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Abstract

We find necessary and sufficient conditions for a finite K—bi—invariant
measure on a compact Gelfand pair (G, K) to have a square—integrable
density. For convolution semigroups, this is equivalent to having a
continuous density in positive time. When (G, K) is a compact Rie-
mannian symmetric pair, we study the induced transition density for
G—invariant Feller processes on the symmetric space X = G/K. These
are obtained as projections of K-bi—invariant Lévy processes on G,
whose laws form a convolution semigroup. We obtain a Fourier series
expansion for the density, in terms of spherical functions, where the
spectrum is described by Gangolli’s Lévy—Khintchine formula. The
density of returns to any given point on X is given by the trace of
the transition semigroup, and for subordinated Brownian motion, we
can calculate the short time asymptotics of this quantity using recent
work of Bafniuelos and Baudoin. In the case of the sphere, there is an
interesting connection with the Funk—Hecke theorem.

1 Introduction

Let X = (X(¢),t > 0) be a (time-homogeneous) Feller-Markov process,
which takes values in a locally compact space M that is equipped with a



positive regular Borel measure p on its Borel o-algebra. Key quantities
of interest are the transition kernel K;(z, A) which is the probability that
X(t) € A given that X(0) = x, where z € M and A is a Borel set, and the
Feller semigroup (P, t > 0) defined on the space of real-valued continuous
functions on M that vanish at infinity by

Pof(x) = /M F () Ko, dy).

There are a number of interesting and fundamental (linked) questions that
we can ask:

(I) Does a transition density k(,-) exist for ¢ > 0, so that

Kt($aA)=Akt($,y)u(dy),

and does the function k : (0, 00)x M x M — [0, 00) have good regularity
properties, such as continuity, differentiability or finite LP-norm?

(IT) Do the operators P; extend to form a semigroup on L?(M, ). If so,
when is it self-adjoint or trace—class?

(III) Does there exists a complete set of (normalised) eigenfunctions {¢,,n €
N} for P, (with ¢ > 0) so that for all z,y € M we can write

k() = 3 A(06u(2)00 (), (1.1)

neN
where Pio, = A\, (t)dn?

(IV) When do we have a trace formula:
/ k(2 2)u(dz) = trace(P)?
M

Assuming (I) and some imposed regularity, a quite general approach was
taken to (II) and (III) in [20] with M assumed to be a compact separable
metric space. A key role here is played by the requirement that k; exists and
is square—integrable. The case where X is a compact Riemannian manifold,
1 is the Riemannian volume measure p and X is Brownian motion has been
extensively studied. In this case k; is the “ubiquitous” heat kernel [23], and
(I) to (IV) all have positive answers (see e.g. Chapter 3 of [31] or Chapter
VI of [12]).



In [5] (and references therein) positive answers to (1) to (IV) were ob-
tained for a class of central symmetric Lévy processes in compact Lie groups
(where p is normalised Haar measure), which are obtained by subordinat-
ing Brownian motion. Here the key techniques used were harmonic ana-
lytic, arising from the representation theory of G. The restriction to central
(conjugate—invariant) processes was key as it ensured that the Fourier trans-
form of the measure was a scalar, and these scalars give us the required
eigenvalues, through the Lévy—Khintchine formula.

In this paper, we present another class of processes for which (I) to (IV)
are valid. The object of interest is a Feller-Markov process defined on a
compact symmetric space M, which has G—invariant transition probabilities,
where G is the identity component of the isometry group of M, and is condi-
tioned to start at the point fixed by a closed subgroup K of G (so M = G/K).
The reference measure p is the unique (normalised) G-invariant measure on
M. Tt is well-known that all such processes arise as the projection to M of a
Lévy process in G whose laws form a K—bi-invariant convolution semigroup
of probability measures (see [9, 24, 25]). We cannot assert that this is a
special case of the theory developed in [5], as the measures we consider are
not, in general, central (see Proposition 4.3); however many of the techniques
developed in [5], may be applied here. In particular, we find that the eigen-
values we need are given by Gangolli’s Lévy—Khintchine formula [19, 27], and
the eigenvectors are the spherical functions (so we deal with a complex form
of (1.1)).

The plan of the paper is as follows. In section 2, we develop some general
considerations concerning measures on homogeneous spaces. Some, but not
all, of the results presented there are known. The purpose of section 3, is to
extend the work of [3] to find necessary and sufficient conditions, in terms of
the Fourier transform, for a finite measure associated to a compact Gelfand
pair to have a square—integrable density. In section 4, we consider convolu-
tion semigroups of probability measures, where we present a recent result of
Liao [25] which tells us that the measures have a continuous density if and
only if they have a square-integrable one. So from the work of sections 3 and
4 together, we have necessary and sufficient conditions for a measure within
a convolution semigroup, as above, to have a continuous density (in positive
time). In section 5 we specialise to compact symmetric spaces, where we de-
velop the Fourier expansion of the transition density, and obtain the required
trace formula. It is worth pointing out that we don’t require our measures to
be symmetric (or equivalently P, to be self-adjoint), in contrast to [20] and
[5]. We also apply the theory of [7] to study short—time asymptotics of the
transition density corresponding to subordinated Brownian motion on M.
Finally in section 6, we present the example of the n—sphere in a little more



detail, and consider the implications of the Funk—Hecke theorem within our
context.

Notation. If X is a locally compact Hausdorff space, then B(X) is its
Borel o-algebra, C.(X) will denote the linear space of continuous functions
from X to R having compact support, M(X) is the linear space of positive
regular Borel measures on (X, B(X)), and M (X)) is the subspace comprising
finite measures. If G is a locally compact Hausdorff group, we will denote its
neutral element by e. We equip the space M(G) with the binary operation
of convolution *, so that if uy, uy € M(G), their convolution gy * s is the
unique element of M(G) such that for all f € C.(G),

/G F(9) (o1 # 12)(dg) = / /G £(gh) 11 (dg)pualdh).

Then M(G) is a monoid, with neutral element given by the measure ., where
for all A € B(Q), 5,(A) := { D ; ‘T p e M(G), then i € M(G),
where p/(A) := u(A™?1) for all A € B(G), and A™! :={¢g7';9 € G}.

All L? spaces appearing in this paper comprise complex—valued functions.
The space of all d x d complex—valued matrices is denoted by My(C), and
the trace of A € M,(C) is written tr(A).

2 Absolute Continuity of Measures on Ho-
mogeneous Spaces

Let G be a locally compact Hausdorff group, which we equip with a a left
Haar measure mg. We will tend to write mg(dg) = dg within integrals. The
modular homomorphism from G to the multiplicative group (0,00) will be
denoted Ag. It is uniquely defined by the fact that

/ Flgh™")dg = A (h) / f(9)dg. (2.1)
G G

forall h € G, f € C.(G).

Let K be a closed subgroup of GG, with fixed Haar measure my, and X
denote the homogeneous space G/ K of left cosets of G, i.e. X = {gK,g € G}.
We equip X with the usual (Hausdorff) topology which is such that the
canonical surjection £ : G — X is both continuous and open. We will write
0:=&(K). The group G acts on X by homeomorphisms via the action

7(9)d'K = g4'K,
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for all g, ¢’ € G. We will make frequent use of the fact that for all g € G,

Eoly=17(g) 0¥, (2.2)

where [,(h) = gh for all g,h € G. If K is compact, we will always normalise
so that mg(K) =
Define P : C.(G ) Ce(X) by

(Pf)(gE) = /K f(gh)dk

for each g € G, f € C.(G). It is shown that P is surjective in [17], pp.61-2.

Let C. x(G) denote the linear subspace of C.(G) comprising functions
that are K-right—invariant. If K is compact, then any F' € C.(X) gives rise
to F* € C.x(G) by the assignment F* = F o &. It is not difficult to see
that this induces a linear isomorphism between the two spaces. If K is not
compact, then £71(C.(X))may contain no functions of compact support (e.g.
consider the case G = R and K = Z).

If p € M(G) then pg :== po& ' € M(X). Moreover for all F' € C.(X)
we have (see e.g. [11], Proposition 3.6.1, pp. 190-1)

/G Fé(g)u(dg) = /X F(a)ue(dz), (2.3)

provided F* € LY(G, p).
If we begin with functions defined on G, rather than on X, then given
p € M(G), there exists a unique g € M(X) such that for all f € C.(G),

/G £(9)u(dg) / (Pf)(gK)idgK), (2.4)

if and only if for all f € C.(G),k € K,

/fgk u(dg) = Ak (k /f (2.5)

(see [30], pp. 157-8 or [34] pp. 42-5).

Some simple consequences of (2.5) are:

1. If p is a non-trivial K-right-invariant measure on G, then pu exists if
and only if Ag(k) =1for all k € K.

2. If (2.5) holds, then taking f therein to be K- right invariant, we see
that either Ag(k) = 1 for all k € K, or [, f(g9)u(dg) = 0 for all
feC.r(Q).



If we take u = mg, then it follows from (2.5) and (2.1) that m¢ exists and
is unique if and only if
Ak (k) = Aa(k), (2.6)

for all k € K. In this case we will write o := mg. It is easily seen from (2.4)
that o is G-invariant, in that

for all g € G, A € B(X), and in fact, if it exists, o is (up to multiplication
by a non-negative constant) the unique such measure on (X,B(X)). If K
is compact, then (2.6) holds with both sides of the equation being equal to
one.

We could repeat the above discussion, with X being replaced by X' =
K\G, the space of right cosets of GG, which is again a locally compact Haus-
dorff space, with topology such that the natural surjection ¢ : G — X' is
open and continuous. The natural action of G on X’ is 7/(h)(Kg) = Kgh,
for g, h € G, and if (2.6) holds, there is a unique (up to non—negative scalar
multiplication) G—invariant measure ¢’ on X’ such that o’(7(¢')A) = o'(A),
for all ¢ € G, A € B(X). This measure is related to right Haar measure on
G in the same way that o is related to left Haar measure. The mapping C'
which takes gX to Xg for all g € GG is easily seen to be a homeomorphism
between X and X', and we then have ¢/ = 00 C~ L.

From now on we will always assume that K is compact. For f € C.(G), g €
G, let Pxf(g) :== [ f(gk)dk € Cex(G). Then for all ' € Co(G), PxF =
PF o¢&. Let Mg(G) denote the subset of M(G) comprising measures that
are K-right—invariant. Any measure p € Mg(G), is determined (through
the Riesz representation theorem) by its action on the space C. x(G) since

for all f € C.(G),

/ flo)uldg) = / Prcf(g)u(dg). (2.7)
G G

If (2.5) is satisfied, and p € Mg (G), then it follows from (2.3), (2.4) and
(2.7) that 1 = pe. In particular, mg € Mg(G), as can be seen from (2.1)
and the fact that Ag(k) = 1 for all k € K (see also Proposition 1.10 (a) in
[25]), s0 0 = (Mmg)e.

The mapping p1 — ¢ is an isometric isomorphism between Mg (G) and
M(X), and f — f o ¢ is an isometric isomorphism between L4 (G) :=
L% (G,m¢g) with LP(X) := LP(X,0) for p > 1. For each g,h € G define
L,f(h) = f(g'h) for f € LP(G). It is well-known (and easy to deduce)
that L, is an isometric isomorphism of LP(G), and if 1 < p < oo, then the
mapping g — L, f is continuous from G to LP(G) (see e.g. Proposition 1.2.1

6



in [6]). For each g € G, F € LP(X), define T,F := Fo7(g~"). Then T, is an
isometric isomorphism. Moreover we have

Proposition 2.1. If1 < p < oo, for each F' € LP(X) the mapping g — T,F
is continuous from G to LP(X).

Proof. Since for all g, h € G, Ty, = T,0T}, and T}, is an isometry, its sufficient
to prove continuity at e. First observe that by (2.2)

/X T,F(z) — F(z)Po(dr) = / (T,P)E(g') — FE(g)|Pdg’
- /G (For(g™)o&)(g) — FE(g)Pdy
- /G IL,FS(q') — F&(g)Pdg,

and the result follows by continuity of the map g — L,F*. m

Now suppose that 1 € Mg(G) is absolutely continuous with respect to
m¢ and write the Radon-Nikodym derivative h := du/dme. In the sequel we
will frequently identify h with a particular member of the equivalence class
that it defines in L!'(G), and in common with standard probabilistic usage,
we may refer to any version of h as the density of p (with respect to mg).

Proposition 2.2. If u is K-right—invariant, then h is K-right—invariant
almost everywhere.

Proof. For all f € C.(G),k € K, using (2.1), we have
/ f(g)h(gh)dg = / F(gk™")h(g)Ag(k)dg
G G
= / flgk™")p(dg)
G
_ / F(g)u(dg) = / £(9)h(g)dg,
G G

and the result follows. O

Proposition 2.3. The measure p € Mg (G) is absolutely continuous with
respect to Haar measure on G, having Radon Nikodym H* if and only if ue
15 absolutely continuous with respect to the G—invariant measure o on X,
having Radon-Nikodym derivative H. Furthermore H is continuous/LP for
1 <p < oo, if and only if H is.



Proof. Firstly let p € Mg(G) be absolutely continuous as stated. Then its
Radon-Nikodym derivative h is K-right-invariant by Proposition 2.2, and so
h = H¢ for some H € L*(X). Then for all F € C.(X),

[ Paan = | Fama
- /X F(2)H(z)o(dx),

and the result follows.
Conversely, if j1¢ is absolutely continuous with Radon-Nikodym derivative
H, then

/ Fé(g)u(dg) = / F(2)H(z)o(dz)
G X
- /G FE(g) B (9)dg,

and the result again follows since u is determined by its action on C, x(G).
The result on continuity follows from the fact that the mapping H — H¢ is
a bijection between C(X) and Ck(G). The integrability statement follows
similarly. ]

We have the following partial generalisations of a known result on locally
compact groups due to Raikov—Williamson (see [33] and [6], Theorem 4.4.1
p.98).

Proposition 2.4. If p € M(X) is absolutely continuous with respect to o
then for all E € B(X), u(t(9)E) — u(E) as g — e.

Proof. Writing h := du/do, we have

lu(r(9)E) — p(E)|

IN

[ rl™)) = hialo(aa

< ||T(g)h — hHL1 y—0asg—e,

by Proposition 2.1. O]

We conjecture that the converse of Proposition 2.4 also holds, but the
proof of the corresponding result on a group G requires both the left and right
action of GG on itself, and we do not have analogues of both tools available
to us.



The space F := K\G/K is the set of all double cosets {KgK,g € G}.
Note that each such double coset is an orbit of K in X, i.e. if v = gK then

KgK ={7(k)x;k € K}.

The set F is a locally compact Hausdorff space when equipped with the
topology which makes the canonical surjection ¢ from G to E continuous
and open. If N is the normaliser of K in G, then there is an action w of N
on F so that w(n)KgK = K1(n)gK, for all ¢ € G,n € N. It is shown in
Corollary 3.2 of [28] that there is an invariant measure o on E in that for all

nenN,
| retmiiatds) = [ rwatas) (2.9
E E
Furthermore, (see Theorem 2.1 in [28]), for all f € C.(F),

| #aatas) - /G (f 0 O)(g)dg

3 Square—Integrability of Densities on Com-
pact Gelfand Pairs

From now on, we will assume that (G, K) forms a compact Gelfand pair,
so that G is a compact group, K is a closed subgroup, and the Banach
algebra (with respect to convolution) L'(K\G/K) is commutative (see e.g.
[35] for background on such structures, and for material that now follows).
Haar measure mq will be normalised henceforth, so that mg(G) = 1. We
denote by G the unitary dual of G, i.e. the set of all equivalence classes
of irreducible representations of G, with respect to unitary conjugation. If
m € (G, its representation space V; is finite-dimensional, and we will write
dr :=dim (V7). Fix an orthonormal basis {7, ..., €] } for V, and define the
co-ordinate functions on G by m;(-) := (w(-)ef,e]) for i, j = 1,...,dr. The
celebrated Peter—Weyl theorem tells us that {v/d,m; ;1 <i,j < d,T, T E @}
is a complete orthonormal basis for L*(G).

Let L7 (G), L?;(G) and L2, (G) := L} (G) N L2 (G) be the subspaces
of L?(G) comprising functions that are almost—everywhere K-left-invariant,
K-right—invariant, and K—bi-invariant (respectively). The orthogonal pro-
jections from L2(G) onto these spaces will be denoted, respectively PX, Py
and Qx = PXPg = PxPX | so that for all f € L*(G),g € G,

PEf( / f(kg)dk, Pk f(g / f(gk)dk,Qx f(g / / f(kgk")dkdk'.
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We can and will use natural isomorphisms between these spaces to identify
L} (G) with L*(X', 0"), L2, (G) with L?(X, ¢) and L}, (G) with L*(E, ). This
last space will often just be written as L?*(K\G/K), in line with standard
usage.

Now recall that a representation 7 of GG is said to be spherical if there
exists a non—zero spherical vector u, € V., i.e. w(k)u, = u, for all k € K. If
this is the case, then u, is unique up to scalar multiplication, and we define
VE .= {lu,; A € C}. We find it convenient to define VX = {0} if 7 is not
spherical. In either case, let EX = [ « ™(k)dk be the orthogonal projection
from V, to VﬂK . When 7 is spherical, we will, for convenience, assume that
ur has norm one, and we always select our orthonormal basis {ef,...,ej }
in V; so that ef = u,. Let @8 be the subset of G comprising spherical
representations. R

Now let f7, = (7(-)u,v), where u,v € Vz,m € G. Then f7 € C(G),
and easy algebra yields

PK 'L7LT,'U - Ztr,Efr(mPKfZLr,U = fgffu,v’ QKf’ZLT,U = fg‘,{(u,Effv (31)
We have the following consequences of the Peter-Weyl theorem:

Proposition 3.1. 1. {\/d.(w(-)el,eT);i = 1,...,ds, 7 € CA;’S} is a com-
plete orthonormal basis for L (G).

2. {Vd(n( el €]);j =1,... . dr,m € @S} is a complete orthonormal ba-
sis for L?;(G).

3. {Vd(w(-)eT, eV € Gy} is a complete orthonormal basis for L (G).

Proof. This follows easily from the Peter—Weyl theorem and (3.1). Note that
at least (3) is well-known (see e.g. [35] Proposition 9.10.4, p.205 and [21],
Theorem 3.5, pp.533-4.) O

In relation to Proposition 3.1(3), observe that the prescription
Or(g) = (ef, m(g)eq),

for g € G defines a (positive-definite) spherical function on G, i.e. a non—
trivial continuous function from G to C so that for all g,h € G,

/K bn(ghh) Ak = b (9)bn (1), (3.2)

and all spherical functions on G arise in this way (see [21] pp.414-7 or [35]
pp.204-5). Since the conjugate representation to 7 is both irreducible and

10



spherical whenever 7 is, we can rewrite the result stated in the more familiar
form that {\/d,¢., ™ € G,} is a complete orthonormal basis for L (G).
If p € Mp(G), its Fourier transform is the matrix-—valued function

() = /G w9~ )u(dg),

where 7 € G. Properties of the Fourier transform are developed in section
4.2 of [6]. In particular, i uniquely determines the measure p.
If 1 is K-bi-invariant, its spherical transform is the complex-valued map-

ping:

(o) = /G o(g)u(dg),

where ¢ is a spherical function on G, and this also uniquely determines u
(see e.g. [22]).

In [3] (see also Theorem 4.5.1 in [6]), it is shown that u € Mg(G) has a
square—integrable density if and only if

S @i s = a3 )l < oo, (3.3)

e G reG =1

where ||-||zs denotes the matrix Hilbert-Schmidt norm, so that ||z(7)||%¢ :=
tr(z(m)*fi(m)). Furthermore, if (3.3) holds, then the density f, := du/dg has
the L?>-Fourier expansion:

fu= Y dote((m)m). (3.4)

We will need the following useful characterisations of K—invariant mea-
sures by means of their Fourier transforms, in relation to which it’s worth
noting that the mapping p — ' is a bijection between K-left-invariant and
K-right-invariant measures on G.

Proposition 3.2. Let € Mp(G).
1. The following are equivalent:

(a) The measure p is K—-left-invariant,
(b) 7i(r) = [i(7)EX for all w € G.
(c) f(m)ij =0 for all m ¢ G,, orme Gy andj # 1.

2. The following are equivalent:

11



(a) The measure p is K-right—invariant,
(b) () = EXJi(x) for all w € G.
(c) 1(m); =0 foralln ¢ Gy, orme Gy andi# 1.

3. The following are equivalent:

(a) The measure p is K—-bi—invariant,

(b) fi(r) = EX(n)EX for all w € G.

(c) i(m)s; = 0 for all m ¢ Gy, or w € Gy and (i,5) # (1,1).
Proof. We just prove (2) as (1) is similar and (3) follows from these two
assertions. The equivalence of (b) and (c) is straightforward linear algebra

and is left to the reader. To show that (a) implies (b), let 7 € G and
u,v € V. If pis K-right—invariant, then

((r)u,v) = /szlv(g_l)u(dg)
- / PR T (g~Y)u(dg)

- / £7 (g™ a(dg)

= (fi(m)u, Efv)
and the result follows. R R
To show that (c) implies (a), if fi(7);; = Oforallm ¢ Gyor m € Gy and j #
1, then [,(7(g)e;,eq)p(dg) = 0. So by Proposition 3.1(2), [, fI.(9)u(dg) =
0 unless the function f7  is K-right-invariant. Hence, by the Peter-Weyl
theorem for continuous functions (see e.g. Theorem 2.2.4 in [6], p.33), u is

determined by its integrals against functions in C,..(G), and so it is K-right—
invariant. [

Remark. If 7 ¢ G, then EX = 0 and so 7i(r) = 0 in all three cases of
Proposition 3.2.

When we combine the main result of [3] (see also Theorem 4.5.1 in [6])
with that of Proposition 3.2 we get

Theorem 3.3. Let i € Mp(G).
1. If p is K-left—invariant, then it has an L*—density if and only if

S i@l s = 3 de 3wl < oo

WG@S Tl'eés i=1

12



2. If u is K -right—invariant, then it has an L*-density if and only if
dr
D dallfim)irs = D de Y ()] < oo
r€Cs reGs  I=1

3. If u is K-bi—invariant, then it has an L*—density if and only if

Z d7r|ﬁ(¢7r>|2 < 0.

ﬂeas

Proof. We just prove (1) as the others are similar. If y has an L?-density,
then the result follows from (3.3) and Proposition 3.2(1). For the converse
direction, note that by K-left—invariance of pu and Proposition 3.2(1), we

have . .
Zdn Z [A(m)is]* = Z dwz () |* < oo,
p=te; i,j=1 WG@S i=1
and then the result again follows by (3.3). O

In all three cases, the Fourier expansion of the density is given by (3.4).
Any (left, right or bi)-K—invariance of the measure is inherited by the den-
sity (almost everywhere). This is a consequence of Proposition 2.2 and its
generalisation to the K—left—invariant case; it can also be deduced by unique-
ness of Fourier transforms, using Proposition 3.2. If y is K—bi-invariant, it
is easy to check that (in the L*-sense),

fu = Z dﬂ'ﬁ(¢7r)¢7r (35)
ﬂéés
Remarks.

1. The advantage of these results over (3.3) is the reduction in summing
over the whole of G to summing over the subset és, and then summing
over a smaller number of matrix elements; in Theorem 3.3(3) there is
the additional advantage of having a single matrix element.

2. The results of this section generalise beyond the category of Gelfand
pairs, to arbitrary (G, K), where G is compact and K is closed; but
the set—up presented here is convenient for the sequel.

13



4 K-Invariant Densities and Kernels for Con-
volution Semigroups

Let (u,t > 0) be a convolution semigroup of probability measures on the
compact group G. By this we mean that

® i1y = s %y for all s, >0,
o weak-lim; ,ou: = po.

It then follows that o is Haar measure on a compact subgroup of G (see
Theorem 4.6.1 in [6], p.104). We say that the convolution semigroup is
standard if py = d.. In this case, (see e.g. Proposition 5.1.2 in [6] and the
discussion that follows) for each € G, (iy(), ¢ > 0) is a strongly continuous
one—parameter contraction semigroup on V,. Furthermore (P;,t > 0) is a
contraction semigroup of linear operators on L?(G) defined for each ¢t >
0,f € L*G),g9 € G by

P.1(g) = /G F(gh)pua(dh),

and we have [i;(m);; = P7j;(e) for each m € G, 1<i,j<d,.

It is shown in [26] that a convolution semigroup is K—left—invariant if and
only if it is K-right—invariant if and only if it is K—bi—invariant. Then pgy =
mpy, (P, t > 0) as defined above! is a contraction semigroup on L?(K\G/K),
and for each 7 € Gy, (fiu(¢,),t > 0) is a strongly continuous one-parameter
contraction semigroup of complex numbers.

For each € M(G), using the Riesz representation theorem, we define
1%) to be the unique measure in M(K\G/K) for which

/G Flg) " (dg) = /G (Qk f)(g9)n(dyg). (4.1)

for all f € C.(G).
Theorem 4.1. Let i € Mp(G).
1. If u has a square—integrable or continuous density then so does p<).

2. If G is a connected Lie group having Lie algebra g and p has a CP—
density for p € N, then so does u*<).

Tt also acts as contractions on L?(G), and is a semigroup in the sense that Py, = PsP;
for all s,t > 0, but Py = Pk in this case.

14



In all cases, if f is the density of u, then that of ) is Qx f.

Proof. 1. Both follow easily since )k is an orthogonal projection from
L*(G) to L?*(K\G/K) which preserves continuity.

2. For all Xy,...,X, € g,9 € G the mapping g — X;... X,Qxf(g) is
well defined and continuous, indeed standard arguments yield

S XpQk f(g //X1 X, f(kgk)dkdk' = Qr (X1 ... X,f)(9),

and the result follows by a theorem of Sugiura [32] pp. 42-3 (see also
Theorem 1.3.5 on p.20 of [6]).
O

Now suppose that (u,t > 0) is a standard convolution semigroup, and

consider the associated set of K—bi-invariant probability measures (u%K), t>

0).

Proposition 4.2. (,ugK),t > 0) is a K-bi—invariant convolution semigroup
on G.

Proof. For all f € C(G),s,t >0, by (4.1),

/ Flo)ul(dg) = / Qx f(gh)ps(dg) e (dh)

[ stkaniyara i agyun an

/K F(kgU= hk")dldkdk p1s(dg) 1, (dR)

/K / F(kgll I Rl dLdkdk 1y (dg) 1, (dR)
/ / Fkgll hE" AU dldkdk 1 (dg) . (dh)

F@) (1) 5 1)) (dg)

Here we have used the bi—invariance of Haar measure on K to first make
a change of variable [ — [’ and then I’ — [I'l. The fact that ,u(()K) = mg
follows from

/ 19 / Qi) (9)ro(dg) = /K /K F (kL) dkdl = /K £ (k)

The weak continuity follows easily from (4.1).

Q\Q\»Q\Q\Q\Q\
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Many explicit examples of convolution semigroups that we consider in the
next section fall under the aegis of Theorem 4.1 and Proposition 4.2.

Recall that © € M(G) is said to be central (or conjugate-invariant) if
u(gAg™) = u(A) for all g € G, A € B(G), and we let ME(G) be the set
of all finite central measures on G. It is shown in Theorem 4.2.2 of [6] that
p € MI(Q) if and only if for each m ¢ G there exists ¢, € C so that
f(m) = ¢ L. Tt then follows that u8)(¢,) = ¢, for all 7 € G5. We will see
important examples of central measures in the next section. If GG is abelian,
then all measures on GG are central, and all irreducible representations of G
are one—dimensional. The next proposition presents some evidence that if
G is compact and non-abelian and p € MY is non-trivial, then 1) is not
central, in general.?

Proposition 4.3. Let p € MY(G), so that [i(7) = ¢, I, for all m € G, and
assume that there exists m € G with dim(Vy) > 1. If p is K-bi—invariant,
then ¢, = 0.

Proof. By Proposition 3.2(3),
() = cxlr = Ef//z(ﬂ)Efa

from which we deduce that ¢, I, = cTrEf . Assume ¢, # 0; since the range
of EX is one-dimensional, we can find a non-zero vector in (EX)+ and this
yields the desired contradiction. O

We return to the study of convolution semigroups (u:,t > 0). We are
interested in the case where y; has a continuous density f; for all £ > 0. The
following theorem is essentially due to Liao [25], Theorem 4.8.

Theorem 4.4. Let (u;,t > 0) be a convolution semigroup of probability
measures on the compact group G. The following are equivalent:

1. py has an L?—density for all t > 0,
2. has a continuous density for all t > 0,

3. The series ) adrtr(jn(m)m(g)) converges absolutely and uniformly in
g€ G forallt>0.

2In private e-mail communication with the authors, Ming Liao has produced an exam-
ple of a non—trivial measure on a compact group that is both central and K—bi—invariant.
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Proof. (2) implies (1) is obvious as C(G) C L*(G) for G compact. (3) implies
(2) since if, for each g € G,t > 0, we define

— Zdﬂtr(ﬁt(ﬂ)ﬂ(g))-

then f; is the uniform limit of a sequence of continuous functions on G' and
so is continuous. The fact that f; is the Radon-Nikodym derivative of
follows by the argument of Theorem 4.5.1 in [6]. To show that (1) implies
(3), we present the argument given in the proof of [25], Theorem 4.8. First
choose r > 0 and define f,/, as above. By the Plancherel theorem and (3.3),
frj2 € L*(G) and || fo2l]* = ;Weédﬂ—H@(ﬂ')H%{S < oo. Then given any
€ > 0, there exists a finite set Gy C G so that

Y dellip(m)|hs < €.

WEG\GO

Using the matrix inequality [tr(A*B)| < ||Al|us||B||us for A, B € M,_(C),
and the Cauchy—Schwarz inequality, we have for all for all g € G,t > r/2,

S dofts(i(o)m(g))

WEG\GO
< Y deltr(ga(m) ra(m) 7w (g))]
we@\@o
= Y ) sl e s
ﬂ'EG\GO
1/2 1/2
< [ X dllmnmlis 2 dallm=ra(mllis
TI'GG\GO WEG\GO
< ‘fot—r/QH'

]

For the remainder of this paper, we assume that X is a compact (globally
Riemannian) symmetric space, so that G is a compact Lie group with Lie
algebra having dimension d. Let L = (L(t),t > 0) be a (left) Lévy process on
G so that L has stationary and independent increments and is stochastically
continuous (see e.g. [24] for relevant background). For each ¢ > 0, let
denote the law of L(t), so that u,(A) = P(L(t) € A) for all A € B(G).
We say that the process L is K—bi-invariant, if u; is K—bi-invariant for all

17



t > 0. From now on we assume that L is a K-bi-invariant Lévy process
with g = mg. Then (u,t > 0) is a K—bi-invariant convolution semigroup.
Define Y = (Y (¢),t > 0) by Y (¢) = &(L(t)) for all £ > 0. Then as is shown in
[25] (see also Theorem 3.2 in [9]), (Y (¢),t > 0) is a G-invariant Feller process
on X = G/K, with Y(0) = o (a.s.)> The G-invariance is manifest as follows:
for each t > 0,2 € X, A € B(X), let ¢;(z,A) = P(Y(t) € A|Y(0) = z) be
the usual transition probability, then for all g € G:

a(7(9)r,7(9)A) = q:(x, A).

If (Q¢,t > 0) is the transition semigroup of the process Y, then for all ¢t >
0,feC(X),zeX,

Quf(x) = /X F ()l dy),

and as is easily verified (see also Proposition 1.16 of [25])

Quf o&=Fi(fog). (4.2)

Theorem 4.5. Let (L(t),t > 0) be a K-bi—invariant Lévy process on G, and
(Y(t),t > 0) be the projected Feller process on X. If for allt > 0, L(t) has a
continuous density p;, then Y (t) has a continuous transition density k;(-,-),
and for all g,h € G we have

k(9K hK) = pi(g~"h). (4-3)
Proof. Using (4.2) and (2.3), for all t >0, f € C(X),g € G

/X f@algK, dr) = Quf(gK)
— P(fo8)(g)
= [ omnta nan

- /X F(@)A(r (g )z)o(dz),

where p; is the unique function in C'(X) so that p, = p; 0 £. So the required
transition density exists and for all g, h € G, we have by (2.2),

k(9K hEK) = pu(r(g~H)E(R))
= (peo&)(lg—1h)
= plg™'h).

3The most general G—invariant Feller process in X is obtained by taking L to be a
K—conjugate-invariant Lévy process, as shown in Theorems 1.17 and 3.10 of [25]; see also
Theorem 2.2 in [24]. This larger class of processes is not so convenient for the spectral
theoretic considerations discussed in section 5.
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5 Eigenfunction Expansions for the Transi-
tion Kernel

Let the processes L and Y be as in the previous section, so that (g, t > 0) is
a K—bi-invariant convolution semigroup on G with pg = my. We continue to
assume that u; has a continuous density p; for all £ > 0. We equip G with an
Ad-invariant Riemannian metric which is compatible with the Riemannian
structure on X, and let A be the associated Laplace-Beltrami operator on
G. Then {k,,m € G} will denote the Casimir spectrum for G so that k. > 0
(with k, = 0 if and only if 7 is trivial) and A¢, = —k,¢, for all T € és.
Assume that the symmetric space X is irreducible, in that the action of
Ad(K) on p is irreducible, where p := g © ¢, and ¢ is the Lie algebra of K. A
sufficient condition for this to hold is that G is semisimple (see Proposition
5.12 in [25]).

Then Gangolli’s Lévy Khinchine formula (see e.g. [19], [2], [27]) tells us
that for allt > 0,7 € és

fir(¢n) = €77, (5.1)

where

Yo = ary + /G (1 - 6 (g))w(dg), (5.2)

with @ > 0 and v a K-bi-invariant Lévy measure on (G, B(G)). It follows
easily from Proposition 4.3 that if G is non—abelian, then p; cannot be central
for t > 0.

Theorem 5.1. Suppose that (p,t > 0) is a K-bi-invariant convolution
Semigroup.

1. Forallt>0,71€G,1<4,j<d,,

X i = &
PﬂTijZ{ e Xrm ifi=1,7m € Gy (5.3)

0 otherwise

2. If iy has a continuous density for all t > 0, then P, is trace-class in
L*(G), and its trace is given by

Tr(P,) = Z de X,

WE@S
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First observe
(g)er,eT) and

77 _]

Proof. 1. We argue as in the proof of Theorem 5.3 in [5
that since for each 1 < i,j < dr,g,h € G,m;(g) :=

J-
(m
7(gh) = m(g)m(h), then m;;(gh) = ZZ; mix(h)mk;(g). Hence

Pimiglg) = / i (gh)pa(dh)
- Z% / i (h) e (dh)
— Z% / i (B~ e (dh)
_ Z% Do

and the result follows by Proposition 3.2 (3) and (5.1).

2. If u; has a continuous density, P, is trace—class by Theorem 5.4.4 in [6].
From (1), we have
ST

weés
but for each 7 € @s, we have T € @S, where 7 is the conjugate repre-

sentation, and the result follows when we observe that y, = xx.
O

In the last theorem, we calculated the spectrum of P; in the space L?(G).
In the next result, we restrict to the closed subspace L*(K\G/K).

Theorem 5.2. Suppose that (p,t > 0) is a K-bi-invariant convolution
Semigroup.

1. Forallt>0,7 € G.,
Pt¢7r = eitXTr¢ﬂ'7

2. If uy has a continuous density for all t > 0, then for all g,h € G,
(a) B
k(K hK) = Y dee™ oo (g7'h),

ﬂeas
(b)
ki(gK,hK) Z Zd e~ ,(g)m;(h),

neGs 771
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Proof. 1. This can be deduced from Theorem 5.1(1), but alternatively,
using Fubini’s theorem and (5.1), we have for all g € G,

Panlg) = /G bn(gh)pu(d)

- /G /K O (ghh) o (dh)
= [(6x)6e(9)
= e ™Xmg .

2. (a) By Fourier expansion in L?*(K\G/K),
pe = Y delpr, dx)
7'('6@5

= Y defit($r)bn,

ﬂ'eas

and so
=Y de (g 7'h).

ﬂeas
The result then follows from Theorem 4.5.

b) As L,p; is K-right—invariant for all ¢ € GG, we may use Proposition
g9
3.1(2) to write,

gpt Z d Z pt»ﬂ'lj 71-1]7

R J=1

but for each j =1,...,d,,
(Lgpe, m15) = /Gﬂt(glg/)ﬂlj(gl)dgl

- / 097,99 dy’
G

dr
- 0 /G o V(@)

= eitxﬂﬂ'lj (g),

since by K-bi-invariance of py, (p, m;) = 0 for all j # 1, and the
result follows easily from here.

[]
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Remark. Let A be the infinitesimal generator of the contraction semi-
group (Qy,t > 0) acting in LP(X), for 1 < p < oco. Then for f € LP(X), it is
well-known that the unique solution to the initial value problem ag—f) = Au,
with u(0,-) = f is given by

ult,2) = Quf (z) = /X F (ks 2, y)o (dy),

for t > 0,z € X. However if f € L% (X), which is the closed subspace of
LP(X) comprising functions that are invariant under the action of 7(K), then
it follows directly from Theorem 5.2 (2)(a) or (b), that

u(t,z) = Quf(x) = [ F(y)k (@, y)o(dy), where

k(9K hK) = dee ™6 (g)dx(h),

WG@S

for g, h € G is the “effective” transition kernel.

It is interesting to compare Theorem 5.2 (2) (a) with results obtained by
Bochner for spheres (see [10] p.1146). In the case of the heat kernel (so v =0
in (5.2)), a formula of this type on general compact homogeneous spaces is
presented in [8].

We now easily deduce the following trace formula:

Corollary 5.3. If u; is K—-bi—invariant and has a square—integrable density
for allt > 0, then

ki(x,x) = ki(0,0) = Tr(P,).
Proof. This follows on putting g = h = e in Theorem 5.2 (2). O

Notes

1. It is interesting to compare the results obtained herein with those in
section 5 of [5]. We did not need to assume that the convolution semi-
group is central in order to obtain a “scalar” Lévy-Khintchine formula.
That follows from K-bi-invariance.

2. The formulae for the trace in the two papers are different, in that a
factor of d2 in the sum has reduced to d,. This is because (as seen in
(5.3)), the eigenspace for each eigenvalue is spanned by the top row of
the representation matrix, rather than the entire set of matrix entries.
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3. It is also of interest to calculate the trace Try(P;) of the semigroup
on the space L*(K\G/K). It follows from Theorem 5.2 (1) (see also
section 3 of [4]), that for each ¢ > 0,

Trg(P;) = Z e X,

71'6@5

A standard convolution semigroup (p:,t > 0) is said to be central if 1
is central for all ¢ > 0, and it is symmetric if yu; is a symmetric measure,
ie. py = p) for all £ > 0. Clearly if (p,t > 0) is symmetric, then so is
(1) ¢ > 0). Moreover, it follows from Theorem 2.2 in [4] (or Theorem 5.4.1
in [6]) that P is self-adjoint in L?*(G), and the Lévy measure v appearing in
(5.1) is symmetric. If (u;,¢ > 0) is symmetric, then y, > 0 for all 7 € G,
and the trace formula of Corollary 5.3 is a special case of Mercer’s theorem
(see e.g. [13], pp.156-7).

Well-known examples of central symmetric convolution semigroups hav-
ing C'* densities for ¢ > 0, are the Gaussian (heat) semigroup where for all
T e @,t > 0, ¢, (t) = e7 "~ for some a > 0, and the a-stable type semigroup
where ¢, (t) = e7@"= for 0 < a < 1 (see Proposition 5.8.1 in [6], pp.157-8).
A rather wide class of examples that fit into the context of this section, are
obtained by imposing a > 0 in (5.1). Then for each ¢ > 0, y, is the convolu-
tion of a Gaussian measure (as described above) with the law of a pure jump
Lévy process, and pu; has a C* density by Corollary 4.5.1 in [6], p.103 (see
also Theorem 3 in [27]). In each of the above cases, the measure ;i\ also
has a C* density for ¢ > 0 by Theorem 4.1.

If ¢ = (¢(t),t > 0) is Brownian motion on G, then its laws (u;,t > 0)
give the flow of heat kernel measures, and these are central and symmetric, as
discussed. In this case (,ugK),t > 0) are the laws of K-bi-invariant (spherical)
Brownian motion on G, ¢ = (i(t),t > 0). For t > 0, these measures
are symmetric, but not central when G is non—abelian. It is interesting
to look at these processes from the point of view of stochastic differential
equations (sdes). Let {Xi,..., X4} be an orthonormal basis for g (with
respect to the given Ad-invariant inner product), such that Xq,..., X, € p
and X,,11,...,Xg € & Let B = (By,...,By) be astandard Brownian motion
in R%. Then 1 is the unique solution to the sde

d

dp(t) =Y Xi((t) 0 dBi(t) ,¥(0) = e (as.),

=1
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while {/; is the unique solution to

m

di(t) =Y X;(§(t) 0 dBy(t) ,1(0) = U (as.),

=1

for t > 0, where Uk is uniformly distributed on K and o denotes the
Stratonovitch differential. If Ag = Z?Zle is the group Laplacian, then
for t > 0 the heat kernel x;, which is the density of p,, is the fundamental

solution of the pde ag—it) = %Agu(t). The spherical heat kernel p;, which is

the density of ,ugK), is the fundamental solution of ag—sf) = %Apu(t), where the
“horizontal Laplacian” A, := >7" X2, For further details and discussion,
see [2] and section 3.4 of [25].

We close this section by giving a brief account of subordination and short
time asymptotics. For background on subordination in compact Lie groups,
we refer the reader to section 5.7 of [6], and to [1]. Let (S(t),t > 0) be a
subordinator having law \; for t > 0, that is independent of the Lévy process
(L(t),t = 0). Then for all u > 0, [, e " N(ds) = e~ where v is a
Bernstein function such that lim, o, ¥(u) = 0, so that for all u > 0,

() = bu + / (1= ) r(dy), (5.4)

(0,00)
with b > 0 and 7 a Lévy measure on (0, 00), i.e. f(O,oo)<1 Ay)T(dy) < 0.
We subordinate to form a new Lévy process L(t) = L(S(t)), having law
1y (A) = [;° us(A)Ai(ds) for each t > 0,A € B(G). It is clear that if L
is K-bi-invariant, then so is L°, and we make this assumption henceforth.
Then for all 7 € @S,t >0

15 () = €700, (5.5)

The subordinated semigroup (P°,t > 0), which is the transition semi-
group of the process L°, is defined as

PSf(g) = / " P (g)N(ds),

for all f € L*(G),g € G,t > 0, and by (5.3) and (5.5) we deduce that for
allt > 0,7re G,1 <145 <d,,

pS. { e W0, ifi=1,7 € G,
t "y T

5.6
0 otherwise (5-6)
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If L( ) has a densnty p; for all t > 0, then L°(¢) has a density p{ given
by p; (g fo ps(g)A¢(ds), for each g € G. From now on, let L be K-bi—

invarlant Brownian motlon on G (denoted 1) above), so that k, is the heat
kernel on X:

k(9K hK) =) dee™" ¢ (g7'h),
rels
for t > 0,9,h € G. Then as t — 0, we have the well-known asymptotic
behaviour (see e.g. [16]):

Vol(X) —aj2

ki(0,0) ~ (g

Theorem 5.4. If b > 0 or v := inf f(o N ue~"Wr(du) > 0 then p? is
continuous for all t > 0.

Proof. We will show that, under the stated condition, P is trace-class for
all t > 0. Then p? exists and is square-integrable by Theorem 5.4.4 in [6].
It follows that p7 is continuous by Theorem 4.4. Using (5.6) and (5.4) and

the fact that [;(¢,) = e "~ for all m € @s, we find that for some 0 < 6 < 1,

TP = 3 dpe v

Weas

Z dre” " exp {—t/ (1— e‘““”)T(du)}
(0,1)

Weas

= Z dre” " exp {—t/@r/ ue_eu"‘"r(du)}
(0,1)

WE@S

E dwe—tb,‘f7T e—t*mﬂ- .

WE@S

IN

IN

If b > 0, we have

S) < Z dﬂ_e—tbﬁ7r < 00,

Weés

since the right hand side is the trace of a heat kernel semigroup (with variance
b) which we know to be finite. The other case is similar.

[]

We assume from now on that p? is continuous for all ¢ > 0.
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We obtain a subordinated G-invariant Feller process Y on X, where for
all t > 0,Y5(t) := £(L5(t)). Then Y inherits a transition density from Y’
which is given by

kf(ﬂf, y) = /( ) ks(x7 y)/\t(ds)v
0,00

for t > 0,2,y € X. By Theorem 4.5, we have k?(gK,hK) = p?(g'h), and
so k? inherits joint continuity from the assumed continuity of py.
By Theorem 5.2, we have the Fourier expansion:

k(9K hK) = Y dee g (g7 h),
el
for all g,h € G,t > 0.
If we assume that the Bernstein function v has an increasing inverse 1)1,
and that v is regularly varying at infinity with index r > 0, then the result
of [7] yields, as t — 0,

Vol(X)I'(d/2r + 1)
(4m)4/2T(d/2 + 1)
In particular, if we take ¥ (t) = t, so that ,L/Ltg(gzﬁﬁ) —e M for0 < a <1,

then
Vol(X)I' (d/2r+1)t_d/2a
(4m)42T(d/2 + 1)
For a sub—class of subordinators, which includes many important exam-

ples, a more explicit asymptotic (series) expansion, which generalises that of
the heat kernel, can be found in [14].

kS (0,0) ~ ~1(1/¢)4/2, (5.7)

k‘f(o, 0) ~

6 Invariant Feller Processes on the Sphere

Let S := S9! be the (d—1)-dimensional unit sphere embedded in R? (where
d > 3), so that

ST :={x = (z1,...,2q4) € RY||z]| = 1}.

Then G is a compact symmetric space with G = SO(d) and K = SO(d—1).
As is conventional, we take the point o to be the “north pole” ey, where
(e1,...,eq) is the natural basis in R?. The introductory material that follows
is mainly based on [15], Chapter 9. The required Ad—invariant metric on G
is obtained by equipping its Lie algebra so(d) with the negation of its Killing
form to induce the inner product

(A, B) = (2 — d)tr(AB),
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for each A, B € so(d).

The double cosets are the orbits of K in S, and these are themselves
spheres of dimension d — 2. These “parallels” may be labelled by the co-
latitude 6 € [0,7]. To make this more precise, observe that the mapping
¢ :(0,7m) x 82 — §4=1\ {+£e,} is a diffeomorphism, where for each 6 €
(0,m),y € S92,

C((0,y)) = sin(0)y + cos(f)e,.

From this we deduce that a continuous mapping f : S — R is K—bi—invariant,
if and only if it is zonal, i.e. for all z € S\ {Fes}, f(z) = (f o C"H)(0,u)
depends only on 6, and so we may write f(x) = F(x4) for all z € S, where
F :[—1,1] — R is continuous. For such zonal functions, we have the integral

formula:
J e ﬁr(<>—> [ron-sFa o

da
so in (2.8), we have £ = [—1,1] and ay(dt) = ﬁl;((z);l)(l — )3 dt.
2
The irreducible representation of SO(d) are all spherical, and are indexed
by Z. . They act on the spaces H,, of spherical harmonics that have dimension
d, for n € Z,, where:

For all n € N, there is a unique spherical function ¢, in H, which is nor-
malised and K—invariant. These functions are given in terms of p¢ : [—1,1] —

R by X
n(0) = pih(cos(6)) Z/_ (cos(0) + 1y sin(6))" g1 (dy).

1

If d = 3, then p¢ is a Legendre polynomial. More generally, for d > 3, the
p?’s are related to the ultraspherical (Gegenbauer) polynomials G (where
v € [0,00)) as follows:

i = (" 3)1&3* (0

n

for all t € [—1,1]. Finally we have the generating function identity:

o n 1
ZT (142 = 2rt)’

n=0
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for r € [0,1) (see [29], pp. 44-50 for details).
The Laplace—Beltrami operator diagonalises on H,,, and for each n € Z,
we have

A¢, = —n(n+d—2)o,,

so the Casimir spectrum is given by x, = n(n + d — 2). The Gangolli Lévy—
Khintchine formula (5.2) then takes the form

Xn=an(n+d—2)+ /Oﬂ(l — pn(cos(0))v(d), (6.2)

where a > 0 and ["(1 — cos(#))v(df) < oo (see Theorem 3 in [10], [22], and
[18], Theorem 5.1 for the case d = 3 within a more general context).

Now let Y be a SO(d)—-invariant Markov process on S having a continuous
transition density. Hence for each t > 0, f € L*(S),z € S, we may write the
transition semigroup

@mmz/@@mmww»

S

Then as shown in [15] pp.204—5 for more general integral operators having
this form, the SO(d)-invariance of the kernel determines the existence of a
continuous (non—negative) real-valued function a; on [—1, 1] so that

ke(z,y) = au(w - y),

for all t > 0,2,y € S, where - denotes the usual scalar product in R%. The
Chapman-Kolmogorov equations take the form

%MWMZA%@wM@WMW%

for each s,t > 0.

From the results of the previous section, we know that for each t > 0,n €
Z.,H, is an eigenspace for the operator ();, and that the eigenvalue e~»
has multiplicity d,,. But by the Funk-Hecke theorem (see Theorem 9.5.3 in
[15] p.205-6), we have for all t > 0,n € Z,

e Xn = —\/;;((5;) /1 ar(s)pn(s)(1 — 82)%ds.

It would be interesting to determine the class of all such functions a : (0, 00) x
[—1,1] — [0, 00) that arise in this way.
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