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Abstract

The main focus of this work'is the optimization of a thermoacoustic plate stack in a standing-
wave thermoacoustic refrigerator using genetic algorithm. A numerical model of the
thermoacoustic stack and its. iterative solving process are firstly presented. A comparison to
DeltaEC modelling shows that the presented methaffective in predicting the acoustic
field-and the energy flow. Based on the numerical model, the stagkimized in terms of

four and.five variables for both single objective and multiple objectlnethe four-variable
models, the length and position of the stack, the plate spacing and the stack porosity are
investigaed In the five-variable model, the acoustic frequerscgonsidered additionallyn

the single-objective optimization, the objective functiereither the cooling power or the

coefficient of performance of the stack, and the multi-objective model has two objective

* Corresponding author: Yehui Peng, email: pengyehui@hnustredu
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functions, namely, the coefficient of performance of the stack and the cooling power. For the
optimization, genetic algorithm hybridizdyy pattern search and implemented in Matlgb i
adopted. The optimal values of the stack length and the stack position, obtained from the
single-objective optimization, agree with thaeethe published work. The extended multi-
objective models present the Pareto optimal, which provides more design choices depending

on the preference.

Nomenclature

P.p Pressure (Pa) b 3.1415926... (9)

U volumetric flow rate (m3) P Density(kg/nd)

T Temperature (K) w  angular frequency (s-1)

H total power (W) y ratio of specific heat-of gas (-)

E acoustic power (W) o Prandtl number-of gas (-)

COPs coefficient of performance of the stack(-, u Vicosity (kg/m.s)

i imaginary unit (-) 8xy  Thermal,viscous penetration depth
(m)

A Area (n?) & Correction factor for solid heat
capacity (-)

Dr  driving ratio (-) ka”  Spacing of stacker/& ()

Br porosity or blockage ratio of the stack (-) Subscripts

AE Consumed acoustic power. (W) n normalized value

X Position (m) 1 first order acoustic variable

Rel] Real partof (-) 2 Second order acoustic variable

[ ] Magnitude of complex number (-) S stack

A wave length (m) m mean value

rh Hydraulic radius (m) c centre

a speed of soun¢hn's) ref reference parameter

L Length (m) a Ambient end

~ Complex conjugate (-) c Cold end

f Frequency (Hz) gas Aboutgas

fi averaged thermal functions (-)

fy averaged viscous functions (-)

k Thermal conductivity(W/mK)




1. Introduction

Thermoacoustic refrigeration is an important application of thermoacoustic phenomenon,
which is a kind of solid-fluid interaction that can facilitate heat pumping effect in working
fluids. The thermoacoustic theory was not established until 1@8@sseries of workby

Rotﬂ Further insights into thermoacoustic theory were provided bﬂ'ﬂml Swiﬂ

Thermoacoustic refrigerators operatedubsn the fundamental principle where the acoustical
work is usedto pump heat from a low temperature resertoia high‘temperature one. The

first successful thermoacoustic refrigerator was develm}yeldoﬂemin 1986. Since then,

the thermoacoustic cooling technology has been considered a promising altetoative
conventional ones. However, the existing thermoeacoustic systems are generally characterized
by their low performancﬁ which restrict their further developments and commercial

applicatio
Another area of applications of thermoacoustic effect is thermoacoustic engines (or prime

movers), by which thermal energy is converted to acoustic W

Both thermoacoustic engine.and thermoacoustic refrigerator technologies still have many
challenges to overcome for.it to be more widely applied. At the centre of the challenges is an

improved « system _efficiency. There have been many experimental and numerical

investigatior}s®[*!l on-various aspects affecting the system performance at both component

and system levels.

Wetzel and Herman proposed algorithm which serveasan easyto-follow guideline for
the design of thermoacoustic refriger Babaei and Siddiqui developed a similar way to
design thermoacoustically-driven thermoacoustic refrigefatorsPiccolo presented a

simplified computational method based on second law analigisoptimize the

thermoacosutic refrigeraﬁ



Chen et al investigated the performancefatmospheric pressure thermoacoustic cooling

systemby varyingits operating frequency and obtained the optifrequency range’| The

effects of working fluids and operating conditions, including temperature gradistacks,
Prandtl number (Pr), driving ratio (Dr), and mean pressuk, n the performance of

thermoacoustic refrigerators were examined nume ﬁﬂ The effects of the stack

position, length, plate spacing and thickness on the performance of thermoacoustic

refrigerators were also scrutinili'@ﬁrZlJ 124l Zolpakar et al used multi-objective genetic

algorithmto search for the optimum of four variables, which are the length and positeon of

stack, the blockage ratio and the driving patipDeltaEC, the numerical tool developey

Los Alamos National Laboratgris particularly usefulto help users to-design thermoacoustic

apparatusetd achieve desired performance with a good level of accuracy for low-amplitude

120

thermoacoustic systemmsf Computational Fluid Dynamids a potentially very useful toob

investigate thermoacoustic devices-as demon

Optimizationis one of the effective approachesmprove the performance of thermoacoutic

refrigerators. For the thermoacoustic  effects that take piacetacks, most of the

optimization studies were done on the SEE‘FFT’T?’OJ 2] Most of the past experimental

investigations were carried out in limited ranges of parameters and numerical optimization

schemeswvere often constrainetby the discrete variations of parameteyse optimizedo

achieve individual ObjeCtiFTmﬂm] The outcome, therefore, could often be a local

minimum/maximum. In order to find global optimum, various intelligent algorithms,

—

including genetic algorith'| particle swarmmetho machine IearnirEland teaching-

learning-based optimization algorithfh have been applietb optimize the performance of
the stack. Among all these attempts, the objective functions are all evaluated using the short-
stack boundary layer approximation, which can be overly simple for practical design and can

introduce errors to some degree to the optimum parameters. Neverthelesss aitiempeen



made to combine DeltaEC with response surface method (RSMyestigate the effect of
the position and length of stacks on refrigerator perforrﬁc&lbeit itis undeniable that
there would be some error when the objective funcisoapproximatedoy the response

surface.

In this work, we developed a new approach for the modelling and optimization of a simple
thermoacoustic refrigerator (TAR), more specifically, a thermoacoustic stack. We apply
iterative solution to the webknonlinear thermoacoustic mm which better represents

the underlying thermoacoustic effect than the short-stack approximation, and then integrate it
with the optimization process based on genetic algorithm. The coupled numerical scheme is
then used to optimize the parallel-plate stack standing-wave thermoacoustic refrigerator.
The genetic algorithns appliedto simultaneoudy optimize the position of the stagk the
resonator, the stack length, the plate spacing, and the porosity of theastaekl as the
operating frequency, while the cooling power and the coefficient of performance ara chose
to be the objective functions. Heat exchangers are known to significantly contribute to
reduced system performance. Due to their complex interactions with stacks in terms of both
flow and heat transfer, they are.neglected here in order to reduce the total number of

independent variables for optimization.

2. Description of thermoacoustic models

Refq.[1}3]f give "a simplified thermoacoustic model, which have over 18 independent

parameters that could affect the performance of a thermoacoustic system. The number of
independent parametecan be reduced through normalization. Table 1 lists some of the
independent parameters, and also in the table are the reference parameters repyethented
subscript ref. Note that the refecenfrequency may not necessarily be the operating

frequency.



Table 1 Normalization of Parameters

Independent parameters Normalizing parameters

Length and position Lret = Ared 21T, Wherekes is the wave length

Penetration depth Yret = Ih

Pressure amplitude Pret= Pm

Temperature difference Trer= Ta

Area Aref = Gascross-section arest the ambient temperature end
Velocity aret = the speed of sound

Power Wret = Prefref Aref

Frequency ref = BreflLret

After normalization, the thermoacoustics model preseme[d]{[3]|can be expresseds

follows:
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. 1 —
EZ,n = ERe[plnuln] (5)
The consumed acoustic powerthe staclcanbe definedas

AEZ,TI = Ez,n(xcn - OSLSTL) - Ez,n(xcn + OSLS‘I’l) (6)

Then the stack (CORS)jis definedas

COPs = Cooling Power _ |Hopn|—|Ez n(Xcn+0.5Lsp)| 7)

Consumed Power |AE; 5|



With acoustic approximation and assuming standing-wave phasing between pressure and

velocity, the velocity and pressutanbe expressedm

Pin = Dr cos(wpx,), Ui, = —iDTTsin(wnxn). (8)

In the short-stack approximation, the total power and the acoustic power (consumed or

produced)n the stack are expressasifollows={**!

v 1 2 sin(2x¢n) 1+\/_+a_
Hon ~ 8)/6 Dr (1+0)A [ 1+Vo (1 +Vo - 6‘”1)] ©)

sin®(Xcp)Vo (10)

6 nD LsnB

where A = 1 — 8§, /r, + 82/2r?. The normalized temperature gradiEng expressedg'®

_ ATmn
Br(y—1)Lspcot(Xcn)

3. Numerical Method

This section will develop a cougal iterative process that integeathe calculation of acoustic

field and power with an optimization algorithmto optimize the thermoacoustic refrigerator.
3.1 Calculation of Acoustic Field and Power in Stacks

For given stack geometries and working fluids, there are four varigbled/,,, T, and
H,, in the thermoacoustic.equations (1)-(3). Assume the outer walls of the resonator are
adiabatic,so the working median the stack will have no heat exchange with the external
reservoir. Themn the stack we have

% =0 orH,, = const (12)
Equations (1)-(3) and (11) together form a differential system that will be closed under
suitable boundary conditions. Standing-wave phasing is assumed between the pressure and

the velocityin the resonator and the effect of heat exchanger on the acoustic field negligible.

We have the following boundary conditions on the left end of the stack:



P1n(Xen — 0.5Lg,) = Dr cos(wn(xcn — 0.5L5n)), (12)
Uy (xon — 0.5L,) = ;IT?:sin(a)n(xcn —0.5Lg,)). (13)

Additionally, the mean temperature should satisfy the following temperature boundary
conditions
Tmn(xcn - 0-5Lsn) = Tan, (14)

Tun(Xen + 0.5L,) = T,p. (15)
Then the above boundary conditiofi®)-(15) close the system (1)-(3) and (11). However,
this systenis not a standard boundary value problem. Common approaches for differential
systems, suchas Runge-Kutta method, cannot be“used directly. ‘A different efficient
algorithm is needed.

Initializing
Parametel

!

Guess H<0
| D

| 1 I

Solve Initial Problem (1) - Decreasing the Increasing the
(3) with (13) - (15) absolute of b absolute of bk

‘ T YES |
NO
Tmn(Xent 0.5Lsn)=Ten & Trmn(Xen+ 0.5Lsn)>Ten

Ives
End

Fig. 1 Flow charbf calculationof acoustic fieldn standing wave thermoacoustic stacks

SinceH,,, is constantin the stack, the above systeran be treatedas a standard boundary
value problem, which includes equations (1)-(3) and (12)-(14), mixed avitlalgebra

equation (11). Onean iteratively search foH,,, such that the solution® the system of



equations (1)-(3) and (1%2)4) satisfy the boundary conditiqt5). This iteration process
different from the shooting algorithm usedDeltaEC and can be illustrated using the flow

chart given in Fig.1.
3.2 Optimization of stacks

For the design and operation of refrigerators, one may pursue a maximal cooling power for
small scale devices, for instﬁ Therefore,t is intuitive to select cooling poweas the

objective function. The single-objective optimal model hence has-the objective as follows,
Max {Cooling Power}.

From the effectiveness point of view, one expects.the performance of the stack, in terms of
coefficient of performance (COPSs) for instance, t@bkighaspossible. This is particularly

desirable for large scale dev Soone may maximize the COPs, that is,
Max {COPs}

Moreover, one may expect-to-maximize the COPs and the cooling power simultaneously.

Then the following multi-objective optimization can satisfy the goal.
Max {COPs,Cooling Power}.

As we know, COPs and the cooling power are usually conflicting with each other, which can

be seen from Fig. 5 in Ref.[18h both simple- and multi-objective models given above, the

objective functions will be evaluated using the algorithm presente&fection 3.1. In the
investigation of the effects of the stack geometry and the driving condition on the efficiency

and the cooling power, the variables include SlLsn, Br, La = 2m/& = 2dn and operating

frequency @n).

Next, the constraints on the variables need to be determined. Generally, stacks should be

located between a pressure antinode and a pressure node, and the thermoacoussic effect



strong near the pressure antinode. If the sitat¢ko short, the cooling power will be very
smam and the refrigeration could even be lost in the extreme. Furthermore, it has been
shown that the COPs becomes highly sensttvilae stack length whely,, < 0.9, whichis
disadvantageous the practial desigm Therefore the following constrains of the position

and length of stack are being considered.

Lsn Lsn U
Xen —— = 0, xcn+TSE
s
0.09 < Ln <5

It has also been pointed out that the stack should be sephyaeatistance betweets, and
46,1T_;‘|T| Sothe rangef stack spacings setas

1<La<5

As for the porosityjt should not be too small addesn’t exceed 1. From a practical point of
view, the range of porosiig setas

0.5 <Br <0.95
There are few published works sdernhave investigated the effeot operating frequency.
This is partly due to the.fact that the short-stack approximation model, which uses Eqs. (9)-
(20), is not explicitly related to'the operating frequency. To have a compact resonator and a
high power density, a high frequency is often preferred. It also results in possible reduction in
acoustic power dissipation in the stack due to the decrease in the viscous penetration depth,
although-the resulted small stack spacing desirable poses a challenge to the fabrication of the
stack. The small displacement amplitude as a result of a high operating frequency also
increases the difficulty in installing efficient heat exchangers. An operating frequénal (
400 Hz was chosen in the experimental investigation and optimization for standing-wave
refrigerato Wetzel and Herman adopted the operating frequency of 325 Hz for the

TALSR under examinati In this workoref is setas 2nx400 rad/s is chosen to enable a

10



comparison with the results in the literature. To investigate the effect of the operating
frequency, the angular frequency is considered in the interval as follows:

001 <w, <18
4. Validation
4.1 A case study

In orderto validate the method described above samdemonstratets advantage over the
short-stack boundary layer approximation, a comparison is made between this method and
the short-stack boundary layer approximation, as well as-DeltaEC, for the followi ase

Table 2 lists the operation parameters and the properties of the working fluid.

Table 20perating Parameters, Working Fluid Properties and Stack Material

Operation Parameters Working Fluid Properties Stack Material

pm=10bar Helium ks=0.16WMmK

Ta=287.5K a=937.7 m/s 0s=10201kg/m

T=212.5K c=0:68 Br=0.75

Dr=0.02 y=1.67 Ls=0.091302m

f=400Hz k=0.1479W/mK %x=0.0873m
1=1.9369e-Kg/ms Spacing 3.4896e-4 m

When normalized, ks is 0.39697m, and the normalized stack length and the positiornsare L

=0.23 and % = 0.22, respectively. Additionally, the spacibg = 3.0 andon = 1.

Figure 2 shows the results of the non-dimensional H.,, COPs and cooling power
calculated using the short-stack boundary layer approximation, our method and DeltaEC,
respectively. Tie centre of the stacis fixed at 0.22 from the left endf the thermoacoustic

refrigerator.
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Fig.2 The comparisoof this work with DeltaEC and the short-stack approximation shoevsdhations of (a)
Han , (b) Bn and (c) COPs as the stack length changes, and the variations efd@d@Rooling power as a

function of (d) spacingia, (e) porosity andf) operating frequency.

Figures 2(a), 2(b) and 2(c) describe the variations af Etn and COPs, respectively, with

the changing stack length. When the stack lengthjd.very small, the short stack will lead

to a great temperature gradient, when the temperature difference over. the stack remains
constant as in this case. If the normalized temperature gradient exceeds some critical value,
the stack will operate in the engine mode, and heat flow is along the temperature gradient and
net acoustic power is produced. So the valuesaf B, will be positive or zero. Ashis

work focuses on the standing-wave refrigeratos,, lon and COPs are assigned zeéoo
indicate a positive or zero total power flux in (a), a net acoustic power production in (b) and

no cooling power in (c), respectively.

The short-stack boundary layer approximation predicts that vihers 0.134, L, <

0.0941 and Ly, < 0.1473 there are bh = 0, E2n = 0 and COPs = 0, respectively. The
corresponding normalized temperature gradied®/{x) are 0.8707, 1.2399 and 0.7921,
respectively. In comparison, both our method and DeltaEC fiye< 0.1473, L, <

0.1207 and Ly, < 0.1606 for Hon = 0, Bbn = 0 and COPs = 0, respectively, and the
corresponding normalized temperature gradients are 0.7921, 0.9666 and 0.7265, respectively.
This ' means that the short-stack boundary layer approximation pradiGteal temperature
gradient a little greater than that our method and DeltaEC give. Moreover, when the stack
lengthLy, is greater than 0.3, the discrepancies iR B.n and COPs become greater between

the short-stack boundary layer approximation and DeltaEC, and eventually even the trends
are no longer similar. Whek, > 0.31, Hx, from the short-stack boundary layer
approximationis monotonically increasing with the stack lengtihereas the values of2k

from our method and DeltaEC are monotonically decreasing. \Mhen 0.3734, both our

13



method and DetlaEC give zero COPs, while the short-stack boundary layer approximation
provides a non-zero COPs. Furthermore, our method and DetlaEC give a maximum COPs
at L, = 0.2005, but the short-stack boundary layer approximation predicts a maximum

COPsat L, = 0.1872.

Figure 2(d) describes the variation of COPs and cooling power as a function of the stac
spacingLa. All three methods reveal the nonlinear varying trends of COPs and cooling power
with an increasing stack spacing. Our method gives almost the BarmreCOPS. curve as
DeltaeC and a rather similata - cooling-power curve. However, the short-stack
approximation gives results of a greadifference from that of DeltaEhis confirms that

our methodcan correctly predict COPs and cooling power in.the examined range of stack

spacingLa.

Figure 2(e) displays variations of COPs and-cooling power with the porosity. lydbams

the difference between the values .of COPs and cooling power from the short-stack
approximation and those-froDetaEC. It is also clear to see that our method has nearly the
same outputas DeltaEC. The maximal differences between the presented method and
DeltaEC are 0.015#h COPs.and 2.785x10n cooling power, respectively, while using the
short-stack approximation the minimal absolute differences are 0.083480Ps and
3.609x10 in cooling power, respectively. This further demonstrates that the present method

is able to give more accurate output than the short-stack approximation method.

Figure 2(f) depicts the variation of COPs and cooling power with the operating frequency.
Since the short-stack approximation does not consider the effect of operating frequency, a
comparison is only made betwethie present method and DeltaEC, which shows almost the
same results of COPs and cooling power from both our model and DeltaEC. The maximum

discrepancys 0.07136 in COPs occurrirag alow frequency ofon = 0.25 and the maximum

14



discrepancy in cooling powés 2.981x10 at a high frequency ofon = 1.25. In addition, it is
clearly evident that, the frequency presents completely different effects on COPs argl coolin
powerin that the COPs reachiés maximumat low frequencies and the cooling power has a
maximum at high frequencies. Therefor#his figure once more confirms that the present

method has similar cgability to DeltaEC of providing the output required.

4.2 Acoustic field and temperaturedistribution in a stack

Figure 3 gives the distributisrof pi, UinandTmn in the stack, calculated using the presented
method and DeltaEC under the operation conditions listedin Table 2. It is clear to see that the
two methods give nearly samenpUin and Tmn distributions. The. maximum difference
between the values ofipUinandTmn given by the presented method and DeltaEC is less

than 4%, which occunt® Re[Uiq] at the right end of the stack.

0.02 -

—0—This Work |
—8— DeltaEC

—0— This Work |
—&— DeltaEC

0.0195 -

0.019 -

Refp,

0.0185 |

0.018 - = L i L J . i 4 4
0.15 0.2 0.25 0.3 0.15 0.2 0.25 0.3

(a) Distributionof Re[piq] in the stack (b) Distributionof Im[p1s] in the stack
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It can be concluded that the presented meihatbre accur than the short-stack boundary
layer approximation for the case under investigation, argdcibmparable to DeltaEC in the
ability to predict the acoustic fielah the stack. It can also be seen that the parameters such as
the stack position, the stack length, the plate spacing, the stack porosity and the operating
frequency can affect COPs and cooling power. In the following section, we investigate their

effects in details, by incorporating the presented iterative method into optimization process.
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5. Optimization Results and Discussion

As can be seen, the objective functions are lhigionlinear and they do not have analytic
solutions. Also the evaluation of objective functiaman iterative numerical process, gas
unfeasibleto use high-order algorithms, suds the Newton Methodjio optimize the
thermoacoustic system. As mentioned earlier in Section 1, several artificial intelligence
algorithms were able to realize global optimization, with only the evaluation of objective
function necessary. Among these algongh the genetic algorithm has been successfully

utilized in the area of thermoacoustic optimiz which. showsits attractive

capability.

In this work, due to the high probability to find the global -maxima, the strong robustness and
the lack of need for explicit formula for the objective function, we chose to apply the genetic
algorithm in Matl to optimize thermoacoustic stacks. The main parameters of the genetic
algorithm are listedn Table 3, and other parameters are set as defawMatlab. The
optimization was carried out on a desktop PC equipped with two Intel db6¢6500
processors (3.20GHz and 3.19GHz).and 4GB of RAM and Window 10 OS. The mperati
conditions are the sames thosein Table 2, except the design variables, including stack
position x.,, stack lengtt., , plate spacind.a, porosityBr and operation frequenay,.

Parallel-plate stacks are considered in this work.

Table 3 Parameterd Genetic Algorithm

Parameter Value

Population size 50

Generation 800

Crossover Fraction 0.8

Elite count 0.05*Population Size

TolCon 1.0e-8

17



In the four-variable model, the stack length, centre position, porosity and spacing are
included. In the five-variable model, the operating frequency is also included, in order to

investigate the effect of operating frequency on the COPs and cooling power.

5.1 Results of Single-Objective Models

Because of the randomness of the genetic algorithm, the genetic algorithm fundiattab

is called 30 times continuously to find the best solution to single-objective models. Results
were obtained of both single-objective models, namely the model maximizing cooling power
and the model maximizing the coefficient of performance-of the stack. For convenience, the
models maximizing cooling power and COPs are referred as MMCP and MMCOP hereatfter,

respectively.

5.1.1 Resultsfrom Model Maximizing Coaling Power (MM CP)

After 6188s and 6802s, we obtain the output of four- and five-variable models, respectively.

The output of four-variable-model shows tha third call of the genetic algorithm for the
four-variable model gives the highest normalized cooling power of 2.127e-06, when the stack
lengthLg,, = 0.248, the stack spaciig = 2.923, the stack positiar., =0.253, and the
porosity Br.= 0.943 (the shaded row)h@& corresponding COPis 0.557. Under the same
conditions, DeltaEC predicsnormalized cooling power of 2.416e-6 aaCOPs of 0.573.
These values are close to those obtained by Zolpakar Eral/vhere the best normalized
cooling power was predicted to be 1.6e-6, when the stack lépgth 0.24 and the stack
position x.,, = 0.22 under the condition affixed stack spacinga = 3 anda porosityBr =

0.75. Between our results and those from Zolpakarﬁahe differences in the stack length

and the stack position are about 3% and 15%, respectiviedyshiort-stack approximation

was used by Zolpakar et@ which is suspected to be the caus¢hefdifference. The high
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porosity obtained using our method is caused by the omission for simplification of heat

transfer process in the solid. In practice, the porosity of stacks will be much lower.

The result of five-variable model informs that the maximum normalized cooling power can
be obtained is 2.233e-06, slightly higher than that obtained from four-variable single-
objective MMCP model, when the operating frequency is additionally examined in the
single-objective optimization. The stack length, the stack spacing, the stack position, the
porosity and the operating frequency age-1.561,La = 2.907, ¥ =1.310,Br =0.601 and

on = 0.156, respectively. There is also COPs = 0.594, also slightly higher than obtained from
four-variable single-objective MMCP model. Under the same condiaitaEC givesa
normalized cooling power of 2.297e-6 aadCOPs of 0.606. The optimal dimensional
frequencyis 62.4Hz (0.156 x 400). This different frequency from the reference value of 400

Hz is the result of a local optimum of the performance-of the stack alone when the frequency

is subject to vary. In comparison, the design in Ref.|[18] started from a choice of a high

frequency for the benefit ahigh power density and possibly a compact acoustic resonator.
Extending the results above, we think it is important to optimize, if possible, the operating

frequency when the whole refrigerator is being considered.

At first sight, the results of four-variable model and those of five-variable model are different.
If one examines the length and the position of stacks in relation to the wavelength specific to
individual cases, it can be seen they are indeed similar to each other. Before atrikiag

point, we first consider the relative length and positionthe wavelength defineakfollows

Ls _ Ls Arer 4 Xe _ _Xc rep
A2 Lye A SR A/2m Lyep A

Here we use the fact that the acoustic velodgyindependent of frequencgp A,..r/A =

w/wyef = wy. In the four-variable modeb,, = 1. Thus we have
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Xc

Lg _ _
(5 /Zn)(opt/” = (Lon@n)(opta) = 0248329, (5 e

) = (Xen®n)(opeay = 0.253137,
(opt4)

Xc

Lg _ _
(T57) gy = Lmondiams) = 0243686, (722

) = (XenWn) (opt,5) = 0.204496.
(opt,5)

The notation(a) ;) denotes thait is the optimal value of a parameteof the i-variable

model. It is shown above that the optimal stack length and position rdiatitie specific

wavelength of the two models are nearly same.

To summarise, the optimal values of the stack length and the stack position, the stack spacing

and the porosity are about 0.24, 0.21, 2.9 and 0.61, respectively, obtained using the model

maximizing cooling power. These optimal results agree with those seen i||\ Reffs. [18], [23]

and [26].

5.1.2 Results of Models Maximizing COPs (MM COP)
It took 37107 seconds and 50349 seconds, respectively, to obtain the outputs of four- and

five-variables MMCOP.

The optimal stack length, position, spacing and porosity for four variable MMCOP are 0.109,
0.143, 3.17 and.0.950, respectively. Moreover, the optimal values for five-variable MMCOP
are 1.083,1.571, 2.076, 0.950 and 0.024, respectively, where the value 0.024 is the optimal

frequency.

Comparing the results of four- and five-variable MMCOP, one will find that the driving
frequency affects the COPs greatly, similar to what we can observe in Section 5.1.1. The
output of four-variable MMCOP informs that the maximum COPs is only 1.030 when the
driving frequency is set as 400Hz. When the driving frequency Hz9(&,= 0.024), a

greater COPs at 1.656 can be obtained.
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The optimal values clearly show that MMCP and MMCOP give different outputs. This
matches with our expectation that the objectives of maximum cooling power and maximum

COPs are usually in conflict with one another. Similar conclusion can also be seen in Ref.

[35]

The optimal normalized stack lengthy() obtained fromMMCP is greater than that from
MMCORP in both four- and five-variable cases. This is due to the different behaviour in the
change of the enthalpy and work fluxes following the change of-stack feftjtihe work

flux tends to increase proportionally with the stack length due to the linear relationship
between the viscous loss and the total surface area. Whereas, the enthalpy flux contributing to
the cooling power increases firstly quickly, and. the increase becomes less until the stack
length reaches a critical value when the ‘cooling power diminishés a result, the
maximum COPs normally appears with a snmadiack length, and the maximum cooling

power requires a slightly longer stack.

For four-variable MMCP-“and MMCOP, the optimal porosiBr)(are 0.943 and 0.950
respectively. And the optim&r for five-variable MMCP and MMCOP are 0.601 and 0,950
respectively. It seems that MMCOP gets its maximum at the mamalb matter what the
frequencyis. With the four-variable MMCP, i.e. the working frequency is fixed at 400 Hz,
the optimal porosity has a high value of 0.943. When the frequency can be lowered, the
optimal. porosity can be significantly reduced (to 0.601), which is more realistic from a
practical point of view. The different requirement foe stack length and the stack position,

the porosity and the spacing to achieve maximum cooling power and COPs can be more
clearly seen using multi-objective optimization in the following section, for both a fixed

frequency and a varied one.
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5.2 Results of Multi-Objective M odéel

The multi-objective genetic algorithm functiom Matlabis called 10 times continuousiyt |

took 7924s and 9513s to reach the Pareto solution set for the four- and five-variable multi-
objective models, respectively. As mentioned earlier, the two objectives, namely COPs and
cooling power, are in conflict with one another. As a result, the multi-objective optimization
gives Pareto optimal. The Pareto solution sets of four- and five-variable models are shown in
Fig.4. Comparing results of multi-objective model with those of single-objective model, we
can find thatthe maximum cooling powers in the Pareto solution sets is nearly theasame
the optimal solutions obtained from the corresponding single-objective models. This indicates

the consistence of our model in providing promising optimized results.

22— T T ™ T T T T ™ 2.5 — —

——— Cooling Power| ——— Cooling Power |

1.6

Cooling Power
Cooling Power

14
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06 065 0.7 075 08 085 09 095 1 0.6 0.8 1 1.2 14 1.6
COPs COPs

(a) Four-Variable Multi-Objective Model (b) Five-Variable Multi-Objective Model

Fig. 4 Pareto frontf cooling power versus COPs from the multi-objective model

As shown’ by Fig.4, the quadrant has been divided into two regions by the solid line
representing the Pareto front. In theory, one can achieve a design of the thermoacoustic stack
as long as the desirable cooling power and COPs is to the left-bottom of the Pareto front
indicated by the solid curves. The Pareto optimal represents the maximum cooling power

achievable for a given COPs or the best COPs at certain cooling poweltlsvelident that
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the multi-objective modetan provide more design choices. Aan also be seen from the
difference between Figs. 4a and 4b that, the operating frequency has significardgretfect

COPs and cooling powén that both the maxioom COPs and cooling power from the five-
variable model are greater than those from the four-variable model. It is also interesting to see
from Fig. 4 that the Pareto fronts appear to have two asymptotes which may represent the
maximal cooling power and COPs respectively, even though the exact values of the

asymptotes are not directly confirmed from the ten solution sets.

6. Conclusions

This work presents an iterative algorithm for the determination of the acoustic field and heat
flow in a stack in standing-wave thermoacoustic refrigerators. The method provides the
possibility to be integrated with an optimization algorithm to look for an optimal

configuration of stacks in thermoacoustic refrigerators:

By imbedding our method of solving the nonlinear thermoacoustic equationa getaetic
algorithm, the integrated”models are numerically solved using the genetic algarithm
Matlab. The results*show that the single-objective four- and five-variable models give
optimal parameters consistent with thasgublished works. With single-objective MMCP,

the optimum stack length and position, relativéhe specific wavelength, are about 0.24 and
0.21, respectively, according to the five-variable model. The optimal stack spacing, porosity
and frequency are about 2.9, 0.6 and 62Hz, respectively. Additionally, a lower optimal
frequency has been predictadthis work, which considers the stack only. In comparison,
with the five-variable single-objective MMCOP, the optimal relative stack length and the
stack position, the stack spacing, porosity and frequency are 0.038, 0.026, 2.076, 0.950 and

9.8Hz. The multi-objective models successfully identify the Pareto fronts which represent the
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limit of cooling power for any given values of COPs and the maximum COPs at certain

cooling power level. Clearlyhe multi-objective models provide more design possibilities.
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