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Abstract

Consider a competitive highway/transit tramgption system in which travelers either
drive on the bottleneck-constrained highway or take scheduled trains from home to the
workplace in the morning peak hours. This papeaslores the impact of bottleneck capacity
expansion on transit operating schemes (flet and fare) and travelers’ departure time and
mode choices. Due to the potential occuceenf the Downs-Thomso(D-T) Paradox after
highway capacity expansiorthe paper investigates whet the D-T Paradox can be
circumvented by implementing transit subsidy pelc The effects of different transit subsidy
schemes are explored: subsidizing the itaoempany (cost subsidy) or the passengers
(passenger subsidy) with thadincial support from either govenent funding or road pricing
revenue. For each combination of subsidythod and financial sourcing, the condition for
overcoming the D-T Paradox is established.

Keywords: Transit operating schemes, Downs-TIlsom Paradox, Departure time and mode
choices, Transit subsidy, Road pricing

1. Introduction

Downs (1962)yemarked on the possibility that addiroad capacity cannot relieve traffic
congestion at all. Retimingf trips, route shifting, ah mode shifting from public
transportation modes have beaserved after the road expamsiand are attributed for its
failure. In an independent studyhomson (1977noted that driving &d transit are close
substitutes in many cities. The increase @afdreapacity, by attracting enough transit riders to
drive, could lead to a decline in transit service or rises in fares due to the scale economies of
transit service. The users bbth modes may end up worse off. This phenomenon is then
analytically formulated bylogridge et al. (1987and is named the “The Downs-Thomson
Paradox (D-T Paradox)” thereafter. Furthermore, many other paradoxes have been studied in
the transportation literature, includingd&ss paradox (Braess, 1968, 2005; Lin and Lo, 2009;
Zhao et al., 2014; Di et al., 2014; Zverovich and Avingoil5; Hwang and Cho, 2015; Wang
et al., 2016), emission paradox (Nagurr2g00), capacity paradoang and Bell, 1998),
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stochastic assignment paradox (Sheffi &abanzo, 1978; Yao and Chen, 2014), transit
assignment paradox (Szeto and Jiang, 2014) and so on. This paper focuses on examining the
D-T Paradox introduced by Downs (1962) and Thomson (1977).

A substantial literature has been developedh loalytically and empirically to investigate
when and why the D-T Paradox occurs; 8eeott and Small (1994andZhang et al. (2014,
2016)for synthesis reviews. In particular, mudteation is paid to the mode shifting between
transit and driving and how transit service dmswhen the road is expanded. For example,
Mogridge (1997)suggestedhat the transit service should be improved with the highway
capacity expansion to raise commuters’ tranglity in the two-mode system. Similarly,
Arnott and Yan (2000showed that the travel cost migimcrease after the expansion of
highway capacity if the trartsbperator does not consideretimpacts of its decision on
highway travelers. lis further suggested byasso and Jara-Diaz (201that the occurrence
of the D-T Paradox highly depends on the staus of the transit siddn the same spirit,
Zhang et al. (2014, 201@nalyzed the effects of road ergaon when the transit service is
operated in different administrative regimé$iang et al. (2014, 2016howed that the
paradox is likely to occur whethe transit operatds self-sustaining and the two modes are
perfect substitutes. Based on these studies, therpakes one step further to re-examine the
D-T Paradox in a more general setting vehérip retiming, crowding effect, and policy
remedies are in effect.

First, previous studies ondtD-T Paradox only consider telers’ mode shifting while the
effect of trip retiming is neglected. Howevéhe benefits from tman highway expansion
would generally be underappreciated if $éping of the rush hour is not noticda. explore
this, the direct benefit of shortening rusbur and indirect advegsimpacts from induced
travel demand need to be compared. This paper formulates the bi-modal equilibrium
following Kraus (2003, 2012in which travelers either drive on the bottleneck-constrained
highway or take scheduled trains, and each traveler makes decisions of his/her departure time
choice and mode choice simultaneouslyniaimize the total travel cost.

Second, the discomfort in mass transit during pleak hour is a natable factor that
influences individual’'s departartime and mode choices whighunder-investigated by the
studies on the D-T paradox. Crowdedness bothaat stations and in the carriages could
bring passengers unpleasant travel experieraesa bunch of literature has been developed
to investigate its impaabn people’s travel, e.gHorowitz and Sheth (1977), Huang (2000,
2002), Tian et al. (2007, 2009), Wang et 20X4), Tian and Huang (2015), Lu et al. (2015)
Particularly, previous studiés.g., de Palma et akQ15; Zhang et al., 201Bave shown that
the crowdedness in the transit mode will lead tiendency that transit users depart early or
late to avoid the over-crowdedness or switchdtiving. This paper investigates the D-T
Paradox by taking into account the effect fdy congestion in carriages on travelers’
departure time and mode choices following the framewokkwofind Huang (2014)

Moreover, while existing literature mostlydiases on the occurrence of the paradox, this
study attempts to find the way out, i.ow to overcome the D-T paradox. The major
objective of this study is to bridge thiesearch gap through sjfesally studying the
prevention of the D-T Paradox with various tiassibsidy policies while travelers’ departure
time choice and crowding effects in transit segg are explicitly considered. If the transit
operation is subsidized by the government funding or the revenoaatoll levied from car
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usage, the adjustment of the transit operatoesponse to the expaosiof highway capacity

(raise fare or reduce frequency or both) would change, then the D-T Paradox may be avoided.
In many countries and regions, different typegrafsit subsidy polichave been proposed,

i.e., allowing commuters to deduct monetaxpenses of taking public transport from the

income tax liability, subsidizing transit fares, reducing indirect tax rates for transit company

and so on. To date, there is no standard defindfamnansit subsidies ithe existing research

works, all of the above examples can be seen as transit sulfSidiearakischiew and Hirte,

2012) OECD (2005)states thatd subsidy in general is a result of a government action that

confers an advantage on consumers or producers in order to supplement their income or

lower their costs’. Frankena (1981)proposed three kinds of transit subsidy policy: (i)

one-time subsidy - amount of money whicheisogenously determineahd independent on

the operating performance of transit compdiy,cost subsidy - awunt of money which is

dependent on the operating cost of transmgany, and (iii) passenger subsidy - amount of

money which is exogenously determined anstriiuted to each transit commuter. In this

paper, we focus on the latter two transit subsicyemes. That is, we consider two classes of

transit subsidy policy: cost subsidies whiahafiice the transit company to keep within budget

and passenger subsidies which subsidize tesitr commuters to reduce travel expenses.

Specifically, we examine the impact of cost or passenger subsidies, which source from either

the government funding or the road pricing rawe, on the transit operating strategies and

travelers’ departure time and mode choice bemaFor each combination of transit subsidy

and financial sourcing, the conditions for maming the D-T Paradox are established. The

framework is shown ifirig. 1. Responsive transit seéce 1, 2, and 3 respexeely refers to the

scenario where 1) the transit mode is not subsidele transit mode is under cost subsidy,

and 3) the transit mode is under passenger subsidy. This study provides a better understanding

on how to avoid the occurrence of D-T Paradox \hih help of transit subsidy policies, and

is a significant extension of the exigjitwo-mode problem and D-T Paradox studies.
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Fig. 1. The impact of transit subsidy policies on the D-T Paradox.
This article is structured as follows. Therbodal equilibrium andhe occurrence of the
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D-T Paradox are proposed $rection 2 Section 3provides alternative transit subsidy policies
to overcome the D-T Paradosection 4 presents numerical results for understanding
theoretical results. Conclusions are givesattion 5

2. Bi-modal equilibrium and Downs-Thomson Paradox
2.1. Basic model

Consider the case when there are two modésaeél between the residential area and the
working place. Mode 1 represents the highway with a single bottleneck, which has a
deterministic capacity. Mode 2 denotes the memssit (i.e., railwg). Commuters know the
generalized travel cost for each mode welll @hoose the travel mode and departure time
from home in the morning rush hours. Tlesential notations usetroughout the paper are
listed below.

V the number of commuters
\A the number of auto commuters
V, the number of transit commuters
a unit cost of travel time
B schedule penalty for a unit time of early arrival
4 schedule penalty for a unit time of late arrival
s= B
B+r
S bottleneck capacity
S original bottleneck capacity
t departure time from home
t work starting time
t, the time at which the queue on the highway begins
t, the time at which the queue on the highway ends
t departure time at which an auto users arrives on time
r(t) departure rate of auto commuters
T(t) the commuting time of an auto user who departs at time
k(t) the fine/time-varying toll

C,(t) generalized cost of an autser who departs at time
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T free-flow travel time on highway

7, monetary cost of an auto commuter

T, on-train moving time

7, transit fare

r, (1) departure rate of commuters on the railway

t. the time at which train comuters start to departure

t. the time at which train comuters end to departure

m the number of scheduled trains

A time interval between successitrains during time windowt,,t,]

@ unit cost of discomfort generatdy the body congestion in carriages

C, (1) generalized cost of a traacdommuter who departs at timie

t departure time at which train menuters can arrive punctuallt

C variable cost of one transit passenger

R variable cost of ondispatching train

E the fixed cost of transit, which cdets of facility costs and constant
maintenance cost

Z profit of transit operator

N total revenue from road toll

The basic assumptions used in this paper are made in the following.

Al. The relation y > a > £ holds according t&mall (1982)

A2. During peak hour the time imial of dispatching trains? would be very short, and the
waiting costs of all users at the train statawe then very small and would be neglectéd
and Huang, 2014)
A3. During the train intervals users are oleer continually arriving at the statigde Palma
et al., 2015)
A4. Both mode 1 and mode 2 would béwsed, which is reasonable in realityuang, 2000,
2002; Zhang et al., 2014; Wu and Huang, 2014)
A5. The body congestion cost is dependent ss@ager volumes in carriages and the train
moving time(Huang, 2000; Tian and Huang, 2015)

For the auto mode, due to the physical rietsbn of the highway capacity, traffic
congestion occurs before the bottleneck faciiyme auto commuters arrive at the workplace

earlier or later than the work starting tinte to experience less queuing time before the



bottleneck. Assume that commuters’ generdlizeavel cost is comprised of in-vehicle
travelling time, the schedule delay and monetaogt. The generalized travel cost for each
auto commuter is then derived as:

|aT(O)+A(E —t-T(1)+7, telt,T]
)= aT(t)+7(t+T (1)t )47, te[t,t,] W

Suppose that auto commuters minimize their geized travel cost by choosing the departure
time from home. In equilibrium, each auto commuter is unable to improve the travel utility

through unilaterally changing the departure time. Namelyt) should be the same for all
time te(t,t,]. Itis easy to derive the depaguime at which the queue begirtg)( queue
ends (,) and an individual arrives at the destination punctudlly, fespectively, as well as

the departure rate from homeg(t)) and the generalized travast of each auto commuter:

tszt*—%—Tl, te:t*+%—Tl, T=t _%_Tl (2)
Bs 7S as
2 telt,f]
a_
n(t)= as 3)
. te[tht]
a+y
oV,
C=aTl +r,+— (4)
S

Interested readers can refer\takrey (1969), Arnott etl. (1990a) and Tabuchi (199f)r
detailed calculation of these results.

For the transit mode, commuters’ discomfort arises as the crowdedness increases at train
stations and in carriages. Thus, travelers maadeearlier or later fim home to avoid the
heavy body congestion. The generalized cost tmn commuter consists of in-vehicle
travelling time, schedule delay, monetary tragest and the crowding cost, which can be
derived as follows:

aT,+7,+ (T —t)+pATr,(t), te[t,f]
C, (t): - o (5)
aT,+7,+y(t=T)+pATr,(t), te[f.t.]
where { =t" -T,.
At equilibrium, each train commuter cannotes¢ a departure time which could further

improve his or her travel utility. That isC, (t) should be the same for all time durifg,t.].
According toWu and Huang (2014)we can obtain the train commuters’ departure time
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window ([t.,t.]), the departure time at which gs@ngers can arrive punctuallf )( the

departure rate from home, (t)) and the generalized travel cost per train commuter:

_ J2500TN _ (2T, .
= NPT g NPy g

= , ) 6

s 7 e S (6)
B(t—t.) -
(D/I—TZ, tEI:tS,t:I

r,(t)= St (7
TB, tEl:t,te:I

C, =aT,+ 7,4+ 20pATN, (8)
Given the relationship of theumber of scheduled trainen( and the time interval between

successive trainsi() during [t.,t.], i.e., mi=t -t (Wu and Huang, 2014gombiningEq.

(6)and mi =t, -t leads to:

e [P 2T, o)
Ao mo

Integratingegs. (8) and (9)we can re-obtain the generalizealvel cost per train commuter:

C,=al,+ 72+M (10)
UsingEq. (10) we also re-obtain:
pof_ 20 2T, (11)
mg my
mop (t—t. -
—ﬁz( S), te[t,f]
2¢ Tzzvz
n(U)=y . (12)
m’oy (t,—t) -,
Tl ) eff]
2¢ Tzzvz

The bi-modal equilibrium can be achieved wimencommuter is able to improve the travel
utility by means of unilaterally switching todlother travel mode. Therefore, the equilibrium

travel cost for each mode are the same, = C,.

2.2. Downs-Thomson Paradox

Zhang et al. (20149enerally defined the occurrence of the D-T Paradox in the following:

Definition 1. The D-T Paradox is defined to ocat a given equilibrium point o=, if



dc
Y2l >0 (13)
ds

=%

when there is a small increase in the road capacity.

If Eq. (13)holds at anySG[so,sl]l, the equilibrium travel cost monotonically increases

with the road capacity. Then, tBeT Paradox continuously occurs isie[s,, s |.

Fig. 2 presents the fundamental analysis afuorence of the D-T Paradox using a diagram
similar to Mogridge (1997) The difference is that iMogridge’s (1997)analysis, the transit
travel cost includes the waiting time cost. Tingeasing service frequency would reduce the
average waiting cost and thus lead to lowerdraost and large patronage. In this study, the
waiting for transit is excluded while the crowdieffect is added. Therefore, denser service
on one hand reduces the density of passengesach train and on the other increases the

total patronage. According feq. (10) the change of transibst is determined by, /m.

In Fig. 2, the distance between the horizontal agdke total number of commuters and the
auto travel cost is measured by the axis onldftehand side and the transit travel cost is

measured by the right one. When capacity increases fprto s, the auto cost curve

pivots clockwise fromC, (s,) to C,(s,). The slop of transit cost depends on how transit

operator adjusts its service. If the transit service remains the samen(i.es,unchanged), the

transit cost increases with the number of transit commuters. In this case, Cuspis
downward-sloping (represtsd by the solid curveC, (s)), and the resulting equilibrium cost

Cc(s) after capacity expansion is less than the origi@al(s,) . In another case where the

transit operator reduces the service frequeas patronage increases, (i.e., the change

direction of m is opposite toV,), the transit costC, increases even faster wiM,, and

the equilibrium cost is lower undes, than s,.

However, if the transit service frequency gratronage move in the same direction as in

Mohring’s (1972)classic model, the slope of transit cost curve dependg,om. When the
change in m is sharper thanV,, the transit cost curvevould be upward-sloping

(represented by the dashed cur@g’(s)). In other words, asohg as the trasit service

exhibits scale economies (tharsit travel cost decreaseghwthe patronage), and the new

' 5 and s are the highway capacitieefore and after expansiofs, <s,) .
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equilibrium costC{ (s,) is greater than the originaC; (s,) . Without considering departure

time choicesZhang et al. (2014ave proved that when the tsiinoperator is a self-financing
welfare-maximizer, the transitost curve is upward-slopingnd the D-T paradox occurs
whenever the highway is expanded. lmonirast, when the transit operator is a
profit-maximizer, the curve is downward-sing and the D-T paradox never occurs. This
paper further examines how the transit servicadisisted when the departure equilibrium is
included and how to overcome the D-T paradox.

Cl
b C, ()

A -

Fig. 2. The fundamental of the D-T Paradox.
2.3. The occurrence of Downs-ThomsoRaradox with no transit subsidy

This section explores the effect of bottleneakacity expansion on the departure and mode
choice equilibrium, how transit operator adjusts $kervice and fare, and the occurrence of the
D-T Paradox. As the benchmark, no transit sljp$s included. We can prove that the D-T
paradox will not occur if the trait operator is a profit-maximizeThe proof can be referred
to in Appendix A As the major objective is to insegate how the D-T paradox can be
avoided, we will not extend the analysis for this scenario; instead, the focus will be given to
the scenario where the transit operator idfafisancing welfare-maximizer in which the D-T
paradox is likely to occur. The objective of thantsit operator is to minimize individual travel
cost (ITC) while maintaining breakeven. The siamperator determines the transit fare and
the number of scheduled trains (departureeriral) to achieve its goal. For any given
bottleneck capacitys, the transit operation strategy is determined as follows:

ITC-1:

29T\,

minC, =aT,+7,+ (14)
Tp,M m
St.
(4) and(10)
(r,-c)V,-mR-F =0 (15)

C =C, (16)



V,+V, =V (17)

The objective(14) is to minimize the ITCEqg. (15)is the zero-profit anstraint, the transit

fare and the number of scheduleains are set to ensure breakeviegs.(4), (10), (16) and

(17) are the bi-modal equilibrium conditions. The above problem has at least one optimal
solution due to the continuityf the objective function and tli®mpactness of the constraints.
The uniqgueness of the optimal solution ioyad in Appendix B. Then we can get the
following proposition:

Proposition 1. If the transit operator determines the transit fare and the number of trains
under different values of bottleak capacity to minimize ITC with self-financing constraint,

then when the bottleneck capacity increases,

() the optimal transit farenonotonically increases;

(i) the optimal number of trains monotonically decreases;

(iif) the number of transit passengienonotonically decreases;

(iv) the ITC monotonically increases, indiing that the D-T Paradox happens.

Proof. The proof is given ilppendix C.

Proposition lindicates that when the bottleneck aaipy increases, the transit side would
lose passengers and cannot keelp-sustaining. Then, the transit operator needs to raise the
fare and reduce the number of trains to maintain break&veposition 1(i)(ii)) Such service
adjustment would lead to even fewer passengergoosition 1(iii))and even more congested
highway. At last, the generalized travel cosboth modes would increase after the capacity
expansion, and thus éhD-T Paradox happer{®roposition 1(iv)) Fig. 3 shows the chain
reaction. This means that tleghway capacity expansion could make all the commuters
worse-off when the transit operatorasself-financing welfare-maximizey incorporating
travelers’ departure time choicéroposition 1proves that thé’roposition 4in Zhang et al.
(2014)is valid in the more general setting.

Transit fare N

| Ve 3
\ increases ) |
| L 3

j/Highway capacity\ Responsive transit e/ \\ ﬁD-T Parado§

\\ expansion ) | service P ITCincreases/ \\ occurs
o AN )

e/ The number of
“ trains decreases 3

Fig. 3. The chain reaction after tiéghway capacity expansion.
3. The prevention of Downs-Thomson Paradox with transit subsidy policies

In this section, we investigatbe effect of transit subsidyolicies on trasit authority’s
operating schemes and the prevention of Paradox under highway capacity expansion.
Two classes of transit subsidy policy are coed: (i) cost subsidies which aim to finance
the transit company to cover costs and (iggeger subsidies which are provided directly to
passengers by reducing the fares. A tranditsisly policy would result in higher transit
service level, lower travel cost, and mor€eership, which may effectively avoid the
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occurrence of the undesirable D-T Rimaunder highway capacity expansion.
3.1. Cost subsidy
3.1.1. Government’s financial subsidy

Transit subsidies in most coules have grown faster than almost any other type of
government expenditure during the last few decééesso et al., 2011; Basso and Jara-Diaz,
2012) Undoubtedly, the public transit subsidies saipport transit authiy to maintain or
expand services. Under the subsidies fromegoment, the transit authority’s operating
schemes may change, which consequently affetelars’ mode choice behaviors. In the end,
the D-T Paradox may be avoided. With the ¢ant financial assiance provided by the
government (denoted by ), the transit operator determines the transit fare and the number
of trains to maintain breakeven:

(z,-c)V,-mR-F+B=0 (18)

For any given bottleneck capacity, if the sulmad transit operator optimizes the fare and
number of trains to minimize ITC while mméaining breakeven, we have the following
minimization problem:
ITC-2:

rrninrJC2 :aT2+rz+m.
subject to Egs. (4), (10), (16-18).
Proposition 2. If the ITC-minimizing and subsidized transit operator adjusts the fare and
number of trains to ensuithe operation breakeven in response to the varying bottleneck
capacity, then when the bottleneck capacity increases,

(i) the optimal number of trains monotonically decreases;

(i) the optimal transit farmonotonically decreases iB > F and increases iB < F ;

(i) the number of transit commugemonotonically decreases;

(iv) the ITC monotonically decreases B > F (implying the D-T Paradox does not occur,

if the government subsidy is greater thaa filxed cost for providig the trains service
like the costs for construction amdlling stock) and increases iB < F (indicating
the D-T Paradox occurrence when the subsidymsller than the fixed cost of train
service).

Proof. The proof is given idppendix D.

Proposition 2(i)states that as the bottleneck capatitreases, the transit operator would
reduce the number of trains to keep no-deficerewith the cost subsidy, which is mainly due
to the decreasing transit passendBrsposition 2(iii)) When the cost subsidyB() is smaller
than the fixed cost of transit company J, the optimal transit fare after subsidization
increases with the bottleneck capacity, tiiem ITC goes up and the D-T Paradox happens.
However, as long a8 is larger thanF , the optimal transit fare decreases with the
bottleneck capacity, then the ITC deelnand the D-T Paradox is eliminatgtroposition
2(i(iv)). This is because the transit operator ttabalance the trade-off between covering
cost and minimizing ITC when the highway eajty is expanded. Theainsit operator has to
raise the fare to maintain no-deficit when its fixed cost is partly subsid&ed~(). But once
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its fixed cost is entirely subsidized (i.B.» F ), the transit operator can reduce the fare to
minimize ITC. Furthermore, the optimal numhlmrscheduled trains decreases in proportion
to transit ridership, thus ITC is imdy dependent on the transit fare.

Proposition 2(i)(ii) also shows that the chartjeection of transit fare (number of trains)
can (cannot) be influenced by the concdrrteansit subsidy policy. Proposition 2(iii)
establishes the intuitive result that when thansit operator is minimizing ITC, it cannot
offset the loss of ridership by adjing either the number of scheddiltrains or transit fare, or
both. Proposition 2(iv)indicates that the transit subsidy policy can effectively eliminate the
D-T Paradox as long as the cost subsidyrigel&nough to cover the fixed cost for providing
train service which includes the costs fanstruction and rolling stock. However, one
obvious weakness of this direct cost subsidljcpads that the governnm has to bear high
level of financial expenditurether than the investment on the highway capacity expansion.

3.1.2. Subsidy financed by road toll revenue

In the previous subsection, one can find that government’s diredtnancial subsidy to
the transit company could efftively avoid the D-T paradoklowever, the government needs
to spend more financial expenditure for sdigshn addition to the highway capacity expansion
investment, which would bring hadinancial burden to the gawvenent. In this section, we
assume that the government would not usectligovernment expenditure for the transit
subsidy. Alternatively, the government can lewgad toll to the highway users to reduce the
bottleneck congestion,nd at the same time use the revemodected from road tolls to
subsidize the transit compariiuang, 200Q) In this study, we would examine that, under
what conditions, the D-T paradoxrche avoided, if theoad toll revenue isised for transit
subsidy. We assume that all the toll revenue Wde used to subsidize the transit authority. It
should be noted that road toll is imposed@¢duce bottleneck congestion (or eliminate the
gueue) and the toll revenue is endogenouslyrehited by the travel equilibrium achieved in
the two-mode system.

It is known that the queuing time on the highvigya significant loss, so that at the social
optimum there is no queue ahdnce total queuing time costzero. The social optimum can
be achieved by employing the following fine/time-varying toll:

SV, . _

Bt -T-t), t <t<f%

S AU -Ti-t) tst<
k(t)= % t=t

A o -

oy (t+T,-t), T<t<t

S (-t <t

Under the fine toll, the departure rate of auto commuters is the same with the bottleneck

capacity within [t,t.], then the queuing will be eliminated. Correspondingly, the total

2

revenue from fine toll isN = 5;/1 . However, the fine toll doasot change the private travel
s

cost (an individual’s queuing tina the no-toll equilibrium is n@laced by the fine toll in the
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social optimum), thus it does not affect the modal cHoice
With the transit subsidy generated by the fine toll on the highvihg transit operator
determines the transit fare and the nundiescheduled trains to maintain no-deficit:

S(V-V,)"
2s

For any given bottleneck capacity, if the subsidizedsit operator provides the optimal fare
and number of trains to minimize ITC, wave the following minimization problem:
ITC-3:

(r,-C)V,-mR—-F + 0 (19)

minC, :aT2+r2+M.

subject to Egs. (4), (10), (16), (17) and (19).
Proposition 3. If the ITC-minimizing and subsidized transit operator adjusts the fare and
number of trains in response the continuously varying bogtheck capacity, then when the
bottleneck capacity goes up,

() the optimal number of trains monotonically decreases;

(i) the optimal transit farenonotonically increases ilN <N and decreases if\ > N,

2sF?

where N is a critical value andN = =

(iif) the number of transit usemonotonically decreases;

(iv) the ITC monotonically increases il < N (implying the D-T Paradox happens) and

decreases ifN > N (implying the D-T Paradox does not happen).

Proof. The proof is given ilppendix E.

Proposition 3(i)indicates that if the bottleneck capscis expanded, the transit operator
would cut the number of trairte maintain zero-profit even undéhe cost subsidy, which is
mainly due to the reduced transit passengersposition 3(iii)) If the transit subsidy is

relative small N<N), the optimal transit fare aftesubsidization increases with the
bottleneck capacity, then the ITC goes up #mel D-T Paradox occurs. In contrast, if the
transit subsidy is relative largé\(> N ), the optimal transit fare decreases with the bottleneck
capacity, then the ITG@eclines and the D-T Paradox is eliminat@doposition 3(ii)(iv))
Since s, F, &, andV are all exogenous vaitles, the value ofN is also exogenously

determined. It obviously increases wilte fixed cost ofransit operation,F .

2 Interested readers can refer\izkrey (1969), Arnott et al. (1990a) and Tabuchi (1993) for detailed
interpretation of the fine toll.
% In the future study, we will consider the uniform/flat toll or course toll for auto users in the bi-modal

system(Xiao et al., 2011, 2012)
13



The reason is that when road capacityxisamded, some travelers will switch from transit
to driving. The transit operator needs to balance the trade-off between being fully
self-financed and minimizing ITC by adjustingethumber of scheduledains and transit fare.
On one hand, because ridership drops, to coatsatisfying the self-financing constraint, the
transit operator has teeduce the number of schedulediris. On the other hand, when the

fine toll revenue is less than a critical valué € N), the transit authority has to raise the fare

to maintain budget. However, as longtas fine toll revenue is sufficienf\ > N ), the transit

operator can reduce the fare to minimize the IA€the optimal number of scheduled trains
decreases in proportion to transit ridership, thenge direction of the ITC is consistent with
the transit fare. Moreover, comparing the changfetransit schedulingnd pricing schemes in
response to the loss of patronage, one can wbseat the transit subsidy policy has obvious
effects on the change direction of transit farevertheless, the number of scheduled trains
always decreases.

In all, if fine toll scheme is implemented teduce bottleneck congestion, the collected toll
revenue can be used as thensit subsidy to eliminate D-Paradox, which would save the
direct government financial expeiture. However, the effectiveness of avoiding D-T paradox
is conditional on the value of total revenue frorad@ricing, i.e., if the toll revenue is greater

2
than the critical value ofN :2;/—F2, the D-T Paradox can be eliminated, and otherwise, D-T

Paradox still occurs. lis easy to know thate critcal value N decrease with increasing

bottleneck capacitys. Fig. 4 and Sshow the change il and N with respect tos and

the condition of overcoming the D-T Paraflox

Remark. If the transit subsidy soced from the road toll revenue is not enough to overcome
the D-T Paradox, the government may haventeke up the deficiency by using financial
expenditure. Then, the transit subsidy igaficed by the combination of government
expenditure and road pricing revenue, whadn be easily modeled in the same way as
previously stated.

4 As we do not know howN changes withs, we assumez—N< 0 inFig. 4and dd—N< 0 inFig. 5
s s
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Fig. 5. The change in the value dl and N with bottleneck capacitys (?j—':> 0).

Propositions 2 and inply that cost subsidy policy cde applied to effectively avoid the
D-T Paradox and improve the two-mode system performance under certain conéitofs.
schematically shows the mechanism of cegbsidy policies on the prevention of D-T
Paradox.
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Fig. 6. The impact of cost subsidy policies on the prevention of D-T Paradox.
3.2. Passenger subsidy

According to theOECD (2005) a cost subsidy is able tocrease the transit authority’s
income or reduce its cost, while a passengbsidy (subsidizing publitransport fares) can
lower down transit users’ travel cost. Thdtda (i.e., the passengeubsidy) could be
implemented to avoid the occurrence of Ivd Paradox under highwagapacity expansion
as well.

3.2.1. Government’s financial subsidy

The government’s financial expenditures carubed to subsidize the transit passengers. If

the total amount of the subsidy B, then every transit user receivé&V, . The generalized

travel cost per train commuter becomes:
L2V, B

C,=al,+r, v
2

(20)
For any given bottleneck capacity, if the trargderator optimizes the fare and number of
trains to minimize ITC, we havwbde following minimization problem:

ITC-4:

minC,

7,,Mm

subject to Egs. (4), (15-17) and (20)
Proposition 4. If the ITC-minimizing transit operator pts the fare and number of trains in
response to the varying bottek capacity after governmentancial subsidies towards
passengers, then when the bottleneck capacity increases,

() the optimal number of trains monotonically decreases;

> It should be noted that Eq. (15)tie zero-profit constraint. When the passenger subsidy policy is applied,
there is no direct subsidy provided to the transit ajper Therefore, the transit operator should maintain

the break-even between the farebox revenue and the operation cost.
16



(i) the optimal transit farenonotonically increases;

(iif) the number of transit passengienonotonically decreases;

(iv) the ITC monotonically increases B < F (implying the D-T Paradox happens) and

decreases ifB > F (implying the D-T Paradox does not occur).
Proof. The method for the proof is exactly the same to thaPfoposition 2 and therefore
the detailed proof isot elaborated here.

Proposition 4(i)(i))imply that if the subsidy is providedirectly to the passengers, it would
not change the decisions of the transit operator, i.e., the operator reduces the number of trains
and raises the fare as in the no subsidy caseP(sgmsition ). One possible explanation is
that, even though passengergognthe best service (ITC-mimizing transit policies and
subsidies) provided by the tisih authority and th government, some transit passengers
would give up public transport and use highvadter the tradeoff between the decline of
transit fare due to subsidyn@ the decrease of queueing ¢irdue to bottleneck capacity
expansion(Proposition 4(iii)) As a result, the loss of transit patronage breaks the balance
between income and expenditure, and thesttasompany would have to lower down the
service (raise the transit fare and reduce ttumber of scheduled trains) to maintain
breakeven, which induces a higher automobileiva and a higher perceived travel costs of
both modes.

Proposition 4(iv)indicates that the passenger sdpspolicy can successfully avoid the
occurrence of the D-T Paradox if governmetitrsancial expendituregxceeds the transit
company’s fixed costl® > F ). The reason is that even thartsit authority raises the transit
fare and reduces the number of schedutains, an enotigpassenger subsidB( F ) can
lead to a decrease in generalized travelscasid makes every user better off. The higher
subsidization, the lower commuters’ costs in bi-modal equilibrium, and the more likely the
D-T Paradox can be avoided.

3.2.2. Subsidy financed by road toll revenue

The fine toll revenue can also be usedubsidize transit passengers. As the total amount

. 2 . . OV7 .
of the subsidy isN = é} , then every transit user recelvezs\l/—. The generalized travel
S SV,

cost per train commuter becomes:

2¢T,V, _ 5\/12

21
m 2sV, 1)

C,=aTl,+7r,+
For any given bottleneck capacity, the optimal transit fare and number of scheduled trains
solves the following minimization problem:
ITC-5:

T,L?Cz

subject to Egs. (4), (15-17) and (21).

Proposition 5. If the ITC-minimizing transit operator pts the fare and number of trains in
response to the continuously varying bottleneakacity after the redribution of the toll
revenue towards passengers, then watipect to the bottleneck capacity,

17



() the optimal number of trains monotonically decreases;
(i) the optimal transit farenonotonically increases;
(iif) the number of transit usemonotonically decreases;

(iv) the ITC monotonically increases il < N (implying the D-T Paradox happens) and

decreases ifN > N (implying the D-T Paradox does not happen).

Proof. The method for the proof is exactly the same to thaPfoposition 3 and therefore
the detailed proof isot elaborated here.

Proposition 5(i)(ii) indicate that, in presence of the bottleneck capacity expansion, the
transit operator has to raise the fare and redhe number of trains. As can be seen, the
passenger subsidy has no effeettransit authority’s pricingnd scheming decision compared
to the case without subsidy (séeposition ). It is reasonable since such passenger subsidy
cannot change the result of passenigses after highway capacity expansiffroposition
5(ii)) and eventually affect transit operator’s decision.

Proposition 5(iv)also implies that the D-T Paradawuld be avoidedy the passenger

subsidy policy under the specific road toll revenue conditidin-(N ). This can be easily

explained. Sufficient passenger subsidy can teaal decrease in the perceived travel cost of
both modes under the bi-modal equilibrium and makes everyone better off. The higher
passenger subsidies, the lower ITC, andntinee likely the D-T Paradox can be prevented.
Fig. 7shows the mechanism of passenger sulysidigies on the preveion of D-T Paradox.

7 Transitfare —— o )
T e e | s OT
/ ..... E § B < F _ ,/ \\ ,/
)/Highway capacity\ Responsive transit N
\ expansion ) service oo
— | B>F D .
| / The number of \—" | / 0 c/D-T Paradox\
> ) ) O » ITC decreases )—>{ |
\_ trains decreases  f-----i | B \\ > \ does not occuy
'N>N

Fig. 7. The impact of passenger subsidy policies on the prevention of D-T Paradox.
4. Numerical examples

This section provides an example to deriwemerical solution of the proposed models.
Consider the two-mode network described Saction 2with the following parameters:

V =10,000 (commuters), (r,«,f)=(3.0,1.2,0.6 (HK$/minute), 1=2.5 (minute),

t'=9:00 am., T,=30 (minute), T,=45 (minute), 7,=30.0 (HK$), ¢=0.0001
(HK$/discomfort), ¢ =10(HK$/commuter), R=100(HK$/veh), and F = 2000(HK$).
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4.1. No transit subsidy

Fig. 8 presents the numerical results under 8oenlTC-1 when the bottleneck capacity
increases from 50 to 300. It is found that tle@4subsidized transit opgtor would raise the
transit fare and reduce the number of schedubads in response tihe bottleneck capacity
expansion as shown iRig. 8(a)(b) As a result, the ITC goes up with the increasing
bottleneck capacity as shown fing. 8(c) which shows that the D-T Paradox continuously
happens.
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Fig. 8. Transit fare, the number stheduledrains and ITC without transit subsidy.

Fig. 9 shows the departure patterns of conemsubn highway and railway and modal share
under different bottleneck capacities. As revealedrig. 9(a), the departure time for auto
commuters at which the queue begins, eadsl a commuter reaches the destination
punctually does not change afthe bottleneck capacity expams, which is mainly due to
the linear relationship between the numbemlofo commuters and the bottleneck capacity.

Moreover, the auto garture rate durindt,, T] and [t,t,] is monotonicallyincreasing with
the bottleneck capacity, which could dleviously observed from Eqg. (3).
As can be seen in Fig. 9(b), the time window of transit commuters’ depdtfutld does

not vary with the bottleneck capacity, whiclan be explained by the linear relationship
between passenger volumes and the numberhefisded trains. Furthewne, the growth rate
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of the departure rate ofansit commuters duringt.,t | and the drop rate of the one during

[f,t;] are monotonically decreasing with the tlteck capacity, which can be understood

by the relationship of the number of passes@ad the number of scheduled trains.
Fig. 9(c) shows that the modal share fotoaincreases and transit decreases when
bottleneck capacity goes up, which has been interpreted before.
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Fig. 9. Departure rates on highway and railway and modal shares without transit subsidy.

4.2. Cost subsidy
4.2.1. Government’s financial subsidy

Fig. 10displays the results undere®ario ITC-2 when the bottleok capacity increases as
an illustration of Proposition 2. As is shownFiy. 1Q no matter what is the size of subsidies
the government provides to ttransit operator, the number todins is always dropping when
the bottleneck capacity geep. In contrast, whehe transit subsidyE) is less (greater) than
the fixed cost of trangit(F ), the transit fare increasédecreases) along with bottleneck
capacity. Then, the ITC would indeed incregsecrease) after ¢hbottleneck capacity
expansion, which means thaetD-T Paradox does (not) happen.

® Let B=1500 (B<F)or B=2500 (B>F).
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Fig. 10.Transit fare, the number of trains and ITC with cost subsidy from government.

4.2.2. Subsidy financed by road toll revenue

Fig. 11 provides the numerical results under ScienErC-3 when the bottleneck capacity
increases. It is clear frofig. 11(a), (b)that along with the increasf the bottleneck capacity,
the transit fare firstly goes wgnd then descends while the nianbf scheduled trains always
decreases. Therefore, the generalized traest of travelers firstly increases and then
decreases with the bottleneck capacity as presentédginll(c) which states the D-T

Paradox can be prevented under certain road toll revenue condition\(i=l ). It should

be noted that the train timetabling or schedyle.g., Li et al., 2013, Wu et al., 2015) has not
been explicitly considered inighpaper, which could be furthaddressed in the future study.
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Fig. 11.Transit fare, the number of trains and ITC with cost subsidy from road toll revenue.

4.3. Passenger subsidy
4.3.1. Government’s financial subsidy

Fig. 12 presents the numericaésult under ITC-4 with ineasing bottleneck capacity.

Regardless of the size of gomement’ financial subsidy, theptimal number of scheduled
trains is dropping while the optimal transit pricing is increasing when the bottleneck capacity
goes up. If the passenger subsidy)(is less (greater) than the fixed cost of tranBij,(the

ITC would indeed increase (decrease) afterlibttleneck capacity expansion, which means
that the D-T Paradox does (not) occur.
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Fig. 12.Transit fare, the number of trains dfe with passenger subsidy from government.
4.3.2. Subsidy financed by road toll revenue

Fig. 13depicts the results under Scenario ITC-5 when the bottleneck capacity increases. It
can be seen frorkig. 13(a)(b)that along with the increasd the bottleneck capacity, the
transit fare firstly goes up and the numberscheduled trains decreases. The individual
commuter’s generalized travel cost firstly ieases and then decreases with the bottleneck
capacity as depicted Fg. 13(c) which implies the D-T Paradox can be prevented under the

specific road pricing revenue condition (i.e\ > N).
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Fig. 13.Transit fare, the number of trains and ITGhapassenger subsidy from road toll revenue.
4.4. Comparison of ITC under different transit subsidy policies

Fig. 14 presents the ITC under different transubsidy (cost and passenger subsidy)
policies. As shown irFig. 14 when the bottleneck capacity is expanded, the ITC without
transit subsidy is alwaysdHargest and the one with government’s abundant subBidyH)
is always the lowest; the ITC with transit siglysfrom road toll revenue is often lower than
the one from government’s insigfent financial expenditureR < F ). This means that the
single transport policy, i.ehighway capacity expansion, gnahave undesirable effects.
However, the combined transport policy of razapacity investment and appropriate transit
subsidies can improve the two-mode system performance. Hpprm4 we can also see that
there are similarities between the effectscokt subsidy and the passenger subsidy in
overcoming the D-T Paradox. On one hand, il financial support from the government
funding, both the cost and passenger subsidy can (cannot) avoid the occurrence of the D-T
Paradox if the subsidy is larger (lower) thae fixed cost of transibperator. On the other
hand, with the financial suppoftom the road toll revenudjoth the cost and passenger
subsidy can eliminate the D-T Paradox under tame condition. A possible explanation is
that we do not consider travelers’ hetemogjey in the current framework. If commuters’
heterogeneity is incorporatedto the analysis of the D-Paradox, the difference of the two
subsidy schemes will be expected, which cdnddurther addressed in the future work.
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Fig. 14.The ITC under different transit subsidy policies.

5. Conclusions

This study investigates the occurrence dmas and preventive measures of the D-T
Paradox considering travelers’ departure tiamel mode choices. When the transit operator
minimizes ITC while maintaining break-even, it is found that the highway capacity expansion
has a significant effect on transit operatingiqpg and dispatching) schemes as well as
travelers’ departure time and mode choicesiclvigives rise to the phenomenon of the D-T
Paradox.

In order to overcome the D-T Paradox, trarsibsidies (including cost and passenger
subsidies) sourced from eithgovernment funding or road talevenue are designed in this
research. The impact of cost or passemsgésidy on transit operating schemes and ITC are
explicitly explored. Itis shown that the transit subtigifinanced by government funding (or
road toll revenue) can effectiyebvoid the occurremcof the D-T Paradox if the subsidy is
larger than the fixed cost of traheperator (or a critical value).

There are a number of diteans in which the study coulde extended. Further analysis
should consider: (1) chge of departure pattern under diffiet transit subsidy policies, (2)
non-linear body congestiofiHuang, 2002; de Palma et al.,, 201%3) heterogeneous
commuters(Xiao et al., 2011; Xiao and Zhg, 2014; Du and Wang, 2014; Wang and Du,
2016) (4) oligopoly transit operatorg.iu et al., 2011) (5) three travel modes: auto-only
mode, transit-only mode, and park-and-ride m@de et al., 2009; Lwet al., 2015; Wang and
Du, 2013) (6) congestion interactiormetween autos and bugésiang et al., 2007; Basso et
al., 2011) (7) parking fees at the destinati@fian et al., 2011, 201Dian and Rajagopal,
2014)
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Appendix A. Proof of nonoccurrence of D-T Paradox

We firstly consider a transit operator whwaximizes its profit. For any given bottleneck
capacity, the optimal transit fare and number of trains solves the following optimization
problem with the bi-modadquilibrium constraint:

maxZ =(z,-c)V,—-mR—F (22)

75,M
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subject to Egs. (4), (10), (16) and (17).
The existence and uniqueness of the optimatisolwf the above problem can be guaranteed
by the continuity of the objective functionéthe compactness of the feasible region.

The necessary conditions for an interior optinfa},m ) of the above problem are:
V, (6m+2¢psT,)—(z,—c)sm=0 (23)
2(z,—C)@sSTV, —mR(5m+ 2psT,) =0 (24)

To obtain the relationship between the optin(na;,m*) and s, we take total derivative of

both sides oEqs. (23) and (24Wwith respect tos:
dr, _ &V _, dm_ m(2v,-V)

_ < , —
ds 25 ds 23V,

Thus, % = 2\/22_\/ , according tdefinition 1, the non-existence of the D-T Paradox can be
S S
shown by:
dC,
T =—(ms +2s¢T, )8V < 0.

Appendix B. Proof for the uniqueness of tk optimal solution of Problem (14-17)
The uniqueness of the optimal solution of Peabl(14-17) can be proved by contradiction.

Assume there are two different optimal solutiofs,, ;) and (z,,,1m,), such thatz,, = 7,

or m =m,, then we have two distinct equilibrium solutiorﬁvl*l,vgl) and (Vl;,VZZ).

Obviously, the objective valuesf the two optimal solutions should be identical, i.e.,

aT2+r;l+£2*V21:aT2+r*22 +£2V22. According to the constraints (4), (10) and (16), we

can conclude tha¥,, =V,, or V,,=V,, must hold. Then, it can be evidently obtained from

Egs. (4), (9), (10) and (16) that, =7,, and m =m, must be simultaneously true. This
contradicts with the assumption thag tlvo optimal solutions are different.
Appendix C. Proof of Proposition 1

From the zero-profit conditiofiL5), the transit fare can be expressed as:

_ oV, +mR+F

p=t] (25)
2

Substitutingeq. (25)into the equilibrium conditions (4), (10), (16) and (17), we have:
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V-V
G(Vz,m,8)=aT1+rl+u_a-|—2_CVz +\r/nR+ F 2¢'rEv2 _
2

0 (26)

The partial derivatives oW, with respecttom and s are given by:

v, RV,n’'s—2¢TV,’s
om =6V m? —m’sR+m’ sk — 2¢TV,ms’

oV, 5(V-V,)V;m

0s -6V m-m’s’ R+ ms?F — 2T V,%s*

Evidently, 6V,/ds<0 is true by the monotonicity of functio€, (V,,s)’, then it means
that:
ms(F +mR)-V,’ (ms + 2s¢T,) < 0.

According toEq. (25) rewritel TC-1 as:

ITC-1":
minC, =T, + oV, +\Z‘R+ F . 24";2\/2 @27)
subject toEq. (26)
The optimal m can be derived by:
RM? — 29T V2=0 (28)

To obtain the relationship between the optin(nal,m*) and s, we take total derivative of

both sides oEq. (28)with respect tos:
dm _ P AYA (V-V,)

<0,
ds  Rsm(sF-6V;)
dr, __SF(V-V,) o
ds  s(sF —é\/j)
Thus,
dC, __SFVI(V-V,) o

ds s(sF —éVZZ)
It is implied that the D-T Paradox would happen.

7 C(V,,S)=aT,+k +6V/s=aT+k,+5(V-V,)/s.
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Appendix D. Proof of Proposition 2

According to the zero-profit conditigii5), the transit fare can be obtained as:

cV,+mR+F-B
T,= Y,
2

(29)

Substitutingeqg. (29)into the equilibrium conditions (4), (10), (16) and (17), we have:

5(V-V,) T, v, +MR+F -B 2TV, _
v, m

G(V,,m,s)=aT,+7,+ 0 (30)

The partial derivatives oW, with respecttom and s are expressed by:

v, RV,m’s—2¢T,V,’s
om =0V, m? —m°sR+m’s(F — B)— 24T ,V,’ms’

v, 5(V-V,)V;m

0s oSV m-mPs’R+ms?(F —B)-2¢TV,’s*

Apparently, 6V,/ds<0 is true by the monotonicity of functio, (V,,s), then it implies
that:
ms(F - B+mR) -V (ms + 2s¢T,) < 0.

FromEqg. (29) rewritelTC-2 as:

ITC-2":
minC, = aT, + OV * m\'z+ F-B, 2¢;2V2 (31)
subject toEq. (30)
The optimal m can be obtained by:
R’ — 29T V2 =0 (32)

To derive the relatiofsp between the optima(r;,rﬁ ) and s, we take total derivative of
both sides oEq. (32)with respect tos:
dm _ 20T,6(V -V,)V,
ds  Rsm[s(F-B)-6V;]

dz, &(V-V,)(B-F)
ds  s[s(F-B)-oV}|

Then,
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dC, §(V —Vz)(B—F)
ds s[s(F-B)-oV;]

Therefore, if B<F , then %>O and OICZ>O; and if B>F , then %<0 and
ds ds ds

dC,
ds

<0.

Appendix E. Proof of Proposition 3

Using the zero-profit conditiofl5), the transit fare can be determined by:

S(V-V,)
cV, +mR+F —M
7,= 2s (33)
V2
Substitutingeq. (33)into the equilibrium conditions (4), (10), (16) and (17), we have:
G(V,.m,s)
2
5(V—V ) CV2+mR+F_M 2 TV (34)
=al, +7,+ 2 —aT,— 2s _“PhYa_g
S V, m

The partial derivatives oW, with respecttom and s are expressed as:

oV, 2RV,M’s— 4T Vs

om  (2smR+ 25F -6V’ -V, )m? — 4pT NV, ms

N, SV -V,)(V +V,)V,m

05 (2smR+25F —oV° -6V} )sm- 4pT Vs

Obviously, oV, /6s<0 is true by the monotonicity of functiol, (V,,s), then it indicates

that:
(23mR+ 25F -6V -6V, ) m— 45T Vs < O.
According toEq. (33) rewritel TC-3 as:
ITC-3"

5(V-V,)
2s + 2§0T2V2 (35)
Vv, m

cV, + mR+F -

minC, = aT, +
m

subject toEq. (34)

The optimal m can be given by:

R — 29T,V = 0 (36)
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To obtain the relationship between the optin(nal,m*) and s, we take total derivative of

both sides oEq. (36)with respect tos:
dm 20TV (V —Vz)(V +V2)

ds  Ram(2sF V2 -oV;) <0

dr, O(V-V,)(-0WV,-2sF +6V?)

ds SV, (2sF —5VZ - 6Vy)
Therefore,

dc, S(V-V,)(-0W,-2sF +6V?)

ds sV, (2sF -oVi-6Vy))

2 2
Consequently, ifO<V, <V —Z—SF, that is Ny >2i2, then %< 0 and &< 0; and if
oV 2s oV ds ds
2 2
2sF Ny <2$F then %>O and %>O.

2

V, >V -———, thatis
oV 2s oV ds ds
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