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A series of preliminary design charts were developed to predict the bearing capacity of fully and partially penetrated

deep mixing (DM) of soft soil. The charts were produced by a new numerical analysis tool based on discontinuity

layout optimisation (DLO) in which a previously proposed homogenisation method was used to define the

improvement area. To measure the applicability of implementation of the homogenisation method in the DLO,

a series of validation processes was performed against several previous studies under uniform soil strength. A

new empirical solution was developed from the DLO method using the homogenisation method for the bearing

capacity of soft ground under uniform soil strength, improved by the fully penetrated DM method. Results

produced by the DLO approach were compared with existing analytical solutions and better agreement was found

from the present model. The charts consider variation in improvement area ratio, column length and strength, and

foundation width for the fully and partially penetrated DM cases. The simulations were related to real field

cases in which the strength characteristics of soft soil increase with depth. An example is given to demonstrate use

of the charts.

Notation
ap improvement area ratio

B width of the footing

cua average undrained shear strength of improved

ground

cuao average undrained shear strength of improved

ground at the top

cuc undrained shear strength of the soil–cement column

cus undrained shear strength of the surrounding soil

cusb undrained shear strength of the native soil at the

bottom of the improvement area

cuso undrained shear strength of the native soil at the top

of the improvement area

D depth of improvement area

Kc relative cohesion ratio of the column to the soft soil

L length of the footing

N number of measurements (sample)

Nc bearing capacity factor

q ultimate bearing capacity

z depth below the soil surface

1. Introduction
Deep mixing (DM) has been commonly applied to improve

soft soil ground since it was initiated approximately 30 years

ago in Japan and Sweden (Porbaha, 1998). The DM method

is a soil modification technique in which soil is mixed in situ

with stabiliser agents in the form of slurry or powder. The

main purposes of DM installation are to increase bearing

capacity, control and reduce settlement, reduce the permeability

of loose or compressible soil and increase the stability of soil

underneath structures (Karastanev et al., 1997; Porbaha, 1998;
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Topolnicki, 2004). Thus far, several techniques of DM are

available for field applications (block, wall, grid and group

column types), the approaches of which depend on the pur-

poses and the ground conditions. Among these soil improve-

ment methods, the group column types remain extensively

used to treat subsoil below a lightweight structure (Kitazume

et al., 1996). In general, several factors influence the perform-

ance of the DM method, such as the percentage of improvement

area ratio under the footing and the characteristics of the binder

and native soil (Terashi, 2005), to name just a few. In the field,

the use of square or triangular grids of single or combined

columns is the common practice, offering an improvement area

ratio, ap, between 10 and 50% (CDIT, 2002; Karstunen, 1999).

For the case of embankment construction, the diameter and

spacing on the performance of improved ground should be con-

sidered separately rather than combining them into the improve-

ment area ratio (Yapage and Liyanapathirana, 2014). Moreover,

typical values of the soil–cement undrained shear strength, cuc,

are 10–50 times that of the undrained shear strength of the sur-

rounding soil, cus (Elias et al., 1998).

In the area of soil improvement, several studies have been

devoted to DM to determine the ultimate bearing capacity of

soft clay under vertical load using physical modelling, numeri-

cal modelling or full-scale field testing (Bouassida and

Porbaha, 2004a, 2004b; Fang, 2006; Karastanev et al., 1997;

Kitazume et al., 1996, 1999, 2000; Omine et al., 1999; Rashid

et al., 2015a, 2015b; Terashi and Tanaka, 1981; Yapage et al.,

2013, 2014; Yin and Fang, 2010). However, little effort has

been directed to studying the performance and failure behav-

iour of fully and partially penetrated columns with different ap

and cuc values in a real soil condition. Furthermore, there is

no preliminary assessment technique for the feasibility of DM

construction for a particular site.

Therefore, in order to fill the above-mentioned research

gap, a useful series of design charts was produced in this

study to facilitate the preliminary assessment and design of the

bearing capacity of fully and partially penetrated DM by con-

sidering several practical guidelines of DM construction. To

develop the design charts, a new numerical analysis tool,

LimitState:Geo software, which is based on the discontinuity

layout optimisation (DLO) procedure, was used. In addition,

the homogenisation method proposed by Omine et al. (1999)

was used for the definition of improvement area in the analysis.

Before production of the design chart, a series of analyses was

performed using previous studies as a comparison template

(Bouassida and Porbaha, 2004a, 2004b; Omine et al., 1999) to

validate the implementation of the homogenisation method in

the software. As a result, a new empirical bearing capacity sol-

ution for the fully penetrated DM method was introduced

from these analyses. The simulations were correlated to real

field cases in which the strength of the soil increases with

depth. An example is offered to demonstrate the applicability

of the charts.

2. Discontinuity layout optimisation
The DLO procedure was first proposed by Smith and Gilbert

(2007) as a new numerical limit analysis procedure for conti-

nuum mechanics. By finding an analogy between the layout

optimisations of truss and plane strain plasticity problems,

linear programming was used in the DLO procedure to deter-

mine the minimum upper-bound solution for a given set of

potential discontinuities. The LimitState:Geo software was

developed based on this method (Gilbert et al., 2010).

In the DLO procedure, the upper bound of the failure load

is determined from an arrangement of lines of discontinuities

present in the failure field of a plane plasticity problem. The

procedure is analogous to the traditional upper-bound limit

analysis, which identifies the optimal arrangement of sliding

rigid blocks. The upper-bound limit analysis determines the

bearing capacity (undrained failure) of the soil material based

on the energy dissipation rate mechanism where the deformat-

ion (m) and the undrained shear strength of the soil (kN/m2)

and relative sliding velocity are considered (Powrie, 2002).

Figure 1 shows the stages involved in the DLO analysis for the

current work. First, for the problem idealised in Figure 1(a), a

group of nodes was defined, as shown in Figure 1(b). Second,

as shown in Figure 1(c), potential discontinuities, which were

distributed across the problem area and were permitted to

cross over one another to provide a large search space, were

introduced and connected to each node. The procedure is

able to model rotational as well as translational mechanisms.

(a) (b) (c) (d)

Figure 1. Stages of DLO procedure: (a) application of surcharge;

(b) definition of node distribution; (c) interconnection of nodes

with potential discontinuities; (d) determination of failure

mechanism using optimisation (Gilbert et al., 2010)
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Lastly, the failure mechanism was produced using a linear opti-

miser, as shown in Figure 1(d). The accuracy of this method

depends on the node density distributed across the problem

area that links the potential active discontinuities with each

node. In this study, translational and rotational mechanisms

were allowed along the boundaries during the analysis due to

the slightly different stiffnesses of the improvement area and

the surrounding soil.

3. Homogenisation method
To analyse DM using the LimitState:Geo software, a homogen-

isation method was used for the reinforced region (improvement

area). This method was used to transform the three-dimensional

problem to a two-dimensional plane strain idealisation. A struc-

ture having the same geometry as the initial unreinforced soil

and subjected to the same loading conditions was defined

whereby the composite reinforced material was replaced by an

equivalent homogeneous material (Jellali et al., 2005). An

example of bearing capacity solution using different homogenis-

ation methods is given in Figure 2. Figure 2(a) shows a block of

improvement area by DM homogenised with the surrounding

soil under the footing while Figure 2(b) shows three DM

columns homogenised individually with the surrounding soil.

They are, respectively, defined as the block and single homogen-

isation methods. Note that the shaded area indicates a hom-

ogenised region. Examination was carried out to determine the

applicability of the two homogenisation methods in terms of

determination of the bearing capacity factor, Nc (ultimate load,

qult/undrained shear strength of surrounding soil, cus). In the

homogenisation procedure, the strength of the shaded region

was determined based on the average strength of the improved

ground, cua, in the out-of-plane dimension to determine the

bearing capacity for the fully penetrated and floating DM

method for uniform soil strength. The cua equation was derived

based on the ratio of the undrained shear strength of the soil–

cement column, cuc, and the undrained shear strength of the

unimproved ground, cus, as given by

1: cua ¼ ðcuc � apÞ þ cus � ð1� apÞ
� �� �

The white lines in Figure 2 show the failure slip mechanism

generated by the LimitState:Geo software.

Using different soil–cement strengths (10–100 kPa) and im-

provement area ratios (10–30%), the results generated from

both approaches shown in Figure 2 were compared, as shown

in Figure 3. It is obvious that a very strong relationship is

exhibited, with a coefficient of correlation, R2, equal to 1. It

can be concluded that the average stiffness/strength calculated

from the homogenised method could provide the same result

of bearing capacity although the geometry is different in the

plane strain analyses. For simplicity, the block homogenisation

method was chosen and used in the software in this study. The

bearing capacity computed using this method will be next

compared with several previous laboratory results to examine

the applicability of homogenisation coupled with the DLO

method.

4. Analytical description of the
bearing capacity

The aim was to get a relationship between the bearing capacity

factor, Nc, of the DM method with different improvement

area ratios, ap, undrained shear strengths of the soil, cus, and

undrained shear strengths of the soil–cement columns, cuc.

A strip footing of width B was considered using a fully pene-

trated DM method. In addition, a geometry similar to the test-

ing chamber of Bouassida and Porbaha (2004a, 2004b), which

was prescribed with a fine density of 1000 nodes, was generated.

For various column strengths and improvement area ratios,

the average shear strength of the improved ground underneath

the footing, cua, was normalised with the undrained shear

strength of the surrounding soil, cus. In this study, the interface

between DM columns and surrounding soils can be assumed to

form a perfect bond; the validity of such behaviour has been

investigated extensively through numerical methods (Yapage

and Liyanapathirana, 2014).

Figure 4 shows a plot of bearing capacity factor, Nc, against

the ratio cua/cus, from which a linear relationship can be

(a) (b)

Figure 2. Bearing capacity solution based on different

homogenisation methods: (a) block homogenisation method;

(b) single homogenisation method
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obtained as

2: Nc;Eq ¼ 5�19þ 2
cua

cus
� 1

� �

In comparison with the tests conducted by Bouassida and

Porbaha (2004a, 2004b), a small difference of 0·9% was

observed in the case of a long rectangular foundation in clay,

with a bearing capacity factor of 5·14. Moreover, the sensitivity

of the solution to nodal density was checked by making an

increment in node number to 5000 nodes, from which only a

small difference (amounting to 0·4%) was found. Following

such a refinement of nodal density, the time of analysis

increased. As a result, the node distribution with a coarser

density was considered in all subsequent analyses since such

density was evidently sufficient.
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For verification, the obtained equation, Equation 2, was com-

pared with previous laboratory results conducted by Bouassida

and Porbaha (2004a, 2004b) and Omine et al. (1999). Tables 1

and 2 present the mechanical characteristics and the resulting

Nc gained from previous laboratory studies and the present

model. The cohesion of the soil–cement column, cuc, was deter-

mined from the peak (yield) of the stress–strain curve obtained

from the unconfined compressive strength test (Bouassida and

Porbaha, 2004a; Omine et al., 1999). In addition, the experi-

mental bearing capacity factor, Nc,Exp, and the calculated

Nc,Eq, are listed separately in Table 3. To verify the effective-

ness of Equation 2, a comparison was also made with the

static (lower bound) and kinematic (upper bound) approaches

of Bouassida and Porbaha (2004a, 2004b) and the method pro-

posed by Broms (2000) using the sum of creep resistance of

columns and bearing capacity of soft soil, for fully penetrated

soil–cement columns. For convenience, their proposed equa-

tions are presented, respectively, below

3: Nc;Static � 4þ 2apðKc � 1Þ
� �

4: Nc;Kin ¼ 2
ffiffiffi

2
p

þ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ ap Kc � 1ð Þ
� �

2þ ap Kc � 1ð Þ
� �

q

5: Nc;Brm ¼ 1�4apKc þ λ 1þ 0�2B
L

� �

where λ is proposed as 5·5 by Bergado et al. (1994), B and

L are, respectively, the width and length of the footing and

Kc is the cohesion ratio. Overall, Equation 2 produces the

smallest differences, which could be related to the variation

in homogeneity (strength) of the clay bed. The root mean

square error was calculated as 0·79 from Equation 2, 1·14 from

Bouassida and Porbaha’s static method, 1·17 from Bouassida

and Porbaha’s kinematic method and 1·54 from Broms’

method. This means that Equation 2 is in better agreement

with the laboratory results compared with other approaches.

Although both Equation 2 and Bouassida and Porbaha’s kin-

ematic approach are based on the upper-bound solution, a

better result is given by Equation 2 because the DLO method

considers more than five blocks of mechanism, as shown in

Figure 2. Besides that, the currently proposed equation is more

simplified. On the other hand, larger differences are observed

in the results produced by Bouassida and Porbaha’s static and

Broms’ methods, which are based on the lower-bound and

superposition solutions. Generally, the experimental results

lie between the upper-bound and lower-bound boundaries.

The upper-bound solution is more realistic compared with

that of Broms’ (2000) because it is based on a similar failure

mechanism (shallow failure), and could be used for any

column reinforcement method (Bouassida and Porbaha,

2004a, 2004b).

Figure 5 shows a comparison of the predicted Nc using

Equation 2, Bouassida and Porbaha’s static and kinematic

methods and Broms’ method with previous laboratory results.

Note that Equation 2 gives values almost exact to previous lab-

oratory results for the range of Nc=10–17, but shows little

overprediction thereafter. For Bouassida and Porbaha’s static

equation, on the other hand, underprediction is demonstrated

compared with previous laboratory results when Nc=10–17,

with good agreement thereafter. Bouassida and Porbaha’s

kinematic equation produces a 2·15% overprediction for the

whole range of Nc, whereas Broms’ equation underpredicts

2·64% of that measured.

5. Preliminary design chart
In previous sections it was shown that LimitState:Geo simulated

the bearing capacity reasonably well. However, it was realised

that in single gravity (1g) modelling, the strength with depth pro-

files did not represent typical field conditions. Therefore, further

numerical analysis was carried out in which typical ground con-

ditions were modelled. As a result, preliminary dimensionless

Model ap: % cus: kPa cuc: kPa Kc q: kPa Nc,Exp Nc,Eq

Case 1 22·0 2·66 29·96 11·3 25·0 9·4 9·71

Case 2 42·0 2·66 29·96 11·3 39·2 14·7 14·81

Case 3 22·0 2·66 113·29 42·6 57·9 21·8 23·49

Nc,Exp, bearing capacity factor obtained from the experiments
by Omine et al. (1999); Nc,Eq, bearing capacity factor obtained
from Equation 2

Table 1. Mechanical characteristics of the scaled models of

improved ground

Model ap: % cus: kPa cuc: kPa Kc q: kPa Nc,Exp Nc,Eq

Case A 18·8 14·1 322·0 22·8 182·0 12·9 13·05

Case B 18·8 15·7 292·0 18·6 186·7 11·9 11·53

Case C 18·8 9·4 259·0 27·2 132·7 13·8 13·55

Case D 18·8 11·0 266·5 25·4 152·0 14·1 14·75

Case E 18·8 12·6 357·0 26·1 181·3 14·4 15·03

Case F 18·8 9·5 347·5 36·6 162·7 17·1 18·00

Nc,Exp, bearing capacity factor obtained from the experiments
by Bouassida and Porbaha (2004a, 2004b); Nc,Eq, bearing
capacity factor obtained from Equation 2

Table 2. Mechanical characteristics of the scaled models of

improved ground
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design charts were developed to predict the short-term behav-

iour, which is the bearing capacity of ground improved with

DM. Further research should be carried out to validate the accu-

racy of these upper-bound design curves with actual field

measurements and calibrate the corresponding undrained shear

strengths under post-yielding effects (e.g. strain softening effect

of DM columns) (Yapage et al., 2013, 2014).

5.1 Soil profile

To develop the design chart, a soft clay profile, representative

of typical Malaysian deposits and those found more widely

in Southeast Asia, was used. Generally, a soft clay profile has

an undrained shear strength that increases linearly with

depth underneath a surface desiccated crust of 2–3 m thickness

(Poulos, 2007). A conservative relationship (Equation 6) pro-

duced by Poulos (2007), which represents typical ground con-

ditions of soft clay in Malaysia, was used as a guide to develop

the design charts

6: cus ¼ 10þ 1�5z kPa

where z represents the depth below the soil surface (m). In

some extreme conditions, the thickness of the soft clay could

reach up to 40 m. Therefore, the thickness of the soft clay

layer was taken to be 40 m for the purpose of the design chart

development. To cover several possible soil profiles, the multi-

plier of z was varied as follows

7: cus ¼ 10þ 1�0z kPa

8: cus ¼ 10þ 2�0z kPa

5.2 Development of design charts

To reflect typical DM construction practice, several ranges of

parameters were considered in developing the design charts

& improvement area ratio, ap: 20, 25, 30%

& cohesion ratio, Kc= cuc/cuso: 5, 10, 20, 40, 60, 80, 100

& depth of the improvement area/breadth of the foundation,

D/B: 0·25, 0·50, 0·75, 1·0, 1·5, 2·0, 2·5, 3·0, 4·0, 5·0.

Dimensionless design charts were developed after introducing

a dimensionless parameter, K, by dividing the undrained shear

strength of the native soil at the bottom of the improvement

area, cusb, with the undrained shear strength of the native soil

at the top, cuso

9: K ¼ cusb

cuso
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In total, three K values (K=5·0, 7·0 and 9·0) were introduced

for the fully penetrated case and seven K values (K=2·0, 2·5,

3·0, 4·0, 5·0, 5·5 and 7·0) for the partially penetrated case.

5.3 Analysis procedure

LimitState:Geo was used to perform the analysis with the base-

line nodal spacing in the soil and on the boundary of 0·6 and

0·3 m, respectively. Generally, the number of nodes was around

1300 on average. The lateral boundaries of the model were

extended to avoid boundary resistance to failure. In total, 2700

cases were considered to develop the design charts. The block

homogenisation method (as shown in Figure 2(a)) was employed

for simplicity in performing the analysis. The rigid footing width,

B, was set as 10 m with a variation in D in accordance with the

change in D/B ratio as mentioned in the previous section.

The charts for the fully penetrated (K=5) and partially pene-

trated cases (K=5, D/B=2) were first plotted with different

cuso. It was found that all the results located on the same line,

as shown in Figure 6(a) for the relationship between Nc and

cuao/cuso for the fully penetrated case. Figures 6(b) and 6(c)

show the comparison of the relationship between Nc and

cuao/cuso for the partially penetrated case (D/B=2, K=5) for

different cuso and B, respectively. The above-mentioned results

imply that the use of the dimensionless approach is valid for

various scales and values of cuso.

5.4 Design graph for fully penetrated case

Figure 7 shows the relationship between cuao/cuso and Nc for

different K values for the fully penetrated case. It is apparent

that linear relationships can be established for different

K values, with a good R2 of >0·99. The bearing capacity of the

improved area relies on the stiffness of the column due to the

end of the improved area meeting the hard layer (Rashid et al.,

2015a). These relationships are presented below for K=5·0,

7·0 and 9·0, respectively

10: Nc;Eq ¼ 6�90þ 2�06 cuao

cuso
� 1

� �

11: Nc;Eq ¼ 7�52þ 2�10 cuao

cuso
� 1

� �

12: Nc;Eq ¼ 8�08þ 2�13 cuao

cuso
� 1

� �

5.5 Design graph for partially penetrated case

Non-linear relationships between cuao/cuso and Nc were estab-

lished for different K values, as shown in Figures 8–14, for the

partially penetrated case for numerous D/B. It was found that,

in general, Nc for the lowest D/B initiates at a higher value

compared with the rest. It is believed that the strength of the

native soil contributes to this result, because the strength at a
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given absolute depth (> zero) for soil with the lowest D/B is

greater than the strength of those with higher D/B, according

to the definition of K. Generally, the curves intersect at a

certain ratio of cuao/cuso. Beginning from this point, the curves

for soils with higher D/B display higher Nc. In some cases, the

curves plateau after this intersection point. A simple design

example of the application of the design charts is now pre-

sented to demonstrate its practicality.

5.6 Design example

In this example, a deep soft deposit reinforced with partially

penetrated DM columns is assumed to be 12 m wide and

18 m deep. The target Nc value is 32. The improvement area

ratio, ap, is assumed to be 30% and the undrained shear

strength of the columns, cuc, is 700 kPa. The soft clay profile

has an undrained shear strength that increases linearly with

depth in accordance with cus=10+1·1z kPa. From this
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Figure 7. Relationship between Nc and cuao/cuso obtained from

LimitState:Geo for the fully penetrated case
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strength relationship, the strength of the native soil at the

base of the improvement ground is 30 kPa and, by using

Equation 9, K=3. As a result, Figure 10 will be used to

predict the Nc value for the improved ground. With a D/B

value of 1·5 and cuao/cuso= [(0·3� 700) + (0·7� 10)]/10) = 21·7,

Nc of the improved ground is 31·4. From an economics

point of view, contractors could reduce the cost during

construction by reducing cuao/cuso to 16, giving the same Nc

value. They could choose to either decrease the column

strength from 700 kPa to 300 kPa by decreasing the cement

content or decrease the improvement area ratio from 30 to

12·9%.
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6. Conclusions
A numerical model based on the discontinuity layout opti-

misation (DLO) approach coupled with a homogenisation

method, which was verified with existing laboratory results,

was used to produce a series of preliminary design charts for

soils reinforced by the deep mixing (DM) method using fully

and partially penetrated soil–cement columns. The conclusions

drawn from the current study are as follows.

& A strong correlation was established between the block and

individually homogenised methods using the LimitState:

Geo software.
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Figure 11. Relationship between Nc and cuao/cuso obtained from

LimitState:Geo for the partially penetrated case (K=4·0)
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LimitState:Geo for the partially penetrated case (K=5·0)
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& An equation was empirically determined as Nc,Eq=5·19+ 2

(cua/cus− 1) using results computed by the LimitState:Geo

software based on the average improvement soil strength

for the fully penetrated DM under uniform soil strength.

By comparing the results with previous laboratory works

conducted by Bouassida and Porbaha (2004a, 2004b) and

Omine et al. (1999), the capability of the proposed

equation in determining the bearing capacity of fully

penetrated soil was evident. Furthermore, the equation

provides better agreement with experimental results

compared with the existing equations proposed by

Bouassida and Porbaha (2004a, 2004b) and Broms (2000).

& A set of preliminary design charts for practical use

was developed using the results computed by the
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Figure 14. Relationship between Nc and cuao/cuso obtained from

LimitState:Geo for the partially penetrated case (K=7·0)
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LimitState:Geo software. These charts, which are

dimensionless, reflect typical DM construction in practice,

with the inclusion of parameters such as the improvement

area ratio, cohesion ratio and depth of the improvement

area/breadth of the foundation. In total, three K values

(K=5·0, 7·0 and 9·0) were used for the fully penetrated

case and seven K values (K=2·0, 2·5, 3·0, 4·0, 5·0, 5·5

and 7·0) for the partially penetrated case.

& Linear and non-linear relationships of Nc versus cuao/cuso

were found for soils reinforced with fully and partially

penetrated methods, respectively.

& For the partially penetrated case, soils with lower D/B gave

higher Nc values before the intersection of design curves

and vice versa.

& The preliminary design charts could provide an early

prediction of the bearing capacity of soils reinforced by the

DM method and could help contractors to reduce the cost

of construction, as discussed in the given example.

In the future, in order to produce a more comprehensive

design chart for the DM method, further work may include

calibration and improvements of the upper-bound curves by

considering both peak and residual undrained shear strengths

of DM columns that can match field measurements with

observed soil settlements.
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