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On approximations of the de Rham complex and
their cohomology

V. V. Bavula and H. Melis Tekin Akcin

Abstract

For a commutative algebra R, its de Rham cohomology is an important
invariant of R. In the paper, an infinite chain of de Rham-like complexes
is introduced where the first member of the chain is the de Rham complex.
The complexes are called approximations of the de Rham complex. Their
cohomologies are found for polynomial rings and algebras of power series
over a field of characteristic zero.

Key Words: differentials, the de Rham complez, the de Rham coho-
mology, polynomial algebra, algebra of power series, approximations.
Mathematics subject classification 2010: 13D03, 13N05, 18N10, 13N15.

1 Introduction

Let R be a commutative K-algebra with 1 over a commutative ring K. Mod-
ule means a left module. For each natural number m > 1, let Q,,(R) be the
universal module of derivations of order m of R (the module of m'" order dif-
ferentials), see [7, 4, 6] and Section 2. The modules ,,(R) were studied in
[5, 7, 4, 6, 1, 8, 2, 3] to name just a few. In particular, ; is the module
of differentials of R over K and the exterior algebra of the left R-module 24,
(A*Q4,d1), is the de Rham cochain complex of R. There is a chain of cochain
complexes

e Ay, o 2 A% = A% — 0

(see (21)) that are called approzimations of the de Rham complex. The main re-
sult of the paper is an explicit description of the cohomology groups H*(R,m) :=
H*(A*Q,,) for the polynomial algebra P, = Klz1,...,2,] and the algebra
Sy = K[[z1,...,2,]] of power series over a field K of characteristic zero (below
(;) = ﬁlj), is the binomial coefficient):

e (Theorem 2.7)
(M0 < < k() — s

otherwise,

H(P,,m) ~ {o



where tk(Qy,)=("T") — 1.

e (Theorem 3.2)
()0 < i < tk(Q) — n,

otherwise,

HY(S,,m) ~ {0

where tk(Qy,)= ("T") — 1.

n

2 Approximations of the de Rham complex

In this paper, a module means a left module. Let R be a commutative K-
algebra where K is a commutative ring, R R := R®k R, F := Endg(R® R)
be the endomorphism algebra of RQ R, i.e., the algebra of all K-homomorphisms
R®R— R® R. Let M be an R-bimodule. A K-linear map 0 : R — M such
that 9(rs) = 9(r)s + rd(s) is called a K-derivation from R to M. The set of
all K-derivations from R to M is denoted by Derg (R, M). In particular, for
M = R, Derg(R) := Derg (R, R) is the set of all K-derivations of the K-algebra
R. For each a € R, let

l,:RRR—-R®R, bQcr— ab®c, (1)

T : RAR—-ROR, b®cr— b® ca. (2)

The maps ¢,,7, and A, :={, — 7, commute. The algebra R ® R contains two
subalgebras R ® 1 and 1 ® R. The map

d:R—-RQR, r=d(r)=r"=r@l-1®r (3)

is a K-derivation, d € Derg (R, R®R), thatis (rs) =1 s+rs =1 1Qs+r®1-s'
for all r,s € R. Let I be the kernel of the algebra epimorphism

0:RR— R, r®srrs. (4)
Then pd=0, so R :=dR:=im(d) C I and the map
d:R=1, ror =r@l—-10r (5)
is a K-derivation, d € Derg (R, I).

Lemma 2.1 1. I = RR = R'R, i.c., the ideal I is generated by the set R
as a left or right R-module.

2. I = R(R')™ = (R)™R for allm > 1.

Proof. 1. Statement 1 follows from the equality rs = (T‘S)/ —rs.
2. Statement 2 follows from statement 1. O



The involution o. An automorphism of an algebra of degree 2 is called an
involution. The map

0:RAIR—-ROR, r®s—s@r (6)

is an involution since (r®s)°° = r®s. Clearly, (R®1)° =1® R and (1® R)° =
R®1. Forallr € R,

’ ’

()=~ ™

Therefore, I° = I, by Lemma 2.1. Let 1,22 € R. In particular, z1z9 = zox1.
Then

’ ’
T1Ty = xQ:cl = x1x2 — xQzl = xga:l — xlxz,

’ ’ ’

(r1m2) = xlxg + x1x2 = I2$1 T2y + 122 + ar1x2 = :ngl :clmQ + 1:11”2,
’

(z122) = @)Ly 4 BTy = T Ty + T1Ty — Toy + Toky = T Ty + T Ty + Toy.

The equalities above do not hold if the elements x; and zs do not commute. Let
n be a natural number such that n > 2 and [n] := {1,...,n}. For a subset I of
the set [n], let CI:=[n]\I be its complement and |I| be the number of elements
in I.

Lemma 2.2 Given elements x1,...,z, € R, we have

(21 -an) = Z (=117 ()T = Z (&) ¢ )

¢#1C[n] ¢#I1C|[n]
where 1 .= [Licorzj and (z V=TI se1 Ti- In particular,
" n " /n
S (m)x?-mx;m =3 (0 )atrar
m=1 m=1

More generally, for all 0 # a = (aq,...,a,) € N,

(z*) = Z (_1)|Bl+l<g>xa—ﬂx/ﬁ: Z (g)x’%“‘ﬂ (9)

0#B<a 0#B<

where 2 = [Ti_, #3, /% = TI_ &, [B] := Br+ - + B, B < o means By <
at, ..., By < ay,, and (g) H? (a?) s a multi-nomial coefficient. Further-
more, for a polynomial P = P(ty, tn) € K[t1,...,tn], let p=P(x1,...,Zp).

Then

6Bpx/3 z'? 9Pp
/ 1
p= (-n 928 Bl =) a5 (10)
s ox ﬁ 50 B! Ox

8%p _ 8°p
where 928 — 0P |t1:w1,..-,tn:zn'



Proof. Let us prove by induction on n that the second equality in (8) holds,

ie.,
(.1:1 J;n)/ _ Z x/IxCI.
¢#I1C[n]
The case n = 2 was proven above. So, let n > 2 and we assume that the equality
holds for all n < n. Now,

! /
/
(X1 1) T + 21+ Tp_12),
J,.CJ

(551 xﬂ)

’

/ 4 /
= Z¢¢Jg[n71]$ e, tx, X T Ty, — T,y

Notice that

/ ’ _ rl_ 1J,..CJ,.
Ty Tp1Ty, — TpX1 Tpq = (T1+ Tp—1) T,, = g ",
6#JC[n—1]

and the second equality follows. By applying the automorphism o to the second
equality we obtain the first equality:

(1) = (@) == Y 2O = 2 ()R

¢#IC[n] ¢#IC[n]

by (7). The equalities in (9) follows from (8). The equality in (10) follows at
once from (9). O

The short exact sequence of left R-modules
0>I—R®R 5 R—0 (11)
admits a section £ : R - R® R, r+— r ® 1, that is ¢pf = idg. Therefore,

RIR=R®1aI (12)

is the direct sum of left R-modules. Similarly, the short exact sequence of right
R-modules (11) admits a section 7 : R - R® R, a — 1® a, that is ¢r = idg.
Therefore,

R®R=10RoI (13)
is the direct sum of right R-modules. The I-adic filtration of the ring R ® R,
RQR2OIDI*D---DI™D---
determines the chain of ring epimorphisms

3> RQR/I™— - 5 RRR/I*>? - R R/I — 0.

Tn—1-



Let P(R)::hén R® R/I™. For each m > 1, the ideal Q,, := I/I™*! of the ring
R® R/I™ is called the module of differentials of order m of R. For all m > 1,
by (12) and (13),

ROIR/IM!'=R21©Q, =123 R®Q,. (14)
Let Q4 := 1&1 Q. be the projective limit of R ® R-module epimorphisms

Then
PR)=R®1® Qo =10 R Nee. (16)

Clearly, Q. is an ideal of the ring P(R) such that P(R)/Qe ~ R. For each
m > 1, the derivation d : R - R ® R (see (3)) determines the derivation

dm:R— R®R/I™ risy 4 [t
which can be seen as m’th approximation of the derivation d. Recall that
RRR/I"!'=R®1®Q, =10 R® Q.
By Lemma 2.1, im(d,,) C §,,. Therefore,
A : R = Qu, 1> 7 + ML

is a derivation of R-bimodules, i.e., dy,(rs) = dp (1)s + rdpy(s) for all elements
r,s € R. The commutative diagram

d
dm -
do

Qrn .. Qo 0 0

yields the derivation
doo : R — Q.

The polynomial algebra case. Let R = P, := K|x1,...,2,] be a poly-
nomial algebra in variables x1,...,x, over a field K. The polynomial algebra
P, ® P, in 2n variables over K can be presented as the following polynomial
algebras:

P, @1[zh, ... x,) = Palal, ... a)] = {3 enn Ao’ Aq € P, ® 1} and
1@ P, .. ] o= (@), 2Py o= {3 penmn #7%Aa [ Aa € 1® P}
where 2} = 2, ® 1 — 1 ®@ z; and 2/ := 2/ - - zlon.
Proposition 2.3 Let R = P, := Klx1,...,x,] be a polynomial algebra over a
field K. Then



1.1 =P,P, = Bla|>1Prt’* = PP, = ®jq>12"* P, where o € N™ and
lof = a1+ F+an. Form>1, I™ = @a|5m Prt’® = ®|a|>m@’“Pn. The
ideal I of P, ® Py, is equal to (z,...,z}).

2. Form>1,

Qu=I1/I"""= P Pa= P 2P, (17)

1<]al<m 1<al<m

In particular, the free left/right P, -module Q0 has rank rk(Q,) = (":m) -
1.

3. P(P,) = Pul[x), ..., x,)] = [}, ..., 2,]|Pa is the algebra of power series
with coefficients in the polynomial algebra P, and

Qoo = (21, -, 2) = iy P(Po)z; = Xiy 2, P(Pn)

is the ideal of the algebra P(P,) generated by the elements xll, ...,x.. The

derivation do : R — Qo is given by (9).

4. For allm>1,

Q= Qoo / QL 18)

(
Proof. 1. By Lemma 2.1 and Lemma 2.2, [ = PnP;l = Zla\zl P, (z™) =
Pla|>1Prr’* and I = P,/LP,L = Z|a\21($a)lpn = Da>12'* P, since (2')* =
@14+ (=1)*11 ® 2*. Hence,

"= Pa= @ P,

la|zm la|zm

for all m > 1. Clearly, the ideal I of the algebra P, ® P, is generated by the
elements a},..., 2},

2. Step 2 follows from statement 1.

3. Step 3 follows from statement 2.

4. Step 4 follows from statement 3. [

Approximations of the de Rham complex. Let R be a commutative
K-algebra. For each m > 1, let

A'Qm:R@Qm@A2Qm@...@AiQm@...

be the exterior algebra of the left R-module €,,,. For each i > 1, the derivation
dp, = dm,o : R = Q,, can be extended to a map

At NQp — AT1Q,,,, aoall/\~-~/\a;n—)aé)/\all/\---/\a;.

dm:dm,o dm,l 2 d'm,2 dm,'ifl . dml
RTToq, Imlog2qg, T Dty T (19)



Lemma 2.4 The complex (19) is a cochain complex, i.e., dpm iy1dm,; = 0 for
all i > 0.

’

Proof. dmyZ-Jrldm_j(aoa/1 A Na;) = dm,iﬂ(a:} /\a/1 A A a;) =1 /\aé /\a/l A

K3
-~ Aa; =0, since 1’ = 0. Here, a; = d,,(a;) where d,, : R — Q,,,(R) denotes
the universal derivation, see above. []

(]
In a similar way, for each m > 1, the exterior algebra of the right R-module
Q,, is defined

Ay =R®Q, ®A2Q, & DAQ, & - -.

We add the subscript ‘r’ to indicate that the right R-module structure is used
for 2,,. For each i > 1, the derivation

dp =dmo=dy, : R— Q)
can be extended to a map
Ay My = AT, ag A AN agaipr = ag A Nag Aag .
We have a cochain complex

dm:d:;q,,o d:n,l 2 d:n,Z dfn‘ifl i dlnz
HQmHAQmH-~-HAQmH---7 (20)

dyiv1dy,; = 0 for all i > 0. Clearly, the cochain complexes (A2, d;, ;)
and (ApQy,, (—1)"*1dy, ;) have the same cohomology. The involution o of the
ring R ® R interchanges the left and right R-module structures of R ® R (since,
(r®1)° =1®r for all r € R). Hence, the involution o : Q,,, = Qyp,, ¢’ — (a')° =

—a’ interchanges the left and right R-module structures on 2,,,: for all r,a € R,
(ra')* =((r®1)d)’ = (r©1)’(d)’ = 1er)(d)’ = (a')(1@r) = (d)r.

By the very definition, the exterior algebra A®*Q,, (resp., A*{,,) of the left
(resp., right) R-module §2,,, is an R-algebra where R = R®1 (resp., R = 1®R).

Lemma 2.5 For each m > 1, the map

0:N*Qu, = A, Ta) Ao ANah = (ray Ao Aal)? =10 (a)° A A (a])?

? 7

s an isomorphism of R-algebras, it is also an isomorphism of cochain complexes
(A*Qn,din i) and (AQ, (=1)"d;, ;). In particular, the cohomology of the
three cochain complezes (N*Qum,dim.i), (A2Qm, (=1)F1dy, ) and (A2Qu, dy, ;)
coincide.

Proof. By the definition, the map o : A®*Q,,, — A2, is an isomorphism of
R-modules since (by (7))

(rall/\.../\al,)o:ro(all)o/\.../\(a/.)o:a]’l/\.../\a/,

? (2

~J



Furthermore,

drmwi((ra’l/\-~-/\a;)0) = ayA---Nad AT (=1)
(Glray A Ay = (A
= (=)' ANadi Ao Nal=—al Ao Nal AT

that is ((—=1)"*'d}, ;Jo = ody,; and the map o yields an isomorphism of the
cochain complexes (A*Qy, dpp, i) and (A2Qy,, (=1)"F1d] ;). Now, the last state-
ment of the lemma follows. [

Definition 2.6 For each natural numberm > 1, let H*(R,m) = {H*(R,m)};>¢
be the cohomology groups of the cochain complex (19).

When m = 1, the complex (19) is called the de Rham complex of R and its
cohomology Hp,(R) is called the de Rham cohomology of R. The chain (15)
yields the chain

= A, = A 5 A > 0 (21)

of complexes that are called approzximations of the de Rham complex and its
projective limit l(in A*Q,, is a complex such that

(lm A®Q,,); = lim A'Qy,. (22)
The chain (21) yields the chain
-+ — H*(R,m)— H*(R,m—1)— ---— H*(R,1) = Hhr(R) —» 0. (23)

In particular, for all s > 0, we have the chain

H°(R,m) — H*(R,m—1) —--- - H°(R,1) = Hhr(R) — 0. (24)
Let L m H*(R,m) and L m H?(R,m) be the projective limits of (23) and (24),
respectlvely For natural numbers n > 1 and m > 1, let
Hp(m) :={a e N"| 1< |a| < m} where |a| := a1 + - + .
Clearly,
[Ha(m)] = (") — 1.

n

The degree Deg and the associative filtration on A®€),,. For each
s =1,...,[Ho(m)|, A*Q = ®P,X"S where S runs through all the distinct
subsets S = {a!,...,a®} of the set H,(m) that contains s (distinct) elements
and X'S := z/o" A Az’ the order in X% is fixed for each S. So, each element
6 of A*Q,, is a unique sum 6 = 3" ps X'® where pg € P,. For S = {a!,... %},



|S| :="7_, |a’]. Let us define the degree Deg(6) by the rule: Deg(0) := oo and
Deg(f) = min{|S| | ps # 0}. For the nonzero element 6, the sum

0(6) = {psX'" | |S| = Deg(6), ps # 0}

is called the leading term of 6. So, 6 = £(6) + - -- where the three dots denote
the higher terms. For all elements 6,7 € A*Q,,, and p € P,\{0},

Deg(pf) = Deg(f) and Deg(f + 1) > min{Deg(0), Deg(n)}.
For each j € N, let I, := FS (m) := {0 € A°*Q,, | Deg(0) > j}. Then

F2o(m) == F (m) 2 F2opq(m) 2+ 2 FZ;(m) 2+

is a descending chain of left R-modules where all but finitely many elements of
the filtration are equal to zero. In this case, we say that the filtration is a finite
filtration. Clearly, for all ¢, j,s,¢ > 0,

F2i(m)F% ;(m) C FSTL(m).

For each j € N, let F7(m) := {0 € A°Qy, | Deg(0) = j}. Then FS;(m) =
®i>; ;7 (m). In particular, A*Q,, = @;>sF7(m). So, the associated graded left
R-module,

gr(A*Qy,) = @ng(m)/ng—i-l(m) =~ @Fj(m) = NQp,

coincides with the left R-module A®*(Q,,. For all 7,7, s,t > 0, Ff(m)F;(m) -
F#H(m). By (10), (where p € P,),

i+j
Qs : Ay — AT 0= pr/® A A2’ 5 dyy o (6) (25)
where
dm,s(0) = Dozpenn %g%g LY G

_1\!Bl+1 o8 s . .
= ZISW\Smft( 1)6! %xlﬁ/\x/al/\"'/\x/a + andt=2§’:1 o’

It follows that

dns(F2(m)) € FZ5Ly (m). (26)
So, the differential d,, s increases the degree Deg by at least 1 and we defined

the associated graded differential of graded degree +1 by the rule

gr(dm,s) = gr(A°Qy,) — gr(/\s+lQm)

where for each j > s,

gi(dm,s) 1 F3(m) = FS(m)/FS,,(m) — Fii(m) = FE5 (m)/FSH,(m),

0+ F3, ,(m) = dm,s(0) + FSTL,(m).



By (25), for 0 = pz/® A--- A2/ € F7(m) where p € Py,

gr(d mS)(9+F>g+1 Zix A A A 4 Fi;rJlrQ( m).  (27)

The next theorem describes the cohomology groups H¢(P,,m). The key idea is
to use the finite filtration {F;(m)} on A'Qy,, the explicit form of gr(d,,:) (see
(27)) and the fact that the representatives of the cohomology group Hg, of the
associate graded cochain complex (gr(A"€Q,), gr(dm,:)) are, in fact, cocycles of
the cochain complex (A'Qy,, dy, ;).

Theorem 2.7 For the polynomial algebra Py, k()= ("tm) — 1, by Propo-
sition 2.3.(2). Let K be a field of characteristic zero. Then for all n,m > 1,

rk(Qm)—n)

. ( i ) <3 < —
HZ(Pn;m) ~ {é( Zfo =t= I‘k(Qm) 717

otherwise.

Proof. By (17), Qum = @act,, (m)Poz’® and tk(Q,) = [Hy(m)| = ("T™) =1
is the number of free generators of the (left or right) P,-module §,,. Let ey :=
(1,0,...,0),...,en := (0,0,...,1) and B, := {e1,...,en}. Clearly, B, C H,(m)
and

H,.(m)=B,UCB,

where CB,, := H,(m)\B,, is the complement of the set B, in H,(m). It is
obvious that

A*Qy, = @) s,

where A°Q,, := R. Therefore, H® := H*(P,,m) = 0 for all s > rk({2,,). By
(25),

K Cker(dpo) C{PEP, | §5 = =22 =0} =K

and so HY = ker(d, o) = K. It remains to consider the groups H® where
s=1,.. rk( m)- Clearly7

P rxe § P.x7, (28)

SeBy(s) SEW, (s)
By,(s) := Bym(s) :={S C H,(m) | |S| = s and SN B, # 0},
W, (3) := Wym(s) :={S C Hn(m) | |S| = s and SN B, = 0},

where for S = {a!,...,a*}, X'S := 2/ A2/°" A--- A2’ and the order of the
elements in the wedge product can be arbitrary but fixed for each set S. Let

B(s) == Dsen, s P, X'S and W, (s) := Dsew, s P,X'S. By (28),

AN Q= Br(s) ® Wh(s). (29)

10



The vector space Z*® := ker(d,, ) (resp., B® := im(d, s—1)) admits the in-
duced descending filtration {Z3; = Z° N F$ (m)};>s (resp., {BL; == B*N
Fﬁj(m)}jzé,). Then

=P H; (30)

jzs
Where HS = Z;J/Zéj (B'473501) = 73,/(28 11 +(Z2,0B%) = 28,/(23, 1+
BS ;). We denote by Hg, = {Hg, }s>0 the cohomology groups of the associated

graded complex (gr(/\'Q ), gr(d )):

g gr(AST10,) %y gr(A°Qyy) SN gr(A°T1Q,,) Oty .

where 0; = gr(dpm,s). Let Z3, = ker(9s), By, :=im(9s-1) and H, = Z3,/B;,.

gr -
- . s
Then ng = @j>5ng7j where

s s+1
o ker(F>] F>]+1)

gr.j —

1m(F;j 1 5—) Fij)

Clearly, each H7 is a subfactor of Hg, ; (given vector spaces V3 C Vo C V,
the factor space Vo/V1 is called a subfactor of V). In fact, we will see that
HY = Hg, ; (see Step 6).

gr,j
Step 1. Z; = Z; © Z;, where Zy = Z3, N By(s) and Z;, = Z;(n,m) =
Zg N Wi(s): Let a € Z3. By (29), a = ap + aw Where ap € By ( ) and

aw € Whp(s). Then 0 = 05(a) = 0s(a )+ 0s(ay,) implies Os(ap) = 0 and
0s(aw) = 0 since, by (27),

Os(ap) € X APX"S ||S| =5+1,|SNB,| >2}
and
0s(ay) € X APX" | |S|=s+1,|SNB,| =1}.

Therefore, Z;, = Zj © Z,, as required.

Step 2. B;, =im(Js—1) C B,(s): The inclusion is obvious.
By Steps 1 and 2,

Hs = (Zy ® Z3) By, ~ Z§ | B, @ Z5,.

Step 3. Z3, = > sew, (s) KX'S o~ KWal and |W,(s)| = (‘H"(?)F"): Let
0 € 25, iee 0= ey, o Ps X' By (27),

o
0 =0s(a) = Xsew,(s) izt oo N X"

11



Hence, % =0foralli=1,...,n, and we must have ps € ()._, kerp, (:2-) =

3Zi
K. That is, a € Y gy, (o) KX'®, as required.

Step 4. Z;/B;, = 0 and Hg, = Z;, for s > 1: The main reason why this
equality holds is that

H}p(P,) =0for s > 1.
Let S € B,(s). Then
S = S,US, where Sy, := SN B, #0and S, := SNCB,.
Let a € Z;, ie,a= ESGBH(S) psX'3, ps € P, and, by (27),

80 =0s(a) = ESGBn(s) ds(ps X" A X/S";) =
ZSeBn(s) Zi:l dex; A X/Sz, A X/Sw — st (Zsb Zi:1 %ﬂ:x; /\X’Sb) A X/Sw.

Therefore each expression in the brackets must be equal to zero and can be
written as

D515,/ (Xg, psX') =0,

or, equivalently,

D515, (ZTQBW,|T|=|S|—|SM\ ps=s,urX'") =0.

Since H} p(P,) =0 for s > 1 and |T| > 1 as S € B,(s), then Step 4 follows.
Therefore, H;. = Z3,, as required.

Step 5. d,, s(Z5) = 0 (by Step 3 and (25)).

Step 6. H; = H;, ;: By Step 4, we have the equality Hg, = Z;,. Hence, H7

is a factor vector space of Hj, ;. Now, by Step 5 and finiteness of the filtration

on A*Q, H = H3, ;. O

When m = 1, Theorem 2.7 gives the classical result - the cohomology groups
of the de Rham complex for the polynomial algebra.
Corollary 2.8
K =0,
0 otherwise.

HY(P,,1) ~ {

Proof. For m =1, rk(Qy) = (":1) —1=n and (rk(ﬂj)_”) = (?) Now, by
Theorem 2.7, the corollary follows. [J

Given a cochain complex, (C*®,d) such that H(C*®) = 0 for all but finitely
many i and dimg (H!(C*®)) < oco. The number

X(C) = (~1)'dimx H'(C*)
is called the Fuler characteristic of C*. The next corollary shows that the Euler
characteristic of all complexes A®€),, is 0 for m > 1.

12



Corollary 2.9 For allm > 1,

Z(*l)idimKHi(Pmm) _ {1 m=1,

>0 0 m>1.

Proof. The case m = 1 is obvious, see Corollary 2.8. For m > 2 and n > 1,

m

(ntm)(n—1+m)---(n—(n—1)+m) 1

r:=1k()—-1 = ("J:l 1= o
= (1+2)(1+2)-14+m)—-1>m+1-1=m2>2.

Then

S (~1)idimg HY (Poym) = 3 (1) (r) =(1-1) =0, sincer >2.0

i>0 i>0 !
The next corollary gives an explicit K-basis for the vector space H*(P,,, m).
Corollary 2.10 For all s > 1,
H*(Pyym) = Z3, = {Xgew, (5 As X% | As € K}

Proof. The equalities H*(P,,,m) = Z5 (s > 1) were established in the proof
of Theorem 2.7.00 For each natural number n > 1 and s > 1, let

Hn(00) i= Upz1Ha(m) = N™\{0},
Bn,oo(s) = Umlenﬂn(S) - {S Q Nn ‘ |S| =S, S n Bn 7é @}7
W0 () = U1 Wam(s) = {S CN" | [S| =5, SN B, =0},

Z5(n,00) = {Esew, (s) As XS | Ag € K} ~ KWnoo(s),

where the sum is an infinite sum, it can be seen as a function on the set W, «(s)
taking values in K. As a vector space, ZZ (n, 00) is precisely the vector space of
all functions from W, (s) to K.

Theorem 2.11 1.

X K if s =0,
lim H*(Py,m) ~ 4 s
K® ifs>0.

m

2. Forall s > 1, lim H*(P,,m) ~ Z$ (n,o0).

Proof. 1. The case s = 0 is obvious as H°(P,,m) = K and the sequence
(24) for s =01is

13



For s > 1, statement 1 follows from statement 2.
2. By Corollary 2.10, for all s > 1, H*(P,,m) = Z5(n,m). So, the chain
(24) takes the form

= 78 (nym) —2 78 (nym— 1) —— .. —— Z5,(n,1) = Hy (Py) = 0

where
X'S if S € Wmm_l(s),
0 otherwise.

6m<X/S) _ {

It follows that @HS(Pn,m) =275 (n,00). O

3 The cohomology groups H'(S,,m) where S, is
an algebra of power series

The aim of this section is to find the cohomology groups H*(S,,, m) where S,, =

K{[[z1,...,2,]] is the algebra of power series in n variables over a field K of
characteristic zero (Theorem 3.2). The algebra of power series (S,,m) is a
local Noetherian algebra where m = (z1,...,2,) is a unique maximal ideal of

Sy,. The algebra S, is a complete topological algebra with respect to the m-
adic topology, i.e., {m*};>¢ is the set of open neighbourhoods of 0. The tensor
product of algebras S,, ® S, is a topological algebra where the topology 7 is
determined by the set {m’ ® S,, + S, ® m'};>0 of open neighbourhoods of 0.
The mapd: S, =+ S5, ®8,, s— s =s®1—1® s is a continuous map. In
particular, by (10), for all power series p € S,,,

9Pp '8 z'8 9Pp
/I +1 _
DD Sl LA gLt 4 (31)
ot dxf B! i B! oz

where both sums are infinite sums.

Proposition 3.1 Let S, := K[[z1, ..., xy]] be a power series algebra over a field
K of characteristic zero. Then

1. I = S’nS; = Bla|>1502"" = 5]Sn = B|a|>12'*Sn where a € N and
lof =1+ Fan. Form>1, I"™ = @|q|>mSnx’" = Dja|>m@’*Sn. The
ideal I of Sy, ® Sy, is equal to (x},...,x}).

rn

2. Form>1,
Q= I/T™ = B1<ja)<mSn2™™ = S1<|aj<m@’*Sn- (32)

In particular, the free left/right S,-module Q. has rank rk(Q,,)
1.

|
—
3
+
3
~—
I
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’

3. P(S,) = Sullay, .. a,]] =[x}, ..., x,]]S. is the algebra of power series

rn

with coefficients in the algebra S, and
Qoo = (55117 ce 7:17/n) = Z?:1 P(Sn) ; = Z:‘l:1 I;P(Sn)

is the ideal of the algebra P(S,) generated by the elements acll, e ,x;L. The
derivation
deo : R — Qu is given by (31).

4. For allm >1,
Q= Qoo /QFL (33)

Proof. 1. By Lemma 2.1 and Lemma 2.2, I = 5,5, = 2la>1 On(@®) =

Dla|>192' and [ = S;S’n = Z|a|>1(x°‘)’5n = @lq>12'*S, since (2')* =
2°®14+---+1x®z* Hence, B

I = @ Spa'® = @ 'S, (34)

la|>m la|>m

for all m > 1. Clearly, the ideal I of the algebra S, ® S,, is generated by the
elements a},..., 2}

2. Step 2 follows from statement 1.

3. Step 3 follows from statement 2.

4. Step 4 follows from statement 3. [

The degree Deg and the associative filtration on A*Q,,. For each
s =1,...,|Hu(m)|, A*Q = ®S,X"S where S runs through all the distinct
subsets S = {al,...,a®} of the set H,,(m) that contains s (distinct) elements
and X'S := /@' Ao A2l So, each element 0 of A®Q,, is a unique sum 6 =
S psX'S where pg € S,,. For S = {al,...,a*}, [S|:= 37, |a']. Let us define
the degree Deg(f) by the rule: Deg(0) := oo and Deg(0) = min{|S| | ps # 0}.
For the nonzero element 6,

0(6) =Y {psX"®||S| =Deg(6), ps # 0}

is called the leading term of 6. So, 6 = £(6) + - -- where the three dots denote
the higher terms. For all elements 6,7 € A*Q,, and p € S,\{0},

Deg(pf) = Deg(0) and Deg(6 + 1) > min{Deg(f), Deg(n)}.
For each j € N, let F¥ (m) := {0 € A*Qp, | Deg(0) > j}. Then
Fo(m) == F,(m) 2 F2 41 (m) 2 --- 2 FZ;(m) 2 -

is a descending chain of left R-modules where all but finitely many elements
of the filtration are equal to zero. So, it is a finite filtration. Clearly, for all
?:’ j7 S7t Z O’
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FLi(m)FL;(m) € FEE5(m).

For each j € N, let F?(m) := {0 € A°Q,, | Deg(f) = j}. Then FS,(m) =
®i>; F7(m). In particular, A*Q,, = ©;>sF;(m). So, the associated gmded left
R-module,

@F>] /F>]+1 @Fs = N°Q Tnv

j>s

coincides with the left R-module A®Q,,. For all i,j,s,t > 0, Ff(m)Fj(m) C
F3H(m). By (31), (where p € Sy),

i+j
Qs A = AT 0= pa/™ A A2 o di o (0) (35)
where
|Bl+1 3 s
dms(0) = Yospenn “r— ‘ ‘g BN N A 4
BIH1 o8 s , ,
= Zlgw\gm—t( )ﬁ! 2733’5/\36 Ao AN/ + T and t =307 |al).

It follows that

din,s(FS;(m)) C FS73(m). (36)

So, the differential d,,, s increases the degree Deg by at least 1 and we defined
the associated graded differential of graded degree +1 by the rule

gr(dm,s) = gr(A°Qy,) — gr(/\SHQm)

where for each j > s,

gt(dms) : Ff(m) = F;(m)/FS; 4 (m)  — Fif(m) = FS5 (m)/FST o (m),

0+ F3;,,(m) = di s (0) + FSTL,(m).

By (35), for 6 = pa/® A--- A2/ € F?(m) where p € Sy,

gr(dim,s) (0 + F2, 4 (m Z@x zp N N A2+ FEEL(m). (37)

Theorem 3.2 describes the cohomology groups of H(.S,,,m).

Theorem 3.2 For all n,m > 1,

rk(ﬂm)fn)

_ (G
H'(S,,m) ~ {é(

where tk(Q,,) == (”er) —1.

n

if 0 <i<rtk(Qp) —n,
otherwise,
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Proof. We keep the notation of the proof of Theorem 2.7. By Lemma
3.1.(2), QU = Baen, (m) S’ and k() = [Hy(m)| = ("I™) — 1 is the
number of free generators of the (left or right) S,-module €2,,. Notice that
Ay, = @) As Q. Therefore, H® := H*(S,,m) = 0 for all 5 > rk(Q,,).
By (35),

K Cher(dmo) C{P €S, | 2L == 2L 0} = K,

and so HY = ker(dm,0) = K. It remains to consider the groups H® where
s=1,.. rk( m). Clearly,

P s.x%e P S.x7, (38)
SeB,(s) SeW,(s)
By, (s) := Bym(s) :={S C H,(m) | |S| =s and SN B, # 0},
Wi (s) := Wy (s) := {S € Hn(m) | |S] = s and S N B,, = 0},

where for S = {a!,... 0}, X9 = 2 Az A A2’ and the order of the
elements in the wedge product can be arbitrary but fixed for each set S. Let

Bi(s) == Dsen, (s S, X" and W, (s) := Dsew, ) S, X'"S. By (38),
AN Q= B (s) @ Wy (s). (39)

The vector space Z° := ker(dm,,s) (resp., B® := im(d,, s—1)) admits the in-
duced descending filtration {Z3; = Z° N F$ (m)};>s (resp., {BL; == B*N
ng(m)}jZS). Then

=P H; (40)

jzs
Where HS =73 /Z@j (B 428 )10) = 22,/ (28,042 0B%) = 28, /(22 11+
BS ;). We denote by Hg, = {Hj }s>0 the cohomology groups of the associated

graded complex (gr(/\'Q ), gr(dm)):
s s—1 9s s+1 541

I (AT )—)gr(/\Q ) == gr(ATT Q) — -

where 0 := gr(d,, s). Let Z; = ker(0s), By, :=1im(9s-1), and Hy, = Z; /B;,.

Then Hj, = ®;>sHj, ; where

o ker(Py B FoiL)
grj — 1 0s
1m(F>j71 == ng)
Clearly, each H; is a subfactor of Hj, ;. In fact, we will see that H; = Hy, ;
(see Step 6).

Step 1. Z;, = Z; ® Z,, where Zy = Zg, N By(s) and Z;, := Z; (n,m) =
Zg N Wy(s): Let a € Z3. By (39), a—ab—l—aw where a, € B,(s) and
ay € Wp(s). Then 0 = 8( ) = 0Os(ap) + 0s(ay,) implies ds(ap) = 0 and
0s(ayw) = 0 since, by (37),

17



Ds(ap) € {8, X"5 | |S| = s+1,|SN B,| > 2}
and
Os(ayw) € S {S X" ||S| =s+1,|SN B,| =1}
Therefore, Z;, = Z; © Z,, as required.
Step 2. B;, =im(Js-1) C B, (s): The inclusion is obvious.
By Steps 1 and 2,
HE = (Z; © Z},) | Bg, ~ Z;j | B, © Zs,.
Step 3. Z3, = X sew,(s) KX'S ~ KIWa)l and [W,,(s)] = (‘H"(?)F"): Let
a€Z5 e, a= ZSEW"(S) psX'3. By (37),

0=0s(a) = X gew, (s) 2oiz1 %fx; AX'5.

Hence % =0foralli=1,...,n, and we must have pg € _, kersn(ﬁ) =K.

That is, a € ZSeWn(s) KX'S as required.

Step 4. Z;/B;, = 0 and Hg, = Z;, for s > 1: The main reason why this
equality holds is that

H}p(S,) =0 for s > 1.
Let S € B,(s). Then
S =S,US, where Sy, := SN B, #0and S, := SNCB,.
Let a€ Z;,ie,a= ZseBn(s) psX'S, ps € S, and, by (37),
0 =0s(a) = Ysep, () Os(Ps X% A X' =

ESeBn(s) i %xé A XS X" = s, (s, i ?91;? T N X)) A X

Therefore, each expressions in the brackets must be equal to zero and can be
written as

Ds—15.,1(Xg, PsX50) =0,

or, equivalently,

as—ISwI(ZTan,|T|=|S|—|Su,\ ps=s,urX'") =0.
Since H} ;(Sy) =0 for s > 1 and |T| > 1 as S € B, (s), then Step 4 follows.
Therefore, H;. = Z3,, as required.

Step 5. d,, s(Z5) = 0 (by Step 3 and (35)).

Step 6. H; = Hg, ;: By Step 4 we have the equality Hg, = Z;,. Hence, H;

is a factor vector space of Hj, ;. Now, by Step 5 and finiteness of the filtration

on A*Qp, H = H3, ;. O
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Corollary 3.3 For allm > 1,

3 (1) dimg HY (S, m) = {1 m=1

>0 0 m>1.

Proof. The case m = 1 is obvious, since

K i=0,
0  otherwise.

H'(S,,1) ~ {

For m > 2 and n > 1,

r:=rk()-1 = ”J;m —1= ("+m)(n71+mq)ﬁ“("7(nfl)er) -1
= 1+)A+-2)--14+m)—1>m+1-1=m>2.

Then
> (~1)idimg H (S, m) = Z(1)i<:> =(1-1)"=0, sincer > 2.0
i>0 >0
The next corollary gives an explicit K-basis for the vector space H*(S,,, m).
Corollary 3.4 For all s > 1,
H*(Sn,m) = Z5, = {Xsew,(s) AsX'™ [ As € K}.

Proof. The equalities H*(S,,, m) = Z% (s > 1) were established in the proof
of Theorem 3.2.00
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