructuring of flexible bodies described at the end of Section 3 to account for large
deformations.

2A dedicated parsing tool [21] has been developed in order to store all the relevant
data included in the .mnf file in a format (HDF5 file) that can be used in Modelica and
MATLAB environments.
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Table 1: Body data

Mi Number of modal coordinates
I1i , I

2
i , I

3
j,i, I

4
i , I

5
j,i, I

6
i , I

7
i , I

8
j,i, I

9
jk,i Inertia invariants

Ke,i Structural stiffness matrix

Si, Ŝi Shape function matrices
ū0i Undeformed relative position between FFRs

3. Closed-Form Manipulator Model

The results of the FEM analysis (Table 1) can be now used to write the
closed-form motion equations of a flexible manipulator:

Mθθ(θ, q)θ̈ +Mθq(θ, q)q̈ + Cθ(θ, q, θ̇, q̇) = τ , (1)

M
T
θq(θ, q)θ̈ +Mqq(θ, q)q̈ +Deq̇ +Keq + Cq(θ, q, θ̇, q̇) = 0 , (2)

where θ = col{θi} ∈ RN and θi are the angles of the joints, q = col{qi} ∈ RM ,
where qi is the vector of modal coordinates of link i, τ = col{τi} ∈ RN

where τi are and the joint torques.Consequently, the total number of modal
coordinates is M =

∑N

i=1 Mi. The derivation of model (1,2) is here briefly
sketched, further details can be found in [25].

The local Floating frame of reference, relative to link i is defined as
{Oi,xi,yi, zi} (Fig. 2). Another local frame {O′

i,x
′

i,y
′

i, z
′

i}is defined hav-
ing the same undeformed orientation of the FFR of link i, and coincinding
origin with rhe FFR of link i+ 1.

Let θi be the angle of the joint connecting link i to link i−1, and let ẑ′

i−1

be the rotation axis of the revolute joint connecting link i to link i− 1 in the
frame {O′

i−1,x
′

i−1,y
′

i−1, z
′

i−1}. For the sake of simplicity, only revolute joints
are considered. In the particular case of flexible manipulators with prismatic
joint, the relative displacement between the FFR of link i and link i + 1
depends on the i+1th joint coordinate. Consequently, the point of application
of the forces exchanged between the links varies with the relative positions
of the links, but the shape functions derived from the finite element analysis
are referred to a single point, hence an interpolation procedure should be
developed.

Accordingly, the rotation matrix Ai+1 of the (i+1)-th frame with respect
to the world frame and the position pi+1 of the origin Oi+1 of the (i+ 1)-th
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Figure 2: Reference frames

frame in the world reference frame, are given by3

Ai+1 =Ai

[

U +
˜(
Ŝiqi

)

]

Āi(ẑ
′

i, θi+1) , (3)

pi+1 =pi +Aiū0,i +AiSiqi , (4)

where Ai is the (3 × 3) rotation matrix relating the local FFR and the world
reference frame, the [3 × Mi] shape function matrices Si, Ŝi define small

displacements and rotations of the frame {O′

i,x
′

i,y
′

i, z
′

i} with respect to the
FFR, matrix Āi defines a rotation of the frame {Oi,xi+1,yi+1, zi+1} of an
angle θi+1 about an axis defined in the frame {O′

i,x
′

i,y
′

i, z
′

i} by the constant
unit vector ẑ′

i.
Differentiating eqs. (3,4) twice with respect to time, the linear and an-

gular accelerations of the (i+ 1)-th frame can be obtained4:

v̇i+1 = v̇i − p̃i+1,iω̇i +AiSiq̈i + v̇′

i+1 , (5)

ω̇i+1 = ω̇i +AiÂiẑ
′

iθ̈i+1 +AiŜiq̈i + ω̇′

i+1 , (6)

where v̇′

i+1 and ω̇′

i+1 depend on the angular velocity ωi. In turn, adopting

3Given a vector v, ṽ is the skew-symmetric matrix associated to it.
4Gravity can be simply taken into account by setting v̇′

1
= −g, where g is the gravity

acceleration in the world frame.
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the spatial vector notation [20], consequently defining

V̇i =

[

ω̇i,
v̇i

]

∈ R6 , (7)

Equations (5) and (6) can be represented in compact form, such as:

V̇i − Pi−1V̇i−1 = Bθ,i−1θ̈i +Bq,i−1q̈i−1 + V̇ ′

i , (8)

where Pi ∈ R6×6, Bθ,i ∈ R6, Bq,i ∈ R6×Mi are suitable matrices. Finally,

defining V̇ = col{V̇i} ∈ R6N , V̇
′

= col{V̇ ′

i } ∈ R6N eqs. (8) can be repre-
sented into a single global equation:

P
T
V̇ = Bθθ̈ +Bqq̈ + V̇

′

, (9)

where P ∈ R6N×6N , Bθ ∈ R6N×N , Bq ∈ R6N×M .
The dynamic equations of the manipulator can be computed starting

from the well known Newton-Euler formulation of the motion equations for
the i-th flexible link, which applies thep rinciple of virtual works [10].







miU mi
˜̄d
T

C,i C̄
T
t,i

mi
˜̄dC,i J̄i C̄T

r,i

C̄t,i C̄r,i Me,i











˙̄vi

˙̄ωi

q̈i



=





03

03

−Ke,iqi −De,iq̇i



+





hr
ω,i

hθ
ω,i

h
f
ω,i



+





hr
e,i

hθ
e,i

h
f
e,i



 ,(10)

where matrix De,i, modelling the dissipative properties of the material, can
be defined as De,i = αiMe,i + βiKe,i, where αi and βi are the so-called

Rayleigh damping coefficients, hr
ω,i ∈ R3, hθ

ω,i ∈ R3, h
f
ω,i ∈ RMi are the

vectors of gyroscopic and centripetal terms [25], and hr
e,i ∈ R3, hθ

e,i ∈ R3,

h
f
e,i ∈ RMi are the vectors of external forces, applied at the body connectors.

The terms in the generalized mass matrix depend on the 9 inertia invariants
listed in Table 1, which in turn depend on the shape functions and on the
body mass distribution.

The vectors he,i of external forces, relative to the world frame, can be
computed by defining as fi, ni the force and torque applied from link i− 1
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to link i at Oi as follows
5:

hr
e,i = f̄i − f̄i+1 , (11)

hθ
e,i = n̄i − n̄i+1 − ˜̄uif̄i+1 , (12)

h
f
e,i =−ST

i f̄i+1 − ŜT
i n̄i+1 , (13)

Furthermore, by collecting torques and forces in a vector Fi =
[

nT
i fT

i

]T
∈

R6, two equations can be obtained as follows:

Ivv,iV̇i + Ivq,iq̈i −Cv,i = Fi − P T
i Fi+1 , (14)

IT
vq,iV̇i +Me,iq̈i = −Ke,iqi −De,iq̇i + h

f
ω,i −BT

q,iFi+1 , (15)

where

Ivv,i =

[

AiJ̄iA
T
i miAi

˜̄dC,iA
T
i

miAi
˜̄dT
C,iA

T
i miU

]

∈ R6×6, (16)

Ivq,i =

[

AiC̄
T
r,i

AiC̄
T
t,i

]

∈ R6×Mi , Cv,i =

[

Aih
θ
ω,i

Aih
r
ω,i

]

∈ R6, (17)

Defining F = col{Fi} ∈ R6N , Cv = col{Cv,i} ∈ R6N , Cf = col{hf
ω,i} ∈ RM

the following global equations are obtained:

IvvV̇ + Ivqq̈ − Cv = PF , (18)

I
T
vqV̇ +Meq̈ +Deq̇ +Keq − Cf = −B

T
q F , (19)

with Ivv ∈ R6N×6N , Ivq ∈ R6N×M , Me ∈ RM×M , Ke ∈ RM×M , De ∈
RM×M .

Finally, by solving eq. (9) with respect to V̇ , and eq. (18) with respect
to F , and substituting in eq. (19) one obtains eq. (2). Premultiplying eq.
(18) by B

T
θ P

−1 and recalling that the joint input torque τi is equal to the
scalar product between the i-th joint rotation axis and torque ni so that

τ = B
T
θ F , (20)

5The bar above a vector means that the vector is expressed relative to the local FFR.
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one obtains eq. (1) where6

M
T
θq =

{(

I
T
vqP

−T
)

+
[

B
T
q

(

P
−1
IvvP

−T
)]}

Bθ , (21)

Mqq =Me +B
T
q

(

P
−1
IvvP

−T
)

Bq +
[(

I
T
vqP

−T
)

Bq

]

+
[(

I
T
vqP

−T
)

Bq

]T
,

Cq =
{(

I
T
vqP

−T
)

+
[

B
T
q

(

P
−1
IvvP

−T
)]}

V̇
′

−B
T
q

(

P
−1
Cv

)

− Cf , (22)

Mθθ =
[

B
T
θ

(

P
−1
IvvP

−T
)]

Bθ , (23)

Cθ =
[

B
T
θ

(

P
−1
IvvP

−T
)]

V̇
′

−B
T
θ

(

P
−1
Cv

)

. (24)

Figure 3: Substructuring a highly flexible bar into k + 1 segments

In order to cope with a high flexibility, link i can be subdivided into more
rigidly connected flexible elements or substructures, as shown in Fig. 3, each
one described through a FFR approach introducing Mk modal coordinates.
Define with Ne the total number of elements of the whole manipulator and
with M =

∑Ne

k=1 Mk the total number of modal coordinates.
Let θi = θe

k̄
, i = 1, . . . , N denote the “real” joint angle between element

k̄ − 1 and k̄, consider a “dummy” joint angle θek if a rigid connection exists
between element k− 1 and k, thus θek = 0, θ̇ek = 0, θ̈ek = 0. As a consequence,
the model remains formally identical by removing the columns of matrix Bθ

corresponding to the “dummy” joint angles and with matrices Bq and Bθ

having dimensions 6Ne ×M and 6Ne ×N , respectively.

6Matrix P is invertible and can be directly computed without resorting to matrix
inversion [25].

10



4. Case studies

This Section presents two examples of application of the closed form
model, aiming to validate the model and the high flexibility extension. The
first example concerns modelling of a three DOFs elastic manipulator. It
aims at showing the accuracy, with respect to an experimental dataset, in
reproducing the rigid and flexible dynamics of the robot. The second ex-
ample, instead, is related to a simulation benchmark of a 3D highly flexible
body [26], and aims at showing a comparison between the proposed modelling
technique and the ANCF approach.

4.1. Modelling the flexible manipulator TUDOR

The closed-form model presented in Section 3 has been experimentally
validated by means of the MERIt dataset [27], an online available set of
experimental measurements collected using the TUDOR experimental plat-
form, a three DOFs elastic manipulator designed by the Technische Univer-
sität Dortmund [28].

Figure 4: The TUDOR experimental platform

The base link of the robot is rigid and the first rotary joint moves the
manipulator in the horizontal plane, while the second and third rotary joints
move links l1 and l2 in a vertical plane, acting on joint angles θ1 and θ2 (Fig.
4a). Links l1 and l2 are made up by spring steel rods with rectangular cross-
section, oriented in order to have great flexibility in the vertical plane. Link,
joint and motor data are reported in [25].
Strain gauges are placed on each elastic rod, at X1,1 = 46 mm and X1,2 = 260
mm from the root of the first rod, and X2,1 = 45 mm and X2,2 = 235 mm
from the root of the second rod (Fig. 4b).

11



Beam elements were used to model the two flexible links. An automatic
procedure for node placement was adopted. This approach helps to retain
the eigenmodes and the three corresponding lowest values of eigenfrequencies
while discarding the 2nd out-of-plane eigenmode. Three strain gauge were
used to obtain the simulated values from three nodes, each at a distance of
1.5 mm from a gauge. To this aim, the deflection of the three nodes has been
calculated by means of the Si shape matrices then, a cubic function φ(x) =
Ax3 +Bx2 +Cx of the beam abscissa x has been computed by interpolation
(the zero deflection of the FFR has been also considered). Finally, recalling
that the strain ǫ(x) is proportional to the second derivative of the deflection
with respect to the beam abscissa, we have ǫ(x) = 6Ax+ 2B.

The experimental measurements provided by the MERIt dataset include
joint angles and velocities, motor currents and strains measured along trajec-
tories characterised by different payloads (0, 100, 200 and 400 g) and different
pseudo-random joint position references. In order to reproduce the same tra-
jectories with the simulator, two PID controllers have been manually tuned
with the aim of correctly simulate the behaviour of the TUDOR manipulator
in terms of joint positions.

Figures 5 and 6 show a comparison between the strain gauge measure-
ments (black solid line) and the strain computed by the model (dashed grey
line) on the second link at the same positions, in the case of a payload of 400
g. As it is apparent, there is a good accordance between the simulated model
and the experimental data in terms of frequencies and overall behaviour, but
the mean value of the computed strains is slightly higher with respect to the
measurements. The phenomenon can be explained by a non-ideal placement
of the strain gauges or the fact that the real material could differ from the
theoretical characteristics. Moreover, table 2 shows the standard deviation
between the simulated and measured signals with a payload of 0, 100, 200
and 400 g, covering all the configurations provided in MERIt and showing a
nice roboustness of the model with respect to different configurations.

4.2. Modelling a highly flexible double pendulum

High flexibility modelling has been validated by comparison of simula-
tion results obtained with a MATLAB implementation of the closed-form
model, with multibody simulations obtained with Modelica/Dymola and
with MSC/Adams. The simulation benchmark has been taken from [26],
where the ANCF is used to describe link compliance in the case of a flexible
double pendulum.
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Figure 5: Comparison between strain gauge measurements (black solid line) and strain
computed by MATLAB simulation (grey dashed line) at position X2,1

Figure 6: Comparison between strain gauge measurements (black solid line) and strain
computed by MATLAB simulation (grey dashed line) at position X2,2.
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Table 2: Computed vs Measured strains: Standard deviation

Payload Standard deviation (µm/mm)
0g 42.8
100g 39.7
200g 41.3
400g 36.9

The structure consists of two flexible bodies connected together and to
the ground by revolute joints, initially in horizontal position and free to fall
under the effect of gravity. The physical parameters have been chosen in
order to allow large deformations on the second link. Substructuring has
been implemented by subdividing the first link in 2 elements with length 0.1
m and the second link in 12 elements with length 0.075 m. FE preprocessing
has been performed through the MSC Nastran/Patran suite: the elements
of the first link have been modelled through 10 nodes connected by CBAR2
beam elements and 6 eigenmodes have been retained, while 12 elements have
been considered for the second link, meshed with 20 nodes connected by
CBAR2 elements, 6 eigenmodes were again retained.

A sequence of 3D snapshots of the simulation at intermediate time in-
stants is shown in Fig. 7, while Figs. 8 and 9 show the absolute position of
the tip of the second link, obtained with a MATLAB simulation (solid line),
a Modelica/Dymola simulation (dashed line) and a MSC/Adams simulation
(dotted line). As it is apparent, the results obtained from MATLAB and
Modelica/Dymola simulations are undistinguishable, while the results pro-
vided by MSC/Adams show some small differences. In this respect, it must
be pointed out that the Modelica model accounts for damping in exactly the
same way as the closed-form model implemented in MATLAB does, while
Adams adopts a different approach. In particular, the approach adopted in
Modelica is based on the Rayleigh coefficients, applying a damping factor
that is proportional to the frequency of the eigenvalue.On the other hand,
Adams applies a damping constant factor to every considered eigenmode by
default.
Figure 10 shows the transverse deflection of the tip of the second link. As
before, results obtained from MATLAB and Modelica/Dymola are almost
identical, while Adams simulation shows a very similar behaviour.
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Figure 7: 3D representation of the double pendulum simulation

5. A control oriented model of a flexible system

This Section explains how the closed-form equations derived in Section 3
can be exploited to develop a control-oriented model based on the integral
manifold approach, originally described in [29].

Defining with H be the inverse of the symmetric, positive definite inertia
matrix of the manipulator, the model described by eqs. (1) and (2) can be
rewritten in singular perturbation form by assuming a suitable perturbation
parameter ε, namely the inverse of the smallest stiffness matrix element:

ẋ1 =x2 (25)

ẋ2 =−HθθCθ −HθqCq +Hθθu−Hθqz1 (26)

εż1 = z2 (27)

εK̄
−1

e ż2 =−HqθCθ −HqqCq +Hqθu−Hqqz1 (28)

where x1 = θ,x2 = θ̇, z1 = Keq, z2 = εKeq̇. Assume now that the control
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Figure 8: Absolute displacement of second link tip on X direction

Figure 9: Absolute displacement of second link tip on Y direction

Figure 10: Transverse deflection of second link tip
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input u is decomposed into a slow input ū and a fast input uf :

u = ū+ uf (29)

according to the integral manifold theory [30], the system lies on the manifold
if the evolution of z can be described by a surface h, which, in turn, can
be expressed as a function of the slow state x, the slow input ū and the
perturbation parameter ε. If the manifold condition is satisfied, the on-
manifold dynamics of the z variables can be described as h1,2(x1,x2, ū, ε).
The computation of the manifold condition h involves the solution of a PDE,
that is difficult to solve explicitly. An approximation of the solution, based
on a series expansion with respect to ε can be considered, instead, recalling
that the slow control input ū, the inverse of the inertia matrix H, and
vectors Cθ and Cq must be expanded as well. Thanks to the fact that vectors
and matrices in the closed-form model (1,2) are defined by a product of
factors [25, 31], the computation of their partial derivatives is feasible, even
if lengthy. The distance from the manifold can be now defined, introducing
a new set of coordinates η, as follows:

η = z − h(x, t) (30)

In order to cope with the off-manifold dynamics, a convenient time scale
τ = t/ε is introduced, and the system described in terms of the new coordi-
nates is differentiated with respect to the τ time scale:

dη1

dτ
=η2 (31)

dη2

dτ
=−

(

H̄qq + ε2
¯̂
Hqq

)

η1 +
(

H̄qθ + ε2
¯̂
Hqθ

)

uf (32)

Where H̄qq,
¯̂
Hqq, H̄qθ and

¯̂
Hqθ are the first and second order expansions

of the submatrices of H, respectively. According to the Tikhonov’s theorem
[30], if the equilibrium of the system on the manifold is asymptotically stable,
the off-manifold set of coordinates η is expected to quickly vanish in the t
time scale.

On the other hand, the dynamics of the on-manifold system is given by:

ẋ1 =x2 (33)

ẋ2 =−Hθθ

[

Cθ −
(

ū0 + ū1ε+ ū2ε2
)]

−Hθq (Cq + z̄1)

−ε2
[

Hθθ

(

Ĉθ + C̃
1

θ

)

+ Ĥθθ

(

Cθ − ū0
)

]

−ε2
[

Hθq

(

Ĉq + C̃
1

q

)

+ Ĥθq

(

Cq + h0
1

)

]

(34)
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It must be pointed out that the off-manifold system is linear but time
varying, and the varying parameter is x1 which is expected to vary slowly
with respect to the τ time scale. Furthermore, the on-manifold dynamics
only depend on the initial values of η and on the control input uf , hence
there is no influence of the slow dynamics on the fast system. The on-
manifold system is instead highly non linear. This scenario naturally calls
for two control schemes working in parallel, a slow control scheme for the
gross motion and a fast control scheme aimed at vibration damping.

In order to validate the integral manifold model with respect to experi-
mental data, the first case study has been considered. An integral manifold
model of the TUDOR manipulator has been derived and implemented using
Matlab/Simulink, and validated with respect to the MERIt [27] dataset.

As the theory of integral manifold lacks a rigorous procedure for the
expansion of the control input in terms of u0, u1 and u2, in this preliminary
stage the output of the PID regulators has been assigned entirely to u0.
In this way both the on-manifold and the off-manifold dynamics have been
excited, allowing for a comparison between MERIt experimental data (in
grey dashed line) and simulation results (in black solid line).

Considering the validation of the on-manifold dynamics, the time evolu-
tion of the measured and computed strains is shown in Figure 11. It must
be pointed out that the off-manifold system does not depend on the slow
input, hence the η state variables are fixed to zero during the simulation.
The flexible dynamics of the simulated model, which is considered to be on
the manifold, is consequently a low frequency approximation of the original
system.

The validation of the off-manifold system is much more involved. This
system is linear and independent from the slow input and has been validated
by comparing it, in the frequency domain, to the original complete model.
The joint angles have been fixed to zero during the simulation, and a non-
zero initial value has been assigned to the off-manifold state variables η. The
time evolution and frequency content of the tip transverse deflection have
been compared to the corresponding quantity simulated with the complete
model (described by Eqs. (1,2)). Figure 12 shows a comparison between the
complete model (in dashed grey line) and the integral manifold model (in
black solid line). Results demonstrate how the off-manifold system effectively
reproduces the fast system dynamics. The initial perturbation of the fast
system, and the corresponding perturbation of the q variables in the complete
model do not have a comparable physical meaning, hence the deflections
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Figure 11: Strains on first link, comparison with original model

have been normalized in order to show the similar evolution in terms of
vibration frequency, which can be further observed in the frequency domain
plot. Considering that the integral manifold model is an approximation of
the manipulator dynamics, developed for control purposes, results appear in
good agreement with respect to experiments and complete model simulations.

6. Conclusion

In this paper, a control oriented model for 3D flexible manipulators with
general link geometry, based on a closed-form model has been presented. The
manipulator dynamics have been initially derived from the Newton-Euler
equations of motion for the single flexible link, and a general procedure for
the extraction of links’ data has been outlined. The closed-form model of
multiple link manipulators has been derived by means of the spatial vector
notation and further improved by considering high flexibility of the links.
A mathematical model for a two-link flexible manipulator has been devel-
oped, implemented, tested, and validated using an experimental platform
(TUDOR) and an online experimental dataset (MERIt). The developed
model performed well. Subsequently, the manipulator dynamics hasve been
expressed in terms of the integral manifold approach, where the state-space
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Figure 12: Perturbation of initial conditions on the fast system, comparison with original
model

of the manipulator is split in two dynamical systems. It must be pointed
out that the integral manifold approach can be considered as a refinement of
the singular perturbation approach, developed in order to overcome the lim-
itations of the singular perturbation approximation, and it must be recalled
that the model described in this paper is nonetheless approximated.

Despite the approximation required to describe the manipulator dynam-
ics in terms of the manifold, the model has been validated with respect to
experimental results and with respect to a general formulation, where the
complete dynamics is considered. The limitations of this work mainly con-
cern the hypothesis of the integral manifold theroy in which the frequency
content of the on-manifold and off-manifold subsystems must be clearly sepa-
rated, this restriction can be hard to fulfill with respect to the manipulator’s
design.

Further developments will include model based control, where the knowl-
edge of fast dynamics will be exploited to develop an active vibration damping
system.
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