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GLOBAL ESTIMATES AND ENERGY IDENTITIES FOR
ELLIPTIC SYSTEMS WITH ANTISYMMETRIC POTENTIALS

TOBIAS LAMM AND BEN SHARP

ABSTRACT. We derive global estimates in critical scale invariant norms for
solutions of elliptic systems with antisymmetric potentials and almost holo-
morphic Hopf differential in two dimensions. Moreover we obtain new energy
identities in such norms for sequences of solutions of these systems. The re-
sults apply to harmonic maps into general target manifolds and surfaces with
prescribed mean curvature. In particular our results confirm a conjecture of
Riviere in the two-dimensional setting.

MSC classification: 35A23, 35B33, 53C42, 5820

1. INTRODUCTION

Harmonic maps are one of the most studied solutions to a geometric partial
differential equation. They are critical points of the Dirichlet energy

1
B =5 [ [VuPds,,

where u € WH2(M,N) is a map between between two Riemannian manifolds
(M™, g) and (N',h) and where we assume that (N',h) is isometrically embed-
ded in some euclidean space R™. The elliptic system satisfied by harmonic maps
is

(1.1) —Au = A(u)(Vu, Vu),

where A is the second fundamental form of the embedding N < R"™. When m =
2 the Dirichlet energy, and thus harmonic maps, are invariant under conformal
transformations of M therefore this situation is of particular interest.

It was discovered by Hélein [12] that in the local situation M = B* C R™ and
N = S~ the system (1.1) can be written as

(1.2) ~Au=V*B-Vu,

where VLB € L(BJ", so(n)®\' R™) and where V+ B-Vu denotes an inner product
of one forms coupled with matrix multiplication. In this situation divV+B = 0
weakly, and an extension of results due to Wente [44] and Miiller [30] by Coifman
et al. [6] allows to conclude that the right hand side V+ B - Vu is in the local Hardy
space H},.(B",R™), which is a strict subspace of L'(B}",R™). In particular the

improved regularity of the right hand side allows to conclude the global non-linear
estimate

(13) ||v2U||Ll10E(B{n’Sn71) S CE(’LL)
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2 TOBIAS LAMM AND BEN SHARP

When m = 2 one infers from (1.3), that u € CP, .(B?,S"~!) and higher regularity
then follows from standard results on elliptic systems. Hélein showed that two-
dimensional harmonic maps into general closed target manifolds are also smooth
by rewriting the equation (1.1) using a so called Coulomb frame, see [13], [14]. We
would like to remark that the construction of the Coulomb frame in this setting
requires the target manifold to have a trivial tangent bundle, which (via a technical
result) one may assume without loss of generality for sufficiently smooth targets.

For general closed target manifolds N it was shown by Riviere [36] that the

equation (1.1) can be written in the form
(1.4) —Au=Q-Vu,

with Q € L2(BJ", so(n) ® A" R™) but it is no longer true that divQ = 0, however
) remains anti-symmetric. For two-dimensional domains Riviere even showed that
every critical point of a conformally invariant variational integral which is quadratic
in the gradient satisfies an equation of the form (1.4). His main result, an extension
of Hélein’s regularity result, was that every weak solution of (1.4) with small L2-
norm of €2 is as smooth as allowed by (2 - and in particular continuous. He obtained
this result by deriving a conservation law which satisfies compensation properties
via perturbing a Coulomb frame approach to studying (1.4). We remark that the
anti-symmetry of € is crucial to the improved regularity, moreover that this method
applies to the harmonic maps setting without requiring any condition on the target
manifold other than it being a C? sub-manifold of some Euclidean space.

We further remark that (1.3) does not hold in general for solutions of (1.4),
without the assumption that div{) =0 - for a counterexample see [20].

Using a small energy assumption several interesting energy convexity, uniqueness
and higher regularity results for harmonic maps and certain solutions of (1.4) have
recently been obtained in [7], [19], [40] and [42] using differing techniques.

For m > 3 a partial regularity result for minimising harmonic maps was shown
to hold by Schoen and Uhlenbeck [39]. For stationary harmonic maps this was
proved by Evans [10] for N = S"~! and by Bethuel [2] for general closed target
manifolds, using again the Coulomb frame. All of these results were generalised by
Riviere and Struwe [37] by studying the system (1.4) under appropriately motivated
assumptions.

Going back to harmonic maps for arbitrary closed targets N a linear estimate of
the form
(1.5) IVl

LNy < C(N)VE(u)
is known to hold for weakly harmonic maps when m = 2 (resp. weakly stationary
harmonic maps for m > 3) but requires the Dirichlet energy to be small and hence
one cannot directly conclude a global estimate which only depends on the energy
of u. For arbitrary u and m = 2, one might try using a naive approach to cover
a compact subset of B? by balls in which the energy is small, yielding a global
estimate for any fixed solution, but with a constant depending on the inverse of the
smallest radius used in the covering. By considering a sequence of harmonic maps
where the energy concentrates, which is possible due to the conformal invariance
of E, one readily observes that this smallest radius has to tend to zero and hence
a global estimate obtained in this way degenerates along the sequence.

One of the main results of the present paper is to confirm the two-dimensional
case of the following conjecture of Riviere (see page 9 in [36]): for every harmonic
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map u : BY* - N — R™ with E(u) < A, there exists a constant C' = C(m, N, A)
so that

(].6) HVZ’LL”Ll(B{n,N) S C.

In the present paper we confirm this conjecture for m = 2, and closed target
manifolds NV of class C?. We actually prove such a global estimate for general
(approximate) solutions u of (1.4) whose Hopf differential ¢ is suitably controlled
or almost holomorphic (see Theorems 2.1 and 2.3 for details). Recall that for a
map u € WH2(B3, N) the Hopf differential is defined by

¢ = |ug|* — uy|* — 2i{uz, u,) € L*(By).

It follows from Riviere’s regularity results that ¢ is weakly differentiable when w
solves (1.4), and a calculation shows that ¢ is holomorphic for every critical point
of a conformally invariant variational integral which is quadratic in the gradient,
and hence our result applies to all these critical points. In particular, the global
estimate holds for (approximate) harmonic maps into general target manifolds and
conformally parametrised surfaces in IV of prescribed mean curvature H € L*° and
even with H € L?. We remark that the special case of harmonic maps into a two-
dimensional target manifold N2 which is not diffeomorphic to S? has been solved
previously by Riviere, see Theorem 1.7 in [36].

For stationary harmonic maps for m > 2 into target manifolds which do not
carry harmonic spheres S?, 2 < p < m, Lin [23] showed a global estimate of the
form

IVl oo (ar,ny < C(M, N, E(u)).

This results applies in particular to target manifolds N whose universal cover N
supports a pointwise convex function, as was also shown by Lin.

We note that for energy minimising harmonic maps into general target manifolds
and in arbitrary dimensions, Cheeger and Naber [3] recently showed that there
exists a number p > 2 so that u € WP N W24’/2(Bl/2, N) with uniform bounds.
This was improved in [31] where uniform bounds for Vu in L>> and V?u in L3/
were derived.

The importance of the estimate (1.6) stems from its applications in proving the
so called energy identity during the bubbling process, which naturally occurs when
one studies sequences of critical points of conformally invariant functionals or their
corresponding gradient flows. A “bubble” is formed when a certain threshold of
energy concentrates on shrinking discs along a sequence - see [38] for a first descrip-
tion of this phenomenon in the context of harmonic maps. In fact the bubbling
process can be thought of as a covering-type argument where one attempts to keep
track of potential energy concentration along sequences of solutions - the difficulty
then being to gain a suitable estimate on each component of this covering - which
consists of shrinking discs, their complement (which is a multiply connected do-
main) and an intermediate region formed of degenerating annuli. Good control is
obtained locally on the shrinking discs and multiply connected domains via the
e-regularity results of Hélein or Riviere. Thus the only place left to control is the
degenerating annuli, or connecting neck regions. In order to explain this further
we need to introduce two more function spaces, the Lorentz spaces L?! and L%,
the latter one is also called the weak-L? or Marcinkiewicz-space. For U C R? and
measurable f let A¢(s) := |[{x € U : |f(x)| > s}| which is non-increasing in s > 0.
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We define:
L2 Uy ={f: /Oo Ap(s)2ds < oo} and L>°(U) = {f : sups°As(s) < oo}
0 s>0

and we note that L21(U) C L?(U) C L*°°(U). This can be easily checked once
one considers

11220y = / 25A5(s)ds.

There are norms associated with the above spaces which are equivalent to the
quantities appearing in the definition. Moreover it should be at least intuitively
clear from the definition that

(17) ‘ [ 5a

which can be summed up by (L?1)* = L**, see [15].

Going back to the bubbling picture, when studying a sequence of say harmonic
maps ug from two-dimensional domains with uniformly bounded energy a certain
amount of energy can concentrate at finitely many points and disappear when
taking weak limits up — u. By performing suitable re-scalings (called blow-up’s)
one can recapture this lost energy and re-discover it as the energy of a non-trivial
harmonic map from R? — N (a so called bubble). Away from the finitely many
points where the energy concentrates one concludes from standard small-energy
regularity results that the maps wuy are very close to the weak limit u and in small
degenerating balls around the energy concentration points, uy is very close to the
bubbles. There is some intermediate region between the two sets on which we have
good control on the u’s and it can be shown to consist of degenerating annuli,
i.e. annuli for which the quotient of the outer radius divided by the inner radius
diverges. In order to show that there is no unaccounted energy loss (i.e the energy
identity) in this process, one has to show that the energy converges to zero on
these degenerating annuli. Now it follows from standard small energy regularity
results that the L?°°-norm of Vuy, has to tend to zero on the annuli. Hence, using
(1.7), it remains to derive a uniform bound on the L?!-norm of Vuy on the annuli
and this fact indeed follows from (1.6) using an extension of the classical Sobolev
embedding theorem (see e.g. [12]). To our knowledge Lin and Riviere [24], [25], [26]
were the first ones to observe the importance of the duality (1.7) in this setting.
Indeed, in [26] they used this idea to derive a type of energy identity for sequences
of stationary harmonic maps from higher dimensional domains into spheres and
an extension of (1.6) to this setting would have direct applications to obtaining a
corresponding result for general targets. We note that the same idea has later been
used, see [22], [18], [28], [46] in the setting of harmonic maps, [35] for Yang-Mills
fields and [1] for Willmore surfaces.

Since this bubbling process is a crucial ingredient in our argument, we include
a detailed presentation of it in the appendix. Similar results can be found in [§],
[32], [20] and [1].

Our second main result consists of energy identities for sequences of approximate
solutions of (1.4) with almost holomorphic Hopf differentials (see Theorem 2.6).
These results extend previous work of [8], [9], [16], [22], [27], [28], [32], [33], [43] and
[45], in which various versions of the energy identity have been proved for sequences
of approximate harmonic maps or other systems of the type (1.4). We also want to

<z @wnllgllzz= @y,
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mention that Laurain and Riviere [20] recently showed an energy identity for the
angular derivative of sequences of solutions of (1.4) without assuming a condition
on the Hopf differential. Moreover, they constructed a counterexample which shows
that the full energy identity cannot be true without additional assumptions, such
as the almost holomorphicity of the Hopf differential.

We also highlight that our main supporting Theorem 2.5 yields an energy identity
in terms of the L?! norms of the gradients and as a direct consequence we conclude
that the no-neck property holds, i.e. the weak limit u and all the bubbles are
connected without necks. This fact generalises the results of [5], [34] and [46]
to our more general setting. Imposing a structural condition on 2, which is for
example satisfied by solutions of (1.1), we also derive an energy identity in terms
of the L'-norms of the second derivatives.

Finally we study solutions to (1.4) on Riemann surfaces under the condition
that the Hopf differential is holomorphic. We draw attention to the fact that
such solutions are conformally invariant which allows for a general study of these
solutions on a sequence of potentially degenerating Riemann surfaces, similarly
to the harmonic map setting [47]. We do not go into full details here, however
the critical analysis on a degenerating Riemann surface is along conformally long
cylinders - or degenerating annuli, for which our main supporting Theorem 2.5 can
be applied. We also link this to the study of W22 conformal immersions (see [17],
21)).

An outline of the paper is as follows: In section 2 we state our main results and
the most important supporting result. In section 3 we derive estimates relating
the radial derivative of a map and its Hopf differential together with the angular
derivative. We also extend various results on harmonic functions and Wente-type
equations on annuli of [20] to our setting. The proof of the global estimate is con-
tained in section 4 and in section 5 we prove the energy identities. In section 6
we make some remarks on the equation (1.4) on Riemann surfaces. The bubbling
argument which is crucial to us can be found in the appendix.

Acknowledgements The second author was funded by André Neves’ Euro-
pean Research Council STG agreement number P34897 during the writing of this
paper. He would also like to thank Karlsruhe Institute of Technology for their kind
hospitality during the preliminary stages of this project.

2. RESULTS

Our first main result is the global W?2!-estimate for solutions of (1.4) under
further control on the Hopf differential.

Theorem 2.1. Let By C R? be the unit ball and consider u € W2(By,R"),
f € Llog L(B1,R™) and Q € L2(By, so(n) ® \' R?) solving

—Au=Q -Vu+ f.
We will also assume that the Hopf differential
¢ = [ua|? — |uy|* — 2i{us, uy) € L' (B1)

satisfies |¢\% € LQ’l(Bl). Then for every compact subset K C By, there exists some

loc

1
C = C(K, | 2By IVullL2(B,), | fll L10g LB 1O12 |21 (K)) < 00
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such that
IV2ul| 1 ) + [Vl 20 5y < C.

Remark 2.2. 1) Recall that the space Llog L(B1,R™) is defined by
Llog L(B1,R") = {f 3 By~ Y| [ [7(@)]log(2 + | F(z) o < o).
B,

Hence the condition that f € LlogL can be thought of as a borderline
between f € L' and f € LP for p > 1.

2) We note again that this result cannot be deduced from standard small energy
reqularity results together with a covering argument, since in this case the
constant would also depend on the inverse of the infimum of all radii such
that the small energy regularity result is applicable. But this infimum can be
arbitrary small by considering a sequence of solutions of the above system
which allows bubbling.

3) Notice that, a-priori, |¢|2 € L2(By) so we really do require more regularity
for the Hopf differential than is given by the assumptions on u. However
this improved reqularity for ¢ is easily obtained in the vast magjority of
situations - for instance if the Hopf differential is almost holomorphic, see
Proposition 4.2.

4) As already stated, this theorem is not true without the extra control on ¢ -
see [20].

5) An open question here is whether one can replace Llog L by the local Hardy
space H},, and still get W control - even in the case that ||| 12 is small.

A corollary of the above theorem is the following:

Theorem 2.3. Let By C R? be the unit ball and consider u € W12(By,R"),
f.g € L%(By,R™) and Q € L%(By, so(n) @ \' R?) solving
(2.1) —Au = Q- -Vu+f
(2.2) 0 = Q- V%iutg
Then for every compact subset K C By, there exists some
C = C(K, U2y I VullLz(sy), 1 fllL2(31)s 19 22(8,)) < 00
such that
IV?ull L ry + [Vl 20 () < C.

In order to prove this theorem, we show in section 4, that under these assump-
tions d¢ € L'(By), from which we derive the necessary regularity in order to be
able to apply Theorem 2.1. We remark that in all known geometric applications of
this result the second equation (2.2) holds for g = 0.

Remark 2.4. Interpreting 1 as being connection forms for the trivial pull-back
bundle u*(TR™) we could re-write the PDE system (2.1) and (2.2) as

(2.3) So(du) = ddu—*(QAxdu) = f
(2.4) do(du) = d(du)+ QA du = *g.

Or more succinctly with the standard complex structure on R?:

—0q(0u) := —0(0u) — QO A Ou = i(f +i9).
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The second condition x(QAdu) = —Q-V+u = g is satisfied in all known geometric
applications of this theorem for g = 0.

The next result is our main supporting theorem, which we couple with the esti-
mates for harmonic functions on cylinders (c.f. Proposition 3.2) and the bubbling
argument in the appendix in order to prove Theorem 2.1.

Theorem 2.5. There exists an € > 0 such that for all A\, > 0 satisfying 2r < 1,
A < 1andQ € L*(By\B,, so(n)®\' R?), f € Llog L(B,\B,), u € W 2(B;\B,,R")
with |¢|*/? € L>Y(B1\B,) satisfying

—Au=Q-Vu+f on B1\B,

and

swp [ Jof <=
7”<P<% B2,\B,

there exists some C' = C(A\,n) < oo such that
Hv2u||L1(B>\\BTM) + IVullz21(83\B,,2) SC((l + 192 2B\ B))(IVUl L2 (B,\ B,

+ HfHLlogL(Bl\Br)))
+C|||¢‘1/2||L2’1(31\BT)~

A similar result has been obtained by Laurain and Riviere [20] without an as-
sumption on ¢. But on the other hand, they only conclude an estimate for the
L*'-norm of the angular part of the first derivative of u. Moreover a counter-
example from [20] serves to show that our estimate is false without the condition
on ¢.

The argument required to prove Theorem 2.1 will be by contradiction coupled
with Theorem 2.5; we perform a bubbling argument and show that the only way
a uniform bound as in Theorem 2.1 can fail to hold is if the norm blows up on so
called “neck domains” which are precisely of the form of Theorem 2.5.

Finally, we also mention our main new energy identity and no-neck property
result.

Theorem 2.6. Let u, € WH2(By,R™) be a sequence of solutions of
—Auk ZQk . VUk + fk,
where Qj, € L2(By\B,, so(n) @ \'R2), fi € Llog L(B1,R"), and we assume that
there exists a constant A > 0 so that for every k € N
/ (IVurl® + [9%]%) da + || fill Lrog Lesy) + N6k 2208,y < A
B

Then there exists a subsequence, still denoted by uy, Qi and f, so that up — u
weakly in WH2(By), Qx — Q weakly in L?*(By) and fr, — f € Llog L(B1) in a
distributional sense and the limits are solutions of

—Au =Q-Vu+ f.

Moreover there exist at most finitely many w-bubbles w*™ : R2 - R, 1 < i < p,
1< j <y, i.e solutions of

—AwhT = QP . Twhi
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sequences of points 3:2] € By, xzj — x;, and sequences of radii tfc’j e Ry, tZ’j — 0,
such that for every r <1 so that {z1,...,2,} € Br

(2.5)
o1 7 dist(xiT T
max e, W BUGT )y Ly i< 1< < AT
tlJ t%] tZJ tla]
P Kot
P Ji o
(2.6) Jim IVukll7z, mny = VUl F2(m, gy + D > IV ™ 13282 gy
i=1 j=1

If we assume additionally that fr € LP(B1,R™) for some 1 < p < oo with

| fellzr(By) < A
and
k"2l 221 (z) = 0
for every subset Z C By with |Z| — 0, then we also have for every r < 1 as above
P i

(2.7) klggo Hvuk”%"’vl(Br,R”) = ||VU||%2=1(BT,Rn) + Z Z [Vw*

i=1 j=1

2
|L211(R2,Rn)'

Furthermore, the map w and the maps w are connected without necks and w®?
are all conformal.

Remark 2.7. Once again an easy corollary of this theorem is in the setting where
fr € L2(B1,R"™) and additionally Q. - V+tu, = gp € L?(B1,R™) (with uniformly
bounded norms) under which all the additional assumptions on the Hopf differ-
ential are true. In particular, the result applies to sequences of critical points of
conformally invariant variational problems with quadratic growth in the gradient.

It is known that for general solutions to (1.4) we cannot expect better than W,
regularity for p < 2 - see [41], however we make the following

Conjecture 2.8. If u is a solution to (1.4) such that ¢ = 0 almost everywhere,
then u € W22 N W1 _in particular u could be said to have weak mean curvature
in L2,

We also remark that an interesting question here is whether or not the zeros of
Vu are finite and isolated under these conditions.

3. SUPPORTING RESULTS

In this section we collect all results which are needed in order to prove the main
Theorems mentioned before.

3.1. Estimates involving the Hopf differential. In the following we do some
computations in polar coordinates (p,6): Obviously for a map u € W12(By) we
have

|ug|?
p?

X Yy Yy X
e =ty o g,y =y bugy and |Vl = fun g P = fu, o+

Recall that for a,b > 0 we have

(a% +b3)(a+b)¥ = (> +ab)} + (B + ab)¥ >a+b
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and hence (a +b)2 < a2 + b2 so we have

1
ugl® | |uel?\?
Bl =l = o 02 < ([ -

1
ugl? |\ 2 U
) pel
p p

Proposition 3.1. Let u € W12(By) and let ¢ be the Hopf differential of u, then
gl < [ + 121,
p
Proof. By formula (3.1) we see that it suffices to show that

|ug|?
‘|Up|2 e <|gl.

From the above formulas for the partial derivatives of u we have

zy o |ugl? a® —y? ug
2(u u>:2(|u| - +2 Uy, —
cE T U7 p? p? " p

and thus
R Y (R 0 . R o
Ug, U = Uy|® — Uy, —
Y pt U7 p? P "
ay(z® —y°) |ug|? ug
(3.2) +H————> |, — 5 Up, — ).
P P P
Moreover
2 _ 2 2
2 2 _ Ty 2 |ug ) xy< U9>
Uy |® — |uy|” = Up|~ — —4—=(u,, —
ul? = g = E (ol - ) = 428 (i,
giving
(| |2 ‘ |2)2 ($27y2)2 <| ‘2 |U9|2>2+16$2y2 < ’l140>2+
Uy |” — |u = —F— | |u,|” — Uy, —
Y p g p? pt N p
ay(z® — y?) |ug|? ug
(3.3) S (el = ) (e )
Putting together (3.2) and (3.3) gives
07 = (Jual® = uyl*) + (2{ua, uy))?
2 2
@yt ety (1 - |u€|2> P e e s (122
pt ? p? pt ”p

2 2
- (|“ 2_|u9|2) +4<u “9>
= 13 D) P
p p
2
[ug|?
(3.4) > (W— g

and this finishes the proof. O
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3.2. Harmonic functions on conformally long cylinders. Next we derive
some estimates for harmonic functions on conformally long cylinders. The im-
portance of these estimates for deriving results similar to Theorem 2.5 was made
clear by Laurain and Riviere [20].

Proposition 3.2. Let h be a harmonic function on B1\B. for some & < i. Then
for any 0 < X\ < 1, there exists C = C(\) such that

d h h
’(rhr) + |22 +‘99
dr L21(B\\B_y-1) " llr2asnB,, 1) "ollzeamans, )
+ hrollz22 (BB, 1)
(3.5) <C|VhllL2(p,\B.)-

Moreover, we have the estimate

(3:6)  IVZhllsas, 1) < CllhellLza s, ) + 1VR 250\ B.)-

ex—1

Proof. We write the harmonic function h as

h(r,0) = co + dologr + Z (enr™ + dpr—™)e™?.
n€eZ\{0}

Thus we have

hg(r,0) -1 —n—1
AN n n
. < Z (|ncy|r™ =" + ndy,|r )
neZ\{0}
and also
h ,0 _ e
’W)‘+|hT9(T,9)|S2 Z (|n26n|7’" 1+|n2dn|r n 1).
r
n€Z\{0}
Setting

H .= Z (InPen|r™ !t + Indy|r— 1)
neZ\{0}

we observe that the estimate
[H |22 B B, 1) < ClIVhL2(B,\B.)

would show (3.5) for the last three terms on the left hand side.
We can estimate each term of H in L*>! and we have, as in the appendix of [20],

Hrn_l ||L2’1(BA\BE>\—1) < \/7?)‘”

and
o A\
lr=" " Hlza BB, 1) < 27T .

when n > 1.
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Therefore
1H |21 (BB, 1) szﬁ(ZnQA"(|cn| + |dale™™)
n>1
+ 7 I (lenl™ + |dal))
n<—1

2

< X WPy x

neZ\{0}

x| Y Inle? (e + ) + ) Inf2 7 (e +d2)

n<-—1 n>0
<C||Vh L2(B,\B.)-

In order to estimate the first term on the left hand side of (3.5), we note that it
follows from the previous estimate, since

1 d hgg

h, i
rdr g ) = 72
as h is harmonic.

In particular, we can use (3.5) and the duality of the Lorentz spaces L*! and
L% in order to get
[Pl (Ba\B., 1) <ellr™ L2 BB, ) IPPer 20 (BB, 1)
<c(l[hrllz22(Bs\B,, 1) + IVElL2(B1\B.))-

In order to show (3.6), we note that
22

. 3+h90 i+h92a’y 2heo S,

y? x? x2 2xy Ty

hyy:hrrﬁ‘i’h + heo— p *hei Qhreﬁ,
and ) ) )
hay = heng = hy = hee—+hey S+ o

Hence we get

h h hy

| 0e| | 9|+ | re|)

and using the same duality argument as above, combmed with (3.5), we get (3.6).
O

IV2h| < C(Jhpr| + — | r|

3.3. Wente estimates on annuli. In this subsection we use the above estimates
for harmonic functions to derive new Wente estimates on annuli.

Lemma 3.3. Let v < 1/4, a,b € W'2(By) and let v € Wy*(B;\B,) be a solution
of

A =Va-V+h
on Bi\B,, where V* := (=0,,0;). Then, for every r < A < % we have that
V2 € W2 (B\\B,x-1) and there exists a constant C()\) so that

BT IVl BB, ) + VY21 0B, ) < CWV)IVallze(s,) VD] L2(5,)-
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Proof. The estimate for the L*!-norm of V¢ can be found in Lemma 2.1 of [20].

Hence it remains to show the L'-estimate for V21 and for this we first consider the
. . 1,2

unique solution ¢ € Wy?(By) of

Ap =Va-V+th,
It follows from the results in [6] that

IV@llL2s,) + [IV?@llLr )y < ClVallL2 ) Vbl L2 (5,)-
Next we let w be the harmonic function with w|sp, = 0 and wlgp, = —¢. It was

shown by Laurain and Riviére (see the proof of Lemma 2.1 in [20]) that for every
r<iA<l1

IVwllz2 s\, + IVwllzasis,, 1) < CNIVal L2, VO] L2(8,)-

Combining this with Proposition 3.2 we get that for every A as in the statement of
the Lemma

||V2w||L1(BA\B, y S CM)IVallL2) I VOl L2 (By)-

ra—1/) —

Since ¢ = ¢ + w the above estimates imply the claim. [

4. PROOF OF THE GLOBAL ESTIMATES

In this section we prove Theorems 2.1, 2.3 and 2.5. Central to our argument
will be the following result of Riviere-Laurain [20]. This is not stated as a separate
result in their paper however it can be found as the last estimate in the proof of
Theorem 0.2 in their paper (assuming f = 0 but the general case follows from
standard elliptic theory).

Theorem 4.1 (Laurain-Riviere). There exists ¢ > 0 such that for all \,;r, R > 0
satisfying 2r < R, A <1 and Q € L*(Bg\B,, so(n) @ \' R?), f € Llog L(Bg\B,),
u € WH2(Bg\B,, R") with

—Au=Q-Vu+f and sup / QP <e,
r<p<Z JB2,\B,
there exists some C' = C(A,n) < oo such that

Lou
p 00

< C (1419l 2Bp\ry) (IVUll 2o\ B, + 1 F 1L 10g L(BR\B,))-
L21(Bar\By)

Using this Theorem and the previous results from section 3, we are now in a
position to prove Theorem 2.5.

Proof of Theorem 2.5: The estimate for the L%!-norm of Vu follows directly by
combining Theorem 4.1 with Proposition 3.1 and we are left with:

IVullzzs s, ) <A cane,) (IVulzzwn e, + 1 o e )
+ 161" ? || 2 B\ B, -

It remains to show the Ll-estimate for V2u. We first assume that

[ rer<e
Bi\B,
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and we extend € by zero to all of By. It follows from Theorem 1.4 in [36], that for
e small enough there exists A € W2 N L>(By, GL(n)) so that

div(VA - AQ) =0
and

/ VA2 da + dist(4, SO(n)) + dist(A~1, SO(n)) < C Q2.
Bl Bl\Br

Moreover, there exists B € W2(By, M(n)) so that
VA-AQ=V"'B
and

IVB|225,) < C / 2.
Bi\B,

Next, we extend u — fBl\B u to @ : By — R™ which satisfies
IVil|z2(p,) < ClIVullp2(s,\B,)

and Vi = Vu in B1\B,.
Consider the Hodge decomposition of AVa by C € Wy *(By), D € W“2(By) of

AVi=VC+V+D
with
IVCllL2sy) + IVDllL2(8,) = IVillLzs,) < ClIVull2s,\5,)-
The L'-estimate for V2D follows since we have on By
AD=VA-V*ta
Writing D = h + ¢ with A harmonic in B; with h = D on dB; and ¢ € WOI’Q(Bl)
satisfies
Ap=VA- Vi,
we get from the results in [6]
lellwz1(py) <CIVAlL2m) IVull 281\ B,)-
Moreover, we get from standard estimates for harmonic functions and the fact that
VA 2B,y < IVD|L2(8,),
which follows since h is harmonic and agrees with D on the boundary, the estimate
V2Rl 1y SCNIVA L2 (8,
<SCNIVDIL2(sy)
<CN)IVullp2(B,\B,)

and therefore
IVDllwrisy) < CIVullzzs\s)[1 + 12228\ B,)]-

By the estimate for D and the L?'-bound for Vu we see that for any /2 < X\ < 1/2
we have

HVCHLZ'I(BA\BT)\—l) <C(1+ HQHL2(Bl\BT))(HVUHL2(Bl) + Hf”LlogL(Bl\]B%r))
+ C|||¢|1/2HL211(31\BT)
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Moreover the function C' solves on By\B,
AC =V*B-Vi- Af
We decompose C' = 91 + 92 + v, where 912 € WOI’Z(Bl\BT), Ay, = VB - Vi,
Ay = —Af and v is harmonic in Bj\B, with v = 0 on 9By, v = C on 9B,.
Applying Lemma 2.1 in[20], together with Lemma 3.3, we get for every A as above
IVl B, o) + IV¢1llz21 BB, 1) < CIVBIlL28) IVl L2 (5))-

Moreover, using standard elliptic theory (by extending f and s to zero in B,) we
get

IVl B, 1) + IV¥2llz21 BB, 1) < CllflL10g L(B\B,)-

In particular we also conclude that

IVollzzasap,, 1) SCUIVClL21 B, 1) + [V¥illz20B3\B., 1)
+ V22 BB, 1))

SCN(L+ 1201225\ VUllL2(8\B,) + 1 flL10g L(B1\B,))

+ 16"l 221 (B1\B))-

Hence we conclude from Proposition 3.2 that

HVQUHLI(BAQ\B,,,rz) SCN([L+ 12 2B\ IVUll L2(B\B,) + [ fllL10g L(B1\B,))
+ 1612 L2 (1 B,))-

Combining the estimates for 11, ¥y and v, we obtain

IV2CllLrB,\B,, ) SCON[L+ 12022 8,\8)](IVUllL2(B,\B,) + If | L10g L(B:\B,))
+ 11l L2 (\5.))-

Combining now the estimates for the L'-norms of V2C and V2D with the formula

VC +V*D = AVi = AVu

in By\B,, and the L*'-bound for Vu, we get the desired L'-estimate for V?u.
In the general case we use the same covering argument as Laurain-Riviere in their

proof of Theorem 0.2 in [20] in order to reduce the general case to the previously

considered one. O

Now we are in a position to prove Theorem 2.1 by combining the uniform estimate
on annuli with the bubbling argument from the appendix.

Proof of Theorem 2.1: We argue by contradiction and we assume that there is a
sequence {ug}, {Q«}, {fx} as in the Theorem with

IVukll L2 + 1% 2250 + 1 Fell g £isy) + 16812 |20y < A < 00
and
||V2uk||L1(K) + |\Vuk||Lz,1(K) — 00.
From a standard bubbling argument (see e.g. the appendix) it follows that one can
decompose Bj into a collection of bubble, neck and body regions for which we can
apply e-regularity theory (see Theorem 1.6 in [42]), our improved neck results (see
Theorem 2.5) and simple covering arguments to conclude a global estimate for
IV 2|l 1 ey + 1V k| 221 ),

which contradicts the above.
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More precisely, the bubbling argument decomposes B; into regions where bub-
bles form, regions where we have locally uniformly small L2-norm of ||Q]|> and
intermediate annular regions, on which we have smallness of |||/ 2 on each dyadic
sub-annlus. On the first two regions it follows from Theorem 1.6 in [42] that the
W2l norm of uy is locally uniformly bounded, and on the intermediate annuli
Theorem 2.5 yields the same conclusion. This yields the desired contradiction. [

In the following Proposition we find a condition under which the square root of
the Hopf differential is bounded in L>'.

Proposition 4.2. There exists C > 0 such that for all A\ < 1, Q € L*(By, so(n) ®
A'R2), f,g € L2(B1,R™) and u € WH2(By,R™) solving
—Au=Q-Vu+f and
0= -V+tu+ g,

we have
llo12]| . < CXV2IVullia (IVullzas,) + 12, + gl s,
1(Bx)

Proof. We calculate
0 =2(Au,u,) = —2(Quuy + Qyuy, uy — iuy) — 2(f, us)
= — 2(Quuy, ug) + 21(Qpug, uy) — 2(f, us)
== 2(f +g,uz),
where we used that

Q- -Viu= —Qpuy + Quu, = —g.
In particular, we conclude that
19612 (5 < el Vullzsy) (1l L2cs.) + lgll2s)
and hence it follows from elliptic regularity theory that
[0l 2. (B, 2) < cllVullLzs) (IVullzsy) + 11281y + l9llz2sy))-
From this we get that for every A < % we have the estimate
121210y SN2 L0 (y) < A2 (6]l L2005y
<A\ Vull g2, (IVull 280y + £l 20y + 91l 22(81))
and this finishes the proof of the Proposition. O

Proof of Theorem 2.3: The result follows from combining Theorem 2.1 and Propo-
sition 4.2. 0

It is of course a natural question to ask if there are examples of solutions of the
system

—Au=Q-Vu+ f and
0=0-V%tu+g,
where , f and g are as in the above Proposition. In the following Lemma we
show that every critical point of a conformally invariant Lagrangian with quadratic
growth in the gradient is a solution of this system with f = g = 0. In particular,

important examples are harmonic maps and surfaces of prescribed mean curvature
H e L.
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Lemma 4.3. Let N* C R” be a C? submanifold and let w be a C' two-form on N
with bounded L>-norm of dw. Then every critical point u € W%2(By, N) of

(4.1) Flu) = %/ (IVul + u*w) de
B
satisfies
—Au = Q(u) - Vu
with

i i j Ly j
() = (Al () = Ah () Va4 7 (N () = Ny (w)) Vb,
where A, X € C%(By, M,, @ \' R?) satisfy for every i,k € {1,...,n}
(4.2) > AL (V! =0
J

and for all i,j,k € {1,...,n} we have
Se(u) = Afy(u), Nip(u) = =Aj;(w)  and Xjj (u) = =X, (w).

Moreover, we have
Qu) - V+tu = 0.

Proof. All statements except the last one can be found in Theorem 1.2 of [36]. In
order to show the last claim we note that

Q;(U)VLuj :A;‘k(u) (—0,u"0yu’ + Oyuro,ul)
- Agk(“) (—3zukayuj + 8yuk8muj)
1

+ 3 ;k(u) (8yuk8yuj + 8xuk8xuj)

and this expression vanishes, since the first term vanishes using the symmetry of
Ajy.(u) and the antisymmetry with respect to j and k of the term in brackets. The
same argument applies to the third term, and the second one vanishes because of
(4.2). O

Remark 4.4. 1) In the proof of 20, Theorem 4.2] the crucial observation was
that Q) - Vu is orthogonal to Vu, or equivalently that the Hopf differential
18 holomorphic, which was used in conjunction with the Pohozaev identity
to convert L? angular control into L? radial control. We point out that (2 -
V+u = 0 implies the former, moreover as stated earlier it can be understood
as the “curl” counterpart to the divergence type equation (1.4) - see Remark
2.4.
2) It was shown by Griiter [11] that every conformally invariant variational
integral with quadratic growth in the gradient can be written in the form
(4.1).

5. ENERGY IDENTITIES

In this section we show that using the estimates we derived earlier, one can
deduce various energy identities for sequences of solutions of the systems under
consideration. These results improve the known energy identity results since we
even get that no energy is lost for the gradients in the L*'-norm.
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Proof of Theorem 2.6: Tt follows from Theorem 1.6 in [42] that the sequence uy is
uniformly bounded in W' locally away from at most finitely many points S =
{x;]i € I} at which the L?mnorm of ) concentrates. Therefore, using Theorem
1.2 in [42], u converges weakly in W2(By,R") and strongly in VVﬁ)’f(Bl\S, R™)
to a limit w which is a weak solution of the limiting system, as described in the
statement of the Theorem. Here we use the strong convergence in W2 away from
S and the fact that S consists of at most fintely many points. It follows again from
Theorem 1.6 in [42] that u € VVIQO’C1 (B1,R™).

Using the bubbling argument from the appendix, we see that we can reduce the
analysis to the situation of one bubble forming at the origin. Away from the origin
we have strong W2 convergence of u, to u and therefore we conclude the strong
convergence of the gradients in the L?-norm.

Now it follows from the definiton of a bubble which forms at the origin, that
there exist sequences z; — 0 (wlog we assume z = 0) and rp — 0 so that

sup  [Q%llL2s,, () = 192kl 22(B,, (0)) = 70,
By, (¥)CBiy2

where 79 is as in Theorem 1.2 of [42]. Next we rescale the maps
Uy (z) =uk(rpe),
Qu(z) =rpQ(rpz)  and
fu(x) =rf fu(ri)

and it follows from Theorem 1.2 in [42] that i converges strongly in W12(R2, R")
to a solution w € W' (R%, R™) of

loc

—Aw =Q - Vuw,

where Q € L7, (R%,R") is the weak limit of Q.

In particular, this shows that the L2-norm of Vi converges to the L?-norm of
Vw in Bp, for every R > 0.

In order to finish the proof of the first part of the Theorem, it therefore remains
to show that the L?-norm of Vuy on the annulus As rx := Bs\Bry, converges to
zero, as k — 00, 6 — 0 and R — oc.

From the bubbling argument, combined with Theorem 2.5, and the estimate for
the L*»*-norm of Vuy, from Lemma 3.1 in [20] or from Lemma 4.2 in [22], together
with the estimate from Theorem 1.6 in [42] (which is used in order to show that the
L?-norm of Vuy, converges to zero on dyadic annuli), we conclude that the L?-norm
of Vuy converges to zero on the annulus, as k — oo, § — 0 and R — oo.

In order to prove the energy identity for the L?!-norms and the no-neck property,
we note that the additional assumption f; € LP, with uniform bounds, improves
the above convergence results of uy to the weak limit u, and of uy to the bubble w to
local strong convergence in W,9(B;\S, R™) resp. W,24(R2,R™) by using Theorem
1.1 in [42]. Hence it follows that the L*!-norms of Vuy resp. Vi converge to
the corresponding quantities of Vu resp. Vw away from the origin resp. in Bp for
every R > 0. Next, using the fact that the L?-norm of Vu; and the L?!-norm of
\¢k|1/ 2 converge to zero on the annulus, another application of Theorem 2.5 then
yields that also the L?*!-norm of Vuy converges to zero on the annulus and this
finishes the proof of the second energy identity (2.7).
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Finally, in order to show the no-neck property, we note that one can extend the
map

Up — ][ ug : Asjaor K — R”
As/2,2R K

to a map @y with compact support in As g, so that for every p € (1,00)
||vakHLP(]R2) < CHvuk”Lp(As/z,zR,k)’

where C' doesn’t depend on §, R and k. From the Marcinkiewicz interpolation
theorem we then conclude the estimate

|‘v7-’fk||L2»1(R2) < CHvuk||L2’1(Aa/2,2R,k)'

Next we use the Sobolev embedding theorem (see Theorem 3.3.4 in [14]) to conclude

OSCAs 4 45, Uk =OSCA; /4 4r K (uk - ][A uk)
5/2,2R.k

§2”ﬁk ||L°C(Bé/4)
SCHVﬂkHLQJ(Rz)
SCHVU}CHLZ‘I(AJ/QJR,k) =0,

which finishes the proof of the no neck property.
The fact that the bubbles are weakly conformal follows again by the convergence
to zero of the Hopf differential on bubble domains. (I

Remark 5.1. It follows from Proposition 4.2 that Theorem 2.6 applies in particular
to sequences of solutions uy of the system

—Aup =Q - Vur + fr  and
0= VJ‘uk + gk

under the assumption that there exists a constant A > 0 so that for every k € N

[ (7l + 1002 + 15 + ) de < A,
1
In particular, using Lemma 4.3, we get new energy identites for sequences of ap-
prozimate harmonic maps with tension fields bounded in L? and for sequences of
surfaces with prescribed mean curvatures in L.

We also remark that the L?-energy identity (2.6) was previously shown in The-
orem 0.3 of [20] for sequences of critical points of every conformally invariant La-
grangian with quadratic growth in the gradient.

Imposing additional growth conditions on €2 and its first derivative, which are
for example satisfied by sequences of approximate harmonic maps with tension fields
bounded in W2 and by sequences of immersions with prescribed mean curvature
in Wb we can additionally conclude an energy identity for the second derivative
in L.

Theorem 5.2. Let up € WH2(B1,R"™) be a sequence of solutions of

—Auy =Q - Vug + fi,
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where fr, € W12(By,R™) and we assume that there exists a constant A > 0 so that
for every k € N

/ (IVur® + 1% + | fel* + [V i) dz + [[| 6] /2 22,y < A
B1

Moreover, we assume that for every x € By,
Q(z)| <CVug(z)|,
[VQ(2)] <C([Vug(2)* +[Vug(z))).

and

k"2l 221 (z) = 0
for every subset Z C By with |Z| — 0. Then there exists a subsequence, still denoted
by uk, Qe and fr, so that uy — u € W3P(B1,R"), for all 1 < p < 2, weakly in
Wi2(By,R?), Q. — Q and fr — f weakly in WY2(By,R") resp. L?(By,R") and
the limits are solutions of

—Au =Q-Vu+ f.

Moreover there exist at most finitely many w-bubbles w™ : R2 - R, 1 < i < p,
1 <j <j;, i.e. solutions of

ij i i
—Aw" = Q" . VW,
which are conformal (as in Thereom_,?ﬁ), sequences of points xy’ € By, x) — x;,

and sequences of radii tff’j e Ry, t;c’] — 0 as in Theorem 2.6, such that for every
r <1 with {z1,...,2,} € B, we additionally have

p Ji
(5.1) klggo ||V2Uk||L1(B,.,Rn) = HVQUHLl(BT,R”) + ZZ HVQWZ’]”U(W,W)-

i=1 j=1

Proof. Note that under the assumptions on € it follows first from Theorem 1.1 in
[42] that Vuy, € LY and then V2uy € LY, for every 1 < ¢ < oo, away from at most
finitely many points with uniform bounds depending only on A. Differentiating the
equation then yields a uniform bound for V3u; € LP, 1 < p < 2, away from at
most fintely many points. Once this higher regularity result has been obtained, we
can then copy the proof from above Theorem 2.6 since we now have strong W21-
converge of uy to the weak limit u away from the bubbles, and we also have strong
W2 convergence of uj, to the bubbles w®/. In the intermediate annular regions we
use Theorem 2.5 in order to conclude that the W2!-norm of Vuy converges to zero
in these regions. ([l

Remark 5.3. As in Remark 5.1 we can replace the condition on the Hopf differ-
ential by imposing that Q. - V4Yuy, = gi is uniformly bounded in L? and we can
make the same conclusion. In particular this applies to solutions of critical points
of conformally invariant integrals, and especially sequences of harmonic mappings.

6. THE EQUATION ON SURFACES

Here let (X,h) denote a Riemann surface equipped with a metric h and we
consider a map F € Wh2(,R") and Q € L2(2, so(n) ® A' T*%) solving

ApF=Q -, dF and QANdF =0,
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where Ay, is the Laplace-Beltrami operator on M and -, denotes the multiplication
of one-forms with respect to the metric h. If we take any isothermal coordinates
Y : By — U on U C X we may consider F € W12(By,R"), Q € L*(By,s0(n) ®
A' T*R?) solving
—AF =AsF=Q-sdF =Q-dF  and
QANdF =0

where h = €?*§ in these coordinates for some function w : By — R. It is not
difficult to check that for any V C Bl, ||VF||L2(V,5) = ||VF||L2(w(V),h)7 ||QHL2(V,5) =
1l 2 (y(v),n) and therefore we use either of these norms without ambiguity. We
also have some uniform constant C' > 0 such that

[Hessn(F)llLipvyny < CUNVEllriws) + IV El 2 wvs) Vol 2 vs)-
Thus, using Theorem 2.1, we may conclude the following:

Theorem 6.1. Let (3, h) denote a compact Riemann surface equipped with a metric
h, and maps F € WY2(S,R"), Q € L2(%, so(n) @ \' T*X) solving
ApF =Q - dF
QAdF =0

Now suppose that there exists a finite atlas (with K elements, say) of isothermal

coordinates over simply connected domains such that the conformal factors w; €
WL(2:2)(By). Then there exists some

C= C(HQ||L2(2)7 ||VF||L2(2)»m?X ||Vwi||L<2m>(Bl)aK) <00
such that
HHeSSh(F)HLl(Z) < C.
Moreover, using Theorem 2.6, it is easy to check that we have the following:

Theorem 6.2. Let (3, hy) be a compact surface equipped with a sequence of smooth
metrics. Let F, € WY2(S,R"), Qp € L2(X, s0(n) @ \' T*x) solve

Ap, Fi = Qp -p, dFy,
Qr ANdEF, = 0.

Assuming that the metrics hy converge smoothly to some limit metric h and that
there exists a constant A < oo so that

1% 22 ,h) + IV R L2 (2,00 < A,

there exist limits Fao : & — R™, Qs € L2(2, s0(n) @ N' T*E) and a collection of
Q' bubbles w' : (52, hrouna) — R™ with Q' € L2(S2, so(n) @ N\' T*S2), such that:

ApFo = Qoo 5 AP,  Aw' = Q" - dw',
Do NdFe =0, Q' Adw’ =0
klgl;o IVFel 22 ) = IV EFsollF2(s ) + Z VW[ 2252

and the collection Foo(X) U; w'(S?) is connected without necks.

Remark 6.3. We could of course have formulated these theorems involving f,g as
in the other parts of the paper, but for the sake of simplicity we stick to this case.
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Examples of such solutions are harmonic maps from surfaces but one other
area of potential interest is in the theory of W?2?2 conformal immersions - see e.g.
[17], [21]. Given an arbitrary Riemann surface equipped with a metric of con-
stant curvature (X,h) (where h = —1,0,1 and Area(X,h) = 1 when h = 0) and
a compact Riemannian manifold isometrically embedded N < R"™ then we say
that F € W22 s((£,h),N) if in any local conformal parameter the induced metric
gij = €Wh;; = €25, has w € LS and F € W*2(X,N) is an immersion, and
finally

/ A2dV, < C <
>

where A is the second fundamental form of F(X) C N.
If we let H : ¥ — R™ denote the mean curvature vector of F' in N then we have

A F = 2H + A(F)(V,F,V,F)

where A is the second fundamental form of N < R™ so that on each conformal
chart we have

—AF =2He*" + A(F)(VF,VF) = H[VF|?> + A(F)(VF,VF).

Following [40] if we let Qi := H'dFJ — HIdF' + (AL, (F) — Al (F))dF* then we
are in the situation as above for u = F, ||| 12(x) < C(|[H||2(s) + [V F | L2(x)) and
IVE|72(5) = Area(F(X)).

We note that in a similar setting (and even for sequences of possibly degenerating
surfaces), an energy identity and no-neck result has been obtained previously by
Chen and Li [4].

Here we recover the following which uses the results [21, Theorem 3.1], [29,
Lemma I1.2], and the results from this paper.

Theorem 6.4. Let Fy, € ngif((xk,hk),N) be such that
/ |Ag|2dV,, + Area(Fx(3x)) < A < oo.
P

Then there exists some C = C(A, N) such that
[Hessn, (Fi)llLr () < C

moreover we get a bubble tree, energy identity, no necks result and a limiting
branched conformal immersion on a stratified Riemann surface.

We end this section with the following remark: we could consider simply F' €
W12(%,R") that is weakly conformal with respect to h. We would say that F has
mean curvature in L? if there exists some function H € L*(X,R"), (H,VF) =0
almost everywhere, and

7g(F) = AgF — A(F)(V4F,VF) = 2H

weakly. Now letting 2 be as above we are back in the situation of Theorem 6.1.
In this second case we say that F' is a weak conformal immersion with bounded
Willmore energy - an open question here is whether the zero set of VF' consists of
isolated points? Or can we say that F € W17 If both of these are true then F
would be a branched W??2 conformal immersion.



22 TOBIAS LAMM AND BEN SHARP

APPENDIX A. THE BUBBLING ARGUMENT

We present a bubbling argument in order to decompose B; into a collection
of bubble, neck and body regions which are defined below. This decomposition,
together with Theorem 2.5, is the key ingredient in the proof of the global energy
estimate and the enrgy identities. Similar constructions can be found in [8], [32],
[20] and [1].

Here we are interested in a sequence of solutions u € W12(B;,R") of

—Auy = Q- Vug + fr,
where Q€ L2(By, so(n) @ N' R?), fi € Llog L(B;,R") with

1
IVugll2(,) + 1%l z2(8)) + 1 fellL10g L(B1) + Pk|Z 20 (B) < A < 0.

By the regularity results in [42] (see Theorem 1.6) we know that there is some
uniform e > 0 such that if the objects above solve the PDE on any domain U C R?
whenever

pr i=1inf{p > 0| sup ||Qk||L2(B,,(ac)) =e}>a>0,
B,(z)CU
independently of k, then we get W?2! estimates for wuy locally on U, and thus
Up — U € W1’2(U) strongly, where w is a solution of the limit equation

loc
—Au=Q -Vu+ f

as described in the proof of Theorem 2.6.
The basic set-up. We use the following standard bubbling argument:

Define pj1 and xp: by

Prl = 1nf{p > O|||Qk||L2(BPk1 (z,1)) = sup ||Qk||L2(Bp(:r)) = E}a
B,(z)CB1
and let Ukl = Bpkl (Ikl)

We assume pi1 — 0 - if not we have a global W?2! estimate and no bubbling
phenomenon occurs. Moreover we pick a subsequence so that z;1 — z! € By and
if 21 € 0B, then we discard this sequence.

Now we pick pg2 and z2 such that

Pr2 = 1nf{p > 0|||Qk||L2(Bpk2 ($k2)\Uk1) = sup ||Qk?||L2(Bp(w)\Uk1) = 6}
B,(x)CB1
and set Uyz 1= B, , (232) U Upa.

First we check if pp2 — 0 - if not we stop here. Once again we pick a subsequence
so that 232 — x2 € B, and if 22 € 0B, then we discard this sequence.

Now we ask whether we have

S} .= (W + 7|xkl — wk2|) — 00
Pkl Pk2
or not.

If S}? remains bounded we discard this sequence - since this means that the
energy on B, , (zx2)\B,,, (zx1) is contributing to the “first bubble”.

If 5;2 becomes unbounded we remember the sequence because it means either
1 and xg2 converge to different points, or they converge to the same point at
different scales, or they converge to the same point at the same scale but the scales
go to zero so quickly (compared to their respective rate of convergence) that they
remain conformally very far from each other!
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We now inductively continue to choose such scales and points (pgi+1, Zpi+1) such
that

pri+1 = inf{p > 0H|Qk||L2(Bpki+1(CEkH—l)\Uki) = 5 (SUP HQk||L2(B,,(x)\Uki) = ¢}

o (x)CB1
and Upi+1 1= Bpki+1 (zpit1) U§:1 Ui.

Again, if pgi+1 does not converge to zero we stop. If it does converge to zero,
we take a convergent subsequence for the zi+1 as above and also we check: Does
S,lf’i+1 remain bounded for some 1 <[ <37

If yes, forget the sequence.

If no remember the sequence and carry on. Remember the construction of the
U; is unaffected by this step - the only thing we do is decide whether to remember
the sequence of scales and points - or not.

This process eventually stops after finitely many iterations since each time we
are taking away a fixed amount of energy and two such domains never overlap by
construction. Let @ denote the total number of distinct point-scale sequences and
we have @ < g

We are left in the following situation: We have finitely many points 27 and for
each point we have a maximal set of finitely many point-scale sequences (pi,i,xfci)
with (S;)% — oo when i < [ and mfcl — a7 for every i. Moreover at each scale
we are accounting for a fixed amount of ||Q]|z2 - we shall refer to these point-scale
sequences as bubble sequences in the sequel as the below argument shows we end
up with a bubble for each one. 4 '

Notice also that if we let @), (z) := u(x, 4+ pj.) then this map is defined on
larger and larger regions of R? N ‘ ‘ ‘

Setting QL(‘%) kaQ(l‘kl + PkL ) and f]gl (33) = (p}]gl)2f(xirl + P?CLLL‘) these
objects solve

A, =, - val, + fl.

Thus by the scaling properties for the Llog L - norm and also 2 and u (see e.g.
[42]) we know that [|Q7,]|z> only concentrates (if at all) at finitely many points
y', .yt for 1 < Qs ||V, || L2, [€7,]|.> and Hf,i
on their domains of definition, and moreover || fz1|| i@y — 0 for any compact
domain U € R2?. Thus by the compactness properties of the equation (see [42],
Theorem 1. 2) and the singularity removal property (see [20]) we know that there is
some map w; € L™ with Vw! € L? and QJ € L? solving

—ij- = QJ- . Vwi

Llog L are all uniformly bounded

and also ufﬁl — w! strongly in Wl 2(R2\{y',...9'}) and ﬁi — w! is uniformly
bounded in W2} (RQ\{y ,o.-y'}) - by Theorem 1.6 in [42]. We also know that
(after a suitable choice of €) such solutions must have ||Q]|;> > 2¢ in order that
w! is not a trivial (constant) solution - see [20], Theorem 3.2.

At this point we remark on the following improvements:

e If fi € LP is uniformly bounded then we get ﬁi, — wf strongly in

Wied (R2\{y',...y'})

for all ¢ < 22—7 (since the sequence wug will be uniformly bounded in

Wloc (Rz\{y 9. yl}))



24 TOBIAS LAMM AND BEN SHARP

o If we know €, - V+u, = gr € Llog L is uniformly bounded then we get
1€, - Va3, ]zr — 0 locally in R?. Thus the limit bubble will satisfy
QZ ~Vwa- = 0 and is thus conformal. To see this notice that this condition

implies the Hopf differential (bg of wg is holomorphic and also ||¢f ey <
oo giving that qbg =0.
e In particular, using the above strong local convergence we end up with
Aii — 0 locally strongly on R?\{y',...¢'} in L' if f,, € Llog L, and in L3
if fr, € L? (¢ > 2 as above).
The covering argument. We proceed by induction so first consider a single one
of the 2/ as above. We know that there are finitely many (@7, say) point-scale
sequences converging to this 27. The aim of the argument below is to partition the
set of bubble sequences in such a way as to separate different strings of bubbles
forming at a point. In other words we separate out which bubbles are forming
on which in order that the analysis and estimates do not interfere with the other
strings of bubbles and we can reduce to an induction argument. ‘
First of all we re-label and order the pj, so that pj, > pj, > --- > pin. We
partition the set according to the following scheme:

Single out the largest bubble scale (7., p}.) (first re-label it (zchc1 , piil )) and for
the remaining point-scale sequences {(:vfc , pi)}gz we consider
lim 7‘#“ _ xiil | .
k—o0 pill

Let i be the first scale such that this is infinite - we group this with the first scale
and re-label it i5. Notice that for any i; = 1 < s < iy we have

J J
L xls — ] . P
lim |kj7k<oo and lim %:oo
k— o0 pkil k—oco pks

therefore there exists some I' < co such that

Bpis (Iffg) C Brpi1 (:Eil)

for sufficiently large k. Thus we would say that the bubble wl associated with the
scale (7., py,.) forms on the bubble associated with (7., , p;., ), w], . Now, continue

this procedure: for {(xiﬂpii)}th we consider

J
k2

J J
el —al] |
lim —& "k and lim
k—o00 pj_ k—oo pJA
k1 k2

|:vf€1 —z

Let i3 be the first scale such that both of these are infinite and again notice that

for i3 < s < i3 the bubble w! forms on either w{l or wy, .
Continue this procedure until we exhaust all the bubble sequences. We are left

with the following strings of bubbles

) o ) S ) o
{(wfl, {wg;}slzl)v (wi, {wfz W) (wzJ'La {wZL el

J

%

where for each 4; the bubbles {wff}s‘]lzl all form on w
I' < oo such that

. and there is some uniform

J j '
Usllepj s (miii’) = BFP'}’;” (wi”)

'l
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for sufficiently large k. Call {wfl}lel the initial bubbles - the ones closest to the
body map upon which all other bubbles form in the bubble tree.
Now we find a covering argument for the collection of initial bubble domains:

(B, ()M

thus ensuring that all bubble domains are covered. Let

J . J J
Ry, i=2sup |z, — T,

)

—0

Rj
and notice that by construction —+ — oo for all 4; and in particular there exists

PLi
ki

some x], — x/ such that

UlLZIBFpiil (#3:,) C BRil (#31)-

Now we know that there exists some § > 0 such that

sup |Qk|2 <eE.

Ril <p<% /B2p(3311 )\Bp(wiﬂ
If this is not the case then we rescale by the radius po for which
/ . %P>

B2p0 ($i1)\Bpo (wi1)

and standard arguments then show that we have found a new point-scale sequence
which is a contradiction. We call Bs(x7,)\Bpi ) (7.) aneck domain - a degenerating
k

annulus on which ||| 2 is small on every dyadic sub-annulus.

For two different sequences 27, ,z?, we consider
Kivs Vi
, R,
Rff” = lim i k i
k— oo |wkil — xkit

ilt = 0o and for the rest we have Riu < M.

Notice that there is at least one Rin which falls into the second category. Re-
order so that the former have 1 <1 < ¢ < I and the latter I +1 < ¢ < L. Now,

and group together those for which R

. R]
there is a finite cover of B R, (7.) by balls of radius 54+ for which each ball in the
k
cover satisfies exactly one of the following conditions:

e It contains a single initial bubble domain, i.e. it equals B ;. (x?c”) when
k

I+1<i<Landit’s Hausdorff distance to any other bubbféw domain is at

R,
k
least -

e It contains finitely many (but more than one - Ly, say) initial bubble se-
quence for 1 <[ < T - label these balls B ,; (y»)
el

2M

R,
aM >

e It’s Hausdorfl distance from all the bubble domains is at least labelled

Ble (exs) - we call these empty domains as they must have
k

2M

1%llz2B. 5 (en)) <€

J
3R7
TIM

(otherwise it would be a new point-scale sequence).
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For the first option, we are again in the situation where (upon possibly increasing
the value of T")

sup / _ <
le B2p(miil)\Bp(quzl)

Fﬂiil <pP<ir

In other words A A
BRil (xill )\Br‘piil (xiz, )

2M

is a neck domain.
For the middle option suppose there are L; > 1 bubble sequences in Ble (yps)-
k

2M

Let

J J J
Ri, =2 sup |v7;, — T
t<i<Ly

—0

and run the argument as above but this time in the ball BRJ-1 (yrv). This time
k
2M
we manage to partition the set of bubbles once again and we can cover the ball
J

R
5= (yxv) by neck domains, empty domains and bubble domains.

If we continue this argument we are eventually in the situation where the second
option above cannot happen. Thus we have managed to cover the ball B R (z7) in

a finite number of empty domains, neck domains and initial bubble domains.

On each of the initial bubble domains we can inductively start all over again
from the beginning of the covering argument.

It should be clear now that a simple induction argument allows us to split the
whole ball B; into a sequence of finitely many bubble domains, neck domains,
empty domains and body domains. _

The main body domain is the region Bi\{U;Bs(x7,)} for some uniform ¢ - on
which we have uniform control on our maps according to the e-regularity theory.
The remaining body domains are the bodies of the bubbles which appear as we
continue down our induction argument. On the main body domain we have uniform
convergence to the limit map « (in the appropriate sense), and on the bodies of
the bubbles we have uniform convergence to the bubble (again, in the appropriate
sense).

The empty domains are of the form Bpx(2¥) for some {2*} € By and RF — 0,
moreover ||Q|| 25, (z+)) < € and also the point-scale sequence (x%, R¥) is distinct
from all others. We must have on each empty domain that ||Vuk||L2(BRk (z%)) — 0
- since otherwise we could re-scale to find a new bubble and thus a new point-scale
sequence that must carry away at least € of ||| 2 (this follows from the gap result in
Theorem 3.2 of [20]) - a contradiction. Moreover it is a consequence of the estimates
in [42] that if f is bounded in L? for some p > 1 then ||Vug|[w11(p,, @*) — 0.

The neck regions are therefore the only place we can lose track of our convergence
and these are precisely the regions on which our main theorems apply. Moreover,
each dyadic sub-annulus on a neck can be covered by finitely many empty regions,
thus we have ||Vug|/zz2 — 0 on such domains and if fj is bounded in L? for some
p > 1 then ||Vug|wi1 — 0.
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