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With the help of inter-vehicle communication (IVC), a group of connected and autonomous
(CA) vehicles can drive cooperatively to form a so-called platoon-based driving pattern, which
has been verified to significantly improve road safety, traffic efficiency and the environmental
sustainability. Nevertheless, there is still a long way to go before a full deployment of CA
vehicles on roads is viable, which indicates a long lifespan for mixed (heterogeneous) traffic
flow consisting of both conventional (human-driven) and CA vehicles. Due to the complicated
platoon structure such as the diversity of vehicle dynamics, different information types and
the unreliable vehicular communication environment, platoon heterogeneity has become a big
challenge for the system modelling and implementation. Specifically, a deep understanding
of the dynamics of the heterogeneous platoon is critical to the traffic stability issues for
our deployment of the CA vehicles in the near future. This paper aims to develop a unified
multiclass microscopic model for a heterogeneous platoon which can explicitly demonstrate
the interaction between human-driven and CA vehicles. Two different functions are specified
to model the dynamics of both human-driven and CA vehicles, respectively. More specifically,
the consensus-based control algorithm is adopted to model the dynamics of CA vehicles and
a typical car-following model (such as the intelligent driver model) is used to describe the
dynamics of human-driven vehicles. Our proposed integration method allows studying the
interplay between these two functions in the heterogeneous platoon. We then theoretically
obtain the linear stability condition of the heterogeneous platoon which takes into account
the probabilistic delay in the IVC, the penetration of the CA vehicles, and the relative order
of the vehicle types in the platoon. Finally, the envisioned model is verified by simulation
which couples the vehicular communication and traffic flow dynamics in various scenarios.

Keywords:
Heterogeneous platoon; multiclass microscopic model; vehicle-to-vehicle (V2V)

communication; Consensus control; Linear stability

1. Introduction

As a result of the recent fast development in information and communication technolo-
gies (ICT), a lot of attentions have been paid into the development of connected traffic
systems. Such connected system can be achieved via the vehicle-to-vehicle (V2V) and
vehicle-to-infrastructure (V2I) communication which are novel parts of the intelligent
transport systems (ITS). In this paper we consider the connected traffic environment to
be characterized by the tight coupling between the vehicle’s physical dynamics (mobility)
and the communication aspects of the vehicle. It has been shown that the deployment
of connected and autonomous (CA) vehicles may allow a platoon-based driving pattern,

∗Corresponding author. Email: dong.ngoduy@canterbury.ac.nz

1



February 22, 2018 output

Human-driven member

V2V communication

0

CA member

Moving

direction

CA leader

On-board sensing Human sensing

1234567

Figure 1. Example of communication topology for a heterogeneous platoon.

and hence can significantly improve road safety, traffic efficiency and the environmental
sustainability (van Arem et al. 2006), which, accordingly, has attracted considerable at-
tentions into how to model and control traffic flow dynamics in a connected environment
(Dunbar 2012; Öncü et al. 2014; Ge and Orosz 2014; Jia and Ngoduy 2016b,a; Kim et al.
2016; Talebpour and Mahmassani 2016; Ngoduy and Jia 2017; Wang et al. 2016; Gong
et al. 2016; Sau et al. 2017).
In the connected traffic flow, with the help of the IVC, CA vehicles in the platoon can

timely obtain the information from neighboring vehicles, and then adopt a suitable con-
trol law to achieve a certain objective such as maintaining a constant vehicle headway
within the same platoon (Jia and Ngoduy 2016a). Control/model schemes for vehicle
platooning have been extensively investigated in the recent years (Jia et al. 2016). How-
ever, due to the complicated platoon structure such as the diversity of vehicle dynamics,
different information types and unreliable vehicular communication environment, the
implementation of the homogeneous platooning system is not applicable in practice. In
our previous work (Jia and Ngoduy 2016b,a), we characterized the platoon dynamics by
an enhanced car-following model which integrates the realistic heterogeneous vehicular
communication, wherein the natural limitations and uncertainties in practical vehicular
networking such as packet loss and probabilistic transmission delay have been taken into
account.
Nevertheless, regarding the modelling of heterogeneous traffic flow, there still exist

some issues not fully addressed. Specifically, due to the current limited autonomous
technologies and the expensive commercial products, there is still a long way to go before
a full deployment of CA vehicles on roads is viable. Consequently, a deep understanding
of the dynamics of mixed (heterogeneous) platoon, which consists of both human-driven
and CA vehicles, is critical to the deployment of CA vehicles in the near future. This is
the main focus of this paper.
Fig. 1 illustrates an example of the communication topology of a heterogeneous pla-

toon with 8 vehicles. First, the interaction between human-driven and CA vehicles is still
not well described, which essentially reflects different control models under dynamical
communication topologies and is directly related to the traffic stability issue. Most previ-
ous work assumed both human-driven and CA vehicles to follow the same control/model
function (Kesting et al. 2010a; Ngoduy 2013b,c; Levin and Boyles 2016; Delis et al.
2015), which is not sufficient to precisely characterize the different dynamical interac-
tions between them. In other words, most current models for heterogeneous intelligent
traffic flow only assume different parameter sets for human-driven and CA vehicles, hence
are conceptually oversimplified to capture the complex dynamics of such heterogeneous
intelligent traffic flow as a whole. It is thus more imperative to explore the complex
interactions between human-driven and CA vehicles under different functional models
describing different driving patterns of human-driven and CA vehicles. Second, it is still
not clear how the composition structure of the vehicles including the penetration of CA
vehicles as well as their relative positions in the platoon affects the (linear) stability of

2



February 22, 2018 output

traffic flow. For example, a human-driven vehicle can only perceive the kinetic informa-
tion from its preceding one, as shown in Fig. 1, which may lead to the platoon stability
issue.
To tackle these issues, in this paper, we aim to develop a unified multiclass car-following

model for a heterogeneous platoon which can explicitly demonstrate the complex inter-
action between human-driven and CA vehicles. In principle, CA vehicles exhibit many
important properties which are different from human-driven vehicle including longitu-
dinal dynamic control (e.g. acceleration/deceleration) and lateral dynamic control (e.g.
overtaking, lane-changing,merging/diverging), etc. However, for the proof of concept in
this paper, CA vehicles are only referring to longitudinal dynamic control. As such,
the CA vehicles in this paper can be considered to include adaptive cruise control or
cooperative adaptive cruise control (CACC) vehicles (Kesting et al. 2008, 2010a). To
this end, in the proposed model, two different functions are specified to model the dy-
namics of both human-driven and CA vehicles, respectively. In more details, we extend
our previously developed car-following model (Jia and Ngoduy 2016b,a) to capture the
dynamics of CA vehicles with the V2V communication capability. Regarding the descrip-
tion of the human-driven vehicle dynamics, we can adopt any typical car-following model
such as the optimal velocity model-OVM (Bando et al. 1995), the full velocity difference
model-FVDM (Jiang et al. 2001) or the intelligent driver model-IDM (Treiber et al.
2006). It is worth mentioning here that the car-following modeling approach is usually
used to describe the observed human behaviour when driving on road such as accelera-
tion/deceleration, lane changing, etc. (Bando et al. 1995; Jiang et al. 2001; Treiber et al.
2006; Kesting et al. 2008, 2010a; Zheng 2014; Saifuzzaman and Zheng 2014; Saifuzzaman
et al. 2015).
Our proposed model will tackle the the interaction between human-driven and CA

vehicles via the interplay between the two functional forms specified for those human-
driven and CA vehicles in a unified expression. From the proposed model structure, our
main contributions are to answer the following research questions: What is the (theoret-
ical) stability condition of the heterogeneous platoon where the following factors are all
taken into account: 1) the probabilistic packet loss or delay in vehicle-to-vehicle (V2V)
communication; 2) the penetration of CA vehicles; and 3) the relative order of the vehicle
types in the platoon. Finally, the envisioned model will be verified by simulation which
couples the vehicular communication and traffic flow dynamics. In order to do so, we
propose a bitmap matrix to describe the relative position of human-driven/CA vehicle
in the platoon, and then integrate it into the proposed multiclass model. Consequently,
we provide a unified and explicit expression of the heterogeneous platoon dynamics which
includes the platoon composition structure factor. To the best of our knowledge, this is
a first attempt that the complex interaction between different functions governing the
dynamics of the human-driven and CA vehicles is explicitly demonstrated.
In summary, our main contributions to the state-of-the-art in traffic flow modelling are

threefold.

(1) We propose a unified multiclass car-following model for a heterogeneous platoon
which theoretically explores the complex interaction between human-driven and
CA vehicles.

(2) We theoretically obtain the linear stability condition of the heterogeneous pla-
toon and characterize transient state of heterogeneous platoon, wherein the effects
of system parameters such as human perception delays and platoon composition
structure are all taken into account.

(3) The model is verified by numerical simulations which couple the traffic dynamics
and the vehicular communications. More specifically, the system performance is
fully evaluated under various traffic scenarios, for example, to understand how the
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penetration of CA vehicles as well as their relative positions in the platoon affect
the stability of traffic flow.

The rest of this paper is organized as follows. A brief literature review is given in
Section 2. In Section 3, we first generalize a multiclass car-following model for hetero-
geneous platoons, then we specify the dynamical functions for human-driven and CA
vehicles, respectively, and finally formulate these into a consensus problem. In Section 4,
we formulate a multiclass car-following model for the heterogeneous platoon, in which
the V2V communication delay and platoon composition structure are taken into account.
We then investigate the stability of the heterogeneous platoon and explore the impact
of heterogeneity of the platoon parameters on the system performance. The simulations
are conducted in Section 5 to evaluate the performance of the proposed model, followed
by the conclusion in Section 6.

2. Literature review

Some typical control schemes for vehicle platooning have been extensively investigated
in the literature, such as the linear control law with the different typical communication
topologies (Seiler et al. 2004), the cooperative adaptive cruise control (CACC) design
(Naus et al. 2010) which adopts the constant time-headway policy with the predecessor-
follower information, the sliding-mode control (Fernandes 2012) with the leader-follower
information, the influence of information flow topology on the internal stability and
scalability of homogeneous vehicular platoons moving in a rigid formation (Zheng et al.
2016). More studies can be found in recent surveys in (Jia et al. 2016; Dey et al. 2016)
and references therein.
To address the uncertainties and diversities in the complicated platooning system, the

heterogeneous platoon problems have been investigated from different perspectives. In
terms of vehicle dynamics, some related work concerns the impact of the heterogeneous
parasitic time delays and lags on the longitudinal dynamics of adaptive cruise control
(ACC)-equipped vehicles (Ling and Gao 2011), the heterogeneous engine time constant
(Ghasemi et al. 2013; Shaw and Hedrick 2007; Lestas and Vinnicombe 2007), etc. In terms
of vehicle types, the effect of intelligent vehicles on the multi-class traffic flow dynamics
has been extensively considered (Kesting 2007; Kesting et al. 2010a; Ngoduy 2013a,b,c;
Kim et al. 2016; Delis et al. 2015; Nikolos et al. 2015). In terms of information types, Xu
et al. (2014) quantified the impact of communication information structures and contents
on the platoon safety, while Guo and Yue (2011) adopted both global (leader) informa-
tion via wireless network and local (neighbor) information via on-board sensors. In view
of vehicular communication, due to the natural limitations and uncertainties in practical
vehicular networking such as transmission range and probabilistic transmission delay,
substantial work has been concerning how to design the platooning system under such
communication constraints and uncertainties (Qu et al. 2008; Tang et al. 2014; Middle-
ton and Braslavsky 2012; Ghasemi et al. 2013; Monteil et al. 2014; Bernardo et al. 2015;
Xu et al. 2014; Jia and Ngoduy 2016b,a). For example, Qu et al. (2008) considered vehi-
cles which are cooperatively driving in case of the dynamically changing communication
topologies, Bernardo et al. (2015) considered vehicle platooning in the presence of the
time-varying heterogeneous communication delays, and Wang et al. (2014) considered
the constant weighted headway spacing control scheme for the heterogeneous platoon to
study the influence of time-varying network structures on the platoon dynamics by using
a discrete-time Markov chain, etc.
Liu et al. (2017) developed a message dissemination strategy from the vehicular com-

munication perspective, in which a joint control communication design was proposed for
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a realistic hybrid traffic flow which is composed of both platoons and individual vehicles.
The authors have adopted a consensus-based control mechanism and theoretically ana-
lyzed how the stability of the platoon can be affected by various parameters, including
message loss due to imperfect inter-vehicle communication. Nevertheless, the dynamics
of the mixed traffic platoon have not been considered explicitly in their work.

Notation

For convenience, the notation below will be used for the model development throughout
this paper.

Index
i, j Vehicle index (increase towards the upstream direction of platoon)
t Time instant (s)
Traffic dynamic variables
xi Position of vehicle i (m)
vi Velocity of vehicle i (m/s)
αi Acceleration of VL, ᾱ is the maximum (m/s2)
τhi,i−1 Perception delays from human-driven vehicle i to its preceding vehicle i− 1 (s)

ui Control algorithm to minimize state errors
si,i−1 the spacing between vehicle i and its preceding one (xi−1 − xi) (m)
∆vi,i−1 the speed difference between vehicle i and its preceding one (vi − vi−1) (m/s)
Traffic dynamic parameters
β, γ Positive control parameters in control algorithms
V2V Communication parameters
aij Communication link from vehicle j to i
τ cij Beacon dissemination delays from vehicle j to i (s)

3. System modelling

In this section, we first present a generic multiclass car-following model considering the
dynamics of both human-driven and CA vehicles, then demonstrate the specifications,
assumptions and formulation of the proposed model.

3.1. Generic multiclass car-following model for heterogeneous connected

traffic flow

The dynamics of an individual vehicle can be described by microscopic (car-following)
traffic flow models, which illustrate the acceleration of vehicle i in relation to its leading
vehicle (i − 1). Traditionally, the acceleration of a vehicle is mainly determined by its
velocity, the space headway, and the relative velocity with respect to the leader(s). With
the help of the IVC, a vehicle may obtain more information from neighbouring vehi-
cles, which can facilitate the optimal velocity and improve traffic safety and efficiency.
As stated previously, any vehicle in the heterogeneous platoon can be described as an
agent with four components: 1) vehicle dynamics; 2) information type; 3) communica-
tion topology; and 4) control law. It shall be noted that the human-driven vehicle can
be regarded as a special CA vehicle with limited connected and autonomous capacities.
Let us now consider vehicles i which drives cooperatively with its neighbours, in which

the vehicle may obtain local information from the neighbours via V2V communication
(for CA vehicle type) or human perception (in case of the human-driven type). At this
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stage of the paper, we ignore the lane-changing process and only consider the traffic
dynamics in a single lane roadway so the neighbouring vehicles refer to the (multiple)
leading vehicles. Thus the dynamics of vehicle i at time instant t can be determined in
a general form:

ẋi(t) = vi(t) (1)

v̇i(t) := ui(t) = fi (vi(t),Γl(si,j(t),∆vi,j(t), ...)) , j ∈ Ni(t) (2)

where xi ∈ R and vi ≥ 0 are the position and velocity of vehicle i, si,j(t) and ∆vi,j(t)
are the position differences and the velocity differences of vehicle i with respect to its
neighbour j, respectively. Ni(t) denotes the neighbour set of i which can be represented
as a directed graph. Γl(.) describes the corresponding control algorithm for the dynam-
ics of the considered vehicle under the V2V communication. This model can be further
extended according to the availability of other type of information, e.g., acceleration.
It is worth mentioning that due to the presence of system uncertainties and physical
limitations, including actuator lags and sensing delays, precisely modelling vehicle dy-
namics is very cumbersome. To simplify the system analysis, in this paper we model the
continuous-time dynamics of vehicle i as a second-order equation, which has been widely
adopted in the literature (see Jia and Ngoduy (2016b,a) and references there-in).
In general, fi(.) defines a functional form of the car-following rule for vehicle i. For

homogeneous traffic flow (i.e.single vehicle class), fi(.) is identical for all vehicles, that is
fi(.) , f(.). The specification of f(.) for CA vehicles using a control algorithm for the
fully connected traffic system has been described in our previous publications (Jia and
Ngoduy 2016b,a), whereas the specification of f(.) for human-driven vehicles follows any
current car-following models such as the IDM (Treiber et al. 2006), the OVM (Bando
et al. 1995) or the FVDM (Jiang et al. 2001).
In this paper, our objective is to model the heterogeneous platoon which consists

of two specific vehicle types: human-driven and CA vehicles. We will first formulate
the issue of modeling platoon dynamics into a consensus problem in the rest of this
section. Then we will specify two different functional forms fi(.) for each vehicle class in
Section 4, i.e. fi(.) = fhu(.) for human-driven vehicles and fi(.) = fca(.) for CA vehicles,
and investigate analytically and numerically how the interplay between fhu(.) and fca(.)
affects the dynamics of the heterogeneous platoon.

3.2. Communication topology modelling

The communication topology among platoon members can be generally represented as
a directed graph (digraph) G = (V, E ,A), where V = 1, 2, ..., n is the set of vehicles,
E ⊆ V × V is the set of edges, and A = [aij ] ∈ Rn×n is an adjacency matrix with
nonnegative elements which represents the communication link between vehicle i and j.
In this paper, we assume aij = 1 in the presence of a communication link from node j
to node i, otherwise aij = 0. In addition, we assume no self-loops in the directed graph,
i.e., aii = 0 for all i = 1, ..., n. The degree matrices D = diag{d1, ..., dn} are diagonal
matrices, whose diagonal elements are given by di =

∑n
j=1 aij . The Laplacian matrix of

the weighted digraph is defined as L = D − A. To study the leader-following problem,
we also define a diagonal matrix B = diag{b1, ..., bn} ∈ Rn×n to be a leader adjacency
matrix associated with the system consisting of n vehicles and one leader (labeled with
0), where bi = 1 in presence of a communication link from node i to leader 0, otherwise
bi = 0. In case of switching topology (i.e., the communication topology among vehicles
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changes due to the packet loss), all adjacency matrices are labeled with the subscript σ.

3.3. System specifications and assumptions

In this paper, we specify the core functions of human-driven and CA vehicles in Table 1.

Table 1. Definitions of human-driven and CA vehicles

Component definition CA vehicle human-driven vehicle
Physical dynamics second-order second-order
Communication bi-directional communication only sensing the front vehicle
topology with front vehicles by human perception
Information type relative position and speed relative position and speed
Sensing means on-board sensors human perception
Control law fully controlled human-driven (car-following model)

Specifically, we note that the general concept of CA vehicle involves wide capabilities of
sensing, communication, control, and even artificial intelligence (Bansal and Kockelman
2017) while in this paper, the CA vehicle is limited to longitudinal movement with V2V
communication capability. In addition, unless specified otherwise, we only consider the
front vehicles as the neighboring vehicles in this paper, i.e. the forward communication
topology is adapted in the envisioned heterogeneous platoon model, which has been
verified to provide a quicker response to the traffic perturbations and a better state
convergence of a group of vehicles (Jia and Ngoduy 2016a).
The specifications and assumptions for the heterogeneous platooning system are sum-

marized as follows.

(1) The heterogeneous platoon drives on a single lane road, composed of N member
vehicles including both CA vehicles and human-driven vehicles, plus a leader vehicle
which is labeled with index 0. Note that the vehicle index increases towards the
upstream of traffic flow.

(2) Without loss of generality, the platoon leader is assumed a CA vehicle, which is
fully controlled externally.

(3) All CA vehicles within the same platoon can connect with each other, which implies
that V2V communication range is larger than the platoon length.1

(4) The beacon frequency is set to 1/τ (typically 10Hz), and the consensus control is
implemented at each end of the control channel interval (CCHI).

(5) For the human-driven vehicles, the perception delay of the preceding vehicle’s states
is τh. The effect of such perception delay on traffic instabilities has been carried
out extensively in the literature, for example, by Ngoduy (2015b); Ngoduy and
Tampere (2009) and references there-in. For CA vehicles, kinetic states (position
and speed) of itself and the preceding one are assumed to be precisely measured
by on-board sensors. 2

(6) The position and velocity function of vehicle are time-continuous, and all vehicles
are assumed to maintain a constant speed during each CCHI, i.e., vj(t−τj) ≈ vj(t),
where τj is the information communication delay within each CCHI.

It shall be noted that the vehicular communication is dynamic and there are various
practical uncertainties in the heterogeneous traffic system, which can be classified by the

1under the specification of IEEE 802.11p standard, the typical V2V communication range may reach to 500 meters,
which can satisfy practical platoon applications.
2To simplify the system analysis, the factor of measured inaccuracies is ignored in the system.
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predefined four major components of the system such as the heterogeneous actuator lag,
sensing delays, measurement errors, etc. However, since in this paper we mainly focus
on the interaction between human-driven and CA vehicles in the heterogeneous platoon,
we make some reasonable assumptions on the system modelling to enable the theoretical
analysis in the next sections.
According to the function definition in Table 1, any CA vehicle can sense its preceding

vehicle’s information by on-board sensors. In addition, the CA vehicle can also obtain
its neighbors’ information via V2V communication in broadcast rather than unicast,
which may decrease communication overhead and is feasible in practice. Practically, the
driver of a human-driven vehicle can perceive the behaviour of multiple leading vehicles
which will lead to a multi-anticipative car-following model to be used for the human-
driven vehicles in this paper (see (Ngoduy 2015b) and references there-in). However, for
the sake of simplicity, at this stage of the proof of concept the driver of human-driven
vehicles is assumed to perceive the only one preceding vehicle’s information (i.e. a single
anticipation car-following model used). In addition, a human driver is assumed to have
the same perception to his preceding vehicle whether it is human-driven or CA. The
psychological interaction between human-driven vehicles and autonomous vehicles is an
open research question and beyond the scope of this paper.

3.4. Consensus problem formulation

In this paper, the expected behaviour of a heterogeneous platoon is to let its members
follow the leader’s speed asymptotically and maintain a desired space headway among
each other. Usually, when the platoon has to move with a reference constant velocity,
e.g., v0, such dynamics can be described as:

ẋ0(t) = v0(t), v̇0(t) = 0 (3)

Normally, the desired space headway is identical for a homogeneous platoon at the given
constant velocity. However, for the heterogeneous platoon, the desired space headway
varies for different vehicle types. For example, the desired constant space headway be-
tween CA vehicle i and its preceding one is normally smaller than that between the
human-driven vehicle i and its preceding one which can be calculated according to the
human-driven car-following model at the equilibrium state. It shall be noted that in this
paper, the desired space headway for human-driven vehicles does not include the im-
pact of the human perception delay. Thus the desired space headway sdi,0 between the

platoon leader and member vehicle i is sdi,0 =
∑i

j=1 s
d
j,j−1. The consensus of the platoon-

based cooperative driving system (CDS) is deemed to be achieved if the state of system
Eq. (1)-Eq. (2) satisfies:
For each member i ∈ 1, ..., N ,

xi(t) → x0(t)− sdi,0, vi(t) → v0(t) (4)

Accordingly, the stability of the heterogeneous platoon from the consensus perspective
is defined as below:

Definition 1 (Platoon stability). Given the system Eq. (1)-Eq. (2), if the state of any
member i within the same platoon satisfies

lim
t−>∞

|xi(t)− (x0(t)− sdi,0)| ≤ Cp, lim
t−>∞

|vi(t)− v0(t)| ≤ Cv, (5)

8
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where Cp and Cv are the constant positive bounded values, then vehicle i is said to reach
the (bounded) stability.

To achieve the consensus goal, the continuous-time dynamics control input ui ∈ R in
Eq. (2) is supposed to be adjusted based on the neighboring information as well as the
control function.

4. Multiclass model for heterogeneous platoon with consensus control

4.1. General control model for CA and human-driven vehicles

The basic control scheme for any (CA or human-driven) vehicles which are moving in a
cooperative platoon pattern is that the vehicle timely calculates the state error between
itself and the surrounding vehicles (including the leader) as the control input in order to
adjust its desired acceleration. In addition, we choose the forward information topology
(i.e. only the preceding vehicles’ information is adopted) and the leader-follower consen-
sus control algorithm as the car-following rule of the heterogeneous platoon. The general
linear control algorithm can be represented by:

v̇i(t) =

i−1
∑

j=1

aij{[xj(t− τij)− xi(t)− sdi,j ] + γ[vj(t− τij)− vi(t)]} (6a)

+β · bi{[x0(t− τi0)− xi(t)− sdi,0] + γ[v0(t− τi0)− vi(t)]} (6b)

where γ and β are the positive control parameters. τij is the time-varying delays that
information of vehicle j is received (perceived) by member i within the same platoon.
Eq. (6a) represents the vehicle’s position and velocity difference between itself and pla-
toon members, respectively, while Eq. (6b) denotes the vehicle’s position and velocity
difference between itself and the platoon leader. It shall be noted that there are two types
of delays in a heterogeneous platoon: communication delay of CA vehicles and perception
delay of human-driven vehicles. In principle, the perception delay τh caused by driver i
can be considered as the equivalent of communication delay τ caused by vehicle i − 1,
i.e. at any time t, the vehicle i can only obtain the information of vehicle i − 1 at the
time of t− τ in both cases.
It shall be noted that the general control model Eq. (6) is widely adopted in the liter-

ature and applicable for both CA vehicles and human-driven vehicles. The information
topology expressed by ai,j and bi is time-varying for CA vehicles but is fixed for human-
driven vehicles. Next, we will specify the control model for CA vehicles and human-driven
vehicles, respectively. Specifically, four types of car-following combinations in such a
typical heterogeneous platoon will be taken into account: CA-following-CA (CC), CA-
following-human (CH), human-following-CA (HC) and human-following-human (HH).
Note that the effect of different car-follow combinations on (human-driven) heteroge-
neous traffic flow has been theoretically studied in (Ngoduy 2015a) in which the function
governing the vehicle dynamics is identical, i.e. fi(.) = f(.) = fhu(.). Therefore the lin-
ear method in Ngoduy (2015a) is not applicable for the analysis in this paper when the
function governing the vehicle dynamics is non-identical, i.e. fhu(.) 6= fca(.).
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4.1.1. Modelling CA vehicles with consensus control

According to the function definition in Table 1, a CA vehicle can obtain its preceding
vehicles’ information via on-board sensors, whether the preceding vehicle is CA or human-
driven. Therefore, car-following combinations of CC and CH are unified in this case.
Furthermore, to simplify the analysis, the factor of on-board sensing delay of a CA
vehicle can be measured by itself and be equivalent to that of wireless communication
delay. Thus the neighbors’ information of a CA vehicle is assumed to be obtained via a
pure V2V communication.
For CA vehicles, since the communication delays can be accurately recorded, their neg-

ative impact can be mitigated by adding a supplement to the vehicle’s state estimation.
In addition, to deal with the packet loss of the leader’s information, we adopt the last
available state of the leader to estimate its current state (i.e. bi = 1). Thus, similar to
our previous work in (Jia and Ngoduy 2016b,a), the consensus-based car-following rule
for CA vehicles is represented by:

v̇ci (t) = f ci (vi(t), si,j(t),∆vi,j(t))

=
∑

j∈N c
i (t)

aij{[xj(t− τ cj )− xi(t) + v0(t− τ0)τ
c
ij − (sdi,0 − sdj,0)] + γ[vj(t− τ cij)− vi(t)]}

(7a)

+β{[x0(t− τ0) + v0(t− τi0)τ0 − xi(t)− sdi,0] + γ[v0(t− τi0)− vi(t)]} (7b)

where N c
i (t) denotes neighbor set of CA vehicle i under the forward communication

topology. The desired acceleration is determined by the state difference (position and
velocity) between the vehicle itself and the neighbours:

• (7a) represents the estimated position error between the gap of member i and j at
time t with respect to the desired gap sdi,0 − sdj,0. Due to the time delay τj of xj , a
common method in the literature is to add the term v0(t− τ0)τj as the desired gap
supplement between member i and j, assuming that member j follows the speed
of the leader 0 and the velocity error between member i and j.

• (7b) denotes the estimated position error between the gap of member i and leader
0 at time t with respect to the desired gap sdi,0, and the velocity error between
member i and leader 0.

Let us define the position and speed errors with respect to the leader as x̄ci , xci+s
d
i,0−

x0 and v̄ci , vci − v0, substituting Eq. (7) into Eq. (1)-Eq. (2) results in the closed-loop
dynamics of the members:

˙̄xci (t) = v̄ci (t) (8)

˙̄vci (t) =
∑

j∈N c
i (t)

aij{[x̄cj(t− τ cij)− x̄ci (t)] + γ[v̄cj(t− τ cij)− v̄ci (t)]} − β[x̄ci (t) + γv̄ci (t)] (9a)

10
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+
∑

j∈N c
i (t)

aij{[v0(t− τ ci0)τ
c
ij − (x0(t)− x0(t− τ cij))] + γ[v0(t− τ cij)− v0(t)]}

+ β{[v0(t− τ ci0)τ
c
i0 − (x0(t)− x0(t− τ ci0))] + γ[v0(t− τ ci0)− v0(t)]}

(9b)

Accordingly, the system can be decoupled into two parts: the neighboring consensus
system and the leader’s state error system. In case of the constant speed of the leader,
v0(t − τ cij) = v0(t − τ ci0) = v0 and x0(t) − x0(t − τ cij) = v0τ

c
ij , the impact of Eq. (9b) is

neglected.
Let {τ c1 , τ c2 , ..., τ cm}, m ≤ N(N − 1)/2 be the enumeration of the delay set {τ cij : i, j =

1, ...N, j < i}. Then let the associated edges with the time delay τk define a subgraph
Gc
k with corresponding degree matrix Dc

k and adjacency matrix Ac
k. Since to each edge,

there is only one delay associated, the subgraph is disjoint, we have Dc =
∑m

k=1D
c
k and

Ac =
∑m

k=1A
c
k.

Let x̄c , [x̄c1, ..., x̄
c
n]

T , v̄c , [v̄c1, ..., v̄
c
n]

T , χ̄c , [x̄cT v̄cT ]T , and based on Eq. (9), we can
obtain the dynamics of the homogeneous platoon with full CA vehicles:

˙̄χc(t) = Ac
0χ̄

c(t) +

m
∑

k=1

Ac
kχ̄

c(t− τ ck) (10)

where

Ac
0 =

[

0N×N IN×N

−(Dc + βI) −γ(Dc + βI)

]

, Ac
k =

[

0N×N 0N×N

Ac
k γAc

k

]

,

Ac =











0
1 0
...
. . .

. . .

1 · · · 1 0











, and Dc = diag{0, 1, ..., N − 1}

4.1.2. Linear analysis for human-driven vehicles

In a human-driven vehicle the control algorithm is only related to the driver regardless of
its preceding vehicle type (i.e. being either CA or human-driven), therefore its dynamics
are the same in both HH and HC car-following combinations. Moreover, in such human-
driven vehicles the driver can only sense the position difference and the velocity difference
with respect to the preceding one. The functional form of fhu(.) for human-driven vehicles
with information sensing delays can be represented by:

v̇hi (t) = fhu

(

vi(t), si,i−1(t− τ si(i−1)),∆vi,i−1(t− τ∆v
i(i−1))

)

(11)

where ∆vi,i−1(t) = vi(t) − vi−1(t) and, for the sake of simplicity, we can assume that
the delay associated with the space headway is as same as the delay associated with the
relative speed, that is: τ s

i(i−1) = τ∆v
i(i−1) = τh

i(i−1). Note that these delays are caused by the

physiological perception of driver i. Model equation Eq. (11) presents a typical (human-
driven) car-following model in the literature with time delays. We refer to Ngoduy (2015b)
for more details of a generic (human-driven) car-following model with time delays. For
the illustration purposes, in the ensuing paper we will adopt the IDM (Treiber et al. 2006)

11
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to describe the dynamics of the human-driven vehicles. Nevertheless, the analytical and
numerical results in this paper should hold for any other model types including the OVM
(Bando et al. 1995) and the FVDM (Jiang et al. 2001).
To simplify the control model of human-driven vehicles, we linearize the car-following

model Eq. (11) taking into account the delays. Consider the equilibrium situation of
fhu(v

e = v0, s
e = si,i−1, 0) = 0, a small position variations x̄hi around the equilibrium

(i.e. with respect to the leader of platoon) can be expressed by:

xhi (t) = x0(t)− si,0 + x̄hi (t) (12)

ẋhi (t) = vi(t) = v0 + ˙̄xhi (t) (13)

Accordingly, we have:

si,i−1(t− τhi(i−1)) = sei,i−1 + x̄hi−1(t− τhi(i−1))− x̄hi (t) + x0(t− τhi(i−1))− x0(t) (14)

ṡi,i−1(t− τhi(i−1)) = ˙̄xhi−1(t− τhi(i−1))− ˙̄xhi (t) = −∆vi,i−1(t− τhi(i−1)) (15)

Then we have:

(1) for vehicle i > 1, the first order Taylor expansion of Eq. (11) leads to:

¨̄xhi (t) = f shu(x̄
h
i−1(t−τhi(i−1))−x̄hi (t))+f∆v

hu ( ˙̄xhi (t)− ˙̄xhi−1(t−τhi(i−1)))+f
v
hu

˙̄xhi (t)+f
s
hu(x0(t−τhi(i−1))−x0(t))
(16)

where the partial derivatives fvhu, f
s
hu and f∆v

hu are evaluated at the equilibrium
solutions (ve, se, 0).

(2) for vehicle i = 1, its dynamics are presented by:

¨̄xh1(t) = −f shux̄h1(t)− (−f∆v
hu − fvhu) ˙̄x

h
1(t) + f shu(x0(t− τhi(i−1))− x0(t)) (17)

It shall be noted that for a human-driven vehicle, the perception delay error of the
platoon leader’s state, i.e. f shu(x0(t − τh

i(i−1)) − x0(t)) in Eq. (16) and Eq. (17), cannot

be mitigated by adding a supplement to the vehicle’s state estimation as in Eq. (9b) for
a CA vehicle. In addition, for a rational driving behavior, the partial derivatives should
satisfy (see Ngoduy (2015b) and references there-in).

fvhu ≤ 0, f shu ≥ 0, and f∆v
hu ≤ 0 (18)

To follow Section 4.1.1, we can obtain the dynamics of the homogeneous platoon with
pure human-driven vehicles based on Eq. (16) and Eq. (17):

˙̄χh(t) = Ah
0 χ̄

h(t) +

m
∑

k=1

Ah
kχ̄

h(t− τhk ) + ∆ (19)

where

Ah
0 =

[

0N×N IN×N

−f shu(Dh + (Bh −Dh)) f∆v
hu D

h + fvhuB
h

]

, Bh = IN×N , D
h = diag{0, 1, ..., 1},

12
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Ah
k =

[

0N×N 0N×N

f shuA
h
k −f∆v

hu A
h
k

]

, Ah =











0
1 0
. . .

. . .

1 0











,

and ∆ =

[

0N×1

δN×1(t)

]

=

[

0N×1

f shuTN×1

]

· v0, TN×1 = [τh10, ..., τ
h
n(n−1)]

T

4.2. Unified multiclass model for a heterogeneous platoon

We will propose in this section a method to theoretically analyse the interactions between
CA and human-driven vehicles described by Eq. (10) and Eq. (19).
To investigate the dynamics of the heterogeneous platoon containing both CA and

human-driven vehicle types, we first define a bitmap matrix Ic
N×N which identifies the

number and the relative position/order of CA vehicles in the platoon, where its entry ιcij
is determined by:

ιcij =

{

1 if it is a CA vehicle& i = j

0 otherwise
(20)

For convenience, let us also denote J = {j1, j2, ..., jK}, 1 ≤ j1 < j2... < jK ≤ N as the
order number set of K human-driven vehicles in the heterogeneous platoon. Obviously,
∀j ∈ J , ιcjj = 0
We then investigate how Ic

N×N affects the adjacency matrix A (i.e. communication
topology) of the heterogeneous platoon. By observing the example in Fig. 1, we can get
a general format of adjacency matrix A as follows.

A =















0
1 0
∗ 1 0
...
. . .

. . .
. . .

∗ · · · ∗ 1 0















(21)

where ∗ = 0/1 , which is determined by the relative position of CA vehicles in the
platoon. Obviously, for the heterogeneous platoon which consists of human-driven and
CA vehicles without communication capacity, its adjacency matrix A is the same as Ah

of the pure human-driven platoon.
For the heterogeneous platoon, its adjacency matrix A is composed of two parts:

human-driven vehicle related adjacency (I − Ic)A and CA vehicle related adjacency
IcA. Obviously, we have (I − Ic)A = (I − Ic)Ah. However, IcA 6= IcAc in case of
human-driven vehicles being ahead of CA vehicles. Actually, IcA can be derived by the
fully connected communication topology IcAc subtracting the links from a human-driven
vehicle to its following CA vehicles described by A∗, then we have

A = IcA+ (I − Ic)A = Ic(Ac −A∗) + (I − Ic)Ah (22)

13
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Similarly, we have the following equations for the heterogeneous platoon:

D = Ic(Dc−D∗)+(I−Ic)Dh, L = Ic(Lc−L∗)+(I−Ic)Lh, Ak = Ic(Ac
k−A∗

k)+(I−Ic)Ah
k ,

(23)
Next, we investigate how to calculate A∗. It shall be noted that for a CA vehicle, not all

achievable information is supposed to be utilized in the control algorithms. Specifically,
we consider three types of forwarding communication topologies based on the adopted
kind of information:
Case 1: All forwarding achievable information as the reference (denoted as AFI), the

entry of A∗ is determined by:

a∗ij =

{

1− ιcjj if j ≤ i− 2

0 otherwise
(24)

Case 2: Only the information between the vehicle and its nearest preceding human-
driven vehicle as the reference (denoted as PFI). In this case, the heterogeneous platoon
can be essentially regarded as a series of adjacent sub-platoons divided by the human-
driven vehicles. Accordingly, the entry of A∗ is determined by:

a∗ij =



















1 if i < j1, j ≤ i− 2

1 if jm ≤ i ≤ jm+1, j < jm, j ≤ i− 2, m = 1, ...,K − 1

1 if i > jK , jK < j ≤ i− 2

0 otherwise

(25)

Case 3: case 2 with the additional cooperative communication (denoted as PFIC). Fur-
thermore, with the help of the cooperative broadcast of the first following CA vehicle, the
state of sub-platoon leaders (i.e. human-driven vehicles) can also be reachable to other
following CA vehicles of the sub-platoon. In this case, the entry of A∗ is determined by:

a∗ij =



















1 if i < j1, j ≤ i− 2

1 if jm ≤ i ≤ jm+1, j ≤ jm, j ≤ i− 2, m = 1, ...,K − 1

1 if i > jK , jK ≤ j ≤ i− 2

0 otherwise

(26)

We illustrate these three different cases by an example of a heterogeneous platoon with
1 leader and 8 members, in which vehicle 3 and vehicle 7 are human-driven, and others
are CA. The corresponding adjacency matrix A for each case are as follows:

(1).























0
1 0
0 1 0
1 1 1 0
1 1 0 1 0
1 1 0 1 1 0
0 0 0 0 0 1 0
1 1 0 1 1 0 1 0























, (2).























0
1 0
0 1 0
0 0 1 0
0 0 0 1 0
0 0 0 1 1 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1 0























, (3).























0
1 0
0 1 0
0 0 1 0
0 0 1 1 0
0 0 1 1 1 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1 0























Remark 1. The interplay between the functional forms governing the dynamics of the
CA vehicles and the human-driven vehicles in the heterogeneous platoon is described via
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the structure of adjacency matrix A. It is clear that this structure is decided not only
by the CA vehicles’ penetration but also the relative order of the vehicle types in the
heterogeneous platoon.

Remark 2. It is well known that the second smallest eigenvalue of the interaction Lapla-
cian graph, the so-called algebraic connectivity of the graph, quantifies the convergence
speed of the consensus algorithm, and larger algebraic connectivity can lead to shorter con-
vergence time (i.e. Finite-Time Consensus Problems for Networks of Dynamic Agents).
Therefore, the system performance could be potentially improved by adjusting the compo-
sition structure of the heterogeneous platoon.

Similarly, the format of the leader adjacency matrix can be easily obtained: B =
diag{1, ∗, ..., ∗}, where ∗ = 0/1 to be determined by the relative position of CA vehicles
in the platoon and the adopted forwarding communication topologies.
Accordingly, from the following equation for a heterogeneous platoon (combined

Eq. (10) and Eq. (19)):

χ̄ =

[

Ic

Ic

]

χ̄c +

[

(I − Ic)
(I − Ic)

]

χ̄h,

we can derive the dynamics of the heterogeneous platoon:

˙̄χ(t) = A0χ̄(t) +

m
∑

k=1

Akχ̄(t− τk) + ∆ (27)

where

A0 =

[

0N×N IN×N

−(Ic(D + β ·B) + (I − Ic)f shu(D + (B −D))) −(γIc(D + β ·B)− f∆v
hu (I − Ic)D − fvhu(I − Ic)B)

]

Ak =

[

0N×N 0N×N

(Ic + f shu(I − Ic))Ak (γIc − f∆v
hu (I − Ic))Ak

]

,

and

∆ =

[

0N×1

δN×1(t)

]

=

[

0N×1

f shu(I − Ic)TN×1

]

· v0, TN×1 = [τh10, ..., τ
h
n(n−1)]

T

For convenience, we denote |δ̄| := f shuv0 ·max{(I − Ic)TN×1}

4.3. System analysis

This part derives some theoretical properties (i.e. the linear stability conditions) of the
proposed multiclass model above (i.e. Eq. (27)). Using the Leibniz-Newton formula gives:

χ̄(t− τk) = χ̄(t)−
∫ 0

−τk

˙̄χ(t+ s)ds = χ̄(t)−
m
∑

i=0

Ak

∫ 0

−τk

χ̄(t+ s− τi)ds−
∫ 0

−τk

∆(t+ s)ds

15
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where τ0 ≡ 0. Substituting this equation into Eq. (27), we can obtain

˙̄χ(t) = Fχ̄(t)−
m
∑

k=1

m
∑

i=0

AkAi

∫ 0

−τk

χ̄(t+ s− τi)ds−
m
∑

k=1

Ak

∫ 0

−τk

∆(t+ s)ds+∆ (28)

where

F =

m
∑

i=0

Ai =

[

0N×N IN×N

−(IcH + f shu(I − Ic)(L+ (B −D))) −(γIcH + (I − Ic)(−f∆v
hu L− fvhuB))

]

, H = L+β·B

Then we have the following Lemma and Theorem for the heterogeneous platoon. Details
of the proof are given in A and B of this paper.

Lemma 1. F is Hurwitz stable for the proposed heterogeneous platoon model.

Theorem 1. Consider the dynamics of the heterogeneous platoon Eq. (27), then there
exists a constant τ0 > 0, such that when 0 ≤ τj ≤ τ0 (j=1,...,m), the state error between
the members and the leader is uniformly ultimately bounded by some constant C0:

lim
t→∞

||χ̄|| ≤ C0 (29)

with less than a certain exponential convergence rate η. Moreover, C0 depends on the
number of human-driven vehicles and the perception time delays. In case of fully CA
vehicles platoon, limt→∞ χ̄ = 0. The bounded convergence rate η is determined mainly by
the composition structure of the heterogeneous platoon and the equilibrium of the human-
driven vehicles.

Remark 3. Theorem 1 theoretically characterizes the heterogeneous platoon’s dynamics
under the proposed control/model algorithms. Furthermore, by analyzing Eq. (B5), for a
given heterogeneous platoon, we obtain the following findings:

(1) The system steady-state errors C0 are only related to the perception delay caused
by human-driven vehicles, as well as the number (penetration) of the CA vehicles
in the heterogeneous platoon.

(2) The system transient-state performance can be describe by a convergence rate η =
κ(1 − 2ψτ), which is mainly determined by not only the CA vehicles’ penetration
but also their order/position in the platoon. Furthermore, the convergence rate can
be improved by optimizing the algebraic connectivity of F , which is related to the
communication topology of A.

(3) For a given heterogeneous platoon driving with forward V2V communication topol-
ogy, the optimal composition structure is all human-driven vehicles following all
CA vehicle in the platoon.

Similarly, our proposed method can be applied to further model the heterogeneous pla-
toon with multi-types of vehicles (e.g. multi-bands cars), which will be left in our future
research.

5. Numerical studies

In this section, we conduct some numerical experiments to support our theoretical results
in the previous sections and to evaluate the performance of the proposed cooperative
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driving strategies.

5.1. Simulation settings and scenarios

In this section we use the PLEXE (Segata et al. 2014) simulator, an open source IVC
simulation framework which consists of the network simulator OMNeT++/MiXiM and
the road traffic simulator SUMO. OMNET++/MiXiM is used to simulate the V2V com-
munication based on the 802.11p standard, while SUMO simulates the vehicle dynamics
with the proposed consensus algorithms. Both components are coupled with each other
through a standard traffic control interface (TraCI) by exchanging the Transmission Con-
trol Protocol (TCP) messages, while OMNeT++/MiXiM is acting as the TraCI client
and SUMO is acting as the TraCI server.
More specifically, we will adopt the IDM (Treiber et al. 2006) to govern the dynamics

of the human-driven vehicles. According to Treiber et al. (2006), the car-following model
can be expressed as follows:

v̇hi (t) = a
[

1−
(vi(t)

v0i

)4
−
(s∗i (t)

si(t)

)2]

(30)

s∗i (t) = s0 + vi(t)T0 +
vi(t)∆vj(t)

2
√
ab

(31)

where:

• si is the bumper-to-bumper (distance) gap to the preceding vehicle
• s∗i is the desired distance gap to the preceding vehicle
• s0 is the minimum bumper-to-bumper gap for completely stopped traffic
• T0 denotes the safe time gap
• v0i is the desired (free-flow) speed
• a is the maximum acceleration
• b is the desired deceleration

In the IDM, the instantaneous acceleration consists of a free acceleration on the road
where no other vehicles are ahead a[1− (vi(t)/v

0
i )

4], and an interaction deceleration with
respect to its preceding vehicle −a(s∗i (t)/si(t))2.
The simulation parameters for VANET are based on the IEEE 802.11p standard, as

listed in Table 2. The traffic related parameters, including IDM model and consensus
control parameters, used in our experiments are summarized in Table 3.

Table 2. 802.11p Parameter Setting

Parameter Value Parameter Value
Channel data rate 6 Mbps Slot time 13 µs
SIFS 32 µs AIFS 71 µs
Preamble length 32 µs Plcp duration 8 µs
Propagation delay 2 µs CWmin 7
Beacon frequency 0.1 s Beacon priority 2
Beacon size 200 bytes Transmission range R 500 m
CCH interval 46 ms Sync interval 4 ms
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Table 3. Traffic Related Parameters

Parameter Value Parameter Value
Vehicle length 5 m sc 15 m
Maximum acceleration a 3 m/s2 sh 30 m
Maximum deceleration b 6 m/s2 Stable speed 25 m/s
Maximum velocity v0 38 m/s Standstill distance s0 2 m
Control gains: β=10 γ=2,
Perception time 0.3 s Actuator lag 0.25s
Platoon size 9 Time gap T0 1s

According to Ngoduy (2013b), the human-driven traffic flow is unstable with time
delays if:

1

2

(

fvhu
f shu

)2

+
fvhuf

∆v
hu

f shuf
s
hu

− 1

f shu
+
fvhu
f shu

τh < 0 (32)

To this end, under the given IDM model parameter settings, it is rather straightforward
to show that the distance gap of 32m for human-driven vehicles leads to a linear stable
regime. In addition, we set 15m of distance gap for CA vehicles. To fully evaluate the pla-
toon performance, we also consider the situation of human-driven vehicles which belong
to the unstable regime. It is also straightforward to show that a safe time gap parameter
T0 = 0.56s while other parameters remain unchanged can guarantee all human-driven
vehicles with and without perception delay being in an unstable regime.
Two typical traffic scenarios are considered for the system evaluation:

• An initial phase during which all following vehicles launch from predefined positions
(2m deviations from the equilibrium for each vehicle) to finally cooperatively drive
at the same constant speed 25m/s regulated by the leader (essentially to mimic a
sharp perturbation).

• A continuous small perturbation wherein the leader experiences a sinusoidal dis-
turbance in speed, defined by δ(t) = Asin(0.2πt) where A =2.5m/s (to mimic a
common traffic disturbance caused by an abnormal driving behavior).

We then explore the system performance in both steady state and transient state in the
ensuing sections.

5.2. Impact of communication topology

As stated in Section 4.2, in case of any human-driven vehicles being ahead of any CA
vehicles (except the CA leader), there will be three types of forward communication
topologies adopted in the control algorithm. In this part, we investigate how different
communication topologies affect the system performance. To facilitate the performance
comparison of different communication topologies in the platooning system, we adopt
the same control parameters for different topologies. The studied heterogeneous platoon
is composed of nine vehicles of which the 6th one is the human-driven vehicle and the
rest are the CA vehicles.
Fig. 2 describes the state errors of the last vehicle (i.e. vehicle 8) and the human-driven

vehicle (i.e. vehicle 6) with respect to the state of the platoon leader (i.e. vehicle 0). It can
be observed in Fig. 2(a) and Fig. 2(b) that the state errors between the leader and the CA
vehicle 8 converge to zero for all the three communication topologies, whilst there remain
position errors in the human-driven vehicle 6, as shown in Fig. 2(c). This is because the
introduced perception delay by the human-driven vehicle 6 cannot be mitigated in the
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(b) Speed profile without perception delay
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(c) Position error with perception delay
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(d) Speed profile with perception delay

Figure 2. Heterogeneous platoon dynamics at the initial stage with different forward topologies

proposed control algorithm. Especially, the AFI topology facilitates the position error
mitigation (i.e smaller state errors, which are approximately 0 in the stable state), this
is due to the leader’s information being adopted in the control algorithm. In case of both
PFI and PFIC topologies, only information behind the human-driven vehicle 6 is selected
as the reference in the control algorithm, which finally leads to the same position error as
that of the human-driven vehicle 6 in the stable state. Moreover, among the three types of
communication topologies, the AFI topology facilitates the fastest dissipation of the state
errors during the initial phase, then followed by the PFIC and the PFI, respectively. This
is because the AFI topology provides the most communication links from the preceding
vehicles, which fastens the vehicle’s response to the leader’s behaviour.
However, in case of a human-driven vehicle followed by a CA vehicle, since the CA

vehicle is unaware of the perception delay of the human-driven vehicle, the CA vehicle
with the AFI topology (i.e. obtaining all of its preceding CA vehicles’ information as
the reference in the control algorithm) may potentially bring in a safety issue, even lead
to a collision with its preceding human-driven vehicle. In contrast, both PFI and PFIC
topologies can guarantee no collision between CA vehicles and human-driven vehicle.
Furthermore, the PFIC topology outperforms the PFI topology in terms of convergence
rate of the state errors.
We further explore the platoon dynamics with all human-driven vehicles in a (linearly)

unstable regime. Fig. 3 shows the platoon dynamics during the initial phase for human-
driven vehicles in both stable and unstable regimes. We can observe that human-driven
vehicle 6 in the unstable regime creates a larger disturbance than that in the stable
regime. Moreover, human-driven vehicles with perception delay bring in small oscillations
during the initially transient phase, which indicates the negative impact of perception
delay on platoon stability.
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Figure 3. Impact of stability of human-driven vehicles on heterogeneous platoon dynamics

5.3. Impact of the human-driven vehicles’ penetration rates

In this part, we investigate how the penetration of the human-driven/CA vehicles affects
the heterogeneous platoon dynamics. In order to neglect the impact of the vehicular
order sequence on the system performance, we assume that all human-driven vehicles
are deployed behind all CA vehicles in the same platoon. In this case, the AFI, PFI and
PFIC have the same communication topology in the platoon control algorithms. Note
that the impact of the order of vehicle types on the platoon dynamics will be studied
later.
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Figure 4. Heterogeneous platoon dynamics at both initial and perturbation stage with different human-driven
penetrations

Let us consider four different penetration rates of the human-driven vehicles in the
heterogeneous platoon (i.e. there are 0, 1, 2, and 4 human-driven vehicles), and explore
the system performance in the initial phase and the continuous small perturbation situa-
tion, respectively. The simulation results are illustrated in Fig. 4. Obviously, the position
errors between the leader and the last vehicle become larger with an increasing number of
the human-driven vehicles in both situations. These numerical results clearly support the
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Figure 6. PFIC Communication topologies in 4 different distributions of human-driven vehicles.

conclusions in Theorem 1. Moreover, the state errors are mainly caused by the perception
delay of the human-driven vehicles, compared to the impact of the communication delay
of the CA vehicles. In addition, for human-driven vehicles in the unstable regime, the
state errors of platoon in perturbations are larger than those for all human-driven vehi-
cles in the stable regime, which is consistent with the findings of the platoon dynamics
in the initial phase. It shall be noted that in view of the speed profile, as shown in Fig. 5,
the amplitude of the speed perturbation becomes smaller with an increasing number of
the human-driven vehicles. This is because, given the current model parameter settings,
the equilibrium state of the human-driven vehicles is in the (linearly) stable regime.

5.4. Impact of the order of vehicle types in the heterogeneous platoon

To evaluate the impact of the order of the vehicle types on the platoon dynamics, let us
consider four typical distributions of the human-driven vehicles in the same platoon (as
shown in Fig. 6): 1) all human-driven vehicles are following all CA vehicles in the platoon
as illustrated in Section 5.3, 2) all human-driven vehicles are moving in the middle of the
platoon (in which both following and preceding vehicles are CA), 3) all human-driven
vehicles are moving ahead of all CA vehicles and following the platoon leader, and 4)
human-driven vehicles are evenly distributed in the platoon (i.e. a binary distribution).
The studied platoon contains 4 human-driven vehicles and 5 CA vehicles (including

the platoon leader), with the PFIC communication topology. The state errors between
the leader and the last vehicle in both initial phase and small perturbation scenarios
are shown in Fig. 7. We can observe that scenario 1 outperforms all other scenarios in
both situations. Specifically, scenario 1 has the fastest convergence rate during the initial
phase and the minimum state errors in the small continuous perturbation case (this is
because the magnitude of the perturbation is mainly decided by the perception delay).
These results support our findings in Remark 3.
By contrast, other 3 scenarios show worse performance in terms of the state error

convergence rate at the initial phase. The reason is that the CA vehicles behind human-
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(c) Position error in perturbations
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Figure 7. Heterogeneous platoon dynamics at both initial and perturbation stage with different human-driven
penetrations

driven vehicles cannot obtain the leader’s information, which consequently deteriorates
the performance of the proposed control algorithm. Especially, scenario 3 has the worst
performance because all human-driven vehicles move ahead of all CA vehicles. In case of
a continuous small perturbations, since the leader’s dynamics change slowly, the results
are only slightly different amongst scenarios 2, 3, and 4. In addition, Fig. 8 illustrates
the acceleration of vehicle 8 in four scenarios, which are consistent with Fig. 7.
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Figure 8. Heterogeneous platoon dynamics at both initial and perturbation stage with different human-driven
penetrations

6. Conclusion and discussions

Although modelling the dynamics of connected and autonomous (CA) vehicles has been
significantly paid attention in recent years, there is still a long way to go before a full
deployment of CA vehicles on roads is viable. Therefore, a deep understanding of the
dynamics of the heterogeneous traffic flow which consists of both human-driven vehicles
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and CA vehicles is needed. To this end, in this paper, we have proposed a novel unified
multiclass car-following model for a heterogeneous platoon moving in a single lane road-
way, which theoretically explores the complex interaction between human-driven and
CA vehicles. To the best of our knowledge, this is a first attempt that the complex in-
terplay between different functional forms governing the dynamics of the human-driven
and CA vehicles is explicitly demonstrated. We have then theoretically obtained the
linear stability conditions of the heterogeneous platoon and characterized the transient
state of the heterogeneous platoon, wherein the effects of system parameters such as hu-
man sensing delay, V2V communication delay and platoon composition structure are all
taken into account. Our proposed method can be extended to capture even more com-
plex heterogeneous traffic flow where the CA vehicles are deployed by various (linear)
control algorithms. Both theoretical analysis and numerical results have indicated that
the system steady-state errors are only related to the perception delay caused by the
human-driven vehicles, as well as the number (penetration) of the CA/human-driven ve-
hicles in the heterogeneous platoon. Moreover, for a given heterogeneous platoon driving
with forward V2V communication topology, the optimal composition structure is that
all human-driven vehicles move behind all CA vehicles.
There are a few points which are still not addressed yet in this paper. First, although

we have concluded that the state errors between the leader and the members are bounded
by certain value, the safety issue (i.e the collision avoidance) has not been fully addressed.
Second, system uncertainties and physical limitations, for example the actuator lags, have
not been considered in the vehicle dynamics, which could be modelled by a third-order
system (see discussions in our previous research in Jia and Ngoduy (2016b)). Third,
as aforementioned, the heterogeneous platoon can be essentially regarded as a series of
adjacent sub-platoons divided by the human-driven vehicles. In this sense, the unified
adjacency matrices A and B determined in Section 4.2 could be decomposed into several
sub-matrices, which requires a new model description for the heterogeneous platoon.
Last, the string stability for heterogeneous platoon should be further investigated. These
issues are all open for the future research.
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Appendix

Appendix A. Proof of Lemma 1

Proof. For convenience, let H1 ≡ IcH + f shu(I − Ic)(L + (B − D)) and H2 ≡
γIcH + (I − Ic)(−f∆v

hu L − fvhuB). Obviously, H1 and H2 are triangular matrices and
their eigenvalues are the entries on the main diagonal. Moreover, the diagonal of H1 is
diag{..., hii, ..., f shu, ...} and the diagonal of H2 is diag{..., γhii, ...,−f∆v

hu − fvhu, ...}, where
hii ≥ 1 with subscript i ∈ Ic, and the position of f∗hu ∈ (I − Ic). Thus both H1 and H2

is positive stable because f shu ≥ 0 while f∆v
hu ≤ 0 and fvhu ≤ 0 so −f∆v

hu − fvhu ≥ 0.
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Let λ be the eigenvalue of F , then

det(λI2N − F ) =

∣

∣

∣

∣

λIN×N −IN×N

H1 λIN×N +H2

∣

∣

∣

∣

= det(λ2IN×N +H2λIN×N +H1)

=
∏

i∈Ic

(λ2 + γhiiλ+ hii) ·
∏

(I−Ic)

(λ2 + (−f∆v
hu − fvhu)λ+ f shu)

Obviously, every eigenvalues of F has strictly negative real part. Thus Lemma 1 holds.

Appendix B. Proof of Theorem 1

Before the proof of Theorem 1, we first introduce the Lyapunov-Razumikhin Theorem
(Hale and Lunel 1993). Let C([−r, 0],Rn) be a Banach space of continuous functions
defined in an interval [-r,0] and taking values in Rn with a norm ‖φ‖c = maxθ∈[−r,0]‖φ(θ)‖.
Consider the following time-delay system:

ẋ = f(t, xt), t > 0,

x(θ) = φ(θ), θ ∈ [−r, 0]
(B1)

where xt(θ) = x(t+ θ), ∀θ ∈ [−r, 0], f : R× C([−r, 0],Rn) → R is a continuous function
and f(t, 0) = 0, ∀t ∈ R. Then we hold:

Lemma 2 (Lyapunov-Razumikhin Teheorem (Hale and Lunel 1993)). Let φ1, φ2 and
φ3 be continuous, nonnegative, nondecreasing functions with φ1(s) > 0, φ2(s) > 0 and
φ3(s) > 0 for s > 0 and φ1(0) = φ2(0) = 0. If there is a continuous function V (t, x) such
that

φ1(‖x‖) ≤ V (t, x) ≤ φ2(‖x‖), t ∈ R, x ∈ Rn, (B2)

In addition, there exists a continuous nondecreasing function φ(s) with φ(s) > s, s > 0
such that the derivative of V along the solution x(t) of Eq. (B1) satisfies

V̇ (t, x) ≤ −φ3(‖x‖)
if V (t+ θ, x(t+ θ)) < φ(V (t, x(t))), θ ∈ [−r, 0];

(B3)

then the solution x = 0 is uniformly asymptotically stable.

Now let’s carry on the proof of Theorem 1.

Proof. Based on Lemma 1, F is Hurwitz stable. Therefore, there exists a positive definite
matrix Φ ∈ R2N×2N such that

ΦF + F TΦ = −I2N×2N (B4)

Consider Lyapunov-Razumikhin candidate function V (χ̄) = χ̄TΦχ̄,
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then

V̇ (χ̄) = χ̄T (ΦF + F TΦ)χ̄− 2

m
∑

j=1

m
∑

i=0

χ̄TΦAjAi

∫ 0

−τj

χ̄(t+ s− τj)ds

− 2

m
∑

j=1

χ̄TΦAk

∫ 0

−τj

∆(t+ s)ds+ 2χ̄TΦ∆

It is well known that for any a, b ∈ Rn and any positive-definite matrix Ω ∈ Rn×n, we
have: 2aT b ≤ aTΩ−1a+ bTΩb. Thus

V̇ (χ̄) ≤ χ̄T (ΦF + F TΦ)χ̄+ τj

m
∑

j=1

m
∑

i=0

χ̄T (ΦAT
j AT

i Φ
−1AiAjΦ)χ̄

+

m
∑

j=1

m
∑

i=0

∫ 0

−τk

χ̄T (t+ s− τj)Φχ̄(t+ s− τj)ds+ τj

m
∑

j=1

χ̄TΦAjΦ
−1AT

j Φ
T χ̄

+

m
∑

j=1

∫ 0

−τj

∆T (t+ s)Φ∆(t+ s)ds+ 2χ̄TΦ∆

Choose φs = ζs with the constant ζ > 1, in case of V (χ̄(t+s−τj)) = χ̄T (t+s−τj)Φχ̄(t+
s− τj) ≤ ζV (χ̄), τj ≤ τ , we then have

V̇ (χ̄) ≤ −χ̄T

{

I − τ

[ m
∑

j=1

m
∑

i=0

(ΦAT
j AT

i Φ
−1AiAjΦ+ ζΦ) +

m
∑

j=1

ΦAjΦ
−1AT

j Φ
T

]}

χ̄

+

m
∑

j=1

∫ 0

−τj

∆T (t+ s)Φ∆(t+ s)ds+ 2χ̄TΦ∆

We denote ψ := max
∑m

j=1

∑m
i=0(‖ΦAT

j AT
i Φ

−1AiAjΦ‖ + ‖ζΦ‖) +
∑m

j=1(‖ΦAjΦ
−1AT

j Φ
T ‖).

Obviously, for V (χ̄) = χ̄TΦχ̄, we have

λ‖χ̄‖2 ≤ V (χ̄) ≤ λ̄‖χ̄‖2

where λ and λ̄ are the minimum and maximum of the eigenvalues of Φ, which means

‖χ̄‖ ≤ 1√
λ

√

V (χ̄)

On the other hand,

min
χ̄T χ̄

χ̄T (Φ)χ̄
≥ 1

λ̄
= 2κ
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where κ =
1

2λ̄
> 0. Then if τ ≤ 1

2ψ
, we have

V̇ (χ̄) ≤ −(
1

2
−τψ)χ̄T χ̄−κV (χ̄)+|δ̄|2λ̄

m
∑

j=1

τj+2

√

|δ̄|2λ̄2
κλ

κV (χ̄) ≤ −κ(1−2ψτ)V (χ̄)+|δ̄|2(λ̄
m
∑

j=1

τj+
λ̄2

κλ
)

Let η := κ(1− 2ψτ), then we have

V (χ̄) ≤ V (χ̄(0))e−ηt +
C0

η
(1− e−ηt) (B5)

where C0 ≡ |δ̄|2( λ̄
2

κλ
+ λ̄

∑m
j=1 τj).

Therefore, we can conclude the system will attain the bounded state error at an expo-
nentially converging speed η.
This completes the proof of Theorem.
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