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HOMOGENEOUS BANDS
THOMAS QUINN-GREGSON

ABSTRACT. A band B is a semigroup such that e? = ¢ for all e € B. A countable band
is called homogeneous if every isomorphism between finitely generated subbands extends
to an automorphism of the band. In this paper, we give a complete classification of all
the homogeneous bands. We prove that a homogeneous band belongs to the variety of
regular bands, and has a homogeneous structure semilattice.

1. INTRODUCTION

A structure is a set M together with a collection of finitary operations and relations
defined on M. A countable structure M is homogeneous if any isomorphism between
finitely generated (f.g.) substructures extends to an automorphism of M. Much of the
model theoretic interest in homogeneous structures has been due to their strong connections
to Ny-categoricity and quantifier elimination in the context of uniformly locally finite (ULF)
structures (see, for example, [10, Theorem 6.4.1]). A structure M is ULF if there exists a
function f : N — N such that for every substructure N of M, if N has a generating set
of cardinality at most n, then N has cardinality at most f(n). If a ULF structure M has
finitely many operations and relations, then the property of homogeneity is equivalent to
M being both Ng-categorical and having quantifier elimination. It is worth noting that any
structure M with no operations (known as combinatorial) is ULF, since any subset X is a
substructure under the restriction of the relations on M to X.

Consequently, homogeneity of mainly combinatorial structures has been studied by sev-
eral authors, and complete classifications have been obtained for a number of structures
including graphs in [I4], partially ordered sets in [20] and (lower) semilattices in [4] and [6].
There has also been significant progress in the classification of homogeneous groups and
rings (see, for example, [1], [2] and [19]), and a complete classification of homogeneous finite
groups is known ([3], [16]). However, there are a number of fundamental algebraic struc-
tures which have yet to be explored from the point of view of homogeneity: in particular
semigroups.

In this paper we consider the homogeneity of bands, where a band is a semigroup con-
sisting entirely of idempotents. Our main result is to give a complete description of homo-
geneous bands. We show that every homogeneous band lies in the variety of regular bands
and examine how our results fit in with known classifications, in particular showing that
the structure semilattice of a homogeneous band is itself homogeneous. We may thus think
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2 THOMAS QUINN-GREGSON

of classification of homogeneous bands as an extension of the classification of homogeneous
semilattices. All structures will be assumed to be countable.

It follows from the work in [I5] that bands are ULF, and so we need only to consider
isomorphisms between finite subbands. Moreover, as each subsemigroup of a band is a
band, we shall write ‘homogeneous bands’ to mean homogeneous as a semigroup, without
ambiguity.

In Section 2 we outline the basic theory of bands, and a number of varieties of bands
are described. All bands are shown to be built from a semilattice and a collection of
simple bands, and the homogeneity of these two building blocks of all bands are completely
described. In Section 3 a stronger form of homogeneity is considered and used to obtain
a number of results on the homogeneity of regular bands. The structure of a general
homogeneous band is also considered, and the results are used in Section 4 to obtain a
description of all homogeneous normal bands. In Section 5 we consider the homogeneity
of linearly ordered bands, that is, bands with structure semilattice a chain, and these are
fully classified. Finally, in Section 6 all other bands are studied and are shown to yield no
new homogeneous bands.

2. THE THEORY OF BANDS

Much of the early work on bands was to determine their lattice of varieties: a feat
that was independently completed by Biryukov, Fennemore and Gerhard. In addition,
Fennemore ([7]) determined all identities on bands, showing that every variety of bands
can be defined by a single identity. The lower part of the lattice of varieties of bands
contains the following vital varieties for this paper (see Figure [1)):

LZ : left zero bands: xy = x and RZ : right zero bands: zy = v,

RB = LZV RZ : rectangular bands: zyx = z,

SL : semilattices: zy = yx,

LN : left normal bands: zyz = zzy and RN : right normal bands: zyz = yzz,
N = LN VRN :normal bands: zyzx = xzyx,

LG : left regular bands: zyxr = xy and RG : right regular bands: ryz = yx,

G = LGV RG : regular bands: zxzyz = zxyz,

where the given relation characterizes the variety in the variety of bands.

We shall proceed to give alternative descriptions of these varieties. We first consider the
ideal structure on a band via its Green’s relations. Define a pair of quasi-orders <, and <,
on a band B by

e <, fefe=e e foef=e

The relations <, and <; are called the Greens right and left quasi-orders, respectively.
Note that <, is left compatible with multiplication on B, that is, if e <, f and g € B then
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Figure 1. Lower part of the lattice of varieties of bands

ge <, gf; dually for <;. Green’s relations on B are the equivalence relations given by

eRfele< ff<, eelef=Fffe=el

€£f<:> [6 Sl faf Sl 6] <~ [ef:eafezf];

eDfeeJfelefe=e, fef = f].
Every band comes equipped with a partial order <, called the natural order on B, given
by

e< feef=fe=e.

Note that the natural order is preserved under morphisms, that is, if ¢ : B — B’ is a
morphism between bands B and B’ then for e, f € B,

e<f=ef=fe=ec=epfo=foep=ep=ehp< fo

Let (P, <) be a poset with subsets M, N. Where convenient we denote the property that
m >mnforallm e M, n € N as M > N, and similarly for M > N. If M = {m} then we
may simplify this as m > N, and similarly for M > n. Given p,q € P,if p 2 qand ¢ 2 p
then we say that p and q are incomparable, denoted p L q.

Given a band B and a subset A of B, we denote by (A) the subband generated by A,
noting that (A) is the intersection of all subbands of B which contain A. The following
result is then clear:

Lemma 2.1. Let B be a band with subsets M and N such that M > N (under the natural
order on B). Then (M) > (N).

Henceforth, a relation < defined on a band will be assumed to be the natural order, unless
stated otherwise. Recall that a semilattice is a commutative band. A lower semilattice is
a poset in which the meet (denoted A) of any pair of elements exists.
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Let (Y, <) be a lower semilattice; we may then consider the structure (Y, <, A), that is,
a set with a single binary operation and relation. Homogeneity of lower semilattices was
first considered by Droste in [4] and, together with Truss and Kuske, in [6]. Note that
both articles consider the homogeneity of the corresponding structure (Y, <, A) (wherein
[4] a lower semilattice is also considered simply as a poset). Since any morphism of the
corresponding (semigroup) semilattice (Y, A) preserves <, their work effectively considers
homogeneity of (semigroup) semilattices.

With this in mind, for the rest of the paper, we refer simply to semilattices and homo-
geneous semilattices. Note that by Schmerl’s classification of homogeneous posets in [20],
a semilattice is homogeneous as a poset if and only if it is isomorphic to (Q, <).

A semilattice Y is called a semilinear order if, for each a € Y, the set { €Y : f < a}
is linearly ordered. This is equivalent to Y not containing a diamond, that is, distinct
d,a,7,f €Y such that 6 > {a,v} > f and a L y with ay = 3. There exists a unique (up
to isomorphism) homogeneous semilattice in which all finite semilattices embed, called the
universal semilattice.

Proposition 2.2 ([, [6]). A non-trivial homogeneous semilattice is isomorphic to either
(Q, <), the universal semilattice or a non-linear semilinear order.

The second variety of bands required for the construction of an arbitrary band are
rectangular bands, that is, bands satisfying the identity zyx = x. Note that a band is
rectangular if and only if it contains a single D-class (and is thus simple). Similarly left
zero bands are precisely the bands with a single £-class (dually for right zero bands).

Proposition 2.3 ([I1, Theorem 1.1.3]). Let L be a left zero semigroup and R a right zero
semigroup. Then B g = (L X R,-) forms a rectangular band, with operation given by

Conversely, every rectangular band is isomorphic to some By, r. Greens relations on B g
simplify to
(1,7)) R (k,0) i =k and (i,7) L(k,0) & j = L.

An isomorphism theorem for rectangular bands follows immediately from [11l Corollary
4.4.3], and is stated below:

Proposition 2.4. A pair of rectangular bands By, r and B/ g are isomorphic if and only
if |L| = |L'| and |R| = |R'|. Moreover, if ¢, : L — L' and ¢r : R — R' are a pair of
bijections, then the map ¢ : By, g — B/ r defined by

(Z?j)¢ = <Z¢L7J¢R)
is an isomorphism. Every isomorphism from Br r to Br g can be constructed in this way,

and may be denoted ¢ = ¢, X Pg.

For each n,m € N* = NU {Rg}, we may thus denote B, ,, to be the unique (up to
isomorphism) rectangular band with n R-classes and m L-classes.
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Corollary 2.5. Let B; = L; X R; (i = 1,2) be a pair of isomorphic rectangular bands,
with subbands A; (i = 1,2). Then any isomorphism from Ay to As can be extended to an
isomorphism from By to By. In particular, rectangular bands are homogeneous.

Proof. The result is immediate from Proposition [2.4]since all subbands of rectangular bands
are rectangular. O

A structure theorem for bands was obtained by McLean in [15], and can be stated as
follows:

Proposition 2.6. Let B be an arbitrary band. Then D is a congruence on B and is such
that Y = S/D is a semilattice and the D-classes are rectangular bands. In particular B is
a semilattice of rectangular bands B, (which are the D-classes), that is,

B=|J B, with ByBsC Bag.

acY

The semilattice Y is called the structure semilattice of B. It follows from the proposition
above that we understand the global structure of an arbitrary band, but not necessarily
the local structure. We now consider a well-known construction to obtain bands with an
explicit operation (see [18, p.22], for example).

Let Y be a semilattice. To each o € Y associate a rectangular band B, and assume
that B, N Bg = 0 if a # (. For each pair o, 5 € Y with o > 3, let 9,5 : B, — Bj be a
morphism, which we call a connecting morphism, and assume that the following conditions
hold:

(i) if & € Y then 9, o = 1p,, the identity automorphism of B,;
(ii) if @, B,y € Y are such that o > > 7 then ¢, 503, = V-

That is, the connecting morphisms compose transitively. On the set B =
a multiplication by

B, define

acY

ax b= (ataap)(0pa8)
for a € B,,b € Bg, and denote the resulting structure by B = [Y; B,; 14 5]. Then B is a
band, and is called a strong semilattice Y of rectangular bands B, (o € Y).
Note also that for e, € B,, fs € Bs we have e, > fsif and only if & > 8 and e 0 5 = f3
([18, Lemma IV.1.7]).

Lemma 2.7 ([I1, Proposition 4.6.14]). A band is normal if and only if it is isomorphic to
a strong semilattice of rectangular bands.

It then follows that a band is left normal if and only if it is normal with D-classes being
left zero (dually for right normal bands). The varieties of [left, right] regular bands are
considered in the next section.

3. HOMOGENEOUS BANDS

Recall that a band B is homogeneous if every isomorphism between finite (equivalently,
f.g.) subbands extends to an automorphism of B. In this section, we obtain a collection of
general results on homogeneous bands. We also consider a weaker form of homogeneity by
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saying that a band B is n-homogeneous if every isomorphism between subbands of cardi-
nality n extends to an automorphism of B, where n € N. Clearly, a band is homogeneous
if and only if it is n-homogeneous for all n € N.

The following isomorphism theorem for bands is folklore but proven here for complete-
ness. The following result concerning morphisms of bands is well-known and follows quickly
from Proposition [2.6]

Proposition 3.1. Let B = |J,.y Bo and B' = {J, ¢y B,y be a pair of bands. Then for
any morphism 0 : B — B’, there exists a morphism 7w :Y — Y’ and, for every a €Y, a
morphism 0, : B, — By, such that 6 = .y 0o. We denote 0 as [0, T|aey

We shall call 7 the induced (semilattice) morphism of §. Note also that the converse
of the proposition above is not true in general, that is, given any morphism = : Y — Y’
and collection 0, : B, — B, of morphisms for each « € Y, then J A, need not be a
morphism.

By considering the relationship between the automorphisms of a band and the induced
automorphisms of its structure semilattice, we may define a stronger form of homogeneity
for bands: structure-homogeneity.

acY

Definition 3.2. A band B = |J,y B. is called structure-homogeneous if given any pair
of finite subbands A; = (J,c,, Al (i = 1,2) and any isomorphism 6 = [0, T]aez, from A;

to As, then for any automorphism 7 extending 7, there exists an automorphism [éa, Tacy
of B extending 6.

Note that if B is structure-homogeneous then for each automorphism 7 of Y there exists
an automorphism of B with 7 as induced automorphism. Indeed, fix any a € Y, e, € B,
and e, € B,r. Then {e,} and {e,,} are isomorphic trivial bands, and so as m extends the
isomorphism from {a} to {an}, we may extend (by the structure-homogeneity of B) the
isomorphism from {e,} to {e.} to an automorphism of B with induced automorphism 7.

This new concept of homogeneity will be of particular use when considering spined
products of bands, which we now define.

Definition 3.3. Let S and T be semigroups having a common morphic image H, and let
¢ and 1 be morphisms from S and T" to H, respectively. The spined product of S and T
with respect to H, ¢, is defined as the semigroup

ST = {(s,t) € SxT:s¢p=ty}.

Kimura showed in [I3] that a band B is regular if and only if it is a spined product
of a left regular and right regular band (known as the left and right component of B,
respectively). Moreover, a band is left (right) regular if and only if it is a semilattice of
left zero (right zero) semigroups.

Since the classes of left regular, right regular and regular bands form varieties, it can be
shown that if A is a subband of a regular band L >1 R, then there exist subbands L’ of L
and R’ of R such that A= L"1<xx R'.
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We shall prove in this paper that a homogeneous band is necessarily regular. The
following result was first proven by Kimura, and a simplified form can be found in [I8]
Lemma V.1.10}:

Proposition 3.4. Let B = L > R and B = L' =<1 R’ be a pair of regular bands with
structure semilattices Y and Y', respectively. Let 8" : L — L' and " : R — R’ be
morphisms which induce the same morphism m :Y — Y’. Define a mapping 0 by

(1,70 = (16", 70") ((I,r) € B).

Then 0 is a morphism from B onto B', denoted 6 = ' 1 0", and every morphism from
B to B’ can be so obtained for unique 0' and 0". Moreover, w,0', and 0" are surjective
[injective] if and only if 6 is.

In general, a pair of regular bands with isomorphic left and right components need not
be isomorphic. The ensuing lemma gives a condition on the components of the bands which
forces them to be isomorphic.

Corollary 3.5. Let B=L > R and B’ = L' 1 R’ be a pair of reqular bands with structure
semilattices Y and Y, respectively, and with L structure-homogeneous. Then B = B’ if

and only if L= L' and R = R’ (dually for R).

Proof. Let 0" : R — R’ and #' : L — L' be isomorphisms with induced isomorphisms
. and m; of Y into Y, respectively. Then as L’ is structure-homogeneous there exists
an automorphism ¢' of L' with induced automorphism 7; 'm, of Y’. Hence 6'¢' is an
isomorphism from L to L' with induced isomorphism m(m, '7,) = 7, and so 6'¢! > 6
is an isomorphism from B to B’ by Proposition The converse is immediate from
Proposition [3.4] O

Corollary 3.6. Let B be the spined product of a homogeneous left reqular band L and
homogeneous right reqular band R. If either L or R is structure-homogeneous, then B is
homogeneous. Moreover, if both L and R are structure-homogeneous, then B is structure-
homogeneous.

Proof. Suppose without loss of generality that L is structure-homogeneous, with structure
semilattice Y. Let § = ' >1 " be an isomorphism between finite subbands A4; = Ly <1 Ry
and Ay = Ly 1 Ry of B. Then by Proposition , the isomorphisms @' and 6" both induce
an isomorphism 7 between the structure semilattices Y; and Y5 of A; and As, respectively.
Since R is homogeneous, we may extend 6" : Ry — R, to an automorphism 6" of R, with
induced automorphism 7 of Y extending 7. Since L is structure-homogeneous, there exists
an automorphism @' of L extending ' and with induced automorphism 7 of Y. Hence
0 >a 0" is an automorphism of B, which extends 6 as required. The final result is proven
in a similar fashion. ]

In later sections, this will give us a useful method for building homogeneous regular
bands from left regular and right regular bands. However, at this stage, it is unclear how
the homogeneity of a regular band is affected by the homogeneity of its left and right
components.
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B., we now define a number of key subsets of B. If a > 3 in

Given a band B = |, ¢y
Y and e, € B, then we put

(1) Bg(ea) :={es € Bg:e5 < eu};
(i) Ba,s = Uy, cp, Bs(fa) ={es € B : e < fo for some f, € Bu};
(ili) R(Bg(ea)) :=={fs € Bs: fs Rep for some ez € Bg(ea)} = {fs € Bs : [ <r €a};
and dually for £(Bgs(eq)).
Note that each of the sets defined above are subbands of Bg. Indeed, if e, > eg and
fa > f3 then

eﬁfﬁeafa - eﬁ(fﬁfa)eocfa = eﬂfﬁ(foceafoc) = eﬂfﬁfa - eﬁfﬁa

and similarly e, foesfs = esfs. Hence ey fo > esfs € Bap, and so B, g is a subband. By
taking e, = f, gives Bgs(e,) to be a subband. Finally R(Bs(e,)), being a collection of
R-classes of Bg, is a subband.

We also note that a band B is normal if and only if Bg(e,) is trivial for each a > 5 and
ea € B,.

Definition 3.7. Given a subset A of a band B, we define the support of A as
supp(A) :={yeY : AN B, #0}.

If A is a subband of B then clearly supp(A) is simply the structure semilattice of A.

Given a semilattice Y and f € Y, we call « € Y a cover of g if « > [ and whenever
a >0 > [ for some §d € Y, then a = 0§ or § = . A semilattice in which no element
has a cover is called dense. Note that a countable dense linear order without endpoints is
isomorphic to (Q, <).

Corollary 3.8. Let B = |J,cy Ba be a homogeneous band where Y is non-trivial. Then,
foralla>p and o > p" inY, e, € By and ey € By, we have

(i) For every e, f € B there exists an automorphism of B mapping e to f.
(ii) Y is dense and without mazimal or minimal elements;
(111) Ba = Ba/, La = La/ and Ra = Ra/;
(iv) Bp(ea) = Bgr(ear).

Proof. (i) For any e, f € B we have {e} = {f}, so the result follows as B is 1-homogeneous.

(ii) Suppose for contradiction that « is maximal, and let 5 < « in Y. Then for any
es € B, and e € Bg, there exists by (i) an automorphism mapping e, to ez. Hence by
Proposition there exists an automorphism of Y mapping « to [, contradicting v being
maximal. The result is proven similarly for minimal elements.

Now suppose a > 3 in Y. Since 8 is not minimum, there exists v € Y such that v < .
Let eq € Bg,es € Bg(ey) and ey, € By(eg), so e, € B,(e,). Then, by extending the
isomorphism from {e,, e} to {eq, e3} to an automorphism of B, it follows by considering
the image of § under the induced automorphism of Y that there exists 4/ € Y such that
a >~"> 3, and so a does not cover 5. Hence Y is dense.

(iii) By taking an automorphism 6 of B which sends e, to e, it follows from Proposition
that B,0 = B,. The results for L, and R, are then immediate from Proposition [2.4]



HOMOGENEOUS BANDS 9

(iv) Let eg € Bg(en) and ep € Bg(en). Since {eq,es} and {ey,es} are isomorphic
subbands, the result follows by extending the unique isomorphism between them to an
automorphism of B. O

If B is a band with non-trivial semilattice, then by the proof of (ii), it is clear that B,
regarded as a poset under its natural order, cannot have maximal or minimal elements,
since the natural order is preserved under automorphisms of B.

One of our fundamental questions in this article is whether or not the homogeneity of a
band is inherited by its structure semilattice. The answer is yes, but surprisingly we have
not been able to find a direct proof. For now we are only able to partially answer this
question:

Proposition 3.9. If B = (J,cy Ba is a homogeneous band, then Y is 2-homogeneous.
Consequently, in this case, if Y is semilinearly ordered then Y is homogeneous.

Proof. Suppose that B is homogeneous. As the unique (up to isomorphism) 2 element
semilattice is a chain, it suffices to consider a pair o; > f3; (i = 1,2) in Y. Fix e,, € By,
for each i = 1,2 and consider any eg, € Bg,(e,,). By extending the isomorphism between
{€a,, €5 } and {ea,, €s,}, it follows by Proposition that Y is 2-homogeneous. The final
result is then immediate from [6, Proposition 2.1]. O

To avoid falling into already complete classifications, we assume throughout this paper
that Y is non-trivial (so B is not a rectangular band) and at least one D-class is non-trivial
(so B is not a semilattice).

4. HOMOGENEOUS NORMAL BANDS

In this section we classify homogeneous normal bands. Our aim is helped by not only a
classification theorem for normal bands which gives the local structure, but also a relatively
simple isomorphism theorem (see [I8, Lemma IV.1.8], for example):

Proposition 4.1. Let B = [Y; Ba;Yap] and B' = [Y'; Bl;1l 5] be a pair of normal
bands. Let w : Y — Y’ be an isomorphism, and for every a € Y, let 0, : By, — Bax be an
isomorphism such that for any o > 3 in'Y, the diagram

O
(4.1) B,—— B/ _
J{wa,ﬁ lw(/yw,ﬁ‘n
By B
B B
commutes. Then 0 = [0, T|aecy is an isomorphism from B into B'. Conversely, every

isomorphism of B into B’ can be so obtained for unique © and 6,.

We denote the diagram as [a, B; am, Br].

To understand the homogeneity of normal bands, we require a better understanding of
the finite subbands. Since the class of all normal bands forms a variety, the following
lemma is easily verified.
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Lemma 4.2. Let A be a subband of a normal band B = [Y; Ba;tap]. Then A =
[Z; Au; Yo plal, for some subsemilattice Z of Y and rectangular subbands A, of B, (a € Z)
for each a € Z.

Given a normal band B = [Y; By; %45, we shall denote Im 1o 5 as Ing, or IJ; if we
need to distinguish the band B.

Lemma 4.3. Let B = [Y; By; Y] be a homogeneous normal band. Then B =<5 las
for each B €Y.

Proof. As a consequence of Corollary[3.8] B contains no maximal elements under its natural
order. The result then follows as e, > e if and only if & > 3 and e 9,5 = €5. g

Lemma 4.4. Let B = [Y; By; 0] be a homogeneous normal band. If o; > ; (i = 1,2)
in'Y then there exists isomorphisms 0y, : By, = Ba, and 0, : B, — Bpg, such that

‘9041 ¢a2,ﬁ2 = wahﬁl 951

In particular 1, g, = I, 5, and g, g, s surjective [injective] if and only if ¥, s, is also.

Proof. Let e,, € B, (i = 1,2) be fixed. By extending the unique isomorphism between
the 2 element subbands {eq,, €a, ¥, 6, } and {€ay; €ay¥as 3, } to an automorphism of B, the
diagram [aq, f1; g, B2] commutes by Proposition , and the result is immediate. Il

Since a normal band is regular, it can be regarded as the spined product of a left
regular and right regular band. The following results and subsequent Proposition [4.5| are
obtained from [II, Proposition 4.6.17]. Let B = [Y; Ba;%a.s] be a normal band, where
B, = L, x R, for some left zero semigroup L, and right zero semigroup R,. Then the
connecting morphisms determine morphisms ¢, ; : Lo — Lg and ¢, 5 : R, — R such
that

(4.2) (lay Ta)Vap = (laﬁ)la,ﬁv Toz@%,ﬁ)

for every (1o, 7o) € Ba. Moreover, L = |J{L, : @ € Y} becomes a strong semilattice of left
zero semigroups [Y; Ly; zpfw] under o, where for I, € L,,ls € Lg,

la © lﬁ = (lawla,oﬁ)(lﬂd}lﬁ,aﬁ) = lad}la,aﬁ

since L,p is left zero (dually for R). Take morphisms ¢ : L — Y,¢ : R — Y given by
lo® = a and r,1 = «. Then the spined product of L and R consisting of pairs (I, r) for
which [¢ = r coincides with

| J{La X Raia €Y}
It then follows from (4.2)) that B = L <t R and so:

Proposition 4.5. Every normal band B is isomorphic to a spined product of a left normal
and a right normal band.
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Consequently, by Proposition [3.4] a pair of normal bands L 1 R and L’ 1 R’ are
isomorphic if and only if there exists an isomorphism from L to L’ and R to R’ with the
same induced isomorphism between the structure semilattices.

A normal band is called an image-trivial normal band if the images of the non-identity
connecting morphisms all have cardinality 1. A normal band is called a surjective normal
band if each connecting morphism is surjective. Note that a normal band is both image-
trivial and surjective if and only if it is a semilattice. Moreover, a normal band L < R is
an image-trivial [surjective] normal band if and only if both L and R are also image-trivial
[surjective].

Lemma 4.6. Let B = [Y;La;wfw] > [V Ra; ¥, 5] = L > R be a homogeneous normal
band. Then R is either an image-trivial or a surjective right normal band (dually for L ).

Proof. If R is a semilattice then the result is immediate. Assume instead that |R,| > 1 for
some a € Y. Then |R,| > 1 for alla € Y by Corollary (iii). Suppose there exists o > 3
in Y such that I[; # Rg. Let rotl, 5 = 15, Sa¥h 5 = sp (With ro # so) and tg & IF 5. Fix
lo, € L, and let la@blaﬁ = lg. Note that for any 23 € Rg we have

(lasTa) s, w5) = (g, mpxs) = (lg,x5) and  (lg, 25)(la,Ta) = (Ig,75)-

Hence if x5 # rg then ((la, 7a), (g, 28)) = {(las7a), (I8, 25), (I3, 75) } is a 3 element subband.
Suppose that sz # 5. Then the map

¢ : <(la,7”a), (lﬁv 5ﬂ>> — <(la,7’a>, (l57t5>>

fixing (I, 7) and such that (lg, sg)¢ = (g, t3) is clearly an isomorphism. Extend ¢ to an
automorphism @' 1 0" of B. Then as 6" = [0", T]4ey is an automorphism of R we have, by
the commutativity of [«, 5; «, 8] in R,

(sala) s = (sati )05 = 5505 = ts,

contradicting tg & I;. Thus sz = rg, so that I, g has cardinality 1, and so R is an image-
trivial normal band by Lemma [£.4] A dual argument proves the corresponding statement
for L. 0

Hence if B = L > R is a homogeneous normal band then B is either an image-trivial
normal band (if L and R are image-trivial), a surjective normal band (if L and R are
surjective normal bands), or the images of the non-identity connecting morphisms are
single L-classes [R-classes| (if L [R] is a surjective normal band and R [L] is an image-
trivial normal band).

We split our classification of homogeneous normal bands into three parts. In Section
4.1| we classify homogeneous image-trivial normal bands, and in Section homogeneous
surjective normal bands. Using the results obtained in these sections, the final case (and
its dual) is easily obtained at the end of Section 4.2}
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4.1. Image-trivial normal bands. In this section we are concerned with the classifica-
tion of image-trivial homogeneous normal bands.

Where convenient, we denote an image-trivial normal band [Y'; B,; 1, ] such that I, g =
{€a} for each a > B, as [Y'; By; 0 g; €a,]. Note that if o,y > fin Y are such that ay > 3

then Butba,s = (BaWaar)Vay.s = {€ar.8} = (Bytyan)¥ays = Byiby s and so
(4.3) 60475 = Ga%g = 6%5.

Notice that the second equality of automatically holds if « > v > .

If Y = Q then for any 3 € Q and a,7 > 8 we have e,3 = €,5 by (4.3). Hence
any eg € B \ {€, 5} is a maximal element in the poset (B, <). Consequently, an image-
trivial homogeneous normal band with a linear structure semilattice is isomorphic to Q by
Corollary [3.8]

While the following lemma is stronger than what is required in this section, it will be
vital for later results, and the generalization adds little extra work.

Lemma 4.7. Let B = [Y; Bs;¢as] = L > R be a homogeneous normal band such that
either L or R 1s a non-semilattice image-trivial normal band. Then Y s a homogeneous
semilinear order.

Proof. Assume without loss of generality that L = [Y;La;@blaﬁ; elaﬁ] is a non-semilattice
image-trivial normal band, so that |L,| > 1 for all & € Y by Corollary [3.8] (iii). Note that
R=1[Y; Ra;z/)gﬁ] is image-trivial or surjective by Lemma . Suppose for contradiction
that Y contains a diamond D = {0, a, 7, 5}, where § > {a,v} > . Fix es = (Is,r5) € Bs
and let

! l l
Ca = €Vsa = (€50, T6W50)s € = €55y = (€5, 75V5.,), €5 = esthsp = (€54, 7505 5),

noting that efm = efw = el%ﬁ by . By construction {es, €4, €, €3} is isomorphic to D.
Let g € Lg\{€}3}. By Lemmathere exists 7 > (3 such that I3 = €. ;. Note that aT = f,
since if ar > f then Iy = €L 5 = €, 5 by [4.3). Let k < 8 and e, = esthp . = (€., 755 ,.)-
Extend the unique isomorphism between the 3-chains es > e, > eg and e, > eg > e, to
an automorphism 6 = [0,, T|aey of B. Let e, = e,0 > egh = e, for some p € Y. Then
a>p> kK (since 6 >y > ), pf =k (since ya = ) and

pT = (pa)T = plat) = pB = k.

We claim that there exists e, € B, such that e, > ¢e.. Indeed, if R is also image-trivial
and B = [Y'; By; ¥a.8; €a,8], then the claim holds for any e, by , as T > (3 > k, so that
€rx = €3, = €5 If R is surjective, then there exists 7. € R, such that rTw;,{ = T(;l/}gﬁ.
Thus, for any I,, we have (I-,r; )b, = (€L ., 707 ) = (€5, 7515,) = €x, and so the claim
is proven. Fix some e, > e.. By extending any isomorphism between the 3 element
non-chain semilattices (e,, e;,e,) and (eq, €4, eg), it follows that there exists o > p, 7 (as
§>a,7).

Since 0 > 7 > [ and o >  we have oo > . If caw = 8 then > p (as o, > p), and
so as pf = k we have p = k, a contradiction. Hence ca > (8 and we thus arrive at the
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b}
o gl
g
P A gqQ,
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Figure 2. A subsemilattice of Y’

subsemilattice of Y in Figure 2 Moreover,

! ! ! !

€08 = €oap = €op = €rp = g
by , contradicting Iz # ef;’ 5= elaﬁ. Hence Y is a semilinear order, and by Proposition
B.9] Y is homogeneous. O

In particular, image-trivial homogeneous normal bands have semilinear structure semi-
lattices. To understand homogeneous image-trivial bands, it will be crucial to understand
the structure of homogeneous semilinear orders.

Let Y be a dense semilinear order. We call a set Z C Y connected if for any x,y € Z
there exists z1,...,2, € Z (n € N) with 2y = x, z, = y, and z; < 247 or 2,41 < z; for all
1<i<n-—1. Given a € Y, we call the maximal connected subsets of {y € Y : v > a}
the cones of a, and let C(«) denote the set of all cones of a.

Remark 4.8 ([4, Remark 5.11]). Let « € Y, A € C(«) and v € A. Then for any 6 € YV
we have ¢ € A if and only if o < 7.

Consequently, the cones of @ € Y partition the set {y € Y : v > a}. If there exists
r € N* such that |C'(«)| = r for all @ € Y, then r is known as the ramification order of Y.
Each homogeneous semilinear order has a ramification order [4].

Let B = [Y; Ba;%as; €as) be an image-trivial normal band, where Y is a semilinear
order. Since B is image-trivial, we may define a cone of e, € B, as a maximal connected
subset of {y €Y : v > a, By1), o = {ea}}. Let C(e,) denote the set of all cones of e,. Let
v,v" > « and suppose 7 is connected to 7. From Remark we have that vy > « and
so by By o = Bytpy . Consequently, the set {y € Y : v > «a, By, o = {es}} is a
union of cones of a, and C(a) =, cp. Clea).

If there exists k € N* such that |C(e,)| = k for all e, € B, then k is called the
ramification order of B. If B is homogeneous then (as Y is homogeneous and B is 1-
homogeneous) the ramification orders exist for Y and B, say, r and k respectively, and
thel}i Zre r;lated according to r = k - |B,|. Moreover, by Lemma , Bg = U,z €ap for
each €Y.
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As shown in [4, Theorem 6.21], there exists for each r € N* a unique (up to isomorphism)
countable homogeneous semilinear order of ramification order r, denoted 7,.. Moreover, a
semilinear order is isomorphic to T, if and only if it is dense and has ramification order r.

We can reconstruct 7T, from any a € T, inductively by following the proof of Theorem
6.16 in [4], as we now explain, but omitting the proof. Consider an enumeration of 7,
given by T, = {a; : i € N}, where a; = .. Let Yy = 0 and Y; = Z; be a maximal chain in
T, which contains a;. Suppose for some ¢ € N, the semilattices Y; and posets Z;_; (j < 1)
have already been defined such that the following conditions hold for each 1 < j < 4:

(i) Y;=Y,_1UZ;_; and a; € Y; (where Ll denotes the disjoint union);
(ii) if z € Z;_;, then there exists a unique maximal chain C' in T, with z € C' C Y
and {ce C:z2<c} C Z;_y;

(iii) if z € Z;_5(j > 2) and D is any cone of z disjoint to Y;_;, then DN Z;_; # 0.

It follows from (ii) that whenever 1 < j < i, z € Y;, y € T, and y < z, then y € Y.
Moreover, the conditions above trivially hold for the case ¢ = 1.

If a;1 1 € Y; then it is shown that there exists z € Z;_; such that a;.; belongs to some
(unique) cone A, of z which is disjoint to Y;. For each § € Z;_; take a maximal subchain
of each cone A € C(B) such that Y; N A = (), where if § = z as above, in the case that
a;41 € Y;, then we take a maximal subchain of A, which contains a;y;. By condition (ii)
the set {y € Y; : < y} is a chain, and thus contained in a single cone of 3, and so only
one cone will intersect Y; non-trivially.

Y = 2% A,

i

LA LLLL L
ANNNN L NNNN N N

Figure 3. The case i = 2 [4, Page 68]

Let Cs be the disjoint union of the » — 1 (or r if r is infinite) maximal subchains
constructed. We obtain Y;;; by adjoining at each 8 € Z;_; the set Cjp, that is, let

Zi= || ¢ and Y =Yiuz,.

BeZ; 1
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Then conditions (i), (ii) and (iii) are shown to hold, and J,. Y; = 7). as desired.

We can use this construction to obtain automorphisms of 7,. Suppose we also recon-
struct T, from o' € T, via sets Y/, Z],Cj (so that ;oY) = T;). Let m : Y1 — Y] be
an isomorphism such that am; = o (such an isomorphism exists as maximal chains are
isomorphic to Q, and Q is homogeneous). Suppose the isomorphism 7; : Y; — Y/ has
already been defined for some i € N. Then we may extend 7; to m41 @ Y1 — Y/, as
follows. For each 8 € Z;_; the posets Uz and Clg,, are both disjoint unions of the same
number of copies of QQ, and are thus isomorphic (as posets). Let ¢g : Cz — Cp,, be an
isomorphism, and let

Tip1 = T U |_| b5 : Y = Y/,
BEZ;_1
Then ;44 is an isomorphism, and so 7™ = [, 7 is an automorphism of 75

Before giving a full classification of homogeneous image-trivial normal bands, it is worth

giving a simplified isomorphism theorem, which follows easily from Proposition 4.1}

Corollary 4.9. Let B = [Y; Ba;¥ap;€ap) and B = [Y'; Byl g€ 5] be a pair of
image-trivial normal bands. Let w :Y — Y’ be an isomorphism, and for each o € Y let
O : Bo — Bl be an isomorphism. Then |J,cy 0o is an isomorphism from B into B if
and only if €430 = €. for each a > inY.

am,BT

A subsemigroup A of an image-trivial normal band [Y'; By; ¢4 3; €a.5) is called a mazimal
chain if A is a semilattice and supp(A) is a maximal chain in Y. Note that if ¥ is a
homogeneous semilinear order and A is a maximal chain in B then

A= U Eaﬁg(@

a>f in supp(A)

We shall use the construction of 7). above to prove the following:

Proposition 4.10. Let B = [T}; Bo;%ag; €as] and B = [T.; Bl ¥ 55 €0 5] be a pair
of 1mage-trivial normal bands with ramification order k such that there exists n,m € N*
with By, = B!, = B, for all o,/ € T,. Let e € B and f € B, and consider a pair
of sub-rectangular bands M C B and N C B' with M > e and N > f. Then for any
isomorphism ® : M U {e} — N U{f}, there exists an isomorphism 0 : B — B’ extending
®. Consequently, B is 1-homogeneous.

Proof. We may assume r > 1, else B and B’ are isomorphic to Q. Let e,,e,, € B, M a
rectangular subband of B,, and N a rectangular subband of By, with M > e, and N > e,
for some o,0’, ,d € T,. Consider an isomorphism

O MU{e,} - NU{e},

so that M® = N and e,® = e,,. By Corollary we may extend ®|,; to an isomorphism
¢ : B, — Bj. Fix some e, € M and let e,® = e;. Consider a pair of enumerations
{a; :i € N} and {b; : i € N} of T, (where r = knm) such that & = a; and § = b;. Let A
be a maximal chain in B such that e,,e, € A, and let Y; = Zy = supp(A4) (so Y; = A).
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Similarly obtain e, e5 € Aand Yy = Zy = supp(A) (so Y; = A). Take an isomorphism

1 Y1 — Y] such that om = ¢’ and am = § (again this is possible as Y} and Y] are
isomorphic to Q). For each 8 € Y1 \ {a}, take any isomorphism 03 : Bs — Bj, such that
(Bg N A)fg = By, N A (such an isomorphism exists by Corollary , and let 6, = @',
Letting Dy = [Y1; Br;¥r 5 €55] and Dy = [Y1; B YL g5 €0 5], the map

91 = [eg,ﬂl]geyl : D1 — [)1

is an 1somorphlsm by Corollary 4.9 - since Bg N A = {e, 3} for all 7 > f in Y}, and
Bgr, NA = {€rn, pm, } for all 7w > By in V5.
Suppose for some i € N the semilattices Y;, Y}, posets Z;_1, Z;_1, bands

D; = Vs Bri e erpl, Dj = [Vis Bl g€ ]

and isomorphisms 7; : Y; — }A/j, 0; = 0-,7jlrey, : Dj — ﬁj have already been defined
for each j < i, and are such that Y;, Z;_; and Yj, Z;_; satisfy conditions (i), (ii) and (iii).
As in the semilattice construction, if a;,1 € Y; then we may fix z € Z;_; such that a;
belongs to some cone of z which is disjoint to Y;, and let B, ., . = e..

Consider the subset X,;_; = U%ZF1 B, of B. For each eg € X;_1 (so f € Z;_y), take
a maximal subchain of each cone C' € C(eg) such that Y; N C' = 0. If eg = ¢, 5 for (any)
y in the chain {y € Y; : 8 < y}, then by condition (ii) precisely one cone will intersect Y;
non-trivially. Otherwise, all cones of eg intersect Y; trivially. Moreover, if a1 € Y; and
f = z, we also require the maximal subchain of a cone of C'(e,) to contain a; 1.

Let C, be the disjoint union of the & (or & — 1 if eg = ¢, 3 for some y € Y;, and £ is
finite) maximal subchains and let

|| c...

GBEXi_l
Let Y;;1 = Y; U Z;, and note that v <~/ for v, € Y;,1 if and only if

either 7,7 € Y; and v <+ in Y};
or 7,7 € Ce, for some ez € X;_1 and v <4 in C,;
or vy €Y,y € C,, for some eg € X;_y and § > v in Y.

Similarly obtain C. o Z; and }A/Z»H, noting that as B has ramification order & the set C. »

will also be formed from k (or k—1if ey = €, 5 for some ' € Y;, and k is finite) maximum
subchains. Let D11 = [Yit1; Bri v, 5; €, 5] and 152+1 [YZ+1,B’,7@ZJ’T 6” € g

Recall that C(8) = U, ,ep, Clep) for all 5 € T,.. Hence as J, ¢, Ce, is a set of maximal
subchains of the » — 1 (or r if 7 is infinite) cones of C'(f3) Wthh mtersect Y, trivially, it
follows that conditions (i), (ii) and (iii) are satisfied and |J,_Y; = T, (similarly for Y;).
Consequently, B = J,cy Di and B’ = |,y D;.

ieN
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For each eg € X; 4, let 0., : Cy — C’eﬁgi be an isomorphism (as posets), and let

Tit1 = m; U |_| Oes t Yip1 — Y1
65€X¢71

By the order on Y;,; defined above, it is easily shown that m;,; is an isomorphism, and so
T = (J;en i is an automorphism of 7,.. For each v € C, (eg € Xij_1), let 0, : B, — Byr,,,
be an isomorphism such that €,/ 0, = €yr, | yr., for (any) 7' € C,, with 4/ > . We claim
that the map

Oiy1 = 0; U |_| 0, = (2% 7Ti+1]a€Y¢+1 :Diy1 — bz‘—l—l
’YECEB
€5€X¢71
is an isomorphism. Suppose v,v" € Y;,; are such that v < +'. If 7,7 € Y;, then as 6;
preserves the images of the connecting morphisms from Y;, we have

€y Alit1 = €y 40i = €yminm; = Exrmipy ymiga

Similarly, if v,7" € C,, for some eg € X;_; then by construction €y ,0, = €yr\\ ymips-
Finally, if v € V;, o/ € C¢, for some ez € X;_; and 3 > v, then

67'7“/0”1 = 657’79”1 = 65,791' = Bmims = EBmiy1amicr — EYmip1, i

by (4.3) since v > 5 > v and v'm;11 > fmip1 > ymie1. The claim then follows by Corollary
. Hence ¢ = |J,cy 0; is an isomorphism from B to B’ which extends ®. Taking B = B’
shows that B is 1-homogeneous. [l

Consequently, for each collection 7, k, n, m € N* such that » = knm, there exists a unique,
up to isomorphism, image-trivial normal band B = [T}; B,; ¥4 g; €a,5] Wwith ramification
order k and B, = B, ,, for all @ € T,,. We shall denote such a band T,, ,,, », where r = nmk.

Proposition 4.11. A homogeneous image-trivial normal band is isomorphic to T, ,, 1 for
some n,m, k € N*. Conversely, every band T}, ,, 1 s homogeneous.

Proof. By Lemmal4.7 an image-trivial homogeneous normal band has a semilinear structure
semilattice, and has a ramification order by 1-homogeneity. Hence every homogeneous
image-trivial normal band is isomorphic to some 7T}, ,, x by the preceding results. We now
prove that T, 5 = [1}; Ba;Vap;€a,p] is homogeneous. Since T}, ., is 1-homogeneous
by the proposition above, we may proceed by induction, by supposing all isomorphisms
between finite subbands of size less than j extend to an automorphism of B. Let M =
[Z1; Ma; )51, N = [Za; Na; ¥ 5] be a pair of finite subbands of B of size j, and § =
[0, T|aecz, an isomorphism from M to N. By Proposition we may assume that 7
and Zs are non-trivial (so NV, M are not rectangular bands). Let 6 be maximal in Z;, and
dm = ¢'. Then by the inductive hypothesis the isomorphism 0|y, : M\ Ms — N\ Ny
extends to an automorphism 6* = [0*, %] ,er,. of B.

Since Z; is a finite semilinear order, there exists a unique 5 € Z; covered by d. As 6
is an isomorphism, it follows from Corollary that 6575€2 = €580 = €5 pr = €5 prv. For
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each e, € B, consider the subset of T, given by

e ={yveTl,:y>1, By, ={e}} =supple € B:e>e,}.
Note that [e,] is the union of the cones of e,, and so T, \ [e,] forms a subsemilattice of
T,.. Then 7 = 7*|5\(es5) : Tr \ [€5,8] = T \ [€57,5x+] is an isomorphism, and we now aim to
extend the isomorphism

(07, T e \es,o0 U By — U B,

vET:\[€5,6] YET €57 ]

to an automorphism of B which also extends 6.

Since ¢ maps M; U {e53} to Nsx U {€s 3r}, we may extend the isomorphism 6] z0¢e;5 51
to an automorphism #* = [5,’;, 7*]yer, of B by Proposition . Since f7* = B7*, the map
T=a"L 77'*|[65’ ;) forms a bijection. We claim that 7 is an automorphism of 7.

Indeed, let v < 4/, and assume first that v € T,. \ [e5]. Since 7* is an isomorphism, it
suffices to assume that 7' € [e5 6], so that v/ > . Since Y is a semilinear order we have
that either v/ >y > B or+ > >~. If 7/ >~ > Bthen e, 3 = €, 5 = €55 by (4.3), so
that v € [es5 6], a contradiction. Hence v > 8 > ~, so that f7* > y7* = y7. Moreover,
V7 ='T" € [ey pn+|, and so T > B = f7* > y7r. Assume instead that v € [e55]. Then
v € lesg] by , so that v < 4/7 as 7* is an automorphism of Y. In either case we
have that 7 preserves <, and the claim follows.

We now claim that 6 = [0, 7| er,, where

5 _ 10 ity e\ e,
B 9; if’)/ € [65’/5],

is an automorphism of 7, ,, . Indeed, by Corollary it is sufficient to prove that 67/’75 =
€y7qs for any o/ > v in T,. Note if v € [e54] then 7/ > v > 8 and so 7' € [es 5] by (4.3).
Hence, as 6* and 0* are automorphisms of B (and by the construction of 9~), we only need
consider the case where 7' € [esp] and v € T, \ [es5]. If v # B then v > 5 > 7, so

ey, = €5, by (E3), and 50, a5 B, € T \ [e55),
vyl = €10 = €310 = €pir yir = €prpr = Eyign
with the final equality holding since v'7 > 7 > 7. Finally, if v = /3 then
€yl = €805 = €y g5 = €5505 = €5 prr = Eyme pir = Eyipr
since /7* € [eg gn+] = |€s pa+]. Thus 0 is indeed an automorphism of B, and extends 6 by
construction. U

It is worth noting that the spined product of left and right homogeneous image-trivial
normal bands need not be homogeneous. For example suppose B = 1511 > T2, is
homogeneous, and thus isomorphic to some 7,,,,5. Then n = 2,m = 2 and as B has
structure semilattice 75, so must 755, and so 2.2.k = 4k = 2, contradicting k¥ € N*. Our
aim is now to prove that the converse holds, that is, if an image-trivial normal band L > R
is homogeneous, then so are L and R.
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Corollary 4.12. Let B = L <1 R be a homogeneous normal band such that L is image-
trivial. Then L is homogeneous (dually for R).

Proof. Let B = [Y; Ly; 1/1&75; ela’ﬁ] > [Y; Ra; 97, 5] be homogeneous. Then by Corollary
(iii) there exists n € N* such that L, = B, for all @ € Y, and by Lemma we may
assume Y = T,., where r = nk for some £ € N*. Moreover, L has a ramification order,
since if l,, ks € L, then by fixing any r, € R,, sg € R, there exists an automorphism
6' 1 6" of B sending (ln,74) to (kg, sz) by Corollary [3.8[(i). In particular, [,6' = kg and so
|C(la)| = |C(ks)| = k. Hence L = T, 1 x, by Proposition4.10| and is thus homogeneous. [J

4.2. Surjective normal bands. We now study the homogeneity of surjective normal
bands.

Lemma 4.13. Let B = [Y; Ba; o] be a homogeneous surjective normal band. Then for
any finite subsemilattice Z of Y, there exists a subband A = [Z;{ey}; wf,g] of B isomorphic
to Z.

Proof. Suppose first that Y is a semilinear order. The result trivially holds for the case
where |Z] = 1 by taking A to be a trivial subband. Proceed by induction by assuming
that the result holds for all subsemilattices of size n — 1, and let Z be a subsemilattice of
Y of size n > 2. Let 0 be maximal in Z, so Z/ = Z \ {4} is a subsemilattice of Y of size
n — 1. By the inductive hypothesis, there exists a subband A" = [Z'; {e,}; @D;‘VB] and an
isomorphism ¢ : A" — Z'. Since Y is semilinearly ordered and Z is finite, there is a unique
€ Z' such that 6 covers . Let {eg} = A’ N Bg. Since 154 is surjective, there exists
es € Bs such that es1)5 3 = eg. Let ¢ be the map from A’ U{es} to Z given by ¢'| 4 = ¢|as
and es¢’ = . Then ¢’ is clearly an isomorphism, and the inductive step is complete.

Suppose instead that Y contains a diamond 5 < {7,7} < 0. We claim that any pair
a,0 € Y with a L § has an upper bound. Let e,s € B,s be fixed. Since the connecting
morphisms are surjective, €,5 = €aVa.06 = €5Vs.as for some e, € B, and es € Bs. Similarly
for 7 and v we obtain eg = e;¥.3 = e, 3, and the claim follows by extending the
isomorphism from {eg, e,,e,} to {€ns,€aq, €5} to an automorphism of B. Hence, by a
simple inductive argument, every finite subsemilattice of Y has an upper bound. Let Z be
a finite subsemilattice of Y and a € Y be such that o > Z. Then for any e, € B,,

{eawa,g : ﬂ € Z} &= Z,
as required. U

Corollary 4.14. Let B = [Y'; By; o] be a homogeneous normal band. Then Y is homo-
geneous.

Proof. Suppose first that B is a surjective normal band. Let 7 : Z — Z’ be an iso-
morphism between finite subsemilattices of Y. By Lemma [4.13] there exists subbands
A=[Z;{ea}; v s and A’ = [Z"; {ea/};wg‘,:ﬁ,] isomorphic to Z and Z', respectively. Hence
[0, T|aez is an isomorphism from A to A’ where 6, maps e, to €., and the result follows
by the homogeneity of B. Now let B = L <t R be an arbitrary homogeneous normal band.
By Lemma [£.6, L and R are either image-trivial or surjective normal bands. If both L
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and R are surjective, then clearly so too is B, and so Y is homogeneous by the first part.
Otherwise, Y is homogeneous by Lemma [4.7] O

Corollary 4.15. Let B = L <1 R be a homogeneous surjective normal band. Then L and
R are homogeneous.

Proof. Since B is a surjective normal band, the normal bands L = [Y; L,; éﬂ] and R =
[Y'; Ro; 9y, 5] are also surjective. Let L; = [Z;; L ;waLfﬁ] (¢ = 1,2) be a pair of finite subbands

of L and §' = [0, 7]acz, an isomorphism from L; to L. By Lemma there exists
subbands A; = {(I’,,r") : @ € Z;} of B isomorphic to Z;. Hence R; = {r!, : a € Z;} is a
subband of R isomorphic to Z; for each 4, and the map 6" : Ry — Ry given by 710" = r?_is
an isomorphism. By Proposition , ' > 0" is an isomorphism from L; 1 Ry to Ly 1 Ry,
which we may extend to an automorphism 6 = 6’ > 6" of B. Then ' extends 6" and so L

is homogeneous. Dually for R. U

Consider now the case where B = [Y'; By,; 9, 4] is such that there exists a > 5 in Y with
1q,p an isomorphism. Then by Lemma @ every connecting morphism is an isomorphism.
We extend our notation by defining the morphism v, g by

Vo8 = Vaap(thpap)

for any o, 8 € Y. Note that if o > 8 then 1, g is the same morphism as before, and it is
a simple exercise to show that ¥, g5, = 14 for all o, 8,7 € Y by the transitivity of the
connecting morphisms. Moreover, for each «, 3 € Y we have w;lﬁ = Vg.a-

Lemma 4.16. Let B = [Y; B,; 14 5] be a normal band such that each 1, s is an isomor-
phism. Let m € Aut (Y) and, for a fived o €Y, let O : Bor — Born be an isomorphism.
For each 6 €Y, let 05 : Bs — Bs, be given by

(44) 85 = 1/)5,(1* Qa* 1/104*7@571'-

Then 6 = [0, Tlacy is an automorphism of B. Conversely, every automorphism of B can
be so constructed.

Proof. Let m and 65 be defined as in the statement of the lemma for each 6 € Y. If 6 > v
then

w5ﬁ 97 = ¢577 ¢V,a* O wa*ﬂ’,'yﬂ'
= 77Z)§,oz* Qa* 1/104*71',5# ¢57‘(’,"/ﬂ'
- ‘96 w&r,'wry

where the penultimate step follows from 7 being an automorphism, so that 7w > 7. Hence
[0, v; 07, ym| commutes, and so € is an automorphism of B.

Conversely, suppose 6 = [0, T]aey is an automorphism of B, and fix any o* € Y. Then
for each § € Y, since the connecting morphisms are isomorphisms and both the diagrams
[a*, a*d; a*m, (a*d)m] and [0, a*d; o7, (a*0)7| commute, it follows that 65 has the form of

[E4). O
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Proposition 4.17. Let B = [Y; Ba;%as] be a normal band such that each connecting
morphism is an isomorphism and Y is a homogeneous semilattice. Then B s structure-
homogeneous.

Proof. Consider a pair of finite subbands of B given by
A= [Z;Aa;gbg}ﬁ] and A =[Z'; A;,;@/J;?,:ﬁ/],

where 1[)&% and @bﬁ/ﬁ,, being restrictions of isomorphisms, are embeddings. Let 6 =
[0, T]aez be an isomorphism from A to A’, and 7 an automorphism of Y extending 7.
Denote the minimum elements of Z and Z’ as o* and *, respectively. Then o*r = 5%,
and for each 0 € Z the diagram

(4.5) As 2 AL

A /
lw[;’a* J{w?ﬁ’ﬁ*
0

Age = Al

commutes by Proposition [£.1] By Corollary [2.5] we may extend 6,+ to an isomorphism
0o+ : Bo» — Bg-. For each 0 € Y, let 05 : Bs — Bss be the isomorphism given by

96 = wé,a* 90{* wa*ﬂ,ﬁfr

so that 6 = [ég, TT|sey is an automorphism of B by Lemma m Then 65 extends 65 for
each 0 € Z, since by (4.5)),

! —
O = Uit Oar (V3 5) " i L

where 954+ extends 1Z. ., f,+ extends f,- and Vg 55 extends (Pg 5) Him pa - Hence 0
’ ’ om,p*

extends ¢, and B is structure-homogeneous. O

Moreover, it follows from the proceeding lemma that for any semilattice Y and n, m € N*,
there exists a unique, up to isomorphism, normal band with connecting morphisms being
isomorphisms, structure semilattice isomorphic to Y and D-classes isomorphic to B, ,.
The result can be obtained from [17].

Lemma 4.18. Let B = [Y'; Ba; a8 be a normal band such that each connecting morphism
is an isomorphism. Then B =Y x B, ,, for some n,m € N*. Conversely, every band
Y x B, is tsomorphic to some normal band such that each connecting morphism is an
1somorphism.

Let R be a right normal band with homogeneous structure semilattice Y. Then as
Y X B, is structure-homogeneous for any n € N*, it follows from Corollary that we
may let (Y x B, ;) > R denote the unique, up to isomorphism, normal band with left
component isomorphic to (Y x B, ;) and right component isomorphic to R. Note that
Y X By = (Y X Bya) < (Y X By).
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Furthermore, for any n € N* and homogeneous bands R and L with homogeneous
structure semilattice Y, where R is right normal and L is left normal, the bands (Y x B,, ;) t<
R and L (Y x By,,) are homogeneous by Corollary and Proposition m

Finally, we examine the case where the connecting morphisms are surjective but not
injective (so that the D-classes are infinite). Let B = [Y; B,; 14 5] be a surjective normal
band. For each o > 3, let K, g denote the congruence

Ker ¢a6 = {(6117 fa) : ecﬂ/}a,ﬁ = fa¥a 5}

on B,, or KBB if we need to distinguish the band B. Note that if « > § > v then
K,p C K,~,. We then obtain what can be considered the dual of Lemma @

Lemma 4.19. Let B = L > R be a homogeneous normal band such that the connecting
morphisms of either L or R are surjective but not injective. Then Y is the universal
semilattice.

Proof. Suppose without loss of generality that R = [Y; Ra;wgﬁ] has surjective but not
injective connecting morphisms, so |R,| = Np for all & € Y. Suppose for contradiction that
Y is a semilinear order. Let ey, fa, 9o € Ra be such that (e,, fo) € KRB but (€q, ga) ¢ K B’
noting that such elements exist as v, 5 is surjective but not injective. For any [, € La,
extend the automorphism of the right zero subband {(l., €4), (la; fa); (la) ga)} Which fixes
(lay eo) and swaps (o, fo) and (la, ga) to an automorphism 6 = [0,, 7|,y of B. Then
6 = 0" > 0" for some automorphisms ' = [0 7],ey and 0" = [07, 7],ey of L and R,
respectively. It follows by the commutativity of the diagram [«, §; «v, B7] in R that

(€arGa) € Kapr and (eq, fo) & Ko pr-

However as {7 : v < a} is a chain, either § < 7 or § > 7, which both contradict the
note above the lemma. Hence Y contains a diamond and, being homogeneous by Corollary
4.14) is thus the universal semilattice. U

To complete the classification of homogeneous surjective normal bands, we use a gen-
eral method of Fraissé for obtaining homogeneous structures. Here we apply this only to
semigroups. Let K be a class of f.g. semigroups. Then we say

(1) K is countable if it contains only countably many isomorphism types.

(2) K is closed under isomorphism if whenever A € K and B = A then B € K.

(3) K has the hereditary property (HP) if given A € K and B a f.g. subsemigroup of A
then B € K.

(4) K has the joint embedding property (JEP) if given By, By € K, then there exists
C € K and embeddings f; : B; = C (i = 1,2).

(5) K has the amalgamation propertyﬂ (AP) fglven A, By, By € K, where A is non-
empty, and embeddings f; : A — B; (i = 1,2), then there exists D € K and
embeddings ¢; : B; — D such that

fiogi = fa0go.

IThis is also known as the weak amalgamation property.
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The age of a semigroup S is the class of all f.g. semigroups which can be embedded in

S.

Theorem 4.20 (Fraissé’s Theorem for semigroups). [8] Let IC be a non-empty countable
class of f.g. semigroups which is closed under isomorphism and satisfies HP, JEP, and
AP. Then there exists a unique, up to isomorphism, countable homogeneous semigroup S
such that IC is the age of S. Conversely, the age of a countable homogeneous semigroup is
closed under isomorphism, is countable and satisfies HP, JEP and AP.

We call S the Fraissé limit of IC.
Let K be a Fraissé subclass of a variety of bands V defined by the identity aqas - --a, =
b1by - - - by, Then the Fraissé limit S of IC is a member of V. Indeed, if x1, 2, ..., Tpn, Y1, Yo,
oy Ym € S then (z1,29, ..., Zn, Y1,Y2, -, Ym) € K and thus x129 - 2, = Y1y *  * Y-

Example 4.21. The rectangular band By, x, is homogeneous by Corollary [2.5, and clearly
its age is the class of all finite rectangular bands. It follows that the class of all finite
rectangular bands forms a Fraissé class (with Fralssé limit By, x,)-

Example 4.22. The class of all finite semilattices forms a Fraissé class, with Fralssé limit
the universal semilattice (see [9], for example).

Example 4.23. Let I be the class of all finite bands. Since the class of all bands forms
a variety, IC satisfies HP and is closed under (finite) direct product, and thus has JEP.
However, it was shown in [12] page 12] that AP does not hold.

Consequently, there does not exist a universal homogeneous band, that is, one in which
every finite band embeds. However, if we refine our class to certain normal bands, AP is
shown to hold. To this end, let Kx, Cry and Ky be the classes of finite normal, finite
right normal and finite left normal bands, respectively.

Lemma 4.24. The classes Ky, Krn and Kpn form Fraissé classes.

Proof. Since the class of [left, right] normal bands forms a variety, it is clear that the classes
are closed under subbands and have JEP. The weak amalgamation property follows from
[12 Section 2] by taking all bands to be finite. Finally, since bands are ULF there exists
only finitely many bands, up to isomorphism, of each finite cardinality, and so each class
is countable. ]

Let By, Bry and By be the Fraissé limits of Ky, Kry and Kpy, respectively. We shall
prove that Bgy is the unique homogeneous right normal band with surjective but not
injective connecting morphisms. This will follow quickly from the subsequent result.

Lemma 4.25. Let R = [Y; Ry; 0] be a homogeneous right normal band, where each
connecting morphism is surjective but not injective. Let o« > B1,...,08, in'Y for some
r € N, where B; L 8; for alli # j. Then for any eg, € Bg, such that (e, : 1 < i < 1)
forms a semilattice, we have

H{ea € Ra : €atlap, =e€p for alll <i<r} =N,.
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Proof. By Lemma Y is the universal semilattice, and so every pair of elements has
an upper bound. We first prove the result for r = 1 (relabelling 8; simply as ). Since the
connecting morphisms are surjective, there exists e, € B, such that e,1 3 = eg. Suppose
for contradiction that

ealap = {fa : (eow fa) € Kaﬁ}

has finite cardinality n. Note that n # 1 since the connecting morphisms are not injective
and |e, K, 5| = |ew Ko | for all &' > " and e, € R/, by a simple application of homo-
geneity. Moreover, for any v <  we have |e, K, | = |eaKa,| and K, 5 C K, ,, and so
ealop = €alo . Let egths, = e,. Then choosing any fs € egKp, with fz # eg there
exists f, € R, such that f,1, 3 = f3, and thus

fawow = fﬁwﬁ,'y = eﬁwﬁ,'y = €.

Hence f, € ea K, 4, but fo & e, K, g, a contradiction and thus n is infinite.
Now consider the result for arbitrary » € N. Let f, € R,, and let fo, 5, = fs, for some
f3,- Note that (fs, : 1 <7 <r) is a semilattice, and isomorphic to (8; : 1 <1 <), since

fﬁifﬁj = (focwa7ﬁi)1/)ﬁia/3iﬁj ) (fa¢a,ﬁj>¢ﬁj,ﬁiﬁj = fa¢a7ﬁiﬂj = fa@z)aﬁjﬁi = fﬁjfﬁw

for any 1 <4,j < r. Moreover, it is then clear that the map ¢ between (fz, : 1 <i <)
and (eg, : 1 <1 <r) which sends f3, to e, for each i is an isomorphism. Extend ¢ to an
automorphism of B, to obtain some § > f; and es € B; (as the image of e,) such that
ests,p, = ep, for each 4. Since Y is the universal semilattice we may pick 7 > «a,0 in Y.
Let e, be such that e, s = e5, and suppose e, = e,. Then

€aa,p, = €rVratlap = €rUrp, = €558, = €555, = €,
By the case where r = 1 the set e, K 5 is infinite, and thus so is the set
{e; € Ry 1 e;)r 3, =€, forall 1 <i<r}.

The result follows by extending the isomorphism from the semilattice (e,,es, : 1 < i <7) to
(€a,ep, : 1 <i <), which sends e, to e, and fixes all other elements, to an automorphism
of R.

O

Lemma 4.26. Let R = [Y; Ry; 0] be a homogeneous right normal band, where each
connecting morphism is surjective but not injective. Then R = Bry (dually for Bry ).

Proof. We shall prove that all finite right normal bands embed in R. We proceed by
induction, the base case being trivially true, by supposing that all right normal bands of
size n — 1 embed in R, and let A = [Z; A,; ¢u ] be of size n. Let a be maximal in Z and
fix e, € A,. Suppose « is the cover of §1,..., 5, in Z, and suppose e,¢, 3 = €s,. Then
A= A\ {e.} = [Z; Al; ¢, 5] is a right normal band of size n — 1, and so there exists an
embedding 6 : A’ — R (which induces an embedding 7 : Z — Y). Since Y is the universal
semilattice by Lemma |4.19, and in particular contains copies of all finite semilattices, it
follows that there exists § € Y such that Z7rU{§} = Z, where we choose § = ar if [A,] > 1,
that is, if Z = Z. Then by the previous lemma, we may pick an element es of Rs such
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that es & A’0 and es)5 5, = €p,0. Then it is easily verifiable that A’0 U {e;s} is isomorphic
to A, and so the result follows by induction. By Fraissé’s Theorem R is isomorphic to the
Fraissé limit of KCgry. Ul

Corollary 4.27. The band By s isomorphic to Bry > Bry.

Proof. Let Y be the structure semilattice of By. Let L 01 R be a finite normal band with
structure semilattice Z. Then there exist embeddings ' : L — Bry and 0" : R — Bgy
with induced embeddings 7 and 7, from Z to Y, respectively. Hence m = (m;) ™| zx,m, is
an isomorphism between Zm to Zm,.. By Lemma there exists subbands A = {e, :
a € Zm} and A = {f, : a € Zn,.} of By isomorphic to Zm and Zm,, respectively.
Consequently, the map ¢ : A — A’ given by e,¢ = for (o € Zm) is an isomorphism, which
we may extend to an automorphism 6! = [éfl, 7] of Brn. In particular, 7 extends 7 and
0'6" is an embedding of L into Byy, with induced embedding m# = ()~} Zm T = Ty Of
Z into Y. Hence 06" <1 6" : L 1 R — By X Bry is an embedding by Proposition
and so Bry > Bgry contains copies of all finite normal bands as required. O

We now summarise our findings in this section.

Proposition 4.28. A surjective normal band is homogeneous if and only if it is isomorphic
to either Y X By m, (U X Bp1) < Bry, By > (U X By,,) or By, for some homogeneous
semilattice Y and some n,m € N*, where U 1s the universal semilattice.

Proof. Suppose first that B = L 1 R is a homogeneous surjective normal band. Then by
Corollary and Corollary each of Y, L and R are homogeneous. If a non-trivial
connecting morphism of L is an isomorphism, then L is isomorphic to Y x B,, ; by Lemma
4.4 and Lemma [4.18] Otherwise, the connecting morphisms of L are non-injective and L
is isomorphic to By y by Lemma . Dually for R. Since the band Y x B, ,,, is structure
homogeneous for any homogeneous semilattice Y by Proposition [4.17 the result follows
by Corollary [3.5, Lemma and Corollary [£.27]

Conversely, By, Bry, Brn are homogeneous by Fraissé’s Theorem. Since each Y x B, ,,
is structure-homogeneous, the final cases are homogeneous by Corollary [3.6] U

For a complete classification of homogeneous normal bands, it thus suffices to consider
the spined product of an image-trivial normal band with a surjective normal band.

To this end, let B = L > R be a homogeneous normal band, where L is image-trivial and
R is surjective. We may also assume L and R are not semilattices, since otherwise B would
be image-trivial or surjective. Then L is homogeneous by Corollary , andso L =T, 1
for some n,k € N*. Since the structure semilattice of B is a semilinear order, it follows
from Lemma that the connecting morphisms of R must be isomorphisms, and thus
we may assume that R = T, X By, for some m € N*. Conversely, T}, 15 > (Thx X B1m)
is homogeneous for any n, m, k € N* by Proposition and Corollary

This, together with its dual and Proposition and Proposition 4.28] gives a complete
list of homogeneous normal bands. In the classification theorem below, the three cases
(up to duality) are given by: image-trivial normal bands in (i), surjective normal bands
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in (ii), (iii), (iv),(v), and finally the spined product of an image-trivial normal band with a
surjective normal band in (vi) and (vii).

Theorem 4.29 (Classification Theorem of homogeneous normal bands). A normal band
1s homogeneous if and only if it is isomorphic to either:

(1) Tn,m,k;

(Vll) Tn,l,k > (Tnk X Bl,m);
for some homogeneous semilattice Y and some n,m,k € N*, where U 1is the universal
semilattice.

We finish this section by giving a complete classification of structure-homogeneous nor-
mal bands.

Proposition 4.30. A normal band is structure-homogeneous if and only if it is isomorphic
toY X B, for some homogeneous semilattice Y and n,m € N*.

Proof. Let B = [Y; By;%a,] be structure-homogeneous, so that Y is homogeneous by
Corollary [4.14] We shall show that each connecting morphism is an isomorphism, so that
the result will follow by Lemma[4.18] Suppose first that 1, g is not surjective, say, eg & Io 3.
Let f, € B, with fotas = fs. Then by extending the isomorphism between {ez} and
{fs} (with induced isomorphism the trivial map fixing ) to an automorphism of B with
induced automorphism 1y, a contradiction is obtained. Hence each connecting morphism
is surjective.

Suppose e,a s = €3 = falap, and fix some 6 > «. Then as 15, is surjective there
exists es, f5 € Bs with esi50 = €4 and f5¢5, = fo. Let m be an automorphism of Y
such that ar =  and ém = § (such a map exists by the homogeneity of Y). Since B is
structure-homogeneous and 7 fixes d, we may extend the isomorphism swapping {es} and
{fs} to an automorphism 6 = [0, T]aey of B. Then as the diagram [0, a; d, 5] commutes,

ealla = 505000 = €505055 = fssp = €p

and similarly f.0, = eg. Hence e, = f,, and so 9, g is injective.
The converse follows from Proposition [4.17] O

5. HOMOGENEOUS LINEARLY ORDERED BANDS

We call a band B = |J .y Ba linearly ordered if Y is a linear order. A homogeneous
linearly ordered band B has structure semilattice Q by Proposition We observe that if
B is not normal, then there exists a >  and e, € B, such that the subband Bs(e,) of Bj
contains more than one L-class or R-class. Hence if B is homogeneous, then by Corollary
3-8 (iv) the same is true for B, (es) for any 6 >~ and es € B.
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Lemma 5.1. Let B be a linearly ordered homogeneous non-normal band. If Bg(e,) inter-
sects more than one L-class, then Bg(e,) = R(Bgs(eq)) (dually for R).

Proof. Suppose for contradiction that there exists gg € Bs such that gg <, e, but gg £ e,.
Then gz = e,gs and so gge, = eqgpea R gp and gge, € Bs(e,). Since the subband Bg(e,)
contains more than one L-class, we may pick fz R gge, such that fz € Bs(ea) \ {95€a}-
Extend the automorphism of the right zero subsemigroup {fs, gs, gsea} which fixes gge,
and swaps fz and gz to 6 € Aut(B). Then ey = e,0 > ggea, gz and gge, = (ggeqn)d =
ggle.d = fzeqn. Hence

f,@(eaeo/ea) = fﬁeo/ea = gp€afa = Js€u

and so fg £ eqeaeq. If &' > a then eyeqe, = €4, contradicting e, > f3. Hence o/ < a, so
that ey ey = ey and

93 = gp€a’ = GBCu’€aCos = Jp€ata’ = JsCa,
a contradiction. ]

Let B be a linearly ordered homogeneous non-normal band. Then by the lemma above,
if Bs(e,) contains a square (that is, it intersects more than one £ and R-class) then
Bg(en) = Bs. Thus Bj(e,) is a single K-class, where K = £, R or D. Moreover, for all
o > [ and e, € By, it follows from Corollary (iv) that every By (ey ) is also a single
KC-class.

Note that if £ = D, then B has the following property, which we shall follow [I7] in
calling D-covering:

If e, f € B, then either eD f ore> fore< f.
Proposition 5.2. A homogeneous linearly ordered band is regular.

Proof. Let B = Uae@ B, be a homogeneous non-normal linearly ordered band (noting that
if B was normal, then it would automatically be regular). By Lemma we may assume
first that each Bgs(e,) is either a single R-class or is Bs (noting in both cases, Bs(e,) is a
union of R-classes). Hence L£(Bgs(e,)) = Bgs, and so fge, = fz for all fz € Bs. Given any
v, 7,0 € Y and any elements e, € B,, f; € B, and g, € B,, it suffices to show that

(5.6) e freyGoy = €y frgoes.

If 7 <« then fre, = f-, while if ¥ < 7 then e, f; = e,, and is seen to hold in both
cases. Assume instead that 7 = v and 7 > o (since if v < ¢ then both sides of cancel
to ey). Then e,g9, L g, L -9, L e f19,, With e,g,, e, f19, < €,. If €,9, and e, f, g, are not
R-related then e, > g, by Lemma , and both sides cancel to e, f,g,. Otherwise,
the two elements are R-related, and thus equal, and ([5.6) is immediate. The case where
each Bgs(e,) is a union of L-classes is proven dually. U

Let B = L < R be a homogeneous non-normal linearly ordered band, where L =
Uacg Lo and R = {J,cq Ra- Then for any finite chain oy > ay > -+ > a,, in Q, we pick
lo, € L, to construct a chain l,, > l,, > -+ > l,, in L. By an identical argument to
the proof of Corollary we have that R is homogeneous, and dually so is L. Hence by
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Lemma , each Lg(l,) is a single R or L-class of L. Since Lg is left zero, the first case
is equivalent to L being normal, and so by the Classification Theorem for homogeneous
normal bands we have L = Q x B,,; for some n € N*. Otherwise, each Lg(l,) is a single
L-class, so that Lg(l,) = Lz and L satisfies D-covering.

Consequently, it suffices to consider the homogeneity of linearly ordered bands satisfying
D-covering. The following result is routine.

Proposition 5.3. Let B = J,cq Ba and B" = J,cq B, be bands satisfying D-covering
such that B, = Bg and B, = Bj for all a, 8 € Q. If m € Aut (Q) and 0, : B, — By, an
isomorphism for each o, then 6 = UaGQ 0. is an isomorphism from B to B'. Moreover,
every isomorphism can be constructed in this way.

We denote D), ,,, as the unique, up to isomorphism, linearly ordered band with structure
semilattice Q, satisfying D-covering, and such that B, = B,,, for all « € Q, where
n,m € N*. We observe that, by uniqueness, D,, ,,, = D,, 1 b<X D .

Corollary 5.4. The band D, ,, is structure-homogeneous for any n,m € N.

Proof. Let A = |J,;<;; Aa; and A" = [J,,, A}, be finite subbands of D, ,,, where a; >
Qg > - > apand B > By > -0 > f. Then A, > A, if and only if a; > aj, and
similarly for A’. Let 6 : A — A’ be an isomorphism, so that there exists isomorphisms
0; : Aa, — Aj, such that 0 = |, <ick Oi Let m € Aut (Q) extend the unique isomorphism
between {aq,...,a,} and {f,...,Bx}. By Corollary we may extend each 6; to an
isomorphism éai : By, = Bg,. For each a & {a, ..., a}, take an isomorphism éa : B, —
B,r. Then 6 = UaEQ 0, is an automorphism of D, ,, by the previous proposition, and
extends # as required. O

Now let B = L 1 R be a homogeneous non-normal linearly ordered band not satisfying
D-covering. If L = Q x B,,; then, as shown after Proposition , R satisfies D-covering
since B is not normal. Hence R = D, ,, for some m € N*, and so B = (Q x B,,1) > Dy,
by Corollary ; dually for the case R = Q x By .

Conversely, the bands (Qx B,, 1) > Dy ,,, and D,, 1 > (Qx By ,,) are structure-homogeneous
(and thus homogeneous) by Corollary . We thus get a complete classification of homo-
geneous linearly ordered bands:

Theorem 5.5. The following are equivalent for a linearly ordered band B:

(i) B is homogeneous;
(ii) B is structure-homogeneous;
(iii) B is isomorphic to either QX By m, Dy, (QX Bp1) > Dy, 01 Dy 4 (Q X By ),

for some n,m € N*.

6. THE FINAL CASE

Throughout this section we let B = |J, .y Ba be a non-normal band, where Y is non-
linear, so we may fix a three element non-chain «,, 8, where ay = . For e, € B, and
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€a €y

\

€alryCal Ealy

(NN €yCaCry

Figure 4. The subband A

e, € B, we consider the subband A = (e, ey) = {€a; €y, €aby, €4€q; Ea€rCa, €xEaEL}, aS
shown in Figure

Then A is isomorphic to one of 4 bands, depending on if AN Bj is trivial, a left zero or
right zero band of size 2, or a 2 by 2 square. We will show that none of these possibilities
can occur if B is homogeneous.

Lemma 6.1. For e, € B, and e, € B, we have |Bg(e,) N Ba(ey)| = 1 if and only if
Bg(ea) N Ba(ey) # 0 if and only if |[AN By = 1.

Proof. Suppose that ez < eq,e,. Then e,e, € Bg and, by Lemma 2.1], eg < eqe,, so that
e = eqe,. Hence Bg(e,) N Bs(ey) = {eaey} = {€,€4} and the result follows. O

Lemma 6.2. For e, € B, and e, € B, we have
(1) [{eas e4)| = 6 if and only if R(Bg(€a)) NR(Bs(ey)) =0 = L(Bs(ea)) N L(Bs(ey));
(i) [{ea,ey)| =4 with eqereq = eyeq if and only if R(Bs(eq)) N R(Bs(e,)) # 0 and
L(Bg(eq)) N L(Bg(e,)) = 0. Moreover, in this case

R(Bs(ea)) VR(Bs(ey)) = Repe, = R

€aty eyeq

Dually for [{eq, )| = 4 with eqejeq = eqe.
Proof. We first show that e,e e, = ee, if and only if
10 € R(Bj(ea)) NR(Bs(e,)).

Since e e,e, = e,e, We automatically have e,e, <, e,. Hence if e,e, = e eqe, then
ereq € Bg(eq). The converse holds trivially.

Now suppose eg <, €q,e€,, so that eg <, e,e,. Then egRe,e,, and so R(Bg(ey)) N
R(Bg(e,)) is contained in R, ., . In particular, we have shown that R(Bs(es)) NR(Bs(ey))
is non-empty if and only if it contains e,e,. This, together with the first part of the proof
gives the results. U
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Lemma 6.3. Suppose there exists 0 > § > 7 and e, > e5 such that B (e,) = B.(es).
Then B is not homogeneous.

Proof. Suppose for contradiction that B is homogeneous. Let ¢/ > ¢ > 7’ in Y and
esr > es. Then by extending the isomorphism from e, > es > e, to e, > esr > e, for
some e, e, it follows by the homogeneity of B that B, (e,/) = By/(es). The semilattice
Y is a semilinear order, since if n > {u, €} > ( is a diamond in Y then for any e, € B,
with e, > e,, ec we have
Be(en) = Be(ey) = Belee)

contradicting Lemma 6.1, as B is not normal, so that |B¢(e,)| > 1. Hence Y is homoge-
neous by Proposition . Suppose without loss of generality that B.(e,) has more than
one R-class. We claim that there exists g, € L(B:(e,))\ Br(e,). Suppose for contradiction
that no such g, exists. Then R(B.(e,)) = B, so that for any v € Y with vo = 7 and
e, € B, we would have

R(B,(e,)) N R(B,(e,)) = R(B:(e,)) = B,

by the homogeneity of B. Hence B, has one R-class by the last statement in part (ii) of
Lemma [6.2 a contradiction, and thus the claim holds.

Let g, € L(B;(ey,)) \ Br(es). Then as g, <; e, we have g,e, = ¢,, €59, < €, and
ex9- L g,. Letting e,g, = e,, then as B.(e,) has more than one R-class, we may pick
fr € B:(e,) with f; Le, and f. # e;. Let A = {e,, fr,9-}, a left zero subsemigroup of
B. By extending the automorphism 6 of A which fixes e, and swaps f, and g,, to an
automorphism  of B, we have e,0 = e, > e,, g- and ey fr = e,. Then

€s€5'Co * fT = eoea’fT = €561 = €7

so that f. £ eye,e, and o # oo’ (else f, £ e e, = €,), and dually o’ # oo’ If 00’ > 7
then as e,e,e, < e, we have B.(e,) = B;(ese,€,), contradicting f, € B (esey€,).
Hence oo’ = 7. Suppose, seeking a contradiction, that |B.(e,)| > 2. Then there exists
z, & {er, fr} with z, € B.(e,) and z, being £- or R-related to e,. We may assume
that # also extends the automorphism of A U {x,} which extends 6 and fixes z,. By the
homogeneity of B we have that e,, e, > e,, z,, thus contradicting Lemma [6.1

We may therefore assume that B.(e,) = {e,, f+}, B:(esr) = {er,9:}, 00’ =7 and

€5€C5'Cy = €51€5€C5 = Cr

by Lemma [6.1] Now extend the automorphism of A which fixes g, and swaps e, and f,
to an automorphism ¢ of B. Then e, ¢ = e5; > e,, f;, so that 6o > 7 and e;g, = f; since
€sgr = €. Since 7,0’ > 7 we have o’ > 7. Suppose for contradiction that o’ > 7. Then
we claim that ¢ > {G0’,0} > 7 forms a diamond. Notice that o’ # g0, since otherwise
oo = gooo’ = 7, a contradiction. If ¢ = go’ then 06 = 060’ = 7 since 0o’ = 7, and so
o # go’, similarly & # go. Thus, as the elements are distinct, the set forms a diamond as
claimed, which contradicts Y being a semilinear order. Hence g0’ = 7. Now ez, e, > e,
so that eze,r = e,re5 = e, and so

€50r = ec_r<ecr’g7') =€:9r = €1
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as e, L g.. However this contradicts e;g, = f,, and B is therefore not homogeneous. [

Lemma 6.4. Suppose that B is homogeneous, and let e, fo € B, and e, € B, be such
that eq, fo > €arCq, fayfa. Then eqereq = foey fa.

Proof. Let 0 < (3 and choose e,, f; € B,(eqeeq) such that (e,, f,) is isomorphic to
(€aeyeq, faly fa), noting that such elements exist by Corollary (iv). Extend the iso-
morphism from (eq, fa, €, fo) 10 (€q, fa; €a€r€a; faey fa) Which maps generators in order,
to an automorphism of B. Then it follows that there exists 7 € Y and e, € B, (as the
image of eye,e,) such that o > 7 > § and

{eaafa} > er >’{ea676aaf&67fA}-
Then
€ar€a = €r(€atre)er = (ereq)ey(ener) = ereqer,

and similarly f.e,f, = ere,e;, and the result follows. O
Lemma 6.5. If B is homogeneous then |{eq, e4)| # 6.
Proof. Suppose for contradiction that |(e,,e,)| = 6 and let eg € Bg(e,). Note that if D is

a rectangular band and z,y, 2z € D then clearly zyz = xz, so that
egereg = eg(entqeq)es = €g, and
eyegey = (€x€q)e(€aty) = (€4€a)(€aty) = €xeqcsy.
By Lemma [6.2] (i), eg is not £ or R-related to e,eqe,, sO

(ey,e8) = {€y, €5, €165, €565, €1€064}
contains no repetitions. Hence for any eg, fg < e, we have (e, eg) = (e, f3). In particular,
the map fixing e., and swapping some eg € Bg(es)\{€ae eq} With eqe,e, is an isomorphism,
which can be extended to § € Aut(B). Then e, > eg, eqe,€4 gives €,0 = €y > €ne4€4, €3,
so that e’ > 8 by Lemma . Moreover, (eqe,€4)8 = eqejeq = €5, SO

(eatar€a)ey(€ntaren) = (€atar)(€ntrea)(aen) = €nbyeq

by Lemma and similarly (eq€n€ar)ey(€a€atar) = €neeq. Hence

{eatarta, artatar} > {eatyea, s},
and {eqaeqeq, 3} = {(€ataea)ey(€aarCn), (€ar€aar)ey(Eaenta)}. Since (aa’)y = B with
o’ # v we have e e.e, = eg by Lemma a contradiction. O
Lemma 6.6. If B is homogeneous then |(eq, e,)| # 4.
Proof. Suppose for contradiction that |{e,, e,)| = 4, and assume without loss of generality
that eqe eq = €464, S0 €464, = €q6,. By Lemma [6.2] (i) we have L£(Bg(e))NL(Bs(e,)) =
0 and R(Bs(ea))"R(Bs(ey)) = Re,e, = R Suppose Bjs(e,) has more than one L-class,

so there exists eg € Bg(e,) such that eg Re e, but eg # e e,, noting that eg # e e, as

|(eq, ey)| # 3 (see Figure 5.
Since eg, eyeq <, €4 and ege, = egeqney = €46, We have that the subband

€qtn

C = (ey,€5,€1€0) = {€y, €5, €€a; €aty}
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...................... L

€q by

Figure 5. The rectangular band Bg

contains no repetitions. We may thus extend the automorphism of C' which fixes e, and
eqt~ and swaps eg and e,e,, to an automorphism 6 of B. Then ey = e 0 > eg, eqeq, SO
that aa’ > f, and (e,e)f = e,eq = eg. Following the proof of the previous lemma we
obtain {eeqn€n, aeatar} > {(€aar€an)ey(€abar€n), (€a€atua)ey(Exeatar)} and so epeeq =
e,e, = €, a contradiction. Hence Bg(e,) is a left zero band.

Let 7 € Y and e, € B, be such that § < 7 < «a, so 7y = (, and e, < e,, so that
Bgs(er) € Bglea). If e # eyeq, then R(Bs(er)) N R(Bs(e,)) = 0 as Bg(e,) is left zero.
Moreover, L(Bg(e,)) NL(Bs(e,)) = 0 as Bg(e,) C Bg(e,), and so |{e;, e4)| = 6 by Lemma
(i). This contradicts the previous lemma, and consequently e, > e,e,. Suppose for
contradiction that e, % fz, for some fz € Bs(e,). Then by extending the automorphism of
{ea, f3, €14} which fixes e, and swaps fz with e,e, to an automorphism of B, we obtain
some e, (the image of e;) such that a > o >  and e, % e,e,, a contradiction. Thus
Bgs(ea) = Bg(e-), and so B is not homogeneous by Lemma [6.3] O

Lemma 6.7. If B is a non-normal homogeneous band then it is linearly ordered.

Proof. Let B = |J, B, be a non-normal homogeneous band. Suppose for contradiction
that Y contains a three element non-chain «,~, 3, where ay = . It follows from the
preceding lemmas that for any e, € B, and e, € B, we have (eq,e,) = {eqn, €y, €y}
Hence Bg(e,) N Bg(ey) = {eqey} and eqey = €164 = €014 = €y€nEs.

For any a@ > 0 > 3 and e, > e; we have e; > eqe,. Indeed, if es # eye, then as

Bgs(es) N Bs(ey) C Bglea) N Bsley) = {eaey}

we have Bg(es) N Bg(e,) = 0 and so |(es, e4)| > 3, a contradiction. For any eg € Bg(e,) \
Bg(es), extend the automorphism of the subband generated by e,, eqe, and ez which fixes
eq and swaps eqe, and eg to an automorphism 6 of B. Letting es0 = e, then e, < e, = e,0
and e, # e,e,, a contradiction. Thus Bg(e,) = Bgs(es), contradicting Lemma O
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Corollary 6.8. A band is homogeneous if and only if it is isomorphic to either a homoge-
neous normal band or a homogeneous linearly ordered band.

This, together with the Classification Theorem for homogeneous normal bands and The-
orem gives a complete classification of homogeneous bands.

An immediate consequence of our classification is that the structure semilattice of a
homogeneous band is homogeneous.

Open Problem. Prove directly that the homogeneity of a band is inherited by its struc-
ture semilattice.

By Proposition [£.30, Theorem and Corollary we achieve a complete list of
structure-homogeneous bands:

Theorem 6.9 (Classification Theorem for structure-homogeneous bands). A band is
structure-homogeneous if and only if isomorphic to either a homogeneous linearly ordered
band or the band Y X B, ,,, for some homogeneous semilattice Y and n,m € N*.
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