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Abstract

The Averaged Null Energy Condition (ANEC) states that the integral along a complete null
geodesic of the projection of the stress-energy tensor onto the tangent vector to the geodesic
cannot be negative. ANEC can be used to rule out spacetimes with exotic phenomena, such as
closed timelike curves, superluminal travel and wormholes. We prove that ANEC is obeyed by a
minimally-coupled, free quantum scalar field on any achronal null geodesic (not two points can
be connected with a timelike curve) surrounded by a tubular neighborhood whose curvature is
produced by a classical source. To prove ANEC we use a null-projected quantum inequality,
which provides constraints on how negative the weighted average of the renormalized stress-
energy tensor of a quantum field can be. Starting with a general result of Fewster and Smith,
we first derive a timelike projected quantum inequality for a minimally-coupled scalar field on
flat spacetime with a background potential. Using that result we proceed to find the bound of
a quantum inequality on a geodesic in a spacetime with small curvature, working to first order
in the Ricci tensor and its derivatives. The last step is to derive a bound for the null-projected
quantum inequality on a general timelike path. Finally we use that result to prove achronal
ANEC in spacetimes with small curvature.
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Chapter 1

Introduction

In the context of General Relativity, it is always possible to invent a spacetime with exotic
features, such as wormholes, superluminal travel, or the construction of time machines, and
then determine what stress-energy tensor is necessary to support the given spacetime according
to Einstein’s Equations (units: A=c=1)

Gab = 87TTab- (11)

However, in quantum field theory, there are restrictions on T,, that could rule out exotic
spacetimes. Two examples of these are quantum inequalities and energy conditions.

Quantum inequalities (also called Quantum Energy Inequalities) are bounds on the weighted
time averages of the stress-energy tensor. They were first introduced by Ford [17] to prevent
the violation of the second law of thermodynamics. The general form of a quantum inequality
is

/OO dr f() T (w(t))VV® > —B, (1.2)

where w(t) is a timelike path parameterized by proper time ¢ with tangent vector V', and f
is a sampling function. The quantity B is a bound, depending on the function f, the path w
and the quantum field of interest.

Since then, they have been derived for a wide range of spacetimes, fields, and weighting
functions. We concentrate here on quantum inequalities for minimally coupled scalar fields in
curved spacetime. However, quantum inequalities for interacting fields have been derived in
141 dimensions [10, 4]. For systems with boundaries, there are difference quantum inequalities
[18, 8], in which Tp, in Eq. (1.2) is replaced by the difference between T, in some state of
interest and T, in a reference state. The bound B may also then depend on the reference
state. However, such difference inequalities cannot be used to rule out exotic spacetimes, at
least in the case where the exotic matter that supports the spacetime comes from the vacuum
state in the presence of the boundaries.

Pointwise energy conditions bound the stress-energy tensor at individual spacetime points.
One example is the Null Energy Condition (NEC) which requires that the null contracted
stress-energy tensor cannot be negative,

Tl 0? >0, (1.3)

for £* a null vector. Classically, pointwise energy conditions seem reasonable, but in the
quantum context they are violated. Quantum field theory allows arbitrary negative energy



densities at individual points, a well known example being the Casimir effect. Even in the
simple case of a minimally coupled free scalar field, all known pointwise energy conditions fail
and even local averages must admit negative expectation values [7].

On the other hand, averaged energy conditions bound the stress-energy tensor integrated
along a complete geodesic; they are weaker and have been proven to hold in a variety of
spacetimes. One example is the Averaged Null Energy Condition (ANEC) which bounds the
null-projected stress-energy tensor integrated along a null geodesic ~

/ Tl 0°dX > 0. (1.4)
.,

To rule out exotic spacetimes such as those with wormholes and closed timelike curves, we
would like to prove energy conditions that restrict the stress-energy tensor that might arise
from quantum fields and show that the stress-energy necessary to support these spacetimes
is impossible. We need a condition which is strong enough to rule out exotic cases, while
simultaneously weak enough to be proven correct.

The best possibility for such a condition seems to be the achronal ANEC [21], which requires
that v of Eq. (1.4) is a complete achronal null geodesic i.e., no two points of y can be connected
by a timelike curve. That is to say, we require that the projection of the stress-energy tensor
along a null geodesic integrate to a non-negative value, but only for geodesics that are achronal.
As far as we know, there is no example of achronal ANEC violation in spacetimes satisfying
Einstein’s equations with classical matter or free quantum fields as sources.! Achronal ANEC
is sufficient to rule out many exotic spacetimes [21].

It has been proven that ANEC holds in Minkowski space and Ref. [11] showed that it also
holds for geodesics traveling through empty, flat space, even if elsewhere in the spacetime there
are boundaries or spacetime curvature, providing that these stay some minimum distance from
the geodesic and do not affect the causal structure of the spacetime near the geodesic. This
proof made use of quantum inequalities for null contractions of the stress tensor averaged over
timelike geodesics [14].

This work however, does not really addresses the possibility of exotic spacetimes. The
quantum inequalities on which it depends apply only in flat spacetime, so they cannot be used
to rule out spacetimes with exotic curvature. For that, we need limits on the stress-energy
tensor in curved spacetimes, the work presented here.

This thesis presents a complete proof of achronal ANEC for minimally coupled scalar fields
in spacetimes with curvature in a classical background that obeys NEC, using a null projected
quantum inequality. In the first chapter we present a general quantum inequality derived by
Fewster and Smith [15] that we use in later chapters to derive a bound. In the second chapter
we derive the bound for flat spacetime with a background potential [25], a case similar to the
curved spacetime one. In chapter three we present the timelike projected quantum inequality
in curved spacetime [26] and discuss the importance of this result. In chapter four we use
that result to derive a null projected quantum inequality, which we proceed to use to prove
achronal ANEC [23]. Finally, in the Appendix we present a new class of coordinates, called
multi-step Fermi coordinates and use them to write the connection and the metric in terms of
the curvature [24], results we use throughout this work.

We use the sign convention (—, —, —) in the classification of Misner, Thorne and Wheeler
[28]. Indices a,b,c,... denote all spacetime coordinates while 4, j, k... denote only spatial

IExcept for the case of non-minimally coupled quantum scalar fields.
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coordinates. We denote normal derivatives with comma and covariant derivatives with semi-
colon.



Chapter 2

Absolute quantum energy inequality

In this chapter we present a general quantum inequality derived by Fewster and Smith [15],
result which we are going to use throughout the thesis. First we consider a minimally-coupled
scalar field with the usual classical stress-energy tensor,

1 1
Tab = Va(bqu) — §gabngVC<I>Vd<I> —+ §gab,uz . (21)

where 1 is the mass. Following Ref. [15], we define the renormalized stress-energy tensor
(157 = lim T (@) (') — H(w,2')) = Qg + Cap (2:2)

The quantities appear in Eq. (2.2) will be defined below. T;f,ht is the point-split energy density
operator,

. , 1
T;g’ht = va ® Vb’ - gab’QCd Vc ® vd’ + §gab’,u2 . (23)

The point-split energy density operator acts on the difference between the two-point function
and the Hadamard series,

H(na') = —5|— M)

o= [m + gvj(x,x')ai(x,x') In ( g
+ Zzwj(x, )0 (x, x')] : (2.4)

where o is the squared invariant length of the geodesic between x and 2/, negative for timelike
separation. In flat space

o(z,2) = —nw(z — ) (z — 2')°. (2.5)
By F (o), for some function F'; we mean the distributional limit
F(oy) = lim F(o), (2.6)
e—07t
where
o (z,2') = o(x, ') + 2ie(t(x) — t(2))) + €. (2.7)

In some parts of the calculation it is possible to assume that the points have only timelike

separation, so we define
T=t—1t (2.8)



and write

Floy)=F(ro) = lin% F(r.), (2.9)
where
Te =T — €. (2.10)

We have introduced a length [ so that the argument of the logarithm in Eq. (2.4) is dimension-
less. The possibility of changing this scale creates an ambiguity in the definition of H, but this
ambiguity for curved spacetime can be absorbed into the ambiguity involving local curvature
terms discussed below. The ambiguity in the case of a field in flat spacetime with background
potential is discussed in Ch. 3. For simplicity of notation, we will assume we are working in
units where [ = 1.

The function A is the Van Vleck-Morette determinant bi-scalar, given by

 det(V, ® Vyo(z,2')/2)
V=y(@)y/=g=)

The Hadamard coefficients are given by the Hadamard recursion relations, which are the
solutions to

Az, 2") = (2.11)

(O+ p?)H(z,2") = 0. (2.12)
The recursion relations for the minimally coupled field in a curved background are [15]
(O + p2)AY? 4 200,06 + 4y + vo00 = 0, (2.13)
(O 4 p*)v; +2(5 + Dvje1.00* — 455 + Dvjs + (G + 1)vj00 =0, (2.14)
2wy 40" + w100 + 201 0 — 4v1 + 1100 =0, (2.15)

(O + 1*)wj +2(j + Dwj41,00" — 45 (j + Dwj1 + (j + Vw100
+2'Uj+17a0"a — 4(2] + 1)Uj+1 + Uj+1|:|0' =0. (216)

All the vj, and the w; for j > 1 are determined by the differential equations discussed above,
but wy is undetermined. Here we will follow Wald [40] and choose wy = 0.
From Ref. [15] we have the definition

Ao, 2) = % (H(z,2') + H(z',2) + B, 2)] (2.17)

where £ is the antisymmetric part of the two-point function. We can write H;(x,2’), j =
—1,0,1,.. ., to denote the term in H involving ¢/ (with or without In (o)), and Hy;y to denote
the sum of all terms up through H; . We will split up E(z,z’) into terms labeled E; that are
proportional to o7, define a “remainder term”

J
Rj=E- ) E, (2.18)
k=—1
and let
. 1
Hj(z,2') = 3 [Hj(z,2') + H;(2', x) + iEj(x, 2"))] (2.19a)
~ ’ 1 / - /
H(j)(xvx ) = 5 [H(j)(xvx/) + H(j)(x 755) + ZE(x,SL’ ))} . (2'19b)

10



The term () in Eq. (2.2) is the one introduced by Wald to preserve the conservation of the
stress-energy tensor. Wald [38] calculated this term in the coincidence limit,

1

Q=153

wi (2, ) . (2.20)

The term Cy, handles the ambiguities in the definition of the stress-energy tensor 7' in
curved spacetime. We will adopt the axiomatic definition given by Wald [40], but there remains
the ambiguity of adding local curvature terms with arbitrary coefficients. From Ref. [3] we
find that these terms include

gabR2

WH, = / V—gR*d't = 2R, — 2gOR — +2RR,  (2.21a)

0
V=909

) g bDR
(2)H = - _ ab — ) _ D _ a
ab \/—_959“1’ / V QR Rab R,ab Rab 9
cd
—M 2R R, (2.21b)

Thus in Eq. (2.23) we must include a term given by a linear combination of Eqs. (2.21a) and
(2.21b) to first order in R,
Cop = aVH,, + b0 PH,, (2.22)

where a and b are undetermined constants.!

A spacetime is globally hyperbolic when it contains a Cauchy surface, a subset of spacetime
which is intersected by every causal curve exactly once. Global hyperbolicity requires the
existence of unique advanced and retarded Green functions. We define w(t), a timelike path
contained in a globally hyperbolic convex ? normal neighborhood N and for this path we can
state the quantum inequality of Ref. [15].

™

() o q ey A
| _atgeramview = - [ 2 pe oy (<66

+ / dt g (t)(=Qgas + Car)VV? . (2.23)
The Fourier transform convention we use is
f(k) or fAK] = / dz f (z)e™* (2.24)

In the inequality we take the transform with respect to both arguments and evaluate at £ and
—&. The operator 8* denotes the pullback of the function to the geodesic,

(O TE " Hes)) () = (TR Hs)) (w(t), w(t) (2.25)

IThere are also ambiguities corresponding to adding multiples of the metric and the Einstein tensor to
the stress tensor. The first can be considered renormalization of the cosmological constant and the second
renormalization of Newton’s constant. We will assume that these renormalization have been performed, and
that the cosmological constant is considered part of the gravitational sector, so neither of these affects Tgp.

2A convex normal neighborhood N is one such that any point ¢ € N can be connected to any other point
p € N with a unique geodesic totally contained in N. For more detailed discussion of normal neighborhoods
and their properties see Ref. [22]

11



and the subscript (5) means that we include only terms through j = 5 in the sums of Eq. (2.4).
However, we will prove that terms of order j > 1 make no contribution to Eq. (2.23).

We will use the general inequality of Eq. (2.23) to provide a bound for the integral of the
renormalized stress-energy tensor in three different cases. In Ch. 3 for the timelike projected
T,, in flat spacetime with a background potential, in Ch. 4 for the energy density in curved
spacetime and in Ch. 5 for the null projected stress-energy tensor in spacetimes with curvature.

12



Chapter 3

Quantum Inequality for a scalar field
with a background potential

As a first step toward deriving a bound for the quantum inequality in a spacetime with bounded
curvature we first derive a quantum inequality in a flat spacetime with a background potential,
i.e., a field with a mass depending on spacetime position. This is a simpler system that has
many of the important features of quantum fields in curved spacetime. For a scalar field ® in
a background potential, the Lagrangian is

1
=3 (0,204 — V (2)9?] , (3.1)
the equation of motion is
(O+V(x)®=0, (3.2)
and the classical energy density is
1
Ty =3 [(0,2)* + (V@) + V (2)9?] . (3.3)

So the T Lf}f,ht operator of Eq. (2.3) contracted with timelike vectors, for a scalar field with
background potential V' becomes

tt’

T = Zaa A2 VE (3.4)

where the potential is analogous to the mass of Eq. (2.3). Since we will take the limit where
x and 2’ coincide the location of evaluation of V' does not matter, but the form above will be
convenient later. The renormalized stress-energy tensor in this case is

(Tn(@')) = lim T (6(x)o () — H(z.a) — Q) (35)
As discussed in Chapter 2 there is an ambiguity in the above procedure. In order to take
logarithms, we must divide o by the square of some length scale [. Changing the scale to
some other scale I' decreases H by 6H = 2(vg + vi0 + ---)In(l’/l). This results in increasing
T by lim, (0,0, — (1/2)1460°0.)0H. Using the values for vy and v; computed below, this
becomes (1/12)(Vap — 10V ) In(l’/1). Thus we see that the definition of T}, must include

13



arbitrary multiple of (V4 — 7,0V). This ambiguity can also be understood as the possibility
of including in the Lagrangian density a term of the form R(z)V (z), where R is the scalar
curvature. Varying the metric to obtain T, and then going to flat space yields the above term.
The situation is very much analogous to the possible addition of terms of the form R? and
R R® in the case of a field in curved spacetime, which give rise to the local curvature terms

in Bq. (2.22).
Thus we rewrite Eq. (3.5) to include the ambiguous term,
(Ti"(2)) = Tim TP ((6(2)¢(2)) — H(w,2')) = Q(a') + OV, (3.6)

where C' is some constant. Whatever definition of T}; one is trying to use, one can pick an
arbitrary scale [ and adjust C accordingly.
So the quantum inequality of Eq. (2.23) becomes

/_ i g(OHTE (1.0) > B, (3.7)
where * g -
B[ Shceo+ [ asn@-cvi). 39
and
F(t,1') = g(t)g(t) T sy (£,0), (¢, 0)) (3.9)

F' denotes the Fourier transform in both arguments according to Eq. (2.24).
We work only in first order in V' but don’t otherwise assume that it is small. We can
express the maximum values of the background potential and its derivatives as

V< Ve [Vl < Vi
Vol < Vi [Viel < VI (3.10)

max ’
where Vinax, Viaxs Vinax and Vi are positive numbers, finite but not necessarily small.
First, we discuss the T;P" operator, then we compute the Hadamard series and we apply
the operator. After that we perform the Fourier transform, leading to the final quantum

inequality.

3.1 General considerations

We will now compute the quantum inequality bound B to first order in the potential V' and
its derivatives. In the next subsection, we will make some general remarks about terms in H
coming from H, which are symmetrical under the exchange of z and 2/, and show that we need
keep terms only through first order, not fifth order as in Eq. (2.23). Then we will simplify the
operator Ttstlf’ht defined in Eq. (3.4). In the next section, we will compute, order by order, the
terms and H. We will then take the Fourier transform to find the quantum inequality bound.

3.1.1 Smooth, symmetrical contributions
Define 7 = (z —2/)/2, t = (t +t')/2 and 7 =t — ¢/. Let

A(T):/_Oo dfF (f+%,f—%). (3.11)

[e.e]

14



so that F'(—¢,&) = A(—€). The presence of the g functions in Eq. (3.9) makes F have compact
support in ¢t and ¢, so A has compact support in 7.

Suppose F' contains some term [ that is symmetrical in ¢ and ¢’. Let a be the corresponding
term in A according to Eq. (3.11). Then a will be even in 7, so a will be even also. If a € C?,
then a € L?, and we can perform the integral of this term separately, giving an inverse Fourier

transform, . .
/0 e = [ s =), (3.12)

™ ~
In particular, if

lim f(¢,t") = f(t), (3.13)

t'—t

then

o0 dé‘ . (e e]
| Ziceo= [ agwrra. (3.14)
0 —00
and if f(t) = 0 there is no contribution. )
Terms arising from H appear symmetrically in H. At orders j > 1 they have at least
4 powers of 7, so they vanish in the coincidence limit even when differentiated twice by the
operators of T2P™. Thus such terms make no contribution to Eq. (4.4).

3.1.2 Simplification of T;Plit

We would like to write the operator ﬂi?ht of Eq. (3.4) in terms of separate derivatives on the
center point Z and the difference between the points. First we separate the derivatives in 7T, split

tt!
into time and space,
3
> 0u0u = 00y + Vo Var . (3.15)
a=0

We can write the spatial derivative with respect to! Z in terms of the derivatives at the
endpoints,

V2 =V242V, -V + V3. (3.16)
Then Egs. (3.4), (3.15),(3.16) give
split 1 1 2 2 2 1 /
,Ttt’ - 5 &gat/ -+ 5 (Vi, - Vx - Vx,) + 5 (V(LL’) + V(LL’ )) =
1
= 3 (V2+0,— 0]+ 0, — 0 +20,00 + V(z) + V(2] , (3.17)

where O, and O,/ denote the D’Alembertian operator with respect to  and 2’. Then using

1
we can write
s 1 N - - -
TE"H = 1 [(Q.+ V(@) H+ (@ + V(@) H + v;H} _ 92 . (3.19)

'When a derivative is with respect to t or ¢ (or = or z’), we mean to keep the other of these fixed, while
when the derivative is with respect to ¢ or 7, we mean to keep the other of these fixed. When the derivative is
with respect to Z we mean to keep x — 2’ fixed.

15



Consider the first term. The function H (x,2’) obeys the equation of motion in x, and so does
E(x,2). Thus all of H(z,z') is annihilated by O, + V(x), except for H(z', z),

(O + V() H = %(mx LV H (7). (3.20)

The quantities v;(x, 2’) are symmetric, so the only sources of asymmetry in H are the functions
w;, which are real but may not be symmetric, and the fact that the imaginary part of o (x, 2”)
is antisymmetric. Thus

H(z' z) = H(z,2')" + # - (w; (', 2) — wj(z,2'))o? (v, 2) (3.21)

where * denotes complex conjugation. Since O, is real, if we use Eq. (3.21) in Eq. (3.20), we
have (O, + V)H (z,2’)* = 0, and we ignore Vw,, because it is second order in V', leaving

(O + V) F = 500 3 (') — s, ) (0,2). (3.22)
By the same argument,
(Op + V() H = #Dx/ Z(wj(x, 2') —w;(2', x))o? (z,2') . (3.23)

The first two terms in the brackets in Eq. (3.19) are the sum of Egs. (3.22), (3.23). This sum
is smooth, symmetric in z and 2/, and vanishes in the coincidence limit. Thus according to
the analysis of Sec. 3.1.1, it makes no contribution in the Fourier transform of Eq. (4.4), and
for our purposes we can take

o 1 ~
TP H = [ng - 83} H. (3.24)

3.2 Computation of H

Examining Eq. (4.15) we see that is sufficient to compute H for purely temporal separation as
a function of ¢, t', and x, the common spatial position of the points. The function H(t,t) is a
series of terms with decreasing degree of singularity at coincidence: 772, In7, 72In T, etc. For
the first term in Eq. (4.15), terms in H that have any positive powers of 7 will not contribute
by the analysis of Sec. 3.1.1. For the second term we need to keep terms in H up to order 72,
because the derivatives will reduce the order by 2.

The symmetrical combination H (t,t)+ H (t',t), will lead to something whose Fourier trans-
form does not decline rapidly for positive £, so that if this alone were put into Eq. (4.4) the
integral over £ would not converge. But each term in H(t,t') + H(t',t) will combine with a
term coming from iE(x,z’) to give something whose Fourier transform does decline rapidly.

We will work order by order in 7.

3.2.1 General computation of F

We will need the Green’s functions for the background potential, including only first order in
V', so we write

G=CO oW ... (3.25)
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The equation of motion is
(O+V(2)G(z,2') = 6W(x —2'). (3.26)

Using OGO (z,2") = §®(x,2') and keeping only first-order terms we have

0GY(z,2") = =V (2)GO(z,2), (3.27)
SO
G (x,2") = —/d4x”G(0) (z, 2"V ("GO (2" 2) . (3.28)
For t > t” > t' we have for the retarded Green’s function,
) 1 Lo -t =[x =X
Gy (2", 2') = %5((15” —t)? - X' X)) = i x| . (3.29)

So we can write

6(t” _ t/ _ ‘X// _

|X” _ X/|

Dy @ x7y . (3.30)

Gg)(l',l’,) 87T2 3 ”/dt”(; |X X”|)

Integrating over the second delta function we find " = ¢ + |x” — x’|. Again considering purely
temporal separation and defining (" = x” — x" and (" = |¢"|, we find

G(l tt _—/dQ/dCNCN2 QTCH) (t/—FC//,X/-i-CHQ), (3_31)

where [ d€) denotes integration over solid angle, and Q) varies over all unit vectors. We can
integrate over (" to get (" = 7/2 and

GOt t) = / dQV (L, x' + Q) (3.32)

3272

If we define a 4-vector Q = (0,2) we can write

Dt t) = — QV(Z+ =0
GR'(t,t) 59,2 /d Viz+ 5 ). (3.33)
The advanced Green’s functions are the same with ¢ and ¢’ reversed. Since E is the advanced

minus the retarded function, we have
EW ¢ 1) = L /dQ V(7 + mQ) SEN T . (3.34)
’ 3272 2
3.2.2 Terms of order 72
1

We now compute the various Hj, H ;, and E;, starting with terms that go as o' or 772, These
terms are exactly what one would have for flat space without potential. Equation (2.4) gives

1 1
H—l(xalj) = = 2

3.35
A0, (z, @) Ar3(T (3:35)

=)
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where

(=x-% (3.36)

and
¢=1¢]- (3.37)

Similarly, the advanced minus retarded Green’s function to this order is

01 =¢) =0T +¢)

E_((z,2") = Ga(z,2") — Ggr(z,2') = : (3.38)
47 C
" L1 L 0+ 0 =00
; T B . 0T+ () —o(T —
H_(t,t') = %1_1% s | Tmoe 2oo +im c : (3.39)
where
F(ry) = 1irr(1] F(r +ie). (3.40)
e—
Taking the € — 0 limit in 7 and 7_ gives the formula
1 1 0T+ —6(t—Q)
- + = —IT 3.41
FoatEoe C 4
SO .
H_l(t, t/) - —m - H_l(t,t/) (342)

as discussed in Ref [15].

3.2.3 Terms with no powers of 7

We can find the Hadamard coefficients from the recursion relations, Eq. (2.13), (2.14). To find
the zeroth order of the Hadamard series we need only vy. For flat space, o, = —2n, (2" — 2')°
and Oo = —8. Putting these in Eq. (2.13) we have

V !
(2" — 2") 0+ vo = if ) , (3.43)
Now let 2" = 2’ + A(z — ) to integrate along the geodesic going from 2’ to . We observe
that J L
W = (z — 2") o o(2", 7). (3.44)
So Eq. (3.43) gives
dvo(zﬂazl) "o V(:L’”)
)\T + ’Uo(SL’ , L ) = 1 , (345)
o dOwo(a” ') V(")
’ p— 3-46
from which we immediately find
1 / I
vo(z, ') = / B s Z(x ) (3.47)
0

18



Now we consider purely temporal separation so the background potential is evaluated at (¢’ +

A7,x). We expand V' in a Taylor series in 7 around 0 with ¢ fixed,

V4 A7) = V) + 70— DV + DO VD) 4

(3.48)

We are calculating the zeroth order so we keep only the first term of Eq. (3.48), and Eq. (3.47)

gives
1
v(t ¢) = 7V (B) +0(7)
and thus
Ho(z,2') = 167T2V(§7) In(—72%),
and

I
Hy(z,2") + Ho(a', ) = mV(x) In|7|.

We can expand V' around z,

where V) is the remainder of the Taylor series

T/2 .
VI (z + %Q) =V (z+ %Q) —V(z) = / dr Vi(z +rQ)Q".
0

Then from Eq. (3.34),

1
Eo(x,2") = —V(Z)sgnTt
8T
Ro(z,2") = ! /dQ V(z + mQ) sgn T
o 3212 2 ‘

Using
2In|7| + misgnT = In (—72),

we combine Egs. (3.51), (3.54a) to find

Ao(t ) 161W2V(:):) In(—72).

Combining all terms through order 0 gives

- - - 1
Hy(t,t') = H_1(t,t") + Ho(t,t') + 5z’Ro(t, t'.

3.2.4 Terms of order 72

(3.49)

(3.50)

(3.51)

(3.52)

(3.53)

(3.54a)

(3.54b)

(3.55)

(3.56)

(3.57)

Now we compute the terms of order 72 in H and E. First we need v at this order, so we use
Eq. (3.48) in Eq. (3.47). The V; term in Eq. (3.48) does not contribute, because it is odd in

A —1/2, and the others give

1
)+T2%Vtt(f) T

4
(e)
8

&\

Il

|
<
~—~

&I
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Next we need to know vy, but since v; is multiplied by 72 in H, we need only the 7-

independent term v (x,z). From Eq. (2.14),

(O 4+ V(2))volw, o) + 201 o (z, 7)o (2, 2") +v1 (2, 2)Op0(2,2") = 0.

We neglect the V(z)vg term because it is second order in V. At z =2/, 0, = 0, so

1.
Ul(Iax) = _xl’linm DxUO(x>$/) :

Using Eq. (4.62) we find
1

O,v0(z, 27) = %/O DDV (& + Mz — o)) = 1/ DN(OV) (@ + Mz — '),

0
and Eq. (3.60) gives

1 _
vy (z,x) = %DV(ZE).

We also need to know wy, but again only at coincidence. Reference [38] gives

3 1
wy(z,x) = —§vl(x,z) = —6—4|Z|V(x).

Combining the second term of Eq. (3.58) with Egs. (3.62), (3.63) gives
2

(1) = [%Vii(z) In(—72) + %DV(:E)] .

Then H,(z',z) is given by symmetry, so

T

Hy(z,z") + H (2", ) = [gvﬂ-i(:z) In|7| + %DV(:Z’)] .

6472 |3

(3.59)

(3.60)

(3.61)

(3.62)

(3.63)

(3.64)

(3.65)

The calculation of F; is similar to that of Ejy, but now we have to include more terms in

the Taylor expansion of V' around z. So we expand

1 1 -
V(T + %Q) = V(@) + SVi(@) 7 + g‘/:ij(i’)QZQ]T2 + VO (z + %Q) :

where the remainder of the Taylor series V) is

1

T

. /2 2
VO (z+ Q) = - / dr V(@ + 1) (5 . 7“) QVOkdr.
0

2 2
Since [dQQ =0 and [dQQV = (47/3)6", Eq. (3.34) gives

/ o 1 {7\ ~2
Ey(z,2") = —1927TVZZ(LL’)T sgn T,
1 |7
N ®)(z
Ry(x,2") 327T2/dQV (T + 5 Q)sgnr.

Again using Eq. (3.55), we combine Egs. (3.65),(3.68a) to get
- 2 ]1 9 1 _
Hl(fﬁ, ZI}'/) = W |:§ In (—T_)‘/:ii + §DV((L’) .

Combining all terms through order 1 gives

- - - - 1
Hay(t,t") = H_o(t, ') + Ho(t, t') + Hy(t, ) + §iR1 (t, ).
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(3.67)

(3.68a)

(3.68b)
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~

3.3 The T°PM g

tt!
Using Egs. (3.9), (4.15), we need to compute
00 dé— R
(=€ ¢
| Sree.
where

Fit.0) = g(0g(t) | 1940 (0.0) - 2 (0 1)]

Using Egs. (3.42), (3.54b), (3.56), (3.57), (3.68b, (3.69), (3.70) we can write this

6

F(tt) = g(0)g(t) S filtt),

i=1

with
3
= g
ho= — V(@)
2T 822 .
1 - 2
fs = va(ﬂ?)ln( 77)
1 _ _
fi = ey Val@) + V()
_ 1 2 [ s L ITIon]
fs = 2567r2/d9vf [V (T + 2Q) isgnT
fo = — ! d§ 02 V(s)(f+m§2)isgn7'
6 6472 T 2 '

3.4 The Fourier transform

(3.71)

(3.72)

(3.73)

(3.74a)
(3.74Db)

(3.74c¢)

(3.74d)

(3.74e)

(3.74f)

We want to calculate the quantum inequality bound B, given by Eq. (3.8). We can write it

where

/_OO dr /_w AEg(F— D)alF+ D)fET)e i =1
B = [ a0 = o [ atdwave

B = - [ agmov.
using Eqs. (2.20), (4.4) ;nd (3.63).
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3.4.1 The singular terms

For ¢« = 1,2, 3, f; consists of a singular function of 7 times a function of ¢ (or a constant). So
we will separate the singular part by writing

filt,7) = gi(t)si(7) - (3.77)
Then we define -
Gir) = [ degglt- Do+ ). (3.73)

SO

T S R
B; /0 - /_Ood Gi(T)s;i(T)e " (3.79)

This is a Fourier transform of a product, so we can write it as a convolution. The G; are all
real, even functions, and thus their Fourier transforms are also, and we have

1 oo oo R R
B =55 /0 e / Gl +QS(0). (3.80)

Now if we change the order of integrals we can perform another change of variables n = £ + (,

So we have
1 o0 o0

g [ [ anGinsi = o [ anGinn, (3.81)

i =
2
2m? J_ o

where
n

ha(n) = / ac $:(0). (3.82)

The arguments of Ref. [15] show that the integrals over ¢ in Eq. (3.79) and 1 in Eq. (3.82)

converge.
We now calculate the Fourier transforms in turn, starting with B;. We have

3
si(r) = Ti (3.83b)
The Fourier transform of s is [20]
. 7r
510 = 3¢%0(0), (384
SO
noom T
mn) = [ dCTc0m) = o). (3.85)
0
From Eq. (3.81) we have
I
B =g - i dnGi(nn”. (3.86)
Using f/(€) = i€ f(€), we get .
- Yol
Bi=gn | G (n) - (3.87)
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The function G is even, so its Fourier transform is also even and we can extend the integral

1 o

B =—
48T J_ o

=2 1 "
dnGi"(n) = 5,G1"(0).

For G; we have

Gilr) = oo [ dialt - D)alE+ ).

22

and taking the derivatives and integrating by parts gives

1 >
B, JARTAGR

~ 1672 oo

reproducing a result of Ref. [15].
For By we have

0l = — V(D

872
1

so(T) = o

This calculation is the same as before except the Fourier transform of s, is [20]

$2(¢) = —27¢O(() -

So we have |
By = §G/2/(0),
where ) -
_ _ T - T
Galr) = gz | dEVDali = Pali+ ).

After taking the derivatives

Ba= g5 [ dVOla®'® - g (7).

For B3 we have
s3(1) = In(—72).

In the appendix, we find the Fourier transform of s3 as a distribution,

4lf] = 4 / "k £k In [k| — 474 £(0)

From Eq. (3.82), we can write

ha(n) = / " de (00— ),

o0

which is given by Eq. (3.97) with f({) = ©(n — (), so

ha(n) = —4r / T dCH(n— Q) n|c| — 4m1© () = —47O(n)(Ing + 7).
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(3.89)

(3.90)

(3.91a)

(3.91D)

(3.92)

(3.93)

(3.94)

(3.95)

(3.96)

(3.97)

(3.98)

(3.99)



Then Eq. (3.81) gives

Ba=—2 [T dnGalo) (n ) = [ dnGatnlal ). @100

m —00

since (3 is even. The integral is just the distribution w of Eq. (B.10) applied to G5, which is
by definition w|G3), so Eq. (B.11) gives

B3:—/ dr G4(7)In|7|sgn T, (3.101)
with
Gal(r) = — /wdtv--(t_) (F— Dyg(E+ 1) (3.102)
Tl S A '
SO
B —_L/md In|r] /OO AV (Bg(f— D)g(F+ 1) (3.103)
3= T 962 N T In|T|sgnT N 4i\l)g B g 5/ .

3.4.2 The non-singular terms

For ¢ = 4,5,6, f; is not singular at 7 = 0. We include everything in

Rin) = [ degin g - D+ 3). (3.104)
= [C% [ anmee = [T SR -1 [Caeon-o. @)

The integral is the distribution © applied to Fj(—¢)), which is the Fourier transform of ©
applied to F;(—7). The Fourier transform of the © function acts on a function f as [20]

oy =ip [ dr (%fm) T+ rf(0), (3.106)
where P denotes principal value, so
B; = —%P/ dr (%Fi(T)) + F(0). (3.107)

The first of the non-singular terms is a constant: f; does not depend on 7. Thus F} is even
in 7, and only the second term of Eq. (3.107) contributes, giving

Bu=Fi0) = 13 [ dig®? Vul®) + V(o) (3.108)

The functions f5; and fg are odd in 7 and vanish as 7 — 0, so in these cases only the
first term in Eq. (3.107) contributes and the principal value symbol is not needed. Equa-
tions (3.74¢,3.104,3.107) give

1
25673

|k [“aigi- e+ D) [aevivies Bloysar o)
—00 T J-c0o

5:
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and Eqgs. (3.74f), (3.104) and (3.107) give

647r3/ dr— / dtgt—— g(t+

Here we can integrate by parts twice, giving

Bg = — 647T3/ dT/ dt@ﬂ t T) (t+ )]/dQV(?’)(EngQ)sgnT. (3.111)

From Egs. (3.53), (3.67), V) goes as 7 and V) as 73 for small 7, so the 7 integrals converge.

)/anE [V(?’)(:):+|l2‘9) sgnt| .  (3.110)

Do |

DO |

3.5 The Quantum Inequality

Now we can collect all the terms of B from Egs. (3.76b), (3.76¢), (3.90), (3.95), (3.103), (3.108),
(3.109) and (3.111). Since By is made of the same quantities as By, we merge these together.
We find

_ 1 ty Lty Vi
B=1 [11+212 T Ll —p, (3.112)
where

I = / dt g"(t)? (3.113a)
N I ACIGIORYIGR (3.113b)
o / dﬂnmsgm/ AEV(DglE — )/ (F+ ) (3.113¢)
- / @2[ Val®) + SVa(0) (3.1134)
v T T T 2v,(1) (= 7]
I = dT dtgt 5 g(t+ 5) dQViV (:1:+7§2)sgn7' (3.113e)
I = / dT/ dta2[ t——) (t+%)}/dQV(3)(E+gQ)sgnT (3.113f)
B o agorao. (3.113g)

In the case with no potential, only I; remains, reproducing a result of Fewster and Eveson [9)].

In Eq. (3.113c¢), In|7| really means In(|7|/l), where [ is the arbitrary length discussed in
Ch. 2. The choice of a different length changes Eqs. (3.113c) and (3.113d) in compensating
ways so that B is unchanged.

Equations (1.2,3.112,3.113) give a quantum inequality useful when the potential V' is known
and so the integrals in Eqs. (3.113) can be done. If we only know that V' and its derivatives
are restricted by the bounds of Eq. (3.10), then we can restrict the magnitude of each term of
Eq. (3.112) and add those magnitudes. We start with

1] < /_OO dt|V (D)|lg(0)g" () = 9'(5)?] < Vinax /Oo dt [g@®)lg" B +g'®)?] . (3.114)

—00
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The cases of I}, I}/, and I} are similar. For I and IV, it is useful to take explicit forms for
the Taylor series remainders. From Eq. (3.53), we see that

‘/d9v§v<l>(x+ |—;‘Q ‘ ul /dQ|V2V 197 < 3|T‘V£;XZ/dQ|Qi| = 97 |7|V", .

max ’

(3.115)
Similarly from Eq. (3.67) we have
35~ |7l |7'|3 k
/dm/< >(x+?§z) < /dQ|V,jk||Q QIQOF| (3.116)
2 1
< |7_| Ly Z/dQ|QZQ]Qk|_ T+ | |V///

8 max
ik

We can then perform the derivatives in Eq. (3.113f) and take the absolute value of each resulting
term separately.

We define
o= [l o)+ g 0] (3.117a)
Jy = / dt/ dt'|g' ()] g(t)|In |t — ¢|] (3.117b)
J, = / dt g(t)* (3.117c)
Js = / dt/ dt'g(t)g(t) (3.117d)
Js = / dt/ dt'|lg' ()| g(t) |t — t| (3.117¢)
J = / dt/ dt' [g(®)g"(#)] + ¢ () ()] (F — )2 (3.117f)
and find
1| < Viaxdo (3.118a)
1| < 3Vr§{aXJ3 (3.118b)
1yl < EvrgaXJLl (3.118c)
1| < 9xv” Js (3.118d)
o + 1
I < ng Vi (45 + 4Js + Jr) (3.118e)
Y| < 3|C\Vl . Ju. (3.118f)

Thus we have

1 1 1 11
/dtg(t)2<7;’;@">w(t,0) > — {[1 + 2VWJQ + VI { Js + ( +487r2|C’|) ]
R

1672 2 24
Nr+1_  27+1
+VI§{;X{ f&r Js + 24 (46 + Jﬁ” (3.119)



3.5.1 An example for a specific sampling function

An example of the quantum inequality with a specific sampling function g is the following.
Consider a Gaussian sampling function

g(t)=e /%, (3.120)

where t; is a positive number with the dimensions of ¢. Then the integrals of Eqs. (3.117),
calculated numerically, become

Jy = 3.75t%  Jy = 3.15¢t;"

Js =270ty  Jy = 1.25t, (3.121)
Js = 3.14t2  Js = 3.57t]
J; = 3.58t2

so the right hand side of Eq. (3.119) becomes

{3.75 + 3.15Vinaxtp + (1.63 + 591.25|C|)Vir, o + 2.86Vm 10} (3.122)

1 67T2t8 max max

3.6 Discussion of the result

In this chapter we have demonstrated a quantum inequality for a flat spacetime with a back-
ground potential, considered as a first-order correction, using a general inequality derived by
Fewster and Smith, which we presented in Ch. 2 . We calculated the necessary terms from
the Hadamard series and the antisymmetric part of the two-point function to get H. Next we
Fourier transformed the terms, which are, as expected, free of divergences, to derive a bound
for a given background potential. We then calculated the maximum values of these terms to
give a bound that applies to any potential whose value and first three derivatives are bounded.

To show the meaning of this result, in the last section we presented an example for a specific
sampling function. By studying the result we can see the meaning of the right hand side of our
quantum inequality. The first term of the bound goes as t;°, where t, is the sampling time,
and agrees with the quantum inequality with no potential [9]. The rest of the terms show the
effects of the potential to first order. These corrections will be small, provided that

Viaxta < 1 (3.123a)
VIt < 1 (3.123b)
vt < 1. (3.123c)

Equation (3.123a) says that the potential is small when its effect over the distance ¢, is
considered. Given Eq. (3.123a), Eqgs. (3.123b) and (3.123c) say, essentially, that the distance
over which V varies is large compared to ty, so that each additional derivative introduces a
factor less than ¢;'. Unlike the flat spacetime case the bound does not go to zero when the
sampling time ¢y — 0o so we cannot obtain the Averaged Weak Energy Condition (AWEC).

Finally, it is interesting to note the relation of this result to the case of a spacetime with
bounded curvature. Since the Hadamard coefficients in that case are components of the Rie-
mann tensor and its derivatives, we expect that the bound will be the flat space term plus
correction terms that depend on the maximum values of the curvature and its derivatives, just
as in our case they depend on the the potential and its derivatives. We will demonstrate that
this hypothesis is true in the next chapter.
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Chapter 4

Quantum Inequality in spacetimes
with small curvature

In this chapter we present a derivation of a timelike-projected quantum inequality in spacetimes
with curveture. First we consider a massless, minimally-coupled scalar field with the usual
classical stress-energy tensor,

T = VOV, & — %gabg“lvc@vd@. (4.1)
Let v be any timelike geodesic parametrized by proper time ¢, and let g(¢) be any any smooth,
positive, compactly-supported sampling function.

Let’s construct Fermi normal coordinates [27] in the usual way: We let the vector e(t) be
the unit tangent to the geodesic 7, and construct a tetrad by choosing arbitrary normalized
vectors ¢;(0),7 = 1,2,3, orthogonal to eg(0) and to each other, and define {e;(t)} by parallel
transport along . The point with coordinates (x°, 1, 2%, #3) is found by traveling unit distance
along the geodesic given by z'e;(0) from the point v(0).

We work only in first order in the curvature and its derivatives, but don’t otherwise assume
that it is small. We assume that the components of the Ricci tensor in any Fermi coordinate
system, and their derivatives, are bounded,

|Rap| < Rinax |Rap.ca| < Ry | Rab.cde] < R - (4.2a)

max max

These lead to bounds on the Ricci scalar and its derivatives,

|R| S 4Rmax |R,cd| S 4R” |R,cde| S 4R”/

max max ’

(4.2b)

since we are working in four dimensions.

Eqgs. (4.2) are intended as universal bounds which hold without regard to the specific
choice of Fermi coordinate system above. We will not need a bound on the first derivative.
The reason that we bound the Ricci tensor and not the Riemann tensor is that, as we will
prove, the additional terms of the quantum inequality do not depend on any other components
of the Riemann tensor.

Thus we can write Eq. (2.23) in our case as

/_ " dr (T (1.0) > B, (4.3)

o0
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where

0 dE ~ o b
B = / ;F(—f, 5) —+ / dt gz(t) (Q — QCLR,M — §(Rtt,tt -+ Rii,tt - ?)Rtt,ii + Rii,jj)) ) (44)
0 _

F(t,t) = g(t)g(t) T Huy((t, 0), (t',0)), (4.5)

and F denotes the Fourier transform in both arguments according to Eq. (2.24).

4.1 Simplification of TPt

The T;2" operator of Eq. (2.3) for a massless field can be written

- 1
{Ttst;l)ht _ 5

3
000 + ) aiai,] . (4.6)
=1

To simplify it, we will define the following operator,

3
V2=V242> 000+ Vi, (4.7)

=1

which in flat space would be the derivative with respect to the center point. Then Eqgs. (4.6)
and (4.7) give

; 1 1
e = {atat, e vi,)]
1
= 3 [V2+0, - 02+ 0, — 0} +20,0/] , (4.8)
where O, and O,/ denote the D’Alembertian operator with respect to x and z’. Because we are
using Fermi coordinates and are on the generating geodesic, the D’Alembertian and Laplacian

operators have the same form with respect to Fermi coordinates as they do in flat space. Then
using

1
we can write ]
A = [Dmfl + O H + v;ﬁ[} — 921 (4.10)

Consider the first term. The function H(z, ") obeys the equation of motion® in z and so does
E(z,2"). Thus

~ 1
O.H = §DIH(2:',2:). (4.11)
As we discussed in Sec. 3.1.2 we have
H(z' x) = H(z,2')* + 1 Z(w-(z' z) —w;(z,2"))o’ (z,2) (4.12)
5 ) A2 j ) ACE! 5 5

J

n general the sums in Eq. (2.4) do not converge and we should work only to some finite order in o. In
that case H(x,x’) obeys the equation of motion to that order.
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Since O, is real, O, H (z,2')* = 0, and we have

1

O0,H=—
82

O, Z(wj(x’, z) —w;(z,2"))o? (z,2) . (4.13)

J

In the coincidence limit Eq. (4.13) vanishes. There is no j = 0 term because wy = 0. In the
j = 1 term, we have o, which vanishes at coincidence unless both derivatives of the O are
applied to it, in which case w; cancel each other, and for j > 1, even 0,07 vanishes.

The second term in brackets in Eq. (4.10) gives

] 1 / ! j !
Oy H = =0 ;(wj(x,x ) —w;(2, x))o? (z,2') . (4.14)

Adding together Eqgs. (4.13) and (4.14), we get something which is smooth, symmetric in z
and 2/, and vanishes in the coincidence limit. Following the analysis of Sec. 3.1.2, such a term
makes no contribution to Eq. (4.4) and for our purposes we can take

o~ 1 ~
TP = [ng — 83} H. (4.15)

4.2 General computation of £
The function E is the advanced minus the retarded Green’s function,
E(z,2') = Ga(z,2') — Gr(z,2), (4.16)

and ¢F is the imaginary, antisymmetric part of the two-point function. The Green’s functions

satisfy
S (z —2)

V=9

Following Poisson, et al. [30] and adjusting for different sign and normalization conventions,

0G(x,2") = (4.17)

1
Gz, ) = p (2U(z,2")d(0) + V(z,2")O(—0)) , (4.18)
where U(z,2") = AY?(x,2) and V (z,2’) are smooth biscalars.

For points y null separated from 2/, V' is called V' [30] and satisfies

. 1 .
Vo + {ﬁﬂa + 2] V=-0U, (4.19)

with all derivatives with respect to y. Now V is first order in the curvature, so we will do
the rest of the calculation as though we were in flat space. Under this approximation, we will
neglect coefficients which depend on the curvature, and also evaluate curvature components at
locations that would be relevant if we were in flat space. The distance between these locations
and the proper locations is first order in the curvature, so the overall inaccuracy will always
be second order in the curvature and its derivatives.
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Thus we use 0 = —2(y — 2/)* and Oo = —8 in Eq. (4.19) to get

(v~ )Valy) + V) = 50U () (4.20)

Now suppose we want to compute V at some point 2. We need to integrate along the geodesic
going from 2z’ to . So let y = 2’ + A(2” — 2’) and observe that

VI _ \T0) 4 ) = Mo~ )Vt Vi) = 2Vt V) = 20UG), (421
V(" o) = % /0 AU (). (4.22)

The function V' obeys [30]
0, V(z,z') =0. (4.23)

Let us consider points x and 2’ on the geodesic v, which in the flat-space approximation means
they are separated only in time, let £ = (z+2")/2, and establish a spherical coordinate system
(r,0,¢) with origin at the common spatial position of x and 2. Now V(x,2’) can be found
in terms of V' and its derivatives evaluated at the time ¢ (the time component of T) using
Kirchhoff’s formula,
! 1 ¥ "o a ¥ "o ¥ "o
V(:E,x):4—/d§2 [V(:ﬂ,:ﬂ)—l— EV(I,ZL’)—I— V(" 2", (4.24)

™

[N

where the derivatives act on the first argument of V, [ d2 means to integrate over all spatial
unit vectors €2, and we now set

" =14 (1/2)Q (4.25)

with the 4-vector €2 given by ) with zero time component.
Now define null coordinates v = t +r and v = t —r. Then 2” has u = 7, v = 0. The
derivative 0/0u can be written (0/0t 4+ 0/0r)/2 and so

1 d

V(z,2') = . /dQ@ [uV((u/Q)Ql,a:')}u:T , (4.26)

where ©Q; is  with unit time component. From Eq. (4.22),

. 1 [«
WV (59.4) = 5 / du/ (O (! /2), ), (4.27)
0
with the D’Alembertian applied to the first argument, and so
1
V(z,a") = S—/dQDxuU(x”,x/). (4.28)
T

We are only interested in the first order of curvature, so we can expand U, which is just
the square root of the Van Vleck determinant, to first order. From Ref. [33],

AV2(q o) = 1 — % /0 ds(1 — 8)sRu(sz + (1— $)2')(x — 2)*(x — /)P + O(R2) . (4.29)
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so in the case at hand we can use
1 1
Ula" 2’y = AYV2(a" /) =1— 5/ ds(1 — s)sRap(y) X X" (4.30)
0
where y = sx” = (su”,sv”,0",¢") is a point between 0 and z”, and the tangent vector X =

dy/ds. We are interested in O,,U(z"”,0). To bring the O inside the integral, we define ¥ =
sX = (su”,sv”,0,0), and

OU (2", 0) = —% /0 ds(1— 5)500 [ Rup(y) X°X"] = —% /0 ds(1— s)s00, [Rup(y)Y*Y?] . (4.31)

For the rest of this section, all occurrences of u, v, 8, ¢, and derivatives with respect to these
variables will refer to these components of y or Y.
Now we expand the D’Alembertian in Eq. (4.28), in terms of an angular part,

4 0 0 4 82
2 4 o (f 0
Vo = s 00 (Smeae) T o w2 o (4.32)

and a radial and temporal part, which we can write in terms of derivatives in u and v,

0? 4 0 0
401)8u Cu—w (% B %) ’ (4.33)

The angular part vanishes on integration, leaving

V(z,2') = —% /dQ/Ol dss(1 — s) [auav - i . (0, — av)} (Rap(y)Y YY) (4.34)

Outside the derivatives, we can take v = 0 and change variables to u = s7, giving

V(z,2') = —4737_3 /dQ /OT du(t — u) [u0,0y — Oy + 0] (Rap(y)YY?) (4.35)
N _47373 / ds /OT du(T — )3, [(ud, — 1)(Ra(y)YY")]. (4.36)

We can integrate by parts with no surface contribution, giving

1 T av b
Vi) = o / 40 /0 du(l — ud,)(Ru(y)Y*Y?) (4.37)
1 T
— / e / dut® [~uRyu o (y) — 2Ry (y) + Ruu(y)] -
473 0
Now
Rab == Gab - (1/2>gabG7 (438)
where GG, is the Einstein tensor and G its trace. Thus
1 T
V() = s [0 [ dund [-uGunay) ~ 26ue) + (DG) + Gunly)] . (439)
0

Now define a vector field Q,(y) = Ga(y)Y?. Then
QCHC = GfleC(y)Yb + Gab(y)yb;c . (440)
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We write the covariant derivative only because we are working in null-spherical coordinates,
rather than because of spacetime curvature, which we are ignoring because we already have
first order quantities.

Since the covariant divergence of G vanishes,

9 Quze = g Gap(y)Y",c . (4.41)
In Cartesian coordinates, Y* = y°, and yb;c = 62, which means that (in any coordinate system).
9“Que =G. (4.42)

Explicit expansion gives

4 4 1

(Qu_Qv)_ 0 (Sln HQG)

g Qa;c = 2(Qv,u+Qu,v) - U— v (U — u) sin 6 00

Qs| » (4.43)

sin 92

but the angular terms vanish on integration. Now we expand the derivatives in u and v and
set v = 0, giving

Quu = UGupu+ Guy (4.44a)
Qu,v = UGuu,v + Guv s (444b)
SO
/dQ uGuyu + 2uGuy .y + 8Gyy — 4Gy,) = /dQ G. (4.45)
Substituting Eq. (4.45) into Eq. (4.39), we find
Vi) = g / 40 / du? (4G () + 2G o) — Guay)] (4.46)
0
and integration by parts yields
Vo) = - [d0]6u6) =5 [ dud Gl + Gut)| . @an
0

Now

[0 [ i (Gt + Gutw) = 5 [d [ duid (Gut) + Gulo)
_ % / e /0 Cdud? (GHy) - GU(y))  (448)

which is 4 times the total flux of G crossing inward through the light cone. Since this quantity
is conserved, G, = 0, we can integrate instead over a ball at constant time ¢, giving

/dQ/ dr r*G"(Z + Q) = /dQ/ ds s°G"(z + s(7/2)Q) (4.49)

SO
1

V(z,2') = -
m

/ i [; (Gru(") — Grp(a")] — /0 " ds sZGtt(x’s')} , (4.50)
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where 27 =z + s(7/2)(Q, and

, NI 1
Grle.) = A )2 D g

_/1 s sQGtt(x;’)} (4.51)

0

/ dQ{% [Gi(2") — Gypp(2")]

O —|x=xX1) =6+ |x—X)
4r|x — x|

E(z,2) = AY*(z,2") (4.52)

1 1 / / ! !
+327r2 /dQ{§ (G (") — Gpp(2)] — / ds 32Gtt(x;)} sgnT.

0

4.3 Computation of H

We now need to compute H(z,2') and apply ﬂi?lit. First we consider the term in H(z,z') that

has no dependence on the curvature. It has the same form as it would in flat space as shown
in Ref [15] and Ch. 3

~ 1
H_l(I,SL’/) = H_l(l',flfl) = W .
In Sec. 4.4, we will apply the fully general T;I,’“t from Eq. (4.15) with V; defined in Eq. (4.7)
to H_y(x, ).

All the remaining terms that we need are first order in the curvature, so for these it is
sufficient to take V; as the flat-space Laplacian with respect to the center point, . For this
we only need to compute H at positions given by time coordinates t and ¢’ but the same spatial
position.

As we discussed in Sec 3.1.1, we only need to keep terms in H with powers of 7 up to 72,
but we need E exactly. The terms from H alone give a function whose Fourier transform does
not decline fast enough for positive £ for the integral in Eq. (4.4) to converge. Thus we extract
the leading order terms from iE and combine these with the terms from H. This combination
gives a result that has the appropriate behavior after the Fourier transform.

(4.53)

4.3.1 Terms with no powers of 7

First we want to calculate the zeroth order of the Hadamard series. The Hadamard coefficients
are given by Eqs. (2.13,2.14) for a massless field. To find the zeroth order of the Hadamard
series we need only vy(z,z’), which we find by integrating Eq. (2.13) along the geodesic from
2’ to x. Since we are computing a first-order quantity, we can work in flat space by letting
y' =12’ + Ax — 2’) and using the first-order formulas Oo = —8 and ¢* = —2(y’ — 2’)®. From
Eq. (2.13), we have

1
(y/ - f’)avo,a + v = ZDA1/2 (y/> :LJ) ) (454)

and thus
1 1
ol ') = / ANOAY2)(2 + Az — o), o). (4.55)
0

by the same analysis as Eq. (4.22).
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Using the expansion for A2 from Eq. (4.29) gives
vo(z, 2') ——/ d)\/ ds(1 — 8)sOy[Rap(sy' + (1 — 8)2")(y' — 2')*(y — 2')"]
=3 /0 dA/O ds(1—s)s [(As) (ORw) (2" + sA(z — o)) (z — 2')*(z — ')
+2XsR (2" + sA(x — ) (z — 2')° + 2R(2" + sA\(x — :):’))] . (4.56)

We can combine the s and A integrals by defining a new variable o = s\

/dA/ ds(1— s)sf(As) /d)\/ da(ﬁ—ﬁ)f(a) (4.57)
<[t [0 (5-5) = [ e[S ge]

I 5
:5/0 do f(o)(1—0)%. (4.58)

Then, changing ¢ to s, we find

vo(z,2') = 116 ds(1 — s)? [ 2(0Rw) (2" + s(z — ') (z — o) (x — 2)°
+25R (2" + s(z — ")) (x — ')’ + 2R(2’ + s(x — :):’))] : (4.59)

or when the two points are on the geodesic,
o(t, 1) ——/ ds(1—s) { (ORy) (2" +57)72 4450 Ry g (2" + 57)7 +2R(2/ +s7‘)} . (4.60)
In the second term we use the contracted Bianchi identity, n°R. 4 = R /2, giving
1 1 d
2/ ds(1 — s)?sTR (2 + s7) = 2/ ds(1 — s)zsd—R(I' + s7)
0 0 §

=2 /01 ds(1 —s)(1 = 3s)R(z' + s7), (4.61)

so the final expression for v is

1

vo(t, ) = 116 ds(1— s) [32(1 —8)ORu(Z+ (s —1/2)7)T* +4sR(z + (s — 1/2)7)| . (4.62)

To calculate Hy we only need the zeroth order in 7 from vy, so the first term does not contribute.
In the second term, we make a Taylor series expansion,

1
R(z+ (s —1/2)7) = R(Z) + R (7)7(s — 1/2) + iR,tt(:z)#(s —1/2)*4+0(r%),  (4.63)
but only the first term is relevant here. Thus

vo(t, 1) = —i /0 ds(1— s)sR(z) = —21—43(:@). (4.64)
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We also need to expand the Van Vleck determinant appearing in the Hadamard series. From
Eq. (4.29),

A1/2(t7t) =1- _Rtt( )7' - ﬁRtt w(T )7'4 + O(TG) . (4.65)

Keeping the first order term from Eq. (4.65) and using Eq. (4.64), we have

1

H(](SC,LU/) 4871 Q2

Ru(7) — =R(z)In (—72)| . (4.66)

1
2
Now we can add the Hy(z', z) which is the same except that ¢ and ¢’ interchange

Hy(x, ) + Ho(2', ) = [Re(T) — R(Z) In|r]] . (4.67)

2472

Next we must include F from Eq. (4.52). We can expand the components of the Einstein
tensor around T,

Gap(2") = Gup(7) + G (2") (4.68)

where G&) is the remainder of the Taylor series
T/2 '
G (@) = Gupl(a") — Gup() = / dr G o (T + rQ)QY. (4.69)
0

To find Ey, we put the first term of Eq. (4.68) into the second term of Eq. (4.52). We use
G = GV and [ dQQQ = (47/3)6% and find

Fo(z,7) = %{iatt(x)—éaﬁ(x)— / dss2Gtt(:E)}sgn7'
= s G( )sgnr——KR( T)sgnr. (4.70)

For the remainder term Ry, we put the second term of Eq. (4.68) into the second term of
Eq. (4.52),

1 ]' / ! ! !
Ro(x,2") = 393 /dQ {5 [Gg)(x N —GWU (2 )} —/0 ds sng)(z;)}sgnT. (4.71)

Using
2In|7| + wisgnT = In(—7%), (4.72)

we combine Egs. (4.67) and (4.70) to find

~ 1 _ 1, 9
Ho(t, t/) = m {Rtt(z) — iR(Z') ln(—T_)] . (473)
Combining all terms through order 0 gives

- - - 1
Hy(t,t') = H_1(t,t") + Ho(t,t') + 5z’Ro(t, t'). (4.74)
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4.3.2 Terms of order 72

Now we compute the terms of order 72 in H and E. To find v, at this order we take Egs. (4.62)
and (4.63) and include terms through second order in 7. The first-order term vanishes, leaving

vo(z,2) = —2—143(:5) - 11—6/0 ds(1 — $)[s2(1 — )0 Ru(2)
+25(s — 1/2)°R u(Z)]7* + . .. (4.75)
= —2—14R(517) - 41% (DRtt(fl?) + %R,tt(x)) (S

Next we need v; but since it is multiplied by 72 in H we need only the 7 independent term.
From Eq. (2.14)

Ovg + 201,40 + 1100 =0, (4.76)
Atz =2, 0%=0so0
1
vi(z,x) = 3 xlgl;l, O, vo(z, ") . (4.77)

Using Eq. (4.59) in Eq. (4.77), the only terms that survive in the coincidence limit are those
that have no powers of x — 2’ after differentiation, so
1 2201 o~ 1 .
vi(z, ) = —— | ds(1—s)°s’0OR(Z) = ——0OR(T). (4.78)
16 J, 1
Equations (4.62), (4.75) and (4.78) agree with Ref. [6] if we note that their expansions are
around x instead of Z.
The w; at coincidence is given by Ref. [38],
(¢,2) = ~Sun(,2) = 5 OR() (4.79)
wi(, ) = —gu(@, ) = o5 T). :
Combining Eqgs. (4.75), (4.78), and (4.79), and the fourth order term from the Van Vleck
determinant of Eq. (4.65), and keeping in mind that ¢ = —72 when both points are on the
geodesic, we find

Hyz,a') = ﬁ [%Rtt,tt(x) _ %DR(:ﬂ) _ % (DR,-,-(:):) + %R,tt(x)) In (—Tz)}#. (4.80)

Then Hy(2',x) is given by symmetry so

1 1 1 1 1
Hl(l’, Zlf/) + Hl(l’l, Zlf) = ]_607‘(‘2 [gRtt,tt(x) — —DR(,T) — g <DR“($) + §R7tt(x)) In |’7'|:| ’7'2 .
(4.81)

The calculation of F; is similar to Ej, but now we have to include more terms to the Taylor

expansion,
2

Ga(2") = Cus(®) + 5 Curs(@X + T Gy XY (@) + Gy (@), (4.82)
where the remainder of the Taylor series is
1 T/2 2
GHEORE /0 drGaniiel(s +79) (5 —7) QQF. (4.83)
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Now we put Eq. (4.82) into Eq. (4.52), and again use G,, = G;;QQ7. The first term of
Eq. (4.82) gives Ey, which we computed before, and the second term gives nothing, be-
cause [dQQ = [dQQIQIQF = 0. Using [dQQV = 47/30Y and [dQQIQIQFQ =
(47 /15) (69 6% + 5§t 4 §57%) the third term gives

1 1 _ 1 _ 1 _
Ey(r,2') = T [EGz‘m(!E) + £ Gii(T) = 5Gnii(7)
1
+ [ ds 34Gtt7,~,~(:)3)] ?sgnT (4.84)
0
1 1 1

_ 1 .

= _3207'(' |i6Gzz7]]($) + §Gij,ij(z) — §Gtt,ii($):| ’7'2 sgnT.
Using the conservation of the Einstein tensor, 0 = 1"Giop = Gite — Gijj and 0 = nGrap =
Gur — G we can write

Gij,ij(T) = Guu(Z) . (4.85)
50 1 1 3
El(.f(f,x/) = —w <§G”J](i’> + Gtt,tt(j:> — §Gtt,ii(j>) T2 SgN T . (486)
Now Gup = Rap — (1/2)R, so
Gu = (1/2)Rtt + (1/2)Rz’z’ : (4-87b)
Putting these in Eq. (4.86) gives
, 1 B 1 B 1 _ 9
E1 (SL’, X ) = —m Rii,jj(l’) + iRtttt(x) + §Rii,tt(x) T sgn T]
1 1
— —— (OR.(z)+ = 7) | 72 . :
960~ ( R (z) + 2R7tt(:c)) T sgn 7] (4.88)

The fourth term of Eq. (4.82) gives the remainder

1 1 !
Ry(x, ') /dQ{§ [Ggf)(x") — Gﬁi)(x”)} —/ ds sQGg’)(z;’)}sgnT. (4.89)

3272 0

To calculate H;, we combine Eqs. (4.81) and (4.88) and use Eq. (4.72) to get

~ 2 |1 1 1 1
Hl(l', SL’/) = W |i§Rtt’tt(j) — §|:|R(Lf') — g (DRZZ(i’) + iR’tt(E)) 11’1(-TE):| . (490)
All terms through order 1 are then given by

- - - - 1
Huy(t,t') = H_1(t,t") + Ho(t, t') + Hi(t,t)) + §iR1 (t, ). (4.91)

38



4.4 The TP™"H

We can easily take the derivatives of Hy and H; using Eq. (4.15), because they are already
first order in R. However in the case of the term VZH_; we have to proceed more carefully.
From Egs. (4.7) and (4.53) we have

3
or L 02 0 3} o2 1
Vil = 472 Z ( axl oz’ * d(z")? ) \ o4

i=1

1 foadol 0o 2o
= _477'20'3_ Z (8(:6’)2 + 28xi8$'i + 8($”)2> ) (4.92)

i=1

where we used do/0z' = do /02" = 0 when the two points are on the geodesic. From [6], after
we shift the Taylor series so that the Riemann tensor is evaluated at Z, we have

o 2 1 1
8(:51)2 = =2y — gRitit(f)T2 — §Ritit,t(i’)7'3 - gRitit,tﬂA + 0(7'5) (493&)
o 2 1 1
B(2")? = = =2 — gRitit@)T2 + §Ritit,t(j)7-3 - gRitit,ttT4 +O(7) (4.93b)
Do 1 9 T 4 5
al’iax/i 27’]” — gRitit(x)T — 4_0Ritit,tt7_ + O(’T ) . (493C)

From Egs. (4.92) and (4.93), and using R;; = —Ry we have

3

~ 1 |2
V?Z,H_l - — 2 |:T_2Rtt(x) ‘l— iRtt,tt(f) . (494)

472

From Egs. (4.5) and (4.15), we need to compute

/0 Ep g0, (4.95)

where

Fit.0) = a(0g(t) | 19460 (0.0) - 2t 1)] (4.96)

In the first term in brackets it is sufficient to use H, (0)(t,t'), because higher order terms in H
are smooth, even in 7, and vanish at coincidence, and so they do not contribute, as discussed
in Sec. 3.1.1. In the second term, two powers of 7 are removed by differentiation, so we need
Hy (t,1).

Using Eqgs. (4.53), (4.71), (4.73), (4.74), (4.89), (4.90), (4.91) and (4.94) we can combine

all terms in F' to write ;

F(t,t) = g(t)g(t) > filt,t), (4.97)

i=1
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with

fi = % (4.98a)
f2 = 487T%[R,-,-(g:)—71%(95)] (4.98b)
s o= 384 : ;RM )+ Rm() Rus(7) + ng,]( )] In (—r2) (4.98¢)
i = 32%2[ 2 Raae®) + R )—%Rii,jj(f)} (4.98)
f%:z%ﬂ/mvﬂ 66 -] - [ astelln fisenr
(4.98¢)

1
= Gy By 2~3) |
‘f6 6471.2 /d { Gtt ( ) GT’T’ (Zlf )] /0 dSS Gtt (xs)}ZSgHT.
(4.98f)

4.5 The quantum inequality

We want to calculate the quantum inequality bound B, given by Eq. (4.4). We can write it

B=) B, (4.99)

B, = /mﬁfoo dt/oo dt' g(t)g(t) fi(t, t)e =)
:L/C%/ “/ di gt~ D)gli+ ) fiE T i =1...6

where

(4.100a)

B; = /_ dt g*(t)Q(t) = 38410 : / dt g*(t)OR(7) (4.100b)
By = — /_OO dt g*(t) |:2&R7ii(l') - S(Rtt,tt(l') + Riint(T) — 3Ry ()

+R”’“'<j>)} (4.100¢)

using Egs. (2.20), (2.22), (4.4) and (4.79). The first 6 terms have the same 7 dependence as the
corresponding terms in Ch. 3. So the Fourier transform proceeds in the same way, except that
instead of dependence on the potential and its derivatives, we have dependence on the Ricci
tensor and its derivatives. After the Fourier transform, we see that B, and B; have exactly
the same form so we merge them in one term. Thus

1 1 1 1 1 1
I + [ [R—l-

B =
1672 1272 2473 " o407t o 167T 4rm

—IF - I, (4.101)
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where

L = / dt ¢" () (4.102a)
If = / JF[TRu(z) — Ra(2))(9(Dg" (D) — ¢ (D9 () (4.102D)
I?f% = / dT 1n |7'| SgnT/ dt [gRtt,tt(z) + gRii,tt(f) — Rtt,ii(f)
B3R @) g - D+ D) (4.102¢)
5 1,57 g 9 g 9 .
If = 02 |: — 171Rtt tt( ) — Rii,tt(j) —+ 13Rtt,ii(j) — 5R”J](.§Z’):| (4102d)

1
ds s [G(l)(x;’)] }sgnT (4.102¢)

/.
® = /_wdT;/_deg(t_—7‘/2)g(t_+7'/2)/dQV§{% [Gg)(x")—agp(x")}
/.

)
ir [~ atoz | Lot r/2aten)| [an{; [ - 68)

_ /0 dssmg”)(zg)}sgm (4.102f)

- Z it g2() [QaRm-(j) — 2 (Rutael®) + () = 3Ry ()

+Rii,jj(f)):| . (4102g)

If we only know that the Ricci tensor and its derivatives are bounded, as in Eqgs. (4.2), we can
restrict the magnitude of each term of Eq. (4.101). We start with the second term

I < / " 4F [TRa(z) - Ra(®)| l9(Dg" () — ¢ (B (D)

< 10Rp / " dilg(®)1g" D) + ¢ 7). (4.103)

Terms I, I and I are similar. For I and I}, we need bounds on the components of
G. From Eq. (4.87h), |G| < 2Rumax. Since Eq. (4.2) holds regardless of rotation, we can
bound G,, at any given point by taking the z-axis to point in the radial direction. Then
Gy = Gy = (1/2)[Rye — Ryy — R.. + Ry and |G| < 2Ry Taking derivatives of G just
differentiates the corresponding components of R, which are also bounded. In particular, since
there are 3 terms in V2, we have |V2Gy/, \VQGM < 6R!,... Using these results and Eq. (4.69)
for the remainder we have

1 1
Jaav{f o - apwn] + [[asseiunl
0
1
<O [a {2 176+ 1V6u@1] + [ as 9261} io
0

15 45
< Rl 4'7'2 / dﬂ|w|——”| R (4.104)
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For I we use Eq. (4.83) for the remainder

[aal5 o -cun] + [ asscwn)

13 1 o
< —|4; /dQ {— |Grrije ()] + | Gt,ijae(T) ] +/ ds 55|Gtt,ijk($)|} jealiegiiey
" Q Qz Q] Qk 3 ) .
<ry L By / dQ| ||| = S PR (4.105)

4,5,k

After we bound all the terms and calculate the derivatives in I we can define

o= [ arlat
J = :dt /_ Zdt’|g’(t’)
3

/
J, = /_Zdtg(t)z (4.106¢)
/

Hlg" ()| + g'(t)?] (4.106a)
|

g\t — ] (4.106b)

J; = d dt' g(t)g(t) (4.106d)
Jo = / dt / dt'|g' ()| g(t)|t' — t| (4.106¢)
J = / it / dt' [g(®)g"(#)] + ¢ () ()] (F — )2 (4.106f)
and find
|k < 10er72 (4.107a)
| < R;;axjg (4.107b)
I < 258R§;3XJ4 (4.107c)
45
JEE= —WRiiian (4.107d)
o +1
IR < %Rgax(zuﬁuﬁu?) (4.107¢)
|IE) < (24|a| + 11b))R" .. T4 (4.107f)

Thus the final form of the inequality is

/R dr gt T (1,0) > —

5
{ I + = Ruax ) (4.108)

1672 6

23 43
+ RI.. {60J3+ (40 + 167%(24|a| + 11|b|)) }

1637 + 14 7(2m + 1
R;;{ax{ T Js + (1927T)(4J6+J7)}}.

Once we have a specific sampling function g, we can compute the integrals of Eqs. (4.106)
to get a specific bound. In the case of a Gaussian sampling function,

g(t) = e ¥/% (4.109)
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we computed these integrals numerically in Sec. 3.5.1. Using those results, the right hand side
of Eq. (4.108) becomes

1
16070 {3.76 + 2.63 Ripaxtg + [1.71 + 197.9(24]a| + 11]b))] Rlr,t + 6.99 R0, o} . (4.110)

16 max max

The leading term is just the flat spacetime bound of Ref. [9] for g given by Eq. (4.109). The
possibility of curvature weakens the bound by introducing additional terms, which have the
same dependence on ty as in Ch. 3, with the Ricci tensor bounds in place of the bounds on
the potential.

4.6 Discussion of the result

In this chapter, using the general quantum inequality of Fewster and Smith we presented in
Ch. 2, we derived an inequality for a minimally-coupled quantum scalar field on spacetimes
with small curvature. We calculated the necessary Hadamard series terms and the Green’s
function for this problem to the first order in curvature. Combining these terms gives H and
taking the Fourier transform gives a bound in terms of the Ricci tensor and its derivatives.

If we know the spacetime explicitly, Eqs. (4.3), (4.101), and (4.102) give an explicit bound
on the weighted average of the energy density along the geodesic. This bound depends on
integrals of the Ricci tensor and its derivatives combined with the weighting function g.

If we do not know the spacetime explicitly but know that the Ricci tensor and its first
3 derivatives are bounded, Egs. (4.106) and (4.108) give a quantum inequality depending on
the bounds and the weighting function. If we take a Gaussian weighting function, Eq. (4.110)
gives a bound depending on the Ricci tensor bounds and the width of the Gaussian, t.

As expected, the result shows that the corrections due to curvature are small if the quanti-
ties Rumaxts, R, to, and R t5 are all much less than 1. That will be true if the curvature is
small when we con81der its effect over a distance equal to the characteristic sampling time t
(or equivalently if ¢y is much smaller than any curvature radius), and if the scale of variation
of the curvature is also small compared to tg.

In all bounds, there is unfortunately an ambiguity resulting from the unknown coefficients
of local curvature terms in the gravitational Lagrangian. This ambiguity is parametrized by
the quantities a and b.

Ford and Roman [19] have argued that flat-space quantum inequalities can be applied in
curved spacetime, so long as the radius of curvature is small as compared to the sampling
time. The present chapter explicitly confirms this claim and calculates the magnitude of the
deviation. The curvature must be small not only on the path where the quantum inequality is
to be applied but also at any point that is in both the causal future of some point of this path
and the causal past of another. All such points are included in the integrals in Eq. (4.102¢)
and (4.102f).

Is is interesting to consider vacuum spacetimes, i.e., those whose Ricci tensor vanishes.
These include, for example, the Schwarzschild and Kerr spacetimes, and those consisting only
of gravitational waves. In such spacetimes, the flat-space quantum inequality will hold to
first order without modification. There are, of course, second-order corrections. For the
Schwarzschild spacetime, for example, these were calculated explicitly by Visser [35, 36, 37].

43



Chapter 5

Average Null Energy Condition in a
classical curved background

In this chapter we present the proof of the achronal ANEC in spacetimes with curvature
using a null-projected quantum inequality. It is structured as follows. First we state our
assumptions and present the ANEC theorem we will prove. We begin the proof by constructing
a parallelogram which can be understood as a congruence of null geodesic segments or of
timelike paths. Then we apply the general inequality presented in Ch. 2 to the specific case
needed here, using results from Ch. 4. Finally we present the proof of the ANEC theorem
using the quantum inequality.

5.1 Assumptions

5.1.1 Congruence of geodesics

As in Ref. [11], we will not be able to rule out ANEC violation on a single geodesic. However,
a single geodesic would not lead to an exotic spacetime. It would be necessary to have ANEC
violation along a finite congruence of geodesics in order to have a physical effect.

So let us suppose that our spacetime contains a null geodesic v with tangent vector ¢ and
that there is a “tubular neighborhood” M’ of v composed of a congruence of achronal null
geodesics, defined as follows. Let p be a point of v, and let M, be a normal neighborhood of
p. Let v be a null vector at p, linearly independent of ¢, and let x and y be spacelike vectors
perpendicular to v and ¢. Let ¢ be any point in M), such that p can be connected to ¢ by a
geodesic whose tangent vector is in the span of {v,z,y}. Let v(q) be the geodesic through ¢
whose tangent vector is the vector £ parallel transported from p to ¢. If a neighborhood M’ of
~ is composed of all geodesics y(gq) for some choice of p, M,, v, z and y, we will say that M’
is a tubular neighborhood of ~.

5.1.2 Coordinate system

Given the above construction, we can define Fermi-like coordinates described in Appendix A
on M’ as follows. Without loss of generality we can take the vector v to be normalized so
that v,* = 1, and x and y to be unit vectors. Then we have a pseudo-orthonormal tetrad
at p given by Ey = {, Eu) = v, Ey) = z, and Ey) = y. The point ¢ = (u,v,z,y) in these
coordinates is found as follows. Let ¢ be found by traveling unit affine parameter from p
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along the geodesic generated by vE(,) + xE ) +yE). Then ¢ is found by traveling unit affine
parameter from ¢M along the geodesic generated by uF,). During this process the tetrad is
parallel transported. All vectors and tensors will be described using this transported tetrad
unless otherwise specified.

The points with u varying but other coordinates fixed form one of the null geodesics of the
previous section.

5.1.3 Curvature

We suppose that the curvature inside M’ obeys the null convergence condition,
RaVeVh >0 (5.1)

for any null vector V. Equation (5.1) holds whenever the curvature is generated by a “classical
background” whose stress tensor obeys the NEC of Eq. (1.3). We will refer to this as a “classical
background”, but the only way it need be classical is Eq. (1.3).

We would not expect any energy conditions to hold when the curvature is arbitrarily large,
because then we would be in the regime of quantum gravity, so we will require that the
curvature be bounded. In the coordinate system we described we require

‘Rabcd| < Rmax (52)

and
|Raped.al < R | Rabed,apl < Rnaxs | Rabed.opy| < i (5.3)
in M', where the greek indices a, 8,7 - - = v, 2,y and Rpax, Rl .x, Binass By are finite numbers

but not necessarily small. Also we assume that the curvature is smooth.

5.1.4 Causal structure

We will also require that conditions outside M’ do not affect the causal structure of the
spacetime in M’ [11]!
JHp, M)NM" = J"(p, M) (5.4)

for all p € M’. Otherwise the curvature outside M’ may be arbitrary.

5.1.5 Quantum field theory

We consider a quantum scalar field in M. We will work entirely inside M’, and there we require
that the field be massless, free and minimally coupled. Outside M’, however, we can allow
different curvature coupling, interactions with other fields, and even boundary surfaces with
specified boundary conditions.

Because M may not be globally hyperbolic, it is not completely straightforward to specify
what we mean by a quantum field theory on M. We will use the same strategy as Ref. [11].
Our results will hold for any quantum field theory on M that reduces to the usual quantum
field theory on each globally hyperbolic subspacetime of M. The states of interest will be those
that reduce to Hadamard states on each globally hyperbolic subspacetime, and we will refer
to any such state as “Hadamard”. See Sec. II B of Ref. [11] for further details.

!This condition is equivalent to J~(p, M)N M’ = J~(p, M') for all p € M’.

45



Figure 5.1: Construction of the family of null geodesics ® using Fermi normal coordinates

5.2 The theorem

5.2.1 Stating the theorem

Theorem 1. Let (M, g) be a (time-oriented) spacetime and let v be an achronal null geodesic
on (M, g), and suppose that « is surrounded by a tubular neighborhood M’ in the sense of
Sec. 5.1.1, obeying the null convergence condition, Eq. (1.3), and that we have constructed
coordinates by the procedure of Sec. 5.1.2. Suppose that the curvature in this coordinate
system is smooth and obeys the bounds of Sec. 5.1.3, that the curvature in the system is
localized, i.e., in the distant past and future the spacetime is flat, and that the causal structure
of M’ is not affected by conditions elsewhere in M, Eq. (5.4).

Let w be a state of the free minimally coupled quantum scalar field on M’ obeying the
conditions of Sec. 5.1.5, and let T" be the renormalized expectation value of the stress-energy
tensor in state w.

Under these conditions, it is impossible for the ANEC integral,

A :/ dNT 0200 (D(N)), (5.5)
to converge uniformly to negative values on all geodesics T'(X\) in M'.

5.2.2 The parallelogram

We will use the (u, v, z,y) coordinates of Sec. 5.1.2. Let r be a positive number small enough
such that whenever |vl,|z|, |y| < r, the point (0, v, z,y) is inside the normal neighborhood N,
defined in Sec. 5.1.1. Then the point (u,v,z,y) € M’ for any u.
Now consider the points
&(u,v) = (u,v,0,0). (5.6)

With v fixed and u varying, these are null geodesics in M’. (See Fig. 5.1.) Write the ANEC
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integral
Av) = / du Ty (P (u,v)) . (5.7)
Suppose that, contrary to Theorem 1, Eq. (5.7) converges uniformly to negative values for all
|v| < r. We will prove that this leads to a contradiction.
Since the convergence is uniform, A(v) is continuous. Then since A(v) < 0 for all |v| < r,
we can choose a positive number vy < r and a negative number —A larger than all A(v) with
v € (—vp,vp). Then it is possible to find some number u; large enough that

u(v)
/ du T (D, v)) < —AJ2 (5.8)
u—(v)
for any v € (—wp, vp) as long as
uy(v) > w (5.9a)
u_(v) < —uy. (5.9b)

As in Ref. [11], we will define a series of parallelograms in the (u,v) plane, and derive
a contradiction by integrating over each parallelogram in null and timelike directions. Each
parallelogram will have the form

(—vo, o) (5.10a)
(u—(v), uy(v)), (5.10b)

where u_(v),u, (v) are linear functions of v obeying Egs. (5.9). On each parallelogram we will
construct a weighted integral of Eq. (5.8) as follows. Let f(a) be a smooth function supported
only within the interval (—1,1) and normalized

1
/ daf(a)® =1. (5.11)
1
Then we can write

vo uy(v)
/ dv f(v/vo)Q/ " du Ty (P(u,v)) < —voA/2. (5.12)

—vg

We can construct this same parallelogram as follows. First choose a velocity V. Eventually
we will take the limit V' — 1. Define the Doppler shift parameter

1+V
d=1\1Tv (5.13)

Let a be some fixed number with 0 < a < 1/3 and then let
t() =0 %r. (514)

AsV — 1,6 — oo and tg — 0.
Now define the set of points

ot t
Oy (n,t) = (n+ﬁ,ﬁ) . (5.15)
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Figure 5.2: The parallelogram ®(u,v), v € (—vg,vp), u € (u_(v),us(v)), or equivalently
®V(n7t>7 te (_t(]vtO)v ne (_7]077]0)

We will be interested in the paths given by ®y (n,t) with n fixed and ¢ ranging from —t, to t.
In flat space, such paths would be timelike geodesic segments, parameterized by t and moving
at velocity V' with respect to the original coordinate frame. In our curved spacetime, this is
nearly the case, as we will show below. Define

M = u+tgd/V2 (5.16a)
vo = to/(V20) (5.16b)
us(v) = £+ 6% (5.16¢)

so that uy satisfies Egs. (5.9). Then the range of points given by Eq. (5.6) with coordinate
ranges specified by Egs. (5.10) is the same as that given by Eq. (5.15) with coordinate ranges

—1p < t<iy (517&)
—ny < m<mn (5.17Db)
The parallelogram is shown in Fig. 5.2.
The Jacobian O(u,v) )
u, v
’ - 5.18
Al v 519
so Eq. (5.12) becomes
70 to
[ an [ ar @/ < - At/2, (5.19)
=10 —to

We will show that this is impossible.

5.2.3 Transformation of the Riemann tensor

Since we are taking § — oo, components of R with more u’s than v’s diverge after the trans-
formation. Components of R with fewer u’s than v’s go to zero and components with equal
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numbers of u’s and v’s remain the same. We want the curvature to be bounded by R,,., in the
primed coordinate system, which will be true if all components of the Riemann tensor with
more u’s than v’s are zero. We will now show that this is the case in our system.

All points of interests are on achronal null geodesics, which thus must be free of conjugate
points. Using Eq. (5.1) and proposition 4.4.5 of Ref. [22], each geodesic must violate the
“generic condition”. That is to say, we must have

(0 Ryyegrely) = 0 (5.20)

everywhere in M’.

The only nonvanishing components of the metric in the tetrad basis are g,, = gpu = —1
and g, = gyy = 1. The tangent vector £ has only one nonvanishing component ¢* = 1, while
the covector has only one nonvanishing component ¢, = —1. Thus Eq. (5.20) becomes

g[aRb}uu[Jﬂ =0. (5.21)

Let j, k, I, m and n denote indices chosen only from ? {z,y}. Choosing a = m, e = n, and
b= f =wv we find
Riwun =0 (5.22)

for all m and n. Thus
R,.,=0. (5.23)

Equation (5.23) also follows immediately from the fact that since R,, cannot be negative, any
positive R,, would lead to conjugate points.
If we apply the null convergence condition, Eq. (5.1), to V = E(,) + €Em) + (€2/2)E),
where € < 1, we get
Ruw + 2Rpue +O(?) > 0. (5.24)

Since R, = 0 from Eq. (5.23), in order to have Eq. (5.24) hold for both signs of €, we must
have

R, =0. (5.25)
Since R, = —Rumou + gijjmku,
Rumou = 0" Rjmiu - (5.26)
Now we use the Bianchi identity,
Rivum:n + Riunuzm + Riwmnze = 0. (5.27)

From Eq. (5.22), Rjum.n = 0. The correction to make the derivatives covariant involves terms
of the forms RauumVnEl(a) and RlaumVnEq(La). Because of Eq. (5.22), the only contribution
to the first of these comes from a = v, which we can transform using Eq. (5.26). For the
second, we observe that 0 = V,(E® . E®)) = 2V, E® . B®) = QVHEI(LU), so a = v does not
contribute. Furthermore Rjymn. = Riymn.u, because the u direction is the single final direction
in the coordinate construction of Sec. 5.1.2, and so in this direction the tetrad vectors are just
parallel transported. Thus we find

deumn

S = PR imka Vo B + Ritgu Vo BY) = Rinke Vin B — R Vi EW]

2This notation applies only in this subsection and not the rest of the thesis
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Eq. (5.28) is a first-order differential equation in the pair of independent Riemann tensor
components Ry, and R,,.,. By assumption, the curvature and its derivative vanish in the
distant past, and therefore the correct solution to these equations is

Riymn = 0. (5.29)

Egs. (5.26) and (5.29) then give
Ry = 0. (5.30)

Combining Egs. (5.22), (5.29), and (5.30) and their transformations under the usual Rie-
mann tensor symmetries, we conclude that all components of the Riemann tensor with more
u’s than v’s vanish as desired.

5.2.4 Timelike paths

The general quantum inequality of Ch. 2 we will use for this proof is applied on timelike paths.
So we are going to show that the paths ®(n+6t/v/2,t/v/26) are indeed timelike. Differentiating
Eq. (5.15), we find the components of the tangent vector k = d®y /dt = (1/4/2,1/4/2) in the
Fermi coordinate basis. The squared length of p in terms of these components is g.,k?k°.
We showed in Appendix A that g = 7up + hap, Where hg, at some point X is a sum of a
small number of terms (6 in the present case of 2-step Fermi coordinates) each of which is a
coefficient no greater than 1 times an average of

Rapea X X© (5.31)

over one of the geodesics used in the construction of the Fermi coordinate system. The sum-
mations over d and ¢ in Eq. (5.31) are only over restricted sets of indices depending on the
specific term under consideration. From Egs. (5.15) and (5.16a) the points under consideration
satisfy

lul < u /64 V21 (5.32a)
o] < 70/v?2 (5.32b)
r = y=0. (5.32¢)

From Eq. (5.14), the first term in Eq. (5.32a) decreases faster than the second, so we find
that all components of X are O(ty). Using the fact that the components of the Riemann tensor
are bounded we find

hab = O(Rmaxt?)) (533)

SO
gark k" = —1 4+ O(Rpaxt?) - (5.34)

Thus for sufficiently large ¢, and thus small ¢y, k is timelike.

5.2.5 Causal diamond

The quantum inequality of Ch. 2Kontou:2014tha is applied to timelike paths inside a globally
hyperbolic region of the spacetime. So this region N must include the timelike path from
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p = Py (n, —ty) to ¢ = Py (n, 1), and to be globally hyperbolic it must include all points in
both the future of p in the past of ¢, so we can let N be the “double cone” or “causal diamond”,

N=J"p)nJ(q). (5.35)

We have shown that the curvature is small everywhere in the tube M’, so we must show that
N cC M.
From the previous section, we have that the metric can be written as

Gab = Nab + hab 5 (536)
where hg, consists of terms of the form Rg.¢XX¢. The double cone in flat space obeys
], [yl [v] < 7o, (5.37)

so the same is true at zeroth order in the Riemann tensor R. Thus at zeroth order,

hay = O(Rmaxt?)) ) (538)
and so at first order in R,
2], [y, [v] < 7o(1 + O(Rumaxt?)) - (5.39)
Since ty < r for large d, we have
2|, [yl [v] <. (5.40)

and N C M’ as desired.

5.3 The null-projected quantum inequality

We can write the general quantum inequality of Eq. (2.23) for w(t) = @y (n,t) for a specific
value of n and the stress energy tensor contracted with null vector field ¢/* = u as

/_ " dr 0PI (w(t) > B, (5.41)
where % g -
B [TRR60 - [ a0 2oR bR (5.42)

where we used that g,, = 0 so the term () doesn’t contribute at all, R,, = 0 according to
Sec. 5.2.3 and o
F(1.1') = g(t)g(#)T2 How (w(). w(t). (5.43)

F' denotes the Fourier transform in both arguments according to Eq. (2.24).

5.4 Calculation of T;S,litﬁ] (1)

To simplify the calculation we will evaluate the TH, (1) in the coordinate system (t, z,y, z) where
the timelike path w(t) points only in the ¢ direction, z direction is perpendicular to it and z
and y are the previously defined ones. More specifically ¢ and z are

L 5 tu+ dv L 0 u — dv
V2 o V2 o

o1

(5.44)



The new null coordinates 4 and v are defined by

i = t;;; R - t\;; , (5.45)
and are connected with u and v,
=0""u, b= v (5.46)
The operator Tjﬂ%it can be written as
TP = 620,04 . (5.47)

If we define ( = z — 2’ and @ as the @ coordinate of Z, the center point between z and z’ we

have ) )
55—2 (55‘; — (02 + 20,0, + ag)) (5.48)

split
Tuu’ -

5.4.1 Derivatives on f[_l

For the derivatives of H_; it is simpler to use Eq. (5.47). We have

~ 1 g 0 1

In flat spacetime it is straightforward to apply the derivatives to H_;. However in curved
spacetime, there will be corrections first order in the Riemann tensor to both ¢ and its deriva-
tives.

We are considering a path w whose tangent vector is constant in the coordinate system
described in Sec. 5.1.2. The length of this path can be written

, ! dx® dxb !
s(z,2') = / d)\\/gab(w()\)) — = / A/ gap(2") Aza At . (5.50)
0 d\ d\ 0
where Ax =z — 2/ and 2" = 2/ + AAz since dx®/d\ is a constant.

Now o is the negative squared length of the geodesic connecting ' to x. This geodesic
might be slightly different from the path w. However, the deviation results from the Christoffel
symbol I'?., which is O(R). Thus the distance between the two paths is also O(R), and the
difference in the metric between the two paths is thus O(R?). Similarly, the difference in length
in the same metric due to the different path between the same two points is O(R?). All these
effects can be neglected, and so we take 0 = —s2.

Now using Eq. (A.26) of Appendix A we can write the first-order correction to the metric,
Jab = nab+Fab+Fba7 (551)

where F;, is given by Eq. (A.28) of the same Appendix because the first step for z =y = 0 is
in the v direction and the second in the @ direction. By the symmetries of the Riemann tensor
the only non-zero component is

1
Fia(2") = / di(1 — 1) Roaga(a™, 2/)a" (5.52)
0

52



where we took into account the different sign conventions. Putting this in Eq. (5.50) gives

1
s(x,2') = / AMN/ 2028 Az + 2F 55 Ax® Ax?
0
1 _ _ 1 ~ ~
= / d\W2 (\/ Azt Ax? + §F55(A$U)3/2(A[L’u)_l/2) .
0
So to first order in the curvature,

1
o(x,2') = —s(x,2') = -7+ % — 2/ dNFys Az Ax® .
0
We define the zeroth order o,
oD (z,2) = 7% + (2,
and the first order,
1
oW (z,2) = —2/ d\F35Ax° Ax®
1 1 S
= —2/ d)\/ dr(1 — k) Rpapa (k™ , 2" 2" Ax® Az’
0 0

1 ¢
= —2/ d)\/ dy (¢ — ) Ryasa(y, ") Az’ Ax?
0 0

where we defined ¢ = 2" and changed variables to y = x¢. Now to first order,

and the derivatives,

00 i = i + B(7(1) - —2\/§ <a(~1) — a(},)> — LU(}Z/ .
ozt Ox'% 0+ ) le=o @ 46 75 “ o T4 ou

Now we can take the derivatives of o ,

1 ¢
o0 = =2 [Lang [yt - ) Rusealy ") A0
’ 0 ot Jo
1 ¢ S
= —2/ d)\)\/ dyRazas (y, o) Az Az® .
0 0
Similarly,

1 ¢
= —2/ dA(1 — )\)Q/ dy (¢ — ?/)Rﬁaaa(yw/w)AxﬁAfﬁ
0 0

—_
~

=

ol
1 ¢ o
= —2/ d\(1 — )\)/ dyRasas(y, o) Az Ax”
0 0
For the two derivatives of (!,

1
0'21)]/ - _2/ d)\(l — )\))\Rﬁi}ﬂi}(x//ﬁ, LU//{})AZIZEAS(,’@ .
0
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(5.53)

(5.54)

(5.55)

(5.56)

(5.57)

(5.58)

(5.59)

(5.60)

(5.61)



Now we can assume purely temporal separation, so Az” = Az” = 7/4/2 and
lj/ — L(t// ‘I— 2 t” _ 2)
\/§ ) )

where Z = (z + 2/)/2 and t” =t + Ar. Then the derivatives of H_; are
it = 5—2 1 0 B
TSp/l H_ — - 4 _ 12 _ s ’ v
w 1 o ( /0 d)\/o dy(¢ — y) Reasa(y, ")
1 ¢ )
—2\/5/ d)\(l — 2)\)/ dyRﬁM;)(y, ZL’”v)’T
0 0
1
+/ d)\(l - )\))\Rﬁ@ﬁf)(z‘//ﬁ,x//ﬁ)T2) .
0

Let us define the locations 7, = (kz%, z%) and

Then Eq. (5.63) can be written

AT

o —9 1 1 -
TPMH , = o 1 (4 _/ d\ {12/ dr(1 — k) (2")? Roasa ()
0 0

1
+2\/§(1 — 2>\)/ dra" Rygas(2)T — (1 — A)ARﬁaﬁﬁ(l’//)72]> .
0

The derivatives of H _1 can thus be written

split 7 o1 1 . 1 1
Tuz}tH—l =0 2[77 (ﬁ +y1(t77')) + T_3y2(t,7') + T—2y3(t,7'):| ,

where the y;’s are smooth functions of the curvature,

(5.62)

(5.63)

(5.64)

(5.65)

(5.66)

g (E,7) = /O DY (1) 1) = /0 A1 = 20Ya(t") (1) = /0 dA(1 — NAY3(t") |

with

3 1

Yi(t') = —55 | dre(l = k)" + 2)* Roawa(a?)
272 J,

V) = [ 4 D) Rosen ()

2 271_2 0 VUVU\V k) )
1

Yi(t") = —mRaﬁaa(f,),

where 2" and 2/ are defined in terms of ¢” by Egs. (5.62) and (5.64).

o4

(5.67)

(5.68a)

(5.68b)

(5.68¢)



5.4.2 Derivatives with respect to 7 and u

In Ch. 4 we calculated fI(l), but for points separated only in time. Let us use coordinates
(T, Z, X,Y) to denote a coordinate system where the coordinates of  and z’ differ only in T.
Ref. [26] gives

~ ~ ~ ~ 1
Ho(T.T') = HA(T.T) + H(T.T) + B(T.T') + 5iRa(T.T'), (5.69)
. N - 1
H(Q) (T, T/) == H_l(T, T/) + Ho(T, T/) + §’LRO(T, T/) ; (570)

where

N . 1
HA(DT) = —img—p = (5.71a)

AT, T) = —— | Ryr(@) — SR@) In (—(T - T — ie)?)| , (5.71b)

4872 2
N , (T —T')2[1 1
= — (= — =0 :
H1 (T, T ) 64072 BRTT,TT(x) 5 R(SL’) (5 71C)

1 1
—g (DR[}(E) + §R7TT(E)) In (—(T -7 — ie)z)} .
The order-0 remainder term is

/ 1 1 (1) " (1) "
Ry(T.T') = = / dQ{ 5 [GTT(X ) — G (X )} (5.72)

1
—/ ds sQGgpl%(Xg’)} sen (T —1T"),
0

where [ d means to integrate over solid angle with unit 3-vectors Q, the 4-vector 2 = (0, Q),
the subscript R means the radial direction, and we define X" = z + (1/2)|T — T"|Q2, X! =
T+ (s/2)|T —T"|§2, and

|T—T"|/2
GUL(X") = Gap(X") — Gap(T) = / dr Gap.(Z +rQ)QL. (5.73)
0
The order-1 remainder term is
"o 1 1 3) m _ ~(3) "
R(T) = g o ] [ - 6]
1
- / ds S2G§?}(X;')} sen (T —T"), (5.74)
0

where Gf}g is the remainder after subtracting the second-order Taylor series. We can write

" ]'
G =3 [

When we apply the 7 and u derivatives from Eq. (5.48), we can take (T, Z,X,Y) =

(t,z,x,y) and calculate 92H,, 9Hy, 0*H,y, 0>Ry, and 0?°R,. Applying 4 derivatives to Hy
gives

|[T-T"|/2

T-T 2
drGap,rik (T +rQ) ( 5 r) Q70K . (5.75)

1
4872

821{[0 = |:Rtt7{“](l’) — %Rﬂ]ﬁ In (—7’3):| . (576)
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For the derivatives with respect to 7 we have

1

PHy = ——
TH0 T 4’22

R(Z), (5.77)

and

Wl =

. 1 1 B 1 _
83[‘[1 = 32072 |:§Rtt,tt(x> - §DR(55) -

(DRM@H%R”(@)) (3+1n(—7’3))} (578)

in the 7 — 0 limit.
Applying @ derivatives to Ry gives

1 IT1/2 1
8§R0 = % /dQ /; dr 8;{ 5 [Gtt,i(x///) — Gmi(xm)]

1
—/ dss2Gtt,i(:c’s”)}QisgnT, (5.79)
0

where 2" = 7 4+ rQ and 27 = T + sl

Now we have to take the second derivative of R; with respect to 7, which is T'— T" in this
case. This appears in three places: the argument of sgn in Eq. (5.74), the limit of integration
in Eq. (5.75), and the term in parentheses in Eq. (5.75). When we differentiate the sgn, we get
0(7) and (7). but since GS’])B ~ 73, there are enough powers of 7 to cancel the ¢ or &, so this
gives no contribution. When we differentiate the limit of integration, the term in parentheses
in Eq. (5.75) vanishes immediately. The one remaining possibility gives

1 I71/2 1 ) ,
872_R1 = W /dQ/(; d’f’{ 5 [Gtt,ijk(x/ /) - G?‘?‘,ijk(x/ /)]

1
—/ ds 32Gtt,ijk(xg’)}QinQk sgnT. (5.80)

0

5.4.3 Derivatives with respect to (

To differentiate with respect to ¢, we must consider the possibility that x and 2’ are not purely
temporally separated. We will suppose that the separation is only in the ¢ and z directions
and construct new coordinates (7', Z) using a Lorentz transformation that leaves z unchanged
and maps the interval (T"—7",0) in the new coordinates to (7, () in the old coordinates. Then

T—T =sgnty/72 — (2, (5.81)

and the transformation from (7', Z) to (¢, z) is given by

B 1 T
A_SgnT\/m(C T). (5.82)

with the x and y coordinates unchanged. Then

(Z):A(TBT/)' (5.83)
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Now let M be some tensor appearing in ]':[(1). The components in the new coordinate
system are given in terms of those in the old by

Mage... = ANGABAG .. M., (5.84)

We would like to differentiate such an object with respect to ¢ and then set ( = 0. The only
place ¢ can appear is in the Lorentz transformation matrix, where we see

e - ( ; (1) ) (5.85)

. =772 < (1) (1) ) . (5.86)

To simplify notation, we will define P and @) to be the matrices on the right hand sides.
Reinstating x and vy,

N

and similarly,

NG

0100
1 000
P = 000 0 (5.87)
0000
1 000
0100
QR = 000 0 (5.88)
00 0O
Now we can write the derivative of M pc . as
O:Mapc.. = O(A4ALAL ) M. (5.89)
¢=0 ¢=0
= @A @A Mo
¢=0
1 a b cc a pb cc 1 abc
= T_<PA5B(SC st 5APB50 R -;)Mabc... == T_pAB'é...Mabc...
where p% is a rank-n matrix of 0’s and 1’s. With two derivatives, we have
FMagc... = Z(AGABAL ) M., (5.90)
¢=0 ¢=0

= [(8?/\?4)6%6(‘} R 5%(8?/\%)68 RR P

DAY (BAY)SE -+ 2(B A% (BAL) -+ .. } M‘
¢=0

w|'_‘

(QA0R0C -+ 05Qp0G -+ ..
+ PiPROG -+ PROL PG+ .. ) M.

T

abe...

= T_QQABC...Mabc...
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where ¢4 is a rank-n matrix of nonnegative integers.

There are also places where T — T" appears explicitly in H;. We can differentiate it using
Eq. (5.81),

O:(T —T') = 0, (5.91a)

¢=0

R(T—-T) = -1 (5.91b)

¢=0

Now we apply the operators 02 and 0,0, to Hy, Hy, and R;. First we apply one ¢ derivative?
to Eq. (5.71b) using Eq. (5.89),

~ 1
H, =—— _p T .92
a7' <8C 0 CZO) 4877'2’7'3 Pyt Rab(x) ) (5 9 )
and two ( derivatives using Egs. (5.90) and (5.91a),
~ 1
2 o ab = -
92H, B (4 Rap(T) + R(Z)] . (5.93)

Then we apply one ¢ derivative to Hj,

L abe _ . I T
) 192077 {ptt@th“bvcd@) - (Pif’DRab(I) + 5pt£’R,ab(:v)) (In(—72) + 2)} ,
¢=0
(5.94)

O, <8<ﬁ11
and two ¢ derivatives to H;,

8? FIl qub 0 Rab

1 1
[ 3qztt§dRab cd(T) — Rtt,tt( )+ OR(z

o 6407

OJ|F—‘
l\DlH/_\

%q;m,ab(x))m(—#) §(DRH<> R, <>)<1+1n<—f ik

(5.95)

Finally we have to apply the derivatives to the remainder R;. We can apply the { derivatives
in two places, the Lorentz transformations and GSJ)B. Since the three terms are very similar
we will apply the derivatives to one of them

, (5.96)
¢=0

where we defined Y = (1/2)|T — T"|A%Q". Then using Egs. (5.89) and (5.91a), we find that
that 9,Y%|c=o = (1/2)p?Qsgn 7 and taking into account the properties of Taylor expansions,

0
gye

B; / dQGg?;(HY)‘ / dQ( DG (") + 8&@5’( +Y)dY"
¢=0

o9z + Y>\ G . (5.97)
¢=0

3The Lorentz transformation technique we use here is not quite sufficient to determine the singularity
structure of the distribution aCHO at coincidence. Instead we can use Eq. (4.29) to compute the non-logarithmic
term in Hy for arbitrary x and 2/, which is then —Rap(Z)(z — 2/)%(x — 2)? /(48720 ). Differentiating this term
gives Eq. (5.92) and explains the presence of 7_ instead of 7 in the denominator. The first term of Eq. (5.93)
arises similarly.

o8



where Gﬁ),c is the remainder of the Taylor expansion of Gy after subtracting the first-order

Taylor series.
Thus Eq. (5.96) becomes

1 1 ,
aC/dQng)“(j +Y) = /dQ (;P?tng? (") + ithz,)a(fC”)p?QZ sgn T) . (5.98)
¢=0
Using G® from Eq. (5.75) and
@) 7172 7] iV
Gab@(lﬂ) = /(; erab,ijc(:i' + TQ) (7 — T’) QY , (599)

Eq. (5.98) becomes

(3) /¥ i/ |T| b " 1 |T|
0 / AQG (X +Y)|c=0 = / dqQ / dr <—2 - r) [p?t Ganign (")~ (7 - r)(5.100)
0
1 .
+§p?Gtt,ija(xm) sgn 7‘] QOIOF

We could simplify further by using the explicit values of the p matrices, but our strategy here
is to show that all terms are bounded by some constants without computing the constants
explicitly, since the actual constant values will not matter to the proof.

Applying the 7 derivative gives

I71/2 2
0, <a< [aaciyev) ) = [ao [Tal (35 #Gunt G0y
¢=0

1
-+ ip? Gtt,ija ( ///):| QZ Q] Qk

We do not have to differentiate sgn 7 here, because the rest of the term is O(7?) and so a term
involving 4(7) would not contribute.

The same procedure can be applied to all three terms. Terms involving X! will get an
extra power of s each time G is differentiated. The final result is

) (5.102)
\T|/2 r2 1, . y 1 " .
- 3271'2 / / { <_ - ﬁ) |i2(ptt _prr)Gab,ijk(x ) /(; dSS ptt Gab zgk( ):|

+4 |ipl (Gtt zga( ///) - Grr,ija(xm)) / dSS b; Gtt Ua( ”/):| }QZQJQk sgnT .
0

For two ( derivatives we can apply both on the Lorentz transforms, both on the Einstein
tensor or one on each,

or (8<R1 (T T/)

ab 2
o q /. a = a
# [aciaey)| = [ao(E6lu + e s vinyay|
9 (3) 2
aG (z+Y)o:Y* (5.103)
8Y tt ¢ —o
ptt d (3) c
+2—=—G, ) (Z+Y)0Y ) .
T 0Y¢ =0
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Using Egs. (5.91b) and (5.90),

: 01
2 Gl i F/0 104
8< =0 2T 2r 21 (5.104)
with b/ = ¢/ — &7, while
RY' =0, (5.105)
¢=0

since ¢! = 0 and Q' = 0. Using properties of the Taylor series as before, we can write

82

aYaaYb Gg’) (j + Y) = Gg,)ab(x”) ) (5106)
so Eq. (5.103) becomes
ab
% / dQG?%(MY)‘ - / a0 {‘%Gﬁ)(m”) PR G, ()i
¢=0

1 " ] i
+2‘T|( P PGy (2”) + Gi)(x )hﬁ)Q} (5.107)

Using G as in Eq. (5.73) and G® and G® from Egs. (5.99) and (5.75) this becomes

|r\/2 2
o2 / dQG¥(z +Y / dQ / {(5 " |) Giy Gav,iji (")
]' T C n
+4pszGtt kab(2") + <Z - m) < ttp Gap,jke(z")
+h§Gtt,ljk(x”’))} QYQF. (5.108)

For all three terms

O R (T, T’) (5.109)

|T‘/2 r ’ 1 b b " ! 2 ab "
= Z) 150 - a0 Caan(@”) — | dssa Ganagnla”
32%2/ / {( |7_|) {2(%% ) b, Jk(x ) /0 88 Gyt G ap, gk(l' )}

1 " " ° "
#1017 5 Guerala”) = Gonala™) — [ s5'Gupana?)]
0

1 r " 1 " "
* (Z 2|7 |) { [Pt = P Glab jre(a™) + Qhﬁ(Gttij(l" ) = Grrijr(2"))

1
[ s it ) + HGuana)] o s
0

5.5 The Fourier transform

Eqs. (5.66), (5.76), (5.77). (5.78), (5.79), (5.80), (5.92), (5.98), (5.94), (5.95). (5.102) and
(5.109) include all the TP H ;) terms. To perform the Fourier transform we expand 752" H

60



according to Egs. (5.47) and (5.48) and separate the terms by their 7 dependence,

TSphtH(l = 5 |:8 8 H_1 + - <8 H(] + —’LR())

1 ~ ~ 1

74 \ 72

= 52 (G ) )+ (6@ + e(E )

"‘ll’l( )Cg(a + Cg(ﬂ + C4(t T):| s (5110)

where ¢y, ¢o, and c¢3 are smooth and have no 7 dependence and ¢, is odd, C; and bounded. As
mentioned in Sec. 5.4.1, the functions y; depend on 7 but are smooth. Explicit expressions for
the ¢; are

1 ~ b qab ~
o= g~ R@+ (- ) Rato)) (5.111a)

: T i vyl a -
= ~oons | —9Raa Lo - G
Co 19207?2< 5R qa(T) + (p“ + 5 ) Ru(z) + 5 ( Dy + 5 R .,(Z) | (5.111b)

1 _ 1 abe qabcd 1 )
G = 96072 (5Rttvﬁﬁ(‘r) ) (pttl;td + tt; ) Rapcd(Z) + OR;(T) + §R,tt(l’)
1
+pOR () + P 'R o (T )) (5.111c)

I71/2
4 = 256%2/ dr/dQ( { (Gii(w ”)—Gmi(:)s’)] /0 ds $*Gyi(z ”)}

1
A G = Guna)] = 5 [5Gt
1
(1 - —) [ 0 P Gaanla”) — [ dsypggca,,,ijk(ng)]
0
a 1
 Guusnala”) = Grrgrala™) = [ A Grugualal)
0
1 r 2 1 " ! 2 ab "
+2 2 | | (Qtt - QTT)Gabij(x ) - dss ('™ Gabij(xs )
0

1 1 s
i) [§<Gtt7kab<x”> ~ Gunparla) = [ 554 Gupn(a?)
0

1 r ]
* (5 B H) {pf(pgtb — i) Gap re(2") + ihé(Gtt,ljk(fL’m) — Grrije(2™))
1
- / dss® (2p{piy Gaee(@’) + WG isu (@) }Q]Qk) Q'sgnr. (5.111d)
0

We now put the terms of Eq. (5.110) into Eq. (5.42), and Fourier transform them, following
the procedure of Sec. 3.4 , to obtain the bound B in the form

B=§?) B;. (5.112)



The first term in Eq. (5.110) is 1/(7?71), and we proceed exactly as Sec. 3.4, except for the
different numerical coefficient, to obtain

Y
By = 247T2/ dt g"(t)*. (5.113)

Putting only Eq. (5.113) into Eq. (5.112) gives the result for flat space. Fewster and Eveson
[9] found a result of the same form, but they considered T}, instead of T}, so the multiplying
constant is different. Fewster and Roman [14] found the result for null projection. Where we
have 1/24, they had (v - ¢)?/12, where v is the unit tangent vector to the path of integration.
Here v - £ = ' = 1/(5v/2), from Eq. (5.44), so the results agree.

The remaining 7~* term requires more attention, because of the 7 dependence in y;. We

write J
/ de / drGy (T —ZfT, (5.114)
with -
Gl(T)z/_ di(yy(F,7))g (t‘—g)g(ﬂg) . (5.115)
Then ]
= 5;G1"(0). (5.116)

Applying the 7 derivatives to G gives

[ &
= df[ —y1(¢,7)
oo dr* 0

g D" D90 ~ 15" Dol0) +39'07)|. (5.117)

GY'(7) (9"(Bg(®) — g' (1))

=0

o0 + 3 (i 7)

=0

where the terms with an odd number of derivatives of the product of the sampling functions
vanish after taking 7 = 0.

Now y; depends on 7 and ¢ only through ¢’ =t 4+ (A — 1/2)7, so using Eq. (5.67), we can
write

d d d [*
LnlEr) =+ / D) = & /0 AN — 1/2)V (") . (5.118)
Then we integrate by parts and put all the derivatives on the sampling functions g,
1 > ! 1 ! " 2 / " "
Bi=gp [ di| 2 [ ax(a-3) MBSO + 190" @) + 90" D)

w3 [ (3= 3) VoW 0e - 07
LDl Dal0) 49" D) + 39" D7) (5,119

Since we set 7 = 0, Y; has no A dependence and we can perform the integral. The result is

1

By = 155 thl(t_)( "(5)” — 29" (D)9 (1) + 29" (£)g()) - (5.120)
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For the term proportional to 7—2, we have
By = — —e R 121
o= [ arGar e (5121)
where -
_ _ T _ T
Go(T) = / dtys(t,7)g (t — 5) g (t + 5) : (5.122)
We calculate this Fourier transform in Appendix B.2 and the result is
1
By = BG’Q”(O) . (5.123)
Applying the derivatives to Gy gives
" d3 2 3d I " 1(F\2
Gy(r)| = dt —(t, )| g+ 5wt 1) ("Bgt) —g' ). (5.124)
7=0 dr 7=0 2dr 7=0

Again the only dependence of y, on 7 is in the form of ¢’ so we can integrate by parts
e [Ca [ o] 23 2) 0600 + e o)
3 2
+5 (A= 3) BOG" O - O @), G129

and perform the )\ integrals

1 o

Br=¢5 | thz(f) (g'(®)g" () — 39" (D)g(?)) - (5.126)
For the term proportional to 7-2, we have
/ de / drGs(T —ZfT. (5.127)
where -
_ _ _ T _ T
Ga(7) = / dt(cr(8) + y3(E,7))g (t - 5) g (t + 5) . (5.128)
The result from Sec. 3.4 is
L
B3 = §G3(0). (5.129)

Applying the derivatives to G3 gives

d2
= dt [ ys(t, )
7=0 / dr 2

G5 (7)

a0+ L a® + 1®)lg "(ﬂg(ﬂ—g'@?)]. (5.130)

=

As before, we integrate by parts
mey [ i dA[ 2 (A - ;) (1= VAV D (D2 + 9(Dg" (D)
() + (L~ M D)(o Do) - g'<f>2>] (531
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Integrating in \ gives

By = i/_(: dt {cl(f)(g”(f)g(f) S AORES 1—1536(5)(39”(5)9(5) - 29/(5)2)] : (5.132)

The three remaining terms have Fourier transforms given in Sec. 3.4
[ (- T _ T
B, = — dt drg (t + 5) g (t - 5) In|7|co(t) sgn (5.133a)
By — / g (D)2(ca(F) + cs (D)) (5.133b)

Bs = %_/_: dt/_: dT%g <f+ %) g (f— %) ca(t, ), (5.133¢)

where we added
C5(ﬂ = —(2a + b)Rﬂ]a(f) s (5134)

which is the local curvature term from Eq. (5.42).
The bound is now given by Eqgs. (5.112), (5.113), (5.120), (5.126), (5.132), (5.133).

5.6 The inequality

We would like to bound the correction terms B; through Bg using bounds on the curvature
and its derivatives. Using Eq. (5.2) in Eq. (5.68a), we find

3 a
V(O] < 5517 Ranas (5.135)

We can use Eq. (5.135) in Eq. (5.120) to get a bound on |B;|. But will not be interested in
specific numerical factors, only the form of the quantities that appear in our bounds. So we
will write

1B1| < IV [9)17"* Rinax (5.136)

where J1(3) [g] is an integral of some combination of the sampling function and its derivatives

appearing in Eq. (5.120). We will need many similar functionals JP lg], which are listed at
the end of the section. The number in the parenthesis shows the dimension of the integral,

1
B[] ~o —— 1
In 9] T (5.137)
Similar analyses apply to By and B3 and the results are
Bl < I3 [g)|7"| R (5.1384)
B3| < J5"[g) Runax (5.138h)

Among the rest of the terms in B there are some components of the form Rgpeqs which
diverge after boosting to the null geodesic, as shown in Ref. [23]. However we can show that
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these derivatives are not a problem since we can integrate them by parts. Suppose we have a
term of the form

B, = / dt/ d’TLn(T, E)Rabcdﬂ](:f) , (5139)

where L, (7,t) is a function that contains the sampling function g and its derivatives. The @
derivative on the Riemann tensor can be written

Rabcd,ﬂ = Rabcd,t - Rabcd,f) . (5140)

The term can be reorganized the following way by grouping the terms with ¢ and o, x,y
derivatives

B, — / df / A7 Lo (7, D) (AP R 1 (7) + ADCIR L (5)) (5.141)

o0 o0

where A% are arrays with constant components and the subscript n denotes the term they
come from. Here the greek indices «, 3,--+ = v, x,y. The term with one derivative on a can
be bounded while the term with one derivative on ¢ can be integrated by parts,

B, = — / dt / dr (L) (£, T) AP Ropea(T) + L (£, ) A% R o(T)) - (5.142)

where the primes denote derivatives with respect to ¢. The sampling function is C§° so L'(7,t)
is still smooth and the boundary terms vanish. Now it is possible to bound this term,

Bl < [t [ dr(LE D0 R+ a7 By, (5.143)
where we defined
=
alm = )y |Aghedef (5.144)
abed af...
——

m

The same method can be applied with more than one u derivative.
Now we apply this method to the integrals By, Bs and Bg of Eq. (5.133). We start with
By, which has the form

B, = / dr ln|7’\sgn7'/ dtLy(t,7) (AZdeRabcd,tt(f) —l—AZdeO‘Rabcd,at(j)

o0 —00

+A§;b0daﬁRabcd,a5(f)> : (5.145)

where

Ly(t,7) =gt +7/2)d'(t — 7/2). (5.146)
After integration by parts

B, = / dTln|T|sgn7'/ dt(LZ(t,T)AZdeRabcd(x)—Lg(t,T)AZdeQRade,a(ﬂf)

[e.e] —0o0

+L4(f> T)AgdeaﬁRabcd,aB (l’)) . (5147)
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Taking the bound gives
|By| < Z JI™ g RO (5.148)

max

Reorganizing Bs; based on the number of ¢ derivatives gives

BS = / E) (Aab abcd,tt(f) + AgdeaRabcd,at(f) + AgdeaﬁRade7aﬁ($)) (5149)
_ / (L// E)AabcdRabcd( ) L/ (ﬂAadeaRabcda( ) + Ls(aAgbcdaﬁRade’aﬁ (i’)) :
where
Ls(t) = g(f)?, (5.150)
and the bound is
|Bs| < ZJ“ ™| R (5.151)

Finally the remainder term is

/ dt / drL¢(t, T / dQ / dA{Aa”Cd A, Q) Raved.it (M)

Aabcda A Q>Rabcd att(AQ) Aadeaﬁ(A Q)Rabcd aﬁt()\Q)
FAT (0, 0) R, () s (5.152)
where we changed variables to A = r/7 and now arrays A% have components that depend

on A and €2, and
Le(t,7) =gt —7/2)9(t +7/2) . (5.153)

After integration by parts

/ dr / dt / o / dA{L”’ (7, ) ASAN, Q) Rapea(AQ)

+ L (7, 8)" A (X, Q) Raped.o (AQ) + Le(7, 1) ALYP (X Q) Ryp0p(AQ)
+ L (7, 1) AZ4P (), Q)Rabvam()\ﬁ)} Sgn T . (5.154)

We define constants a™

m

1 =
a” =y / Q) / ANAZ B (X Q)] (5.155)
abed af... 0
~—~

m

and now we can take the bound
|Bg| < Z JEM gl R (5.156)
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Putting everything together gives

B<6? (BO+ZJ4 ™ [g]|z" > "RmaX+ZZJ1 ™) n;“) (5.157)

n=4 m=0

The functionals J3* [g] are

7g = / " dt(an g™ Olg(t) + alg” (g (B)] + arsg () (5.158a)
IPg) = / " dt(anlg” (1)|g() + anlg” (g (D)) (5.158b)
Il = / " dt(anlg” ()]9(t) + asng (1)) (5.1580)

Il = /_OO i /_OO dt' |In [t — #|] (anlg”(®)|g(®) + anlg" (g ©))  (5.158d)
1Ol = /_oodt /_OOdt’|1n|t—t'||<a43|g"<t'>|g<t>+a44|g'<t>g'<t'>|> (5.158¢)

K = [ ar [t lasly©la) (5.158¢)
Bl = [ dlaald Olg(o) + asag 0 (5.158%)
Bl = [ deaslg@laty (5.158h)

B Vg = /_ Zaltasz;g(t)2 (5.1581)
B = [ [ detanl"ola) + alg' 00 @) (5.158))
B = [ [ el @l?) + auld g ©)) (5.158K)

JVg = /_ Zdt /_ Zdt’a65|g’(t)|g(t’) (5.1581)

Jg) = /_ Zdt _Zdt’a%g(t)g(t'), (5.158m)

(m)

where a, are positive constants that may depend on a,
We can change the argument of the sampling function, writing g(t) = f(t¢/tg), where f is
defined in Sec. 5.2 and normalized according to Eq. (5.11), so Eq. (5.157) becomes

3

[ttty = —5_2{ : / Attt + 3 T Rty

n=1

6 3
+ZZJ1 ™ tm+2}, (5.159)
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where we used J [g] = to* JF [f]. We can simplify the inequality by defining

- / F"(a)da = % / £7(t/to)2dt, (5.160)

6
FOm =3 g™, (5.161)
n=4
and )
FO = =[] (5.162)

Then Eq. (5.159) becomes

/ T (w(1))g()?2 > (5.163)

6_2 1 m) m-+2 —u|3—n n n—1
4 3 P Y P

n=1

We will use this result to prove the achronal ANEC.

5.7 The proof of the theorem

We use Eq. (5.163) with w(t) = &y (n,t) and integrate in 7 to get

/_770 dn /_to (P (0, 1) f(t/to)? > (5.164)

"o 1 (m m) ym+2 @|3—n (n) n—1
_5Tt8{24 2F+ZF maxt +Z|x | F Rmaxt

n=1

As § — o0, tg — 0 but F™_ FM R . and R are constant. Now 7@ = /9, and using
Egs. (5.10), (5.16), |7%| < u; + v/20ty. Thus as § — oo, % — 0. Therefore only the first term
in braces in Eq. (5.164) survives, so the bound goes to zero as

Mo 2a—1

521 ~ 0 . (5.165)
Equation (5.164) is a lower bound. It says that its left-hand side can be no more negative
than the bound, which declines as §*~!. But Eq. (5.19) gives an upper bound on the same
quantity, saying that it must be more negative than —At,/2, which goes to zero as tg ~ §~°.
Since a < 1/3, the lower bound goes to zero more rapidly, and therefore for sufficiently large ¢,
the lower bound will be closer to zero than the upper bound, and the two inequalities cannot
be satisfied at the same time. This contradiction proves Theorem 1.

The ambiguous local curvature terms do not contribute in the limit 7y — oo because they

are total derivatives proportional to

/ " AR (7)) = 0. (5.166)
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Chapter 6

Conclusions

In this thesis we presented the derivation of quantum inequalities and a proof of the averaged
null energy condition in curved spacetimes. Using a general quantum inequality derived by
Fewster and Smith [15], we first derived a bound for a quantum inequality in flat spacetime
with a background potential, a case with similarities to the curved spacetime case,

1 1 11
2 /ren ! 2
JaeaPmme0 2~ nok G Vi [+ (5 + 1877001 4]

[117r+1 2m + 1

Js + T (4 + Jﬁ} } . (6.1)

V///
167 64m

max

where the J; integrals are given in Eq. (3.117). We then calculated the bound for a timelike
projected quantum inequality in curved spacetime,

1 5
2 ren
[avatpmmono = g n S s (62)

3 43
+ RI'.. l60J3+ <40+167r (24|a|+11|b|)) }

l1637r +14 . 702r+1)

R///
+ 9%6r 0 1927

o] b

where the J;’s in these case are given in Eq. (4.106). The importance and application of these
results, for example in the special case of vacuum spacetimes, is discussed in Chapters 3 and 4.
Next we presented the derivation of a null projected quantum inequality in curved spacetime

/ dt g(O)>(T) (w(t)) > 672 (B +ZJ<4 ™ [g]|Z%3 "Rmax+ZZJ(1 ™) Rg’gx)

- n=4 m=0
(6.3)

Y

where J{™ integrals are presented in Eq. (5.158). Finally we used this result to prove achronal
ANEC in spacetimes with curvature,

/ Topl0PdN > 0. (6.4)

o

As discussed in the introduction, Ref. [21] showed that to have an exotic spacetime there
would have to be violation of ANEC on achronal geodesics, generated by a state of quantum
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fields in that same spacetime. The result discussed above concerns integrals of the stress-energy
tensor of a quantum field in a background spacetime; we have so far not been concerned about
the back-reaction of the stress-energy tensor on the spacetime curvature. Thus we have shown
that no spacetime that obeys NEC can be perturbed by a minimally-coupled quantum scalar
field into one which violates achronal ANEC. This analysis is correct in the case where the
quantum field under consideration produces only a small perturbation of the spacetime. Thus
no such perturbation of a classical spacetime would allow wormholes, superluminal travel, or
construction of time machines.

What possibilities remain for the generation of such exotic phenomena?

Could it be that a single effect both violates ANEC and produces the curvature that
allows ANEC to be violated? The following heuristic argument casts doubt on this possibility.
Suppose ANEC violation and NEC violation have the same source. We will say that they are
produced by an exotic stress-energy tensor Tocotic. 1his Texotic gives rise to an exotic Einstein
curvature tensor,

chotic = Sﬂl]%)laanTexotic . (65)

It i8S Gexotic that permits Ty otic to arise from the quantum field. Without Geyotic, the spacetime
would obey the null convergence condition, and so, since Tyytic violates ANEC, it would have
to vanish. A reasonable conjecture is that as Gecotic — 0, Toxotic — 0 at least linearly.! We can
then write schematically

|Tex0tic‘ 5 l_z‘Goxotic‘ ) (66)

where [ is a constant length obeying [ > Ilpjane. The parameter [, needed on dimensional
grounds, might be the wavelength of some excited modes of the quantum field. Equation (6.6)
is schematic because we have not said anything about the places at which these tensors should
be compared, or in what coordinate system they should be measured. Combining Eqs. (6.5)
and (6.6), we find

|Tex0tic‘ 5 (lPlanck/l>2‘Toxotic‘ ) (67)

which is impossible since [ > Ipjanck.

Given the assumptions of this work, it appears that the only remaining possibility for
self-consistent achronal ANEC violation using minimally coupled free fields is to have first a
quantum field that violates NEC but obeys ANEC, and then a second quantum field (or a
second, weaker effect produced by the same field) that violates ANEC when propagating in
the spacetime generated by the first field. The stress-energy tensor of the second field would
be a small correction to that of the first, but this correction might lead to ANEC violation on
geodesics that were achronal (and thus obeyed ANEC only marginally), taking into account
only the first field.

There is also the possibility of different fields. We have not studied higher-spin fields, but
these typically obey the same energy conditions as minimally-coupled scalars.

If one considers quantum scalar fields with non-minimal curvature coupling, the situation
is rather different. Even classical non-minimally coupled scalar fields can violate ANEC [1, 2],
with large enough (Planck-scale) field values. However, as the field values increase toward
such levels, the effective Newton’s constant first diverges and then becomes negative. Recently
an even stronger result has been proven; the effective Newton’s constant has to change sign
between the two asymptotic regions on different ends of the wormhole [5]. Such situations may
not be physically realizable. If one excludes such field values, some restrictions are known,

INot, for example, changing discontinuously for infinitesimal but nonzero Gexotic Or going as G;{itic.
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but there are no quantum inequalities of the usual sort [12, 13], and there are general [34]
and specific [31, 32] cases where conformally coupled quantum scalar fields violate ANEC in
curved space. It may be possible to control such situations by considering only cases where a
spacetime is produced self-consistently by fields propagating in that spacetime, but the status

of this “self-consistent achronal ANEC” for non-minimally coupled scalar fields outside the
large-field region is not known.
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Appendix A

Multi-step Fermi coordinates

In this Appendix, we generalize the Fermi coordinate construction to allow an arbitrary number
of arbitrary subspaces (and an arbitrary number of dimensions d), rather than just a timelike
geodesic and the perpendicular space. First, we construct the generalized coordinate system,
then we compute the connection, and finally we compute the metric in the generalized Fermi
coordinates. Results shown in this Appendix are used throughout the main body of the thesis.
Here Greek indices «, 5. .. refer to tetrad components while latin a, b, ... to coordinate basis.
This notation is not used in the rest of the thesis.

A.1 Multi-step Fermi coordinates

Consider a d-dimensional Riemannian or Lorentzian manifold (M, g). We will start our con-
struction by choosing a base point p € M. We decompose the tangent space 7T}, into n
subspaces, T, = Aél) X Af) X Ag)’) S X Aé") so that any V' € T, can be uniquely written as
V=V + Vo) + Vig) + ... + V(). We choose, as a basis for T},, d linearly independent vectors
{E(a)} adapted to the decomposition of T}, so that for each m = 1...n, {E)|a € ¢y} is a basis
for AI(,m), where ¢y, ¢y, . . . ¢, is an ordered partition of {1...d}. Thus each Vj,,,) = > 1 Ey).
The vectors { £, } need not be normalized or orthogonal.

The point corresponding to coordinates z* is then found by starting from p and going
along the geodesic whose whose tangent vector is V/;), parallel transporting the rest of the
vectors, then along the geodesic whose tangent vector is V{s), and so on. An example is shown
in Fig. A.1. With that general construction of multi-step Fermi coordinates we can define a

aEcm

Figure A.1: Construction of 3-step Fermi coordinates in 3 dimensions. We travel first in the
direction of E(y), then E(9), then E(3), parallel transporting the triad as we go.
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general Fermi mapping ¢ = Fermi, (V') given by

dgoy = P

g = exp,(Viy)

q(2) = equ(l) (‘/(2)) (Al)
1=qmn = expy,  (Vin)

From that general construction we can return to the original Fermi case by choosing ¢; = {t}
and c; = {z,y, z}. In the Lorentzian case, we could also choose a pseudo-orthonormal tetrad
E, E,, E;, E,, with E, and E, null, E, - £, = —1, and other inner products vanishing, and
co ={u} and ¢; = {v,z,y}.

For later use we will define

m

Viem) = Z T E) = Z Vi (A.2)
a€eciUcaU---Ucm, =1
Viem) = Vi<m-1)) = Vi<m)) = Vim) (A.3)

Then we can write g, = Fermi,(Vi<m)).

A.2 Connection

We will parallel transport our orthonormal basis vectors E(,) along the geodesics that generate
the coordinates, and use them as a basis for vectors and tensors throughout the region of M
covered by our coordinates. Components in this basis will be denoted by Greek indices. We will
use Latin letters from the beginning of the alphabet to denote indices in the Fermi coordinate
basis. Of course at p, there is no difference between these bases.

Latin letters from the middle of the alphabet will denote the subspaces of T}, or equivalently
the steps of the Fermi mapping process.

We would like to calculate the covariant derivatives of the basis vectors, VgFE,), which are
connected with connection one-forms, see for example Ref. [39] by

Wpas = 7775VBEZX) ) (A.4)

because we are using a orthonormal tetrad basis.
We can then calculate the covariant derivative of any vector field V = V# E(4 along a curve

f(A) as
DVE  qv® A
- +W<8A) Vaki (4.5)

To evaluate VgE(,) at some point ¢, = expp(X ), consider an infinitesimally separated
point g = exp,(X + Edzr). The covariant derivative of E(, at ¢, is the difference between
FE(4)(q2) parallel transported to ¢; and the actual E(,(q:), divided by dz. That difference is
the same as the change in E,) by parallel transport around a loop following the geodesics
from ¢; backward to p, the infinitesimally different geodesics forward from p to ¢z, and the
infinitesimal distance back to ¢;. We can write this loop parallel transport as an integral over
the Riemann tensor.
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Y

Figure A.2: The covariant derivative VgF(, is the change in F(, under parallel transport
along the path ¢; — p — ¢ — q1, divided by dx. The parallel transport can be decomposed
into a series of transports clockwise around trapezoidal regions with sides AE(gydz and Xd\.

Let us first consider the Riemannian case, as shown in Fig. A.2. The total parallel transport
can be written as the sum of parallel transport around a succession of small trapezoidal regions
whose sides are AE(g) and Xd\. By using the definition of the Riemann tensor we have

1
VsEL,) = /0 d\ R 055 AX)AX? (A.6)

Here R is evaluated at the point exp,(AX'), which we have denoted merely AX for compactness.

Equation (A.6) reproduces Eq. (13) of Ref. [29]. Note, however, that Eq. (A.6) is exact
and does not require R to be smooth, whereas that of Ref. [29] was given as first order in R
and was derived by means of a Taylor series.

We see immediately that the covariant derivative of any E(,) at X in the direction of X
vanishes. This happens simply because changes with dX in the direction of X correspond to
additional parallel transport of Eq).

Let us now consider the general case where there are n steps, and compute VgFE(,. Since
the coordinates are adapted to our construction, the index S must be in some specific set
Cm, Which is to say that the direction of the covariant derivative, E(g), is part of step m in
the Fermi coordinate process. We will write the function that gives that m as m(f). Some
particular cases are shown in Fig. A.3.

If m = n (leftmost in Fig. A.3), only the last step is modified. The integration is exactly
as shown in Fig. A.2, except that it covers only the final geodesic from X<, to X,

1
VgEZa) = /0 AN R 0558 (X(<n) + )\X(n)))\an). (A.7)

If m < n, then we are modifying some intermediate step, and the path followed at later
steps is displaced parallel to itself. In that case we get an integral over rectangular rather than
trapezoidal regions, as shown in Fig. A.4. For general m there is a contribution for each step
j > m. The j = m contribution integrates over trapezoids that grow with A, while the j > m
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p p p

Figure A.3: Original and displaced geodesics for Fermi coordinates with n = 3 and m = 3, 2,
and 1.

Figure A.4: Part of the calculation of VgE(, in the case n = 2, m(3) = 1. The geodesic of
the first step has been modified, causing the geodesic in the second step to be displaced. The
parallel transport integrates the Riemann tensor over a series of rectangular regions between
the 2 second-step geodesics.
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contributions integrate over rectangles with fixed width dx. We can write the complete result

noorl
VaEL = /0 AN ajm (N R as5(X(<j) + AX(5) X)) (A.8)
j=m
where m = m(3) and
1 j7#m
am(N) =19, " (A.9)
j=m.

Equation (A.8) is exact and includes Eqs. (A.6,A.7) as special cases.

Consider the case where ¢; consists only of one index. If m > 1, there is no j = 1 term in
Eq. (A.8). If m = 1, then f is the single index in ¢, and X?l) =0 unless = 3, so the j =1
term in vanishes because R, is antisymmetric under ¢ <+ 8. Thus there is never a j = 1
contribution to Eq. (A.8) when there is only one index in ¢;.

Now suppose X lies on the first generating geodesic, so X ;) = 0 for j > 1. Then all j > 1
terms vanish in Eq. (A.8). So if ¢; consists only of one index, all Christoffel symbols vanish at
X. This is well known in the case of the usual Fermi coordinates.

A.3 Metric

Now we would like to compute the metric g at some point X. Specifically, we would like to
compute the metric component g, in our generalized Fermi coordinates.

We will start by considering the vectors Z,) = 0/0x*. These are the basis vectors of the
Fermi coordinate basis for the tangent space, so the metric is given by g, = Z(,) - Z). Thus
if we compute the orthonormal basis components Z&) we can write gu, = naﬁZ&) Z (Bb).

Again we will start with the case of Riemann normal coordinates. Let W (¢, s) be the point
exp, (X +tE(,)). Define Y = 0W/0t and V = 9W/9s. Then Y (X) = Z,) and VP = XP 4167
The components of Z(,) at X can be calculated by integration,

Loy (sX
28, (X) = YP(X) = / s %) (A.10)
0 0s
Because the orthonormal basis is parallel transported we can write
d DY?s
A ys_ , A1l
ds ds ( )
By construction, the Lie derivative LY = 0 and thus [22, Ch. 4]
DY DV
- = A12
ds dt ( )
From Eq. (A.5) we have
DVP  qvB 3
_ «a _ B «a B8 2
7 = W + VY VOCE(,Y) = 5a + 85a VFYVQE(,Y) + O(R ) (A13)

B

where we have retained 47 instead of writing Vo E(

derivative is with respect to the orthonormal basis.

) to make it clear that the covariant
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From Eq. (A.6) we have

1 S
Vo] (sX) = / AAAR 5, (A\sX)sX® = 1 / dAAAR? 5,(AX)X?° (A.14)

0 S Jo

Taking t = 0, V' is just X. Combining Eqs. (A.10-A.14), we find

1 s
Z(Ba)(X) = / ds {55+5g / d)\)\Rﬁwa()\X)X‘SXV]JrO(RQ)
0 0

1
= 04 / dAAA1 = MR 5, (AX)X° X" + O(R?). (A.15)
0
From Eq. (A.15), the metric is given by
1
Gab = Nap + 20%6F ta / A1 = N)Rorss AX) XX + O(R?). (A.16)
0

Equation (A.16) reproduces Eq. (14) of Ref. [29]'.
Next let us consider the case where there are n steps in our procedure. We will define a
set of functions W; as
W;(s) = Fermi, (X ;) + sX(;)). (A.17)
The path W;(s),j =1...n,s = 0...1 traces the geodesics generating the Fermi coordinates
for the point X. Now consider Z,) = 0/0x®. Let m = m(a), so Z,(p) € AS™ . Then let

SX(]') j<m
VV]'(S, t) = Fermip X(<j) + S(X(j) + tE(a)) ] =m (A18)
X(<jy +tE@q) + sX() j>m

Let Y = 0W/0t and V. = 0W/0s as before. To find Z,) we now must integrate over a
multi-step path from p,

L B(W(s
Z@)(X):Z/O dsw. (A.19)

The generalized version of Eq. (A.13) is

DVIW)(.0) _ dVP | e o L e oy
dt = FVIYOVER) = 00 + 805V Vo Epy + O(R) j=m  (A.20)
02VIVaEL) + O(1?) j>m.
Now
J 1 515 ()
Vo B, (Wi(s)) =kZ () /0 AN Qg (N R 50 (X <y + AX (1) X3y (A.21)

'Ref. [29] uses the same sign convention for R4, as the present thesis, but the opposite convention for g,
and consequently also for Rag.s.
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where

ski(s) = {i : ij (A.22)

The k = j term is analogous to Eq. (A.14), while the others have no dependence on s.
Combining Egs. (A.11,A.12,A.19-A.21) we get

Zﬁ

(X)) =00+ F) + O(R?) (A.23)

where

n j 1 sk (s)
] = ) Z/O dS/O A\ @ (N) R 50 (X (<) + AX (1) X0y X

j=m k=m

n i 1
=> > / AA Qg (M) b () R y50(X (<) + AX 1)) X0y Xy (A.24)
0

j=mk=m

where m = m(«a) and

1 k4
bri(A) = . A .25
) {1_A o (4.2
Thus the metric is

Gab = Nas 2y 20y = Nab + Fap + Foa + O(R) (A.26)

where .
Fap = Z Z/ A Qg (A)bij (A) Ronos (X(<ry + )\X(k))X&)X&) (A.27)

0

j=mk=m

where m = m(f3).

Florides and Synge [16] construct coordinates by taking geodesics perpendicular to an
embedded submanifold. Our construction for n = 2 is of this kind in the case where all basis
vectors with indices in ¢y lie tangent to the surface generated by all first-step geodesics. This
will be so if Rq,53 = 0 everywhere on this surface whenever v,9,5 € ¢; and o € ¢y. In that
case, Eq. (A.27) agrees with Theorem I of Ref. [16].

Now, consider again the case where ¢; contains only one index. As discussed with respect
to Eq. (A.8), if 5 € ¢, there is no nonvanishing k£ = 1 term in Eq. (A.27). Thus g = N
everywhere on the first generating geodesic. This is also well known in the usual Fermi case.

Now suppose c¢; consists only of one index and furthermore n = 2. The only possible term
in Eq. (A.27) is then j =k = 2, so

1
Fap = / AN a2 (V) (1 = N) R (X (1) + AX(2) X3 Xy (A.28)
0

where m = m(f). Equation Eq. (A.28) is equivalent to Eq. (28) in Ref. [29] in the case where
the generating curve of the Fermi coordinates is a geodesic.
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A.4 Regularity of the coordinates

Riemann normal coordinates cannot in general be defined over the entirety of a manifold,
because there might be points conjugate to the base point p. At such a point, some infinitesimal
change to the coordinates would yield no change to the resulting point, and the metric would
be singular.

Similar considerations apply to Fermi normal coordinates [27]. No trouble can occur in the
first step, because that consists merely of traveling down a geodesic. Along the geodesic, and
thus by continuity in some neighborhood surrounding the geodesic, Fermi normal coordinates
are regular. If we attempt to extend beyond this neighborhood, we may find points that are
conjugate to the generating geodesic. In such places the metric will become singular.

The situation here is more complicated. The metric will be singular whenever an infinites-
imal change in coordinates fails to yield a change in the location of the resulting point. But
when there are more than two steps, the result can no longer be described in terms of conjugate
points. Nevertheless, it is easy to see that one if one chooses a sufficiently small neighborhood
around p, all multi-step Fermi coordinates will be well defined, since any such coordinates
approach Riemann normal coordinates when all coordinate values are sufficiently small.

In case c¢; contains only one index, multi-step Fermi coordinates will be well defined in a
neighborhood of the initial geodesic, because when all coordinate values except for the first
are small, the multi-step Fermi coordinates approach the regular Fermi coordinates. There is
no particular advantage to having a single index in any later c,,.

One can get a simple condition sufficient for the existence of multi-step Fermi coordinates
in a small region by looking at Eqs. (A.26) and (A.27). As long as |Fy| < 1, the metric gqp
cannot degenerate. Thus the coordinates will be well defined if [29]

| Ronps| (X)? < 1 (A.29)

throughout the region of interest, for all a, 7, 5,9, €. In the case where there is only one index
in ¢y, there is no contribution to Fy;, from X(1y. Then it is sufficient for Eq. (A.29) to hold for
€ > 1. Thus if the first step is one-dimensional, it can be arbitrarily long [27], as discussed
above.
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Appendix B

Fourier transforms of some
distributions

B.1 Fourier transforms of some distributions involving

logarithms

In this appendix will compute the Fourier transforms of the distributions given by
u(r) = In|7|
v(r) = In(—7?%).

We write u as a distributional limit,

u = lim u,,
e—0t
where
—e|7]
)

ue (1) =In|7le

so its Fourier transform is

te(k) = / dr In ‘T|€—e\rlezk7 -9 Re/ drlnT =97 — _9Re w .
N 0

e — 1k

oo

Thus the action of @ on a test function f is

alf] = =2 lim Re/ g 1nle — ik)
€ — 1k

e—0t — 0

f(k).

The term involving ~ is

& €

In the other term we integrate by parts,
' © In(e — k) B : > / 12
- 261_1%1+ Re /_OO dkﬁf(k‘) = —El_lgl+ Im N dk f'(k)[ln(e — ik)]

= i [kl — i(r/2) sen kP

= 7T/ dk f'(k)In|k| sgn k

—00

80

(B.8)



and thus

alf] = 7T/ dk f'(k)In |k| sgnk — 27 f(0). (B.9)
Since the Fourier transform of the constant + is just 2myd(k), the transform of
w(T) =1In|7| +7 (B.10)
is just
w[f] = 7r/ dk f'(k)In|k|sgnk . (B.11)
Now
v(7) = limIn(—(7 — i€)?) = 2In|7| + Tisgn . (B.12)

e—0

The Fourier transform of sgn acts on f as [20]

zzp/: dk @ = —2i /_: dk (k) In|k| | (B.13)
Putting Eqs. (B.9,B.13) in Eq. (B.12) gives
o[f] :47r/00o dk (k) In |k| — 4wy f(0) . (B.14)
3

B.2 Fourier transform of distribution 7~

We follow the procedure of Sec. 3.4 to calculate

B, = /000 % /_: drGo(T)sy(T)e 7. (B.15)
where o
Go(1) = /_oo dtys(t,7)g (f— %) g <f+ %) : (B.16)
and
$a2(7) = Tig (B.17)

This is the Fourier transform of a product so we can write it as a convolution. The function
s9 is real and odd, so its Fourier transform is imaginary, but G5 is also real and odd, thus the
Fourier transform of their product is real. We have

1 o o . )
Bom oy [ e [ dcal-g - 08(0). (B.15)
™ 0 —00
We can change the order of integrals and change variables to n = —¢ — ¢ which gives
1 o o . )
B = o [ [ inGamsal)
v — 0o ¢
1 [~ . K
— o [ Gt [ dcsu(o). (B.19)
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The Fourier transform of s, is [20]

55(C) = —im¢*O(() (B.20)
and
K 9 IT
| dct=inet) = ~Zre). (B.21)
From Eq. (B.19) we have .
By = —é i dn Ga(n)n* . (B.22)
Using f/(€) = —i¢ f(€), we get .
By = 6m ; dn G5'(n) - (B.23)

The function Gy is odd but with three derivatives it becomes even, so we can extend the
intergal
1 o

T 12w )

— 1 "
B, dnGy'(n) = £G2(0). (B.24)
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