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DIRECT LINEARISATION OF THE DISCRETE-TIME
TWO-DIMENSIONAL TODA LATTICES

WEI FU

ABSTRACT. The discrete-time two-dimensional Toda lattice of Aso-type is studied within the direct linearisation
framework, which allows us to deal with several nonlinear equations in this class simultaneously and to construct
more general solutions of these equations. The periodic reductions of this model are also considered, giving rise
to the discrete-time two-dimensional Toda lattices of Af}_)l-type for r > 2 (which amount to the negative flows
of members in the discrete Gel’fand-Dikii hierarchy) and their integrability properties.

Keywords: direct linearisation, discrete-time two-dimensional Toda lattice, exact solution, tau function, Lax
pair, periodic reduction

1. INTRODUCTION
The two-dimensional Toda lattice (2DTL)
(1.1) 61871()0” = —ePrt1iT¢n 4 e‘pn_ipn717

where ¢,, is the potential as a function of two continuous time variables z; and x_; and one discrete spatial
variable n, and d; and 0_; denote the partial derivatives 9/9x1 and 9/0x _1, respectively, was originally proposed
by Mikhailov [18] in 1979, as an integrable generalisation of the famous one-dimensional Toda lattice [28].
Equation can alternatively be written in the form of (cf. e.g. Jimbo and Miwa’s review paper [16])

(1.2) O_10n == anme 'm,
meZ

where 0, = 1 — ¢ and ay,m, are the entries of the Cartan matrix corresponding to the infinite-dimensional
algebra A, namely

2, n=m,
Onym = -1, n=m=£1,
0, otherwise,

and thus, it is also reasonable to refer to this model as the 2DTL of A, -type. The 2DTL is mathematically
remarkable because it is still integrable when the algebra A, is replaced by various algebras, see Mikhailov,
Olshanetsky and Perelomov [20], Fordy and Gibbons [6[7], Wilson [30], and also the Kyoto School [3,[16,[29].

Among these the two typical ones are the 2DTLs of Agl)—type and Agz)—type which can be written in scalar
form, namely the well-known sinh—Gordon and Tzitzeica equations

(1.3) 010_1p9 = €270 + e 290 and  910_1pp = €270 — e %0,

Exact solutions to the 2DTLs of different types are also obtained by using various methods, see e.g. [154{19}/25]
for soliton solutions, and also [1] for higher-rank solutions. For the algebraic structure of the 2DTL, we refer to
Ueno and Takasaki [29] (see also [27]).

Discrete integrable systems are often considered being master models in the theory of integrable systems,
mainly due to their rich algebraic structure and connection with modern mathematics and physics, see e.g. [12].
The discretisation (discrete in both time variables) of the 2DTL was considered from several perspectives in the
past decades. An effective way to construct the discrete 2DTL is to discretise the bilinear 2DTL, attributed
to Hirota [13] and Miwa [21]. The mechanism of such a discretisation was explained by Date, Jimbo and
Miwa [2] from the viewpoint of the theory of transformation groups, motivated by the idea in [21]. Moreover,
the g-discretisation of the 2DTL, which is closely related to quantum groups, was also obtained by the bilinear
approach in [17]. Another approach to discretise the 2DTL was introduced by Fordy and Gibbons [6L|7], where
the discrete equation arises as the superposition formula of two Bécklund transforms for the continuous-time
2DTL on the nonlinear level. A recent significant progress on the discrete-time 2DTLs was made in [11}26], where
the integrability is guaranteed in sense that first integrals and symmetries are preserved in the discretisation.
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2 WEI FU

Our motivation is to consider the discrete-time 2DTL within the so-called direct linearisation framework.
The direct linearising method was first proposed by Fokas and Ablowitz [5] to construct several classes of exact
solutions of the continuous Korteweg—de Vries (KdV) equation, and was later generalised by the Dutch School
to study discrete integrable systems, see e.g. [22H24]. The benefit of this approach is that it helps us to deal with
several discrete nonlinear equations in the same class simultaneously, and more importantly, it provides very
general solutions to these nonlinear integrable equations. Recently, the direct linearising method was developed
to study the linear, bilinear and nonlinear structures of a class of integrable equations from a unified point of
view [9], illustrated by three-dimensional (3D) models including the discrete Kadomtsev—Petviashvili (KP)-type
equations.

In the present paper, three nonlinear discrete equations in the class of the discrete-time 2DTL of A,-type
are constructed in the direct linearisation, including the bilinear and modified discrete-time 2DTL equations
given by Date, Jimbo and Miwa in [2], and also an unmodified equation which is a new parametrisation of an
unnamed octahedron-type equation that appeared recently in [4]. Their associated Lax pairs are also obtained
in the scheme, which completes the incomplete part in [2] (though the author firmly believes that those authors
were able to construct the Lax pairs in their framework). The direct linearising solutions for these equations are
natural consequences of the scheme, reducing to soliton solutions as a particular degenerate case. The periodic
reductions are also considered in the framework, resulting in the corresponding two-dimensional (2D) discrete
integrable systems, namely the discrete-time 2DTLs of Aq(i)l—type for r > 2 (amounting to the negative flows

of members in the discrete Gel'fand-Dikii (GD) hierarchy), in which the A(ll) class provides the well-known
discrete sinh—Gordon (or sine-Gordon) equation and its gauge equivalent models. When r > 3, we obtain the
new discrete integrable systems very recently given by Fordy and Xenitidis [§]. The nonlinear forms, the bilinear
formalism, the Lax matrices and the direct linearising solutions for these models are all discussed, from the
perspective of the direct linearisation.

The paper is organised as follows. In section [2] we introduce the general theory of the direct linearisation,
in the language of infinite matrix. Sections [3| and {4| are contributed to the direct linearisation schemes of the

discrete-time 2DTL equations of Ao-type and Afal_)

1-type, respectively, and their integrability properties.

2. GENERAL THEORY

2.1. Infinite-dimensional projection and index-raising matrices. In the direct linearising method, we
need the notion of infinite matrix. In this subsection, we only give a brief introduction to such a notion. For
more detail, we refer the reader to [9]. The fundamental objects in infinite matrices include a projection matrix
O and two index-raising matrices A and *A. They are all matrices of size 0o X 0o having their respective entries

(2.1) (0)ij = dinboj, (A)ij=0dit1j, and (‘A)ij = dijr1,
respectively, where 4. . is the standard Kronecker delta function defined as
|1, i=y, .
‘5m—{07 i Vi, j € Z.
From the definitions, one can observe that the transpose of O obeys ‘O = O, and A and A are the transposes

for each other. The projection operator O is a “centred” infinite matrix and satisfies the property O? = O.
Given a general infinite matrix U with the (4, j)-entries U; j, one can verify that

(O . U)iﬂj = 51,0U07j and (U . O)z’7j = UfL',o(SO’j,
according to the definition of O. In terms of A and A, we have operations
(Ai/ . U)i,j = Ui+i’,j and (U . tAj,)i’j = Ui,j—i—j/a

which follow from the definitions of A and ‘A, namely they raise the row and column indices, respectively.
Similarly, for a given infinite-dimensional column vector u having its ith-component «(?), and its transpose, i.e.
an infinite-dimensional row vector “u still having its ith-component u(¥), we have the following operations:

(O-u); = 5i,ou(0), (u-0); = U(0)507j, (Ail ‘u); = ul™*), (u- tAj,)j =l

where (-); and (-); denote taking the ith- and jth-components of an infinite-dimensional vector, respectively. In
the direct linearisation, we need to consider two particular infinite-dimensional vectors

Ck:("' 7k_1717ku"')T and tCk/ :( ,k/_1717k/’...).
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The operations of O, A and A on these two vectors satisfy the following relations:
(2.2) At Ccp = kick, ey - AT = k‘/jtckl, e - O -cp = 1.

The above are the fundamental operations of infinite-dimensional matrices and vectors. More complicated
operations involving these objects can be derived from these fundamental ones or from the definitions.

2.2. Linear integral equation and its infinite matrix representation. The idea of the direct linearis-

ing method is to solve a nonlinear integrable equation by considering its associated linear integral equation.

Reversely, a linear integral equation having a certain structure also brings a class of related nonlinear equations.
We consider a general linear integral equation taking the form of

(23) uy + // dc(l,ll)kaleO’l/ul = PkCk,
D

where the wave function uy is an infinite-dimensional column vector having its ith-component u,(;) as a smooth
function of the dynamical variables and their associated parameters, also depending on the spectral parameter
k; the Cauchy kernel Qy s is an algebraic expression of the spectral parameters k and !’, which is independent
of the dynamical variables; the plane wave functions py and o) are expressions of dynamical variables (i.e.
flow variables), depending on the spectral parameters k and I’, respectively; the measure d{(l,!") depending on
the spectral variables [ and I’, and the integration domain D can be determined later for particular classes of
solutions.

The key point is that the plane wave factors py and ok containing the information of the dynamics, determine
the linear structure in the integral equation ; the Cauchy kernel Qy ; and the measure d¢(k, k'), instead,
describe the dependence of the spectral variables k and k’, governing the nonlinear structure of the resulting
nonlinear equations.

In order to relate a class of nonlinear equations to a given linear integral equation, we interpret the structure
of the linear integral equation in infinite matrix language. First of all, we introduce an infinite matrix
defined by the following relation:

(24) Qk,k’ = tCk/ - Q- Ck.

This relation implies that €2 is the infinite matrix representation of the Cauchy kernel €2, ;. The second object
we need is an infinite matrix C defined as

(2.5) C= //D d¢(k, k’)pkcktckfak/.

The core part of this infinite matrix is ppoy/, namely the effective dispersion in the linear integral equation,
which implies that C is the infinite matrix representation of the effective plane wave factor. We also define an
infinite matrix U by

(26) U= //1; dC(k,kz')uktck/gk/,

which is a nonlinearisation of the wave function uy in the linear integral equation (2.3)). Using these quantities,
we can represent the linear integral equation by the above infinite matrices.

Proposition 2.1. The linear integral has an infinite matrix representation

(2.7) u, =(1-U-9Q): prc,

where 2, U are the infinite matrices defined in and .

Corollary 2.2. The infinite matriz U satisfies the following relation:

(2.8) U=(1-U-Q)-C, oralternatively U=C-(1+Q-C)"};

in other words, the dynamics of U is governed by C (the linear structure) and S (the nonlinear structure).
In addition, we also need the notion of the tau function in the framework.

Definition 2.3. The tau function in the direct linearisation framework is defined as

(2.9) T=det(1+Q-C),

in which the determinant should be understood as the expansion of exp{tr[In(1+ Q- C)]}.
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These quantities constitute the key ingredients in the direct linearising approach. For a given linear integral
equation, namely for fixed plane wave factors pj, and oy (i.e. the linear structure), and fixed Cauchy kernel Qy, 5/
and measure d((k, k) (i.e. the nonlinear structure), the direct linearisation helps to algebraically construct a
class of closed-form equations from the following perspectives: i) The components of uy solve linear equations
(i.e. Lax pairs); ii) The tau function 7 solves the bilinear equations in Hirota’s form; iii) The entries of U
solve the nonlinear equations in the class; iv) The quantities given in , and provide the direct
linearising solutions to the corresponding closed-form equations.

3. DISCRETE-TIME TWO-DIMENSIONAL T'ODA LATTICE OF A..-TYPE

3.1. Notations. We introduce some essential notations in the discrete theory. For an arbitrary function f =
frnm_1.n = f(n1,n_1,n) of discrete independent variables nq, n_1 and n associated with lattice parameters p1,
p—_1 and zero, respectively. The following accent marks denote the discrete forward shift operators with respect
to their corresponding lattice directions:

f = fn1+1,n,1,na f = fnl,n,l-i-l,na f = fnl,n,l,n—i-l-

Similarly, for backward shift operators we have

I: fnl—l,n,l,na .f: fnl,n,l—l,n; f: fnl,n,l,n—l-

Combinations of the above accent marks then naturally denote the compositions of these discrete shift opera-
tions.

3.2. Nonlinear and linear structures. To algebraically construct equations in the class of the discrete-time
2DTL of A..-type, we consider the following Cauchy kernel and measure:

1
(3.1) Qg

SR
as well as the plane wave factors
(3.2) o= (p1 + k)" (p_1 + k)" k" and op = (p1 — k) " (p_y — KT (KT

In concrete calculation, the two plane wave factors normally combine together (cf. the infinite matrix C), and
form the effective plane wave factor

IS IR AN A T A A
(3.3) PkOk = (p1 — k’) <p_1 k-1 7

which completely governs the dynamics in the resulting nonlinear models.

3.3. Soliton solution. According to the general statement, equations (2.3)), (2.9) and (2.6]) provide us with the
direct linearising solutions to the discrete-time 2DTL of A,-type. As an example, below we give the explicit
formulae for soliton solutions. We take a particular measure involving a finite number of singularities, namely

d¢(k, k") being arbitrary,

N N
(3.4) Ak, k) = " A j6(k — ki)d(k — K))dkdk,

i=1 j=1
where A, ; is the (4, j)-entry of a constant full-rank N x N’ matrix A, k; and k; are the singularities, and the
delta function here should be understood as 6(k — k;) = ﬁﬁ with i being the imaginary unit. Let the
domain D contain all these singularities. This reduces the linear i;ltegral equation (2.3)) to

N N’

POk’
(3.5) Wk DD Avy gk = ks
J

i=1j=1

according to the residue theorem. Now we introduce an N’ x N generalised Cauchy matrix M with its (4, 7)-entry

PROK 12 N, i=12-...N
2 g I e— = ... Z = DR
7, ki + k;v J 5 4y ) ) ) 4y 94V
where proy is given by (3.3)). Taking k = k; for i = 1,2,--- | N in the reduced equation (3.5, we obtain
(ukuukza to aukN) + (uk17uk2a t 7uk5N)AM = (pklck17pkzck27 to apkNCkN)

and thus, ug, can be expressed by

(uk17uk27"' 7uk7N) = eriag(ckvcka"' 7Ck7N)(1 +AM)_17
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where r = (pr,, Prs»r - 5 Py )L - Meanwhile, considering ([2.6]) together with (3.4]), we also have

N N’
t .
(3.6) U= E E A juy, Cr Ok, = (Upy s Ukyy - -+, gy ) A diag(cp, cpy, - - 70%/)5.
i=1 j=1
where s = (o3, 04y, - ,Uk;V/)T. Therefore, substituting ug, in (3.6) by using the previous formula, we end up

with the explicit expression of U as follows:
U=r" diag(Cp,,Chy, -+ sChy ) (1 + AM)TA diag(cp;, Cpy, - ,ck;w)s.

Furthermore, we can also consider the soliton expression for the tau function. According to the definition of
the determinant of an infinite matrix, we have the following relation for the tau function:

InT=In(det(1+Q2-C)) =tr(In(1+ N2 -C)).

Thus, by expansion the right hand side can be written as

> 1 = 1
tr (Z(—m“(n : C)7> =Y (-1t o).
y=1 v r=1 "
Considering the degeneration (3.4)) and the definition of C, i.e. (2.5, we can derive
N N K
tr(Q-C)V=tr | Q- Z Z Ai,jpkickitck;ak; = tr(AM)?,
i=1j=1

where the cyclic permutation of the trace is used in the last step. Thus, we end up with the relation

7 — i(nw}ytr(AMw —tr (il(l)V“i(AM)W)

=tr(In(1 + AM)) = In (det(1 + AM)).
We have derived the soliton formulae for the linear, nonlinear and bilinear variables. For convenience in the

future, we give the formulae for the components u,(:) in the wave function, the entries U; ; in the infinite matrix

U as well as the tau function 7, and conclude all the results in the following theorem:

Theorem 3.1. For the Cauchy kernel, the measure and the effective plane wave factor given in (3.1), (3.4) and
(13.3), the wave function, the tau function and the potential variable in the (N, N')-soliton form are determined
by the following:

(ugl), ug, e ,u,(c?j) =r'K'(1+AM)™ !, 7 =det(l1+ AM), Ui = r'KY(1+ AM) AK"s,
in which K = diag(k1, ko, -+ ,kn) and K’ = diag(k}, kS, -+, Ky).
3.4. Discrete dynamics. In this subsection, we discuss the infinite matrix formalism in the direct linearisation
based on the nonlinear and linear structures of the discrete-time 2DTL, i.e. (3.1) and (3.3]), which will be used
to construct closed-form equations in the next subsection.

Equation (3.1 implies that the Cauchy kernel obeys the relation Qj x k+k'Q = 1. Recalling the definition
of Q, ie. (2.4), we can deduce that

(3.7a) Q-A+'A-Q=0,
and consequently it can be generalised to
(3.7b) Q- pr+A)—(p1—'"A)- Q=0 and Q-(p1+A H—-(p,-AH.-Q@=A""1.0-A"".

The above relations form the nonlinear structure of the infinite matrix formalism. Below we give the linear
structure. Observing that the effective plane wave factor (3.3]) satisfies

- (ptk - (ot k! : k
(prow) = 3 ) PROK (prow) = | ———= ) prow,  (prow) = PROK,

D1 p_1— k1 K
and the property of cj given in , we can derive from ([2.5) the dynamical evolutions of C as follows:
(3.8) Cm-"N=p+A)-C, C-p1-AYH=@p +A7H-C, C-(-'A)=A-C.

Equations (3.7) and (3.8) are the fundamental relations which can help to build up the dynamics for key
ingredients, namely U, u; and 7, in the scheme.
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Proposition 3.2. The infinite matriz U obeys the following dynamical evolutions with respect to the lattice
variables ny, n_1 and n:

(3.9a) U-(m-AN)=m+A)-U-U-0-T,
(3.9b) U (pi-AYHY=p +AH)-U-U-A1.0-A7". U,
(3.9¢) U (-'A)=A-U-U.0.-U,

which are the fundamental relations for constructing nonlinear equations in the class of the 2DTL of As-type.
Proof. We only prove the first equation. According to the infinite matrix representation , we have
ﬁ‘(Pl—tA):(l—ﬁ'Q)'C'(Pl—tA)~
In light of the first dynamical relation in , this relation can be written as
U (p—"A)=(1-0-92) (p+A) C=(p+A)-C-U-Q(p+4) C
Notice the second relation in . The above equation can further be reformulated as
U (i ="A)=@1+4) C-U-[0+(m-"4) 9] C
which amounts to
U-(p-"A)-(1+Q-C)=(p+A)-C-U-0-C.

Multiplying this equation by (1 + €2 - C)~! from the right and recalling U = C - (1 + £ - C)~!, we obtain the
first equation in (3.9). The second and third equations are proven similarly. O

Equations in (3.9 can further help to derive the dynamics of the wave function ug.

Proposition 3.3. The wave function uy satisfies the following dynamical evolutions with respect to the discrete
flow variables ny, n_1 and n:

(3.10a) =P +A)-u,—U-0- u,
(3.10b) W =p_1+A ) u—U-A1.0-At -y,
(310C) ﬁk:A'Uk—U'O'uk’

which will be used to construct the closed-form linear equations in the class of the 2DTL of A, -type.

Proof. Once again, we only prove the first equation. Forward-shifting equation (2.7]) with respect to nq by one
unit gives us

U, =(1-U-9Q) e, = (1-U-Q) - (p1 + k)prer = (1 =T - Q) - (p1 + A) - prcy,
where the last step holds due to . In virtue of the second relation in , we further obtain
=1+ A)-prek —U-Q-(p1 +A) - preg = (p1 + A) - preg — U - [0+ (p1—A)- Q] - prcs.
With the help of , this can be written as
i, = (p1+A) - pre —U-0 - prey — [(p1+A)-U—fJ~o-U} Q- prcr,
which is nothing but since up = (1 —U - Q) - prcy (see (2.7)). O

In the framework, we also need to consider dynamical evolutions of the tau function with respect to these
lattice variables. Below we only list two relations which will be used later.

Proposition 3.4. The tau function obeys evolutions

(311) T =1- UO,—l and z =1- U_170
T

T

with respect to the lattice direction n.
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Proof. Notice that the tau function is defined by . We can calculate that
t=det(1+92-C)=det (1+2-A-C-(-A)7!) =det (1+(0-"'A-Q)-C-(-'A)7}),
where the last equation holds because of . We can then further reformulate this equation as
%:det(1+Q-CftA*1'O~C) :det(lJrQ«C)det(l7(1+Q~C)*1~tA*1‘O'C)
=7[1-(C-1+Q-C)7' A o] =7[1 = (U-"A™")go] =7(1 = Up,—1),

where the rank 1 Weinstein—Aronszajn formula is used to evaluate the determinant in terms of a scalar quantity,
see |9). This is exactly the first identity for the tau function. The second one can be derived similarly and we
skip the proof. (I

3.5. Closed-form nonlinear equations and associated linear systems. In order to construct closed-form
equations, we introduce the unmodified variable u, and the modified variables v and w as follows:

u= Uo’o = (U)O’(), v=1-— U()’,l =1- (U . tA_l)O’Q, w=1-— U*LO =1- (A_l . U)o,o.
These variables and the tau function are connected with each other via certain difference transforms. We list

all these relations in the proposition below.

Proposition 3.5. The unmodified variable u and the modified variable v are related via the following discrete
Miura transform:

S |

- v -
(3.12a) p1+1lfu:p15, l+p1(u—a)=

The bilinear transforms between the nonlinear variables u, v and the bilinear variable T are given by

(3.12b) p1+a7ﬂ:plz, 1+p_1(u711):7‘—7— and U:I,
T T T

respectively. The two modified variables v and w satisfy a simple relation w = 1/v.

Proof. Recalling (3.11)) and the definitions of v and w, we can easily observe that v = 7/7 and w = 7/7, which
are the bilinear transforms for the two modified variables, leading to the relation vw = 1 immediatelyﬂ ie.

w = 1/v. Taking the (0, —1)-entry of and (3.9¢), respectively, we obtain
pi(v—0)=U1+a and Ui _1+av=0.
Subtracting the two relations and eliminating U; _; gives rise to the first half in the Miura transform .
Next, we take the (0,0)-entry of , which results in
(3.13) 14+p_1(u—1u)=dw.
This is exactly the second half of the Miura transform once the variable w is replaced by 1/v. The bilinear

transform between u and 7 can then be derived by substituting v in the Miura transform (3.12a)) with the tau
function via v = 7/7. O

With the help of these transforms, we are able to construct closed-form linear systems based on the eigen-

function ¢ = (ug)g = uéo).

Theorem 3.6. In the class of the discrete-time 2DTL of A -type, we have the following linear systems:

(3.14a) F=ti-@)pt+d=m b to=p b+ o
v TT

< . 0 TF
(3.14b) ¢p=pag+[l+pa(u—1u)p=p_1¢+ E¢ =p_16+ ;fﬁ
which are the Lax pairs for their corresponding nonlinear integrable lattice equations of u, v and T.

Proof. We only prove the linear equations involving the unmodified variable u. The other equalities are natural
consequences of this under the difference transforms given in (3.12al) and (3.12b]). The relation (3.10d) can be
expressed by

Au,=1,+U-0O-uy, or alternatively A~1l.uy; = uy, — At -U-0-uy,

'Such an identity can alternatively be derived from the infinite matrix relation (3.99) by taking the (—1, —1)-entry, cf. [23]. Here
we can observe that this relation is a consequence of a trivial identity based on the tau function.
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which helps us to eliminate A - u; and A=! - uy in (3.10a) and (3.10D)), respectively, and obtain the following
relations involving only ug:

ﬁk:(p1+U0—[~]O)uk+uk,
,=p u,+(1-U-"A71.0)-1-A""-U-0) u,

The Oth-component of the first equation immediately gives rise to the “tilde” equation, i.e. (3.14a)). For the
“check” equation in (|3.14b]), we consider the Oth-component of the second equation and obtain

¢ =p_1¢+ dwe,

which then turns out to be the second equation (3.14b|) once vw is replaced by 1+ p_1(u — i), with the help of
the identity (3.13]). O

The compatibility condition of the equations in each Lax pair listed in (3.14)) gives us a 3D nonlinear integrable
difference equation.

Theorem 3.7. The unmodified variable u, the unmodified variable v and the tau function T solve the following
3D integrable discrete equations:

(3.15a) P1+ﬁ*ﬁ:1+p_1(ﬂfﬁ)
' pptu—u 14+p_q(u—a)
(3.15b) pip—1 ( - ) =—=+=,
v w v oD
(3.15¢) pip_1(TT — 7F) = 77 — 77,

which we refer to as the unmodified, modified and bilinear discrete-time 2DTL equations of A -type, respectively.
The direct linearising solutions for these equations are governed by (2.6) and (2.9)), respectively. The (N, N')-
soliton solutions are given in theorem[3.1]

Proof. Equations ([3.15al) and (3.15b)) follow from the u and v parts of the linear equations (3.14al) and (3.14b)).

The compatibility condition ¢ = ¢ in terms of 7 gives a quartic equation

pip-y (T7EF = FFPT) = T7FF - £7EF,

This is a weak equation defined on 10 points and by discrete integration we obtain the bilinear equation

B-159). 0

Remark 3.8. Making use of the transform v = 1/w, we can derive another modified equation expressed by w
which is dual to (3.15b), c¢f. (3.11), and its Lax pair can be obtained from under the same transform.
These is also a closed-form equation based on the Schwarzian variable z = U_1 _1, which takes a dual form of
the unmodified equation . This is because in the discrete-time 2DTL the effective plane wave factor
depends on k, k' and k=%, k'~ in a covariant way, leading to the fact that u and z are dual to each other.

The bilinear equation ([3.15c|) and the modified equation (3.15b)) were originally given by Date, Jimbo and
Miwa 2| within the framework of transformation groups for soliton equationsﬂ Through a point transformation
u=u—mn1p; —n_1/p_1, the unmodified equation (3.15a)) can be written as

(w0 —w)

(u— )i -

)

which appeared very recently in (after a recombination of all the discrete shifts). The parametrisation in
(3.15al), however, describes its solution structure in a more natural way and allows to consider its continuum
limit. Furthermore, by a transform v = exp ¢ we obtain from ([3.15b))

(3.16) p1p-1 (exp(¢ — @) — exp(@ — ¢)) = —exp(¢ — ¢) + exp(p — §),
which is the discrete analogue of (1.1).

2A two-component extension of this modified equation was given in .
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3.6. Continuum limits. We set up the continuum limit scheme for the discrete-time 2DTL of A,-type. The
continuous independent variables are introduced as follows:
nq n_1
rn=— Ta1=_—5 MN1,N-1—>0, p1,p-1 > X.
P p-1
To respect the tradition, we mark the discrete variable n explicitly as a suffix in the corresponding variables.
The continuum limit scheme results in the maps between the discrete and continuous spaces, namely for f =

fnl,n_l,n = fn(xlvx—l) we have

f=fal@i+1/pr,a1), f=faler,oo1+1/po1),  f= fosi(a,20).

as well as

f=Ffaler—1/pr,21), f=falz, o0 —1/po1),  f= facr(zr,2-0).

where f can be any of the variables u, v and 7.
In the continuum limit, the discrete bilinear equation (3.15¢) turns out to be
1
§D1D717—n *Tp = 7—3 — Tn+1Tn—1,
where D; and D_; are Hirota’s bilinear operatorsﬂ with respect to x1 and x_;. This is the bilinear 2DTL, see
e.g. [2]13]. Similarly we also have the continuum limits of the unmodified and modified equations as follows:

Un+41 Un
+

O In(1 —0_qup) = tpy1 — 2up + up—1, 010_1lnv, =— .
Un, Un—1

These equations are different nonlinear forms of the 2DTL 7 as we can still see the characteristic of the
Cartan matrix corresponding to A, in both equations. By transform v, = exp y,, the v, equation becomes
(L.1), which can alternatively be derived by taking the limit of (3.16). All these potentials are connected with
each other via transforms

Tn+1

Tn+1
and Upp1 — Uy =01 Inv, =01 In ,
Tn, Tn

on =Inv, =In

which are actually the continuum limits of the bilinear transforms (3.12b) and Miura transforms (3.12a)). The
u, equation can also be written in a slightly different form

00-1In(1 — 8,) = Spy1 — 28n + Sp—1
via transform s, = 0_ju,, which is the nonpotential form of the u, equation and was the form considered
in [14].
The Lax pairs of the continuous equations can be recovered from the discrete ones in the same limit scheme.
One can also take the limit only with respect to n; or n_1, from which the semi-discrete equations will arise.

4. DISCRETE-TIME TWO-DIMENSIONAL TODA LATTICES OF Ag )1-TYPE

4.1. Periodic reductions. Performing the r- periodic reduction (for integer r > 2) of the discrete-time 2DTL

of A.-type is equivalent to considering sub-algebra AT 1, see e.g. [16]. In the direct linearisation framework,
such a reduction can be realised by taking the measure

(4.1) AC(k, k') = dN;(k)dK'S(K + wk),
jed
where d\;(k) are the measures only depending on the spectral variable k, and w = exp(2wi/r) and J =

{j]0 < j < r are integers coprime to r}, i.e. w’ are all 7th primitive roots of unity. In other words, a constraint
is imposed on the two spectral parameters, restricting k and &k’ on an algebraic curve k" = (—k’)", cf. [10]. As a
consequence, the linear integral equation associated with a double integral degenerates, and becomes one
with only a single integral, namely

(42) uy + Z/ d)\ kak —wilO—wiU] = PrCk,
JjeJ

3For given differentiable functions f(z) and g(z), Hirota’s bilinear derivative with respect to x is defined by

Dgf-g= (693 - 81/)f(x)g(x/)‘z’:z'
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where I'; are the corresponding contours. Meanwhile, reduction (4.1)) also results in

(4.3) C= Z/ d)\j(k)prere_piro_pi  and U_Z/ d)\j(k)ug'c_ ko _wir,
jeJ jeg’Li

where pp and oy still take their respective forms given in (3.2]), but one now has to keep in mind that the
reduced effective plane wave factors become

(4.4) (AR T (et kT N LY
' PR =ik =\ + wik p-1+ (wik)~1 wi)

Thus, the variables ¢ = (ug)o, u = (U)o, v =1 — (U)p,_1 and 7 = det(1 + © - C) governed by and
(4.3) play the roles of the direct linearising solutions to the corresponding linear and nonlinear equations. For
explicit solitons, we can still take particular measures which bring a finite number of poles as we have done in
subsection [3.:3] We omit the derivation here since the structure of the direct linearising solution is already clear
and the resulting soliton structure is very similar to that for the 3D case in theorem [3:I] The only comment
here is that in this case a block Cauchy matrix structure will arise, cf. e.g. |31], since all the primitive roots
are involved. As the simplest example, one can take k; = —wk; (i.e. we only consider one primitive root) in
theorem This immediately provides us with the soliton solutions of the reduced equations.

4.2. Constraints on the linear and nonlinear variables. The reduction provides not only the reduced
direct linearising solutions, but also the corresponding constraints on the linear, bilinear and nonlinear variables
in the 3D theory, leading to 2D equations. In fact, we can observe from that the plane wave factors obeys
pr(n+1)o_gin(n+71) = pr(n)o_uir(n), since w’ are the rth primitive roots of unity, which implies that the
reduced infinite matrix C given in satisfies C(n + r) = C(n) as its dynamics rely on the effective plane
wave factors pro_,j,. Recalling that the dynamics of the infinite matrix U and the tau function 7 explicitly
depend on C and the dynamics of the wave function uy are determined by U and py, cf. , and 7
we can therefore obtain

Un+r)=Un), 7n+r)=7(n) and ug(n+r)=~k"ug(n).

For future convenience, in the discrete-time 2DTL of Aﬁljl—type, we introduce a suffix n for each variable. For
example, we mark u = up, & = Up4+1 and v = u,—; (and similar for v, 7 and ¢). Taking the corresponding
components or entries for the above relations, we have the constraints for all the variables we need and conclude
them in the following proposition.

Proposition 4.1. The r-periodic reduction results in the following constraints on the nonlinear, bilinear and
linear variables:

(45) Un+r = Unp, Un+r = Un, Tn+r = Tn, ¢n+r = knd’n;
which implies that we only need to consider u;, v;, 7, and ¢; for i =0,1,--- ,r — 1 in the r-periodic reduction.
Furthermore, there are also additional relations arising from the reduction.

Proposition 4.2. The unmodified and modified variables u, and v, obey identities

r—1 r—1 r—1
(4.6) [ +wi—a) =pi, [[0+pawi—a)=1 and [[vi=1,
=0 =0 =0

in the class of the discrete-time 2DTL of Afnl_)l—type.

Proof. These identities are easily proven as they all follow from (3.12b)) and proposition For instance,

r—1
Tsz+1 TOT’I" r Ti+1
+ Uip1 — =pl— = and Uy = =—=1
7;1;[0(171 i+1 pl 1;[ Tz+l7—z 7_ 7_0 b1 H n 11_[0 - )
where 7,, = 79 is used in the last step in each equation. The second identity is proven similarly. O

The identities in proposition were also given in [8] and were referred to as discrete first integrals. Here
we can see that they are consequences of the periodicity of the tau function in the reduction.
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4.3. Reduced bilinear and nonlinear equations. We can now construct the bilinear and nonlinear equations
in the class of the discrete-time 2DTL of Agl_)l—t‘ype7 with the help of the constraints generated by the periodic
reduction.

We first consider the bilinear equation, which is derived from (3.15¢). By selecting n = 0,1,---,7 — 1 and
making use of 7,1, = 7,, we obtain a coupled system of bilinear discrete equations

(47&) plp—l(TO;O*%O%O) :T07:'077V'17~'r_1,
(47b) plpfl(Tn%n - ’7~—n7v—n) = Tn;—n - Tnt1Tn—1, n=12,--- 1r—2,
(4.7¢) P1p—1(Tr—1Tr1 — Frm1Fr—1) = Tr—1Tr—1 — ToTr—2,

which we refer to as the bilinear discrete-time 2DTL of Afi)l—type.

Similarly, the unmodified discrete-time 2DTL of Agljl—type is derived from (3.15al) with the help of w, 4, = up,
and also takes a coupled system form

pr+in —ty 14 p_1(lg — to)

4.8a - - - )
(4.82) p1+uo—Ur—1 1+ p_y(uo— o)
vn - :n 1 — ~n - :n
(4.8b) Pty — i LEpoalln Z0n) gy
P1 + Up — Unp—-1 1 +p—1(un - un)
(4.8¢) prtto—tr—1  14p_i(lr1 —Ur_1)

L+t — o 1+p_i(up—g — 1)

This system should also be referred to as the negative ﬂowﬂ of the rth member in the discrete unmodified
GD hierarchy. Although the variable u obeys an additional identity (see proposition , in this case it
seems not possible to eliminate one dependent variable in and express the coupled system by r — 1
components. However, for the positive flow of a member in the discrete GD hierarchy, one can reduce the
number of components by one, making use of such an identity, see [8].

The modified discrete-time 2DTL of Agl_)l—type can be written as the following coupled system of discrete
equations:

U 0 ] U
(49&) P1P—1 £ — j = _71 + = 0 ,
T o vy Up—1
(49b) pP1ip-1 <V7L_n):_n+1+~n ) n:1,2,~~~,r—2,
n Un Un Un—1
Vpo1 Do Y Uy
(4.9¢) bip-1 <Vr - - Tl) =+ 1=,
Ur—1 Ur—1 Ur—1 Ur—2

which can also be referred to as the negative flow of the rth member in the discrete modified GD hierarchy. In
this case, it is possible to eliminate one of the components with the help of proposition Without loss of
generality, we can replace v,._1 by vg, -+ ,v,._o according to v,_; =1/ H::_OQ v;. Thus, the modified system can

also be written as

p4 ~ - r—2
Vo Vo U1 4 ~

pip—1|——— | =—"+7v Vs,
Vo

) ) ) )
plp—1<’f)nn)n+l+~n , n=1,2--,1r—3,

n Un Un Un—1
f)r—Z 'lN)T—Q o 1 'ﬁr—Q
pbipP-1 | = - - = r—2 . + = )
Ur—2 Ur—2 Vr—2 Hi:O V; Ur—3

The transform v, = exp ¢,, gives us the exponential form of the discrete-time 2DTL of Agljl—type.

4 Compare ([.4) with the effective plane wave factor

= (Y (k)
PRO—wik p1+wik P2 +wik

for the discrete GD hierarchy, see [24].
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The constraints (4.5) simultaneously bring us the Miura and bilinear transforms

~ ’Dn Tn%n+1 ~ 777‘71 7-r717~-0
(4.10a) D1+ Untl —Up =P1— =P1——=, P1TU —U-_1=D1 =pP1——=
Un Tn+1Tn Ur—1 T0Tr—1

forn=0,1,--- ,r—2, and

y 0o Tr—1T1
L+ p_1(up — 1) = = —,
Up_1 ToTo
- ’Dn TnflfnJrl
(4.10b) 1+p_1(up —t,) = = —
Un—1 TnTn
Op—1 Tr—270

14 p_1(tp—1 — Up_1) = = -
Ur—2 Tr—1Tr—1

forn=1,2,--- ,r — 2, which relate (4.8), (4.9) and (4.7) with each other.
The unmodified equation (4.8) and the modified equation (4.9) are new parametrisations of the integrable

lattice equations corresponding to equivalence class [(0,1;r — 1,0)] given in [8], allowing exact solutions and
continuum limits.

4.4. Lax matrices. The Lax pairs for the reduced equations , and can be constructed from
under the constraints given in proposition We only write down the Lax pair for the unmodified
equation in u,, and those for the modified and bilinear equations can be obtained by using the Miura and
bilinear transforms given in .

The “tilde” equation of the Lax pair is a consequence of and the constraints on u,, and ¢, in ,
taking the form of

®o 1+ U1 — U 1 ®o
o1 pr+ug—up 1 o1
(4.11a) | = . | 5
Pr—2 D1+ Up_1 — Up_2 1 Pr—2
Gr—1 k" p1+ Ug — Up_1 Dr—1

This linear equation is also compatible with the positive flows of members in the discrete GD hierarchy, and
it is gauge equivalent to the one given in [24]. The dynamics describing the negative flow is contained in the
“check” part, which follows from (3.14b)) and ¢_1 = k™" ¢,._1 in proposition and is given by

(4.11b)
®o p-1 * ®o
o1 14+p_q(ur — 1) p—q ?1
Or—2 1+ p_1(up—g — tUp_2) p-1 Gr—2
Gr-1 L+p_a(ur—1 —Ur—1) p-1 Gr-1

where x = k7"[1 4+ p_1(ug — @o)]. The compatibility condition of the Lax pair gives rise to the coupled system

(#-8).

An alternative way to construct such a linear problem was discussed within a framework of Zy graded
algebras. In fact, by introducing a gauge transform

Yo 1 bo
(a1 kot ?1
’(/}7‘72 k_(T_g) ¢T*2
wrfl k_(r_l) ¢'r71

the linear equations in (4.11]) become more or less the same as the ones given in [8]. To be more precise, the
“tilde” part becomes exactly the same (up to a translation on the potential variables u,,), and the “check” part
has the same matrix structure but in our case it depends on k~! explicitly.
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4.5. Agl) and Agl): Negative flows of discrete Korteweg—de Vries and Boussinesq. We list two concrete
examples explicitly, namely the discrete-time 2DTLs of Agl)-type and Aél)-type. The A(ll) class is corresponding
to the negative flows of the discrete KdV-type equations, including the discrete sine-Gordon equation which was
discovered and rediscovered in the literature for times. The A;Q) class gives the negative flows of the discrete
Boussinesqg-type equations.

The Agl) class includes the negative flows of the discrete unmodified and modified KdV equations, and the

bilinear discrete-time 2DTL of Agl) as follows:

p1+ﬂ1—60:1+p—1(ﬁ0—ao) p1+ﬂo—ﬁ1:1+p—1(ﬂ1—{11)
prtuo—ur 1+p_i(ug—to) prH+ur—t 1+p_i(ur—a)’

Vo ’l~)0 1 ~ 0z
p1p—1 <v - > =— + Voo,
Vo

) voUg
p1p—1(T0T0 — ToTo) = ToTo — 1171, p1p—1(T1T1 — T171) = 7171 — To70-

The transform vy = exp o then brings us

p1p—1 (exp(@o — @o) — exp(Po — ¥o)) = exp(Po + $o) — exp(—¢o — Po),

which is the discrete analogue of the continuous-time sinh-Gordon equation (i.e. the first equation in (1.3))).
This equation can also be written in another form, namely the discrete sine-Gordon equation

P1P—1 Sin(’ﬂo + ’50 — 'l§0 — 190) = Sin(’ﬁo + ’L§0 + 190 + ’50),

by transform g = 2i)y. One comment here is that the unmodified equation in ug and u; can also be written
in a coupled system composed of the unmodified and modified variables uy and vy, with the help of the Miura
transform py + w1 — @ = p10o/vo.

Now we consider the class of the discrete-time 2DTL of Agl) -type, namely the 3-periodic reduction. The

bilinear discrete-time 2DTL of Agl)—type according to the general framework (4.7) is given by
pip—1(10T0 — ToFo) = 1070 — T1T2, Pip—1(MTL — T1F1) =TT — Fofo,  prp—1(TeTe — Toa) = ToTo — FoT,

which is also the negative flow of the trilinear discrete Boussinesq equation discussed in [10}31].
The unmodified equation in this class is a three-component system involving ug, u; and us, which takes the
form of

p1 + Uy — 1o _ 1+p_1(tp — tig)  p1+ti2 — Uy _ L+poq(dy — ) p1+ i — tie _ 1+ p_1 (g — ti2)
prtuo—tz  1+p_i(ug—to) prH+ur—t 1+p_a(ur—t) prtus—u  1+p_qi(ug—a2)

This equation is also not decoupled and acts as the negative flow of the 9-point discrete unmodified Boussinesq
equation proposed in [24].

The modified equation is also a three-component system of discrete equations, composed of vy, v; and vs,
according to (4.9). In this case, we can make use of the identity vo = 1/(vgv1) (cf. equation (4.6))) and eliminate
the component v5. As a consequence, we have

g g [ R U1 0 1 U1
pip—1|——— ) =——+000v, pp-1|———)|=—""7"777"+—,
Vo Vo Vo U1 U1 VoU1V1 Vo

which is the negative flow of the 9-point discrete modified Boussinesq equation given in [24]. The exponential
form of the discrete-time 2DTL of Agl)—type is derived by the transforms vy = exp ¢y and vy = exp @1, taking

the form of
p1p—1 (exp(Po — @o) — exp(Bo — o)) = exp(Po + Fo + $1) — exp(P1 — @o),
p1p—1 (exp(@1 — ¢1) — exp(@1 — 1)) = exp(P1 — o) — exp(—Po — &1 — ¢1),
which is the Aél)—type analogue of ([3.16)).

The continuum limits of these discrete equations follow the same scheme in subsection leading to the
negative flows in the continuous KdV and Boussinesq hierarchies.
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5. CONCLUDING REMARKS

The direct linearisation scheme was established for the discrete-time 2DTL equations of A..-type and Agljl—
type. For each algebra, a class of nonlinear (including bilinear) equations arise and their integrability is guar-
anteed in the sense of having Lax pairs and direct linearising solutions.

For convenience we mainly focused on equations expressed by the (potential) unmodified variable, the (po-
tential) modified variable, as well as the tau function, because the resulting equations take relatively simple
forms (i.e. scalar octahedron-type equations). There certainly exist alternative nonlinear forms, and sometimes
a nonlinear equation could even take the form of a coupled system, which normally happens in a closed-form
equation expressed by a nonpotential variable, see e.g. [14,/17].

In fact, in the framework there is also another nonpotential form of the discrete-time 2DTL of A..-type.
Introducing nonpotential variables

. . 40 L TF . L v 7
P=pi+u—tu=p —=p — and Q=pi+i—0=p—=p—,
v TT v 7T
we obtain the nonpotential equation taking the form of a coupled system of P and ), namely
(5.1) Q/Q=P/P, Q-Q=P-P,
which follow from the unmodified equation (3.15a)) and the modified equation (3.15b|), respectively. Equation
(5.1) is still a 6-point equation (if we count both components P and @), similar to equations given in theorem
B.7l The Lax pair of this coupled system takes the form of

$=Qo+d, d=p_i(d+P9)

which is derived from by replacing w by the nonpotential variables. Following the idea about deriving
the nonpotential discrete KP equation given in [9], one can eliminate either P or @ in . As a consequence,
a 10-point scalar equation in terms of only @ or P can be expected, which we leave as an exercise. This is not
surprising as we have already seen such a lattice structure in the derivation of the bilinear equation 7 see
the proof of theorem

The solution structure of the discrete-time 2DTL of A, -type is the related to that of the discrete KP
equation, cf. [9]. To be more precise, the nonlinear structure is exactly the same, and the linear structure
(3.3)) is a slight deformation of that in KP and it can be reconstructed from the plane wave factor of the discrete
KP equation in a subtle way. However, such a deformation leads to discrete integrable systems having different
lattice structures (though in this case they are still octahedron-type equations).

The unmodified and modified equations and are corresponding to some new equations equivalence
class [(0,1;7 — 1,0)] in [8]. Thus, we identify that these new equations are the nonlinear equations in the

class of the discrete-time 2DTL of Ailjl—type, which arise as the dimensional reductions of (3.15a) and ([3.15b]).

Equations in other equivalence classes in [8] are actually also associated with the algebra A&)r To put it
another way, these new equations share the same kernel and measure in the direct linearisation, and obey
different (discrete) time evolutions.

The direct linearisation of the discrete-time 2DTLs of other types (such as By, and Cy and their reductions)
will be reported elsewhere. From the author’s experience, the structures of these equations are very different.
This is mainly because of the fractionally linear dependence on the spectral parameters in their dispersions [9].
However, such an issue does not occur in the continuous theory, and various continuous-time 2DTLs of different
types arise very naturally as reductions of the 2DTL of A, -type.
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