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Estimates near the origin for functional
calculus on analytic semigroups
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Abstract

This paper provides sharp lower estimates near the origin for the
functional calculus F'(—uA) of a generator A of an operator semigroup
defined on a sector; here F' is given as the Fourier—Borel transform of
an analytic functional. The results are linked to the existence of an
identity element in the Banach algebra generated by the semigroup.
Both the quasinilpotent and non-quasinilpotent cases are considered,
and sharp results are proved extending many in the literature.
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1 Introduction

The purpose of this paper is to prove results concerning norm estimates in an-

alytic semigroups which complement the results proved in [3] for semigroups
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defined on RT. For good references on analytic semigroups we recommend
the books [4, 11]: we note that analytic semigroups of operators are norm-
continuous in the open sector of the plane on which they are defined, and
thus also act as semigroups by multiplication on the Banach algebra that
they generate. Thus we may easily pass from the language of operators to
the language of Banach algebras.

In [1] the following result was proved for semigroups defined on the right-
hand half-plane C,. Here, p denotes the spectral radius of an operator, and

Rad denotes the radical of an algebra.

Theorem 1.1. Let (T'(t))iec, be an analytic non-quasinilpotent semigroup
in a Banach algebra. Let Ar be the closed subalgebra generated by (T(t))iec,
and let v > 0. If there exists tg > 0 such that

sup  p(T'(t) = T((v +1)1)) <2
teCy,ftI<to
then Ar/Rad Ar is unital, and the generator of (w(T(t))i>o is bounded,

where 7 : Ap — Ap/ Rad Ar denotes the canonical surjection.

This can be seen as a lower estimate for a functional calculus in Arp,
determined by F(—A) = T(t) — T((y + 1)t), where F : s — ¢ — =0+ jg
the Laplace transform of the atomic measure d; — 641.

This approach was taken in [3] for semigroups defined on R, and very
general results were proved for both the quasinilpotent and non-quasinilpotent
cases, providing extensions of results in [5, 6, 9] and elsewhere. For a detailed
history of the subject, we refer to [2].

Fewer results are available for analytic semigroups, and virtually nothing
involving a general functional calculus, although some dichotomy results are
given in [2]. To prove more general results for analytic semigroups requires
the notion of the Fourier—Borel transform of a distribution acting on analytic
functions, and in Section 2 we define these transforms and the associated

functional calculus.



In Section 3 we derive results in the non-quasinilpotent case, using the
properties of the characters defined on the algebra A7, putting Theorem 1.1
in a much more general context. Note that the results we prove are sharp,
as is shown in Example 3.6.

Finally, the more difficult case of quasinilpotent semigroups is treated in
Section 4, adapting the complex variable methods introduced in [3]. Here
there are additional technical difficulties involved in defining the functional

calculus, since we now work with measures supported on compact subsets of

C.

2 Analytic semigroups and functional calcu-
lus

For 0 < a < /2 let S, denote the sector
Sa:={z€C, :|argz| < a}.

Let H(S,) denote the Fréchet space of analytic functions on S,, endowed with
the topology of local uniform convergence; thus, if (K,),>1 is an increasing
sequence of compact subsets of S, with Un21 K, = S,, we may specify the

topology by the seminorms

[flln := sup{lf(2)] : 2 € Kn}.

Now let ¢ : H(S,) — C be a continuous linear functional, in the sense that
there is an index n and a constant M > 0 such that |(f, )| < M||f||,. for all
f € H(S,). These are sometimes known as analytic functionals [8].

We define the Fourier—Borel transform of ¢ by

FB(#)(2) = (e-z ),

for = € C, where e_.(§) = e * for £ € S,. This is an analogue of the
Laplace transform, and is given under that name in [8, Sec. 4.5]. We follow

the terminology of [12].



If o € H(S,), as above, then by the Hahn-Banach theorem, it can be
extended to a functional on C(K,,), which we still write as ¢, and is thus
given by a Borel measure p supported on K,.

That is, we have
(o) = / £(6) d(©),
Sa

where p (which is not unique) is a compactly supported measure. For exam-
ple, if (f,0) = f/(1), then

1 f(2)dz
- 1
(o) =5 [ 225 1)
where C' is any sufficiently small circle surrounding the point 1.
Note that

FB(p)(z) = / e Edpe),

n

and thus it is an entire function of z satisfying supg, .-, |[FB(¢¥)(z)| = 0 as
r — co. We shall sometimes find it convenient to use the alternative notation
FB(u).

Now let T":= (T'(t))ies, be an analytic semigroup on a Banach space X,
with infinitesimal generator A. Let ¢ € H(S,)" and let F' = FB(y).

We may thus define, formally to start with,

F(-A) = (T, p) = / T(€) duu(©).

[e3

which is well-defined as a Bochner integral in Ap. It is easy to verify that
the definition is independent of the choice of u representing .
Moreover, if u € S,_g, where supp i C Sg and 0 < 8 < «, then we may

also define
F(eud) = [ T(u)dute).

since u€ lies in S,.
In the following, a symmetric measure is a measure such that (S) = u(S)
for S C S,. A symmetric measure will have a Fourier-Borel transform F'

satisfying F/(z) = F(z) := F(z) for all z € C.
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3 The non-quasinilpotent case

For a semigroup (7T'(t));es, with generator A, we write Az for the commu-
tative Banach algebra generated by the elements of the semigroup, and ﬁT
for its character space (Gelfand space).

The following result is proved for semigroups on R, in [3, Lem. 3.1] (see
also [5, Lem. 3.1] and [1, Lem. 3.1]). It enables us to regard A itself as
an element of C'(A7) by defining an appropriate value y(A) = —a,, for each
Y € Ar.

Lemma 3.1. For a strongly continuous and eventually norm-continuous
semigroup (T(t))i=o and a nontrwial character x € Ap there is a unique
ay € C such that x(T(t)) = e ' for all t > 0. Moreover, the mapping
X > ay 15 continuous, and x(F(—uA)) = F(ua,) in the case that F is the

Laplace transform of a measure p on R, .

A similar result holds for analytic semigroups, with the same proof, where
now F is the Fourier—Borel transform of a distribution (defined above).
The following theorem extends [1, Thm. 3.6]

Theorem 3.2. Let 0 < f < a < 7w/2. Let ¢ € H(S,), induced by a
symmetric measure p € M.(Sg) such that fsﬁ du(z) =0, and let F' = FB(p).
Let (T(t))ies, = (exp(tA))ies, be an analytic non-quasinilpotent semigroup
and let Ar be the subalgebra generated by (T'(t))ies, . If there exists to > 0
such that

sup  p(F(=tA)) < sup [F(2)], (2)

tESa,B,|t|St0 ZGSQ,5
then Ar/Rad Ar is unital and the generator of w(T'(t))ies,, is bounded, where
7 Ar — Ar/Rad(Ar) denotes the canonical surjection.

Proof. By the maximum principle, for each § € (—7n/2,7/2), F attains its
maximum absolute value My, say, on the ray Ry = {z : argz = 0} and M,
is an increasing function of 6 on [0,7/2). Moreover, My = M_y, since pu is

symmetric.



Clearly there exists a d > 0 such that the maximum value of F' on each
ray Ry is attained at a point z such that Re z < d.

By Lemma 3.1, the hypotheses of the theorem, including non-quasinilpotency,
imply that for each y € Ap there exists a, € C such that x(T(t)) = e~ ®¢
for all t € S,, and hence x(F(—tA)) = F(a,t). Moreover, we know from (2)
that

[F(axt)| < sup |F(2)]
ZGSQ,@

for all t € S, with [t| < to.

If for any point ¢ in the sector {t € S,_s : |t| < to} we have Rea,t > d,
and |arga,t| > a — 3, then

|F(Aayt)| = sup [F(z)|
2€S0_p

for some real A between 0 and 1, giving a contradiction. In particular, if
|arg a,to| > oo — 3, then Rea,ty < d.

Now suppose that 0 < v = arga,ty < a — [ (the other case is sim-
ilar); then we know that Re(a,toe’®?=7)) < d; writing a,t; = re?” and
aytoe @ P = re@=P) we deduce that Re a,ty < dcos~y/ cos(a—f3). Hence,

in all cases, we obtain Rea,ty < d/cos(a — [3) and

IX(T'(t0))| = exp(—d/ cos(e — ),

and this holds for every x € ﬁT. Hence fTT is compact. Now by [10, Thm.
3.6.3, 3.6.6], we conclude that A7/ Rad Ar is unital. Since the algebra gener-
ated by the norm-continuous semigroup (7(7'(t));>o is dense in Ay/ Rad Ar,
the generator of this semigroup is bounded.

O

By considering the convolution of a functional ¢ € H(S,)’, possessing the
Fourier—Borel transform F', and the functional ¢, possessing the Fourier—
Borel transform F (defined by the convolution of defining measures), we
obtain a functional whose transform is the product F’ F , and may deduce the

following result.



Corollary 3.3. Let 0 < 8 < a < /2. Let ¢ € H(S,), induced by a
measure p € M.(Sg) such that fSB du(z) = 0, and let F = FB(yp). Let
(T'(t))1es, = (exp(tA))ies, be an analytic non-quasinilpotent semigroup and
let Ar be the subalgebra generated by (T(t))ies, . If there exists to > 0 such
that

sup  p(F(~tA)F(~tA) < sup [F(2)||F(2)];

teSq—g,|t|I<to 2€S4_p
then Ar/ Rad Ar is unital and the generator of m(T'(t))ses,, is bounded, where
7 Ar — Ar/Rad(Ar) denotes the canonical surjection.

A similar proof gives the following result.

Theorem 3.4. Let 0 < a < /2. Let ¢ € H(S,)', induced by a symmetric
measure ji € M(Sa) such that [q du(z) = 0, and let F' = FB(p). Let
(T'(t))tes, = (exp(tA))ies, be an analytic non-quasinilpotent semigroup and
let Ar be the subalgebra generated by (T'(t))ies, - If there exists to > 0 such
that

p(F(=tA)) <sup|F(z)],

x>0
for all0 <t <ty, then Ar/ Rad Ar is unital and the generator of (T (t))ses,

is bounded, where m : Ay — A/ Rad(Ar) denotes the canonical surjection.

Proof. The proof is similar to that of Theorem 3.2, and we adopt the same
notation. We cannot have Rea,ty > d for any x € A\T, as then there would
be a A € (0,1) with

IX(F(=AtoA))| = |[F(Aayto)| = sup [F(z)].

>0

We conclude that |y(T(t))| > exp(—d) for all x € Az. The proof is now
concluded as before.
[

Again there is an immediate corollary for general ¢.



Corollary 3.5. Let 0 < a < 7/2. Let ¢ € H(S,)', induced by a measure
€ M(Sa) such that [y du(z) =0, and let F = FB(p). Let (T(t))ies, =
(exp(tA))ies., be an analytic non-quasinilpotent semigroup and let Ar be the
subalgebra generated by (T'(t))ies, - If there exists tg > 0 such that

p(F(~tA)F(~tA)) < sup |F(x)]?

>0

for all0 <t <ty then Ar/ Rad Ar is unital and the generator of (T (t))ies,

is bounded, where w : Ar — Arp/Rad(Ar) denotes the canonical surjection.

Example 3.6. In the Banach algebra A = Cy[0,1] consider the semigroup

T(t): x+— 2 fort € S,. Clearly there is no convergence as t approaches 0.
For x € (0,1] (which can be identified with the Gelfand space of A) let
F =FB(p) and

P(-tA)(w) = [ aaue) = [ o dufe)

o @

where 1 € M.(S,), supposing that fSa du(z) = 0 and that F is real for x > 0.
Thus F(—tA)(x) = F(—tlogx) and
p(F(=tA)) = [[F(—tA)|| = sup |F(—tlogz)| = sup|F(tr)|.

z€(0,1] r>0

Clearly
sup  p(F(—tA)) = sup | F(2)

€8, |t|<to t€Sq

for all ty > 0. This shows that the hypothesis (2) of Theorem 3.2 is sharp.

Remark 3.7. In [3, Thm. 3.3] it is shown that if F' is the Laplace transform

of a real compactly-supported measure p with fooo dp = 0, then the condition

p(F(—uiA)) < sup | F(uxt)]

t>0

for a (real) sequence u, — 0 implies that the algebra Ar possesses an ex-

haustive sequence of idempotents (P,)n>1 (i-e., P2 = P,P,.1 = P, for alln

8



and for every x € Ar there is a p such that x(P,) =1 for alln > p), such
that each semigroup (P,T(t))i>o has a bounded generator.

The directly analogous result for analytic semigroups does not hold. For
example, we may consider a modification of Example 3.6, by taking A =
Col0,1] and the semigroup T(t) : v — ' = exp(tlogx) for x € (0,1] and
t € Sx/2 with generator A, say. Let F(z) = e *—e™2* = FB(6;—0ds). Now let
w = exp(in/6) and define T(t) = T(wt). Thus T(t) is an analytic semigroup
in Sr3, with generator A = wA. Define F(z) = F(z/w), the Fourier-Borel

transform of a measure supported in Sr;3. Now, for u >0,

p(F(—ud)) = p(F(—ud)) = p(a" — ™) = 1/4;

however,
sup | F(tu)] = sup{|F(tu/w)| : t > 0} > 1/4,
t>0

by the mazimum principle applied to F' on the sector Sy (numerically, the

supremum is about 0.29).

4 The quasinilpotent case

We suppose throughout this section that (7'(t)):cs, is a nontrivial strongly
continuous semigroup of uniformly bounded quasinilpotent operators acting

on a Banach space (X, ||.]).

4.1 Preliminary results

We shall need the following theorem from complex analysis, which was proved
in [3, Thm. 2.2].

Theorem 4.1. Let f : C,. — C be a continuous bounded nonconstant func-
tion, analytic on Cy, such that f(]0,00)) C R, f(0) = 0, satisfying the

condition lim,_, ,er f(x) = 0.



Suppose that b > 0 is such that f(b) > |f(z)| for all x € [0,00). Then
there exist ay,as € C, ag € (b,a1) and az € iR withIma; > 0 forj =1,2,3,
and Im ay, = Imag, and a simple piecewise linear Jordan curve I'y joining a,
to ay in the upper right half-plane {z € C : Rez > 0,Imz > 0} and 6 > 0
such that

(i) |f(z)] > f(b) + |z — b|™ for all z € [b,a1], where m (even) is the
smallest positive integer with ™ (b) # 0;

(i) | f(2)| > |f(ao)| for all z € 'y U [ag, as).

Iy

as
a2 0/1

Figure 1: The curve given in Theorem 4.1

Moreover, the following formula is easily derived.

Lemma 4.2. Let (T(t) = (e'))es, be an analytic semigroup on S, and
let o € H(S,) be a functional represented by a measure p supported on a

compact set K C S, so that we have

(f.g) = /K FOduQ)  (f € H(S)).

10



Assume thal sup,cg,npo) IT(t)| < +oo for every § € [0,a), so that the

Bochner integral
[ Tt 9 dutc)
K

is well-defined in B(X) for every ¢ € K, A € C, and u € C with uK C S,.
Then, for F = FB(p) we have

F(—uA) — FO)T = (uA + AI) < /0 1 l /K T(sgu)e@—wgdu(g)} ds) |

Also, if x € D(A), we have

F(—uA)z — F(\)x = ( /0 1 { /K T(sgu)e(s_l)c)(du(()} ds) (uA + M)z

Proof. Using Fubini’s theorem and the fundamental theorem of the calculus,

we have
/ 1 { / T<s<u>e<s—1>@<du<<>} ds = [ @A+ AT C0) - D) du(c)
o LUK K
= (uA+ X)) HF(—uA) — F(\)I),
from which the result is clear. O

Corollary 4.3. Let (T(t) = (e'))ies. be a bounded analytic semigroup on
S.. Then there exists a constant C' > 0 such that

I(F(=ud) = FO) D) (uA + M)~ < C‘/KlddM\(C),

for all w with uK C S, and |\ < 1.

Proof. This follows immediately from Lemma 4.2 since |e*~1¢*| is uniformly
bounded for ¢ € K and s € [0, 1].
O

We shall require one further preliminary result, which is well-known for

z in the closed left half-plane, and was proved in [3].

11



Lemma 4.4. Let (T(t))ies, be bounded analytic quasinilpotent semigroup
with generator A, and let 0 < B < «. Then ||(A+ zI)7|| is uniformly

bounded on the set

{ZGC:g—(a—B)§|argz|§7r}.

Proof. Tt is standard that ||z(A+ 2I)~!|| is bounded in the given set for any
bounded analytic semigroup. Moreover, quasinilpotency implies that A is
invertible and then ||(A + zI)~!|| is bounded near 0. O

4.2 Estimates for quasinilpotent semigroups

The following theorem is a version of [3, Thm. 2.5] for analytic semigroups.
The proof is based on the same ideas from complex analysis with several

significant modifications. For 0 < 5 < /2 let
Vg :={z€C, :|argz| < B}

Theorem 4.5. Let (T'(t))ies, be a nontrivial bounded semigroup of quasinilpo-
tent operators and let I’ be the Fourier—Borel transform of a symmetric mea-
sure 1 supported on a compact set K C Vi for some B with 0 < 8 < «, such
that [, dp=0.

Then there is an n > 0 such that

[1F(=uA)|| > sup [F(t)]
>0
for all u € S,_p with |u| <n.

Proof. Note that I is real on the positive real axis, since y is symmetric. Let
b > 0 be such that |F(z)| < |F(b)| for all z > 0. By considering —p instead
of p, if necessary, we may suppose that F'(b) > 0.

By Corollary 4.3

[Pt ua+ A 2 [FO A +AD 7| = € [ 1€l dlul(©)

12



for u € S,—p and |A| < 1, and hence

IP(-uA)l| > [PO)] = T [ (1l )

Suppose that there exists a u € S,_p with |u| < 1 such that |F(—uA)|| <

F(b), and consider the simple Jordan curve

[ :=[b,a1]UT Ulag,as] U as,a3] U [as,a3) UT; U [ay, b],

where I'y, a1, as, ag are defined as in Theorem 4.1, taking f = F (see Figure
1).

We now make various estimates of ||(uA + A\I)~!|| for X on three different
parts of I'.

1) By (i) of Theorem 4.1, for A € [b,a;] U [a1, b] we have

FO) = [P0 > [FO) =ty I dul(©)

m C
> ()4 0P " = e [ 1€l
Hence we obtain
_ C
(A < 7 [ 1dldno) 3)

2) By (ii) of Theorem 4.1, for A € T'y U [ag, as] U [as, @3] U T} we have

FO) = [F(-ud)]| > [FO)| = ey I dul(©)

> [Pl = T L GO

It follows that

a4 A1) < e [ Il (W

3) By Lemma 4.4 there is a constant ¢’ > 0 depending only on the

-1
‘ <A + —A1>
u

13
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for A\ € [as, a3] C iR.

We can now provide estimates for the quantity H(/\ —b)m (A+ 21 )_1

for Xon I'. Let R = maxyer A — 0.
Cu
S [ it

By (3)
(A —b)™ (A + 1) B

for all A € [b, a1] U [a7, b].
By (4)

C’u Rm
‘ £ / ¢l dlul(¢

(A — b <A+ 21)1 o

for all A € Fl U [ag,ag] U [&_3,61_2] U Fl-

By (5)
y L
a-om (a+31)
u
for all A € [as, a3].
Since 0 < |u| <1, for all z € 'UintI" we have

H (A + 2])1

< C'R™

M

by the maximum modulus principle, where

M =max ([ 110 ey [ @),

Since by hypothesis F'(0) = 0, there is an r € (0,b) such that

sup |F(z)] < F(b).

|z|<r

Taking r sufficiently small, we have D(0,7)NI'NC, = (), and then D(0,7)N
C,. cTlTuintT.

14




Now if z € D(0,7) with Rez > 0, we have |z — b| > b — r, and thus we
M M
< < . (6)

have )
L
AxZr
H( +u> ST S =

Also, by Lemma 4.4 there is an M’ > 0 such that

sup || (A + ZI)_1|| <M,

zeE

where
T
= - —(a—p) < < .
E {ZGC 5 (a B)_|argz|_7r}

‘KA+§01

for Rez <0 and v € S,_3.
Now, since by Liouville’s theorem the function A\ — H(A—i— A )_1H is
unbounded on C, and so there is a A € C with

Hence
<M (7)

[(A+AD)7Y| > max {M’, ﬁ} :

It follows that there is an > 0 such that for all v € S,z with |u| <7 we

| 2| o 52

for some z = Au € D(0,r). Note that z € C, by (7).
This contradicts (6), and it follows that

have

|F(—uA)| > F(b) forall we S,_p, |ul <n.
[

Example 4.6. The analytic distribution ¢ : f — f'(1) discussed earlier
(cf. (1)) leads to F(z) = —ze * and F(—uA) = uAT(u). Theorem 4.5
now asserts that ||uAT (u)|| > 1/e for sufficiently small uw € S,_g, where [

corresponds to the support of ¢ and can therefore be taken arbitrarily small.

15



This may be seen in the context of the result of Hille [6] (see also [7, Thm.
10.3.6]) that if limsup,_,o, t|AT(t)|| < 1/e, then A is bounded, and hence
the semigroup cannot be quasinilpotent. There is a further discussion of this
example in [1, Thm. 3.12, Thm 3.13].

We have a corollary for measures that are not necessarily symmetric.
If © is now a complex compactly-supported measure, with Fourier—Borel
transform F, then we write F(z) = F(Z); then F is also an entire function,

indeed, the Fourier—Borel transform of f.

Corollary 4.7. Let (T(t))iwes, be a nontrivial bounded analytic semigroup
of quasinilpotent operators and let F' be the Fourier—Borel transform of a
measure 1 supported on a compact set K C Vg for some B with 0 < f < «,
such that [, dp=0.

Then there is an n > 0 such that

|E(—uA)F(—uA)|| = sup [F(t)]

>0
for all w € S,_p with |u| <n.

Proof. The result follows on applying Theorem 4.5 to the real measure v :=

1 * 11, whose Fourier-Borel transform satisfies
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