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Abstract

In this paper, we prove several mathematical results related to a system of highly
nonlinear stochastic partial differential equations (PDEs). These stochastic equations
describe the dynamics of penalised nematic liquid crystals under the influence of
stochastic external forces. Firstly, we prove the existence of a global weak solution
(in the sense of both stochastic analysis and PDEs). Secondly, we show the pathwise
uniqueness of the solution in a 2D domain. In contrast to several works in the deter-
ministic setting we replace the Ginzburg-Landau function ]l‘n‘51(|n|2 — I)n by an
appropriate polynomial f(n) and we give sufficient conditions on the polynomial f
for these two results to hold. Our third result is a maximum principle type theorem.
More precisely, if we consider f(n) = ]l‘d|51(|n|2 — D1)n and if the initial condition
ny satisfies |ng| < 1, then the solution n also remains in the unit ball.
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1 Introduction

Nematic liquid crystal is a state of matter that has properties which are between
amorphous liquid and crystalline solid. Molecules of nematic liquid crystals are long
and thin, and they tend to align along a common axis. This preferred axis indicates
the orientations of the crystalline molecules; hence it is useful to characterize its
orientation with a vector field n which is called the director. Since its magnitude has
no significance, we shall take n as a unit vector. We refer to [ 10,15] for a comprehensive
treatment of the physics of liquid crystals. To model the dynamics of nematic liquid
crystals most scientists use the continuum theory developed by Ericksen [17] and
Leslie [28]. From this theory Lin and Liu [29] derived the most basic and simplest
form of the dynamical system describing the motion of nematic liquid crystals filling
a bounded region O C R?, d = 2, 3. This system is given by

Vi+ (vV-V)V—puAv+Vp=—-1div(Vn® Vn), in (0, 7] x O (1.1)
divv=0, in(0,T] x O (1.2)

n+ - -Vin=y (An + |Vn|2n) Lin(0,T] x O (1.3)

n(0) = ng, and v(0) = vopin O (1.4)

n> =1, on (0, T] x O. (1.5)

Here p : R? — R represents the pressure of the fluid, v : R? — R its velocity and
n : RY — R3 the liquid crystal molecules director. By the symbol Vn © Vn we mean
ad x d-matrix with entries defined by

’;
~, 9n® gn®
[Vn© Vn];; = ,
2:; 3)(,' 8xj

ij=1,....d.

We assume that the boundary of O is smooth and equip the system with the boundary
conditions

0
v=0and 2 — 0on 30, (1.6)
av
and the initial conditions
v(0) = vg and n(0) = no, (1.7)

where v( and ng are given mappings defined on O. Here, the vector field v is the unit
outward normal to 90, i.e., at each point x of O, v(x) is perpendicular to the tangent
space T, 00, of length 1 and facing outside of O.

Although the system (1.1)—(1.6) is the most basic and simplest form of equations
from the Ericksen—Leslie continuum theory, it retains the most physical significance
of the Nematic liquid crystals. Moreover, it offers several interesting mathematical
problems. In fact, on one hand, two of the main mathematical difficulties related to

@ Springer



Stoch PDE: Anal Comp

the system (1.1)—(1.6) are non-parabolicity of Eq. (1.3) and high nonlinearity of the
term div o ¥ = —div (Vn ® Vn). The non-parabolicity follows from the fact that

An + [Vn[’n = n x (An x n), (1.8)

so that the linear term An in (1.3) is only a tangential part of the full Laplacian. Here
we have denoted the vector product by x. The term div (Vn® Vn) makes the problem
(1.1)—(1.6) a fully nonlinear and constrained system of PDEs coupled via a quadratic
gradient nonlinearity. On the other hand, a number of challenging questions about the
solutions to Navier—Stokes equations (NSEs) and Geometric Heat equation (GHE) are
still open.

In 1995, Lin and Liu [29] proposed an approximation of the system (1.1)—(1.6) to
relax the constraint [n|?> = 1 and the gradient nonlinearity |Vn|?n. More precisely,
they studied the following system of equations

Vi+ (v-V)V—puAv+Vp =—i1div(Vn © Vn), in (0, T] x O (1.9)
divv=0, in[0,T] x O (1.10)
n(0) = ng and v(0) = vg in O, (1.11)

n+(v-Vyn=y (An — (9i2(|n|2 — 1)n> in (0, T] x O, (1.12)

where ¢ > 0 is an arbitrary constant.

Problem (1.9)—(1.12) with boundary conditions (1.6) is much simpler than (1.1)—
(1.5) with (1.6), but it offers several difficult mathematical problems. Since the
pioneering work [29] the systems (1.9)—(1.12) and (1.1)—(1.5) have been the subject of
intensive mathematical studies. We refer, among others, to [13,19,21,29,31-33,42] and
references therein for the relevant results. We also note that more general Ericksen—
Leslie systems have been recently studied, see, for instance, [9,22,23,25,30,47,48] and
references therein.

In this paper, we are interested in the mathematical analysis of a stochastic version
of problem (1.9)—(1.12). Basically, we will investigate a system of stochastic evolution
equations which is obtained by introducing appropriate noise term in (1.1)—(1.5). In
contrast to the unpublished manuscript [7] we replace the bounded Ginzburg—Landau
function 1y <1 (|n| 2_1)nin the coupled system by an appropriate polynomial function
f(n). More precisely, we set u = A = y = 1 and we consider cylindrical Wiener
processes Wi on a separable Hilbert space K; and a standard real-valued Brownian
motion W;. We assume that Wi and W» are independent. We consider the problem

dv(t) + [(v(1) - VIV(t) — Av(t) + Vp]dt = —div(Vn(1) © Vn(t)dt + S(v(1))d Wy (1),

(1.13)
div v(t) = 0, (1.14)
dn(r) + (v(t) - VI)n()dt = [An(r) — f@)]dt + () x h) o dW5 (1),
(1.15)
v=0and3—n=00n3(9, (1.16)
av
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v(0) = vg and n(0) = ng, (1.17)

where h : RY — R? isa given function, (n(z) x h) o dW>(¢) is understood in the
Stratonovich sense and f is a polynomial function and the above system holds in
Or := (0, T] x O. We will give more details about the polynomial f later on.

Our work is motivated by the importance of external perturbation on the dynamics
of the director field n. Indeed, an essential property of nematic liquid crystals is
that its director field n can be easily distorted. However, it can also be aligned to
form a specific pattern under some external perturbations. This pattern formation
occurs when a threshold value of the external perturbations is attained; this is the
so-called Fréedericksz transition. Random external perturbations change a little bit
the threshold value for the Fréedericksz transition. For example, it has been found
that with the fluctuation of the magnetic field the relaxation time of an unstable state
diminishes, i.e., the time for a noisy system to leave an unstable state is much shorter
than the unperturbed system. For these results, we refer, among others, to [24,40,
41] and references therein. In all of these works, the effect of the hydrodynamic
flow has been neglected. However, it is pointed out in [15, Chapter 5] that the fluid
flow disturbs the alignment and conversely a change in the alignment will induce a
flow in the nematic liquid crystal. Hence, for a full understanding of the effect of
fluctuating magnetic field on the behavior of the liquid crystals one needs to take into
account the dynamics of n and v. To initiate this kind of investigation we propose a
mathematical study of (1.13)—(1.15) which basically describes an approximation of
the system governing the nematic liquid crystals under the influence of fluctuating
external forces.

In the present paper, we prove some results that are the stochastic counterparts
of some of those obtained by Lin and Liu in [29]. Our results can be described as
follows. In Sect. 3 we establish the existence of global martingale solutions (weak in
the PDEs sense). To prove this result, we first find a suitable finite dimensional Galerkin
approximation of system (1.13)—(1.15), which can be solved locally in time. Our
choice of the approximation yields the global existence of the approximating solutions
(Vm, ;). For this purpose, we derive several significant global a priori estimates in
higher order Sobolev spaces involving the following two energy functionals

t t
Eim, 1) := In@®)| +q /0 In(s) 1972 Vn(s)|2ds + ¢ /0 In() 142 In(s) IT5 3 ds
and
Sv,n, 1) = [v(®) > + £n@)|* + [IVn@)||* + /O F(n(t, x)dx

t
+ ( /0 IVV(s)II* + | An(s) — f(n(s))II2> ds.

Here F(-) is the antiderivative of f such that F(0) = 0 and ¢ > 0 is a certain
constant. These global a priori estimates, the proofs of which are non-trivial and
require long and tedious calculation, are very crucial for the proof of the tightness
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of the family of distributions {(v,,,n,,) : m € N}, where (v,,n,,) is the solu-
tion of the Galerkin approximation in certain appropriate topological spaces such
as L2(0, T; L2(0) x HY(0)). This tightness result along Prokhorov’s theorem and
Skorokhod’s representation theorem will enable us to construct a new probability
space on which we also find a new sequence of processes (V,, D, Wlm, Wé") of solu-
tions of the Galerkin equations. This new sequence is proved to converge to a system
(v, n, Wi, W») which along with the new probability space will form our weak mar-
tingale solution. To close the first part of our results we show that the weak martingale
solution is pathwise unique in the 2-D case. We prove a maximum principle type
theorem in Sect. 5. More precisely, if we consider f(n) = 1,4<1 (InJ?> = D)n instead
and if the initial condition ng satisfies |ng| < 1, then the solution n also remains
in the unit ball. In contrast to the deterministic case, this result does not follow in a
straightforward way from well-known results. Here the method of proofs are based
on the blending of ideas from [11,16].

To the best of our knowledge, our work is the first mathematical work, which
studies the existence and uniqueness of a weak martingale solution of system (1.13)—
(1.15). Under the assumption that f (-) is a bounded function, the authors proved in the
unpublished manuscript [7] that the system (1.13)—(1.15) has a maximal strong solu-
tion which is global for the 2D case. Therefore, the present article is a generalization
of [7] in the sense that we allow f(-) to be an unbounded polynomial function.

The organization of the present article is as follows. In Sect. 2 we introduce the
notations that are frequently used throughout this paper. In the same section, we also
state and prove some useful lemmata. By using the scheme, we outlined above we show
in Sect. 3 that (1.13)—(1.15) admits a weak martingale solution which is pathwise
unique in the two-dimensional case. The existence results rely on the derivation of
several crucial estimates for the approximating solutions. These uniform estimates
are proved in Sect. 4. In Sect. 5 a maximum principle type theorem is proved when
fm) = Ljp<1 (n?> = Dn. In “Appendix” section we recall or prove several crucial
estimates about the nonlinear terms of the system (1.13)—(1.15).

2 Functional spaces and preparatory lemma
2.1 Functional spaces and linear operators

Let d € {2,3} and assume that @ C R? is a bounded domain with boundary 3O
of class C*. For any p € [1,00) and k € N, L?(©) and WKP () are the well-
known Lebesgue and Sobolev spaces, respectively, of R-valued functions. The spaces
of functions v : RY — R? (resp. n : R — R3) such that each component of v (resp.
n) belongs to L”(O) or to WK-P(0) are denoted by L7 (O) or by Wr7(O) (resp. by
L”(O) or by WK (0)). For p = 2 the function space W*2(©) is denoted by H¥ and
its norm is denoted by |Ju||¢. The usual scalar product on I.? is denoted by (u, v) for
u, v € L? and its associated norm is denoted by |u|, u € L%. By H(l) we mean the
space of functions in H! that vanish on the boundary on O; H(l) is a Hilbert space when
endowed with the scalar product induced by that of H'. We understand that the same
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remarks hold for the spaces and wWk2 H! L2 and so on. We will also understand that
the norm of H* (resp. L?) is also denoted by ||-||x (resp. ||-]|).
We now introduce the following spaces

V = {u e (0, RY) such that divu =0}

V = closure of V in H(l)((’))
H = closure of Vin L*(0).

We endow H with the scalar product and norm of L%, As usual we equip the space
V with the the scalar product (Vu, Vv) which, owing to the Poincaré inequality, is
equivalent to the H! (©)-scalar product.

Let IT : > — H be the Helmholtz-Leray projection from L2 onto H. We denote
by A = —TIA the Stokes operator with domain D(A) = V NH?. It is well-known
(see for e.g. [45, Chapter I, Section 2.6]) that there exists an orthonormal basis (¢; )?il
of H consisting of the eigenfunctions of the Stokes operator A. For 8 € [0, c0), we
denote by Vg the Hilbert space D(A®) endowed with the graph inner product. The
Hilbert space Vg = D(AP) for B € (—o00, 0) can be defined by standard extrapolation
methods. In particular, the space D(A‘ﬁ) is the dual of Vg for 8 > 0. Moreover, for
every B, 8 € R the mapping A is a linear isomorphism between Vg and Vg_s. Itis
also well-known that V% =V, see [12, page 33].

The Neumann Laplacian acting on R3-valued function will be denoted by A, that
is,

0
D(Ay) = {uesza—l::Oona(’)},
0 @
J“u
Aja = — —, ue D).
1 ;3"? (A1)

It can also be shown, see e.g. [20, Theorem 5.31], that Al = [+ A is adefinite positive
and self-adjoint operator in the Hilbert space L? := L?(0) with compact resolvent.
In particular, there exists an ONB (¢¢)2 | of L? and an increasing sequence ()\k);:il
with A1 = 0and A /" oo as k ' oo (the eigenvalues of the Neumann Laplacian A1)
such that A1¢x = Ar¢y forany j € N.

For any o € [0, co) we denote by X, = D(A'f‘), the domain of the fractional power

operator A‘l" We have the following characterization of the spaces X,

Xo = qu= ) urdi: ) (1+ 1) u* < oo 2.2)

keN keN

It can be shown that X, C H? foralla > 0and X := X% = H!, see, for instance,
[46, Sections 4.3.3 and 4.9.2].
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For a fixed h € L™ we define a bounded linear operator G from L? into itself by
G:L?>n+—>nxhel?
It is straightforward to check that there exists a constant C > 0 such that
IGm)|| < Cllh||rs|n]|, for any n € L.

Given two Hilbert spaces K and H, we denote by L(K, H) and 75(K, H) the space
of bounded linear operators and the Hilbert space of all Hilbert—Schmidt operators
from K to H, respectively. For K = H we just write £(K) instead of L(K, K).

2.2 The nonlinear terms

Throughout this paper B* denotes the dual space of a Banach space B. We also denote
by (U, b)g+ p the value of ¥ € B* on b € B.
We define a trilinear form b(-, -, -) by

d .
b(u,v,w) = Z / ) wWdx, uell’,ve W, andwel’,
ij=170 dxi

with numbers p, g, r € [1, oo] satisfying

o1
—+-+-=1
p g

Here 0, = % and ¢V is the i-th entry of any vector-valued ¢. Note that in the above

definition we can also take v € W14 and w € L", but in this case we have to take the
sum over j from j = 1to j = 3.

The mapping b is the trilinear form used in the mathematical analysis of the Navier—
Stokes equations, see for instance [45, Chapter II, Section 1.2]. It is well known, see
[45, Chapter II, Section 1.2], that one can define a bilinear mapping B from V x V
with values in V* such that

(B(u,v),w)y«y =b(u,v,w)forweV, andu,v e H'. 2.3)

In a similar way, we can also define a bilinear mapping B defined on H! x H! with
values in (H))* such that

(é(u, V), W)(Hl)*yHl =b(u,v,w) foranyu € Hl, V, WE H'. 2.4)

Well-known properties of B and B will be given in the “Appendix” section.
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Let m be the trilinear form defined by
d 3 _
mmpm,u)=— Y Z/ 9n{Y9, 0”9, u® dx (2.5)
ij=1k=1"©
foranyn; € Wh?, ny e Wh9 andu e W' with r, p, ¢ € (1, 00) satisfying

|
—4+-4-=<1
p g r

Since d < 4, the integral in (2.5) is well defined for ny, ny € H? and u € V. We have
the following lemma.

Lemma 2.1 Letd € [1,4]. Then, there exist a constant C > 0 such that
1-4 o2, 14 -4 o2, 4
[mmi, np, )| < C[[Vay | 4 [V [[4]|[Vna|| 4 |[Vona [ 4] Val|, (2.6)
foranyny;,ny € H> andu € V.

Proof of Lemma 2.1 From (2.5) and Holder’s inequality we derive that

jm(ny, n, w)| 5/@|Vn1||Vnz|IVu|dx.

The above integral is well-defined since Vn; € L%, i =1,2,Vu e L2 and
dd;z + % < 1ford <4.Whend = 2 we replace 2d /(d — 2) by any g € [4, 00). Note
that for d < 4 we have |Vn;| € L% i =1, 2. Hence

[m(ny, 2, w)| < C[[Vay||p4]|Vmallps [Vl
This last estimate and Gagliardo—Nirenberg’s inequality (6.1) lead us to

_d d _d d
Im(ng, no, w| < CIV |5 V20, |5 | Voo || =5 | V2o |4 [ Vul. (2.7

This concludes the proof of our claim. O

The above result tells us that the mapping V 3 u +— m(nj, np, u) is an element of
L(V,R) whenever ny, ny € H2. Now, we state and prove the following proposition.

Proposition 2.2 Letd € [1, 4]. There exists a bilinear operator M defined on H> x H?
taking values in V* such that for any ny, ny € H?

(M(mp,mp), w)yy=y =m(n;,np,u) ueVv. (2.8)
Furthermore, there exists a constant C > 0 such that

_d d _d d
My, m) v« < CIV |75 V2 || 5 | Vi |5 | V2ny ||, 2.9)

@ Springer



Stoch PDE: Anal Comp

for any ny,ny € H2. We also have the following identity
(B(v,m), Ajn) = —(M(n, n), V)= v, foranyv e V,n € D(A;).  (2.10)

Proof The first part and (2.9) follow from Lemma 2.1.

To prove (2.10) we first note that (1§ (v,m), Ain;) = b(v,np, An;) is well-defined
for any v € V,n;,ny € D(Ay). Thus, taking into account that v is divergence free
and vanishes on the boundary we can perform an integration-by-parts and deduce that

- an® 52
(B(v,m), Ain)) = —/ v — ——
@

X
dx; 0x;0x;
av® dn® sn® 5 82n® gn®
= dx —/ v —
O

h o 0x; 0dx; 0Jx; 0x;0x; 0x]
av® an® gn® 1 . 9|Vn|?
=—/ dx——/ V(’)gdx
o 0x; 0x; 0x; 2 Jo 0Xx;
av® an® gk

o o 0x; 0dx; 0x]

=—m(m,n,v) =—(Mm,n), v)vy.

In the above chain of equalities summation over repeated indexes is enforced. O

Remark2.3 1. Forany f, g € X; and v € H we have
(M (£, g), v)v< v = (II[div(VE © Vg)], v). (2.11)
In fact, forany f,g € X; and v € V

(M(£,g), viv. v = —(VEf O Vg, Vv)
= (div(Vf © Vg), ITv)
= (II[div(VF © V)], v).

Thanks to the density of V in H we can easily show that the last line is still true
for v € H, which completes the proof of (2.11).
2. In some places in this manuscript we use the following shorthand notation:

B(u) := B(u,u) and M(n) := M(n, n),

for any u and n such that the above quantities are meaningful.

We now fix the standing assumptions on the function f(-).

Assumption 2.1 Let /; be the set defined by

I = N = {1,2, 3,} 1fd:2, (2.12)
{1}, ifd = 3.
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Throughout this paper we fix N~e 1; and a family of numbers ax, k =0, ..., N, with
ay > 0. We define a function f : [0, o0) — R by

N
fr) = Zakrk, forany r € Ry.
k=0
We define a mapping f : R} — R3 by f(n) = f(|n|2)n where f is as above.

We now assume that there exists F : R?> — R a differentiable mapping such that
forany n € R and g € R?

F'(n)[gl= f(n)-g.

Before proceeding further let us state few important remarks.

Remark 2.4 Let F be an antiderivative of f such that F (0) = 0. Then, as a consequence
of our assumption we have

F(r)y=ayr" T + U,

where U is a polynomial function of at most degree N and ay1 > O.

Remark 2.5 For any r € [0, o0) let fr)y=r—11f1 € Iq then the mappings f
and F defined on R? by f(n) := f(In|*)n and F(n) := }‘[f(ln|2)]2 for any n € R?
satisfy the above set of assumptions.

Remark 2.6 There exist two constants £1, £, > 0 such that
Fonse(1+), r>0, (2.13)
|7 () 5@(1+er), > 0. (2.14)

Remark 2.7 Let f be defined as in Assumption 2.1.

(i) Then, there exist two positive constants ¢ > 0 and ¢ > 0 such that
|f)] <c (1 + |n|2N+‘) and | f/(n)| < & (1 4 |n|2N> for any n € R3.

(i) By performing elementary calculations we can check that there exists a constant
C > 0O such that for any n € H?

IAm|? = [Am+ fm) — fF@* < 2[|Am+ fF@)|* + 2| f ()|,
<2[Amn+ f@|> +Clnjl, +C. (2.15)

where g = 4N + 2.
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(iii) Observe also that since the norm |-||2 is equivalent to ||-|| + ||A;-]| on D(Ay),
there exists a constant C > 0 such that

I3 < CUAM+ fFm)|* + IIHIqu + 1), foranyn € D(A).  (2.16)

(iv) Finally, since H' ¢ L*¥*2 for any N € I;, we can use the previous observation
to conclude that n € H?> ¢ L™ whenevern € H! and Ajn 4+ f(n) € L.

2.3 The assumption on the coefficients of the noise

Let (2, F, P) be a complete probability space equipped with a filtration ' = {F; :
t > 0} satisfying the usual conditions, i.e. the filtration is right-continuous and all null
sets of F are elements of Fo. Let Wo = (W2(f));>0 be a standard R-valued Wiener
process on (€2, F, F, IP). Let us also assume that K; is a separable Hilbert space and
W1 = (Wi(t))s>0 is a Kj-cylindrical Wiener process on ($2, F, F, P). Throughout
this paper we assume that W, and W; are independent. Thus we can assume that
W = (Wi(t), Wa(2)) is a K-cylindrical Wiener process on (2, F, IF, P), where

K= K1 x R.
Remark 2.8 1f K; is a Hilbert space such that the embedding K; C Kj is Hilbert—
Schmidt, then W) can be viewed as a K;-valued Wiener process. Moreover, there
exists a trace class symmetric nonnegative operator Q € L(Kj) such that W; has
covariance Q. This K;-valued K;-cylindrical Wiener process is characterised by, for
allr > 0,
B YO _ IR ek,
where K7 is the dual space to K5 such that identifying Ki with K; we have
K; — Kj =K; — Ky.
Let H be a Hilbert space and .# 2(Q x [0, T];: To(K, H)) the space of all equiva-

lence classes of F-progressively measurable processes ¥ : Q x [0, T] — T2(K, H)
satisfying

T
2
IE/O ||\Il(s)||T2(K’]:[)ds < 00.

From the theory of stochastic integration on infinite dimensional Hilbert space, see [35,
Chapter 5, Section 26 | and [14, Chapter 4], for any ¥ € Q% [0, T]; T2(K, H))
the process M defined by

t
M(t) = / W (s)dW(s),t €[0,T],
0
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is a H-valued martingale. Moreover, we have the following It isometry

2
E’( ) IE(/ ||\IJ(s)||T(K~ds> Vi e[0,T], (2.17)
H

and the Burkholder—Davis—Gundy inequality

q g
/ /
E (01111; H) <C,E (/ II‘I’(S)IIT(K i ) ,

vVt €[0,T], Vg € (1, 00). (2.18)

t
W (s)dW(s)
0

/s W(s)dW (s)
0

We also have the following relation between Stratonovich and It0’s integrals, see [5],
1 5
Gm) odW, = EG m)dt + G(m)dW,,

where G> = G o G is defined by
G’(n) =G o G(m) =(n x h) x h, foranyn € L.

We now introduce the set of hypotheses that the function S must satisfy in this paper.

Assumption 2.2 We assume that S : H — 75(K{, H) is a globally Lipschitz mapping.
In particular, there exists £3 > 0 such that

IS@IZ, == IS@IIZ«, ) < 61+ llull®), foranyueH.  (2.19)

3 Existence and uniqueness of a weak martingale solution

In this section, we are going to establish the existence of a weak martingale solution
to (1.13)—(1.17) which, using all the notations in the previous section, can be formally
written in the following abstract form

dv(t) + (Av(t) + B(v(1),v(t)) + M(n(t)))dt = S(v(t)dWi(t), 3.1

~ 1
dn(r) + <A1n(l) + B(v(0), n(0) + f(n()) — EGz(n(t)))dt = G(1)dWa(1),
(3.2)
v(0) = vg and n(0) = ny. 3.3)
For this purpose, we use the Galerkin approximation to reduce the original system
to a system of finite-dimensional ordinary stochastic differential equations (SDEs for

short). We establish several crucial uniform a priori estimates which will be used to
prove the tightness of the family of laws of the sequence of solutions of the system
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of SDEs on appropriate topological spaces. However, before we proceed further, we
define what we mean by weak martingale solution.

Definition 3.1 Let K; be as in Remark 2.8. By a weak martingale solution to (3.1)—
(3.3) we mean a system consisting of a complete and filtered probability space

(@, F F,P),

with the filtration F' = (F));c[0,7] satisfying the usual conditions, and F'-adapted
stochastic processes

v(t),n(t), Wi(t), Wa(t))sef0.7]

such that:

1. (W, ())ef0,1) (resp. (Ws (t)):ef0,17) 1s a Ky -cylindrical (resp. real-valued) Wiener
process,
2. (v,n):[0,T] x @ — V x H? and P-a.e.

(v,m) € C([0, T]; V_p) x C([0, T]; Xp), forany B € (O, %) , 34

T
E' sup [Vl + V()] +E /0 (IVY®I? + 1Am@)2) ds < o,

0<s<T

(3.5)

3. for each (®, W) € V x L? we have forall 7 € [0, T] P'-as..

t
(v(t) = vo, ®) +/ <AV(S) + B(v(s), v(s)) + M(n(s)), <I>> ds
0

VeV
= fo (@, SOV DA (5)), (3.6)
and
(n(r) —mo, W) + fo 1<A1n<s) + B(v(s),n(s)) + f(n(s)) — %Gz(nm), \If>ds
= /OI(G(n(s)), W)dWs(s). 3.7

Now we can state our first result in the following theorem.

Theorem 3.2 If Assumptions 2.2 and 2.1 are satisfied, h € W'3 N L*®, vy € H,
ny € H!', and d = 2, 3, then the system (3.1)—(3.3) has a weak martingale solution in
the sense of Definition 3.1.

Proof The proof will be carried out in Sects. 3.1-3.3. O
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Before we state the uniqueness of the weak martingale solution we should make the
following remark.

Remark 3.3 We should note that the existence of weak martingale solutions stated in
Theorem 3.2 still holds if we assume that the mapping S(-) is only continuous and
satisfies a linear growth condition of the form (2.19).

To close this subsection we assume that d = 2 and we state the following uniqueness
result.

Theorem 3.4 Let d = 2 and assume that (vi, n;), i = 1,2 are two solutions of (3.1)
and (3.3) defined on the same stochastic system (2, F,F, P, Wi, W») and with the
same initial condition (vo, ng) € H x H', then foranyt € (0, T] we have P-a.s.

(vi(®),mi (1)) = (v2(1), m2(2)).

Remark 3.5 Due to the continuity given in (3.4) the two solutions are indistinguishable.
Therefore, uniqueness holds.

Proof The proof of this result will be carried out in Sect. 3.4. O

3.1 Galerkin approximation and a priori uniform estimates

As we mentioned earlier, the proof of the existence of weak martingale solution relies
on the Galerkin and compactness methods. This subsection will be devoted to the
construction of the approximating solutions and the proofs of crucial estimates satisfied
by these solutions.

Recall that there exists an orthonormal basis (¢;)_; C C* of H consisting of the
eigenvectors of the Stokes operator A. Recall also that there exists an orthonormal
basis (¢;);2, C C* of L’ consisting of the eigenvectors of the Neumann Laplacian
Aj. For any m € N let us define the following finite-dimensional spaces

H,, := linspan{¢gy, ..., on},
Lm = linspan{¢l7 LN} ¢m}

In this subsection, we introduce the finite-dimensional approximation of the system
(3.1)—(3.3) and justify the existence of solution of such approximation. We also derive
uniform estimates for the sequence of approximating solutions. To do so, denote by 7,
(resp. 7,,) the projection from H (resp. L?) onto H,, (resp. L,,). These operators are
self-adjoint, and their operator norms are equal to 1. Remark 6.3, Lemma 6.2 enable
us to define the following mappings

>}

m - Hyp 20— m,B(u,u) € H,,
Bm :Hy x Ly 3 (u,n) — ﬁ'mé(v» n) € Ly,
My, : Ly, >n+— 7, M(n) € Hy,,
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From the definition of L,, and the regularity of elements of the basis (¢)7°, we infer
that for any u € Ly, [u|*u € L? for any r € {1,..., N}. Hence the mapping f,,
defined by

fm i L 30> 7 f(0) € Ly,

is well-defined. From the assumptions on S and h the following mappings are well-
defined,

Sm :Hp 3 u = 1, 0 S(u) € (K, Hy),

Gn:L,>n~ 71,Gn) eL,,

G2 :L,3n— #,G*n) € L,.

Lemma 3.6 For each m let ¥, an ®,, be two mappings on H,, x Ly, defined by

Au + B, (u) + M,,(n)

Wy (,n) = (Aln + B, (u,n) + f,,(n) — %G,%I(n)

) , (u,n) € Hy x Ly,

and

(Dm (ll, n) = <Sm(§U) Gmo(n)> s (u, l'l) (S] Hm X Lm.

Then, the mappings V,,, and ®,,, are locally Lipschitz.

Proof The mapping S,, is globally Lipschitz as the composition of a continuous linear
operator and a globally Lipschitz mapping. Since A, A1, G, and Gi are linear, they
are globally Lipschitz. Thus, & is also globally Lipschitz.

From the bilinearity of B(-, -), the boundedness of m,, and Remark 6.3 we infer
that there exists a constant C > 0, depending on m, such that for any u, v € H,,

[[Bm(u, u) = By (v, V)| < Clflu = v[[1][vll2 + [lulfilu = v]}2]. (3-8)

Since the .2, H! and H? norms are equivalent on the finite dimensional space H,, we
infer that for any m € N there exists a constant C > 0, depending on m, such that

B (u, w) = By (v, V)|| = Cllla = V][IVl + [luf[{la = v]], (3.9

from which we infer that for any number R > 0 there exists a constant Cg > 0, also
depending on m, such that

| Bn(u, w) — By (v, V)[| < Crllu—v],

for any u, v € H,,, with ||lu||, ||v]]| < R. Thatis, B,,(-) := By, (-, -) is locally Lipschitz.
Thanks to (6.11) one can also use the same idea to show that M,, is locally Lipschitz
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with Lipschitz constant depending on m. Now, for any r € {1, ..., N} there exists a
constant C > 0 such that for any ny, n; € L,

2 2 2
[ 70y — o[z || < Cllng |7 [l Ing — ma

2r—1
2r—1—k k
+Clny — myl|iny (Z Iy 27~ g | )an,

k=0

from which we easily derive the local Lipschitz property of f;,.
Finally, thanks to (6.9) there exists a constant C > 0, which depends on m € N,
such that

1By (ur, m1) = By (w2, m) | < C [lug — a2 + Juzfln; —na],

where we have used the equivalence of all norms on the finite dimensional space
H,, x L,, again. Now, it is clear that the mapping W is locally Lipschitz. O

Let ng,, = 7;ng and vo,, = 7, Vo. The Galerkin approximation to (3.1)—(3.3) is

AV (t) + [AVi (t) + By (Vi (1)) + My (0, (1)) |dt = Sy (Vi (£))dW1 (1), (3.10)
ANy (1) + [A10y (1) + By (Vi (1), 1 (1)) + fon (0 () ]t

1
= EG,ZH (M (1)) + G (0, (1)) d W (2). (3.11)

The Egs. (3.10)—(3.11) with initial condition v,, (0) = vo,, and n,,(0) = ng,, form a
system of stochastic ordinary differential equations which can be rewritten as

de + \Ijm(Ym)dt = q)m(Ym)dW’ ym(o) = (Yom, Nom) (312)

where y,, := (w,,, n,), W := (W, Ws). Due to Lemma 3.6 the mappings W, and
®,, are locally Lipschitz. Hence, owing to [1,38, Theorem 38, p. 303] it has a unique
local maximal solution (v,,, n,,; T;,) where T,, is a stopping time.

Remark 3.7 In case we assume that S(-) is only continuous and satisfies (2.19), S,
is only continuous and locally bounded. However, with this assumption, we can still
justify the existence, possibly non-unique, of a weak local martingale solution to
(3.10)—(3.11) by using results in [26, Chapter IV, Section 2, pp 167-177].

We now derive uniform estimates for the approximating solutions. For this purpose,
let Tg n, m, R € N, be a stopping time defined by

TR = inf{t € [0, TT; [0y, () IT + V(D> > R*} A T. (3.13)

Proposition 3.8 Ifall the assumptions of Theorem 3.2 are satisfied, then for any p > 2
there exists a positive constant C, such that we have for all R > O and t € (0, T']
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INTR.m
sup(lE sup  [nu ()7 + p f Iy ()17~ 21 Vi, (5) | 2ds
0

meN SE[OJ/\TR.m]
FATRm 2 IN+2
+P/ [0y ()17~ IIIIm(S)IleNledS> < E&o(T, p), (3.14)
0
where
&o(T, p) := IIno||” (Cp + Cper™). (3.15)
Proof The proof will be given in Sect. 4. O

We also have the following estimates.

Proposition 3.9 If all the assumptions of Theorem 3.2 are satisfied, then there exists
£ > 0 such that for all p € [1, 00), forall R > 0andt € (0, T]

_ )4
supE[ sup (||vm<s)||2+e||nm<s)||2+||Vnm(s)||2+ f F(nm<s,x)>dx)
O

meN Ofsft/\TRJn
IATR,m ) ) p
+ ( L (199 + 1A )+ Fma o)) )) ]
<&i(T,p), tel0,T], meN, (3.16)
and
IATR m V4
sup E[/ ||A1nm(s)||2ds] <&(T,p- (2N +1)),
meN 0
tel0,T], m eN, (3.17)
where

p
& (T, p) = [(nvon2 + Img 1 + Vng 1% + /O F(no(x))dX> + kT + k& (T, p)]

x [1 +kT(T + 1)e"<T+1>T] (3.18)

Here, k > 0 is a constant which depends only on p and £, and & is defined in (3.15).

Proof The proof of (3.16) will be given in Sect. 4.
The estimate (3.17) easily follows from (3.16), (3.14) and item (ii) of Remark 2.7 (see
also item (iii) of the same remark). m]

In the next step we will take the limit R — oo in the above estimates, but before
proceeding further, we state and prove the following lemma.

Lemma3.10 Let trn, R,m € N be the stopping times defined in (3.13). Then we
have for any m € N P-a.s.

lim tg,,, =T.
R—o0 '
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Proof Since (Vyy, 0y)(- A Tr.m) ¢ [0, T] — H,, X Ly, is continuous we have

R2P(trm < 1) = E [Teg <o (VR I + [0 () D)
= B [ Lt (N o) I + I (e 1)
+E [Tegzt (I o) I+ 10 () D)

= E [ IV ron) 2+ I () I ]

forany m € Nand ¢ € [0, T]. From the last line of the above chain of inequalities and
Proposition 3.9 we infer that

1
P(tpm <t) < FGI(T’Z)' (3.19)
Hence
Rlim P(tgm <t)=0forallt € [0,T]and m € N,
—00

which implies that there exists a subsequence tg, ,, such that tg, ,, — T a.s., which
along with the fact that (tr ;) geN is increasing, yields that tg ,, / T a.s. for any
m € N. This completes the proof of the lemma. O

We now state the following corollary.

Corollary 3.11 If all the assumptions of Theorem 3.2 are satisfied, then we have

T
sup(E sup [In, ()[I” + p / M () 117211V () [ 2ds
meN s€[0,T] 0

T
+p /0 ||nm(s>||1’2||nm(s>||i%t%ds) < E&(T, p). (3.20)

Furthermore, there exists £ > 0 such that for all p € [1, 00)

p
supE[ sup <||vm(s>||2+f||nm(s)||2+||Vnm<s>||2+ /O F(nm<s,x>)dx>

meN 0<s<T
T p
+ ( /O (IV¥n 17 + 1AM ) +f(nm(s)>||2)) }
<& (T,p), tel0,T], meN, (3.21)

and

T p
supE[/ ||A1nm(s)||2ds] <&8(T,p-2N+1), te[0,T], meN. (3.22)
0

meN
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The quantities &g and & are defined in (3.15) and (3.18), respectively.

Proof Thanks to Lemma 3.10 the inequalities (3.20), (3.21) and (3.22) can be estab-
lished by using Fatou’s lemma and passing to the limit (as R — 00) in (3.14), (3.16)
and (3.17). O

In the next proposition, we prove two uniform estimates for v, and n,, which are
very crucial for our purpose.
Proposition 3.12 In addition to the assumptions of Theorem 3.2, let « € (0, %) and

p € [2,00) such that 1 — % > o — % Then, there exist positive constants ks and K¢
such that we have

sup E||v;, ”%V"‘J’(O,T;V*) < ks, (3.23)
meN

and
Sup E”nm ”%/Vot,p(o T.LZ) S Izﬁ (324)
meN o

Proof We rewrite the equation for v,, as

t t t
Vi () = Vom _/ Avy, (s)ds _/ By (Vi (8), Vi (5))ds _/ M, (0, (s))ds
0 0 0

t
+ / S (Vi () W1 (5).
0
4 .
= Vou + Y _ I}(1).
i=1

Since A € L(V, V¥), we infer from (3.21) along with Corollary 3.11 that there exists
a certain constant C > 0 such that

. 2
;l;%EIII,,ﬂ ”%VLZ(O’T;V*) - ZEIQIE‘ /0 Avm(5)ds W120,T;V*)
<C, meN., (3.25)

Applying [18, Lemma 2.1] and (2.19) in Assumption 2.2 we infer that there exists a
constant ¢ > 0 such that that for any « € (0, %) and p € [2, o0)

p

4P
sup E||Im||Wa_p(0’T;H) =sup E
meN meN

/ S V()W (5)

0

Wer(0,T;H)

T
< E /0 1S VOV o,
T
< t’E / (1 + [V (D) 17)ds.
0
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Now, invoking (3.21) and Corollary 3.11 we derive that there exists a constant C > 0
such that

sup Elly 1 ya.p 0,711 < C- (3.26)

meN

Now, we treat the term I,f’, (1). From (2.9) we infer that there exists a constant C > 0
such that for any m € N

d
2
||Mm(nm>||i4 < ( / 1V, ()] n, (r)||2dt>

d
T 2
< C sup [[Vn,@)|* ( /O ||v2nm<t>||2dr)

te[0,7T]

Hence, there exists a constant C > 0 such that

T d1%
sup El| My () (1% 4 SC[E( sup ||Vnm(z)||2<4—d>)JE< / ||nm<r>||§dt> } ,
meN Ld(0,T;V¥) 0<t<T 0

from which altogether with (3.21), (3.22) and Corollary 3.11 we infer that there exists
a constant C > 0 such that

2
sup IE||I3 || =sup E
meN wh 3(0 T:V*)  meN

<C. (3.27)

t
/ Mo (0 (5))dis
0

14
d (0,T;V*)

Using (6.8) and an argument similar to the proof of the estimate for / 3, we conclude
that there exists a constant C > 0 such that

2

L4
wld0,1;v*)

T d+%
sC[E( sup ||vm(r>||2<4—d>)lE< / ||vm(r>||§dr) ] :
0<t<T 0

from which along with (3.21) and Corollary 3.11 we conclude that there exists a
constant C > 0 such that

/ By (Vun(5), Vi (5))dls

0

sup E‘

meN

. 2
sup IE||I2 || = sup E‘ / B, (Vi (5), Vi (8))ds . <C.
meN W01V men 1o whd©,1;v%)
(3.28)
By [44, Section 11, Corollary 19] we have the continuous imbedding
WL7(0, T; V¥) € WP (0, T; V¥), (3.29)
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fora € (0, %) and p € [2, c0) such that 1 — % >a— %. Owing to Eqgs. (3.25), (3.27),
(3.26) and (3.28) and this continuous embedding we infer that (3.23) holds.
The second equations for the Galerkin approximation is written as

t t t
n,, () = ngy, — / Any, (s)ds — / ﬁm[ém(vm(s)s n,(s))lds — f Sy (s))ds
0 0 0

1! !
45 [ Ghueds + [ Gumnsnawa),
2 Jo 0

5
= 0om + Y _ Jin(t).

Jj=1
From (3.22) and Corollary 3.11 we clearly see that

2
<C. (3.30)

/. An,, (s)ds
0

sup ElJp 312,712 = Sup E

meN meN wL2(0,T;L2)

From (6.9) we infer that there exists a constant ¢ > 0 such that

NS

1L B V), B DI = € (¥ OV O T (199 O V2001
Thus,

1 7m [Bon (Vo (5), 0 D111 4
L%(0,T:;L?)

4—d T %
=c sup (v OV, @©)]) 2 [/0 IIVVm(t)Ilzdl}

0<t<T

T ¢
X [ / (I (1% + ||Anm<t>||2>dt} :
0
Taking the mathematical expectation and using Holder’s inequality lead to

Sup E| 7 [ B (Vi (), 0 (5111 4
meN L%(0,T;L2)
1

1
< ¢ sup [E sup [[V, () IP4"DE sup ||Vnm<t)||2<4">]

meN 0<t<T 0<t<T

T d T
xsup[E( / ||va(r)||2dr) IE( f (||nm(r>||2+||Anm<z)||2>dr)
meN 0 0

which along with (3.21), (3.22) and Corollary 3.11 yield

d- 1

I
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. 2
sup E|[ 722 4 = sup E‘f [ Bm (Vin (8), 0y, (8))1d s J
meN W>40,T:L2)  meN 0 w1 0,7:L2)
<C, (3.31)

for some constant C > 0.
There exists a constant ¢ > 0 such that for any m € N and ¢ € [0, T] we have

|G @ O] = Il 1 (O [ (O]
= el (IO + I OV O + [0 O AR O]])

which along with (3.21), (3.22) and Corollary 3.11 yields that there exists a constant
C > 0 such that

2
<C. (332
W1.2(0,T;L2)

-
sup [l 13120, 7:12) = sup EHE /0 Gy (0 ())ds

meN

For the polynomial nonlinearity f we have: for any N € I there exists a constant
C > 0 such that

T 2
sup EllJa 3120, 7.p2) < CE ( / ||f(nm(s)>||2ds)
meN 0
T 2
<CE ( / I (s)u“LTNt%ds) < CTE sup [, ()l
0 0<s<T
<C, (3.33)

where we have used the continuous embedding H! ¢ L*¥*2 and the estimates (3.20)
and (3.21) .
For any h € L>®(0), using the embedding H> < L> we have

Ih < 1, (D17 < IRl I (D17, (3.34)

from which along with [18, Lemma 2.1], (3.34), (3.21) and Corollary 3.11 we derive
that there exists a constant C > 0 such that for any o € (0, %) and p € [2, 00)

: p

Sup Bl 1. o 712y = SUP E‘ / G (0 (5))d W <C. (339
meN T meN 0 Wep(0,T;L2)

Combining all these estimates complete the proof of our proposition. O
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3.2 Tightness and compactness results

This subsection is devoted to the study of the tightness of the Galerkin solutions and
derive several weak convergence results. The estimates from the previous subsection
play an important role in this part of the paper.

Letp € [2,00) anda € (O, %) be as in Proposition 3.12. Let us consider the spaces

X1 =L%0,T; V)N W*P(0, T; V¥),
9, = L0, T; H) N WP (0, T; L).

Recall that Vg, B € R, is the domain of the of the fractional power operator AP,
Similarly, X is the domain of (I + AP If y > B, then the embedding V, C Vg
(resp. X, C Xp) is compact. We set

X2 = L0, T; H) N W*P(0, T; V¥),
9, = L=, T; HY) N WP (0, T; L?),

and for 8 € (0, %)

&1 = L0, T;H)NC(0,T]; V_p),
Sy = L*(0, T; H') N C ([0, T1; Xp).
We shall prove the following important result.

Theorem 3.13 Let p € [2, 00) anda € (0, %) be as in Proposition3.12and 8 € (0, %)
such that pB > 1. The family of laws {L(v;,,n,) : m € N} is tight on the Polish
space S| X Ga.

Proof We firstly prove that {£(v,,) : m € N} is tight on L?(0, T'; H). For this aim, we
first observe that for a fixed number R > 0 we have

R R
P(”Vm”:{] > R) <P <||Vm||L2((),T;V) > 5) +P <||Vm||W“=1’(O,T;V*) > E) s
4 2
< =B (V3 20.7.v) + IVnllwero.rivs )

from which along with (3.21), (3.23), and (3.24) we infer that

4C
sup P ([[Vmllx, > R) < ik (3.36)
meN

Since ¥ is compactly embedded into L2(0, T; H), we conclude that the laws of v,
form a family of probability measures which is tight on L?(0, 7; H). Secondly, the
same argument is used to prove that the laws of n,, are tight on L2(0, T; H'). Next,
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we choose 8 € (0, %) and p € [2, c0) such that pf > 1 is satisfied. By [43, Corol-
lary 5 of Section 8] the spaces X and ), are compactly imbedded in C([0, T']; V_p)
and C([0, T']; Xp), respectively. Hence the same argument as above provides us with
the tightness of {£(vy) : m € N} and {L(mn,,) : m € N} on C([0, T]; V_g) and
C([0, T']; Xg). Now we can easily conclude the proof of the theorem. O

Throughout the remaining part of this paper we assume that «, p and 8 are as in
Theorem 3.13. We also use the notation from Remark 2.8.

Proposition3.14 Let G = 61 x 67 x C([0, T]; Ky) x C([0, T]; R). There exist a
Borel probability measure |1 on & and a subsequence of (Vy,, 0y, W1, Wa) such that
their laws weakly converge to L.

Proof Thanks to the above lemma the laws of {(v,,, n,,, Wi, W») : m € N} form a
tight family on &. Since & is a Polish space, we get the result from the application of
Prohorov’s theorem. O

The following result relates the above convergence in law to almost sure convergence.

Proposition 3.15 Leta, B € (0, %) be as in Theorem 3.13. Then, there exist a complete
probability space (', F', ") and a sequence of G-valued random variables, denoted
by {(Vin, 0y, W', W) © m € N}, defined on (Q', F', ') such that their laws are
equal to the laws of {(Vy,ny,, Wi, W) : m € N} on &. Also, there exists an &-
random variable (v, n, Wi, W) defined on (', F', ') such that

Lv,n, Wi, Ws) = i on &, (3.37)
Y — Vform — oo in L*(0, T; H) P-a.s., (3.38)
Vi — Vform — o0 in C([0, T]; V_g) P'-a.s., (3.39)
f,, — nform — ooin L*(0, T; H") P-as., (3.40)
0, — njform — oo in C([0, T1; Xp) P'-a.s., (3.41)
Wi — Wi form — oo in C([0, T]; K2) P-a.s., (3.42)
Wy — W, form — oo in C([0, T]; R) P-a.s. (3.43)

Proof Proposition 3.15 is a consequence of Proposition 3.14 and Skorokhod’s Theo-
rem. O

Let X3 = L°°(0, T; H)N L?(0, T; V) and 95 = L>(0, T; H') N L?(0, T; H?).
Proposition 3.16 Ifall the assumptions of Theorem 3.2 are verified, then for any p > 2

and m € N the pair of processes (V,,, ) satisfies the following estimates on the new
probability space (', F',P'):
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T
sup(E/[ sup [y (D)7 + p / [f () 117721 Vit (5) | 2ds
meN tel0,T] 0

t
+p /0 ||ﬁm(s)||"—2||ﬁm(s)||i’¥Nt%dsD < &o(T, p), (3.44)
~ P
E[ sup (||vm<s>||2+£||ﬁm<s>||2+||Vﬁm(s)||2+ fo F(ﬁm<s,x>)dx>
0<s<T
T P
+ fo (||Wm<s>||2+ ||A1ﬁm<s)+f<ﬁm<s>)||2)} <&((T,p), (345

T p
E’[/ ||A1ﬁm(S)||2dS] =& (T, p- 2N+ 1)), (3.46)
0

where (T, p), Cand & (T, p) are defined in Propositions 3.8 and 3.9, respectively.
Furthermore, there exists a constant C > 0 such that

r 7 i 12
sup E/ / ||B)n(‘_'m(t)"_’m(t)||{1/*dt:| <C, (3.47)
meN  LJO

T ¢ 1%
sup ' / IIMm(ﬁm(t))ll{‘/*dl} <C, (3.48)
meN 0

- T d

/ n (o = % 2
sup E / ”Bm(vm(t)»nm(t))”det} =C, (3.49)
meN  LJO

T

sup E// Il fon (O (1)) I rdt < C, (3.50)
meN 0

_ 2N+2
where r = SN

Proof Consider the function ®(u, ) on X3 x 93 C &| x &, defined by

T p
O(u,€) = sup [||u(s>||2p+||Ve(s>||2P]+ko[ fo (||Vu<s>||2+||Ae<s>||2)ds}

0<s<T

® is on &1 x G a continuous function, thus Borel measurable. Thanks to (3.37) for
any m € N the processes (v, n,,) and (v,,, n,,) are identical in law. Therefore, we
derive that

E® (v, ny,) = E/Cb(vmv n,), meN,

which altogether with the estimates (3.21), (3.22) and Corollary 3.11 yield (3.45). The
estimates (3.47), (3.48) and (3.49) can be shown using similar idea to the proof of
(3.28), (3.27), (3.31). The estimate (3.50) easily follows from the continuous embed-

ding L> C L', r = 7% € (1,2), and (3.33). O

We prove several convergence results which are for the proof of our existence result.
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Proposition 3.17 Let 8 € (0, %). We can extract a subsequence {(Vy,, Dy, ) : k € N}
from {(V,;;;, 0y,) : m € N} such that

Vi, — V Strongly in LZ(Q’ x [0, T]; H), (3.51
Vi, — V strongly in LY Q' C(0, T]; V_p)), (3.52)
i, — n strongly in L*(' x [0, T]; H'), (3.53)
0, — n weakly in L%(Q x [0, T]: H?), (3.54)
n,, — n strongly in L4(Q/; C([0,T];Xp)) (3.55)
0, — nstrongly in & P-a.s., (3.56)
n,, — N for almost everywhere (x,t) and P'-a.s.. (3.57)

Proof From (3.45) and Banach—Alaoglu’s theorem we infer that there exists a subse-
quence V,,, of v, satisfying

Vi, — v weakly in L2 (Q'; L2(0, T; H)), (3.58)

for any p € [2, 00). Now let us consider the positive nondecreasing function ¢(x) =
x2p, p € [2, 00), defined on R . The function ¢ obviously satisfies

lim 29 _ oo (3.59)
X—>00 X
Thanks to the estimate E’ sup;co.77 11Vimy 27 < C (see (3.45)), we have
sup E' (@ ([ ¥, lL2¢0.7:mm))) < 0, (3.60)

k>1

which along with the uniform integrability criteriain [27, Chapter 3,Exercice 6] implies
that the family {[|Vi, |20, 7.1y © m € N} is uniform integrable with respect to the
probability measure. Thus, we can deduce from Vitali’s Convergence Theorem (see,
for instance, [27, Chapter 3,Proposition 3.2]) and (3.38) that

E/”‘_’mk”%‘Z(O,T;H) - }E/”v”%z(O,T;H)'
From this and (3.58) we derive that
Vi, — V strongly in LY@ x [0, T]; H). (3.61)

Thanks to (3.40)—(3.43) in Proposition 3.15 and (3.45) we can use the same argu-
ment as above to show the convergence (3.52)—(3.55). By the tightness of the laws of
{n,, : m € N} on 6, we can extract a subsequence still denoted by {n,, : k € N}
such that (3.56) and (3.57) hold. m]

The stochastic processes v and n satisfy the following properties.
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Proposition 3.18 We have

E"sup, (0.1 IVO[IP < 00, (3.62)
E' sup; o, 7y (@)l < o0, (3.63)

forany p € [2, 00).

Proof One can argue exactly as in [6, Proof of (4.12), page 20], so we omit the details.
O

Proposition3.19 Let d € {2,3} and T > 0. There exist four processes B1, M €
2N+2

L2 L0, T: V*)), By € LA LT(0, T; L2)) and § € LIN+ (' x [0, T] x O)

such that

B (Vg ¥my) — B, weakly in L2(R; L% (0, T; V¥). (3.64)
Mo, (Bi) — O, weakly in LA(2'; L% (0, T; V¥)), (3.65)
By (Viny» ) — Ba, weakly in L*('; L5(0, T; 1Y), (3.66)
S My ) — f, weakly in L%(Q/ x [0, T] x O; R3). (3.67)

Proof Note that Proposition 3.16 remains valid with n,, replaced by n,,, . Thus, Propo-
sition 3.19 follows from Egs. (3.47)—(3.50) and application of Banach—Alaoglu’s
theorem. O

3.3 Passage to the limit and the end of proof of Theorem 3.2

In this subsection we prove several convergences which will enable us to conclude that
the limiting objects that we found in Proposition 3.15 are in fact a weak martingale
solution to our problem.

Proposition 3.17 will be used to prove the following result.

Proposition 3.20 For any process W € L*(X'; 77 (0, T; V), the following identity
holds

T T
lim E' A (Bmk(‘_fmk(t),f’mk(t)),‘P(t))v*,vdt=E//(; (B1(0), V(@))v= vdt,

k— 00

. (3.68)
_E /O (B V(D). W)y vt

Proof Let

k
D= {d) = Z]lDi]lji'g[fi : D; C 2, J; C [0, T]is measurable, y; € V¢ .

i=1
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Owing to [49, Proposition 21.23] and the density of D in L2(Q, P Lﬁ(o, T;V))
(see, for instance, [39, Theorem 3.2.6]), in order to show that the identity (3.68) holds
it is enough to check that

T
kli)rI;oE’fO Ly L p By (Vimy (1), Yy (1)) — B(V(2), V(1)) Y)v+,vdt =0,

for any ® = 1 pl ;v € D. For this purpose we first note that

(B o ¥ (1) = BOV )y = (B G = Va5 )

+ <1§mk V. Vi — V), 1//>

=L+ D.

ve v’

The mapping (B, (u, -), ¥)v= v from L2(Q; L2(0, T; V) into L%($2'; Lg(O, T;R))
is linear and continuous. Therefore if v, converges to v weakly in L2(Q; L2(0, T; V)
then I, converges to 0 weakly in L2(SY; L% (0, T; R)). To deal with I; we recall that

T
]E’/O Ly 1p (e, ) By, (Vi (1) — V(1) Vi, (1)), ) v+ vt

1
2

T
< ¥l [E fo ||vvmk<r>||2dz}

1

T 2
x [E// ||\7mk(t)—v(t)||2dt:| .
0

Thanks to (3.45) and the convergence (3.51) we see that the right-hand side of above
inequality converges to 0 as my goes to infinity. Hence /1 converges to 0 weakly in

L2(SY; L3 (0, T'; R)). This ends the proof of our proposition. O
In the next proposition we will prove that 9t coincides with M (n).

Proposition 3.21 Assume that d < 4. For any process ¥ € L*(S'; Lﬁ(O, T;V)),
the following identity holds

T T
E / (M@, WD)y vd = E f (M), Y (Ohyevdr.  (3.69)
0 0

Proof Since 1,, strongly converges to the identity operator /d in L?(Q'; L g 0, T; V*)),
it is enough to show that (3.69) is true for M (n,,, (¢)) in place of M,,, (n,y,, (¢)). By the
relation (2.5) we have
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(M, (1)) = M), ¥)vev

-y / B, ¥ 9,8 (1) (axjﬁ,(,’;;(t) _ ax,.n“‘)(t)) dx
ij.k o (3.70)

+3 /O e, 0, m 0 (1) (9805 (1) — 2,00 0)) dx,

i,j.k

for any ¥ € V. From this inequality we infer that

T
‘IE’/O Ly(', )M Dy, (1)) — M((2)), Y)v= vdt

r >
< CIIVIFII[]E’/O IV (0, (2) —n(t))llzdt] (3.71)

1

x ([E/ sup ||Vﬁmk(t)||2}2+[E/ sup ||Vn(t)||2]2>.

0<t<T 0<t<T

Owing to the estimate (3.45) and the convergence (3.53) we infer that the left hand
side of the last inequality converges to 0 as my goes to infinity. Now, arguing as in the
proof of (3.68) we easily conclude the proof of the proposition. O

Proposition 3.22 Letd € {2, 3}. Then,
By = B(v,n) in L2 L5(0, T: L?)).

Proof The statement in the proposition is equivalent to say that (B (Vi (), 1y, (1))

k € N} converges to B(v(1), n(r)) weakly in L2(SY; L%(O, T:L%))ask — oo.To
prove this we argue as above, but we consider the set

D={®=1;1plg:J CQ,DcC[0,T], K C O ismeasurable}.

For any & € D we have

E / B, (Vy, (1), D (1)) — B(V(2), n(1)) (o, 1, X)dxddt
[0,T1xO

T i T i
S[E’ f ||vmk<r)—v<z)||2dt} [E / ||Vﬁmk<r>||2dt} (3.72)
0 0
1

T 3 T 2
+[]E//0 ||V(t)||2dt] [E//O IV (¥, (1) = v (D)) ||2d’}

Thanks to (3.45) and (3.53) we deduce that the left hand side of the last inequality
converges to 0 as my goes to infinity. This proves our claim. O

The following convergence is also important.
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Proposition 3.23 Let r be as in Proposition 3.12, i.e., r = % € (1,2),and B €

0, 1). Then,

f= f(m)in L"(Q x [0,T] x O; R?). (3.73)
Proof To prove (3.73), first remark that by definition the embedding Xg C L" is
continuous for any 8 € (0, %). The convergence (3.57) implies that for any k =
0,...,N

D, |2kf1mk — |n|*n for almost everywhere (x, ) and P-a.s.. (3.74)

Since f (D, ) is bounded in L™ (2" x [0, T] x O; R3) we can infer from [34, Lemma
1.3, pp. 12] and the convergence (3.74) that

f@y,) — f(n) weakly in L™(Q x[0,T] x O; R3),

which with the uniqueness of weak limit implies the sought result. O

To simplify notation let us define the processes /\/l,lnk (t) and /\/l,znk (t),t €[0,T]
by

My, () = Vi (1) = Y, (0)
t
+ /(‘) <A€’mk (s) + Bmk (‘_'mk (5), ‘_’mk (5)) — Mmk (ﬁmk (s)))ds,
and
t ~
M2, (1) = Ty (£) — T, (0) + /0 (Alﬁmk (8) 4 By (Vi (), B ()) — fomg (B (s)))ds
t
— /0 Gy, (B (5))ds.
Proposition 3.24 Let M (1) and M2(1), t € [0, T, be defined by
t
M) =v(t) —vo + / (AV(S) + B(v(s), v(s)) — M(n(S))>ds, (3.75)
0

t t
MA(1) =n(t) —ng + /0 (Am(s) + B(v(s),n(s)) — f(n(s))) — fo G*(n(s))ds,
(3.76)

foranyt € (0, T). Then, foranyt € (0, T]

./\/lrlnk (t) converges weakly in Lz(Q/; V1o /\/ll(t),
ank (1) converges weakly in L*(S'; L?) to M? (1),
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as k — oo.

Proof Lett € (0, T], we first prove that /\/l,lnk (1) = M (r) weakly in L>(Q'; V*) as
k goes to infinity. To this end we take an arbitrary £ € L>(Q'; V). We have

E’[(M}nk(rmv*,v]
t t
=E’[<vmk<r>—vmk<0>,s>— /0 (V¥ (5). VE)ds — /0 <Mmk<ﬁmk<s>>,s>v*,vds]
t
+E/[ /0 <Bmk(vmk(s>,vmk<s>>,s>v*,vds].

Thanks to the pointwise convergence in C ([0, T']; V_g), thus in C([0, T']; V*), and
the convergences (3.64), (3.68), (3.65) and (3.69) we obtain

Jim E’[w;k(z), E>V*,v}
t t
=E/[<v(z)—vO,s>— fo (VV(s), VE)ds — /0 <M(n<s>>,s>v*,vds]

t
+E/[/0 (B(V(S),V(S)),é)v*,vdS}

which proves the sought convergence.

Second, we prove that for any ¢ € (0, T'] M,an (1) = M2(1) weakly in L2(Q;L?)
as k tends to infinity. For this purpose, observe that G%lk (+) is a linear mapping from
L2(; C([0, T1; L?)) into itself and it satisfies

E'G, )] clhlIf<E [l (3.77)

p <
C([0.71:L2) = C([0.T:L2)’
for any p € [2, 00). So it is not difficult to show that

Gy, (B, ) — G(n) strongly in L2(2'; C([0, T]; L?)). (3.78)

Thanks to this observation, the convergences (3.55), (3.73), (3.66) and Proposition 3.22
we can use the same argument as above to show that

lim (M;, (1), &) = (M>(1). &), (3.79)
m— 00 k
foranyt € (0, T]and & € L*(2; L?). This completes the proof of Proposition 3.24. 00
Let AV be the set of null sets of 7’ and for any > 0 and k € N, let

F = 0(0 <(mG(S), Ty, (5), W™ (s), Wo'(s)); s < t) UN>,
Fl = o(a((v(s), n(s), Wi (s), Wa(s)): s < t) u/\/). (3.80)
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Let us also define the stochastic processes sm}nk and zm,%,k by

t -
m,, (1) = /0 S (Vg (9))d W™ (5)

t -
m,, (1) = /0 Gy (B, ())d W5 (s,

for any ¢ € [0, T].

From Proposition 3.24 we see that (v, n) is a solution to our problem if we can
show that the processes Wi and W» defined in Proposition 3.15 are Wiener processes
and M!, M2 are stochastic integrals with respect to Wi and W, with integrands
(S(v()))ieqo, 71 and (G((t))):ef0,1], respectively. These will be the subjects of the
following two propositions.

Proposition 3.25 We have the following facts:

1. the stochastic process (Wl (t))te[O,T] (resp. (W2 (t))te[O’TJ) is a Ki-cylindrical K-
valued Wiener process (resp. R-valued standard Brownian motion) on (', F', ).

2. For any s and t such that 0 < s < t < T, the increments Wl(t) —
Wi(s) and Wa(t) — Wa(s) are independent of the o-algebra generated by
v(r), n(r), Wi(r), Wa(r), r € [0, s].

3. Finally, Wy and W, are mutually independent.

Proof We will just establish the proposition for W, the same method applies to W,. To
this end we closely follow [6], but see also [36, Lemma 9.9] for an alternative proof.
Proof of item (1). By Proposition 3.15 the laws of (v, , ny,,, Wi, W>) are equal to
those of the stochastic process (Vp, , Dy, , Wlm k. Wzm ¥) on &. Hence, it is easy to
check that W{"™* (resp. W,"*) form a sequence of K;j-cylindrical K>-valued Wiener
process (resp. R-valued Wiener process). Moreover, for0 < s < ¢ < T the increments
W ()= W™ () (resp. W™ () — Wy (5)) are independent of the o -algebra generated
by the stochastic process (Vy, (), By, (r), W] (r), W3 (r)), for r € [0, s].

Now, we will check that Wy is a K;-cylindrical K,-valued Wiener process by showing
that the characteristic function of its finite dimensional distributions is equal to the
characteristic function of a Gaussian random variable. For this purpose let k € N and
so =0 <51 <--- < s < T beapartition of [0, T']. For each u € K3 we have

i Sk vk oWk (g 1k
]E/[el L=t (w Wim 6=y (5’1»“3"‘2} — 72 D= i msim0

where ;> = —1. Thanks to (3.42) and the Lebesgue Dominated Convergence Theorem,
we have

- E/I:ei Y <u,W{"’<<s,->—W{"k(s,-1>>K;,K2} _ E/[ei Y (W Wi (s)— W <s,,~1)>K;K2]

m—00

1 vk o 2
—e 2 Z_j:l(s./ 5.1—|)|“|K1
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from which we infer that the finite dimensional distributions of W; follow a Gaussian
distribution. The same idea can be carried out to prove that the finite dimensional
distributions of W are Gaussian.

Proof of item (2). Next, we prove that the increments Wi(t) — Wi(s) and W (1) —
Wa(s), 0 < s < t < T are independent of the o-algebra generated by
(v(r), n@r), Wi(r), Wa(r)) for r € [0, s]. To this end, let us consider {¢; : j =
L....,k} C Cp(V_g x HY and {y; : j = 1,...,k} C Cp(Kz x R), where for any
Banach space B the space C;(B) is defined

Cpy(B) = {¢ : B— R, ¢ is continuous and bounded}.

Also,let0 <ri <--- < <s <t <T,y € Cp(Ky), and ¢ € Cp(R). For each
k € N, there holds

gl

x Y (W™ (1) — W™ () (Wy'* (1) — Wyt (s))]

k
[ 1) G ime ) [T vy W™ ), W (r;)))

j=1 j=1

k
= H«:’[]‘[ & Vg (i) By (7)) [ ] 05 (W™ (), W™ (rm}

j=1 J=1
x B (¢(W"™ (1) — W™ () E' ( (W' (1) — Wy (5))) .

Thanks to (3.39), (3.41), (3.42), (3.43) and the Lebesgue Dominated Convergence The-
orem, the same identity is true with (v, n, Wi, W) in place of (Vyu, A, W[, W5'5).
This completes the proof of the second item of the proposition.

Proof of item (3). By using the characteristic functions of the process Wlm k, Wzm KWy
and W, , item (3) can be easily proved as in the proof of item (1), so we omit the

details. |

Proposition 3.26 For eacht € (0, T] we have

t
M‘(r):/ Sv(s))dW, (s) in L*(',V*), (3.81)
0

t
M2 (1) =/O (n(s) x hydW(s) in L*(R, Xp). (3.82)

Proof The same argument given in [6] can be used without modification to establish
(3.82), thus we only prove (3.81). The proof we give below can also be adapted to the
proof of (3.82).

We will closely follow the idea in [4] to establish (3.81). For this purpose, let us fix
t € (0, T] and for any ¢ > O let n, : R — R be a standard mollifier with support in
(0,1). For R € {S, Sy}, u € {vy,, v} and s € (0, f] let us set
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R*(u(s)) = (nexRu(-)))(s)
= /OO ne(s —r)R(u(r))dr.

—00

We recall that, since R is Lipschitz, R? is Lipschitz. We also have the following two
important facts, see, for instance, [2, Section 1.3]:

(a) forany p € [1, co) there exists a constant C > 0 such that for any ¢ > 0 we have

t t
/0 IRE ) ¢, pyds < C /0 IR, g, mds- (3.83)

(b) For any p € [1, 00), we have

t
lim /0 IRE (u(s) = RO, i, s = 0. (3.84)

Now, let M5, and M? be respectively defined by

t

M, (1) = /0 St (T (9)dW™ (s),
t

ME() = fo SE(v(s))dWi(s),

for t € (0, T]. From the It6 isometry, (3.83) and some elementary calculations we
infer that there exists a constant C > 0 such that for any ¢ > 0 and my € N

t
E [ Mo (1) = M, (O = E/ /0 1S Gy (5)) = Sty o )% i, 11,5
t
< CE /0 1S () = SO s g, s (3.85)
t
+C]E//0 ISV(s)) = S*VED 12, pyds.  (3.86)

From Assumption 2.2 and (3.51) we derive that the first term in the right hand side of
the last estimate converges to 0 as my — o0o. Owing to (3.83) and (3.62) the sequence
in the second term of (3.86) is uniformly integrable with respect to the probability
measure [P, Thus, from (3.84) and the Vitali Convergence Theorem we infer that

t
. ’ o 2 .
;%E fo [Stv(s) — S (V(s))||7-2(Kl’H) ds = 0.
Hence, for any ¢ € (0, T']

lim lim B | My, (1) — ME, ()] = 0. (3.87)

e—>0k—>00
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In a similar way, we can prove that

2
nmlmlm.M%o—Aﬁaw —0. (3.88)
e—>0k—o0
Next, we will prove that
lim lim E | MZ, (1) — M°(0)]* = 0. (3.89)

e—>0k—>00

To this end, we first observe that

t

t - -
My, (6) = ME() 2/0 Spre Vg (D) W™ (s) —fo Sy (V())d W1 (5)

! 13
v [ ssoenain - [ soenaine G0

=I5 () + I ().

Second, by integration by parts we derive that

t 1
i ® = [ [0S VO] W65 = [ w5 G )] " s
t
= /O (7% Sy, Vi (D] () [W]™ (5) = Wi(s)] ds
t
+/0 [Sp Vg (8)) = Sy, (V(s)) ] d Wi (s)
=+ J;flk,z(f)-
On one hand, by Proposition 3.25 the processes W{” * and W are both K;-cylindrical
Kj-valued Wiener processes, thus, for any integer p > 4 there exists a constant C > 0

such that

- - 4
sup B sup (W7 @IE, + W 0IE, ) = cort.
myeN s€[0,T]

Hence, the sequence fol I Wlm K(s) — Wi(s) ||%<2ds is uniformly integrable with respect
to the probability measure P/, and from (3.42) and the Vitali Convergence Theorem
we infer that

mij— 00

t
lim ]E// ||W1m"(s) - Wl(s)||12<2ds =0. 391
0
On the other hand, for any ¢ > 0 there exists a constant C(¢) such that

t
E /0 | (7S G D] )25 i,y A5 < C@TE! sup_ | S G ) |7 ¢, 10 -
tel0,
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from which along with Assumption 2.2 and (3.44) we infer that for any ¢ > O there
exists a constant C > 0 such that for any m; € N we have

t
- 2
B [t S O 0 g s = COT.
0 .
Thus, from these two observation along with (3.91) we derive that

lim lim E'[J5 ()]>=0,7€ (0, T].
k—o00 ?

e—>0k—

Using the same argument as in the proof of (3.87) and (3.88) we easily show that

lim lim (E/||J,flk’2(t)||2 +E/||I,f1k’2(t)||2) —0.

e—>0k—00

Hence, we have just established that
lim lim B'[115, () + 1115, (O] = 0,1 € 0, 7], (3.92)
which along with (3.90) implies that
lim Tim /| MG, (1) = ME(0)]]> = 0. (3.93)
The identities (3.87), (3.88) and (3.93) imply that for any ¢ € (0, T']
Jim B M, (1) = ME@))? = 0. (3.94)
To conclude the proof of the proposition we need to show that P'-a.s.

t -
My, (1) —/0 S (Vi (9))dW™ (5) = 0, (3.95)

for any ¢ € (0, T]. To this end, let M), and M, be the analogue of M}nk and Mj,
with my and v, replaced by m and v,,, respectively. For any u e L*0,T; V*) we
set

. I ||Tu(s)||2w;1s '
1+ [y lu(s)[5-ds

Since (Vi , Dy, W]m ¥y and (Vj,, m,,;, W1) have the same law and ¢(-) is continuous
as a mapping from &1 x &, x C([0, T]; K;) into R, we infer that

Eg (M}n - Mf,,) —Fy (M},,k - ank) .
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Note that arguing as above we can show that as ¢ — 0 we have
Ep (M,ﬁl - sm},,) =E¢ (M,lnk - zm}n,{) ,
where
M) = [ S e0aWi ).

Since v,, and n,, are the solution of the Galerkin approximation, we have P-a.s.
p(M} —oml )y =0, from which we infer that

E'e (M}nk — /\/lmk> =0.

This last identity implies that P'-a.s. ./\/l,lnk (t) — M, (t) = 0 for almost all ¢ €
(0, T]. Since the mappings M ,1,, . () My, () are continuous in V* and agree for almost
everywhere ¢ € (0, T'], necessarily they agree for all ¢+ € (0, T']. Thus, we have proved

the identity (3.95) which along with (3.94) implies the desired equality (3.75). O

Now we give the promised proof of the existence of a weak martingale solution.

Proof of Theorem 3.2 Endowing the complete probability space (', F/, P') with the
filtration F' = (F});>0 which satisfies the usual condition, and combining Propo-
sitions 3.24, 3.25 and 3.26 we have just constructed a complete filtered probability
space and stochastic processes v(1), n(t), Wi (t), Wa(t) which satisfy all the items of
Definition 3.1. O

3.4 Proof of the pathwise uniqueness of the weak solution in the 2-D case

This subsection is devoted to the proof of the uniqueness stated in Theorem 3.4.
Before proceeding to the actual proof of this pathwise uniqueness, we state and prove
the following lemma.

Lemma 3.27 For any ag > 0 and a9 > 0 there exist C(ag) > 0, C1(ag) > 0 and
Cr(ag) > 0 such that

(f1) — f(m2), n —m)| < gV — V|2 + Cas)lIng — ma | 2p(ny, ny),

(3.96)
[(f(m) — f(2), Ay — Ajm)| < a9 Ay — Ajmp||?
+ C1 (@) [V — V|2 (ny, ny)
+ Ca(a9)[Iny — ma 2 (ny, my), (3.97)

where

2
e me) = C (14 Il + 2P )

@ Springer



Stoch PDE: Anal Comp

Proof of Lemma 3.27 1t is enough to prove the estimate (3.96) for the special case
f(m) := ayn|*"n. For this purpose we recall that

2N—1
2N 2N 2N 2N—k—1 k
[ [* np—[mp " ny=|ny | (nl—n2)+n2(|n1|—|n2|)<§ ng| |n2|>,
k=0

from which we easily deduce that
(Fm) = Fm =)l < C [ (1 mPY 4 ) iny = mf

for any nj,mp € L2N +2((9). Now, invoking the Holder, Gagliardo—Nirenberg and
Young inequalities we infer that

I(f () — f(mp),ny —m)| < Clny — ma i, (1 + Iy + ||nz||i€YN+z)
< Cling = oIV @y = mo) [ (1+ Iy 1300 + a0 )

2
< agl|V (=) I + Cla)lim = mall® (1 -+l 3% + Imallf )

The last line of the above chain of inequalities implies (3.96).
Using the fact that H' ¢ L*¥*2 for any N € N and the same argument as in the
proof of (3.96) we derive that

[(f(m) — f(n2), Ain; — Any)

< [ (1 P+ ) Iy = mallas ) s

2N 2N
< Cliny = ol [ ArTmg = malll (1-+ I 132+ Imal1E25)
2N 2N
< Cliny = mollgg 1A Iy = ma] | (1+ I 17250 + )20 )
2
2 2 2N 2N
< agllA; [y = o] 12 + Clao)lim = maliFy (14 Imy s + Imals )

From the last line we easily deduce the proof of (3.97). O

Now, we give the promised proof of the uniqueness of our solution.

Proof of Theorem 3.4 Let v = vi — vy and n = n; — mp. These processes satisfy
(v(0), n(0)) = (0, 0) and the stochastic equations

dv(t)+<AV(t)+B(V(t), vi(t)+B(va(t), V(t))>dt

= —(M(n(t), ni (1)) + My, n)>dt

+ [S(V1(1)) = S2(v2(t)]1d W1 (1),
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and

dn<r>+<A1n<r>+1§<v<r>, n; (1)+B(va(1), n(r)))dr = —[f(2(t))— f (1 (2))]dt
+ %Gz(n(t))dt + Gm()dWs(t).

Firstly, from Young’s inequality and (6.8) we infer that for any vy > O there exists a
constant C(a1) > 0 such that

BV, V1), V)vs v| < ar[VV[2 + Clan Vi I Vv |12V

Secondly, Young’s inequality and (2.9) yield that for any o > 0, @3 > 0, 4 > 0 and
a7 > 0 there exist constants C(ap, «3) > 0 and C (a7, ag) > 0 such that

1 1 1 1
(M (2. m), V)ve,v] < IVVIIVR (2 (Ina]l + A m2])2 [ ValZ (Inl + [Ajn])?
= ax[VVI? + a3 (IAmI2 + [017) + € (@2 a3) [Vno? (1A m2 ) + 2 ) Va2,
(M @) Vivev] = a7 9VIP +as (A ]2 + [n)?)

+C (e, aq) [Vm 2 ([ Am 12 + g ) V02, (3.98)

Thirdly, from Young’s inequality and (6.9) we derive that for any a5 > O there exists
a constant C(«s5) > 0 such that

~ 3 1 1 1
(B (va,m). Am)| < (Inl| + [Ain])? [lv2]| 2] Vv2]|2 | Va2
os (IAmI2 + [n17) + C (@s) [Vl Vv2 2| Vo (3.99)

From Holder’s inequality, Gagliardo—Nirenberg’s inequality (6.1) and the Sobolev
embedding H?> c L™ we infer that for any aig > 0 there exists C(ag) > 0 such that

[(B(v, n1), )| < [VI[|Vay [[[In]Le,

< a (In1? + 1AmI) + Cla) IvI2 Vi |12

From the proof of Proposition 3.9 we see that there exists a constant C > 0 which
depends only on ||h||yy1.3 and ||h||re such that

IVG @) 2 = € (Il + IIn]1?)
1vG* @) |12 < € (1val? + In)?),

(VG* @), vayl < C (IVn)* + n]1?).
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Owing to the Lipschitz property of S we have
I1S(v1) = SO, 1 =< CIVIZ. (3.100)
Now, let ¢(ny, n2) be as in Lemma 3.27 and
W(r) = e~ N OFRO+FVE)s for any 1 > 0,
where

¥1(s) = Ca Vi IVVi)I* + Clae) VR ()17,
Y3 (s) := [C(ag) + Ca(a9)]p(n(s), na(s)),

and

¥a(s) i= Cloa, 3) || Vo () [I*(Ima(s) 1% + [|Am2(5)]1%)
+ Claz, a) IV ()12 (mi ()1 4 A ()%
+ C(as) V2P IVV2()1I* + C1 (o) (s), ma(s)).

Now applying It&’s formula to [|n(z)||> and W (¢)n(¢)||? yield

d[W OO = =290 1Vn0Pdt = 20 OB, m 1), n)
= 2(f(m2(0) = f (D), nO)d1 + W' (O)In ()]

Using the same argument we can show that W () || Vn(z) [ and W (1) ||v(2)]]? satisfy

a[wwivnmI?] = w(r)(—nAm(z)nz + (BOV®), (1) + B0, n(1), A1n<r>>)dr
+ ‘I/(t)<2<f(nz(t)) — f@©). Amn@) + (VG 1)), Vn(z»)dr
+ IG@)IPds + W' (O Vn()|%di + 29 (1) (VG R(®)), Vn@)dWa ).

and

AW O)|v@)|*] = —2‘11(t)<||VV(t)II2 + (B(v(1), vi(1)) + M(n(), n1 (1)), V(ﬂ)v*,v)dt

— 2W ()M (ny(1), n(0)), V(1) )y vt + WD) S(v1(1) — S(Va(1) |15 dt
+ W 0)Iv)|*dr
+2W () (vV(), [S(V1 (1) — S(vVa (1) ]d W1 (1)).

Summing up these last three equalities side by side and using the inequalities (3.97)—
(3.100) imply
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d[w@ (IvO 1 + In@) 12 + 1900
+20 ) [IVVOI + 001 + [Am@) 2] dr

=20 (C[IVOI? + In@)12 + V) | dt + (VG (@), Yn@e)dWa()

6
+2W (1) ((V(t), [S(Vi(1) = S(va(1)1d Wi (1)) + [0@ + Z%} IIAln(t)IIZ)

j=3
+ W) [1201O 1 + i OIVOIP + Y30 In) 11| de
+ ') (V)12 + @) 12 + [ Vn(0)]?) di
+ (o1 + o2 + )| VVO) P + g V()| Pdr.

Notice that by the choice of W we have
YO [p01VRO I + v OIVOI? + vl
- \V(z)(nv(t)nz +n|* + ||Vn(r)||2> <.

Hence by choosing a; = a9 = %,j =3,...,6, o :on:é,i :2,3andag=%

we see that

e @ (IVOI + @12 + Va2 + ¥ O[IVYOIP + 1Am©I + [90)]?|de

= 2\I'(t)<C[|IV(t)II2 + In@)* + IIVn(t)IIZ}dt + (VG (1)), V(1)) dWa (1)
+{v(®), [S(V1(1) = S(va (1) 1d W) (t)>)-
Next, integrating and taking the mathematical expectation yield
E[wm (IVOI? + In)? + ||Vn(r)||2)}
+E /0 t V@[ IVVOI? + 1AM + 2] V0|1 |ds
< c/otﬂz[w(s) (V@I + I + ||Vn(s)||2)}ds,

from which along with Gronwall’s inequality we infer that for any 7 € [0, T']

E (¥ IvO) 2 + In] + [ Va@)1?) = 0.

O
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4 Uniform estimates for the approximate solutions

This section is devoted to the crucial uniform estimates stated in Propositions 3.8
and 3.9.

Proof of Proposition 3.8 Let us note that for the sake of simplicity we write 7, instead
of tg . Let W(-) be the mapping defined by W (n) = %||n||1’ for any n € L2. This
mapping is twice Fréchet differentiable with first and second derivatives defined by

' (m)[g] = plin||”*(n, g),
(g, Kl = p(p — 2)InlI”~*(n, k) (n, g) + pln||” (g, k).

By straightforward calculations one can check that if g € L? and g 1 g3 n then
¥’'(m)[g] = 0 and ¥ (n)[g. g] = p[n||”>(lg|*.
Note that by the self-adjointness of 77,, we have

<ﬁ'mxma nm> = (Xma nm) s

where X,, € {G(ny), Gz(nm), é(vm, n,), f(n,)}. Thanks to Assumption 2.1 we
also have

T f(m) = f(n), forany n € L,,.
Since vy, is a divergence free function it follows from lemma 6.1 that
(ﬁmé(vmy n,), n,()) = <E(Vm7 n,),n,) =0.

Now, applying Itd’s formula to W (n,, (¢ A T,,)) yields

tAT
WMy, (t A T)) = WD, (0) — fo W (0, (5))[Any ()
+ BV (8), 0y (5) + f (M (5))]

1 ATy
+3 /O (w/(nm<s)>[cz<nm (N1 + W (M ()G M (5), Gy (s)])ds

ATy
+ /O W (0, ($))[G (1, (5))1d W (s).

The stochastic integral vanishes because n,; x h L n,, in R3 and

(G(y), ny) = ((n, x h),n,),
= (n, x h,n,),
0.

Since v, is a divergence free function it follows from (6.10) that
(B(Vma n,),n,) =0.
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From the identity
(b xa)xa,b)gs s = —lla x b||]12§3,
we infer that

W' (0,)[G* ()] + ¥ (0,,)[G (), G ()]
= 29l 2D [(G2 @), 1) + G ) 2]
=0.

Consequently,

INTm
[y, (¢ A Tp) 1P = (I, (0) |7 — p/ M ($) 1772 Vi, (5) [ 2ds
0 4.1)

ATy
- P/O I (11772 f @ (), My (5)) s

Now, by Assumption 2.1 that there exists a polynomial F(r) = Z;v: "1’1 byr! with
F(0) = 0 and by > O such that

(F (@), D) = / F (1nn)?) d.
(@)

In fact, it follows from Assumption 2.1 that
(70 P = [ (1m0 0P
o

N
= / 3 a (|nm(x)|2)k+l dx
O =0
N+1

=/ 3 aci (imn (o)) dx.
O =1

Thanks to this observation we can use [8, Lemma 8.7] to infer that there exists ¢ > 0
such that

aAN+1
2

/ Iy, (0) 2V 2dx — ¢ f I, (0) Pdx < (f (), 0y).
(@) O

From this estimate and (4.1) we deduce that there exists a constant C > 0 independent
of m € N such that
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tAT
I, (t A T)IP + p f I () 11721V, () | 2ds
0
tAtm 2 IN+2
+p / 0 () 1172 [0 () 17553 s (4.2)
0
AT,
<c / 1 () 17ds + [ (017,
0

from which along with the fact that ||n,, (0)|| = ||7,n0| < |Ing|l and an application
of the Gronwall lemma we complete the proof of our proposition. O

Proof of Proposition 3.9 Let us note that that for the sake of simplicity we write T,
instead of g ,,. By the self-adjointness of 7, we have

(ﬁmymv Vi) = (Yo, Vi),
where Y, € {B(Vm, Vi), M(ny,, ny,)}. A similar remark holds for those operators
involving 7, (see the proof of Proposition 3.8).

Application of Itd’s formula to ® (v, (t A 1)) = %va (t ATl t €[0,T),
yields

1 ATy
vt A Tm)”z_””mVO”z = _/ <AVm(s)+B(Vm(S))+M(nm(S))v Vm>ds
2 0 (4.3)

1 tAT, 5 AT
+3 fo 1S e, s + /0 Vi (5), SOV (NAWL(5))

We now introduce the mapping W defined by
W) = < |Val? + 1/ F(In@)*) dx,n e H'
2 2 Jo ' '

Thanks to Assumption 2.1 one can apply [8, Lemma 8.10] to infer that the mapping
W(.) is twice Fréchet differentiables and its first and second derivatives of W are given
by

¥'(n)g = (Vn, Vg) + (f(n), g),

v (n)(g, g) = (Vg, Vg) + fo fm)lgldx + fo [f' ][ - g]* dx,
for alln, g € H'. Observe that if g | n in R?, then
V(e = (Ve Ve + [ FalePar.
Note also that

U'n)g = (—An, g) + (f(n), g),
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foralln € H? and g € H!. Before proceeding further we should also recall that it was
proved in [8, Lemma 8.9] that there exists £ > 0 such that

[Va|? + |[n||> < 2¥@m) + £|n|?, (4.4)

for any n € H'.
Now, by Itd’s formula we have

W(ny,(t A ty)) — W (T,ng)
ATy 1 ~
= / <—||A1nm<s> + DI+ 5 f f(nm<s>>|G<nm(s>)|2> ds
0 O
ATy 1 -
+ /(; <<§G2(nm(s)) — B(vy, (), llm(S))>, f(nm(s)) + Alnm(s)>ds
1
+ §||VG(llm(S))||2 + (G (s)), [, (s)) + Aing, (s))dWa(s),
which is equivalent to

Wy (t A Tim)) — W (Rmno)

ATy, -
= /0 (—||A1nm(s)+f<nm(s))||2+ /O F @ (9))1G (M (5))]? dx) ds
ATy 1 2 ) ~
+ /O (<5G (0 ()5 £ My (5)) + Arngy () — (B(Vi (5), 1 (5)), Alnm<s)>> ds
1 tATy, ) AT,
+= / IVG (0 () ]|7ds + fo (G (5)), f My (5)) + Aqnig (s))d Wa(s).

2 Jo

Here we used the fact that

()
(Vi - Vi, f(0)) =) /O vf,?(x)%.mnm @15, P (x)dx
i,j !

d ~ 2
1 : dF (Iny; (x)]%)
— E @)
2 i=1 \/;Ovm (x) 8xi dx

= (Vm, VE(In, %))

=0, because div v;;, = 0.

Now, let us observe that

%‘[Of<|nm(x)|2>IG(nm(x))|2dx < %”h||i°°fo|f<|“m(x)|2)| iy, (0) P,

Next, by setting f(r) = 21](\/:0 bkrk with by = |ag|, Kk = 0, ..., N, we derive that
there exists a polynomial Q of degree N such that
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f(r)r = aNrNJrl + Q(r).

From this last identity and the former estimate we derive that

1 -
5‘/ (0,13 |G M) 2dx
(@)

1 -
Szllhllfoo[aN / |nm<x)|2N“dx+' / O(Iny, (x)[»)dx
O O

]

from which along with [8, Lemma 8.7] we deduce that there exists a constant C > 0
which depends only on | h||f~ such that

1

5‘ / F(n,[HIG @) 2dx
O

< ([ Famy 0Py + ).

Thus,

1 -
5‘/ F(0, %) |Gy Pdx
(@)

= (v @) + In?).

and

WM (1 A 7)) + W (Fpmg) < /0 o (1AM + @I
+C[Wmu () + I ()]12] ) ds
+ /0 o (<%G2(nm<s>>, 0 (s) +A1nm<s>> “5)
~(BVn(5), 1 (), A (s)) ) ds

+ % /O T VG @ (5) P + (GO (5)). £ () + A (5))d W),

Thanks to (2.10) we derive that
—(B(Vi, ), A1) — (M(ny,), Vi) = 0.
From Lemma 6.1 we also derive that
(B(Vim, Vin), Vi) = 0.

Thus, adding up inequality (4.3) and inequality (4.5) and using the last two identities
we see that

1
|:‘I’(llm) + EIIVm||2] (t A Tn) = [W(EmD0) + |7TmVolly2]
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.

+ /0 (199 @I = W@ (5) + I ()] | ds

< % /O (—nAmm(s) + F @I + 1SOm NI, (4.6)
+ 1G> ()1 + VG (my, <s>>||2)ds

+ [0 T (), SO ENAWI(S)) + (G En(5)). @ () + At () Wa ).

Since G(n,;) = n,, x h, we have

IVG @)1 < 11G @)l
< IV@u x )| + [, x h|?
<2[IVn, x hlI* + [[ny x Vh|*] + [0, x h|?
< ClhliEes IV 1% + [0 ]1%) + [0y, x V2, (4.7)

From Hoélder’s inequality and the Sobolev embedding H' < L (true for d = 2, 3!)
we obtain

2 2 2
[, > Vh{|= < [, |76 VhIl 5,

< ¢ (IVm 2 + Ima2) 1VRIE .

By plugging this last inequality into (4.7), we infer the existence of a constant C > 0
which depend only on |h||y1.3 such that

IVG )12 < CUVIIP + [Iny,|1%).

In a similar way one can prove that there exists C > 0 which depends only on [h||1,~
such that

1G2 @12 = Clingl? = € (V017 + I )

From the last two estimates, (4.4) and the linear growth assumption (2.2) we derive
that there exists a constant C > 0 such that

Lisom +IG? v I> + IVG () |12
2 m/ 175 (K, H) m m
< ClVul? +2C¥(ny) + £C|ny||%. (4.8)

From this inequality and (4.6) we derive that there exists C > 0 such that

1
E sup [\v(nm(s)wznvm(s))nz}

s€[0,tA AT, ]
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ATy 1
+E / <||va(s>>||2 + S IAmL ) + £, <s))||2)ds

0

AT B
< CE [ [Ivn )1 + Wan () + Ll )P Jds 4.9)

+E sup

s€[0,tATy ]

ATy
/0 (Vi (r), S(Vim (r))d W) (r))‘

+E sup

s€[0,tA AT ]

1
+E <5||VO||2 + wnm(O))) :

ATy
fo (G (1)), [y (r)) + Aing, (r))dWa(r)

Thanks to the Burkholder—Davis—Gundy, Cauchy—Schwarz and Cauchy inequali-
ties we infer that

E sup

s€[0,tATy ]

SATm
/(; (G (r), [y (r) + Aing, (r)dWa(r)

1
2

AT,
< CE(/O (G (s)), Ainy(s) + f(nm(s))>]2ds>
1

t AT 5
SCE[ sup IIG(nm(S))II(/O ”Alnm(s)+f(nm(s))||2ds)2i|

se[0,tA ATy ]

1 ATy
<CE sup ||G(nm(s>)||2+ZE /0 A (5) + f My (s))||*ds

s€[0,tA AT, ]
2 2 1 A 2
< Clhl{eE sup [In, ()] + ZE/O A, (s) + f () °ds.

sel0,tATy]

(4.10)

By making use of a similar argument and (2.2) one can prove that

SATy 1
E  sup f Vi (r), S(Vi (r)d W (r)) SZ]E sup [V ()1
s€[0,tAT, 110 s€[0,t ATy ]
ATy
+CE/ 1V ()11 %ds. 4.11)
0
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Note that from (4.4) we easily derive that [V, | + [0 [I5, < IV |* + 2% () +
£||n,y,||2. Hence, using (4.10) and (4.11) in (4.9) we infer that

1
E sup |:\Il(nm(s))+§||(Vm(S))||2]

S€[0,tATy]

ATy 1
+E /O <||va(s>)||2 + S IAmL ) + f(nm(s))||2>ds
ATy
< CE [ (INn(IP + W@, (69)) ds + Co A ).
0

where ¢(-) is the non-decreasing function defined by

t
o) =E (IVol> + W, (0)) +E sup [n, ()| +E /0 I (5) P ds.

s€[0,1]

Now, it follows from Gronwall’s lemma that

1
E sup |:\Il(nm(s))+§||(Vm(S))||2]

s€[0,tA T ]
ATy ) 1 )
+ E/o <||VVm(S))|| + EHAlnm(s) + [y ()l )ds

<ot At (1477,

which altogether with Proposition 3.8 completes the proof of Proposition 3.9 for the
case p = 1.

For the case p > 4N + 2 we first observe that from (4.6) and (4.8) we easily see
that

W (0 (1 A 7)) + 0 (0 A TP+ 1V (2 A 7)1
AT
+ / <2||va<s>)||2 + 1AM, (5) + £ (ny <s))||2)ds
0
< W(ng) + [voll* + €llinolI* + IIny, (¢ A 7)1

ATy
+C fo (20 () + L@ + [V () 2) ds

ATy
/O (Vi (s), S(Vim (s))d W1 (5))

ATy
+ ‘/0 (G (), f My (s)) + Ay (s))d Wa(s)

Second, rising both sides of this estimate to the power p and taking the supremum over
s € [0,¢ A 1] and the mathematical expectation imply that there exists a constant
C > 0 depending only in p such that

E sup [y()]” —E[y(0)]

s€[0,tAT,]
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ATy )4
+E[ fo <2||va<s)>||2 + A1y, (s) + f(nm(s»nz)ds}

AT,
<CE sup |n,)|?*" +CTE/ [V (s)]7ds 4.12)
t€[0,T] 0
14
+CE sup

s€[0,t ATy, ]

/0 W (), SO ()W)

p
+CE sup

se[0,tATy]

b

/0 GO, F () + A () dWa

where, for the sake of simplicity, we have put
V(@) = W@ () + O + [V ().

Now by making use of the Burkholder—Davis—Gundy, Cauchy—Schwarz, Cauchy
inequalities and the linear growth assumption (2.2) we derive that

Sl

SN\ T P ATy L
B s [ ). Somenaw| < CE( [ (s))||2||S(vm(s)>>||%5ds)
s€[0,tAT,]1/0 0
p tATh 5 %
= CE[ sup [w(s)ﬁ(/ (1 + [V ()] )ds) ]
S€[0,t ATy ] 0

1 AT
= E sup [P +CT+ C]E/ [y ()17 ds. (4.13)

4 S€[0,tATy] 0

By using a similar argument we obtain

p
E sup

S€[0,tATy]

/0 ' (G (r), [y (r) + Ay, (r))dWa

P

2

ATy,
< CE< /0 G (0 () 12 1A 11 () + f(nm<s>>||2ds)

AT, P
<CE sup |ny(s) xh|” + %]E</ A1y, (s) + f(nm(s))||2ds) :
0

s€[0,tAT, ]

From the last line we easily derive that

r 2
~CE  sup Inn(s)|*7

s€[0,tAT,] (4'14)
1 AT ) 2 V4
<5E( / (0¥ I + 1A S + £ O ()] )ds) :
0

SAT
E  sup /0 (G (r)), fn(r)) + Aing (r))d W)

s€[0,tA AT ]
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Plugging (4.13) and (4.14) in (4.12) yields that

ATy

E sup [w<s>JP+E[/O 2||va<s>>||2+||A1nm(s)+f(nm<s>>||2)ds]

s€[0,tAT,]
AT

<2E[Y ()7 +CT+CE  sup  [nu()*” + C(t AT + I)E/ [ ()17 ds,
0

se[0,t ATy ]

from which altogether with the Gronwall lemma implies that

ATy
E sup [1/r(s>]f’+E[/0 2||va(s>>||2+||A1nm(s)+f<nm(s)>||2>ds}

S€[0,tATy]

< [mw(())]l’ +CT +CE sup ||nm(s)||21’] (1 +CT(T + 1)eC(T+1>T) )

s€[0,tAT,]

This along with (3.20) complete the proof of the proposition. O

5 Maximum principle type theorem

In this section we replace in the system (3.1)—(3.3) the general polynomial f(n) by the
bounded Ginzburg-Landau function 1 j < (In|*> = 1)n. All our previous result remains
true and the analysis are even easier. In the case f(m) = 1jp < (|n|2 — 1)n, we will
show that if the initial value ng is in the unit ball, then so are the values of the vector
director n. That is, we must show that [n(z) |2 < lalmostall (w, t, x) € 2x[0, T]1xO.
In fact we have the following theorem.

Theorem 5.1 Assume that d < 3 and that a process (v,n) = (v(t), n(t));c[o,77, is a
solution to problem (3.1)—(3.3) with initial condition (vo, ng) such that |ng|* < 1 for
almost all (w, x) € Qx O. Then |n(l)|2 < 1foralmostall (w,t,x) € Qx[0, T]xO.

Proof We follow the ideain [11, Lemma 2.1] and [16, Proof of Theorem 4, Page 513].
Let ¢ : R — [0, 1] be an increasing function of class C*° such that

o(s) =0iff s € (—o0, 1],
p(s) = liffs € [2, +00).

Let {¢,, : m € N} and {Gm : m € N} be two sequences of function R defined by

$m(a) = p(ma), a€R, (5.1
$m(a) = a*p(ma), a €R. (5.2)
We also set
Pm(W) = G (lul* — 1), u e R’ (5.3)
Pm (W) = Gu(lu* — 1), u e R’ (5.4)

@ Springer



Stoch PDE: Anal Comp

For each m € Nlet ¥,, : H> — R be a function defined by

V() = |l oully,

:/ <|u(x)|2 _ 1)2 [om(u(x))]ldx, u € H. (5.5)
O

The mapping V,, is twice (Fréchet) differentiable and its first and second derivatives
satisfy

W, (w) (k) = 4 /O (19 = Dgn@ODIE) k()1 dx

+2m /(.9 (|u(x)|2 — 1)2 ¢ (m (Iu(x)l2 — 1)) u(x) - k(x))dx, 00

foru € Hz, k e L2,
and,
Wi (K, ) = 4m’ /O [(ue)2 = D2 on(u@) P = 1) @) k) @E) - £00)) | dx
+ 16m /O [0 = D on(u@) P = D)@) - k) @) - £06))] dx
+38 fo [wm (@) ((x) - k(@) (@) - f(x))]dx
+2m [ [P = 102/ (o = D) k(o) 1)) s
+4 /O [ @ED O = Dk - £00) |,
foru € H? and k, f € L2. In particular, ifu € H? and k, f € L? are such that
k(x) L u(x)and f(x) L u(x) forall x € O,
then
v, () (k) =0, (5.7

and

vk, f) = 4 /O [0 = D @) KE) - £(x))] dx
(5.8)
+2m /O [ (@) = D2 On(uo) 2 = D) (ko) - £ ) | dx.
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It follows from Itd’s formula (see [37, Theorem 1.3.3.2, Page 147]) that

~ 1 1
d[¥,,(m)] = W, (n) (_Aln — B(v,n) — 8—2f(11) + EGZ(H)> dt
+ %\P,/,’l(n)(G(n), G(n))dt.

The stochastic integral vanishes because G(n) L3 n. Since Gz(n) =(mxh) xh
and G(n) = n x h, we infer from (5.6) and the identity

—laxblgs=a-((axb)xb),abeR’
that
v ()(G*(m) = —2m /O (In@)|* = D' (m(In(x) > = 1))|G (m(x))[*dx
—4 /O (In()* = D@ (m(x))|G (n(x))| dx,
which along with the fact that G (n(x)) L n(x) for any x € O and (5.8) we infer that
SV G, G) + 59, (G2 ) =0,
Hence

~ 1
d[V¥,,(n)] = ¥,,(n) (—Aln — B(v,n) — 8—2f(n)> dt. 5.9

Now, observe that from the assumptions on ¢ and the definition of qgm, m € N we can
show that for any a € R,

ggm(a) — (a+)2 and m¢’(ma) — 0 as m — o0, (5.10)

where a1 := max(a, 0). Observe also that there exists a constant C > 0 such that for
allm e Nanda € R

|pm(@)| < Ca® and |mg'(ma)| < Clal. (.11

We now easily infer from (5.10), (5.11) and the Lebesgue Dominated Convergence
Theorem that for u € H2, k € L?

b

2
lim W, (u) = H(|u|2 — 1) ‘
m—o0 -

lim W/, (u)(k) = 4/ |:(|u(x)|2 _ 1) (u(x)-k(x))i| dx.
m— 00 1) _
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2 we obtain from letting £ — 00 in (5.9)

Hence, setting y(1) = || (In(®)[* — 1) |
that for almost all (w, t) € 2 x [0, T]

t
(1) — y(0) +4/ (/ [Aln F(v-V)n+ %f(n):| : |:n (|n|2 - 1) ]dx)ds —o.
0 1) & +

Letus set&§ = (|n|*> — 1)+, it follows from [3, Exercise 7.1.5, p 283] that £ € H'
if n € H'. Thus, since g—‘; = 0 we derive from integration-by-parts that

4/(‘)’(/0 An-n (|n|2_1)+dx>d52 /Ot(/(‘g <2V(|n|2) . V$+4€|Vn|2> dx)ds.

Since £ > 0 and |Vn|2 > 0ae. (t,x) € O x [0, T] we easily derive from the above
identity that

4/t(/ Aln-n<|n|2—1) dx)ds22/t(/ V(|n|2—1).vsdx>ds.
0 O + 0 O

Thanks to [3, Exercise 7.1.5, p 283] we have

t t
/ (/ V(nl> — 1).vsdx)ds =/ / IV(In|* = D*Lp2.ydx ds,
0 @] 0o JO

which implies

t t
4/ (/ A1n-11(|n|2 — 1) dx>ds 2/ f IV(In|* = D*Ljp2oydx ds.
0 (@] + 0 Jo

We also have

t
4/ </ [(v-V)n]-[n (Inlz—l) ]dx)ds
o \Jo +
t
=2/ </ [(V-V)(|n|2)][<|n|2—1) ]dx>ds
0o \Jo +
t
Zf (/ (V~V)é;‘dx>ds
0o \Jo

=0.

Since f(n) = 0 for [n|> > 1 and &£ f(n) = O for [n|> < 1 we have

4/0t(/oéf(n)~ndx>ds=0.
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Therefore we see that y(¢) satisfies the estimate

t
y(r)+2// IV(In|* — D4]2ds < y(0),
0 J{n]>>1}

for almost all (w, t) €  x [0, T']. Since the second term in the left hand side of the
above inequality is positive and y(0) = ||(|ng|?> — 1) ||* and by assumption [ng|> < 1
for almost all (w, f, x) € Q x [0, T] x O we derive that

y() =0,

for almost all (w, 1) € 2 x [0, T], T > 0. Hence we have |n|2 <lae. (w,t,x) €
Qx[0,T]xO, T >0. O
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6. Appendix: Some important estimates

In this section we recall or establish some crucial estimates needed for the proof of
our mains results.

First, let d € [1,4] and put a = %. Then the following estimates, valid for all
u € W4, are special cases of Gagliardo—Nirenberg’s inequalities:

hallps < fuf' = Val?, (6.1)

i < full 3 Vad,. (6.2)
The inequality (6.1) can be written in the spirit of the continuous embedding
H' c L% (6.3)
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It follows from (6.2) and (6.3) that for u € H?
lulliee < flully™ [l (6.4)

All these facts hold as well for the corresponding spaces L, r = 4, 0o, and HY,
£ =1, 2. Next we give some properties of the bilinear form B and B defined in Sect. 2
(see Eqgs. (2.3) and (2.4) on page 6, respectively).

Lemma 6.1 The bilinear mapping B(-, -) mappings continuously V x H' into V* and

(B(u,v), W)y+y =b(u,v,w), foranyue V,ve H' , weV, (6.5)
(B(u,v), w)ysy = —b(u,w,v) foranyue V,ve H',we V, (6.6)
(B(u,v),v)yry =0 foranyneV,veV, 6.7)

1B, v)[lve < Collu|' =5 [Vul[ 5 |v|'"5|VV|5, forallue Vv e H'. (6.8)

Proof This lemma is well-known and we refer to [45, Chapter II, Section 1.2] for its
proof. O

With an abuse of notation, we again denote by B(-, -) the restriction of B(-, -) to
V x H.

Lemma 6.2 The bilinear operator B mappings continuously V x H2 into L? and there
exists C1 > 0 such that

IBv. )| < C V™5 [Vv| 5| Vn|' =5 V2|, foranyv € V.n e H. (6.9)

Moreover, we have
(1§(v, n),n) =0, foranyve V,n € H2. (6.10)

Proof We can argue as in the proof of (6.8) (see also [45, Chapter II, Section 1.2]) to
establish the estimate (6.9). The identity (6.10) easily follows by integration-by-parts
and by taking into account that div v = 0 and v is zero on the boundary. O

Remark 6.3 Using the same arguments as in the proof of Lemma 6.2 we can also prove
that B(-, -) mappings continuously V x D(A) into H. Furthermore, B satisfies (6.9)
with (v,n) € V x H? replaced by (u, v) € V x D(A).

We finally close this appendix with the following lemma.

Lemma 6.4 There exist some positive constants ¢i and ¢y such that for any n; € H>,

i= 1, 2 we have, with a = %,

M) — Mmp)|| < 02<||n1 —m|2|m ||é7a||n1 13
6.11)

1_
+ [Inp —ma [, (Imy —n2||§||ﬂ2||2>-
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Note that we used the shorthand notation M (n) := M (n, n).

Proof From elementary calculi we infer the existence of a constant C > 0 such that
IM(E. gl < CID [ Vel + CIIVE s |1 Dgls.

Owing to the embedding (6.3) it is not difficult to check that

IME, gl < Cllfllz(IIVgIILoo + ||D2g”L4)’
Owing to (6.1) and (6.4) and the embedding (6.3) we obtain that

- d
IM(E, 2] < Clifll2llgly “llgl§, a= rh (6.12)

Now, note that
Mmy) —Mmy) =Mm; —ny,ny) + My, n; —ny).

From this last identity and (6.12) we easily deduce the inequality (6.11). This ends the
proof of Lemma 6.4. O
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