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Abstract —NNWarp is a highly re-usable and ef cient neural network (NN) based nonlinear deformable simulation framework. Unlike
other machine learning applications such as image recognition, where different inputs have a uniform and consistent format (e.g. an
array of all the pixels in an image), the input for deformable simulation is quite variable, high-dimensional, and
parametrization-unfriendly. Consequently, even though the neural network is known for its rich expressivity of nonlinear functions,
directly using an NN to reconstruct the force-displacement relation for general deformable simulation is nearly impossible. NNWarp
obviates this dif culty by partially restoring the force-displacement relation via warping the nodal displacement simulated using a
simplistic constitutive model — the linear elasticity. In other words, NNWarp yields an incremental displacement x per mesh node
based on a simpli ed (therefore incorrect) simulation result other than synthesizing the unknown displacement directly. We introduce a
compact yet effective feature vector including geodesic, potential and digression to sort training pairs of per-node linear and nonlinear
displacement. NNWarp is robust under different model shapes and tessellations. With the assistance of deformation substructuring,
one NN training is able to handle a wide range of 3D models of various geometries. Thanks to the linear elasticity and its constant
system matrix, the underlying simulator only needs to perform one pre-factorized matrix solve at each time step, which allows NNWarp
to simulate large models in real time.

Index Terms —neural network, machine learning, data-driven animation, nonlinear regression, deformable model, physics-based
simulation

F

1 INTRODUCTION

Nonlinear shape deformation is ubiquitous in our every day lif
and simulating deformable objects has long been considered
an important yet challenging task for computer graphics ar
animation. In the past ten years, the nite element method (FEN
based frameworks1] become more and more popular due t
its versatility of encoding various material behaviors. With th
prescribed external forcéy, the dynamic equilibrium is for-
warded by solving a high-dimensional nonlinear system at ea’="
time step. Most nonlinear solvers start with an initial guess of tt
unknown displacement and iteratively re ne the result until the ~
system converges in order to calculate the deformed model she
While conceptually straightforward, the requirement of repetitive

evaluations of the nonlinear internal forGg or/and its gradient Figure 1: NNWarp is a data-driven neural network based nonlinear
deformable simulator. By learning from full FEM simulation poses, it

fint =fu makes the simulation rather computational expensive.”: S - :
it =11 P P yields more accurate results than existing warping methods. We design

Recently, the rapid development of the computing hardwaji§ee compact contextual features making the network training highly
pushes forward the frontier of machine intelligence to an ume-usable. In this example, the maple bonsai model consists of 255552

precedented extend, and we have witnessed tremendous succ&§¥BgNts, and is decomposed into 1,771 domains. A single net trained

O using a regular beam handles local dynamics for all the domains. High-
of utilizing carefully constructed neural networks (NNs) [n quality animations with well-preserved local high-frequency deforma-

many classic computing problems like language processiig [tions are produced at a near-interactive rate (5 FPS) without using model
reduction.

7)\/‘) Neural Network })7“

&
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tion of theforce-displacement relatioof an elastic body, and NNs 2 RELATED WORK

are known good at expressing complex nonlinear relatiGhs [

[9]. However, this problem is challenging in practice becausEhe concept of neural network based learning can be dated back to
the nonlinear force-displacement relation varies signi cantly (andte 1980s 15] in the machine learning community. Empowered
intrinsically) under different simulation con gurations such a®y recent hardware advance, neural networks of various archi-
domain geometries, discretizations, boundary conditions, congéictures and deeper depths have been harnessed to solve many
tutive laws etc. If one chooses to build a network incorporating dfing-standing computer vision problems such as recognifiély [

the possible input permutations, the network would indubitably h&7], classi cation [L8]-[21] and segmentation2P]-[24]. Some

an extremely huge one. Consequently, the corresponding trainxgsting methods are able to match or even beat human's vision
data would be very big and a single forward pass of the netwopkrception system e.g. see the report from the ImageNet Large
itself could take a longer time than running a regular FENbcale Visual Recognition Challenge (ILSVRC)S]. Given suf-
simulator due to the complexity of the network. cient training data, Deep neural networks (DNNs) provide a
general “template” for the user to learn the input-output corre-

In this paper, we present a mgthqd, naanllV\(arp to spondence, which could be otherwise dif cult or even impossible
leverage neural networks to tackle intricate force-dlsplacemqﬁbe analytically formulated

relations of different nonlinear materials with a simple and light-
weight network. As the name implies, our strategy is not to linkearning for animation Indeed, the idea of learning is not
the standard inpuf ) and output ) of deformable simulation new to computer animation, and it is also widely-knowndasa

via a neural network directly. Instead, we mapwarp a sim- driven methods P€]. For the cloth animation, low-resolution

pli ed constitutive lawL ¢ to a more complex and nonlinear onesimulation can be enriched by using pre-computed high-resolution
L using NNs. It is expected that, the calculated displacemengssults with detailed wrinkles?[7], [28]. Wang et al. P9] built a
underL o well encapsulates simulation con gurations like forcepiecewise linear stretching and bending model based on measured
magnitude, domain tessellations and boundary conditions so tbata to better depict the nonlinear dynamics of different cloth
the remaining warp is local, and can be well t by a simple net. Tohaterials. Miguel et al.g0] further enhanced this framework and
this end, we choose to use the linear elasticitylfgr The linear recorded more deformation behaviors of the cloth simulation. Kim
elasticity has long been used to describe small-scale deformatietsl. [31] proposed a method to compress a large pre-simulation
(i.e. the in nitesimal strain theory). It is based on the Cauchglataset so that these poses can be used at run time to improve
strain tensor, which is the rst-order Taylor approximation of théhe inertial cloth deformation. Following the similar idea, Xu et
full Green tensor. Besides, because linear elasticity has a cons&nf32] blended pre-computed cloth shapes to directly synthesize
stiffness matrix, setting it dsg makes NNWarpolynomialfaster the cloth deformation using the sensitivity analysis. Learning-
than another other nonlinear constitutive models with the sarhased methods have also been populanfotion and control i.e.
number of simulation DOFs during the run-time simulation. It ihe reinforcement learning3f]-[36]. NNs provide a convenient
noteworthy that using other existing nonlinear solvers likg],[ approach for further improving the learning effecis][ Following

[11] as Lg is also legit. However, as those existing nonlinedhis direction, Liu et al. $8] employed the deep Q-network to
solvers already yield good results, the effectiveness of usingeprder existing control fragments and created necessary responses
complex deep network is under utilized. to unseen disturbances. Peng et 8F][used an NN to train a

high-level controller and a low-level one, which achieved robust

NNWarp uses a single node-wise NN to correct the nOOIf%comotion coordinately. Holden et al4(] designed a phase-

linear deformation to the corresponding nonlinear one. In Othfeurnctioned neural network, whose weights are computed using

words, it takes t.he Imear nodal displacement as the input, ag%yclic function. Foisolid modeling, learning is also a powerful
outputs a corrective displacement x to warp the linear result toki ol, which allows the user to obtain actual physical parameters
a nonlinear one. From this perspective, our method is conceptuabgs;ed on captured point cloud sequended Ku and Barb [47]
similar to stiffness warpingl[?] and modal warping13], in which ne-tuned the damping model based on a few example defor-

alinear solver is used after rotating the deformed shape back tolts,. '\ . ot o) 473 combined the physics-based simulation

undeformed orientation. We augment the input of per-node line hd data-driven to produce realistic soft tissue animation. Jones et

displacement with three novel discriminative features, namey [44] used the similar idea to simulate plastic deformation with

:Efegeeﬁssisr'_c%?;eﬁﬁwan? dt;g:;smsfg fZ\_/ﬁ antla}tavr\:gr;e?se;;t_ans_kinning-alike method. An et alt§] proposed a learning-based
. Iptors, P >S fairly shape: 'Rmerical procedure named Cubature to ef ciently evaluate the
independent, and the network trained with a simple model c

. N . fllernal force and the force gradient during reduced deformable
ggorl:wseet(rjietso mvzi:ﬁgdgsir:;&;l? ?:j;ﬁ;’ngfh?;ﬁ?ii‘figagfe_rreh?imulation. Deep learning also bene ts theéd animation . For
important advantage is further enhanced when combined W% stance, Ladicky et al.4p] proposed a random forest based

. . regression method to accelerate uid simulation by predicting the
the substructuring method 4], where we decompose the input Y . . . y predicting
. . . inematic con gurations of particles based on a large training set.
model into multiple convex domains, and run NNWarp on ea

. . . hu and Thuerey4/] used the convolutional neural networks
domain separately. For instance, all the experiments reported (lfNN) to extract necessary features to augment a coarse simu-
the paper (except Fid.1) are based on the network trained usin

a simple rectangular beam. NNWarp is fast at both training stagéIOn and add back high-frequency details.

and simulation stage. We utilize the rotation invariant propertyonlinear deformable simulation Physics-based deformable

of local deformation and compress the training set by at least simulation has been an active research topic in graphics and ani-
order. During the simulation, as NNWarp only needs to performation since the exemplar work by Terzopoulos et4f].[While

a pre-factorized linear solve at each time step, it is able to hanglarticle-based methods!§-[51] or mass-spring systems$7],
large-scale models interactively. [53] are also legit, FEM becomes more widely-used][ for
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solid simulation. Wang et al.5fp] proposed a strain limiting 3 CONTEXTUAL FEATURE VECTOR

method to increase the numerical stability for stiff deformablene nderlying mathematical relations between external forces
bodies. Alternatively, Irving et al. 5] tweaked the principle 5nq gisplacements of elastic bodies could be intrinsically changed
stress to resolve degenerated elements from extreme deformatigager gifferent simulation settings, and it is impossible in practice

Forming the deformable simulation as a nonlinear optimizatiq encode the entire simulation con guration into a feature vector

procedure, Hecht et al5f] used an incremental Cholesky factor,ng feed to a neural network. Therefore, the primary challenge

ization scheme to lower the frequency of matrix re-factorizatiofe are facing is to gure out amformativeand compactfeature
during the simulation. Zhu et al.5f] adopted the multi-grid yector as the input. Informative refers to the discriminability of the
method to simulate high-resolution deformable volumes. Bouazizygre so that an irrelevant training instance does not interfere.
etal. [L(] introduced a robust local-global iterative solver namegh,mpact means the feature should also be general so that the built

projective dynamics This idea later was generalized as th@enyork is small and light-weight. In this section, we start with a
ADMM solver [59] and synergized with Chebyshevl], [6C],  ghort review of the deformable model, pointing out that while the

L-BFGS [61] and GPU Gauss-Seideb{]. Accelerating nonlin- ginlation is sophisticated, the linear-nonlinear deformation map

ear simulation can also be achieved by pre-computed mode{sg small local volume is actually smooth. Bearing that in mind,

for instance using modal analysisq-[65] or recent fullspace e show that ouheuristicfeature vector augments the extracted
simulations 6] Also known as model reduction methods, ifnematic information and produces plausible results.
is assumed that the deformed shape be a linear combination of

those pre-computed poses modesso that the simulation can ] ]
be projected into the spanned subspace. In an asymptotic sende Deformable model: a quick review
however, model reduction is not better than regular simulation &ven an arbitrary material point on the deformable body, its
the time complexity remains cubic w.r.t. the number of simulatiotieformation gradierf 2 R® 2 is computed a& = Tx=1x, where
DOFs. x andx denote its rest shape position and the deformed position.
Alternatively, we can also expressusing its displacemeni as
X= X+ U. Let G = fu=Tx and we name this 3 by 3 tensor as
NNWarp and existing warping methods In this paper, we re- gisplacement gradient tensait is easy to verify thaF = G + I.
investigate this classic animation problem of nonlinear deformahlger the linear elasticity, the deformation is described using the

simulation from a data-driven point of view by shaping it agauchy straine = %(G+ G”), and the strain energy dens®is:
a nonlinear regression using the neural network. Unfortunately,

the full spectrum of the force-displacement relation is complex €=ne e+ l—tr 2(g): 1)
and sensitive to the variance of simulation settings. For instance, 2
modifying the boundary condition (the anchor nodes of an Rgare m and| are the Laré coefcients. As® is a quadratic

mesh) could completely alter the deformed shape even with othgh tion of G, the corresponding Piola stress becomes a linear
simulation parameters unchanged. Besides, the dynamic simylgsation of G:

tion is essentially 4D — the kinematic status of the deformable

body does not only depend on its current external stimuli but also P=mG+G +I| tr (G): 2

on its historic motion trajectory. To circumvent these two practic . . L

obstacles, we forge our regression based on the simulation re it most other hyperelastic materlalls, the deformat|0r11 is actually
’ H H T — > —_ >

obtained using the linear elasticity. This idea is not new in grap escribed with the Green strain:= ?(FF I.) = e+ 2GG S

ics. An epic example would be the stiffness warping]{ which )ne can see that the Cauchy strain used in linear elasticity is

re-used the linear stiffness matrix by un-rotating the extern%'l':";lz Tfe g?vezr fnortt'orin |°f :lheXG:ﬁeln S\tlﬁ'n' Talt(f it:e :t.rVer;ar;t-
force back to the model's rest shape orientation. Similarly, moda/ ©""° ( ) material an example, whose strain energy de

warping [L3] and rotation-strain coordinatéT], [68] embedded a sity is formulated by replacing by e:

local coordinate frame at each node/element to relieve the artifacts v _ ) I ir 2(e)- 3

of the linear elasticity under rotational deformation. This idea was swk= me:e+ S “(e); @)

also used for geometrically constructing nonlinear mode$. [ \hich is a fourth-order polynomial of the displacement gradient
These geometric warping techniques have been proven effeciiyeand its stress is cubically related@ With the help of FEM,

for animation editing {0], [71], which requires performing high- e gifferential strain-stress relation is integrated and becomes the

dimensional space-time optimization. macroscopic force-displacement relation that we are interested in.
In reality, themagnitude
Solving the linear elasticity encodes many simulation pararof a deformation, which | —linear
eters such as boundary condition, tessellation resolution, extenmaly be somewhat under% co-rotation

force etc. into the resulting linear displacement vector. On the tepod asjGj, is typically & _gf\?kHOOkean

of this, we train a neural network to further correct the result to lmmall. For instance, dou-,
a plausible and nonlinear one without worrying about accommbling the length of an elas'[iciJ
dating all the simulation settings into the net. The trained networ&pe by stretching is consid-"¢ os 115

using a regular model of few thousand elements generalizes terad a very large deforma- Strain magnitude

wide range of geometrically complex deformable bodies. Durirtgon wherejGj = 1. In addition, strain-stress curves for various
the simulation, because the system matrix for the linear elasticitynmterials are all aligned at the origin (a zero strain yields a zero
constant and pre-factorized, we obt&@i(N?) run-time complexity stress) and within the same monotonically increasing interval (a
in fullspace which is polynomially faster than existing nonlineadarger strain yields a larger stress). This implies that the strain-
solvers. stress curves of the linear elasticity and a nonlinear elasticity do

m

1077-2626 (c) 2018 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See http://www.ieee.org/publications_standards/public:



This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication. Citation inform
Transactions on Visualization and Computer Graphics

4

not fundamentally differ from each other in regular deformabbehich one being reached is context-dependent i.e. up to the history
simulations. An example is given in the inset gure, where wef the deformation trajectory (Fig). From a numerical point of
plot the strain-stress curves of the linear, co-rotation, StVK amiew, the solution offiy; (u) = fexr depends on the initial guess
Neo-Hookean laws under a rotation-free linear stretch. of u and the strategy of computiigu during the iteration. The
'jteration may not converge to the global minimum if the starting

Geometric warp In fact, the dominant factor drives the linea . .
pess is far away from it.

elasticity away from a nonlinear counterpart is not the materid . .

nonlinearity, but the geometry nonlinearity. This is because a rigid, Our sqlutlon to .th'S
deformation-free rotation leads to a non-zero Cauchy strain,whi%l).blem Is to r_eg|ster
produces unrealistic deformation effects. Under this consideratigh, & deformathrse-
the modal warping (MW) techniqué.f] embeds each node on theduence t.o a nonlinear
mesh a local frame. The curl of local displacement eld arouna:e starting from the_ rest
thei-th node is calculatedy; = N uj. If it takes a unit time to shape. Speci cally, given . ) )
displace nodé from X; to X + u;, u; also represents its velocity an external forcefey, Figure 3: In practice, Eq. (7) yields good

e compute a series gipproximations of full nonlinear FEM simu-

att = 1. w; can then be understood as its angular velocity at 5 tion

. . . a
same moment. Based on this assumption, MW linearly ramps {hgasi-static linear defor-

angular velocity from the rest shape to the current time instancg1at|0n dby so_lvmg th?hEltJI?rr]-Lagranlge ?_quatl(in W't?] atl_w mcretasec_zl
and calculates a warp transformation as: mass damping so that the acceleration at each time sStep IS

M Full FEM result
M Eq. (7) result
M Linear result

7 negligible. Each time step yields a linear displacement vegtor
17t t ; ; .
WwE = exp —[wi] dt; (4) andwe estimate a Iocalhrotanon for théh node as:
t o t ' B i
Ri=exp N PP lP? U (6)

where[w;] is the skew symmetric matrix of;. Similarly, one
can use rotation-strain coordinate by decomposing@hento where columns inP; and U; are rest shape positions and dis-
a skew symmetric parfw;] =(G; Gi)=2 and a symmetric placements of neighbor nodes adjaceritso that PiP> P> U
part:S =(Gi+ Gi')=2[67], [6€]. The rotation-strain warp (RSW) gives a least-square evaluation @f around thei-th node. The
transformation can then be computed treatimgas an Euler |inear internal force at the current time stepfis = Ka. Note
vector: that®,; 6 fex until the nal equilibrium is reached due to the
Werswr exp([wi] )(S+1) I (5) existence of the damping. Afterwards, the corresponding nonlinear

After a nodal linear displacemeatis obtained, it is corrected via d€formationu is obtained by solving:

u Wm@goru WrsR. For rotation-strain warping, a global minjfine () RKaj; (7)
Poisson reconstruction is also solved to calculate the nal warped u

displacement. While not physically accurate, these geometvithereR is a block-diagonal matrix, and each of its 3 by 3 diagonal
warping methods produce visually pleasing shapes and have bblatk is the estimated nodal rotation computed via B).Eq. (7)

used in many time-critical graphics applicatio@$]} [71]. is clearly an approximate because in practice when NNWarp
is being used, we do not know what are the “ground truth”
3.2 Linear-nonlinear correspondence acceleration (which yields the inertia force) and the velocity

which yields the damping force) corresponding a linear pose.
erefore, our best guess is the solve the nonlinear equilibrium of
nﬁeq. (7) according to its linear counterpart (i.e. see FHp.We use

a xed_nonllnear regression formula as Eqg) or (5)._|nstead, Newton's method to solve Eq7) by setting the initial guess af
we train an NN to obtain a more accurate regression based on

. . . . . as the solution in the previous time step. In our implementation,
full simulations. The key question here is how to determine whal - . - - :
. ot 1o . . we notice that Newton's method occasionally fails during the
is the “right” nonlinear deformation that corresponds to the o

. . - "feration. Therefore, we impose the Wolfe conditigi?][to adjust

calculated using the linear elasticity.
the step length.

/ In our network training, we simplify the external force setting
£ \ < by only considering two types dty; : directional force eld and
circular force eld. The directional eld uses a prescribed force
direction, while the force direction in the circular eld follows the
tangent direction of a set of concentric circles. Such simpli cation
frees us from generating an overwhelmingly large training set due
to diverse external force conditions. Its limitation is also obvious:
NNWarp loses some local deformation effects induced by high-
frequency external forces. Extra training efforts would be needed

Figure 2: Different motion trajectories lead to different equilibrium if one wants to incorporate such deformation effects via NNWarp
shapes even under the same external force.

NNWarp is inspired by the encouraging results from the existi

A nave thought is to solve the quasi-static equilibrium of-3 Discriminative feature
fint (u) = fexr for a deformable body under the same external ford#fith pairedha;ui, we can build a node-wise regression machine
and boundary condition using the linear elasticity and a nonlineasing a neural network that replaces Et).¢r Eqg. 6). For thei-th
constitutive model. Unfortunately, this method is only valid fonode, in addition to its linear displacememt the rotation infor-
small deformations. Under large external forces, the nonlinemuation of its local displacement gradiggi is directly pertinent to
system could reach multiple local minima of different shapes, atioe warp transformation, and should be passed to the network as
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no discriminative feature nodes from training poses with similar feature (relative L2 error < 5%) with geoc

Figure 4: Only using kinematic feature as the input of the network yields noticeable jittery artifacts. A node, because of its kinematic feature is not
discriminative, could be in uenced by many irrelevant instances in the training data. Large discrepancies among these mismatched nodes induce
high-frequency variations of the NNWarp. Incorporating geodesic feature effectively eliminates this artifact.

the input. To this end, we choose to use the skew symmetric pari§criminative feature I: geodesic The geodesic of a nodie

Gj and represent it as a 3-vector asf]f However, only feeding g; is the normalized length of the shortest path from nbtteits

these two pieces of information to the network is not enough, andarest anchor node within the deformable body. For a training

the resulting deformation appears jittery and non-smooth as shomodel, we rst uniformly scale it to t a unit bounding sphere.

in Fig. 4. In this example, we use the Neo-Hookean elasticitf;hen, we compute the shortest path using the Dijkstra's algorithm

whose strain energy is: for all the un-anchored nodes. Lastly, calculated path lengths are

scaled by the maximum geodesic so that all thealues are

within the normalized interval of0;1]. It should be noted that

if one uniformly scales a mesh by a factor 8fthe stiffnessk

) ) ] ) is scaled byS only, but the mass matrid is scaled byS®. Due

l1 andlz are the invariants of the deformation gradient, Se Negh this reason, the nal deformation and vibrational frequency of

bazlsed 20“:5 S|nguI2ar2va2Iue$1, sz andsg such thatls = S{+  he trajectory after scaling are altered. However, NNWarp treats

sy+ssandlz= sis3s;. deformation at each time step a quasi-static pose, and its output
This artifact was also noticed and discussed in previous daghly depends on kinematic and contextual features. Therefore,

driven simulation literature/[], which is because pure node-wisescaling scheme is a viable training pre-processing as in other NN

kinematic features do not contain suf cient contextual informayased systems.

tion, and thus are not discriminative to reach a conclusive per-node Qur heuristic of choosing the geodesic feature is based on the

linear-nonlinear map. To further illustrate this artifact, we pICk Bbservation that if a node is closer to an anchor node’ it trends

jittery node (marked as a red sphere in the gure) and inversely have less deformation than nodes that are away from it. By

query for nodes in our training set that have similar feate5%  inducing the geodesic feature, a node far from anchor nodes does

relative L2 error w.r.t. the feature vector from the picked node). Wgst miss-pair to a node close to anchor nodes only because the

can see from the gure that there are a number of training posgsundertakes a smaller external force. Consequently, the jittery

having multiple nodes (on the red-shaded areas) with very similatifact is effectively removed as shown in the rightmost snapshot
feature vectors as the input. In other words, the nal displacemqntpig_ 4.

of the picked node becomes a certain mixture of displacements
of many distant and irrelevant nodes. Such ambiguity of pure
kinematic feature is the primary reason behind this artifact.

One of our contribution is to design a compact contextual
feature to resolve this mismath. While one could follow the
method used in46] to use the integral features of local dynamic
parameters around a node, we found that our simple strategy yields
satisfying result. We speculate that this is because DOFs in solid  geodesic only training nodes with similar feature geodesic + pote
Slm!'llatlon are more tightly coupled than in U|d_3|mulat|o«m6[. Figure 5: Volume expansion artifact remains even with the geodesic
An important advantage of such compactness is that the netwQi%re added. This is because the nodes with similar geodesic value
training is also quite fast. Compared with state-of-the-art prevay have different internal tractions. We use the potential feature to sort
computed deformable models i.e15], we can nish training the training data to avoid this issue.
in a few minutes, and the obtained network can be applied to >

/7

Yaes Tl logls) J+ glog’le: @

a wide range of models. Concretely, we will design geodesiDjscriminative feature Il: potential /
potential and digression features to provide necessary contextualuding the geodesic feature how- Q\
information to avoid ambiguity during the network training. As tever, does not avoid the artifact f&\\/ | /p

be explained shortly, geodesic feature describes “how far” a mesflume increase and shrinkage. A J
vertex is from the boundary condition so vertices are not mishown in Fig.5, bending the beam
matched because they undertake larger external force. Similadigo increases its volume noticeably, especially at curved areas.
potential characterizes the distance between vertex and foheerder to dig out the missing contextual information behind this
direction to differentiate the training pairs when the geometrissue, we use the similar approach by picking a node within the
symmetry exists. Digression further enhances the local contextpabblematic area and query the instances from our training set that
information so that the network training could be applied tbave a similar feature of the selected one. We can see from the
models of different shapes. gure that, thanks to the incorporated geodesic feature, now this
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Figure 6: We test the generality of the designed features on a variety of shapes. The training data are generated using the standard rectangular
beam (highlighted by a red box). The resulting DNN successfully handles many beam-like models but with distinctively different shapes. The
distributions of three features are also plotted.

selected node only pairs with a training pose under a very simil
deformation. However, it still matches multiple nodes on this pos
This is because the beam is a symmetric shape, and a loof
nodes on its surface have similar geodesic values — among whi
some are stretched and some are compressed. Without being
to distinguish these contexts, the volume of the warped model
likely to shrink or expand unnaturally. geodesic + potential

, ) .
We notice that whether nodes are being stretched or comr I
pressed typically depends on their relative positions in the applie l | \) :
/ /
/ |
e .e "

force eld. Therefore, we introduce another scaler feature name

potentialp to resolve this ambiguity. If a directional force eld is

applied, for each node on the mesh, we project its rest shape Pogirequiar beam
tion onto the force direction and re-map the resulting projections

to the interval of[0; 1]. On the other hand, if a circular force eld Figure 7: In order to make NNWarp re-usable for various deformable
is applied, the potential of a node is the distance between its reagies, we use the digression as our third discriminative feature. With
shape posion and the circuiar axis, as shown in the inset. quifs EBLIS FEec he e, neuor s bie o hande a0 egulr
This value is also scaled ff®;1]. As we can see from Fig, peam model.

the deformation of the beam model is almost identical to the one

obtained using the full simulation after we inject the potential

feature into the network.

NNWarp  ground truth geodesic + potential + digressi

1077-2626 (c) 2018 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See http://www.ieee.org/publications_standards/public:



This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication. Citation inform
Transactions on Visualization and Computer Graphics

7

Discriminative feature Ill: digression So far, we generate a additional conditions or constraints, we found that our simple
set of registered linear and nonlinear poses of the beam modtategy suf ces in most cases. An exception is reported in%ig.
Node-wise linear to nonlinear deviation is learnt by a neurahd we nd that NNWarp using a convex training model often
network, which is then used to warp a linear displacement of tfiels when the deformable body gets more concave. Next, we will
same model to obtain its nonlinear shape. While the results ateow how to walk around this limitation without re-training the
visually plausible, real-world applications will require deformabl@etwork for a different target shape.
animations of various 3D models. NNWarp becomes cumbersome
and less practical if one needs to re-train a network for each
different deformable body.

Unfortunately, if we alter the rest shape geometry of the beam
model as shown in Fig7, unrealistic jittery deformations are Q
observed again even after incorporating geodesic and potential
features. By querying the training set, we see that because the
updated shape is irregular and asymmetric, the most similar train- )
ing poses become the ones under oblique force elds regardi&dire 9: When the shape becomes more concave, the network trained

. . . . : . . Using a rectangular beam produces artifacts.

an upright gravity force eld is applied in the simulation. To
further correct this mismatch, we use the digression fealuie
describe the nodal position w.r.t. the direction of the external force.

Speci cally, the digression for nodieis de ned as: 4 INCORPORATE COMPLEX SHAPES
X Xa fext The exhaustiveness of 3D geo-
di = arccos o (9) metric diversity is endless. Ob- -»> ->
Yo Xl Jlext) viously, training set generated

wherex, is the rest shape position of the anchor node that \§th a single rectangular beam
closest to node. Indeed, digression sorts nodes based on theiannot cover all the different e
local orientational deviations from the external force directioReature combinations. We nd,” A
The digression feature ranges from Qotolf a circular force eld that the network trained usiné

is applied, the digression is simply set a%. As shown in Fig7, the beam model is able to deal y;
with geodesic, potential and digression included, the training dat&h many convex 3D shapes\\\ g
generated using a rectangular beam model can also be used to Wasp see Fig.6). However, it e -

:jheefcm:g;g, beam, and NNWarp produces high-quality nonllneg:(:,ag?gsbvgzen the target deF'igure 10: Building domain graph
y becomes morgr the domain decomposed model
concave (Fig.9). A straight- is an easy and effective way to iden-
forward idea is to train a neVyfy shapes with similar concavity.
network using a model with similar concavity of the target
deformable body, bubow to describe the similarity of concavity
among 3D shapes?
We borrow the idea from the graph theorf], and subdivide

a concave model into several convex components or domains.
Afterwards, we create @omain graphGby using a graph vertex to
represent each of the subdivided domains. An edge connects two
vertices if and only if the corresponding two domains are face-
connected on the original mesh. We nd that if the domain graph
Gis isomorphic to the domain graph of the training moGgiin
or G' Guain » NNWarp typically yields satisfying results. An
example can be found in Fig0. The T-shape beam is decomposed
Figur_e 8: l\_lNWarp wo'rks well under circular force eld too. In this case, into three domains, each of which is convex and rectangular. Its
the digression feature is set as -1 for all the nodes on the mesh. . . . - .

domain graph is isomorphic to many similar concave shapes like

the Y-shape beam, the arrow-shape beam, the crossing beam etc.
Discussion Our features allow the resulting network well handlef we use the T-shape beam as the training model, the resulting
models with various shapes and different tessellations. Mameural network is able to handle all of these variations as veri ed
results can be found in Figsand8. From these examples, readersn Fig. 11.
may probably notice that geodesic, potential and digression fea- Even utilizing the concept of graph isomorphism, one may still
tures actually provide a volumetnmarametrizatiorof deformable have to re-train the network (and re-generate training poses) for an
bodies so that models of different geometries and tessellatiarbitrary geometrically complex model, which is tedious and time
are somehow registered in a meaningful way, and node-wisensuming. A more general and powerful solution maximizing
neural network can then be applied. In fact, there are mathe re-usability of the network training is to use the substructuring
elegant algorithms in graphics and computational geometry thaethod [L4]. This method wisely leverages the hierarchical propa-
generate the volumetric map between different shapés{[/5]. gation of the deformation over a complicated structure and isolates
However in the context of NNWarp, this volumetric map dependbe deformable simulation at each individual domain sequentially.
on the con guration of external force and boundary conditiondVhile it loses some physics accuracy (mostly, the frequency of
While existing methods may also be modi ed to incorporate theske trajectory due to the mass lumping, which can also be xed as

NNWarp ground truth
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Figure 11: While a simple rectangular beam is not able to handle highly concave shapes, by referring to the domain graph we can train a network
using a T-shape beam and the resulting network can be used to warp a wide range of concave beams whose domain graphs are isomorphic to the
T-shape beam.

in[77]), the resulting deformation is natural and realistic. After thbe discussed shortly, we further compress this pair of vectors
domain decomposition is complete so that each domain is a conueto three scalars utilizing the rotation invariance property of the
3D shape, we can use one representative convex model to tiatropic hyperelastic material. Doing so signi cantly relieves the
the network. With the help of the proposed three discriminatieffort of generating the training set. Besides, three discriminative
features, the resulting network is able to correct local dynamifsatures of geodesic, potential and digression are also included.
of all the domains. It should also be noticed that having a lodffe nd that the Young's moduluk behaves more like a lin-
in the domain hierarchy could be problematic. Using the penalkgar ampli er. Increasing Young's modulus yields a deformation
method (adding an implicit spring force to close the loop) is similar to the one obtained by reducing the magnitude of the
commonly used methodL{]. Doing so however, requires moreexternal force. Therefore, this material parameter is not explicitly
training efforts for poses for to the penalty forces. fed to the network. However, Poisson's rati@ontrols the volume

In our NNWarp version of substructuring, the dynamics of thehange, and its impact on the nal deformation is much more
domainDj is updated and corrected by NNWarp. After that, waonlinear. This is also re ected in the strain energy formulation
calculate the best- tting linear transformatia;c for the small of Egs. (), (3) and ). As a result, the Poisson's ratio is also
patch of the mesh interfacing; and one of its children domain an input feature. Other simulation con gurations like the external
sayDy asAjk = ( Pj;kPJ?;k) 1PJ?;ij;k, wherePj andQj store force, tessellation, boundary conditions are not the input since
the rest shape and deformed positions of all the nodes on the believe this information is well encoded during the linear
interface patch. We extract the relative rotation betwBgnand solve. The nal input feature is a seven-dimension vector, and
Dy using the polar decomposition @s;x = R;xS;jx. Based on the network outputs a 3D vector diy; corresponding to a node-
this, the angular velocityvjx and the angular acceleratiom;c wise displacement x so thag + du; is a well approximated
can be calculated. Each domain is pinned to a local non-inerti@nlinear nodal displacement for a target material model. We use
reference frame. Therefore, in addition to the regular exterrmbifferent network for a different nonlinear material model instead
forces, inertial forces originated from the accelerated linear anfibuilding a comprehensive one.
angular motion of the interface should also be computed as fhfaining data alignment The
system forceand theinterface force We refer the reader to the complexity of a neural network
related reference from Baxbiand Zhao [4] for the detailed highly depends on its inpu®]. For
formulation. instancew; can be extracted from

An example is given in Figl, where NNWarp is still based on the displacement gradient tensor
a rectangular beam model. However, because we decomposeGheNevertheless, if we simply put
maple tree into domains of branches and leaves, the neural netwatkhe nine elements d&; into the Figure 12: Rotation invariance
well handles nonlinear dynamics for each domain regardless hastwork, much higher training analows us to further compress

o : . . ) ! e input kinematic feature.

complex the original mesh is. Unlike other tree simulation resultgsting errors are observed, which
in the literature 4], [65], [77], [7€], the example given in the could only be improved by spanning the network depth and
gure is simulated in thefullspacewithout any reduction of the generating more training data. In order to make the network as
simulation DOFs. Therefore, local high-frequency details are welbmpact as possible, we further align vectarandw based on
preserved. The simulation is close to interactive at 5 FPS — thig fact thak nodal deformation measure can always be examined
is roughly 1,000 times faster than running fullspace nonlineaithin a local coordinate frame which is invariant under rotations
simulation using substructuring. This procedure is illustrated in Fig2. Suppose we have two
nodesi andj. They are surrounded by two in nitesimal volumes,
which are small enough to be considered as symmetric in all the
orientations. We rst rotate these two volumes so that the linear
The input of our neural network includes kinematic features afisplacements; ande; are both in the positivg direction. The
the linear displacement of theth nodeg; and its instantaneous follow-up rotation is around thg axis. One can pick an arbitrary
angular velocityw; = N P;P? 1Pi> Ui as in Eq. 6). As to direction (the black vector in the gure) within plarfe1, which

5 NETWORK STRUCTURE AND TRAINING
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is perpendicular to the axis. In our implementation, we seting the training, the neural network was built usi@pogle

this direction as the negative axis. After that,w; andw; are Tensowflow [82] and optimized with Google Cloud
rotated so that they both reside in plaRe i.e. thexy plane in Platform  with 8 virtual CPUs. In practice, we typically stop
our implementation. Because the second rotation is aroung that 10 epoches. The total training time is less than 10 minutes on
axis, & ande; remain aligned. By doing so, pairs @fandw only ~ Google Cloud . It takes similar time if one performs the training
differ at the magnitude or the norm of the linear displacement, to@ ani7 PC with a high-end video card. The minibatch size is
magnitude ofw and the angle between them. In other words, th024 and the learning rate is set a8Ql. Two hyper-parameters
real useful kinematic information hidden behind vecterandw b; andb; control the exponential decay rates of moving averages,
are only three scalars. If one insists on putting the orighmmhdw  which are set as; = 0:9 and by = 0:999, ande = 1le 8.

into the network, the net must learn this double-rotation alignmeWte use thetanh de ned ase®* e *=e*+ e * as the nonlinear
out of the training data rst and then ts the linear-nonlinear mapactivation function. We found thdanh outperforms the widely-
Unfortunately, the neural network is not good at processing suskedReLUn our experiment. We guess this is because the input-
rotation invariant features. For instance, in existing works of usirautput relation of the net is clearly a smooth nonlinear function
deep learning to perform 3D shape analysi§][[80], in order in our case, andReLUmay excel when the input-output relation
to relieve the burden of the analysis of rotation invariant shagentains discontinuity and/or singularity as in many computer
features, itis common to usetation augmentatiothat duplicates vision problems like image recognition. Also, because all the
a training data by rotating it from multiple angles. The nal resultraining data generated using FEM simulation are clear and noise-
is pooled out of all the rotated duplicates. Using data alignmeffitee, and the data coverage is carefully controlled to avoid over-
the size of the training set is reduced by ol€rtimes and the and under-sampling of the input feature space, we do not apply
training time is also signi cantly shortened. dropout during our training.

G ting traini toltis | tant t K that th Generating all the training set
enerating training se is important to make sure that the,\ o« 2pout 154nin with multi-

training set covers the feature space of the simulation, becaﬂ%eading enabled. Together with the

machine learning is known to have a relatively poor performan?r%ining time, the entire NNWarp

for extrapolation. For the direction of the external force eld, w reparation i:s 164nin. Thanks to

evenly scatter samples over a unit semi-hemisphere surface Fcompact features. the network

the rectangular beam model. Speci cally, we uniformly samplles simple, and apply,/ing it over

two variablesa and b from the interval of [0;p=2], which each nodal displacement is also

correspond to the latitudinal and longitudinal spans on the se Lrallelizable. Therefore. NNWarpigure 14: The training effort is
hemisphere. The unit directional vector can be calculated :orders-of-magnitude f:aster thgaid off for an animation of mod-
e=[sinb cosa;cosh;sinb sina]”. The magnitude of the external s i nonlinear simulation. Take ate length.

force determines the magnitude of the linear displacement, wh dinosaur model an example, the standard full simulation runs

could be an innitely large vector in theory. However, as W%nly at 004 FPS and 164min (i.e. the total time used for

have alregdy normahzgd our training modpl |ntp a unit Sph?rﬁetwork training) only generates about 400 frames of animation

an exgesswgly Iargg d|§placement vector is unlike to.occu.r Ni&ke Fig.14). In other words, the NNWarp training easily gains a

real 3|mulat|op apphcaﬂoq. Therefore_, we stop apply!ng blggérrotfor producing an animation of moderate length.

external force ifjujj 2 during the training data generation. Suc

assumption could lead to artifacts if sharp and high-frequenc

external forces occur in the actual simulation. However in marffy OTHER EXPERIMENTAL RESULTS

other cases, pre-known external forces are applied, such as The simulator module was implemented usiM& Visual C++

gravity or the wind forces, and NNWarp can then be well leverag@®13 on anAlienware desktop PC with amntel i7 5960

based on compact training set. CPU (at 3.0 GHz) and 32 GB memory. It also equips with an
The discriminative featureg, p and d are essentially for nVidia GTX 970 GPU. We usedEigen C++ template for

model registration. Therefore, how they are sampled deperifi@st numerical computations. Some of our implementations also

on the training model's geometry and tessellation. In generaluaed the published/ega library  [83. NNWarp utilizes a

moderately ne mesh should suf ce for these features. Howevetandard linear simulation running at background. The external

if the training model is too coarse i.e. with few hundred element®rce applied at each node needs to be rotated back to its rest-

one may observe artifacts after warping. shape orientation as in stiffness warping][ This local rotation

Training speci cations In our implementation, the beam modelS computed by converting;; into a rotation matrix, which only

for the network training consists of;@9 elements, and we induces minor extra computing efforts sineg itself is also

generate 2829 training poses including 1830893 training the network's input. The timing statistics of examples shown in

nodal pairs and 163809 validation nodal pairs. The test data i$h® paper are reported in Table The source code (for both
1=7 of the training data with 064812 nodal pairs. Training Neural network and simulator) and executables can be found in

and testing data are stored as binary les.ipy format with the supplementary le. The training data (for the Neo-Hookean
a total size of 42 GB. Unlike 7], we do not need to load theseMaterial) is also available from an anonymadopbox link
training poses during the simulation. Only the resulting netwofiovided in the supplementary le.
parameters are needed. The network structure is rather simple -defmparison with existing geometry warping methods First
co-rotation and Neo-Hookean materials there are only two hiddgnall, we compare our method with existing geometry warping
layers, and each of which has 16 neurons. For StVK material, thzthods including modal warping (MW).§] and rotation-strain
network has three hidden layers with 16 neurons at each layer.warping (RSW) §7]. We stick with using the rectangular beam
The network is optimized using the Adam solvérl]. Dur- as our training model, and simulate the bending deformation of a
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Figure 13: A side-by-side comparison shows a clear advantage of NNWarp over the existing warping techniques. Its data-driven nature makes the
result almost identical to the ground truth while the simulation is as fast as the linear elasticity. The training still uses the rectangular beam model.

Neo-Hookean toy statue using MW, RSW, NNWarp and fullspac/namically adjusting the Rayleigh damping coef cients as did
FEM simulation. While all the methods demonstrate plausibla [78].

nonlinear bending effects, when putting together, one can see
MW and RSW are actually quite different from the ground trut
result. On the other hand, NNWarp yields a result that is har
distinguishable from the ground truth. Because MW and RS
use a xed linear-nonlinear map template (i.e. Eg$ énd §)),
they show no difference with different hyperelastic material
However, NNWarp is able to produce high-quality results foﬁ
various material models due to its data-driven nature.

e examples & GPU implementation With the help of
ubstructuring method.f], training a single model can be utilized

handle geometrically complex deformable bodies. In addition to

e example shown in FidL, Fig. 16 shows more results using
NNWarp. The Armadillo, dinosaur and dragon models are of
tVK, co-rotation and Neo-Hookean materials respectively. The
etworks used are still based on a single rectangular beam model.

Figure 15: The deformable motion trajectory (at the nose tip of the wolf
head) generated using NNWarp well matches the ground truth under
different time step sizes. The vibration frequency resembles the ground
truth as well. We use the Newmark integrator in this example.

Trajectory comparison Another aspect we would like to inves-

tigate is the motion trajectory, and see how far NNWarp deviates

from the ground truth along the simulation time. To this end, we

apply NNWarp to a wolf totem model and plot the displacement

of the node at the nose tip of the wolf head w.r.t. time. Our

reference is the fullspace FEM simulation using the Newmark

integration and the material model is Neo-Hookean. In both cases,

the totem model is scaled into a unit cube. We compare the

resulting trajectories with time step size set abd sec and

1=150secrespectively. Surprisingly, the trajectory generated usirfggure 16: Substructuring allows us to re-use the training data of a regu-

; ; ; :Jar shape to handle complex deformable bodies. The Armadillo, dinosaur
NNWarp is very close to the ground iruth in both time step Slia;éad dragon models use the StVK, co-rotation and Neo-Hookean mate-

settings..The vibration frequency is almos_t identic"’}l to the groungs respectively. They use the networks trained with the rectangular
truth. This is probably because NNWarp is essentially a fullspaseam.

simulator, where the mass inertial is lossless unlike in reduced

simulations. On the other hand, we do observe an arti cial under- NNWarp is node-wise. Its local correction of each nodal
damping issue as we can see from the plotted trajectories. It seelisplacement is independent and can be parallelized trivially on
that the linear Rayleigh damping dissipates less energg0% GPU. We also implemented a shader version of NNWarp. NNWarp
in this example) than the nonlinear one. As NNWarp is a purelies an underlying linear solver during the simulation run time.
geometric-based correction, and it breaks a deformation trajectétryis known that the asymptotic time complexity of solving a
into frames, adding new features into the current NNWarp netwopke-factorized matrix i€D(N?) while NNWarp correction is just
does not resolve this artifact. Instead, this issue should be xed B{N). In other words, the bene t of the GPU implementation is
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Model # Tetrahedra | # Domains | Factorization | Solve | NNWarp (CPU) | NNWarp (Shader) | FPS(CPU/GPU)
Beam 2,629 1 6:9ms < Ims 1:5ms < Ims 333/666
Dragon 51,850 14 307ms 15ms 15ms < Ims 16/22
Armadillo 52,278 15 403ms 15ms 18ms < 1ms 15/21
Dinosaur 54,796 14 334ms 18ms 15ms < Ims 18/24
Bunny 24;956 4 273ms 10ms 7ms < 1lms 33/43
Maple bonsai 255552 1,771 1;556ms 83ms 109ms < Ims 5/10

Table 1: Time performance of the examples reported in the paper. Factorization is the time needed to pre-factorize the system matrix of the linear
elasticity. We use SimplicialLLT solver shipped with Eigen . During the simulation, we only need to solve the system once. FPS reports both
CPU and GPU performance.

limited in general. It is easy to see that NNWarp also synergizds CONCLUSION

well with model reduction. One can use the linear modal analysj L .
. . . Warp uses a node-wise light-weight neural network to correct a
to construct a-dimensional linear subspace. Because the mode

N : . Jinear displacement to be a nonlinear one. While it is conceptually
reduction is applied to the linear solver, other more expensive

pre-computations like Cubature trainingf] are not needed. The ;lmllar to emstm_g geometry warping _method_ like stifiness warp-
o . ing, modal warping and rotation-strain warping, NNWarp yields

network training for NNWarp is much faster than the Cubature . - . .
training. More importantly, Cubature training is model-dependantfener simulation results in terms of both shape deformations
) ' hd motion trajectories. Observing that simply feeding kinematic

while NNWarp training is more general. With the linear mod %ature into the network leads to serious artifacts, we design

reduction, the cost for the diagonalized linear solver is reduc Lo ) - . . ;
%ree discriminative features: geodesic, potential and digression

to O(r), and one should expect more noticeable accelerations by - . . k .
. . to’ provide suf cient contextual information while these features
using the GPU. We do not report extra results using model reduced

NNWarp since this is a natural extension and not the Iorimaare still quite general so that a network training can be used for

r . . . .
contribution of this work, nevertheless the simulation performan((:j\éeformable bodies of different shapes. Using the substructuring

. : . method, NNWarp can simulate large-scale and complex nonlinear
of the maple bonsai model shown in Figcan easily exceetiOO : . . I :
. . deformable objects ef ciently without repetitively generating new
FPSwith modal reduction.

training poses and training the networks for unseen deformable

When using the GPU-based NNWarp, some extra cares gi§jies. The training data alignment also signi cantly reduces the
needed for the deformation substructuring. This is because @llining effort.

the information regarding the nal nonlinear displacement is in o )

the GPU memory, which prevents us to evaluate the system drfhitations While it shows some unique advantages over the
interface forces for per-domain dynamics at the CPU side. For t&¥Sting methods like its ef ciency, accuracy and re-useable train-
interface force, since it is assumed that the number of nodes on fi$ the current version of NNWarp also has many limitations.
domain's interface is small, we compute a CPU-based NNwafgst of all, as a common drawback of learning-based methods,
for all the interface nodes to obtain their corrected displacemeHté Performance of NNWarp drops rapidly if an extrapolation is
For the system force, we treat an entire domain as a single mgg§ded. Figsl8 and 19 report limitation in detail. In Fig.18,
point and estimate a domain-level rotation to warp it to the loc#ie keep the external force direction along negagvexis and
non-inertial frame. Doing so compromises the physics accuragy,adually increase its magnitude. When the force magnitude is

but avoids expensive data exchange from GPU and CPU. within the training coverage, NNWarp yields good results of low
errors compared with ground truth. When the force magnitude

exceeds the coverage of the training set indicating an extrapolation
occurs (i.e. over 100%), we can see artifacts and errors increase
accordingly. Similar behavior can also be observed when we keep
the force magnitude unchanged, but alter the force eld direction
as shown in Fig.19. In this example, our training force elds
range from 90 to O . In other words, if the training set does not
cover the feature vectors that appear in the simulation, NNWarp
may produce unrealistic deformations. In our current setting, we
) . ) . . only consider isotropic hyperelastic materials. While we believe
Figure 17: We can simulate free- oating deformable bodies by creating NNWarp should be able to handle more complicated nonlinear
an arti cial boundary condition to constrain the element near the mass
center. materials like Mooney Rivlin, Yeoh, Ogden etc, doing so may
require a re-design of contextual features and more training efforts
since we cannot align training pairs within a local frame. Adding
Free- oating deformable bodies Free- oating objects do not a new feature into the network input increases the sampling space
have boundary conditions, and our discriminative features are ifly one dimension, which requires signi cant more training efforts.
de ned under this situation. As an easy walk-round, we pick &he corresponding network may also be more complex and deeper.
tetrahedron that is closest to the mass center of the deformalle use directional and rotational force elds as the external forces
body, constrain all of its four nodes and training the network baséd our current training data generation, both of which are low-
on it. During the simulation, we couple a rigid body simulator witlirequency forces. As a result, NNWarp is less accurate when a
the deformable simulation as i84], where NNWarp is applied high-frequency external force is applied i.e. during the collision
within the reference frame attached to the rigid body simulatand contact. One may observe popping artifact when the bunny
(Fig. 17). hits the oorin Fig.17. A potential solution may be to use the idea
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(4]

(5]

(6]

(71

(8]
[9]

Figure 18: Extrapolation errors when the force magnitude exceeds the
training coverage.

[10]

(11]

[12]

(23]

[14]

Figure 19: Extrapolation errors when the force direction exceeds the
training coverage.

[15]

[16]
of condensationd5] by splitting the deformable body according
to its contact regions and rolling NNWarp back to a regular
nonlinear solver to accurately simulate detailed denting effects, [gf)
to exhaustively sample the high-frequency external forces during
the network training. (18]
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