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DOUBLE RAMIFICATION CYCLES AND INTEGRABLE HIERARCHIES
A. BURYAK

ABSTRACT. It this paper we present a new construction of a hamiltonian hierarchy associated
to a cohomological field theory. We conjecture that in the semisimple case our hierarchy is
related to the Dubrovin-Zhang hierarchy by a Miura transformation and check it in several
examples.

1. INTRODUCTION

In the last two decades there was a great progress in understanding relations between the
topology of the moduli space of stable curves and integrable hierarchies of partial differential
equations. The first result in this direction was the famous Witten’s conjecture ([Wit91])
proved by Kontsevich ([Kon92]). It says that the generating series of the intersection numbers
on the moduli space of stable curves is a solution of the KdV hierarchy. After that it has been
expected that the Gromov-Witten invariants of any target space (or, more generally, correlators
of any cohomological field theory) should be governed by an integrable hierarchy. We refer
the reader to [OP06, CDZ04, DZ04, MTO08, CvdL13, MST14] for different results concerning
the Gromov-Witten invariants of P! and orbifold P!. The Hodge integrals on the moduli
space of stable curves can be described by integrable hierarchies in two different ways ([Kaz09,
Burl3]). Witten’s original conjecture can be generalized to the moduli space of r-spin curves
and its generalizations ([Wit93, FSZ10, FJR13]). An integrable hierarchy corresponding to the
Gromov-Witten theory of the resolved conifold is discussed in [BCR12, BCRR14]. A hierarchy
that governs the degree zero Gromov-Witten invariants was constructed in [Dub13]. KdV type
equations for the intersection numbers on the moduli space of Riemann surfaces with boundary
were introduced in [PST14] and further studied in [Burl4a, Burl4b].

In [DZ05] B. Dubrovin and Y. Zhang suggested a very general approach to the problem.
The Gromov-Witten invariants of any target space (or, more generally, the correlators of any
cohomological field theory) are packed in a generating series that is called the potential. If the
potential is conformal and semisimple, then B. Dubrovin and Y. Zhang gave a construction of
a bihamiltonian hierarchy of PDEs such that the potential is the logarithm of a tau-function of
this hierarchy. Their construction was generalized to the non-conformal case in [BPS12a] (see
also [BPS12b]).

In this paper we give a new construction of a hamiltonian hierarchy associated to a potential
of Gromov-Witten type. We must immediately say that, in general, our hierarchy is different
from the Dubrovin-Zhang hierarchy. Our construction is motivated by Symplectic Field Theory
(see [EGHO00]) and is based on the integration over the double ramification cycles. That is why
we call our hierarchy the DR hierarchy. Our construction is quite different from Dubrovin and
Zhang’s construction and also from the construction in [BPS12a]. First of all, we don’t need
the assumption of the semisimplicity. Second, the equations of the DR hierarchy are differential
polynomials immediately by the construction, while the polynomiality of the equations of the
Dubrovin-Zhang hierarchy is completely non-obvious (see [BPS12al). Finally, the hamiltonian
structures are in general very different. In the DR hierarchy it is given by the operator nd,,
where 7 is the matrix of the scalar product in a cohomological field theory. In the Dubrovin-
Zhang hierarchy the hamiltonian structure can be much more complicated.

We conjecture that, if a cohomological field theory is semisimple, then the DR hierarchy is

related to the Dubrovin-Zhang hierarchy by a Miura transformation. We check it in the case of
1



2 A. BURYAK

the trivial cohomological field theory and in the case of the cohomological field theory formed
by the Hodge classes: 1+ e\ +e?Xg+ ...+ 9\, € H*(M,,; C).

1.1. Organization of the paper. Section 2 contains the necessary algebraic formalism in the
theory of formal partial differential equations that is needed for our constructions.

In Section 3 we recall the main geometric notions: the definition of a cohomological field
theory and the definition of the double ramification cycles.

Section 4 contains the main result of the paper: the construction of the DR hierarchy. The
main statement here is Theorem 4.1 that says that the constructed Hamiltonians commute
with each other. We also formulate several general properties of the DR hierarchy, compute
the hierarchy explicitly in two examples and check our conjecture in these cases.

Section 5 is devoted to the proof of Theorem 4.1.

Appendix A contains some technical algebraic results.

1.2. Acknowledgments. We thank B. Dubrovin, S. Shadrin, R. Pandharipande and D. Zvonk-
ine for discussions related to the work presented here.

We would like to thank the anonymous referee for valuable remarks and suggestions that
allowed us to improve the exposition of this paper.

This work was supported by grant ERC-2012-AdG-320368-MCSK in the group of R. Pand-
haripande at ETH Zurich, by the Russian Federation Government grant no. 2010-220-01-077
(ag. no. 11.634.31.0005), the grants RFFI 13-01-00755 and NSh-4850.2012.1.

2. ALGEBRAIC PRELIMINARIES: FORMAL APPROACH TO PARTIAL DIFFERENTIAL
EQUATIONS

In this section we introduce the language and the formalism in the theory of formal partial
differential equations that will be necessary in our construction of the DR hierarchy. The
material comes almost entirely from [DZ05] and [Ros10].

In Section 2.1 we introduce the algebra of differential polynomials and the space of local
functionals. In Section 2.2 we describe a certain class of Poisson structures on the space of
local functionals. In Section 2.3 we introduce a Poisson algebra By and discuss its relation
with the space of local functionals. In Section 2.4 we define certain extensions of the ring of
differential polynomials, the space of local functionals and the Poisson algebra By.

2.1. Differential polynomials and local functionals. Here we recall the definitions of the
ring of differential polynomials and the space of local functionals.

2.1.1. Differential polynomials. Let us fix an integer N > 1. Consider variables ug, 1<a<N,
J > 0. We will often denote v by u® and use an alternative notation for the variables uf, ug, .. .:

a . a .«
u .—Ul, u —UQ,....

T Tx

Denote by Ay the ring of polynomials in the variables uf, j > 1,

N — j17j27--~7jm aq, 02 Qm
Fusug, gy .. .) = E E gl (wuGiugl g
m>0 1<aq,...,am <N
jl:“'v.jmzl

1

with the coefficients fJ1:92:Jm (y) being power series in u!,...,u". Elements of the ring Ay

will be called differentizlﬂ f)’éfygomials.

Let us introduce a gradation deggy; on the ring Ay of differential polynomials putting
degypuy =k, k> 1; degy, f(u) =0.

This gradation will be called differential degree.
The operator d,: Ay — Ay is defined as follows:

. 9
0y = Z ZU?H%.

a=1 s>0
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2.1.2. Local functionals. Let Ay := Axn/im(0,). There is the projection 7: Ay — Ay/im(0;)
and we will use the following notation:

/ hdz = (b)),

for any h € Ay. Elements of the space Ay will be called local functionals.
For a local functional h = f hdx € Ay, the variational derivative 6% € Ay is defined as

follows:
Sh ; Oh
fun = 20
>0
It is clear that the gradation deg,; on Ay induces a gradation on the space Ay that will be
also called differential degree.

Clearly, the derivative %: Ay — Ay commutes with the operator d,. Therefore, the

derivative % is correctly defined on the space of local functionals A .

2.2. Poisson structure on Ay and hamiltonian systems of PDEs. In this section we
introduce a certain class of Poisson structures on the space of local functionals and review the
notion of a hamiltonian system of partial differential equations.

2.2.1. Poisson structure on Ay. Let K = (K®?) <, 3<n be a matrix of operators
(2.1) KoP =" 00,
Jj=0

where f]aﬁ € Ay and the sum is finite. Let us define the bracket {-,-}x: Ay x Ay — Ay by
e G ap 0N
{ga h}K = /;%K de

The operator K is called hamiltonian, if the bracket {-,-} is antisymmetric and satisfies the
Jacobi identity. It is well known that, for any symmetric matrix n = (p®?) € Maty x(C), the
operator 0, is hamiltonian (see e.g. [DZ05]).

2.2.2. Hamiltonian systems of PDFEs. A system of partial differential equations
ou”
(97'1»

where f@ € Ay, is called hamiltonian, if there exists a hamiltonian operator K = (K*#) and
a sequence of local functionals h; € Ay, ¢ > 1, such that

Sh;

o — E KB
/i 5 dub’
{hi,hj}k =0, fori,j>1.

(2.2) = fH(u;tug,...), 1<a<N, i>1,

The local functionals h; are called the Hamiltonians of the system (2.2).

2.3. Poisson algebra By. Consider formal variables pfy, where 1 < o < N and n € Zy. Let
By C C[[p%]] be the subalgebra that consists of power series of the form

J— MN1yeeesNk p X1 02 (%
f - E : E o¢1,...,akpn1pn2 o ‘pnk7
k>0 1<cu,...,a <N

N1y, 70
ni+...+nk=0

N, Nk 1
where fy1-0* are complex coefficients.
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Let = (n®%)1<a.<n € Maty x(C) be a symmetric matrix. We endow the algebra By with
the following Poisson structure:

(2.3) {p?mpg}n = 2.Tnna”85771—1-71,0'

Let us define an important map Ty: Ay — By. Consider an arbitrary differential polynomial
f € Ay. We want to consider the variable u® as a formal function of x that has a Fourier

expansion with coefficients p. Formally, we make the substitution ug = 37 (in)*pge™

Then we have
flu% =320 (in)Fpgeine 2 : Pme

meZ

where P,, € C[[p%]]. Denote the right-hand side by T'(f). Clearly, Py € By. Let To(f) := F.
Obviously, we have Tyl 5, = 0. Therefore, the map 7j induces a map Ay = Ay/(imd.) — By,
that we will also denote by Tj.

Denote by BY/ ' © By the subspace that consists of power series of the form

=30 Y Paeanm)plipi

n,...,mp7#0
ni+...4+ni=0
where P, . (21,...,2k) € Clzy, ..., 2] are some polynomials and the degrees of them in the

power series f are bounded from above. It is easy to see that im(7) C B, Let us formulate
two important properties of the map 1.

Lemma 2.1. The map Ty: Ay — Bﬁ,oz is surjective. The kernel of it is N-dimensional and is
spanned by the local functionals [u®dz, 1 < a < N.

From this lemma it follows, that for any power series f € BY/ °l there exists a unique local
functional & € Ay such that To(h) = f and h has the form [ hdx, where 2% = 0. The

uk=0

local functional A will be denoted by Q(f), so we have obtained a map Q: B]f\,gl — Ay.

Lemma 2.2. The pullback of the bracket {-,-},, under the map Ty is the bracket {-,-},a, .

These lemmas are well-known (see e.g. [EGHO00, Sections 2.2.3 and 2.9.2] and [Ros10]), but
we don’t know a good reference with proofs. So we decided to give short proofs in Appendix A.

2.4. Extended spaces. Introduce a formal indeterminate i of degree deg h = —2. Let ./Zl\N =

Ay ®C[[h]] and ./Zl\[]@ C Ay be the subspace of elements of the total degree k > 0. The space ./zﬂf,]
consists of elements of the form

Fs g U, 3 1) = R filusua, ), fi € Ay, deggyy fi = 2i+ k.
>0
The elements of the space AW will be also called differential polynomials.
Let Ay := Ay ® CJ[[A]] and AE@] be the subspace of elements of the total degree k. The
space AE@] consists of integrals of the form

_:/f(u;umuxw,...;h>dl‘, feﬂjl\‘;}

They will also be called local functionals.
Let K = (K*?) <, 3<n be a matrix of differential operators

(2.4) Ko = 3 flhol,

4,520
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where f *F c Ay are homogeneous differential polynomials of the differential degree deg, ; ff;’8 =
2i — j + 1. The bracket {-, }x: /A\Ef}] X /A\El\}, — /A\KC,HH] is defined by

{9, h} i _/Zéua d:(:.

The operator K is called hamiltonian, if the bracket {-,-} is antisymmetric and satisfies the
Jacobi identity.
A hamiltonian system of partial differential equations is a system of the form

ou® Oh;
_ a,B 07 ;
%_E K/l 1<a<N, izl

where K = (K%%) is a hamiltonian operator and h; € KE?,] are local functionals such that
{hi, hj}K = O, for ’L,j > 1.
Let B2 B be the subspace that consists of power series of the form

F=>" 3 Pao(na . np)plipl . plk,

k>0 1<aq,...,ap, <N

N1, 70
ni+...4+ni=0
where P,, o, (21,...,2) € C[z1,..., 2] are homogeneous polynomials of degree d.

Consider the Poisson algebra By := By ®C[[R]]. Let gﬁfl C By be the subspace that consists
of power series of the form

f=) Hfi fieBy™

i>0

Repeating the definitions from Section 2.3, we obtain a map KES] — B\%’ ' that we denote by T, 0-
Lemmas 2.1 and 2.2 remain true for this map. Thus, we have a map B2 — AE(\),} that we denote

by CAQ

3. GEOMETRIC PRELIMINARIES: COHOMOLOGICAL FIELD THEORIES AND THE DOUBLE
RAMIFICATION CYCLES

In this section we recall the definitions of cohomological field theories and the double ram-
ification cycles. We also discuss the polynomiality property of the double ramification cycles
that is crucial in our construction of the DR hierarchy.

3.1. Cohomological field theory. The notion of cohomological field theory was introduced
by M. Kontsevich and Yu. Manin in [KM94]. Let V be a finite dimensional vector space
over C, it will be called the phase space. Let us fix a non-degenerate symmetric bilinear form
(a scalar product) (-,-) in V and a vector 1 € V, that will be called the unit. Let us denote by

H?,,. (Mg,;C) the even part in the cohomology H*(M,,;C). A cohomological field theory is
a collection of linear homomorphisms ¢,,, : V" — H?,_ (M,.,;C) defined for all g and n and
satisfying the following properties (axioms):

e ¢, is Sy-equivariant, where the group S, acts on V®" by permutation of the factors,

and where its action on H*(/\/lg n; C) is induced by the mappings /\/lg n— ./\/lg n defined
by permutation of the marked points.

e We have (a,b) = cp3(1 ® a®b) € H*(M,3;C), for all a,b € V.
o If m: My,y1 — Mg, is the forgetful map that forgets the last marked point, then

(3.1) T eyn(1 ® ... ®ay) = Cgpi1(a1 @ ... @ a, @ 1).
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e Let {e;} be a basis in V' and 7, ; := (e;, €;).
a) If gl: My, nyo1 X Mgy o1 — Mg, 4 gy nytn, is the gluing map, then

(3'2) gl*cg1+92,m+n2 (a’l ®...® an) =
- Z cgl,n1+1(a1 ®...® Qny ® 6i) ’ ng,n2+1(an1+1 ®...& Any+ng ® ej)nid'

b) If gl: My_1ns0 — M, is the gluing map, then
glicyn(a1 ® ... ®ay,) Z Cotni2(@1 ® ... ®a, ®e; @ej)n™
Th_e correlators of the cohomological field theory are defined as follow_s. The class v; €
H*(M,,;C) is defined as the first Chern class of the line bundle over M, formed by the

cotangent lines at the i-th marked point (see e.g. [ACG11] for a rigorous definition). For
arbitrary vectors vy, vo,...,v, € V and any nonnegative integers di,ds, ..., d,, let

s ()72 (02) T, (00)), = /M Con(tr ® . @) [T
g,n =1

Let us choose a basis ey, ..., ey in the phase space V. Introduce variables t§, where 1 < a <
N and d > 0. Define the potential F' of the cohomological field theory by

F = Zthg, where

920
1
Fy = § ol E (Tay (€01 )Tay (€as) - - - Ta, (€ay) Ht
n>0 ’ 1<aq,..., an<N
2g—27n>0 i sy >0

Assume that e; is the unit 1. Recall the string equation:

OF L OF 1 .
(3.3) i > b1 5a +§Z77a,ﬂtotg+h<70(61)>1-
0
130;%N p a,B
b=z

It is a simple consequence of (3.1) and the formula for the pull-back of 1; under the forgetful
map 7: Mgy ,11 — My, (see e.g. [ACGL1]).

3.1.1. Ezamples. Let us give two simple examples of a cohomological field theory. Let V' be of
dimension 1 with a basis vector e. Define a scalar product by (e,e) = 1 and let e be a unit 1.
The trivial cohomological field theory is given by the formula
Ae®...®e) =1 H(M,,;C).

g7n

We will also consider the cohomological field theory formed by the Hodge classes:
clodic(e@ . ®e)i=14e\ +...+&9\, € H (M,,;C),

g,n

where \; € H% (./\/lgm; C) is the j-th Chern class of the rank g Hodge vector bundle over /Vg,n
whose fibers are the spaces of holomorphic one-forms. The fact, that the classes 1 +eA +...+
g9\, form a cohomological field theory, was first noticed in [Mum83].

For these two cohomological field theories we will explicitly compute the DR hierarchy and
compare it with the Dubrovin-Zhang hierarchy.

3.2. Double ramification cycles. In this section we recall the definition of the double rami-
fication cycles and formulate the polynomiality property that is crucial in our construction of
the DR hierarchy.
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3.2.1. Definition. Let aq,...,a, be a list of integers satisfying »_ a; = 0 and assume that not
all of them are equal to zero. To such a list we assign a space of “rubber” stable maps to P!
relative to 0 and oo in the following way.

Denote by n, the number of positive integers among the a;’s. They form a partition v =
(11,...,Vpn, ). Similarly, denote by n_ the number of negative integers among the a;’s. After a
change of sign they form another partition g = (g1, ..., p,_). Both p and v are partitions of
the same integer d := % > i, lai|l. Finally, let ny be the number of vanishing a;’s.

To the list aq,...,a, we assign the space

_ - .
May,..oan = Mg g (P, 0, 00)

of degree d “rubber” stable maps to P! relative to 0 and oo with the ramification profiles
and v respectively (see e.g. [GV05]). Here “rubber” means that we factor the space by the
Cr*-action in the target P!. We consider the pre-images of 0 and oo as marked points and there
are ng more additional marked points.

Thus, in the source curve there are n numbered marked points with labels aq,...,a,. The
relative stable map sends the points with positive labels to oo, those with negative labels to 0,
while those with zero labels do not have a fixed image.

We have the forgetful map st: Mg;ah,,,,an — HM. The space space ﬂg;al,m’an has the virtual
fundamental class [M.q,. a.]"" € Hy(ag—31m) (Myear....an; C).

Definition 3.1. The push-forward st,[M,.,. a.]"" € Ho2g—31m) (M,n; C) of the virtual fun-
damental class under the forgetful map st is called the double ramification cycle or the DR-cycle
and is denoted by DRy(aq, ..., ay).

These classes were introduced by T. Graber and R. Vakil in [GV05]. It is known (see [FP05])
that the Poincaré dual cohomology class of DR,(ay, . .., a,) lies in the tautological ring of ﬂg,n.

Let 7 ./\_/lg7n+1 — ./\_/lgm be the forgetful map that forgets the last marked point. As an
immediate consequence of the definition, we get the following property:

m*DRy(ay,...,a,) = DRy(a1,...,a,,0).

In genus 0 the double ramification cycle coincides with the fundamental class of the moduli
space of curves (see e.g. [GJV11]):

DRo(al, . ,an) = [M()’n}.

3.2.2. Polynomiality. There is another version of the double ramification cycles defined us-
ing the universal Jacobian over the moduli space /\/l;tn of stable curves of compact type.
This is a class in the Borel-Moore homology Hy5! 5., (Ms',;C) and we will denote it by
DRJ*(ay,...,a,). R. Hain [Hain13] obtained an explicit formula for this class that we are
going to recall here (see also [GZ12] for a different proof).

Let 87 be the class of the divisor whose generic point is a reducible curve consisting of
a smooth component of genus h containing the marked points indexed by J and a smooth
component of genus g — h with the remaining points, joined at a node. Denote by w} the
y-class that is pulled back from M.

Now we can state Hain’s result:

(3.4)
g
1 n GQwT 1 g—1
DR o) = | B = 0 (2w -g 3 Yl |
g: j=1 JC{1,...,n} \4,j€Ji<j Jc{1,...,n} h=1
|J|>2
where a; := 3, ; a;.

Happily, in [MW13] it is proved that DRy(ay, ..., an)| e = DRJ*(as,...,a,). Since the
g,n

class \, vanishes on M, \ M

o.n» We get the following lemma that is crucial in our construction.
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Lemma 3.2. For any cohomology class o € H*(ﬂg,n;C) the integral fDRg(al ) AgQv is a
homogeneous polynomial in aq,. .., a, of degree 2g.

4. MAIN CONSTRUCTION

In this section we give the construction of the DR hierarchy. We discuss its main properties
and explicitly compute it in two examples.

Consider an arbitrary cohomological field theory c,,,: V" — H?,. (M,.,;C). Let V be the

phase space and dimV = N. Let ey, es,...,ex be a basis of V' such that e; is the unit. Denote
by 11 = (Na.)s N = (€a,es), the matrix of the scalar product.

4.1. Hamiltonians. For any 1 < a < N and d > 0, define the power series g,,q4 € B\N by
(4.1)

Jod = Z Z (_n—i?g Z </ Agicyni1(ta @ o @ ... ® ean)> Hpg‘z
DRy4(0,a1,....an) i=1

920 n>2 " a1,,an#0
ar+...4+ap=0
1<ai,...,an<N

From Lemma 3.2 it follows that g, q € B\%)l. Define the local functional g, , € KE(\),] by

~

ga,d = Q(ga,d) :

The following theorem is the main result of the paper.
Theorem 4.1. For any 1 < ay,as < N and dy,ds > 0, we have

{gal,dl Y gag,dg }7781 = 0

We prove the theorem in Section 5. The hamiltonian hierarchy of PDEs corresponding to
the operator nd, and the local functionals g, ; is called the DR hierarchy:

ou’ 0G0.a
4.2 = B e
(4.2) ot ;” Or S

Remark 4.2. Our construction of the DR hierarchy is very similar to the construction of the
quantum hierarchy in Symplectic Field Theory [EGHO00]. The crucial difference is the presence
of the class A\, in the integrand on the right-hand side of (4.1). This allows us to construct a
classical hierarchy instead of the quantum hierarchy from SF'T.

4.2. Main properties. In this section we list several properties of the DR hierarchy.

4.2.1. Hamiltonian g, o

Lemma 4.3. We have g, =3 [ (Zaﬁ naﬁuo‘uﬁ> dr.
Therefore, the first equation of the DR hierarchy is
ou® N
— =u.
ot} *
Proof of Lemma 4.3. Suppose 2g —2+n > 0 and let 7: M,,,1 — M, be the forgetful map
that forgets the first marked point. We have
DR,(0,a1,...,a,) =7 DRy(ay,...,an),
Cont1(€1 @ eq, ®...Q€,,) =T Con(€a ®...® eq,).

Hence, fDRg(Oﬂl,...,an) AgCont1(e1 @ €q @ ... ®eq,) = 0.
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In the case g = 0 and n = 2 we have

/ co3(e1 @ eq @ eg) =14, therefore,
DRy(0,a,—a)

g1.0 = %Z Zna,ﬂpé‘pﬂ = %fo (/ Z%,Buauﬁdx> :

a,B8 a#0 a,f
This completes the proof of the lemma. U

4.2.2. Genus 0 part. Here we compute the genus 0 part of the DR hierarchy and compare it
with the genus 0 part of the Dubrovin-Zhang hierarchy. Let QL]d ‘= Ja,d|p_o a0d

0’k
(915;‘8#5 t,=0

Q[O}pﬁ, ( ) =

Lemma 4.4. We have g d — [l d+171,0d
Proof. We have

T = Z > ( / lconsi(ea @€, @ ... @ e, ) Hp‘” =
DRy(0,a1,...,an)

o2 : at,e.,an 70
a1+...+an,=0
1<aq,...,an<N

=YY (e molen) - Tofea) OHpO”— ( / Qf}d(u)dx),

1z =0 From the string equation (3.3) it follows that Q[O?}d = Q[o(z),]d-i-l;l,O'

tg:u”
The lemma is proved. [l

0
where Q[a]d(u) = gT};S

Suppose our cohomological field theory is semisimple. Let ha ; and KPZ = (KPZ8) be the
local functlonals and the hamiltonian operator of the correspondlng Dubrovin-Zhang hierarchy.
We have had = <Qa ds110 T O(ﬁ)) dr and KPZ = nd, + O(h) (see [BPS12a]). We see that

the genus 0 parts of the Dubrovin-Zhang and the DR hierarchies coincide. This agrees with
our conjecture from the introduction.

Remark 4.5. In genus 0 the DR hierarchy coincides with the quantum hierarchy from Sym-
plectic Field Theory. The fact, that the genus 0 part of the quantum hierarchy coincides with
the genus 0 part of the Dubrovin-Zhang hierarchy, was first noticed in F. Bourgeois’s thesis and
then mentioned in [EGHO00].

4.2.3. String equation for the DR hierarchy.
Lemma 4.6. We have

aga,d _ ga,dfb Zfd 2 17
out 2, Naputde, if d = 0.

This equation is analogous to the string equation for the quantum hierarchy in Symplectic
Field Theory, that was proved in [FR11].

Proof We are going to use the material from Sectlon A.1. The spaces By, B%; ° and the map

Z: B — B have obvious analogs By, B’N and Z: BY' — B’N . An analog of Lemma A.2
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is clearly true for any local functional h € /A\Es,] So, we have

7 (Dad) _ 02(10Gaa)|  _ 9Z(gad)
"\ out ) op  opl
0 Po

We obviously have

g>0 n>2 at,...,an€7Z
a1+...+a,=0
1<ai,...,an<N

Therefore,

0Z(gaa)| (—h)?

T R
p5=0 920 n>2

(4.3) x ) (/ AWicni2(ea® el ®ea @ ... 0 eq, > |J 58
DRy4(0,0,a1,...,an)

ala“'aan7£0
a1+...+an,=0
1<an,...,an<N

Let my: Mg,mg — mgmﬂ be the forgetful map that forgets the second marked point. Since
(m9), 0 = 971 if d > 1, and (m3),0 = 0, we get

/ )\gwfcgmﬁ(ea RelL®eq ®...0e,,) =
DR,(0,0,a1,...,an)

fDRq(Oal _____ an) Ag lemii(ea®e1 ® ... ®e,,), ifd>1,
0, if d =0.

We obtain

out 0, if d=0.

7 (agmd) _ {fo (Gogr), ifd>0,

Suppose d > 1. From Lemma 2.1 it follows that agTo‘id — Ga.a—1 18 a linear combination of the
wilcog,(ea ® €, ® €q,) = 0, we get aul —Gaa1 = 0.
ga 0

Suppose d = 0. By Lemma 2.1, 5% is a linear combination of the local functionals i uldx.
Denote ¢g3(eq @ €5 ® e,) by ¢ap~. We have

1 / )
> co3(€a ® €qy D €q,) | Pi'PE2 = / CopptHu’dr | .
2 > ( 0 ( | @ €ay) ( § o,

a#0
1<aj, <N

local functionals [u’dx. Since | DRO 0.0—a)

Since ¢1.4,8 = M3, We get aul f Zu Na,put'dz. The lemma is proved. ]

4.2.4. String solution of the DR hierarchy. In this section we show that the DR hierarchy has
a special solution that satisfies the string equation.

Let u*"(x;t%; h) be the solution of the DR hierarchy (4.2) specified by the initial condition
str)oz

(u tr=0 = 0,17

Lemma 4.7. We have
a(ustr)a str)a
>t + Gas.
ol d+l 8t“

1<pu<N
dZO
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T Jum *

Proof. Define an operator L by L := a Z td+1 o Let f§, = Z n*Ho %954 VWe have
0

a a(ustr)a a(ustr)a fﬁ
_Lustra:L o :La_cx_: ,Qa;zLu'y_oz_'
8tq6( ( ) ) atqﬂ 81?5_1 fﬁ,q fﬁ,q 1 ; ou), ( ) fﬁ,q 1
Here we, by definition, put 8% :=0and f§_; :=0. We get the system
—1
a str a fﬂ 7
atﬁ Z Qa fﬁq 1 1§Oé,ﬁ§N, QZO

st'r)a

This system, together with the 1n1t1al condition L(u = 041, uniquely determines L(u*").

=0
By Lemma 4. 6, = f = f§,-1 and, therefore, L(u®")* = 6,1 satisfies the system. This concludes
the proof of the lemma. O

~

4.2.5. Local functional g. Introduce the local functional g € /AXE?,} by g := Q(g), where

;=Y Y > (/D e )H

g>0 n>2 ) at,...,an#0
29g—24n>0 a1+...+an=0
1<ai,...,an<N

The local functional g can be easily related to g, as follows. Define a differential opera-
tor O on the space of differential polynomials le\[](\),} by O := 271% -2+ Z%n ul%. Since the
operator Z%n u%% commutes with 0,, the operator O is well defined on the space of local
functionals /A\ES] We claim that

(4'4) ?1,1 = 0g.

This equation can be regarded as analogous to the dilaton equation for the quantum hierarchy
in Symplectic Field Theory, that was proved in [FR11]. Formula (4.4) easily follows from the
equation

/ )‘gwlcg,n-&-l (61 Rey ... ean) =
DRg(O Q1yeeesn)

_ (29 —2+n) fDRg(al,...,an) NgCom(€as ® ... ®eq,,), 1f29—2+n>0,
0, otherwise.

99
ou® *

Lemma 4.8. We have g, , =

Proof. The proof goes in the same way as the proof of Lemma 4.6. We have

7 09 \ vy Lemma A.2 82(?0@)) _ 82(g)
due Ipf Ipg

A DI > (/DRQ(%M%) AgCon(€ar ® ... ® €a, ) JJE5 —

g>0 n>2 aly...,an €7
29— 24n>0 a1+...+an=0
1<ay,...,an<N p5=0
=Ty (ga 0) :
By Lemma 2.1, -2 5ox — Jao is a linear combination of the local functionals f uPdx. Tt is easy to
see that

1
g‘ﬁzo = / ( Z acalya%a:;ualucmua?; —+ O(’u,4))> d./L'

1,002,003
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We conclude that 887% — Jo0 = 0. The lemma is proved. 0]

4.3. Examples. Here we explicitly compute the DR hierarchy in two examples. In both of
them the phase space of a cohomological field theory will be one-dimensional. So, we will omit
the first index in the Hamiltonians g, ;, and denote them by g,,.

4.3.1. Trivial CohFT. Consider the trivial cohomological field theory: ¢ = 1. From Sec-

g,n
2

tion 4.2.2 we know that g, = [ (Q[ﬂ'ﬂ;l,o + O(h)) dx. We have Q[l(?l—&—l;l,() — 272 (seee.g. [BPS12a]),

(1+2)!
_ wtt?

Let us compute the Hamiltonian g,. We have to compute the integrals

(45) / A,
DRy (0,a1,...,an)

We have DRy(0,a1,...,a,) € Howg—21n)(Mgns1;C). Therefore, the integral (4.5) can be
nonzero, only if g = 0 and n = 3, or ¢ = 1 and n = 2. We already know the genus 0 integral.
Let us compute the genus 1 integral:

/ )\17,[)1 = 2/ )\1 byQA) 2@2/ )\1 = CL_
DR;(0,a,—a) DR;i(a,—a) 651’2} 12

Thus, g, = [ (%3 + %uum) dz. This is the first Hamiltonian of the KdV hierarchy. From

[Burl3, Lemma 2.4] it follows that the higher Hamiltonians g;, i > 2, coincide with the higher
Hamiltonians of the KdV hierarchy. We conclude that the DR hierarchy for the trivial coho-
mological field theory coincides with the KdV hierarchy.

The Dubrovin-Zhang hierarchy corresponding to the trivial cohomological field theory also
coincides with the KdV hierarchy (see [DZ05]). This agrees with the conjecture that we sug-
gested in the introduction.

therefore,

4.3.2. Hodge classes. Consider the cohomological field theory formed by the Hodge classes:

cgfgdge =1+el+...4+e%)\,. Again we have g, = [ ((ﬁ—;, + O(ﬁ)) dz. Let us compute the
Hamiltonian g,. We have to compute the integrals
(4.6) / Ag(L4+eX 4+ ... +e90)1y.

DRy(0,a1,...,an)

The coefficient of €/ can be nonzero, only if 29 —2+n = g+j+1, or, equivalently, g —j = 3—n.
Note that )\3 =0, for g > 1. Thus, the coefficient of &’ in the integral (4.6) can be nonzero,
onlyifg=j7=0andn=3,org>1,j=9g—1and n=2. For g > 1, we have

| Bay|
>\)\_1¢1:29/ /\)\_120,29—9.
/DRg(O,a,—a) e DRy(a,—a) e (2g>‘

1
300

can be found, for example, in [CMW12]. We get g, = [ (% + 2o 997! 2'2299)'! uqu> dx. We

conclude that our DR hierarchy coincides with the deformed KdV hierachy (see [Burl3] and
Lemma 2.4 there).

Consider the Dubrovin-Zhang hierarchy corresponding to our cohomological field theory.
In [Burl3] it is proved that the Miura transformation

_ (—1)9
u»—)u:u+g PP h9e9%uq
| g
= 229(2g 4 1)!

Here By, are Bernoulli numbers: By = %, B, = ..; and the computation of the last integral
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transforms it to the deformed KdV hierarchy. This again agrees with our conjecture from the
introduction.

5. COMMUTATIVITY OF THE HAMILTONIANS

In this section we prove Theorem 4.1. In Section 5.1 we introduce the Losev-Manin moduli
space LM, 1, and a map q: Mg;al,...,an — LM, 41, /S;. In Section 5.2 we compute the pullbacks
of certain divisors in LM, ,,/S,. In Section 5.3 we show that an equation of certain divisors
in LM, 4, implies Theorem 4.1.

We recommend the reader the paper [BSSZ12] for a more detailed discussion of the geometric
constructions that we use here.

5.1. Losev-Manin moduli space. The Losev-Manin moduli space LM, is a compactification
of My 42. It is the moduli space of chains of spheres with two special “white” marked points 0
and oo at the extremities of the chain and r more “black” marked points in the other spheres.
The black points are allowed to coincide with each other and there should be at least one black
point per sphere. For more details see [LMO00].

We have two forgetful maps from the DR-space Mg;ah__.7an:

q —_ st
LMT+HU/ST — Mg;ah...,an Mg7n7

where ng is the number of indices 7 such that a; = 0 and r := 2g — 2 4+ n is the number of
branch points.

The map st assigns to a relative stable map its stabilized source curve. This is the map that
we used to define the DR-cycle DR, (a1, ..., a,).

Let us describe the map ¢. It is very similar to the branch morphism (see e.g. [GJV11]).
By S, we denote the symmetric group. It acts on LM, ,, by permutation of the first r black
marked points. Suppose f: C — T is a relative stable map. The map ¢ assigns to f its target
rational curve T. Since f: C' — T is a relative stable map, we already have the points 0
and oo in T'. Therefore, it remains to choose black marked points in 7". Suppose that over each
irreducible component of T' the map f is a ramified covering. Then the black marked points
in T" are the r branch points and the images of the marked points with zero labels in the source
curve C'. The fact, that the branch points are not numbered, is the reason that we have to take
the quotient of the Losev-Manin space by the action of the symmetric group.

5.2. Pullbacks of divisors. Consider the space mg;o,om,,,,,a”, where ay,...,a, # 0. We
denote by p; and p, the first two “free” marked points in a curve from mg;o,g,al,m,an. The
images of these points in a curve from LM,.,5/S, will be denoted by x; and x5 correspondingly.

Denote by D(o.z,]zs,00) € LM,4o the divisor of two-component curves, where the pairs of

points 0,x; and x5,00 lie in different components. Let D%’Z'm 00) be its symmetrization
in LM,2/S,. Let us compute the class st*q*Dg)yZ|z2 00)" In order to do it we have to introduce

a bit more notations.

Let by,...,b,, be some integers such that b; + ...+ b,, = 0 and not of all them are equal to
zero. Let us divide the list by, ..., b,, into two non-empty disjoint parts, I U J = {1,...,m},
in such a way that ) ., b; <0 or, equivalently, > jes bj > 0. Then we choose a list of positive
integers ki, ..., k, in such a way that

p p
Db+ k=) bi—> k=0
1 =1

il i= jeJ
Now we take two DR-cycles DRy, (b, k1, ..., k,) and DR,,(—k1,...,—k,, bs) and glue them

together at the “new” marked points labeled by ki,...,k,. Since we want to get the genus g
in the end, we impose the condition g; + go + p — 1 = g. We denote by

DRy, (br, ki, ..., ky) DRy, (—kr,. ... —kp. by)
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the resulting cycle in Mg,m.
We have the following formula (see [BSSZ12]):

p ,
ERIE D SED DI DR -

|
IuJ={1,...,n} gl,g>21>0 kyyekp>1 p:
. P L
szeizi@ 0 g1-+gap—1=g i€l “iF 2= =0
X DRy, (0p,, ar, k1, ..., kp) DRy, (=Fk1, ..., —kp,0p,, ay).
Here the symbol 0,, means that the marked point p; has zero label.
s : S s
Denote the class st.q¢* D(oyZ\xz 00) bY Day zpiaq...an- SiNCE D(oyZm ) D(Ol,/:vr;kvl,oo) = 0 ([LMO00]),
we have
(5'2) DI17I2;017--~7an - D$2,x1;a17~~-,an =0.

The formulas (5.1) and (5.2) play the crucial role in the proof of Theorem 4.1.

5.3. Proof of Theorem 4.1. Since the class A\, vanishes on M,,,\ M  we have

gm?

di,,d2 — 3
/ 1/}p1 l/Jpz /\gcg,n-i-?(eal ®ep; @ €ay @ eﬂJ) =0, ifp=>2.
DRy, (0py,a1,k1,....,kp)WDRgy (—K1,...,—kp,0py,a.7)

Here by 1, we denote the psi-class corresponding to the marked point p;. If p = 1, then from
equation (3.2) it follows that

dy,da _
/ wpl P2 /\9097714—2(6061 ®eg D €ay @ eﬂJ) =
DRy, (Op1 ,al,k)IZDRgQ (7k,0p2 ag)

, d
= Z 77“ Y / %i )‘91 091,|I|+2(6041 ®eg @ eu) X
TR DRgl (0p1 7a17k)

d
X / 77Z)173)\920927|J|‘*‘2(6V ® €a, @ 65.1) .
DRQQ(kaOPQ’aJ)

Using (5.1) we get

Y
DI (/ AUyl © o 65, @ ®%>Hw—
g>0 n>2 ’ atye..,an#0 Dzy,z95a1,....an
a1+...+a,=0
1<B1,...,Bn <N
- Z L v 99ardr 0z dy
A N A
k>1 k Dk
wv
In the same way we obtain
(—h)? d, ) d
_Z Z n! Z )‘gd)pgd)picg,n-ﬂ(eaQ X €qy @ 651 - ® eﬁn Hp
g>0 n>2 : a1,y #0 Day,z501,- 000
a1+...+ap=0
1S611--'7B'ILSN
o Z " 09as,dz OGar iy
N T o o,
k>1 Pr P
wv
Summing these two expressions and using (5.2), we obtain
g g
090141 0ay.a 0904y 09y d .
0=> kn* o o, >k o gt = e Geaa
- k>1 -

k>1
v 214
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By Lemmas 2.2 and 2.1, this implies that the bracket {g,, 4,5 Ju,.d, fno, i @ linear combina-

tion of the functionals [w”dz. Since {Gor.dr> Tavn.do Snoe € KE\I,], we get {Ga, dy» Jonds Jnoe = 0-
Theorem 4.1 is proved.

APPENDIX A. PROPERTIES OF THE MAP Ty: A — B2

Here we prove Lemmas 2.1 and 2.2. We also formulate two auxiliary lemmas: Lemma A.1
will be used in the proof of Lemma 2.2 and Lemma A.2 is used in the proofs of Lemmas 4.6
and 4.8.

A.1. Auxiliary lemmas.

Lemma A.1. For any local functional h € Ay, we have

Sh 0 — 4 oh
Al T — | = — (T, T .
(A1) (52) = X g 47 (51

Proof. 1t is sufficient to prove the lemma for a local functional & of the form h = [ug! ... upkdz,
k>1. Let d:=ny+...4+n, We have
k

5E nJ oy nj
&L_a :Z ozon - HU Z _1) 50‘70@' Z Hr‘?ﬁ] rlH n’“+c’”

j=1 r#j j=1 c1+...+¢j+...Fcp=n; r#j
We get
(SE k nj
on . _ N e ia,‘zr ar
(i) =S X () () () =
Jj=1 a1,e05Gj e, 0 FE0 r#j r#j r#j
On the other hand we have
k
To(h) = i Z Ha?*) (Hp;‘“:),
a1+...+ak:O r=1 =
a;ﬁéO
-d Ny (%
o) ¢ Shai ¥ () (I%)
A1,y @f sy 0 70 r#£j r#£j
a1+...+zfj+...+ak:[)
Now formula (A.1) is clear. O

Let h € Ay be an arbitrary local functional. We want to give a formula for Tj (%). Before

doing that we need to introduce some notations.
Let us consider formal variables p2 for all integers n and let By C C[[p%]]necz be the subalgebra
that consists of power series of the form
F=2 0 fmaee.nik
k>0 1<ayg,...,ap <N

N1y...,NE EZL
ni+...+n=0

where fli--0* € C. For any symmetric matrix n = (na’ﬁ)Ka <y € Maty y(C) we endow
the algebra Bl with the Poisson algebra structure by {p%,p2}, := imn®#8,,1,0. Denote by
B c Bl the subspace that consists of power series of the form

F=> Y Paoy(na. . ng)plipl . plk,

k>0 1<aq,...,ap, <N

ni,...,nxEL
ni+...+nE=0
where P, . (z1,...,2k) € Clz1, ..., 2] are some polynomials and the degrees of them in the

power series f are bounded from above.
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Given a series

!
f= Z Z Poyoor (M1, oo )P P2 pE € By,

k>0 1<aq,...,ar<N
N1, 70
ni+...+n=0

define a series Z(f) € B by
Z(f> = Z Z POélw-yOék (77,1, s ,nk)pgipﬁi = 'pg:'

k>0 1<aq,...,a , <N
Nni,...,nLEL
ni+...4+nE=0

. ol ol
We have obtained a map Z: By — B'Y".
Lemma A.2. For any local functional h € Ay, we have

7 1, if h = [u®dz,
%(%>: /

Su 92(To(h)) (67];(’3@)) , otherwise.

p5=0

Proof. The cases h = [ 1dz and h = [ uldzx are obvious. It remains to check the lemma for
h = / upt ... up*dx, where k > 2. This can be done by an easy direct computation. 0

A.2. Proof of Lemma 2.1. Let us prove the surjectivity. The space Bﬁ?l is spanned by the
constants and the elements of the form

k k
30y . dL 7
gk = Z (H a; ) (H]ﬁ) , k>2.
a1t..+ag=0 \i=1 i=1
a1,...,a#0
It is easy to see that (—i)=%T, ([ug’ ... ug* dz) = sg.oF. Now the surjectivity is clear.
Let us find the kernel of the map Ty. Define AE@’” to be the subspace of Ay spanned by

the local functionals of the form [wug'...ug'dx, where S d; = k. Let B < B2 be the
subspace spanned by the elements of the form

aq (7]

E P(ay,...,a)pg) - pal,
a1+...+ap=0
a17"'7ak7éo

where P(z1,...,2) € Clz,..., z] are homogeneous polynomials of degree k. It is clear that Tj
maps AE@’” in B‘?\?l;k’l. Obviously, the kernel of the map To: @Pr>o AE@’” — Pr>o vaol;k’l is
1<1 1<1

spanned by the local functionals [u*dz € AE?,’”. It remains to prove that the map 7%: AK‘}’” —
BY* is injective for [ > 2. Consider a local functional f = [ fdx € AE@’” such that Ty(f) = 0.

We have |
T(f> - Z Z Pal,...,al(al, B 7CLZ) (Hp?;’) 6”2“]'7
i=1

1<aq,.;,aq <N ay,...,a;#0

where the polynomials P,, ., (#1,...,2) € C[z,..., 2] have degree k and satisfy the property
Pal,...,al(zla ceey Zl) = Poagl,...,oagl (20'17 ceey zol)a
for an arbitrary permutation o € S;. Define the subset H; C C! by
21,-.,21€L20, }
21+...+2;=0, .
2 #2j.
From the fact, that Ty(f) = 0, it follows that P,, 4, |m, = 0. Since | > 2, we have k > 1 and
Poioy(zr,cyz)=i(z1+ .o+ 20)Qay g (21, - -+, 21),

H, = {(zl,...,zl) eC
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for some homogeneous polynomial Qa,  o,(21,...,2) of degree k — 1. In the same way, as
we proved the surjectivity of the map Tj, it is easy to show that there exists a differential

k=10 cuch that

polynomial g € Ay,
l
T(Q) = Z Z Qal,...,al (a17 <o 7al) Hpgz eizZaj.
i=1

1<aq,..., <N ay,...,a;#0

It is clear that 0,9 = f and, therefore, f = [ fdz = 0. The lemma is proved.

A.3. Proof of Lemma 2.2. We have to prove that {TO(El),TO(Eg)}n =Ty ({El,ﬁg}naz), for
arbitrary two local functionals hy, ho € Ay. We have the following chain of equations:

- — Sh Sh. oh d Sh.
T() ({hl, hg}nax) :T(]/ (5 ié aﬂaxéu_; dr = Coefezoz ZT < 1) T]aﬁd T <5u2) =

by Lemma A.1 Z Z nnaﬁaTo hy) 0Ty (hs) = {Ty(h), TO(EQ)}H.
— o op’,

The lemma is proved.
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