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EQUIVALENCE OF THE OPEN KDV AND THE OPEN VIRASORO
EQUATIONS FOR THE MODULI SPACE OF RIEMANN SURFACES WITH
BOUNDARY

ALEXANDR BURYAK

ABSTRACT. In a recent paper R. Pandharipande, J. Solomon and R. Tessler initiated a study
of the intersection theory on the moduli space of Riemann surfaces with boundary. The authors
conjectured KdV and Virasoro type equations that completely determine all intersection num-
bers. In this paper we study these equations in detail. In particular, we prove that the KdV
and the Virasoro type equations for the intersection numbers on the moduli space of Riemann
surfaces with boundary are equivalent.

1. INTRODUCTION

Denote by M, ,, the moduli space of smooth complex algebraic curves of genus g with n dis-
tinct marked points. In [DM69] P. Deligne and D. Mumford defined a natural compactification
M, C M, via stable curves (with possible nodal singularities). The moduli space M,,, is
a nonsingular complex orbifold of dimension 3g — 3 4 n.

A new direction in the study of the moduli space M » Was opened by E. Witten [Wit‘)l]
The class ¢; € H*(M,,;C) is defined as the first Chern class of the line bundle over M,,,
formed by the cotangent lines at the i-th marked point. Intersection numbers (7, 7%, - - Tkn>
are defined as follows:

(ToaThy - Tha)o = | W52 g,
Mgon
The superscript ¢ here signals integration over the moduli of closed Riemann surfaces. Let us
introduce variables u, to,t1,to, ... and consider the generating series
29—2

u
Fc(to,tl,...;u) = Z 1 Z <Tk17—k2~--7—kn>;tk1tk2-~-tkn~

n:
920,n>1 k1,....kn2>0
29—2+n>0

E. Witten ([Wit91]) proved that the generating series F satisfies the so-called string equation
and conjectured that the second derivative % is a solution of the KdV hierarchy. Witten’s
conjecture was proved by M. Kontsevich ([Kono92}).

There is a reformulation of Witten’s conjecture due to R. Dijkgraaf, E. Verlinde and H. Ver-
linde ([DVVO9I1]) in terms of the Virasoro algebra. They defined certain quadratic differential

operators L,, n > —1, and proved that Witten’s conjecture is equivalent to the equations
(1.1) L, exp(F°) =0,

that are called the Virasoro equations. The operators L, satisfy the relation [L,, L,,] = (n —
m) Ly ym.

In [PST14] the authors initiated a study of the intersection theory on the moduli space of
Riemann surfaces with boundary. They introduced intersection numbers on this moduli space
and completely described them in genus 0. In higher genera the authors conjectured that the
generating series of the intersection numbers satisfies certain partial differential equations that
are analagous to the string, the KdV and the Virasoro equations. In [PST14] these equations
were called the open string, the open KdV and the open Virasoro equations.
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The open KdV equations and the open Virasoro equations provide two different ways to
describe the intersection numbers on the moduli space of Riemann surfaces with boundary. It
is absolutely non-obvious that these two descriptions are equivalent and it was left in [PST14]
as a conjecture. The main purpose of this paper is to prove this conjecture. We show that the
system of the open KdV equations has a unique solution specified by a certain initial condition
that corresponds to the simplest intersection numbers in genus 0. The main result of the paper
is the proof of the fact that this solution satisfies the open Virasoro equations. This proves that
the open KdV and the open Virasoro equations give equivalent descriptions of the intersection
numbers on the moduli space of Riemann surfaces with boundary.

1.1. Witten’s conjecture and the Virasoro equations. In this section we review Witten’s
conjecture and its reformulation due to R. Dijkgraaf, E. Verlinde and H. Verlinde.
One of the basic properties of the generating series ' is the so-called string equation ([Wit91]):

IOF* Fe t2
1.2 tn
( ) (9750 ; +1 8t 2U2

n>0

1.1.1. KdV equations. E. Witten conjectured ([Wit91]) that the generating series F° is the
logarithm of a tau-function of the KdV hierarchy. In particular, it means that it satisfies the
following system:

,2n+1 PPF° 0?F¢ O3F¢ 133F° 0?°F¢ 1 O°F¢
(1.3) u S = A3 A +-—=3 + == , n>1.
Moreover, E. Witten showed ([Wit91]) that the KdV equations (1.3)) together with the string
equation (1.2)) and the initial condition F*°|, _; = 0 uniquely determine the power series F*.

1.1.2. Virasoro equations. The Virasoro operators L,,n > —1, are defined as follows:

Ln:_z(2i+2n+1) 46 +u_2”*1 (2i + )20 —2i — 1)l &7
2n+1(22 - 1)” 012 n 2 2n+l 8ti8tn_1_i
i>0 + =0
&3 1
On1 = 4 Op o=
T on15,2 F 007G
They satisfy the commutation relation
(1.4) [Ln, L] = (n—m) Ly
The Virasoro equations say that
(1.5) L,exp(F¢) =0, n>-—1.

For n = —1, this equation is equivalent to the string equation (|1.2)).

R. Dijkgraaf, E. Verlinde and H. Verlinde ([DVV91]) proved that Witten’s conjecture is
equivalent to the Virasoro equations. To be precise, they proved the following. Suppose a
power series F’ satisfies the string equation and the KdV equations ([1.3)). Then F satisfies
the Virasoro equations . We review the proof of this fact in Appen

1.2. Moduli of Riemann surfaces with boundary. Here we briefly recall the basic defi-
nitions concerning the moduli space of Riemann surfaces with boundary. We refer the reader
to [PST14] for details.

Let A € C be the open unit disk, and let A be its closure. An extendable embedding of the
open disk A in a closed Riemann surface f: A — C'is a holomorphic map which extends to
a holomorphic embedding of an open neighbourhood of A. Two extendable embeddings are
disjoint, if the images of A are disjoint.

A Riemann surface with boundary (X, 0.X) is obtained by removing a finite positive number
of disjoint extendable open disks from a connected compact Riemann surface. A compact
Riemann surface is not viewed here as Riemann surface with boundary.
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Given a Riemann surface with boundary (X,0X), we can canonically construct the double
via the Schwartz reflection through the boundary. The double D(X,0X) of (X, 0X) is a closed
Riemann surface. The doubled genus of (X, 0X) is defined to be the usual genus of D(X,0X).

On a Riemann surface with boundary (X,0X), we consider two types of marked points.
The markings of interior type are points of X\0X. The markings of boundary type are points
of 0X. Let M, denote the moduli space of Riemann surfaces with boundary of doubled
genus ¢g with £ distinct boundary markings and [ distinct interior markings. The moduli
space M i is defined to be empty unless the stability condition 2g — 24 k4210 > 0 is satisfied.
The moduli space M, ; is a real orbifold of real dimension 3g — 3 + k + 2I.

The psi-classes ¢; € H Q(Mg,k,l; C) are defined as the first Chern classes of the cotangent line
bundles for the interior markings. The authors of [PST14] do not consider the cotangent lines
at boundary points. Naively, open intersection numbers are defined by

(1.6) (TayTag - - -Tal0k>z = / S e
My ki

To rigorously define the right-hand side of (1.6)), at least three significant steps must be taken:

e A natural compactification M, x; C M, must be constructed. Candidates for M,
are themselves real orbifolds with boundary 3Mg,k,l.

e For integration over Hg,k,l to be well-defined, boundary conditions of the integrand
along M, ., must be specified.

e Problems with an orientation should be solved, since the moduli space M,y is in
general non-orientable.

The authors of [PST14] completed all these steps and rigorously defined open intersection
numbers in genus 0. Moreover, they obtained a complete description of them. In higher
genera, even though open intersection numbers are not well-defined, the authors of [PST14]
proposed a beautiful conjectural description of them that we are going to recall in the next
section.

1.3. Open KdV and open Virasoro equations. In this section we review the KdV and the
Virasoro type equations from [PST14] for the open intersection numbers (1.6)).
Introduce one more formal variable s and define the generating series F*° by

0 u! k\© k
Fo(to, t1,...,s;u) == Z Tl Z <7'a1...7'al0' >gta1...tans )
g,k,[>0 ay,...,a; >0
29— 2+k+21>0
First of all, the authors of [PST14] conjectured the following analog of the string equation (|1.2)):

oF° ore
N S s,
oty ;) g, TS

They call it the open string equation. The authors also proved that the following initial condi-
tion holds:

o — 53
(1.8) Fol  o=u"" (E + tos> :

1.3.1. Open KdV equations. The authors of [PST14] conjectured that the generating series F°
satisfies the following system of equations:
2n + 10F° OF° OF° N O*F° N u? OF° O*F¢ u? O3F°¢
=u u — - —
2 Ot, 0s Oty Dsdt,_1 2 Oty Otgdt,—1 4 Ot30t, 1’
They call these equations the open KdV equations. It is clear that the open KdV equa-
tions ([1.9), the initial condition (1.8)) and the potential F¢ uniquely determine the series F.

On the other hand, the existence of such a solution is completely non-obvious and we will prove
it in this paper.

(1.7)

(1.9)

n > 1.




4 ALEXANDR BURYAK

1.3.2. Open Virasoro equations. In [PST14] the authors introduced the following operators:

n+1 n
L, :=L,+ (u”saaswr1 + 3”j3unaasn) , n>-—1.
These operators satisfy the same commutation relation as the operators L,:
(1.10) L0y L] = (n—m) Loy
In [PST14] the authors conjectured the following analog of the Virasoro equations :
(1.11) L,exp(F°+F) =0, n>-1.

Clearly, equations (|1.11)), the initial condition F°|;,—o = u*1% and the potential F'° completely
determine the series F°.

1.4. Main result. Here we formulate two main results of the paper.

Theorem 1.1. 1. The system of the open KdV equations (1.9) has a unique solution that
satisfies the initial condition (L.8)).

2. This solution satisfies the following equation:
OF° 1 (OF°\* 10*F° O°F¢
1.12 = = ———+ — .
(1.12) Ds “(2(ato) *2&53*&3)
Theorem 1.2. The series F° determined by Theorem satisfies the open Virasoro equa-
tions ([1.11]).

1.5. Burgers-KdV hierarchy and descendants of s. In Section |3| we will construct a
certain system of evolutionary partial differential equations with one spatial variable. It will be
called the Burgers-KdV hierarchy. We will prove that the series F'° determined by Theorem (1.1
satisfies the half of the equations of this hierarchy. The remaining flows of the Burgers-KdV
hierarchy suggest a way to introduce new variables si, so, ... in the open potential F°. These
variables can be viewed as descendants of s. We hope that our idea can help to give a geometrical
construction of descendants of s, at least in genus 0.

1.6. Open KdV equations and the wave function of the KdV hierarchy. In the
work [Burl4], that appeared while this paper was under consideration in the journal, we ob-
served that the open KdV equations are closely related to the equations for the wave function of
the KAV hierarchy. Using this observation our original proof of Theorem can be simplified.
We discuss it in Section B.7

1.7. Acknowledgements. The author would like to thank R. Pandharipande, J. Solomon and
R. Tessler for very useful discussions.

We would like to thank the anonymous referee for valuable remarks and suggestions that
allowed us to improve the exposition of this paper.
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1.8. Organization of the paper. In Section [2| we recall some basic facts about evolutionary
PDEs with one spatial variable and give a slight reformulation of Witten’s conjecture.

In Section |3| we construct the Burgers-KdV hierarchy and prove that it has a solution for
arbitrary polynomial initial conditions. We also construct a specific solution of the half of the
Burgers-KdV hierarchy that satisfies the open string equation (1.7)).

Section (] contains the proofs of Theorems and [3.1]

In Section 5| we prove Theorem [1.2]

In Appendix [A] we revisit the proof of the equivalence of the KdV and the Virasoro equations
for the intersection numbers on the moduli space of stable curves.
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2. EVOLUTIONARY PARTIAL DIFFERENTIAL EQUATIONS

In this section we recall some basic facts about evolutionary PDEs with one spatial variable.
We also review the construction of the KdV hierarchy and give a slight reformulation of Witten’s
conjecture that will be useful in the subsequent sections. All this material is well-known. We
refer the reader to the book [OIv86] for the details about this subject.

2.1. Ring of differential polynomials. Let us fix an integer N > 1. Consider variables v;'.,

1 <i<N,j >0 We will often denote v}y by v' and use an alternative notation for the
variables vi, vi, .. .:
i i

R i
Uy = U], Uy, = Us,....

Denote by A1 ,2  ,~ the ring of polynomials in the variables u, u™!
of A1~ will be called differential polynomials.

An operator 0,: A1~ — A1~ is defined as follows:

N 9
Oy = Z Z “sz%

and v; The elements

-
i=1 s>0 $

Consider now a sequence of differential polynomials P;(v, Vg su) € Ay v, 1 <0 <N,

j > 0. Consider the variables v* as formal power series in x, 79, 7y,... with the coefficients

from Clu,u~!]. A system of evolutionary PDEs with one spatial variable is a system of the
form:

o’ ,
2.1 = P! (v,vz,...5u), 1<i<N, 7>0.
21) 5 =Pl ) 1<isN, >
2.2. Existence of a solution. Here we give a sufficient condition for system ({2.1) to have
a solution. Let P',...,PYN € A, .~ be some differential polynomials. Define an opera-

PN AUI’._,,UN — -Avl,...,vN by

a 9
Vpi. pyv = ZZ(%PZ)%
J

i=1 j>0

-----

Denote the space of all these operators by £, _,~. It is a Lie algebra: for Q*, Q% ...,Q" €
Api. o~ , we have
[Vp17.__7PN, VQ1,.__,QN] = VR17._.7RN, where Rl = VP17._.7PNQZ' - VQ17“_7QNPZ'.
Consider an operator O = Zizo 0;0%, O; € A1 ,~. We will use the following notation:
Vpropn -0 =Y (Vpr pnO;) L.
i>0

Let us again consider system ([2.1). The following lemma is well-known (see e.g. [Olv86]).

Lemma 2.1. Suppose that, for any i,j > 0, we have [Vpr _pn,Vp1 _pn] = 0. Then, for an
. . . ot A
arbitrary initial condition v'| _y = f'(z,u), where f'(z,u) € Clz,u,u™], system (2.1) has a
unique solution.
2.3. KdV hierarchy. Consider a variable w and the ring A,,. Define differential polynomials
K, € A,, n >0, by the following recursion:
K() = w,

2u? 11,
(2.2) 0, K, = o1 wo, + S Wa + g@x K,_,, forn>1.

It is a non-trivial fact that the right-hand side of (2.2]) lies in the image of the operator 0,
(see e.g. [MJDO0]). So the recursion ({2.2) determines a differential polynomial K, up to a
polynomial in u,u~*. This ambiguity should be fixed by the condition Kn|wi:0 = 0.
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Consider now the variable w as a power series in variables x,tq, %9, ... with the coefficients
from C[u,u']. The KdV hierarchy is the following system of partial differential equations:
ow
2.3 =0,K,, n>1.
(23) oty -

Another form of Witten’s conjecture says that the second derivative ;tgc is a solution of

the KAV hierarchy ({2.3] . Here we identify x with ¢3. This form of Wltten’s conjecture is
equivalent to the form that was stated in Section ([Wit91]). Let us formulate it precisely.
Let w(x = to,t1,ta,...;u) be the solution of the KAV hierarchy specified by the initial
condition w|;.,—o = u™?z. Let

0 0
S = 8_150 — nzx)thrla—tn.

It is easy to show that Sw = u~? and there exists a unique power series F(tg,t1,...;u) such
that w = %tf, SF = 2 5% and F|t,—o = 0. Moreover, we have ([Wit91])
O*F

9t t+2F

= K,
Otyot, |“’i: ort?
and, therefore, F' satisfies system (|1.3)).

3. BURGERS-KDV HIERARCHY

In this section we construct the Burgers-KdV hierarchy and prove that its flows satisfy the
commutation relation from Lemma [2.1] This guarantees that the hierarchy has a solution for
arbitrary polynomial initial conditions. We also construct a specific solution of the half of
the Burgers-KdV hierarchy that satisfies the open string equation . Finally, we discuss
a relation of the Burgers-KdV hierarchy to the equations for the wave function of the KdV
hierarchy.

3.1. Construction. Consider an extra variable v and the ring A, ,,. Define differential poly-
nomials R, Q, € Ay, n > 0, as follows:

RO = Vg,
2u? 2 1 Vg 1 3
R, = Y [( 0% + 0,0, + % + w) R, 1+ vaKn_l + ZaxKn_l , forn>1;
+ /wa
QO =u ( ) )
0, =% 32+ I B
n n +1 9 n—1, = L.
We call the Burgers-KdV hierarchy the following system:
ov ow
=R,, >1; — =0, K,, > 1;
ot,, "= ot "
v ow
('isn =@ " 0s,, "

We see that w is just a solution of the KdV hierarchy. The simplest equation for v is

ov vi%—vm_i_
—=ul|l—+w)].
850 2

If we put w = 0, then it coincides with the potential Burgers equation (see e.g. [Olv86]). In
this case the whole hierarchy reduces to the Burgers hierarchy (see e.g. [Olv86]). This explains
why we call the constructed hierarchy the Burgers-KdV hierarchy.
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The system
ov ow
ot "= ot "
ov V2 + Uy N ow 0
— =u| E——4w); — =0.
Os 2 ’ 0s

will be called the half of the Burgers-KdV hierarchy.
Another result of the paper is the following theorem.

Theorem 3.1. Let F° be the power series determined by Theorem [1.1. Then the pair v =
Fo w= OFe satisfies the half of the Burgers-KdV hierarchy.

2
o2

Here we again identify x with t,.
3.2. Commutativity of the flows. We are going to prove the following proposition.
Proposition 3.2. All operators Vg, s, k, and Vg, o commute with each other.

The proof of the proposition will occupy Sections [3.3H3.5l The plan is the following. First,
we consider the differential polynomials EZ = Rilezo Qi = Qil,.—o € A, and show that
the operators Vi, Vg, € &, pairwise commute. We do it in Section Then in Section
we prove that the operators Vg, 5, k, and Vg, o commute with Vi, o. Finally, in Section we
deduce that all operators Vg, o,x, and Vg, o commute with each other.

3.3. Burgers hierarchy. Define an operator B by B := 0, + v,. It is easy to see that

1 1 vi 4+
SB? = S 40,0, +
5 5% + v + 5
Therefore, we have
@i+ T C2i(i+1)! 2

We can easily recognize here the differential polynomials that describe the flows of the Burgers
hierarchy (see e.g. [Olv8@]), up to multiplication by a constant. The fact that the opera-
tors Vi , V5, € €, commute with each other is well-known (see e.g. [OLv&(]).

3.4. Commutators [V, 0, Vg,.0.k.] and [V, 0, Vo, 0]- Let

v2 4+ oP . 1
p.=x_= P, = L= —02 4+ v,0,.
B Zawax 2836—1—1) )

The following formulas will be very useful for us:

1
Voo - B =u[P,, B] + uw,, 532 =P, + P

Let us prove that [V, .0, Vo,.0] = 0 or, equivalently, Vg, 0@n — Vo, 0Q0 = 0. We have

(n + 1)U72 (VQ070Qn — VQn,OQO) = VQO,O <(%B2 + U)> Qn_1> — UP* <(%B2 + w) Qn—l) =

U U 1
:§[P*, B%|Qn-1 + §(wa + Bow,)Qn-1+ (532 + w) (Voe.0@n-1)
- g<P* © B2)Qn—1 —Uu (P*w) Qn—l - uwxaxQn—l - uwP*Qn—l -
1
— (532 + w) (VQO,OQn—l — VQn—170QO) .

Continuing in the same way we get

Voo,0@n — Vg,.0Q0 =

u2n

(n+ 1!

1 n
(§B2 + w) (VQ(),OQO - VQQ,OQO) =0.
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Let us prove that [V, 0, Vi, 0.k, = 0. Since K,, doesn’t depend on v;, we have Vj, 00, K, =
0. Thus, it remains to prove that Vg, oR, — Vr,.0.x,&Q0 = 0. We proceed by induction on n.
So assume that Vo, oRn—1 — V&, _,.0.K, @0 = 0.

We have
u3 2n + 1VQO,oRn =0 Vo0 [(132 4 w) R, 1+ lvan_l + §axKn_1]
2 2 2 4
:% ([P*, BQ] +w,B+ Bo wx) Ry 1 +ut (%B2 + w) (Vo.oRn-1)
+ %(&;P +w,) Ky =
1

1
:§[P*7 BZ]Rnfl + w:pBRnfl + éwsznfl

1 1
+ <§B2 + w) (P*Rnfl + 855an1) + §<axp + wx>Kn71 =

1 1 1
:P* ((532 -+ ’UJ) Rn_1> —+ §B2 (&EKn_l) + wamKn_l + g(amp —+ wx)Kn_l.

On the other hand, we have

w3 2n2—|— 1VRTL,8IK”QO =P, [(%BQ + w) R, 1+ %vxKn_l + g@xKn_l + 2n + 1u_2(’9$Kn.
Therefore, we get
u”? 2n2+ 1VQ0,ORn —u? Qn; 1VRH,8IKnQO =
— w, K1 + %wanl + éagz(nl g g~

This completes our proof.

3.5. All commutators. Let V; and V2 be any two operators from the set {Vg, s, x, }i>1 U
{V@..0}i>0. We have to prove that [V}, V2] = 0. We begin with the following lemma.

Lemma 3.3. Let [Vi, Vo] = Vi 1,. Then Ty =0 and T =0.

wx=0
Proof. Let us prove that T, = 0. Clearly, we have to do it, only if Vi, V5 € {Vg, s,K, }i>1. Let
Vi = Vg, 0.k, and Vo = Vg, 5, k,. Since the differential polynomials K; don’t depend on wv., we
have

TZ - VRZ-,@IKiasz - VRj,aszachi - Vaszaij - VaszaxKi-

Here we consider the operators Vy, i, and Vy, i, as elements of the space &,. The last expres-
sion is equal to 0, because the differential polynomials 0, K; describe the flows of the KdV
hierarchy (see e.g. [Olv86]).

Let us prove that Ti|, _, = 0. Let R; = R, _, and @z = Qil,._o- We consider the
operators Vi and V. as elements of £,. Obvioulsy, we have

(VauoRi)lu.—o = Vg, and (Vi,0@Q))|,. o = V5,Qs-
Since 0, K|, _, =0, we get

(Vriook, Bi)ly.— = Va Iy and (Vi,0,5,Q5)]y.—o = V&, Q).
In Section we showed that the operators V and Véj pairwise commute. Thus, T3[, _, = 0.
The lemma is proved. O

From the Jacobi identity it follows that [V, 0, [V1, V2]] = 0. We have proved that [Vi, V5] =
Vi, 0, where T1 The following lemma obviously completes the proof of Proposition .

ws=0"



EQUIVALENCE OF THE OPEN KDV AND THE OPEN VIRASORO 9

Lemma 3.4. Suppose T' € A, ., is an arbitrary differential polynomial such that T'|, _; =0
and [Vo,.0, Vro) =0. Then T = 0.

Proof. Before proving the lemma let us introduce several notations. A partition \ is a sequence
of non-negative integers Aq, ..., A\, such that \; > Xy > ... > \,. Note that our terminology is
slightly non-standard, because we allow zeroes in X. Let I(\) :=r and |A| := >_;_, A\;. The set
of all partitions will be denoted by P. For a partition A let vy := Hﬁ(z’\l) vy, and wy := Hﬁ(z’\l) Wy, -

Consider any differential polynomial @) € A,,. Let @ = Z/\,uep dy uvaw,, where dy, €

Clu,u™']. Let

Gr;,Q) .= Z SN T GTfQ: Z dy o wy,.

Up)=i W)=
\M—J
The equation [V, 0, Vo] = 0 means that Vg, 0T — V5oQo = 0. Let T' = > x uep e 02wy,

l(p)21
where ¢, , € Clu,u™']. We have

1
(3.1) VroQo = u (U:vatT + §8§T) :
(9’0)\ i
(3.2) Vool =u Z Zc/\v“a (0L P 4+ w;)w,
AuUEP >0
Hpu)>1

Suppose T # 0. Let ig be the minimal ¢ such that Gr;T" # 0. From the condition T'|,,—o = 0

it follows that ig > 1. Let jp be the maximal j such that GrfoT # 0. From (3.1)) it is easy to
see that

+2
Gr z](()) (V1 OQO) 9 Z C/\,uvkafi(wu) # 0.
A UEP
U(p)=10,|ul=Jo

On the other hand, from (3.2)) it obviously follows that Grf§+2(VQO70T) = (0. This contradiction
proves the lemma.

[l

3.6. String solution. In this section we construct a specific solution of the half of the Burgers-
KdV hierarchy that satisfies the open string equation.

Proposition 3.5. Consider the half of the Burgers-KdV hierarchy. Let us specify the following
wnitial data for the hierarchy:

(3.3) U|t21:0,5:0 =0 and w|t21:0,s:0 =uz.

Then the solution of the hierarchy satésﬁes the open string equation

by .
ato ; ot at s

We remind the reader that we identify x with .

Proof. Recall that S := ‘9 = Dm0 th%. We have to prove that Sv = u™'s. We have

Sw=u"? w= %5 and K = a?—ai (see Section , therefore, SK, = K, _1, for n > 1. Let

us put K_1 :=u 2 , so the last equatlon is also valid for n = 0.

It is easy to see that ey, —0 = u_ls +u " tys. Hence,

(3.4) (S0)]tzy=0 = u”'s.
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For n > 1, we have

0 ov ov
— (Sv) =S— — =
o, ) =S~
2u? 1 ov 1 ov
= S)0p + (S0) 20 + = (5SV) 4z 2 —-B? S
2n+1[<( )20z + (Sv) v +2( V)aw + U )atn_1+<2 +w) 8tn_1+
1 1 3 ov
=(S an— a5 an— _axKn— - -
+ 2( v) 1+ 20 2+ 1 2} ot
2u? 1 ov
1 K( V)20, + (Sv)v +2( v) )8tn1+
1 0 1
—Bz S . S xan .

—|—<2 —|—w) 5tn_1( U)—|—2( v) 1}
This system together with the initial condition (3.4)) uniquely determines the power series Sv.
It is easy to see that Sv = u~!s satisfies the system. Proposition is proved. U
3.7. Relation to the wave function of the KdV hierarchy. Consider the operator

L:= 9+ 2w.
Recall that the KdV hierarchy can be written in the so-called Lax form:
8 u2” 1
—L:—[L"Jr’ ,L], > 1.
o= G (L) "=

Here we use the language of pseudo-differential operators. We briefly review it in [Burl4] and
we refer the reader to the book [DicO3] for a detailed introduction to this subject. Introduce
variables t, with n € 1 +Z>o and let b1y =Sk k € Zxo. In [Burl4] we prove that the Burgers-
KdV hierarchy is equivalent to the following system of evolutionary PDEs for the functions w

and ¢ = e:

8 u2” n+; 1
(3:5) s = G (L], ne g
8 u2n 1 1
: —p=— (L2 /e

Equations (3.6) coincide with the equations for the wave function of the KdV hierarchy (see
e.g. [Dic03]). The commutativity of the flows of the system (3.5)-(3.6|) is actually well-known
(see e.g. [Dic03]) and the proof is simple. Let us recall it. Consider the ring A,,. Let

T, = (L"+3), ¢ € Ay We have to check that the operators

u2n

(2n+1)!!

1
VI, 00K, € Epwy M E 5221,

pairwise commute. Here we, by definition, put K, = 0, for n € % + Z>y. Let m,n € %Zzl and
[VvaascKm’ VTnyaxKn] = vPlaPZ'

The fact that P, = 0 follows from the commutativity of the flows of the KdV hierarchy. For P,
we have

Py =Vr, 0.5, 10 — V1, 00k, Tm =
u2m+2n

@m+ D2+ )1

1 n 1 n 1 m 1 n 1 m 1
x ([(Lm+2>+,L A e ), - [ o]

- <Lm+%>+<L“+%>+) o=

+
u2m+2n

:@m+1w@n+nu(ﬁﬂméhwﬂ”%4

- @y, L’”*%L) 5.

+
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Since ) ) )
(] = [y o] = = @]
+ + +

we conclude that P, = 0. The commutativity of the flows of the Burgers-KdV hierarchy is
proved.

4. PROOFS OF THEOREMS [L.1] AND B.11

The proof of Theorems and goes as follows. Let a pair (v, w) be the solution of the
half of the Burgers-KdV hierarchy with the initial condition (3.3)). Let us show that the series
F° = v is a solution of the open KdV equations (|1.9). Indeed, we have

o +1 A 1 V3 + Vg v 1 3

Oty 2
2 2 2 2
o (V5 + Vg ov , O Uy F Vga u u
= _— o an— - _827Kn— -
B ( 2 +w) 8tn_1+u8tn_1( p W) Tt Ty !
dv v 0*v u? 2

u
e A P
Yosot, “asor,_, g leftn1 Ty !

It remains to note that K, = O°F° and we see that Theorems and are proved.

— Otgotn

5. PROOF OF THEOREM

Denote by a; ; the number % Let 7 := exp(F° + F°) and 7° := exp(F°). In order

to save some space we will use the subscript n for the partial derivative by ¢,, and the subscript s
for the partial derivative by s. The proof of the theorem is based on the following lemma.

Lemma 5.1. We have
1. 5T — (uF? 4 udy) 52T = 0.
2. If n >0, then

(5.1)

LT . L, w?(2n+1D)0 o wul - S
— (uFy + uds) - :ZTFO’" + 1 Z Qin—1-iFo  Fon1-i
0
w? 2n+ DI u? — AT u? 5\ .
+ 5WF"FO + B ; @i p—1-i F; (?Fo Oy — Zax> F
u? (2n+ D! 4 1

U
[0 (&
+ 9 ont2 FOvn + 1 Z ai,nflfiF07iFo7n—1—i
0
un-i—l a;L—HTO

4 T
Proof. Let us prove point 1. From the usual Virasoro equations (1.5)) it follows that

LflT 8F° (9F° 1
- — tn ;
T 8t0+nz>0 g, TS
Lor  30F° m+1 OF°  9F° 3
I ¢ °
; 2@t1+z 5 "o %as 11

nz

Using the open KdV equations ([1.9)) we get

L L_
20T (wFC 4 udy) == =
T T
u? u? 1 u? u? 3

n>0
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By the string equation ([1.2)), the last expression is equal to zero.
Let us prove point 2. Let

@it )
Ln '_Z 2n+1(2¢—1)!!( 1)0ti+n’

DI
o 2 o mil*l@tﬁtn_l_i’

8”“ 3n+3 o
(3) ., n
Ly =u 563”+1+ TR
Using the Virasoro equations ((1.5)) we get
L, L,
=T (wF? 4 ud,) 2T =
T T
L(l) o Lg) o
(4) == — (WY ud)
L(2) o Lg) 0
(B) + 2T (R 4 ud,)
T0
n n—1
(C) + u? Z i FYFY_ — u?(uF? + ud) Z ip1-iFTF
0 0
16 o 130
(D) I (FY 4 ud) 2
70

Using the open KdV equations (|1.9) and the Virasoro equations (1.5) we can compute that

(20 +2n+1 u?
w=3 it ) (R0, — 48 =

2n+1(2 1)”
u? (2n + 1)!! ut A
== FoFn = D i1l (FG 1 T 2F0,F 1)
n—1
(2n+1) C 4 C C C C
+ZQ—nF0” Za'“’b 1- 7I(FYOOzn 1- z+2FOZF0n 1- z+2FOOZFn 1— z)
e —’ ————
For expression (B) we have
2 n—1
0
u? (2n + 1)V ut A u? A u?
:EWFOML Z@zn 1-i FQ i FG 1 Zazn - Foa 4630 F 1
2n+1 u? A u?
7( 2+2) FOFO+_Zaznleo(?F()oax_ 82 nlz

Computing (C) in a similar way we get

n—1
(2n+1) C o C (o} 2 C
(C)ZUTFPHL Zam“F 7Fa 4&3 Fe | ..
~ W—/W—/

* ok ok
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It is easy to compute that
un+1 8;L+17_0

D) = —

(D) 4 T°

We have marked the terms that cancel each other in the total sum (A)+(B)+(C)+(D). Col-
lecting the remaining terms we get (5.1} m 0

From the commutation relation (|1.10)) it follows that E ( 2 ] adn 2£2, for n > 3. Thus,
it is sufficient to prove the open Virasoro equations (|1 only for n=-1,0,1,2.

By Theorem and Proposition , the series F*° satisﬁes the open string equation ({1.7)).
Thus, £L_,7=0. By Lemma , Lom = T(uF? + u@s)% = 0.

Substituting n = 0 in we get

Ly Y Lo u .1, 1 . o| by Theorem
. — (uF? + ud,) —— . :Z{u<F070+§(F0)2+§F070)—FS} y Theorem L

Therefore, L7 = 0.
Finally, let us write equation (5.1)) for n = 1. We get

(5.2)

LoT o LT 3u? . ut 3u? oo (U u? .
T_(“Fs —|—u85)7 :?Fo,l"‘EFo,oFo,o 16F Fo + 8F ?Foax_zag Fy
3 2 U4 2 )

Denot by v. We have Fg, = K; = %2 + 1—12wm. By the open KdV

equatlons , we have

3
(% (Y w
Fo=u? [ =2 4+ 0,0, + =22 40, =
1 u<3+vv —|—3—|—vw—|—2>

By Theorem , F? =u (@ + w). Substituting these expressions in the right-hand side

of (5.2)), after somewhat lengthy computations, we get zero. Hence, Lo7 = 0. The theorem is
proved.

APPENDIX A. VIRASORO EQUATIONS FOR THE MODULI OF CLOSED RIEMANN SURFACES

In this section we revisit the proof of the equivalence of the usual KdV and the Virasoro
equations for the moduli space of stable curves. There is a reason to do it. In all papers,
that we found, the proof is presented in a way more suitable for physicists. So we decided to
rewrite it in a more mathematical style and also to make it more elementary. We follow the
idea from [DVVOI].

Let F' be a power series in the Variables to,t1,to, ... with the coefficients from Clu,u™].
Suppose F' satisfies the string equation ((1.2) the condition F'|;,—g = 0 and the second deriv-

ative %ti is a solution of the KdV hlerarchy . Let us prove that F' satisfies the Virasoro

equations (1.5)).
Let D := F 00, + %F(Lo’() + %(93 and w = WF We can rewrite the KdV equations (1.3 in the
following way:

(A1) W2DFy g = 2" + Lo,
Let 7 :=exp (F).
Lemma A.1. For any n > —1, we have

T gplenT

T
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Proof. Suppose n = —1. We have

L_lT t
=—Fo+ ZthFn + =%,
T = 2u
LQT 3 2n+1 1
L & toFy 4 —
T g1t ;0 2 16

From the KdV equations ({A.1)) it follows that

L_ L 1 1
w2Dd, == _ 02 0T _ §D3$(t(2)) - 5893(750170) = 0.

T T

Suppose n > 0. The operators LY and LP were defined in Section . Using the KdV
equations (A.1]) we get

Lw(q,l)T B 82 LnHT B

u?Do, —
T T
2n + 1)!! u? 2n + 1)!!
= (2n—+1) <2“2F0,0F0,n + 5 Fooon — (2n+ 3)Fo,n+1> + (Qn—+z)u2Fo,o,an.

(2) (2) . .
Now let us compute u?D0, L” T 8%# Recall that a; ; := % We have

h
°E
)
[N
3
|
—

u
= — i n—i— E n—1—i Fan, —1).
. 5 a;, 1( n—1—i T 1 )

Using the KdV equations ({A.1)) it is easy to compute that

2 n—1 n
u 2 2
—2 (% E ai,n—i—lDa:pFi,n—l—i - g ai,n—iam Fi,n—i

=0 =0
ut 1 1 w? (2n + 1)

:__Zazn i— 1(F001F00n 1— 1+2F0001F0n 1— z)_7W 0,0,0,n-

By the KdV equations (A.1)), we have

2
2 2
E Da ZaznleFnlz a;azn 1FFnz -
ut e 3
= ? ai,n—i—l(2F0,0F0,iF0,n—l—i + FO,iFO,O,O,n—l—i + ZFO,O,iFO,O,n—l—i)
=0
a 2n + 1)!!
—u? ai,n—iFO,iFO,n—i - U2(2n—+2) o,o,an-

=0
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Collecting all the terms we get
L, Lyt (2n+1)N

ul
UzDax — 85 = 2U2F070F0,n -+ _FO,O,O,n — (2n + B)Fgm_’_l
T T ntl 2
ut 1 2
1 u® (2n + 1)!!
- = Zazn i—1(F0,0iF0,0m—1-i + 2F0,0,0,iF0,n717i) T 5 onrz  L000m
4 n—1 3
+_Zazn i—1(2F00F0 i Fon—1—i + Fo,iFo,00n-1-i + 4F001F00n 1-i)
1=0
—u? Z Qin—iFoiFon—i =
i=0
2n + Dl u? 2n + 3
:u UZFO,OFO,n + —=F0,00n — Fontt
AL 8 2
n—1 1 1
4
1,N—1— — < I ’LF n—1—1 FooF zF n—1—1 —Fq ’LF n—1—1
+u ;a, 1( g H00it00n1 + Fo0l0il0mn—1 +4 0,i10,0,0,n—1 )
—u? Z ai,n—iFO,iFO,n—i =: Q.
i=0
Since K; = (% at , the series () can be expressed as a differential polynomial in w, w,, Wy, . . ..

From the condition K|, _, = 0 it follows that this polynomial doesn’t have a constant term.
Using ([2.2) it is easy to compute that 0, = 0. Thus, @ = 0. The lemma is proved. O

From the commutation relation it follows that L, (( I ad LQ, for n > 3. Thus,

it is sufficient to prove the Virasoro equatlons 1) only for n = —1, 0 1,2. Let us do it by
induction on n.
The case n = —1 follows from the string equation. Suppose n > 0. Recall that S =

a% — Zz>0 b1 a6 Using the induction hypothesis we get
L, S(Ly, ST)L, L (L, L, L,(L_
gl _ S T)_<T)2 T Ll T):(n—i—l) 7 Lallar)
T T T T T T

Therefore, SO, M = 0. By Lemma and the induction assumption, we have 92 % =0,
hence, (Zpo i+15 ) 9T = 0. Therefore, 9,227 € Clu,u™"]. Since SE2T = 0, we have

<Zi20 ti+1%) LT € Clu,u™*]. From this we conclude that 227 € Clu, u™]. Let (74, ... 7q,) :=

kR

Bty 0t |, oy We have

L()T 3 1

2 =S+
T lh—o 2 16

LT 15 u? 9

—rmzz—zﬁﬁ+§«ﬁMWW%

Lot 105 3u?

= = ——— (1) + —/({(7om) + (70) (71))-
(N P 8 8

It is easy to check that all these expressions are equal to zero. The Virasoro equations are
proved.
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