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ABSTRACT

This paper finds optimal portfolios for the reference-dependent preferences by K&szegi and Ra-
bin, with piecewise linear gain-loss utility, in a one-period model with a safe and a risky asset. If
the return of the risky asset is highly dispersed relative to its potential gains, two personal equilib-
ria arise, one of them including risky investments, the other one only safe holdings. In the same
circumstances, the risky personal equilibrium entails market participation that decreases with loss
aversion and gain-loss sensitivity, whereas the preferred personal equilibrium is sensitive to market
and preference parameters. Relevant market parameters are not the expected return and standard
deviation, but rather the ratio of expected gains to losses and the Gini index of the return.
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2 P. Guasont AND A. MEIRELES-RODRIGUES

1 Introduction

Standard portfolio theory imagines investors as utility maximizers, unencumbered by personal past ref-
erences, who are sensitive to consumption and wealth outcomes alone. An important implication is that
every such investor should participate, however little, in investments carrying a positive risk premium:
using the words of Huang and Litzenberger (1988), “An individual who is risk averse and who strictly
prefers more to less will undertake risky investments if and only if the rate of return on at least one risky
asset exceeds the risk-free interest rate.”

In reality, less than half of households participates in the stock market (Guiso, Haliassos, and Jap-
pelli, 2002; Vissing-Jorgensen, 2003), and the prospect theory of Kahneman and Tversky (1979) recog-
nizes reference dependence as a major determinant of preferences, though it remains silent on the origin
of such references. Filling this void, Shalev (2000) argues that “Reference points emerge as expressions
of anticipation which are fulfilled”, and K&szegi and Rabin (2006) stipulate that reference points are
“rational expectations held in the recent past about outcomes”.

This paper solves the one-period portfolio choice problem for an investor with the reference-de-
pendent preferences of K&szegi and Rabin (2006), and finds that its solution supports two competing
personal equilibria—expectations about one’s choice that make such choice optimal. One personal equi-
librium involves a mix of risky and safe investments, and is a variant of the familiar utility-maximizing
portfolio of Markowitz (1952). The additional equilibrium involves only safe investments, and offers
an explanation for non-participation in the market based on reference-dependent preferences: for an in-
vestor expecting to take risk, it is optimal to do so to the extent specified by the risky equilibrium. Yet,
for an investor with the same preferences but with the expectation to hold safe assets, it is optimal to
forgo risky assets completely.

The reference-dependent preferences of K&szegi and Rabin (2006) prescribe that the overall value of
a payoft results from its standard expected utility plus a further component that measures the satisfaction
or disappointment of the payoff in comparison to another reference payoff. The comparison is performed
by averaging a gain-loss function over all possible payoff-reference pairs, each of them weighted by its
respective probability. This gain-loss function is “kinked” at the origin, with a steeper slope for losses
than for gains to reflect loss aversion—*"“losses loom larger than gains” (Kahneman and Tversky, 1979).

While K&szegi and Rabin (2006, 2007, 2008, 2009) develop reference-dependent preferences at
increasing levels of generality, their implications for portfolio choice have hitherto remained unexplored,
and this paper starts to fill this gap. The central difference from previous models of reference dependence
(cf. Bernard and Ghossoub, 2010; He and Zhou, 2011) is that the reference point is endogenous, and
therefore needs to be identified as part of the optimization.

Two main issues arise: First, as optimal choices depend on the reference as well as the utility,
multiple optimal portfolios may exist, even with a strictly concave utility function. Second, a reference
must be a personal equilibrium, in that it needs to be the optimal payoft for those who adopt it as a
reference, e.g., investors cannot increase their utilities by adopting unrealistically low references as to
surprise themselves with brilliant results. In mathematical terms, a fixed-point problem appears.

We characterize all the personal equilibria in a one-period model of portfolio choice: First, we solve
the optimization problem for an arbitrary reference. Then, we identify those references that reproduce
themselves as optimal payoffs. Among them, we further determine the preferred personal equilibrium—
the ideal reference that an investor unencumbered by a past reference would choose.

We find that the statistical attributes of asset returns that separate the participation and non-partici-
pation regimes are not the first two moments typical of mean-variance analysis, but rather the gain-loss
ratio and the Gini index. The ratio of expected gains to expected losses varies from zero for a sure
loss to infinity for a sure gain, and already appears in the work of Bernardo and Ledoit (2000), who
investigate the asset pricing restrictions for the gain-loss ratio, in analogy to the analysis of Hansen and
Jagannathan (1991) on Sharpe ratios. Reference-dependent preferences make this ratio prominent as a
result of loss-aversion, and offer theoretical support for its use in asset pricing.

The role of the Gini index as relevant measure of dispersion stems from the definition of reference-
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dependent utility, which contributes to preferences through the expected gain-loss of payoft-reference
outcomes. As payoff and reference are sampled independently in this definition, and our gain-loss
function is piecewise linear, it follows that the expected gain-loss of a personal equilibrium is a function
of the the mean-absolute difference! of such payoff, and the Gini index coincides with the mean-absolute
difference divided by twice the mean.

The Gini index also affects the incidence of market participation and non-participation. As the main
result (Theorem 3.4 below) shows, and in contrast to the initial quote from Huang and Litzenberger
(1988), a risky asset with high gain-loss ratio (hence expected return) is not sufficient to guarantee par-
ticipation, which in turn requires that the return’s Gini index is sufficiently low. Even then, participation
and non-participation may coexist as two competing personal equilibria, each of which is optimally
chosen by those who already take it as a reference. Of these two personal equilibria, which one is
preferred depends on parameter values, as we demonstrate by studying a model in detail.

The paper proceeds as follows: Section 2 describes the model and formulates the reference-depen-
dent optimization problem; Section 3 states the main results and discusses their significance; Section 4
focuses on a model with exponential utility and Gaussian returns, calculating in detail optimal portfolios
and their performance; Section 5 discusses further implications and concludes. All proofs are in the
appendix.

2 Model

Consider a one-period model in which an investor trades at time O and evaluates the payoff at time 7',
when its return is revealed. The market includes a safe asset with constant interest rate » > —1, so that
the gross return 1+ 7 is non-negative, and a risky asset with excess return described by a random variable
X defined on a probability space (2, #, P).

At time 0, no information is available (i.e., the o-algebra %y = {@, Q} is trivial), while at time T all
information is revealed (i.e., Zr = &). Thus, a self-financing portfolio is described by the initial capital
wo and the exposure ¢ € R to the risky asset at time 0. Its terminal value is

VP = o + ¢X,
where wg := wy (1 + r) denotes the compounded initial wealth.

The next assumption ensures that the utility function is smooth and the usual utility maximization
problem is well-posed.

ASSUMPTION 2.1.

(1) The risky asset return X is integrable (i.e., E[|X|] < +o0), arbitmge-free2 (i.e., P{IX > 0} > 0 and
P{X < 0} > 0), and has a bounded density f(-) with respect to the Lebesgue measure on R.>

(i1) The utility function u : R — R is strictly increasing, concave, and continuously differentiable.
Moreover, there exists € > 0 such that

E[u/( + BX)] < +e0 and E[u(a +BX)"*¢|X?**| < +o0 forall a,p € R. 2.1

The above market structure is deliberately simple, as the paper’s main focus is on preferences, which
follow the reference-dependent framework of K&szegi and Rabin (2006). The total welfare of a payoff Z
results from the usual expected utility E[u(Z)], plus a further contribution that reflects the disappointment
or satisfaction from Z in relation to some stochastic reference payoff B. Such contribution is computed

' The mean-absolute difference of a random variable X is defined as E[|X — Y], where Y is independent of X and identically

distributed.

The case X = 0 almost surely (a.s.) is trivial and hence excluded here.

The boundedness of f(-) can be replaced with the weaker, but more cumbersome condition fr« f (x)“é dx < +oo, with the
same € > 0 as in (2.1).
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as follows: upon receiving the payoff Z, the agent evaluates the utility surprise u(Z) — u(B) according to
some gain-loss function v(-) that is kinked at the origin to reflect the higher disappointment from a given
utility loss than the satisfaction from a utility gain of equal size. The resulting gain-loss v(u(Z) — u(B))
is then aggregated across all possible values of Z and B, each pair weighted according to its respective
probability.

The above informal description crystallizes into the following definition.

DEriNITION 2.2 (REFERENCE-DEPENDENT UTILITY (K&sZEGT AND RABIN, 2006)). The gain-loss functionv : R —
R is of the form*

V(%) = v (X) 1[0 400) (1) = vo(x7) I (Coo0)(x), forall x € R,
where v, : [0, +00) — R satisfy the following assumptions:

(Al) v.(-) are continuous on [0, +00), strictly increasing on [0, +c0), twice-differentiable on (0, +co0),
and v, (0) = 0;

(A2) (RISK AVERSION ON GAINS AND RISK PROPENSITY ON LOSSES) V7 (x) < 0 for all x > 0;
(A3) (Loss AVERSION) v4(y) — v4(x) < v_(y) — v_(x) for all x,y € (0, +c0) with x < y, and

O
T V(0)

€(0,1), 2.2)

where v/, (0) denote the right (+) and left (-) derivatives of v(-) at O.

The reference-dependent utility of a payoft Z with respect to the reference B is defined as

U(Z|B) =E[u(Z)]+E

fR v(u(Z) — u(b)) dPp(b)

= f];{ L [u(z) + v(u(z) — u(D))] dPp(b) dPz(z) (2.3)

where Pz and Pj are the probability laws of Z and B, respectively.’

Though K&szegi and Rabin (2006) define reference-dependent utility for general S-shaped gain-
loss functions v(-), which make agents potentially risk-seeking in losses, this paper focuses on a more
parsimonious setting, in which v(-) is piecewise linear for gains and losses, with a concave kink at zero
that preserves loss aversion.

AssumpTION 2.3. For some n € (0, 1),

T _, forall x €0, +c).
-7

A
vi(x) = I 1

x and v_(x) :=1

4 Here, x* := max{+x, 0} for all x € R. In addition, I, : X — {0, 1} denotes the indicator function of the set A C X, defined
as
1, ifxeA,
Ta(0) = { 0, otherwise.
Note that the product measure Pg X P in (2.3) reflects the evaluation of the gain-loss function, in which each outcome of Z
is compared to all possible values of the reference B. Thus, the above expressions could be written in the appealing form

U(Z| B) = E[w(D)] + Elv(u(Z) — w(B))],

where Z and B are independent random variables. This expression is more compact, but it is also partly misleading, as it
suggests that the random variables are compared outcome-by-outcome. While this is technically true in the product space
QxQ, 7 Z,P®P),itis conspicuously false in the original probability space. In fact, all that is necessary to define (2.3)
is the distribution of B, which may not even be supported by the probability space 2.
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The advantage of this parametrization is to reduce reference-dependence to the two parameters i, A €
(0, 1). The parameter A is a measure of loss tolerance (cf. Abdellaoui, Bleichrodt, and Paraschiv, 2007),
defined as the ratio between sensitivity to gains and sensitivity to losses, as in Benartzi and Thaler
(1995); Kobberling and Wakker (2005): A | O represents extreme sensitivity to losses, which makes
gains irrelevant, while A = 1 recovers the usual case of a smooth utility, with equal sensitivity for gains
and losses. The parameter 7 controls the relative weights of classical versus reference-dependent utility
in the overall objective, with n = 0 recovering the classical setting, and T 1 the pure reference-
dependent limit. (Elsewhere in the literature, e.g., Tversky and Kahneman (1992), the symbol A denotes
loss aversion, defined as the ratio between small losses and equal-sized gains, which corresponds to 1/4
in our notation. This paper prefers to focus on loss tolerance, which is between zero and one, and hence
allows to display parameter regimes in the foregoing figures without axis distortions.)

Reference-dependent preferences lead to the two central concepts of personal equilibrium and pre-
ferred personal equilibrium. Informally, a personal equilibrium is a payoff that is optimal when used as
reference: if the agent takes such a strategy as a reference, then the strategy is indeed chosen. In this
sense, personal equilibria are the only rational references, which are actually selected once adopted.

As personal equilibria can be numerous and each of them may have a different utility, the question
arises of which personal equilibrium is optimal, leading to the concept of preferred personal equilib-
rium, a personal equilibrium that is not surpassed by any other. A rational forward-looking agent,
unencumbered by a legacy reference, necessarily chooses a preferred personal equilibrium.

DErFINITION 2.4 (PERSONAL EQUILIBRIA).

(i) A portfolio ¢ is a personal equilibrium with initial wealth wy if

sup U( V| V2) = U( vyl v?), 2.4)
@eR

and PE(wg) C R denotes the set of personal equilibria.

(ii) A portfolio ¢ € PE(wy) is a preferred personal equilibrium if

vi(wp) = sup U(Vﬂ V?) - U(Vﬂ Vﬁ)’
@ePHEwy)

and PPE(wg) C R denotes the set of preferred personal equilibria.

3 Main Results

3.1 Linear utility

The first result of the paper identifies personal equilibria in the special case of a linear utility function
u(-). In the context of reference-dependence, a linear utility does not imply risk neutrality, in view of
loss aversion in the reference-dependent component.

The theorem below finds that three regimes arise: (i) there are no personal equilibria; (ii) the safe
portfolio is the unique personal equilibrium; and (7ii) any risky position with positive expected return
(including zero) is a personal equilibrium. These conclusions are illustrated in Figure 1, which displays
the parameter combinations in which each regime arises.

THEOREM 3.1. Let u(-) be linear, u := E[X] # 0, and let Assumptions 2.1 and 2.3 hold. Also, set y. =
E[X*], and denote the Gini index of the distribution of X by

G = ij‘P{XS x}P{X > x} dx.
|l Jr
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(1) (PERSONAL EQUILIBRIA)

(@) If |
H+
l-n1-H)<—< ——r— 3.1
O TR 3.1)
and Go1

both hold, then PE(wg) = {0}, where O is the portfolio with all wealth in the safe asset.
(b) If (3.1) holds but (3.2) fails, then PE(wg) = {¢ € R : ¢u > O}.
(c) If (3.1) fails, then PE(wg) = @.

(i1) (PREFERRED PERSONAL EQUILIBRIA)

If (3.1) holds, then PPE(wg) = {0}. Otherwise, PPE(wg) = @.
Proof. See Appendix A.2. |

RemMark 3.2. Condition (3.1) is equivalent to the condition

1+v,(0) M 1+v.(0) (3.3)

1+v.(0) ~ pu- = 1+v,(0)
identified in K&szegi and Rabin (2007, Proposition 11(i)) as necessary for a zero lottery to be a personal
equilibrium, and sufficient for it to be preferred to sufficiently small favorable bets (with a safe reference).
By contrast, Theorem 3.1 implies, under the same condition, that the safe investment combined with the
safe reference is strictly better than all risky portfolios combined with the safe reference, hence (3.3) is
also sufficient for the existence of the safe personal equilibrium. Note also that the potentially unbounded
random variables considered here raise the integrability issues addressed in Lemma A.3 below.

Il I d
max {is, -}

wl
max {f, p-}

N
Q‘
FR N
—-

@G<l (b)G > 1.

Figure 1: The set of personal equilibria of an investor with linear utility (in a market where u # 0) is defined by
the relation between the investor’s loss tolerance A on the x-axis and reference-dependence n on the y-axis. The
three regions represent the sets of personal equilibria for all combinations of the parameters A and n: PE(wg) = @
on!__l, PE(wy) = {0} on ", and PE(wy) = {peR: ¢u>0}on =
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Even a cursory look at this result immediately highlights some stark differences from usual portfolio
theory. First, an asset’s appeal is measured not by its expected return, but rather by its gain-loss ratio
Uy /u—. Bernardo and Ledoit (2000) postulated such ratio as the central element of their asset pricing
model: here it arises from the combination of loss-aversion with reference-dependent utility. Second,
the risk of an asset is not described by variance, but rather by the Gini index G, a measure of disper-
sion introduced by Gini (1912) and commonly used in the inequality literature, but apparently novel in
portfolio choice. Note, however, that while the Gini index of a distribution with positive support varies
between 0 (no dispersion) and 1 (extreme dispersion), the Gini index of a random variable taking pos-
itive as well as negative values, such as the excess return considered here, can take values above one
(Lemma A.7 below offers bounds for the Gini index in terms of the Sharpe ratio).

The main message of Theorem 3.1 is that, if expected gains are not significantly different from
expected losses, as captured by the gain-loss ratio . /u—, then the only risk-neutral preferred personal
equilibrium is the fully safe portfolio. That the safe portfolio is a personal equilibrium is not surprising
in view of loss aversion, which creates a tension between positive expected returns, emphasized by
classical utility, and expected losses, emphasized by the reference-dependent component. The deeper
question is whether other personal equilibria exist.

Condition (3.2) characterizes the uniqueness of the safe personal equilibrium, which holds unless
the Gini coefficient of the risky asset has the critical value for which (3.2) fails (i.e., equality holds).
Such a result appears puzzling at first, as the safe asset is the unique personal equilibrium for values of
1-n (1 — 2) both below and above, but not equal to (|G| — 1) / (|G| + 1). Behind such apparent singularity
lie two sharply different reasons for a unique equilibrium below and above 1 — (1 — 1). Below such
threshold, loss aversion is strong enough to make an investor wish for a safer portfolio, no matter what
the reference payoff: the safe personal equilibrium is “stable”.

Above the threshold, the opposite occurs: loss aversion is so weak that any risky reference payoft
encourages even more risk (and return), whence equilibrium fails unless the reference portfolio is safe,
which represents an “unstable” equilibrium. At the threshold, loss aversion encourages neither more
nor less risk taking, making any strategy with positive expected return a personal equilibrium. This
interpretation is further supported by Theorem 3.4 below in the context of risk aversion, which leads to
multiple equilibria. Note also that®

G-1  E[XAY]
G+1 EXVYl

3.4)

where the random variable Y is independent of, and identically distributed to the excess return. Thus,
the right-hand side of (3.4) can be interpreted as the opposite of a min-max ratio, a scale-invariant
attribute that describes how far the average minimum of two independent outcomes is from the average
maximum.’

In summary, reference dependence induces a delicate tradeoff between loss aversion and gain-loss
ratios even for linear utilities, generating two main regimes: either the safe asset is the only preferred per-
sonal equilibrium, or no equilibrium exists. The preferred safe equilibrium region contains a borderline
case with infinitely many equilibria.

RemMark 3.3 (LonG Positions ConsTRAINT). The non-existence of personal equilibria in Theorem 3.1
stems from the absence of constraints on risky positions, which lead a risk-neutral utility maximizer
to take arbitrarily large risks when they are sufficiently attractive. (Put differently, neither the set of
trading strategies nor the superlevel sets of the objective are compact—unlike Theorem 3.4 below.®)
Alternative assumptions of interest include the possibility that neither leverage nor short sales are al-
lowed, whence the strategy must lie in the interval [0, wg], and a personal equilibrium always exists. An
inspection of the proof in the appendix reveals that, under such constraint, the statement of Theorem 3.1

6
7

Here, x V y := max{x, y} and x A y := min{x, y}, for all x,y € R.

Note also that the min-max ratio is strictly between —1 and 1, and that the Gini index and min-max ratio of a (purely atomic)
Dirac law 6., for some xo € R \ {0}, are equal to 0 and 1, respectively.

In this respect, our setting differs from the standard environment of K&szegi and Rabin (2006), in which the action set is
compact.
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changes as follows:
(i’) (PERSONAL EQUILIBRIA)

(a’) If, in addition to (3.1),

G-1
1-n(1-2 3.5
n( )>G+1’ (3.5)
then PE(wg) = {0, wo}.
(b’) If, in addition to (3.1),
G-1
1-n(1-2 ,
n( )<G+1

then PE(wp) = {0}.
(c’) If (3.1) holds but (3.2) fails, then PE(wg) = [0, wol.
(d’) 1f (3.1) fails, then PE(wp) = {wo).

(ii’) (PREFERRED PERSONAL EQUILIBRIA)

If (3.1) holds, then PPE(wg) = {0}. Otherwise, PPE(wg) = {wg}.

3.2 Concave utility

With concave utilities, risk aversion arises from both the utility function and the loss aversion in the
reference-dependent component. The next result characterizes the optimal solution in this setting, in
which a personal equilibrium always exists. In fact, two personal equilibria typically compete for op-
timality: one is the safe asset, as for linear utility. The other one involves a mix of safe and risky
investments, and converges to the usual maximizer of expected utility as reference-dependence van-
ishes.

THEOREM 3.4. Let u’(+) be strictly decreasing with u’(—oo) = +oo, u # 0, and let Assumptions 2.1 and 2.3
hold.

(1) (PERSONAL EQUILIBRIA)

(@) If 1
H+
l-n1-)<—< — 3.1
! TR S TC )
and Go1
1-n(1-2 — 3.5
n(l-a> ] (3.5)
both hold, then PE(wg) = {0, 6"} for some 6* = 6*(n, 1) such that 0" u > 0.
(b) If (3.1) holds but (3.5) fails, then PE(wg) = {0}.
(c) If (3.1) fails, then PE(wy) = {6"}.
(i1) (PREFERRED PERSONAL EQUILIBRIA)
If (3.1) holds and G > 1, then PPE(wq) = {0}. If (3.1) fails, then PPE(wg) = {6"}.
Proof. See Appendix A.2. m|

RemMark 3.5. Theorem 3.4 identifies the set of personal equilibria in all cases, and the preferred personal
equilibrium in all cases other than G < 1 combined with (3.1). In such a case, determining which
personal equilibrium is preferred requires the comparison of the values of the respective utilities, on
a model-by-model basis. We did not find model-free conditions that identify the preferred personal
equilibrium in this case.
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Figure 2: Regions of different sets of personal equilibria in the parameter space (A,n) for an investor with strictly
concave utility and unbounded marginal (in a market where i # 0): PE(wg) = {6*} on|__, PE(wg) = {0,6*} on
B .nd PE(wy) = {0} on |, The dashed curve and the dotted curve represent the existence boundary of the
safe personal equilibrium and of the risky personal equilibrium, respectively.

Figure 2 displays the regimes arising for different combinations of  and 1. Weak loss aversion (14
near one) or reference-dependence (17 near zero) generate a single personal equilibrium that includes
both safe and risky investments, as in the usual expected-utility setting. In this regime, the asymmetry
between gains and losses is not sufficient to alter the qualitative structure of the solution.

As reference dependence and loss aversion increase, the safe equilibrium emerges, coexisting with
the classical one (darker region in Figure 2). In such a regime, either equilibrium can be preferred,
depending on their respective values, which in turn depend on the specific utility function. If the return
of the risky asset is relatively concentrated (G < 1), no other regime is possible. However, if dispersion
is high (G > 1), then a third regime arises, in which the safe investment survives as the only, hence
preferred, personal equilibrium.

ReMaRK 3.6 (LonG Positions ConsTRAINT). If leverage and short sales are excluded, the conclusions of
Theorem 3.4 remain valid if the initial capital is sufficiently large and P{X < —1 — r} > 0. By contrast,
the borrowing constraint is binding whenever the initial capital is small, whence PE(wg) = PPE(wg) =
{0} if (3.1) holds, and PE(wg) = PPE(w() = @ otherwise.

The last theorem of this subsection describes the sensitivity of the only risky equilibrium (when it
exists) in Theorem 3.4 to model parameters, such as gain-loss sensitivity, loss tolerance, initial capital,
and risk aversion.

THeOREM 3.7. Let u’(+) be strictly decreasing with u’(—oo) = +oo, u # 0, and let Assumptions 2.1 and 2.3
as well as condition (3.5) hold. Also, denote by 0 the unique solution of the classical utility maximization
problem, i.e.,

sup E[u(V§)] = E[u(vE)]. (3.6)

and by 0*(n, A) the unique nonzero (i.e., risky) personal equilibrium (which exists by (3.5)).
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(i) (SENSITIVITY TO PREFERENCE PARAMETERS)

(a) (ContiNnurry) The mapping (i, ) — 0*(n, A) is continuous.

(b) (REFERENCE DEPENDENCE INDUCES LESS RISK TAKING) For all n, A satisfying (3.5),

0" (n, D] < 16]. 3.7)

(c) (Monoronicity) The mapping A — 0%(n, A) is strictly increasing for any n € (0,1), and n —
0% (1, A) is strictly decreasing for any A € (0, 1).

(d) (CrassicaL utiLity Livits) For any 17,4 €(0, 1), lim,y_,1 6*(n, 1) = 0 and lim,,_,0 6*(n, 1) = 6.
(e) (PURE REFERENCE-DEPENDENT LIMITS) If G > 1, then for all i, A € (0, 1) for which (3.2) fails,
lim  6*(n,A) =0.

(1,0~ (7.4)

If G =1, then

lim 6*(n,4) =0.
(1.H)—(1,0) - )

If G < 1, then there exists 0 with 6u > 0 and |6| < |0*| such that

lim 6°(n,A) = 6.
(n,)—(1,0)

(i1) (SENSITIVITY TO RISK AVERSION)

Let n,A € (0,1) satisfy (3.5), and let u;(), i € {1,2}, be two utility functions such that ul’,(-) is
strictly decreasing with u(—o0) = +oo. If us(-) is a concave monotone transformation of u;(-), i.e.,
there exists a strictly increasing, concave and differentiable function p(-) such that

up(x) = p(uy(x)) forall x € R, (3.8)

then |0}| > |0;|, where 6} denotes the unique risky personal equilibrium for the reference-depen-
dent problem (2.4) with utility u;(-).
(ii1) (SENSITIVITY TO INITIAL CAPITAL)
Let n, A € (0, 1) satisfy (3.5), and assume further that u(-) is twice-differentiable. Also, denote the
Arrow-Pratt coefficient of absolute risk aversion (Arrow, 1965; Pratt, 1964) of u(-) by
M”(.X)
w(x)’
If ARA,(-) is non-increasing (respectively, constant or non-decreasing), then 06" /0wy is non-
negative (respectively, zero or non-positive).

ARA, (%) = —

forall x e R.

Proof. See Appendix A.2. O

Property (i)(a) states the continuity of the personal equilibrium with respect to the preference para-
meters, meaning that slight changes in preference parameters produce only slight changes in the risky
personal equilibrium. Equation (3.7) shows that the personal equilibrium implies a lower investment
in the risky asset, in view of loss aversion. The interpretation of (i)(c) is that more loss tolerance
leads to a riskier position; likewise, the larger the gain-loss sensitivity, the smaller the risky position.
Property (i)(d) stipulates that, as the gain-loss sensitivity vanishes either through 7 or A, the personal
equilibrium boils down to the unique utility-maximizing portfolio.

Part (i)(e) describes the impact of the return dispersion G on the optimal portfolio. A high dispersion
(G = 1) has a predictable effect: the personal equilibrium degenerates to the safe investment as the
reference-dependent component overwhelms expected utility (i.e., n near 1 and A near 0 when G = 1; if
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G > 1, however, then it is not possible for the pair (5, 1) to even approach (0, 1), since it can only reach
as high as the threshold for existence of the risky personal equilibrium).

A more surprising phenomenon occurs for more concentrated distributions (G < 1): then the unique
personal equilibrium converges to a nontrivial, nonzero limit, even for an agent solely focused on loss
aversion, and insensitive to gains (7 T 1, 4 | 0). At first glance, such a result is puzzling, as the investor
has nothing to gain from risk taking. The key here is that an ambitious reference payoff can induce risky
investments, even if gains are disregarded, purely to keep up with the reference by avoiding losses. Put
differently, for an investor with a high reference payoff and a moderately concentrated return, opting
for the safe asset is an unpalatable choice, as it entails larger losses from the reference than a risky
investment that on average comes closer to such target. Thus, such an investor is trapped by a high
reference in a non-preferred personal equilibrium, which is inferior to a safe investment combined with
the safe reference.

Turning to (ii), first recall that, if the utilities u;(-) and u,(-) are both twice-differentiable then, by
Arrow-Pratt’s theorem (Arrow, 1965; Pratt, 1964), condition (3.8) is equivalent to replacing u;(-) with
some u>(-) with higher risk aversion than u;(-). Hence, as for expected utility, higher risk aversion leads
to safer investments.

Finally, property (iii) recovers the same wealth effects for reference-dependent utility as for classical
utility: if an agent has constant absolute risk aversion, then the risky personal equilibrium is independent
of the initial capital; if an agent’s absolute risk aversion is decreasing (respectively, increasing) in wealth,
then the stock is a normal good (respectively, an inferior good)—i.e., the optimal amount allocated to
the risky asset increases (respectively, decreases) with the initial capital.

REMARK 3.8 (RECOVERING Risk NEUTRALITY). It is tempting to view Theorem 3.1 as the limit case of The-
orem 3.4 as risk aversion vanishes to risk neutrality, but there are perils in such an interpretation. As
intuition suggests, in the model in the next section the risky personal equilibrium becomes arbitrarily
large as the utility function becomes linear (Proposition 4.2(iv))—the risky personal equilibrium disap-
pears. Yet, contrary to intuition, it is possible to construct sequences of concave utilities that converge
pointwise to a linear function, while the corresponding risky personal equilibria remain confined in a
bounded interval (Lemma A.6 below). In summary, while risk aversion can be zero only in one way, it
can vanish in many ways, and personal equilibria may diverge, converge, or oscillate.

3.3 Ramifications and extensions.
3.3.1 More general gain-loss functions.

Piecewise-linear gain-loss functions conveniently confine the effect of reference-dependence to the loss
aversion at the reference point. The question is to what extent the results in the previous section carry
over to more general gain-loss functions.

Throughout this subsection, assume that u(-) is twice-differentiable, and suppose that Assumption 2.3
is replaced by the weaker:

AssumpPTION 3.9. For all x,y € R such that x <y,
—u"(x) (1 +v (u(y) — u(x))) > —u'(x)? v (u(y) — u(x)). 3.9

This condition ensures that, while investors may be risk-seeking on losses, the concavity of their
utility u(-) more than compensates the convexity of v_(:), so that the overall reference-dependent prob-
lem (2.4) remains globally concave. Note that (3.9) holds in particular whenever v_(-) is a linear function.

With this more general gain-loss function, (3.3) remains necessary and sufficient for the safe portfo-
lio to be a personal equilibrium. By contrast, some differences arise for risky personal equilibria, which
are addressed in the following result.
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Lemma 3.10. Let u # 0, and let Assumptions 2.1 and 3.9 hold.

(1) (LINEAR UTILITY)

Let u(-) be linear. Also, set v/.(+00) = lim,— 1o V,.(x) € [0, +00) and

_ Vi(+00)
C V. (+00)
(a) If
G-1 v_(0) (1 = A) v_(0)(1 = 21)
1- 1- 1
G+1€( T+v.(0 " 1+v.(0) ) (5-10)
then PE(wg) \ {0} is non-empty and bounded, and all risky personal equilibria have the same sign
as .
(b) If
G-1 ¢ 1_v_(O)(l—/loo)’]_v_(O)(l—/l) G.11)
G+1 1+v_(0) 1+v_(0)
then PE(wy) \ {0} = @.
(i) (CONCAVE UTILITY)
Let u'(-) be strictly decreasing with u'(—o0) = +oo. If
"0 -2 -
r0d-H G-l (3.12)

> ,
1+v.(0) G+1

then PE(wg) \ {0} is non-empty and bounded, and all risky personal equilibria have the same sign
as .

Proof. See Appendix A.2. O

The main difference of this result from the piecewise-linear case is that the number of risky personal
equilibria is not determined a priori. For an investor with linear utility, first note that u(-) can override
risk-propensity on losses only if v_(:) is linear. As conditions (3.10) and (3.11) show, the existence of
risky personal equilibria is now also dependent on the new parameter A.; as in He and Zhou (2011), we
denote it as the large-loss tolerance (i.e., the analogue of the loss tolerance parameter A, but for large
rather than small payoffs). While part (i)(a) states that there is at least one risky personal equilibrium if
(3.10) holds, part (i)(b) is a partial converse result, which makes condition (3.11) essentially sharp, as it
leaves open only the borderline case

G-1 e{l— v_(0) (1 — Ax) 1 v_(O)(l—/l)}
G+1 1+v_(0) ~’ 1+ v_(0)

which needs to be examined model by model, with the exception of v.(-) linear (which falls in the
case (i)(b) of Theorem 3.1).

Turning to a strictly concave utility with unbounded marginal, it is still possible to establish the
existence of a risky personal equilibrium with positive expected return under condition (3.12), which is
a generalization of (3.5). While uniqueness is no longer guaranteed, for all risky personal equilibria the
amount of wealth invested in the stock never exceeds a certain level.

3.3.2 Mixed strategies.

The paper defines a portfolio as a pure strategy, a fixed number of shares that the investor chooses
at the beginning of the period, consistently with usual portfolio theory. Indeed, a mixed strategy—a
randomized number of shares—would not serve a classic utility maximizer well, as the added noise from
randomization would increase the overall portfolio risk. Yet, in the present setting the question arises
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of whether randomization can improve an investor’s prospects by increasing the reference-dependent
contribution. It turns out that it cannot.

To define mixed strategies, consider the product probability space (2 X Q',Z @ Z',PQ® P’), where
(2, Z,P) is the original probability space describing the uncertainty in the market, while the extrinsic
randomness in the investors’ strategies is modeled by some random variable { defined on the second
probability space (', Z',P’). Let Z be the sigma-algebra generated by {. A mixed strategy starting
from initial capital wy is any & -measurable, integrable random variable ¢ with terminal value equal to

V¥:%+1,//X,

and denote the set of such mixed (or randomized) strategies by #. The reference-dependent utility is
defined by (2.3), the difference being that the integrals are now on the product space Q X Q' with respect
to the product measure P ® P’.

Intuitively, it is not worth enlarging the set of strategies to include mixed ones, as these only add more
noise to the investors’ payoff without improving welfare; this intuition is confirmed by the following
lemma. Roughly speaking, part (i) states that an agent planning to adopt a mixed strategy is actually
strictly better off choosing the associated mean (pure) strategy, thus precluding mixed-strategy personal
equilibria; by part (ii), for an investor with a pure-strategy reference, taking a mixed strategy never leads
to more satisfaction, hence the set of (pure) personal equilibria is not affected by this relaxation of the
set of strategies.

Lemma 3.11. Let Assumptions 2.1 and 3.9 hold, and assume that either u(-) is linear or u'(-) is strictly
decreasing with u'(—oo) = +oo. Then:
(1) Forally € Z\ R,
u( v vy) < v(vy] v).
where y == E[¢/] € R.

(i) Forall ¢ € R,
sup U(VE| V) = sup U( v v;j). (3.13)
@eR YER

Proof. See Appendix A.2. O

4 Example

This section examines in detail a concrete model, focusing on exponential utility combined with nor-
mally distributed returns.

AssUMPTION 4.1. The stock’s excess return X has normal distribution with mean u € R\ {0} and standard
deviation o > 0. Investors have exponential utility with constant absolute risk aversion coefficient y > 0,

1—e™*
u(x) = ———, forall x e R.
Y

In the absence of reference dependence, in this setting the optimal portfolio prescribes an amount
invested in the risky asset given by the usual Merton formula:

u
Oy = —.

The following result shows how reference-dependent preferences affect the optimal portfolio, and char-
acterizes the parameter restrictions under which one or two personal equilibria arise.
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ProposiTioN 4.2. Let Assumptions 2.3 and 4.1 hold. Denote by S = (ﬁr the stock’s Sharpe ratio, and by
®(-) the standard normal distribution function.

(1) (a) (PERSONAL EQUILIBRIA)

If
l_n(l_/l)sl+S\/ZreZ<D(S)S 1 @1
1-SV2reT os) 1-nd-2
and
= (1= > L= VZlS] 42)

1+ S|

both hold, then PE(wg) = {0, 6"}, where 0* is the unique solution of the transcendental equation
inz:

70‘}|;| )) — (1= () ngniz)_ro"

If (4.1) holds but (4.2) fails, then PE(wg) = {0}. If (4.1) fails, then PE(wg) = {6*}.

(b) (PREFERRED PERSONAL EQUILIBRIA)

If (4.2) holds and |S| < ﬂ_%, then PPE(wg) = {0}. If (4.2) fails, then PPE(wq) = {0"}.

(ﬂ‘)’(TZZ)(l -n(1-D+n01 —/1)®(

(i) 6" is strictly increasing in A, y; strictly decreasing in n; constant in wo. Moreover, lim,_,o 6" = Oy
and 1im,1_>1 o = HM.

1

(iii) IfIS| <72, then limg, 5,5 2) 6" (1, ) = 0 for all 7, A such that

_ N N
1—n(1—/1)=1+—j_;m.

IfIS| = 72, then limg, 1) (1.0)0°(7. 4) = 0. IfIS| > 772, then lim, 110 07(7, ) = 6, where 8 is
the unique solution of the transcendental equation in z:

(1= 20%) 02| = s T8

V2| 2+m
(iv) |6%|is strictly decreasing in o, y; and |0*| < |0y|. Moreover, lim,_,( |6*| = +o0 and lim,_, ;o 6" = 0.
Proof. See Appendix A.2. |

The Gaussian distribution has the particularity that its Gini index is inversely proportional to the
Sharpe ratio. Consequently, we can write the gain-loss ratio and the opposite of the min-max ratio as,
respectively, increasing and decreasing functions of the Sharpe ratio (see (4.1) and (4.2)). As highlighted
in the previous section, both of these competing analogues of the Sharpe ratio have significance, in that
they give rise to different personal equilibria.

For a suitable choice of market and preference parameters, Figure 3 shows the graphs of some of the
functions associated with the reference-dependent optimization problem. The risk-free rate is fixed at
r = 1%; the market risk premium and volatility are set equal to 6% and 20% per year, respectively. We
select the loss tolerance parameter 4 = 0.40 to be consistent with the value estimated by Tversky and
Kahneman (1991, 1992), and the gain-loss sensitivity parameter n = 0.90 so that (4.2) holds and two
personal equilibria arise. Finally, the initial capital wg is normalized to 1, while absolute risk aversion is
set to v = 3 so as to obtain a utility-maximizing portfolio 6y, with exposure of 50% to the risky asset, in
the absence of reference dependence. Note in particular that the mapping ¢ — U ( Vﬂ V?), determining
the set of preferred personal equilibria, is neither concave nor convex on the positive half-line. Finally,
the comparative statics given by Proposition 4.2 are clearly visible in Figure 4, where the risky personal
equilibrium is plotted for all possible combinations of the preference parameters.
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Figure 3: Plots for an investor with exponential utility when the stock has normal excess return. Market and
preference parameters are: wy = 1, r = 1%, y = 3, u = 6%, 0 = 20%, A = 0.40, and n = 0.90; thus, G =~ 1.88,
Oy = 0.50 (circle marker), and 6 ~ 0.16 (asterisk marker).
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(a) Here, o = 10%; (b) Here, o = 20%;
thus, G ~ 0.94, 6y = 2, and 6 = 0.17. thus, G ~ 1.88 and 6,; = 0.50.

Figure 4: Level curves of the mapping (n, 1) — 6*(n, A) for an investor with exponential utility when the stock has
normal excess return. Market and preference parameters are: wo = 1, r = 1%, y = 3, and u = 6%.

5 Conclusion

This paper solves the one-period portfolio selection problem under K&szegi and Rabin reference-depen-
dent preferences. Any risk-averse investor with sufficiently high reference-dependence and loss aver-
sion has two competing personal equilibria—strategies that are optimal when taken as references—as
individuals with identical preferences may make different investments depending on their expectations.
Investors planning to participate in the stock market optimally choose to do so, while those planning
to refrain from risky investments optimally hold the safe asset only. The model offers an explanation
for limited stock market participation as a result of heterogeneity in references, even in the absence of
participation costs.

Although reference-dependent preferences already pose substantial challenges in the one-period set-
ting considered here, some of them stem from market incompleteness, which restricts the choice of both
references and payoffs. Models of complete markets in both discrete and continuous time offer another
setting with significant potential for tractability.

A Appendix

This appendix contains the proofs of the results stated in the main body of the paper. In what follows, Y
is a random variable independent of, and identically distributed to X under P.

A.1 Auxiliary results

The first lemma is a purely technical one establishing the differentiability of a given function, which is
required by Lemma A.2.
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LemMA A.1. Let Assumption 2.1 hold. Let b € R\ {0}, and g : R?> — [0, +0) be a continuous function,
differentiable on D = {(x, yeR?: y—x> 0}. If the following conditions hold:

(i) E[g(bX,zY)] < +co forall z € R;
(ii) g(x,y) = 0 forall (x,y) € R*\ D;
(iii) x — g(x,y) is non-increasing for all y € R;
(iv) for all z € R, there exists y; : R — [0, +00) such that E[(//?(Y) |Y|] < +o0 and

g(bx, (z+ h)y) — g(bx, zy)

p Lierny-bxs0) SO forall (x,y) e R* and 0 < |h| < 1; (A.1)

(V) for all z € R, there exists y, : R — [0, +00) such that E[wé(Y)1+6 |Y|2+ZE] < +o0 and
8y —Wl,zy) <YMyl forally € R;
then the function T : R — R defined by
I'(z) = T(b; 2) = E[g(bX, zY) U zy_px>0y], forallzeR,
is differentiable on R \ {0}, with

0
I(z) = E[a—i(bx zY) Y]I{zY—bX>0}] , forallzeR\{0}.

Proof. Let b < 0 be given (the proof in the case b > 0 is analogous). Note that I'(:) is well-defined
by virtue of (i). Fix an arbitrary z € R \ {0}, and consider a sequence {/,},cy of nonzero real numbers
converging to 0. Assume further, without loss of generality, that |i,| < 1 for all n € N. The difference
quotient of I'(-) at z with increment £, is equal to

[(z+hy) - T(z) E[g(bX, (z+h,)Y) - g(bX,zY)
Iy B hy,

I {(z+hn)Y—bX>0}]

1
+B|g(bX, zY)

{z+h)Y=bx>0) — Lizy—px>0)
hy

for all n € N. We carry out the rest of the proof in two steps.
(i) We show that lim, .+« B[Z,] = E[ (X, 2¥) ¥ .y _px-0 |, where
_ g(bX’ (Z + hn) Y) - g(bX’ ZY)

Z, = A H{(z+h,,)Y—hX>O} for all n € N.
n
Let w outside of the null event Q1 = {|X| = +oo} U {|Y| = +o0} U {z¥ = bX} U {Y =0}, and
let &'(w) > 0. If zV(w) — bX(w) < O, then (z + h,) Y(w) — bX(w) < O for all n sufficiently
dg

large, so lim, 40 Zy(w) = 0 = a—y(bX(w),zY(a))) Y(w) Izy-px>0)(w). If, on the other hand,
(bX(w), zY(w)) € D, there exists 6 > 0 such that

‘ng(w) Y () +h) - g(bX(w) . 2¥(w)) I8
h Oy
for all & € R with O < |A| < 8. Therefore, relabeling £’ (w) as &/ Y(w),

(bX(w),zY(w))

< &(w)

0
Zn(w) - a—i(bX(w) s 2¥ (W) Y(w) Lizy-px>0)(w)

_ ‘g(bX(cu) 2+ ) Y(w)) - g(bX(w),2Y (W) 0g
B h,Y(w) oy

bX(w), ZY(w))’ Y()l <&,

since |h,| < m and (z + hy,) Y(w)—bX(w) > 0 for all n large enough. Furthermore, it is an imme-

diate consequence of (A.1) that the sequence {Z,}, <y is dominated a.s. by the integrable random
variable /{(Y) |Y|. Hence, the use of Lebesgue’s dominated convergence theorem is justified.
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(ii) We claim that

(A.2)

1 _ — 1.y
lim E[g(bX, o) Mrhr-pxo0) = Loy bX>O}] o
n—+oo

hn

To see this, we start by noticing that

1
E|g(bX, zY)

{+h)Y-bX>0) — Lizy—bx>0) sgn(h,y)
= | fO)——
]’ln R hn

(fp g(bx, zy) f(x) dx) dy, (A.3)

where sgn(-) is the signum function,” and I, is the interval of all real numbers between zy/b
and (z + h,) y/b. By Lebesgue’s differentiation theorem, almost every real number belongs to the
set Zr of Lebesgue points of f ,10 which in turn implies that N, := {b% 1y ¢ _Z”f} has Lebesgue
measure zero. Next, fix an arbitrary € > 0, and let y outside of N, U {0}. It follows from the
continuity of g(-, -) that there exists 6; > 0 such that

1
g(bx, zy) = g(bx,zy) — g(zy,zy) < 3

for all x € R with |x — zy/b| < 6. Moreover, since zy/b € £, there exists 6 > 0 such that

1

2k JGng o)

b4
10 = f(Z)|dv <2
for all 0 < i < §,. Consequently, for all n sufficiently large,

! 2
iy /D] fl g(bx,2y) () dx < 5 — 7 j((,,— g(bx,zy) f(x) dx < &,

hny | zy | |hny
R D

so the sequence of integrands of the outer integral on the right-hand side of (A.3) converges to 0
almost everywhere (as n — +o0). Finally, foralln € Nand all y € R,

1 2 (D) 2 2200 £ (2
1) G fl 80x.20) f(0) dx < O 8Gy =) f (2)< GO0 f (2).

where £*(-) denotes the maximal function of f(-).'"! Moreover, there is C. > 0 such that

[rowtuor(3) o

b Til 2e+1 ﬁ
1 ([ ) o
< R

by Holder’s inequality together with the Hardy-Littlewood maximal inequality. Hence, (A.2)
follows from the dominated convergence theorem. O

< ( jﬂé G0 P £ dy) ‘e

° The signum function sgn : R — {~1,0, 1} is defined by

-1, ifx<0,
sgn(x) :=1¢ 0, if x =0,

1, if x> 0.

10 Recall that x € R is a Lebesgue point of a locally Lebesgue integrable function f : R — R if

lf») - f(x)ldy = 0.

lim —
h=0* 21 Jopximy

! Recall that, given a locally Lebesgue integrable function f : R — R, its Hardy-Littlewood maximal function f* : R —

[—o0, +00] is defined by

1
f(x) =sup — |f(®] dt, forall x e R.
r>0 2r (x=r,x+r)
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The next lemma is, despite its mathematical simplicity, central to our study of personal equilibria.
Parts (i) and (ii) imply that investors cannot achieve infinite bliss or grief from any combination of
investment strategy and reference payoff. In (iii) and (iv), we study some of the main properties (such as
continuity and differentiability) of the reference-dependent utility function given the safe reference and
a risky reference, respectively; these are needed, in particular, for obtaining the first-order conditions of
Lemma A.3. Lastly, part (v) is used to determine the preferred personal equilibrium.

LemMa A.2. For X and u(:) satisfying Assumption 2.1, define % : R?> — [—co, +o0] as
U (z,b) = E[u(wo + z¥) + v(u(wo + 2Y) — u(wo + bX))], forall (z,b) € R%.
(i) Forall b € R, there exists C = C(b) > 0 such that % (z,b) < C (1 +|z|) for all z € R.
(ii) Forall b,z € R, there exists C' = C'(z,b) > 0 such that % (z,b) > —C’" (1 + |z|).
(iii) The function Zg : R — R defined by
Z0(2) = %(z,0), forallz€R,
is continuous on R and differentiable on R \ {0}, with

E[w (wo + 2¥) (1 + v, (u(wo + 2) = u(wp))) Y ly<o)]
+ E[u’ (Wo + 2¥) (1 + v (u(Wo) — u(Wo + 2Y))) YL jysq)], ifz <O,

Eo(2) = E[uw’' (wo + 2Y) (1 + v/ (u(wo + z¥) — u(w))) ¥ iysy] o
+ B[/ (75 +2¥) (1 + V. (u(T0) =~ u(i5 +2¥) Yhiyeor ] 72> 0.
Moreover,
=(04) = lim w = /(W) [+ (14 V4(0) = - (14 V4 (O)] = Jim Sj2).  (AS5)

(iv) Forall b € R\ {0}, the function Ep : R — R defined by
Ep(2) = U(z,b), forallzeR,
is differentiable on R, with

E,(2) = E[u'(wo + 2Y) (1 + v, (u(wo + zY) — u(wo + bX))) Y Lizy-px>0)]
+ E[u' (wo + 2Y) (1 +v_(u(wo + bX) — u(wo + zY))) Yl izy_px<0y] ., forall z € R.
(A.6)

(v) If, in addition, Assumption 2.3 holds, then the function I1 : R — R defined by

M1G2) = %(z,2) = E[u(ig + 2V)] - n(l - A;E['u(% +2Y) — u(wg + zX)” , forallz€R,

2(1-7

is continuous on R and differentiable on R \ {0}, with

(1+ '7<11_‘,f))15[u'(% +zY)Y] - %;”E[u'(% +2Y) Yly_x<0)], ifz<0,

'(z) = - V— 7 y— .
{ (1 + Z52) Blw' (o + 2¥) Y] - 222E [/ (g + 2Y) Yy xs0)], i 2> 0.
Moreover,

— 1-2
u' (wo) (ﬂ F ];El—_77; A) = Zl_i,r(l)li I1'(z), (A7)

where A := E[|X — Y|] denotes the mean-absolute difference of the distribution of X.

IT'(0+) := lim
7—0*

— 0

(z) -T1(0)
— =
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Proof. For readability, we split the proof into several steps.

(i)

(ii)

(iii)

Let b € R be given. Since u(-) and v,(-) are both concave, it is possible to find C; > 0 such that
u(x) < Cy (1 +|x])forall x € R, and v, (x) < C; (1 + x) for all x € [0, +0). These two inequalities
combined with the assumption that v_(-) is non-negative yield, for all z € R,

U(z,b) < Cy (1 + |wo| + I EIYIT) + Cy B[(1 + u(ig + 2¥) — u(Wg + bX)) Leyspy)] -

Next, fix an arbitrary z € R. It follows from the fact that u’(-) is both non-increasing and strictly
positive that, for each w outside of the null set N := {|X| = +oo} U {|Y| = 400},

(u(wo + zY () = u(wo + bX(w))) ryspx)(w) < u'(Wo + bX(w)) l2Y(w) — bX(w)| .
As X and Y are independent,
E[u'(wo + bX) zY — bX|] < |zl E[u(wo + bX)| E[|Y]] + |b| E[u’ (wo + bX) IX]] .
Hence, choose
C = Cy max{2 + [wo| + 16| B[’ (WG + bX) IXI]L EIIY]] (1 + E[u’ (% + bX)])},

which is finite in virtue of Assumption 2.1, strictly positive, and independent of z. Note that
U (z,b) < +o for all (z, b) € R2.

Let b, z € R be arbitrary, but fixed. Because the function v_(-) is concave, there exists some Cy > 0
such that v_(x) < C» (1 + x) for all x € [0, +00), which together with v, (x) > 0 for all x € [0, +c0)
leads to
OZ/(Z, b) > E[M(% + ZY)] - C2 E[(l + u(% + bX) - u(% + ZY)) ]l{zY<bX}] .
Arguing as in (i), % (z,b) = —C’ (1 + [z|), where
¢’ = max{|u(wg)| + C2 (1 + [BIE[X[1 E[u (W5 + 2V)]) . (1 + Co) E[u' (iwg + 2¥) Y]]}
In particular, % (z,b) > —oo for all (z,b) € R2.

We show separately that Zg(-) is continuous at z = 0, and differentiable on R \ {0} with left and
right derivatives at z = 0.

(a) Let {z,},enr © R be a sequence converging to zero. Without loss of generality, assume that
|z4] < 1 for all n € N. The continuity of both u(-) and v(-) implies that the sequence

{”(% + ZnY) + V(u(% + ZnY) - ”(%))}neN

converges a.s. (as n — +o0) to u(wp). In addition, it is dominated a.s. by the integrable random
variable

G = Cy + Cy + [u(wg)| + C1u/ (Wo) [Y] + (1 + Co) u/ (wg — |Y]) |Y],

where C; and C; are the strictly positive constants obtained in steps (i) and (ii). Hence,

lim Eo(z,) = E[u(wo)] = Zo(0).
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(b) To see that Zy(-) is differentiable on (0, +00), let z > 0 be given, and consider an arbitrary
sequence {z,},cy of real numbers different from z and converging to z. Assume further that every
Zp 18 strictly between % and % Then, for all n € N,

Eo(zn) — Eo(@) _ E[u(% +2,Y) — u(wo + zY)

n—2 T2
) E[V+(u(% *500) = T~ + 1)~ ) 11{Y>0}]
_ E[y_(u(%) —u(wp + ZnYZ)) : ;/_(M(%) —u(wo + zY)) ]1{y<0}] ) (A.8)

The sequence

u(wo + zxY) — u(wo + zY)
in =X neN

converges a.s. to u’(wy + zY) Y, and is dominated a.s. by the random variable G := u’(% - % Y |) Y],
which is integrable because (recall Assumption 2.1(ii) and Holder’s inequality)

E[u’(% - % IYI) IYI]

3Z % 3Z 1+e
< E[u'(v’v‘a -5 |Y|)] E[u’(v’v‘a -5 |Y|) |y|>+2e

1
209 2ire) | 2059
E|l1 = < +o00.

Thus, the first expectation on the right-hand side of (A.8) tends to E[u’(wg + zY) Y] as n — +oo.
Two more applications of the dominated convergence theorem, with dominating random variables
Gy = v,(0)1/(Wg + 5Y) (Y| and G5 := v.(0) /(g + 5¥)|Y], give that the second and third ex-
pectations on the right-hand side of (A.8) have limits

E[V, (u(wo + 2Y) = u(wo)) u’ (wo + 2Y) Yy

and
—E[v/_(u(%) - u(% + ZY)) u'(% + ZY) Y]l{y<0}] s
respectively. Hence, the difference quotients in (A.8) tend (as n — +o0) to the second expression
given in (A.4). Differentiability of Z¢(-) on (—o0, 0) follows similarly.
(c) Let {z,},en be a sequence of strictly negative real numbers convergent to zero. Also, z, > —1
for all n € N. By (b),
Eo(zn) = E[w' (Wo + 2,Y) (1 + Vi (u(wo + 2,Y) — u(wo))) Y {y<o)]
+E[u' (o + 2,Y) (1 +v_(u(wo) — u(wo + 2,Y))) Yl jy>0)]

for all n € N. Using the dominated convergence theorem twice, we derive the last equality in (A.5).
The non-differentiability of Zy(-) at z = 0 is evident upon observing

E6(0+) — E(0-) = ' (W) (s +p1-) [V,(0) = V(0] < 0.

Let b € R\ {0}. An analogous argument to the one given in (iii)(a) establishes the continuity of
Zp(+) at z = 0. We show below that Z;(-) is differentiable.

(a) With D as in Lemma A.1, define g; : R> —» Rand g, : R?> — R respectively as

| vi(u(wo +y) —u(wo + x)), if (x,y) € D,
g1(%.y) = { 0, otherwise,

_ | v-(u(wo = x) —u(wo - y)), if (x,y) €D,
§2(x%.y) 1= { 0, otherwise,
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and denote by Tj(-) the function defined by (A.1) associated with g;(-, -), for i € {1, 2}. Straightfor-
ward computations show, for all z € R, (x,y) € RZ, and 0 < |h| < 1,

g1(bx,(z+ h)y) — g1(bx, zy)
h

82(bx,(z+ h)y) — g2(bx, zy)
h

Wiz+ny—brs0y < VL(0) u'(wo — (Iz1 + D Iy]) Iyl

Wiz+nyy—brs0y < V2(0) u'(wo — (Iz1 + D Iy]) Iyl
Furthermore,

g1(zy = Iyl zy) < Vi(0) ' (wo — (2l + D IyD Iyl

g2(zy = Iyl zy) < V(0) ' (wo — (12l + D [y) Iyl
Since E,(z) = E[u(wg + zY)] + [1(b, z) — [(=b, —z) for all z € R, it follows from (A.1) that E;}(z)
is given by the expression on the right-hand side of (A.6) for all z € R\ {0}.

(b) By the result in (a) and the dominated convergence theorem,

lim 8,,(2) = u'(wo) uE[(1 + v/, (u(wo) — u(wo + bX))) Lpx<o)]

+ u' (wo) LE[(1 + v_(u(wo + bX) — u(wp))) Lipx>0}] -

Hence, Z,(+) is not only continuous but differentiable at z = 0. Also, note that E;)(O) has the same
sign as y.

(v) The proof that I1(-) is continuous at z = 0 and differentiable on R\ {0} follows similar steps to those
of (iii)(a) and (iii)(b), so we omit the details. Another application of the dominated convergence
theorem shows that the limits IT'(0+) exist and are given by (A.7). Finally,

nl-2a

IT'(0+) — IT"(0-) = —u'(wo) A
l-n

<0,

thus I1(-) is not differentiable at z = 0. m]

The following lemma establishes necessary first-order conditions for a portfolio to be a personal
equilibrium. These conditions are sufficient provided that we specify an additional relation between u(-)
and v_(-) (recall Assumption 3.9 above). It was shown by K&szegi and Rabin (2007, Proposition 11(i))
that the safe portfolio is a personal equilibrium only if (3.3) holds.

Lemma A.3. Let Assumption 2.1 hold.

(1) If0 € PE(wy), then
1+v,(0) < H 1 +v.(0)

. 33
1+v.(0) ~ puo = 1+v,(0) &)
Conversely, if in addition to (3.3) Assumption 3.9 holds, then 0 € PE(wy).
(1) For any risky portfolio ¢, if ¢ € PE(wy), then
E|u (WG + ¢¥) (1 + V., (u(WG + ¢Y) = (W5 + $X))) ¥ Lgr—x150)]
= —E[u/(Wg + ¢Y) (1 +V/(u(W5 + $X) = u(Ws + ¢Y))) ¥ Ligr-x)<0)] - (A.9)

Conversely, if in addition to (A.9) Assumption 3.9 holds, then ¢ € PE(wy).

Proof. By Lemma A.2, E’b(b) exists for all b € R\ {0}. As the left and right derivatives of Zy(-) differ at
0, the safe portfolio must be dealt with separately from the risky portfolios.
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(i) If (3.3) fails, then either Z(0+) > 0 (thus U( V%] V2) > U( V2| V) for some ¢ > 0) or E(0-) < 0

(thus U ( Vﬂ Vg) >U ( Vg| Vg) for some ¢ < 0), where Zy(+) is the function of Lemma A.2. Hence,
the safe portfolio is not optimal given the safe reference.

On the other hand, assume that (3.3) and (3.9) both hold. Then Zy(+) has a (relative) maximum at
z = 0. Moreover, for all 71,22 € (—0,0] and ¢ € [0, 1],

Eo(@z1 + (1 =) 22)

> VE[u(wo + 21Y) Liy<o)] + (1 = ) E[u(wo + 22Y) Ty<oy]
+ 9E[vy(u(wo + 21Y) — u(wo)) Liy<qy] + (1 = ) E[v,(u(wo + 22Y) — u(wo)) 1y<o)]
+ 9E[(u(wo + 21Y) — v_(u(wo) — u(wo + 21Y))) Lysoy]
+ (1 =D E[(u(wo + 22Y) = v-(u(wo) — u(wo + 22Y))) 11y>0)]

= 9¥Eo(z1) + (1 =) Eo(z2) .

where we use that u(-) is concave, v.(-) is strictly increasing and concave, and the mapping x +—
u(x) — v_(u(y) — u(x)) is concave on (—oo, y| for every fixed y € R. Hence, Zy(-) is concave on the
half-interval (—co,0]. Likewise, Zg(-) is concave on [0, +c0).

(ii) Let ¢ # 0. If E4(-) attains its absolute maximum at z = ¢, then E.:b(qh) = 0. Conversely, assume
that (A.9) and (3.9) both hold. For all z;,z, € R such that z; < zp,

Ej(z1) 2 Bl (W0 + 22Y) (1 + v, (u(i + 22%) = u(ig + ¢X)))Y Ljy<o.gx<crv)
+ E[u’(% +271Y) (1 + v, (u(wo + 21Y) — u(wo + ¢X)))Y11{Y<o,z2Y<¢X<z1Y}]
+ E|u (W + 22%) (1 + v, (u( + 22Y) — (g + $X)))Y Ly>0,4x<z 11
+ E|u/ (W + 22%) (1 + V. (u(G + X) = u(ig + 22Y)))Y Ljy<0z, v<o)|
+ E[M'(% +21Y) (1 +v_(u(wo + ¢X) — u(wo + z1 Y)))Y]l{Y>O,z] Y<¢X<z2Y}]
+ E|u/ (W + 22%) (1 + V. (G + ¢X) = u(Wo + 22Y)))Y Uy>02,v<) | »

as u(-) and v, () are both strictly increasing and concave, and x — u(x) — v_(u(y) — u(x)) is de-
creasing on (—oo, y| for every fixed y € R. Finally, combining the above inequality with

E|u/ (W + 1Y) (1 + vV, (G + 21 Y) — u(5 + $X)))Y Ujy<oz,v<px<z v |
> E[”'(% +¢X)(1+ V;(O))Y]I{Y<O,ZQY<¢X<11Y}] > E[u’(% +¢X)(1+ V'_(O))Y]I{Y<O,Z2Y<¢X<zlY}]
> E[u’(vTo +20Y) (1 + v (u(wo + ¢X) — u(wo + Z2Y)))Y]1{Y<O,12Y<¢X<z1Y}]

and

E[”’(% +21Y) (1 + v (u(wo + ¢X) — u(wo + z1 Y)))YH{Y>O,11Y<¢X<ZQY}]
> B[u/ (W + ¢X) (1 +V.(0)Y Dys02, y<px<zn| 2 B[/ (55 + 6X) (1 + V,(0))Y y>02, v<px<cry
> B[u' (W0 + 22) (1 + v, (u(Wo + 22Y) = (i + ¢X)))Y Lys0., v <px<cry) |

yields 2 (z1) > E) (22)- |

The result below is the key to determining risky personal equilibria and deriving their properties.
We introduce the auxiliary function A(-) defined by A(¢) = E(’ﬁ(qﬁ) for all ¢ € R\ {0}, so that A(¢) =0
effectively corresponds to the first-order condition (A.9) derived in the preceding lemma. In other words,
the only candidates for risky personal equilibria are precisely the roots of A(-). Moreover, by studying the
continuity, monotonicity, and limiting behavior of A(-), we can determine the number of risky personal
equilibria as well as their relative location.
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Lemma A.4. Let Assumption 2.1 hold. Define A : R — R as

B (75 + %) (1 + (5 + 2X) = u(Tp + 1) VL yxoo)]
+ E[u'(wo + 2Y) (1 + Vi (u(wo + 2Y) —u(wo + 2X))) Yl jy_x<0], ifz2<0,
Aiz)=1 0, ifz=0, (A.10)
Efu'(wo + zY) (1 + v_(u(wo + 2X) — u(wo + zY))) Y liy—x<0
+ B[/ (7 + 2) (1 + V(i +2Y) — a7 + 200 Yliy-xoo)], i 25 0.

(1) The function A(:) is continuous on R \ {0}, with

2u+ A
T

A(O) = leféli Az) = u'(Wo) u (1 +v2(0)) — ' (o) v_(0) (1 — 1) (A.11)

(i1) Ifu(-) is linear, then
2u+ A

A(e0) = lim AG) =/ (T0) (1 + V. (+69)) =1/ (70) (v (+20) = v, (+09)

If, in addition, Assumption 2.3 holds, then A() is constant on each of the intervals (—o0,0) and
(0, +00).

(iii) If u(-) is strictly concave with u’(—oo) = +oo, then A(xo0) = Foo. If, in addition, Assumption 2.3
holds, then A(-) is strictly decreasing on each of the intervals (—co,0) and (0, +c0).

Proof. Define the functions ©; : R — Rand ©. : R — R as, respectively,

@i(z) = E[u'(% + ZY) Y]l{i(y_x)>0}] , forall z € R,

E[u/(% + ZY) (1 + Vf_,_(u(% + ZY) - u(% + ZX))) Y]l{¢(y_x)>0}] , ifz<0,
©.(2) =1 0, ifz=0,

E[u’ (g + 2¥) (1 + v, (u(g + 2¥) — u(o + 2X))) Y L jar—xps0)]» if 2 > 0.

Note that, for all z € R, independence of X and Y gives ©_(z) = E[u’(wo + zY) Y (1 — F(Y))], where F(-)
denotes the cumulative distribution function of X. In particular, this implies

O_(2)<(1-=FO)E[u(wo+2Y)Y] <0 (A.12)
for all z > 6, with 6 the unique solution of (3.6).

(i) The idea to show that ©.(-) are continuous on R and ©.(-) are continuous on R \ {0} is to apply the
dominated convergence theorem (we omit the proof, as it is a variation of the proof given above).
Thus, it follows immediately from

AZ)=0_(2) +0O,(z) forallzeR

that A(-) is continuous on R\{0}. The proof of (A.11) uses equation (2.2) together with E[Y Il {+(y-x)>0;] =
(2u = A) /4, and follows along the same lines of the proof of (A.5).

(ii) Suppose that u(-) is linear. Since ©.(z) = ©.(0) = u’(wo) E[Y 1{+y-x)>0)] for all z € R, it is trivial
that lim,,_o, ©.(2) = lim,_, o ©.(z) = ©.(0). Furthermore,

M/(%) E[(] + V;(u/(%) (Y — X) Z)) Y]l{y_x<0}] s ifz< 0,

0= { u (Wo) E[(1+ v, (' (Wo) (Y = X)2)) YNy—xs0)] . if 2> 0,

so using the dominated convergence theorem twice with the dominating random variable (1 + v/,.(0)) Y]
yields lim, 10 ©4(z) = (1 + V. (+00)) ©.(0). Using an analogous dominating argument, lim, .., ©_(z) =
(1 + v._(4+00)) ©<(0). If, in addition, Assumption 2.3 holds, then

0,0)+(1-n71-2))06_-(0), ifz<0,

(1-mAQ@) = { ©_(0) + (1 - n(1 - 1)©,4(0), ifz>0.
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(iii) Suppose that u’(-) is strictly decreasing with u’(—o0) = +o0. Each of the events {Y < 0,Y — X < 0}
and {Y > 0,Y — X > 0} has strictly positive probability, since the monotonicity of the probability
measure together with the independence and identical distribution of the random variables X and
Y yields

PlY <0,Y-X <0} >2P{Y <0,X >0} =P{X <0} P{X > 0},
PlY>0,Y-X>0}>2P{(Y >0,X <0} =P{X > 0} P{X < 0}.

On the other hand, lim,,—; P{X < —%} = P{X < 0} > 0 by continuity from below, thus the set
S = {ye(—0,0): P{X <y} >0} is non-empty. Note that (m,0) C S, where m := inf(§) €
[—o0,0). Moreover, if m > —oo, then P{X < m} = lim,,_, 1o P{X <m-— %} = 0. Consequently,

0
P{Y<O,Y—X>0}=f P{X <y} dPy(y) > 0.

m

Likewise, P{Y > 0,Y — X < 0} > 0. We complete the proof in the following steps.

(a) Let {z,},enr be a sequence of real numbers diverging to +oco. Without loss of generality,
zp > 1 forall n € N. Since the sequence {u'(Wo + 2,Y) Yl {y>0.+(v-x)>0}},,cpy CONVErges a.s. to
u'(+00) Y {y>0.+(v-x)>0}» and is dominated by the integrable random variable u’(wg + Y) Y], we
can use the dominated convergence theorem to obtain lim,, .. B[t/ (Wo + 2,Y) Y1 {ys0.+(v-x)>01] =
u' (+00) E[Y I y>0 +(y-x)>0;] < +00. In addition, by Fatou’s lemma,

1;13 i(r}of E[u'(Wo + 2,Y) (=) Ly<0 s(v-x)>0y] = +00.

Hence,

lim sup ©.(z,) < limsup E[u/ (wo + 2,Y) Y 1 {ys>0.+v-x)>01]

n—+oo n—+oo
+ lim sup E[u’(% + ZnY) Y]l{y<0,i(y_x)>0}] = —09.

n—+oo

A similar argument shows lim,_,_,, ©.(z) = +co.

(b) Let {z,},en be a sequence such that lim,,_, ;. 2, = +00 and z, > 1 for all n € N. It follows
from

lim sup E[u’(wg + z,Y) (1 + vV, (u(wo + 2,Y) — u(wg + 2,X))) Yl y<0.y—x>0}]

n—+oo
< (1 + V;_(+OO)) lim sup E[u'(% + ZnY) Y]l{y<0,y_x>o}] = —00

n—+o0o

and

lim sup E[u’(wo + z,Y) (1 + vV, (u(wo + 2,Y) — u(wo + 2,X))) Yl {y>0,y-x>0)]

n—+oo
< (1 + V;(O)) lim sup E[u’(% + ZnY) Y]l{y>0,y_)(>o}] < 400
n—+00
that lim,_, o ©,(z) = —co. The proofs of lim, ,_«, ©,(z) = +oc0 and lim, 1., ©_(z) = Foo are
analogous.

(c) By the results of (a) and (b),

lim sup A(z) < limsup ©_(z) + limsup ©,(z) = —oo,

7—+00 Z—+00 Z—+00

liminf A(z) > liminf ©_(z) + lim sup ©,(z) = +c0.
7——00

= 7——00
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(d) Let, in addition, Assumption 2.3 hold. As the distribution of X is atomless and u’(-) is strictly
decreasing, ei(Zl) - @i(Zg) = E[(u’(% + 21 Y) - M’(% + ZzY)) Y]l{i(y_x)>0}] > ( for all 71,22 € R
such that z; < zp. Hence,

0:@)/U-mM+0-n1-2)6-(0)/(A-n), ifz<0,

A(Z)={ O/ U-n+0-n1-2)0,)/(0-n), ifz>0,

is strictly decreasing on R \ {0}. |

ReMaRK A.5. Suppose that ¢ > 0, and let ¢ < 0. As in the proof of Lemma A.3, Efp(') is a decreasing
function under (3.9), therefore
A(g) = Ey(¢) = E;(0) > 0. (A.13)

This means that an investor expecting to short-sell the stock is actually better off buying a small amount
of stock. Likewise, A(¢) = E.(’ﬁ(qb) < E;}(O) < 0 for all ¢ > 0 if u < 0, meaning that a portfolio with a
long position in the stock is never a personal equilibrium when the risk premium is negative.

The following lemma complements Remark 3.8 by providing an example where, even though pref-
erences converge to linear, the results of Theorem 3.4 do not recover the ones in Theorem 3.1.

LemMa A.6. Let Assumption 2.3 hold, and fix n,A € (0, 1) such that (3.5) holds. If X has asymmetric
Laplace distribution with scale parameter ¢ > 0 and asymmetry parameter k € (0, 1), i.e.,

f) = —=

eSxIK ,ifx <0,
k+1/k

e Jifx >0,

then there exists a sequence of utility functions {u,(-)},en Such that:
(i) u,(:) is strictly decreasing with u,(—o0) = +co for all n € N;
(A1) limy—ic0 Uy(x) = x forall x € R;

(iii) { o, }neN remains bounded, where each 0, denotes the unique risky personal equilibrium for the
reference-dependent problem (2.4) with utility u,(-).

Proof. First, note that
1 —«?

SK
Next, let € € (0, 1), and for all n € N define the continuous and concave function u#,, : R — R as

> 0.

M:

X, if x € [-n,n],
n+(1-g(x-n), if x > n,

-n+(1+68,)(x+n), ifx<-n,
U, =

where
ex2e~ sk (gkn + K2) +1-«

Op = > 0.

e~ (¢kn + 1)
Note that lim,,_, 4 0, = +00. Direct computations yield, for all » € N and z > 0,

2

&K _n 1 4 ! -
E X)) = —— kg4 — (1 — -0 s
L4 (@01 s/ C §K2(K+1/K)( K)Z "1

therefore

d ex? o (G 1 1 s [ GKIL
LB, (X :——Kz(— 1) —1_4_5,,——:(_ 1).
e LU paype S s +gK2(K+1/K)( <) k10" P
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Since by construction of ¢,

d
d_zE[u"(ZX)]

z=1
ex? _en ( Sn 1

= 1A _— AN s - skn _
_§(K+1/K)e K+1)+g/<2(/<+1/,<)(1 K) 6n§‘K2(K+1/K)eS (ckm+1)=0,

we conclude that 8, = 1 is the unique classical utility maximizer for an investor with preferences given
by u,(-) and zero initial capital.

It is clear that u,(-) is neither strictly concave nor differentiable; moreover, u),(—c0) = 1 + ¢, < +0o.
Nevertheless, it is possible to locally regularize the function in such a way that it satisfies property (i)
without affecting the optimizer 6,. Then, 6, > 0 exists and is unique by Theorem 3.4, while (3.7) gives

0, <6, =1.
Hence, we have obtained a sequence {u,(-)},cg converging pointwise to the (linear) identity function,
whose corresponding sequence {67}, ., of risky personal equilibria is bounded above by 1. |

We conclude this subsection with alternative expressions for the Gini index which, in addition to
being computationally convenient, facilitate the interpretation of our results.

Lemma A.7. Let u # 0, and let Assumption 2.1 hold. Then,
A E[X VY] L=1 E[X AY]

T2 - lul (A1
Moreover,
G< ! .
IS1 V3
Proof. Refer, e.g., to Yitzhaki and Schechtman (2013, Chapter 2). O

A.2 Proofs of Sections 3 and 4

Proof of Theorem 3.1. We prove the result for u > 0 only, as the other case is analogous. First, observe
that 1-n(1 — 2) < 1 < uy/u—. Thus, in light of Lemma A.3, the safe portfolio is a personal equilibrium if
and only if uy /u_ < 1/ (1 — (1 — A)). Turning to the risky personal equilibria, they can be characterized
in terms of the roots of the function A(:) defined in Lemma A.4. Due to Remark A.5, no short-position
portfolio can be a personal equilibrium. The remainder of the proof is carried out in three steps.

(i) Suppose that G < 1. Because A(z) = A(0+) > '/ (wo)u(1 —=n(1=2)) /(1 =n) > 0forall z > 0,
there can be no personal equilibria with a long position in the stock either. Consequently, the safe
portfolio is the only candidate for an equilibrium.

(ii) Suppose that G > 1. Clearly, A(0+) # 0 is equivalent to (3.2). Also, it follows from A <
2 (uy + p-) that (3.1) failing implies

A2 G-1
lop(1-p>H>2H .
Uy A+2u G +1

(A.15)

(iii) Suppose that (3.2) fails and consequently (3.1) holds, whence any long portfolio position (includ-
ing zero) is a personal equilibrium. As u(-) is linear, the function I1(-) of Lemma A.2 is affine on
each of the half-intervals (—oo0,0] and [0, +c0). In addition,

s = B 2G
H(Z)—H(O+)—M(WO)N(1 —(1_n><c+1))<0

for all z > 0, so II(-) attains its absolute maximum on [0, +o0) at z = 0. m]
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Proof of Theorem 3.4. Consider the case where y > 0 (a proof for u < 0 follows along the same lines),
and let n, A € (0, 1) be given. By Lemma A.4, A(-) is continuous and strictly decreasing on R \ {0} with
AEO) =n(1-2)0_(0) /(1 —1n) < 0 (recall (A.12)). Moreover, the inequality in (A.13) shows that A(-)
is strictly positive on (—co, 0). We treat three cases.

(i)

(ii)

(iii)

Suppose that G < 1. In this case A(0+) > 0, so A(-) takes the value zero at exactly one point
g = 0*(n, 1) € (0,0). Therefore, 6 is the only personal equilibrium if (3.1) fails, otherwise
PE(wo) = {0,6"}.

Suppose that G > 1. It follows from (A.15) that (3.5) holds if (3.1) fails. Moreover, (3.5) is
equivalent to A(0+) > 0. Then there are three possible scenarios: (3.5) fails, thus (3.1) holds,
whence A(-) never attains zero (and O is the only personal equilibrium); or (3.1) fails, thus (3.5)
holds, whence A(6*) = 0 for some unique 6* = 6*(n,4) € (0,0); or (3.1) and (3.5) both hold,
whence PE(wg) = {0, 6*}.

To show that 0 is the unique preferred personal equilibrium if (3.1), (3.5) and G > 1 are all

binding, first note that Y(x) := E[x V Y] > xVE[Y] for all x € R, by Jensen’s inequality. Therefore,

E[X VY] = E[E[X V Y| X]] = E[¢(X)] > E[X V u] > E[X V 0] = E[X"], which is equivalent to
G™' < p/u_. This inequality together with (3.1) yields

nﬂ—ﬂ)zl'

1-n G

Finally, assume that I1(6*) > II(0), with II(-) as in Lemma A.2. It follows from II'(6*) =

- 112115[“,(% +6"Y) Y] < O that there exists at least one & € (0,%) such that IT'(£¢) = 0, that
18,

(A.16)

1- 1-
(1 - '7(1 A))@L(f) = —(1 + u)e_(f).
-n l-n

&mMMgMM%MWwM@A@<®i®s0aﬂ@&ﬂ>&@ﬂ>0gwﬂ%%<1ﬁo
IT’(+) is strictly decreasing on (0, +oco) and IT'(0+) > 0. Hence, (A.16) implies I1(6*) < I1(0). O

Proof of Theorem 3.7. Let u > 0 (the case u < 0 is similar, so we omit the details). First, note that
0 < 6°(n, 1) < 6 for all suitable 7,4 € (0,1) by the proof of Theorem 3.4, therefore the mapping
(1, ) - 6°(n, A) is bounded. We break the rest of the proof into several parts.

(i)

(a) To show that (17, 1) — 8*(n, 1) is continuous, fix an arbitrary (5, 1) for which (3.5) holds, and
let {(m75, An)},,.cpy E @ sequence converging to (17, 4). Without loss of generality, 77, and 4, satisfy
(3.5) for all n € N. Next, consider any convergent subsequence {6" (7, An,)};c Of the bounded
sequence {6" (17, An)},cny- By continuity of ©.(-),

1

1-n( -
N n( M®+
1-n -

o ) 1

( lim 9*(7]nk,/1nk))
k—+00
- k—>li+oo (rlnk’ /l”k; 9*(]7’%’ /lnk)) = 0’

therefore limg_1co 6 (1> An,) > 0 (otherwise ©_(0) + (1 —n(1 —2))©.(0) = 0, that is, 1 —
n(l1-2a) = (G%). Consequently, A(n, 4; limg—,4c0 0* (M, An,)) = 0 = Ay, A;6%(n7, 1)), which in
turn gives limy_, 100 6* (1, An,) = 0°(17, A).

(b) In this step, we investigate how the unique risky equilibrium varies with  and 4. We claim
that 8*(n, A) is strictly decreasing in 7, for any A € (0, 1) fixed. To see this, let n;, 72 € (0, 1) such
that 7; <, and (3.5) holds. Combining E[u/(wg + 6*(71, ) Y) Y] = 1 (1 — 1) ©,.(0" (11, 1)) with
60" (1, ) < Byields ©,(6*(1, 1)) > 0. Then,

- 1-A
A, 4567, ) = =D, (571, ) <

so 6%(n1, ) > 6°(y2, ). Likewise, A — 8*(n, ) is strictly increasing for any fixed n € (0, 1).
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(c) Next, we show that the risky equilibrium is close to the EUT-optimal portfolio when the
gain-loss sensitivity is close to zero. Indeed, let 4 € (0, 1) be given, and consider a sequence
{0, A} peng With limit (0, 2). Without loss of generality, 17, and 4, satisfy (3.5) for all n € N. If
{6* (11, An) )i 18 @ convergent subsequence, then

E[u'(% + lim 6 (s ) Y) Y] - @_(klim 0*(nnk,ﬂnk)) n ®+(klim 9*(nnk,ﬂnk))
—+00 —+00 —+00

- kl—i>r-floo A(n”k ’ /l”k; o (n”lk ’ Al’lk)) = O’

and so limy_, ;0 6" (1., A, ) = 6. Analogously, lim,_,; 6*(n, 1) = 6 for all n.
(d) Finally, we study the limiting behavior of the risky equilibrium when the gain-loss sensitivity

and loss aversion are both large.

(i’) Suppose that G < 1. Let {(17,, An)},,iy be a sequence tending to (1, 0), and consider any con-
vergent subsequence {6*(1,,, An,) - Then im0 8 (17,, An,) = 6, where 6 > 0 denotes
the unique root of ®_(-), because

©-( 1im 0", ) + (1 = O, Tim 6(ue, )

- kl—i)Too (1 = 1) AQInys A3 07 (g, An)) = 0.

Noticing that ©_(0) has the same sign as 1 —G gives § > 0if G < 1, and 8 = 0 otherwise. Fur-
thermore, (1 —n) A@*) = (1 —n(1 = D) E[u'(wo + 8°Y) Y] + n(1 — 1) ©_(6") together with
6*(n, A) < 6 implies 6*(n, A) > 6 for all n, A € (0, 1).

(ii’) Suppose that G > 1. Fix an arbitrary (7‘7, /_1) satisfying (3.2). Let {(17,, 4n)},,xy b€ a sequence of
vectors for which (3.5) holds and limy,— 4o (77, 4) = (f], /_l). Also, define the strictly decreas-
ing function A: R — R as

ARR) =0_(2) + Cr1

©,(z), forallzeR.

For any convergent subsequence {6" (17, An)}rens

~( . . . G-1 . .
A(kgrfwe (e A"k)) - 9_(](1_13100 7" (i /l”")) e 1®+(k1_1>r11009 (e A"k))

= kl_i)Tm (1- nnk) A(’]nk’ Ang 9*(77:1,” /lnk)) =0= /_\(0) s

hence limg—, o0 6 (1, An,) = 0.

(ii) Straightforward computations show that (3.8) implies u(x) = p'(u(x)) u’(x) for all x € R. This
identity, together with the monotonicity of u;(-) as well as the concavity of p(-), leads to

wy(Wo + ;Y)Y = o (uy (Wo + 67 )) e} (W + 6;Y) ¥ < p(uy (o)) uf (o + 6} Y ) Y.
Asa consequence,

AZ(GT) < ﬁEP[P/(MI(%)) ”’1 (% + QTY) Y]l{y<x}] + WEF{M(M(%)) ”/1 (% + HTY) Y]l{y>X}]
= P/ ((T6) M(67) = 0= As(63).

where A;(+), i € {1, 2}, is the function given by (A.10) with associated utility u;(-).
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(iii) The function defined by

G(W(), Z) = E[u'(% + ZY) Y]l{y_X<()}] + (1 - 7](1 — /l)) ]E[u'(% + ZY) Y]I{Y_X>()|] s
for all (wo, z) € R x (0, +00), is continuously differentiable with'?

aG ¥ vt ¥ vvad
= E[u” (W + 2¥) Y? Wiy _x<q)| + (1 = (1 = D) E[u (7 + 2¥) Y1 y_x-0)] < 0.

Thus, by the Implicit Function Theorem, the partial derivative 96" /0wg has the same sign as

0G/Owy. Note also that

oG — o
e = — (1 + r)E[ARA,(wo + zY) u/ (W + 2Y) Y1 jy_x<0}]
0

= (=01 =)+ rE[ARA(Wo + 2Y) ' (Wo + 2Y) Y iy—x>0)] .

and ARA,(wg + zY) Y < ARA,(wp) Y (respectively, ARA,(wg + zY) Y = ARA,(wy) Y or ARA,(wg + Y)Y =
ARA,(wp) Y) if u(-) displays non-increasing absolute risk aversion (respectively, constant absolute
risk aversion or non-decreasing absolute risk aversion). Recalling the first-order condition

1-— —
n(1 A)E
l-n

gives the intended conclusion. m|

1 1 ¥ eovad ok V¥ ovad *
_UE[M (W() +0 Y) Y]I{Y—X<O}] + [Lt (Wo +0 Y) Y]I{Y_X>0}] =0

1-

Proof of Lemma 3.10. We deal with the case where u > 0, the other one being identical. We proceed in
two separate steps.

(i) Suppose first that u(-) is linear. It is immediate to see that (3.9) implies the linearity of v_(-) as

well, thus in particular v_.(0) = v’ (+o0). As a consequence, Ao = V,(+00) /v (0) < A (with
equality if and only if v/, (-) is linear).

Set ¥ = E[Y|Y - X], and let k > 0. Using the measurability of 1{y_x-iy with respect to the
o-algebra generated by the random variable Y — X, the definition of conditional expectation, and
the independence of X and Y,

E|[V 1y x| = E[Y Liy_xou] = BIYF(Y - k)] 2 uF(=k) 2 0.
Since k > 0 is arbitrary, we see that

Y >0as.on {Y-X>0}. (A.17)

This in turn implies that the function A(:) defined in Lemma A.4 is non-increasing on (0, +c0),
because for all 0 < z1 < 22,

A1) = ' (W6) (1 + V() B[Y Iiy_x<o)] + 1/ (Wo) B[ (1 + v, (' (W6) 21 (¥ = X)) Py x50
> /(W) (1 + v/ -(O) E[Y Lyy—x<op] + ' (W0) E[(1 + v (' (70) 22 (¥ = X)) ¥ y_x-0
= Az2),

where the first and last equalities follow from the tower property, while the inequality is a con-
sequence of the concavity of v,(-) combined with (A.17).
Furthermore, note that A(0+) > 0 and A(+c0) < 0 are equivalent to (3.12) and
B v_(0) (1 — 1) - G-1
1+ v_(0) G+1’

respectively. As a consequence, there are only three possible scenarios to consider.

12 This fact requires an additional integrability condition involving u”(-) and X?.
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(a) If (3.10) holds (which can only occur for v.(-) not linear), then the continuous function A(:)
must cross the horizontal axis at least once on (0, +c0). On the other hand, since A(-) may not
be strictly monotonic on the positive half-line, we cannot conclude anything about the number of
its zeros. What we can say, however, is that due to A(+c0) < 0 we must have A(z) < 0 for all z
sufficiently large; moreover, if the number of roots of A(-) is finite, then it must be odd (otherwise
A(+00) > 0, a contradiction).

(b) If (3.11) holds, then either A(+o0) > 0 or A(0+) < 0, whence by monotonicity A(:) is always
strictly above or strictly below zero.

(c¢) The case where either

G-1 1o v-(0) (1 = Ac0) <1 v-(0)(1 -2)

G+1 1+v-(0) ~— 1+v_(0)
or

G—l_1_v_(0)(1—/l)>1_v_(0)(1—/10<,)

G+1 1+v_(0) ~ 1 +v_(0)

is inconclusive whenever v, (-) is non-linear.

(ii) As seen above, condition (3.12) implies A(0+) > 0. This inequality together with continuity
and A(+o00) = —oo entails the existence of at least one root for A(-) on (0, +c0). The remaining
conclusions follow as before. m]

Proof of Lemma 3.11. The proof comprises two steps.

(i) Let ' be an Fj-measurable random variable that is independent of, and has the same distribu-
tion as . Since X and Y are also independent and identically distributed, P{¢/'Y — ¢ X > 0} =
P{y'Y — ¢ X < 0}; moreover, P{¢/'Y = yX} = P{y = 0} P{y’ = 0} < 1 because X has continuous
law and ¢ is non-degenerate. These two observations imply that the events {¢/'Y — X > 0} and
{¥'Y — X < 0} both occur with strictly positive probability.

Next, defining ¥y (x, v, z) := E[u(wo + ¢¥'y) + v(u(wo + ¢'y) — u(wo + zx))|,

Bu(Wg +§'Y) + v(u(ig + y'Y) = u(ig + yX))]
= E[E[u(Wo + y'Y) + v(u(o + ' Y) = u(Wo + yX))| X, Y.y || = B[ (X, V),

where we use the tower property of conditional expectation to obtain the first equality, and the
second one is a consequence of ¢ being independent of X, Y and .

By Jensen’s inequality (recall Assumption 3.9, which ensures the global concavity of the mapping
¥ o u(wo +y'y) + v(u(wo + ¢'y) — u(wo + 2x))),

Wi(x, y,2) < Blu(wo + y) + v(u(Wo + ) — u(wo + 2x))] .

Note that the equality above is never attained for u(-) strictly concave; when u(:) is linear, the
equality holds if and only if P{¢)'y — zx > 0} = 0 or P{yy'y — zx < 0} = 0.
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Hence,

E[u(wo +¥'Y) + v(u(wo + ¢'Y) — u(wo + ¢ X))]
< E[u(wo + ¢Y) + v(u(wo + yY) — u(wo + ¢ X))]

(the strict inequality being due to the initial observation that P{y/'Y — ¢ X > 0} = P{y/Y — ¢ X < 0} >
0).

(ii) That the supremum on the left-hand side of (3.13) does not exceed the supremum on the right-

hand side is trivial, since the former is taken over the smaller set R C 2. To prove the reverse
inequality, let ¢y € # and observe as in the previous step that

U( vy v?) — E[W,(X, V)],

where Wy (x,y) = E[u(wo + ¢y) + v(u(wo + ¢y) — u(wg + ¢x))] (recall that ¢ is a constant). Thus,
setting  := E[/] € R, another application of Jensen’s inequality yields

W(x, ) < u(wo +4y) + v(u(wo + Py) — u(Wo + ¢x))
and consequently U ( Vﬁ I V?) U ( VT& | V?) < supgeg U ( Vﬂ V?) m|

Proof of Proposition 4.2. The proof consists of finding explicit expressions for the functions defined in
Lemmata A.2 and A 4.

(i) We have

Yy (S f o))

_ LpyWomypzt 3yt (1 4 ”l + ’7(1 ﬁ) (D K —yo-z)) ifz<0
’: — 7 b b
Zo(2) Ly e—ywo( L= g, '5
— L=y yyz+1720'2z2 L 77(1 %) :
ye 2 - (D( 'yc'z)) , ifz>0.

(ii) Let b € R\ {0}. For all z € R,

Ep(2) = 1 + ! o~ Yo YHbt 3y b ( n_ nd-2a (D((Z —b)u + yo?b? ))
vy T=n T-n \ ovZip
_ 1 —ywo yyz+2yzo'2z2 (1 " 77/1 + 77(1 ) (D(YO'ZZZ —(z - b)/,l)) .
Y l-n 1-7p o N2+ b?
(iii) For all z € R,
= L Lot 100 n0=0 o)
Yy -7 -7 NG
(iv) Forall z e R,
= YO_Z _ 2272 y(r
©_(7) = eI (1 _ g2y @(_) YWO—YHZ+3Y 072 5
9 =) V2 2\/71
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