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DERIVED A-INFINITY ALGEBRAS AND THEIR HOMOTOPIES

JOANA CIRICI, DANIELA EGAS SANTANDER, MURIEL LIVERNET, AND SARAH WHITEHOUSE

ABSTRACT. The notion of a derived A-infinity algebra, considered by Sagave, is a generalization of the
classical notion of A-infinity algebra, relevant to the case where one works over a commutative ring
rather than a field. We initiate a study of the homotopy theory of these algebras, by introducing a
hierarchy of notions of homotopy between the morphisms of such algebras. We define r-homotopy, for
non-negative integers r, in such a way that r-homotopy equivalences underlie E,.-quasi-isomorphisms,
defined via an associated spectral sequence. We study the special case of twisted complexes (also known
as multicomplexes) first since it is of independent interest and this simpler case clearly exemplifies the
structure we study. We also give two new interpretations of derived A-infinity algebras as A-infinity
algebras in twisted complexes and as A-infinity algebras in split filtered cochain complexes.
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1. INTRODUCTION

The homotopy invariant version of an associative algebra, known as an A..-algebra, has become an
important idea in many areas of mathematics, including algebra, geometry and mathematical physics.
An introduction to these structures and a discussion of various applications can be found in Keller’s
survey [Kel01]. Kadeishvili’s work on minimal models used the existence of As-structures in order to
classify differential graded algebras over a field up to quasi-isomorphism [Kad80].

The homotopy theory of these algebras has been studied by several authors, including Prouté,
Grandis and Lefevre-Hasegawa [Proll], [Gra99], [LHO3]. Grandis gave a notion of homotopy between
morphisms of A,-algebras via a functorial path construction. Working over a field, Lefevre-Hasegawa
establishes the structure of a “model category without limits” on the category of Ay,-algebras.

In order to formulate a generalization of Kadeishvili’s work over a general commutative ground ring,
Sagave considered the notion of derived A-algebra [SaglO]. This is related to the notion of Déi)—
differential A,-algebra considered by Lapin in [Lap02]. Sagave establishes the existence of minimal
models for differential graded algebras (dgas) by showing that the structure of a derived A.-algebra
arises on some projective resolution of the homology of a differential graded algebra. Furthermore,
the dga can be recovered up to quasi-isomorphism from this data.

In [LRW13] an operadic description of derived As-algebras was developed, working with non-
symmetric operads in the category vbCpg of bicomplexes with zero horizontal differential. There is
an operad d.As in this category encoding bidgas, which are simply monoids in bicomplexes. Derived
Ao-algebras are precisely algebras over the operad

dAso = (dAS)s = Q((dAs)1).

Here (dAs)i is the Koszul dual cooperad of the operad d.As, and §2 denotes the cobar construction.
Further development of the operadic theory of these algebras was carried out in [ALR"15]. The recent
PhD thesis of Maes [Mael6] studies derived Py-algebras, replacing the associative operad As with a
suitable operad P.

A derived Ay-algebra has an underlying twisted complex, also known as a multicompler or Dyo-
module. Twisted complexes arise as a natural generalization of the notion of double complex by
considering a family of “differentials” indexed over the non-negative integers. These objects were first
considered by Wall [Wal61] in his work on resolutions for extensions of groups and subsequently they
have arisen in the work of many authors. They were studied by Gughenheim and May [GMT74] in
their approach to differential homological algebra. Meyer [Mey78| introduced homotopies between
morphisms of twisted complexes and proved an acyclic models theorem for these objects. More
recently, twisted complexes have proven to be an important tool in homological perturbation theory
(see for example [Lap01], [Hue04]). Saneblidze [San07] introduced projective twisted complexes and
showed that every (possibly unbounded) chain complex over an abelian category A is weakly equivalent
to a projective multicomplex, provided that A has enough projectives and countable coproducts. This
result provides a good description of the derived category of A. The work of Sagave on minimal models
for differential graded algebras can be thought of as a multiplicative enhancement of Saneblidze’s
result [San07].

In this paper, we initiate a study of the homotopy theory of derived A..-algebras, by introducing
a hierarchy of notions of homotopy between the morphisms of such algebras. We define r-homotopy
for » > 0 and consider a related notion of E,-quasi-isomorphism. Denoting the set of r-homotopy
equivalences by S, and the set of E,-quasi-isomorphisms by &, we have the following inclusions.

S ¢ & ... C S C S Cle
N N N N
& C & C ... C & C & Cll.

We treat the special case of twisted complexes first, since it is of independent interest and the theory
is simpler in this case. Every twisted complex has an associated spectral sequence, defined via the
column filtration of its total complex. In fact, the totalization functor gives rise to an isomorphism of
categories between the category of twisted complexes and the full subcategory of filtered complexes
whose objects have split filtrations (Theorem 3.8). The class of E,-quasi-isomorphisms is given by those
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morphisms of twisted complexes inducing a quasi-isomorphism on the r-th stage of their associated
spectral sequences. The notion of r-homotopy for twisted complexes that we consider corresponds
to the notion of homotopy of order r introduced in [CE56] and further developed in [CG16] in the
context of filtered complexes. We study the localized category of twisted complexes with respect
to r-homotopies (Theorem 3.26). We present several equivalent formulations of r-homotopy: via a
functorial path, via explicit formulas and an operadic approach (Theorem 3.37).

A substantial part of the paper is devoted to developing new interpretations of derived A,.-algebras.
As well as being interesting in themselves, these new viewpoints are used in establishing properties
of homotopy and they provide a key idea for the proof of the equivalence of the various formulations
of r-homotopy in the derived A, case. Firstly, we show that derived A..-algebras can be interpreted
as Aoo-algebras in twisted complexes (Theorem 4.50). This formulation has the potential to be a
very useful tool for the future development of different aspects of the theory of derived A,.-algebras.
Secondly, under suitable boundedness conditions, we show that derived A..-algebras can be viewed as
split filtered Ao-algebras (Theorem 4.56). This result allows one to transfer known constructions in
the category of A..-algebras to the category of derived A .-algebras, by checking compatibility with
filtrations.

The context for these new interpretations is the theory of operadic algebras for monoidal categories
over a base, as developed by Fresse [Fre09]. We endow the categories of twisted complexes and filtered
complexes with a monoidal structure over the category of vertical bicomplexes and use this to enrich
them over vertical bicomplexes. This allows us to formulate these algebra structures by means of an
enriched endomorphism operad. The totalization functor extends to the enriched setting and gives
an isomorphism between the vertical bicomplexes-enriched categories of twisted complexes and split
filtered complexes (Theorem 4.39). We use this isomorphism to show that, under certain boundedness
conditions, the different intepretations of derived Aso-algebras are equivalent.

We then turn to r-homotopy for derived A-algebras. Here, the class of E,-quasi-isomorphisms
is defined by lifting F,-quasi-isomorphisms of the underlying twisted complexes. The notion of 7-
homotopy that we consider arises as a combination of the notion of r-homotopy for twisted complexes
and the classical notion of homotopy between morphisms of A,,-algebras. We again present different
approaches: via a functorial path construction, via explicit formulas and in operadic terms. For
the operadic description we formulate the general notion of a (g, f)-coderivation for morphisms g, f
of cofree coalgebras over a (non-symmetric) operad. In Theorem 5.31, we show that the different
approaches are equivalent.

The results of this paper set up the foundations for a homotopy theory of derived A,.-algebras,
contextualizing the ad-hoc notion of homotopy introduced by Sagave in a very particular case and
generalizing the work of Grandis on functorial paths for Ay-algebras. We expect that both the new
descriptions of derived A.-algebras and the properties of homotopies developed here will allow us to
endow the category of derived As.-algebras with the structure of a model category without limits in
the future, with weak equivalences being F,.-quasi-isomorphisms.

The paper is organized as follows. Section 2 covers background material introducing some of the
categories we work with. The notion of r-homotopy for twisted complexes is covered in Section 3.
Our new interpretations of derived A..-algebras are presented in Section 4. Finally, Section 5 studies
r-homotopy for derived A,.-algebras.

Acknowledgements. The authors would like to thank the Banff International Research Station and
the organizers of the Women in Topology workshop in April 2016 for bringing us together to work
on this paper. We would also like to thank Gabriel Drummond-Cole, Fernando Muro, Emily Riehl,
Agusti Roig and Sinan Yalin for helpful conversations. Further thanks go to the anonymous referee
for his/her careful report and helpful suggestions.

2. PRELIMINARIES

We first set up some notation which we will use throughout this paper.



4 JOANA CIRICI, DANIELA EGAS SANTANDER, MURIEL LIVERNET, AND SARAH WHITEHOUSE

Notation 2.1. Throughout this paper R will denote a commutative ring with unit. Unless stated
otherwise, all tensor products will be taken over R. Let C be a category and let A, B be arbitrary
objects in C. We denote by Hom¢ (A, B) the set of morphisms from A to B in C. If (C,®,1) is
symmetric monoidal closed, then we denote its internal hom-object by [A, B] € C in which case we
have by definition a bijection

Hom¢ (A ® B,C) = Home (A, [B, C))
which is natural in A, B and C.

2.1. Filtered modules and filtered cochain complexes. We collect some algebraic preliminaries
about filtered R-modules and filtered complexes of R-modules. Our complexes are cochain complexes
and our filtrations are increasing.

Definition 2.2. A filtered R-module (A, F) is given by a family of R-modules {F,A},cz indexed by
the integers such that F},_1A C F,A for all p € Z and A = UF,A. A morphism of filtered modules is a
morphism f : A — B of R-modules which is compatible with filtrations: f(F,A) C F,B for all p € Z.

Definition 2.3. The tensor product of two filtered R-modules (A, F) and (B, F) is a filtered R-
module, with
Fy(A®B):= Y Im(FA® F;B— A®B).
i+j=p
This makes the category of filtered R-modules into a symmetric monoidal category, where the unit is
given by R with the trivial filtration 0 = F_1 R C FyoR = R.

Denote by Cg the category of cochain complexes of R-modules. The standard tensor product
endows this with a symmetric monoidal structure, with unit R concentrated in degree zero.

Definition 2.4. A filtered complex (K,d, F') is a complex (K, d) € Cg together with a filtration F of
each R-module K" such that d(F,K™) C F,K"! for all p,n € Z.

We denote by fCr the category of filtered complexes of R-modules. Its morphisms are given by
morphisms of complexes f : K — L compatible with filtrations: f(F,K) C F,L for all p € Z. It
is a symmetric monoidal category, with the filtration on the tensor product defined as above. The
symmetry isomorphisms are inherited from the standard ones on cochain complexes.

We next recall the notion of homotopy of order r due to Cartan and Eilenberg.

Definition 2.5. [CE56, p321] Let f,g : (K,F) — (L, F) be two morphisms of filtered complexes
and let r > 0 be an integer. A homotopy of order r from f to g is a map of graded R-modules
H: K* — L*~! such that dH + Hd = g — f and H(F,K") C F,,L""! for all p,n € Z.

Remark 2.6. Every filtered complex (K, d, F') has an associated spectral sequence {E,(K),d,} and
this assignment is functorial. Given a homotopy of order r» between morphisms of filtered complexes
frg: (K, F)— (L, F), the induced morphisms at the k > r stages of the spectral sequences coincide:
fr =g}« Ex(K) — Ep(L) for all & > r (see [CE56, Proposition XV.3.1]). This result indicates
how the notion of homotopy of order r is suitable for studying the r-derived category defined by
inverting those morphisms of filtered complexes which induce an isomorphism at the F,;i-stage of
the associated spectral sequences (see [Par96], [CG16]).

2.2. Bigraded modules, vertical bicomplexes, sign conventions. We consider (Z,Z)-bigraded
R-modules A = {Ag}, where elements of A{ are said to have bidegree (7, j). We sometimes refer to i
as the horizontal degree and j the vertical degree. The total degree of an element a € A{ is |a| = j — 1.
A morphism of bidegree (p,q) maps Ag to Agi; . The tensor product of two bigraded R-modules A
and B is the bigraded R-module A ® B given by
(A® B)] =P Ao B
P,
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We denote by bgModp the category whose objects are bigraded R-modules and whose morphisms
are morphisms of bigraded R-modules of bidegree (0,0). It is symmetric monoidal with the above
tensor product.

We introduce the following scalar product notation for bidegrees: for z,y of bidegree (x1, x2), (y1,y2)
respectively, we let (z,y) = x1y1 + T2y2.

The symmetry isomorphism

TR A9 B B® A
is given by
a®@b— (1)@ a.

We follow the Koszul sign rule: if f: A — B and g : C — D are bigraded morphisms, then the
morphism f® g: A® C — B® D is defined by

(f@g)a®e) = (~1) f(a) ® g(c).

Definition 2.7. A wvertical bicomplex is a bigraded R-module A equipped with a vertical differential
d*: A — A of bidegree (0,1). A morphism of vertical bicomplezes is a morphism of bigraded modules
of bidegree (0,0) commuting with the vertical differential.

We denote by vbCpg the category of vertical bicomplexes. The tensor product of two vertical
bicomplexes A and B is given by endowing the tensor product of underlying bigraded modules with
vertical differential d4®P := d4 ® 1+ 1®dP : (A® B)! — (A® B)J*t!. This makes vbCp into a
symmetric monoidal category.

The symmetric monoidal categories (Cgr, ®, R), (bgModp,®, R) and (vbCpg, ®, R) are related by
embeddings Cr — vbCpr and bgModp — vbCpr which are monoidal and full.

Definition 2.8. Let A, B be bigraded modules. We define [A, B]; to be the bigraded module of
morphisms of bigraded modules A — B. Furthermore, if A, B are vertical bicomplexes, and f €
[A, B]Y, we define

(f) :=d"f — (=1)" fd*.
Lemma 2.9. If A, B are vertical bicomplezes, then ([A, B]%,0) is a vertical bicomplex.

Proof. A direct computation gives that 62 = 0. O

This gives an internal hom on vbCpg, making it symmetric monoidal closed. It restricts to give the
standard internal hom on the categories bgMody and Cg.

We denote by vbCpg, Cr, and bgModpy, the categories of vertical bicomplexes, complexes, and
bigraded modules respectively, enriched over themselves via their symmetric monoidal closed structure.

We will use a standard (vertical) shift S of bigraded modules, following Sagave’s conventions, as
in the first part of [Sagl0, Section 4]. So S is the shift of bidegree (0, 1); it is an endofunctor on the
category of bigraded R-modules with morphisms of arbitrary bidegree, where S(A)! = A 1 and on

morphisms Sf = (—1)"f, if f has bidegree (u,v).
We write o for the corresponding natural transformation from S to the identity; this means that

foa=0BS(f)=(-1)"0oBf.

For every bigraded R-module A, o4 is an isomorphism of bidegree (0,1). Then ¥y is the induced
isomorphism from morphisms on a k-fold tensor power:

U}, : Hom(A®%, B) — Hom((SA)®* SB),

where oV (f) = (—1)<‘I'k(f)"’>fa§’k. If the bidegree of f is (u,v), then the bidegree of Wi (f) is
(u,v + k — 1), and then since that of o is (0,1), we have (¥i(f),0) =v+k — 1.
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3. TWISTED COMPLEXES AND r-HOMOTOPY

In this section, we recall some key properties of the category of twisted complexes, also called
multicomplexes in the literature. We define the totalization functor from twisted complexes to filtered
cochain complexes and show that it induces an isomorphism of categories onto its image. We then
introduce r-homotopies between morphisms of twisted complexes, consider their interplay with spectral
sequences and study the localized category tCg[S,].

3.1. The category of twisted complexes (or multicomplexes).

Definition 3.1. A twisted complex (A, d,,) is a bigraded R-module A = {Af} together with a family
of morphisms {d,, : A — A};,>0 of bidegree (—m, —m + 1) such that for all m > 0,

> (—1)idid; = 0. (A1)
i+j=m
Definition 3.2. A morphism of twisted complexes f : (A,d3) — (B,dB) is given by a family of
morphisms of R-modules {f,, : A — B};,>0 of bidegree (—m, —m) such that for all m > 0,

Yo dlfi= ) (—1'fd (Bm1)
i+j=m i+j=m

The composition of morphisms is given by (g o f)m = 32,1, 9ifj- A morphism f = {f}m>0 is
said to be strict if f; = 0 for all 4 > 0. The identity morphism 14 : A — A is the strict morphism
given by (14),(x) = . A morphism f = {f;} is an isomorphism if and only if fy is an isomorphism of
bigraded R-modules. Indeed, an inverse of f is obtained from an inverse of fy by solving a triangular
system.

Denote by tCg the category of twisted complexes. Also, denote by bgMod% the full subcategory
of tCp whose objects are twisted complexes with trivial structure i.e., d,,, = 0 for all m > 0.

The following construction endows tCpr with a symmetric monoidal structure.

Lemma 3.3. The category (tCg, ®, R) is symmetric monoidal, where the monoidal structure is given
by the bifunctor
® :tCr x tCr — tCpr
which on objects is given by ((A,d2),(B,d2)) — (A® B,d2 @1+ 1®dB) and on morphisms is
given by (f,g9) — f® g, where (f @ g)m = Ziﬂ-:m fi ®g;. In particular, by the Koszul sign rule we
have that (f; ® gj)(a®b) = (—1)<9* fi(a) ® gj(b). The symmetry isomorphism is given by the strict
morphism of twisted complexes
T AR B B A
defined by
a®@be (1) a.
This functor describes a symmetric monoidal structure on bgMody by restriction.
Proof. We check that (A® B,0,, =dia @1+ 1®dE) is a twisted complex: for all m > 0 we have
(=100, = Y (DU @1+ 1@ dPdl +df @dP + (-1)7TTITI0)dd @ df) = 0.
i+j=m i+j=m
Similarly, one checks that f ® g is a morphism of twisted complexes. It only remains to see that this
construction is functorial. A direct computation shows that

(f@g)o(f®@g))m=(fof ®gog)m O
We extend the internal hom on bigraded modules to twisted complexes.

Lemma 3.4. Let A, B be twisted complexes. For f € [A, B]%, setting

(dif) = (=1)1 g8 f — (—1)* fas,

fori >0, endows [A, B]} with the structure of a twisted complex.



DERIVED A-INFINITY ALGEBRAS AND THEIR HOMOTOPIES 7

Proof. It is a matter of calculation that S (=1 (didm—if) = 0, for all m > 0. Thus the maps
d; : [A, B]Y — [A, B]*”""! make [A, B into a twisted complex. O

This construction gives an internal hom and we denote by tCg the category of twisted complexes
enriched over itself via this symmetric monoidal closed structure.

Definition 3.5. Let r > 0 be a non-negative integer. An r-bigraded complex is a twisted complex
(A, dp,) such that d,,, = 0 for all m # r.

Note that in this case, we have d,d, = 0. For r = 0, this coincides with the notion of vertical
bicomplex. Denote by r-tCp the full subcategory of tCr whose objects are r-bigraded complexes. The
prototypical example of such an object is given by the r-th term of the spectral sequence associated
with a twisted complex, as we will see in Section 3.3.

3.2. Total cochain complex of a twisted complex.

Definition 3.6. The total graded R-module Tot(A) of a bigraded R-module A = {A{} is given by
Tot(A)" = [[Art e P Art.
i<0 i>0

The column filtration of Tot(A) is the filtration given by F,Tot(A)" :=[[;-, A" for all p,n € Z.

We will show that, via the totalization functor, the category of twisted complexes is isomorphic to
a full subcategory of that of filtered complexes. We use the following.
Definition 3.7. A filtered complex (K, d, F) is said to be split if K = Tot(A) is the total graded
module of a bigraded R-module A = {A]} and F is the column filtration of Tot(A). We denote by

sfCg the full subcategory of f{Cr whose objects are split filtered complexes.
Given a twisted complex (A, d,,), define a map d : Tot(A) — Tot(A) of degree 1 by letting

d(a); ==Y (=1)™"dm(ajim), for a = (a;)iez € Tot(A)",
m>0

where a; € A" denotes the i-th component of a, and d(a); denotes the j-th component of d(a). Note
that, for a given j € Z there is a sufficiently large m > 0 such that a;i,, = 0 for all m’ > m. Hence
d(a); is given by a finite sum. Also, for j sufficiently large, one has aji, = 0 for all m > 0, which
implies d(a); = 0.

Given a morphism f : (A4, dn) — (B, dy,) of twisted complexes, let Tot(f) : Tot(A) — Tot(B) be
the map of degree 0 defined by

(Tot(£)(a))s = 3 (- 1™ fn(azem), for a = (as)icz € Tot(A)"
m>0

Theorem 3.8. The assignments (A, dy,) — (Tot(A),d, F'), where F is the column filtration of Tot(A),
and f — Tot(f) define a functor Tot : tCr — fCgr which is an isomorphism of categories when
restricted to its image sfCp.

Proof. Let (A,dy,) be a twisted complex and let a = (a;);ez € Tot(A)™. To see that (Tot(A),d) is a
complex it suffices to note that:

Z Z p(n+1) +mnd (dm(aj+m+p>) _ Z(_l)ln Z (—l)pdpdm(ajH) =0.

p>0 m>0 >0 m,p=>0,
m-+p=l

One easily verifies that Fj,_1Tot(A)" C F,Tot(A)" and that d(F,Tot(A)") C F,Tot(A)" 1.
Let f: (A,d;i) — (B, dB) be a morphism of twisted complexes. If a = (a;) € Tot(A)™ then

(Tot(f) =Y D YOI fdy(agm) =

m>0 p+qg=m

DN YT defplagem) = Y Y (D) fy(ajm) = (d o Tot(f)(a));.

m>0 p+g=m m>0pt+qg=m
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Note that Tot(f) is compatible with the filtration F' and that Tot(fg) = Tot(f)Tot(g). This proves
that Tot is a functor with values in the category of split filtered complexes.

We next define a functor Tot™! : sfCr — tCp inverse to the restriction of Tot onto its image. Let
(Tot(A),d, F) be a split filtered complex, where A = {A]} is a bigraded R-module. For all m > 0, let
dm : A — A be the morphism of bidegree (—m,—m + 1) defined by dp,(a) = (—1)""d(a)i—m, where
a € A" and d(a); denotes the k-th component of d(a), which lies in AT, Since d is compatible
with the filtration F', we have d; = 0 for ¢ < 0. Then (A,d,,) is a twisted complex and its filtered
total complex is (Tot(A),d, F). Lastly, let f : (Tot(A),d, F)) — (Tot(B),d, F') be a morphism of split
filtered complexes. For all m > 0, let f,,, : A — B be the morphism of bidegree (—m, —m) defined by
fm(a) = (=1)"™ f(a)i—m, where a € A" and f(a); denotes the k-th component of f(a), which lies
in B,?*k. Since f is compatible with the filtration F', we have that f; = 0 for ¢ < 0. Then the family
{fm}m>0 is a morphism of twisted complexes whose total morphism is f. It is straightforward to see
that the above constructions define an inverse functor to the restriction of Tot. O

Remark 3.9. Strict morphisms of twisted complexes correspond, via the above isomorphism of cat-
egories, to strict morphisms of split filtered complexes, that is, morphisms preserving the splittings.

We will also consider the following bounded versions of our categories, since the totalization functor
has better properties when restricted to these.

Definition 3.10. We let tCS’DL, vbCb,, bgModS’Q be the full subcategories of (N,Z)-graded twisted
complexes, vertical bicomplexes and bigraded modules respectively. We let ﬂ\/Iodl}’z, sfModS’%, fleq,
stl]’% be the full subcategories of (split) non-negatively filtered modules, respectively complexes, i.e.
the full subcategories of objects (K, F') such that F, K™ = 0 for all p < 0. We refer to all of these as
the bounded subcategories of tCr, vbCr, bgModp, fModg, stModpg, fCr and sfCp respectively.

In the following proposition, we show that the monoidal structures of twisted complexes and filtered
complexes are compatible under the totalization functor.

Proposition 3.11. The functors Tot : bgModp — fModg and Tot : tCr — fCr are lax symmetric
monoidal, with structure maps

€: R — Tot(R) and  pap: Tot(A) @ Tot(B) — Tot(A ® B),

giwen by € = 1p and for a = (a;); € Tot(A)™ and b = (b;); € Tot(B)"?,

(haBla®b))p = > (=1)"™a @by,
ki1+ko=k

When restricted to the bounded case, the functors Tot : bgMod% — fMod% and Tot : tCY% — fC% are
strong symmetric monoidal functors.

Proof. Clearly € is a map of filtered complexes and a direct computation shows that the same is true
for pa,p. We now show that p14 p respects the symmetric structure i.e., that Diagram (1) commutes.

A,B HA B
Tot(A) ® Tot(B) 22, Tot(A @ B) Tot(A) @ Tot(B) —%, Tot(A @ B)
T[ffg Tot(ng) Tot(f) ® Tot(g) Tot(f ® g)
- / AN / /
Tot(B) ® Tot(A) oA Tot(B ® A) Tot(A’) ® Tot(B >MA',B/ Tot(A’ @ B')

(1) (2)
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Let a ® b € Tot(A)™ @ Tot(B)"2, with ny + ny = n. Then

(TOt(T,tfg)MA,B(a ® b)) = Z (_1)k1n2+k1k2+(k1+m)(k2+n2)bkz ® ag,
k1+ko=k

S e, s,
ki1+ko=k

= (u.aTy f(a @ b))

The commutativity of Diagram (2) is obtained from the following computation. Let a ® b €
Tot(A)™ ® Tot(B)"2, with n; + ng = n. Calculating one composite we get

(Tot(f ® g) o pa,g)(@®b)); = Y (=1)™"(f @ @)m((pa,B(a @ b))jim)

m>0

= Z (_1)mn+(k1+m1)n2+mgn1 fml (a’k1+m1) & Gmo (bk2+m2)7

my,m22>0
k1+ka=j

where m = mj + meo. On the other hand, evaluating the other composite we get

(ar,pr o Tot(f) ® Tot(g))(a @b)); = > (=1)""2Tot(f)(a)r, ® Tot(g)(b)k,
k1t+ko=j

- Z (71)k1n2+m1n1+m2n2fm1(akl—i—ml)®QM2(bk2+m2)a

m1,m2>0
k1+ka=j

showing that the equality holds.
The coherence axioms are left to the reader. In the bounded case Tot is strong symmetric monoidal
since ® distributes over @, therefore the natural transformation p is a natural isomorphism. (]

We summarize the categories we study and their relations in the following commutative diagram.

bgModp «———— bgMody

~

* * 1bgMod}’;{°
* U oo
Cr—— vbCpg ¢ tCr bgMod%
-7 Tot | * * | Tot \\:\\
k/ * * h >
sfCp ¢ fCpr U fModgp «——  sfModg

All hooked arrows are embeddings; arrows with a * are full embeddings. We embed bigraded modules in
vertical bicomplexes and twisted chain complexes by assigning them trivial differentials. The forgetful
functors U forget the differential structure. All functors are strong symmetric monoidal, except for
Tot. This is strong symmetric monoidal when restricted to the full subcategories of bounded objects;
it is only lax symmetric monoidal otherwise.

3.3. Spectral sequence associated to a twisted complex. Every twisted complex (A, d,,) has
an associated spectral sequence

EX*(A,dy,) := EX*(Tot(A, dp)),
which is functorial for morphisms of twisted complexes. Denote by 4, the differential of the r-th term.

We choose the bigrading in such a way that for all » > 0, the pair (E,(A4,dy,),d,) is an r-bigraded
complex, so we have a functor E, : tCr — r-tCg. With this choice we have EJ'Y(A, d,,) = A} and
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8o = do. For r > 1, we have EFY(A,dy,) = H*(EY%(A,dy),0,—1) and the map 6, depends on the
maps d,, for m <r. '

The map 4, is induced by d, only on those classes that have a representative a € A? for which
di(a) = 0 for all kK < r. In particular, for r = 1 we have

. Ag N Ker(do)

EPUA,d,,) = HI(A*,d
1 ( ) ( D 0) dO(Agfl)

and (51 = Hdo(d1)~

The morphism of spectral sequences
E.(f) := E.(Tot(f)) : EX*(A,d) — E**(B,d5)

associated with a morphism of twisted complexes f : (A4,d2) — (B,d?B) is given by Eo(f) = fo and
E.(f) = H(E,—1(f),6r—1) for r > 1. In particular, for r = 1 we have Ey(f) = Hg,(fo). We refer to
[Boa99] and [Hurl0] for further properties of the spectral sequence associated to a twisted complex.

For the rest of this section, let » > 0 be an integer. We shall consider the following notion of weak
equivalence in the category of twisted complexes.

Definition 3.12. A morphism of twisted complexes f : A — B is called an FE,-quasi-isomorphism
if the morphism E;""(f) : E;""(A) — E.""(B) at the r-stage of the associated spectral sequence is a
quasi-isomorphism of r-bigraded complexes (that is, E:fl( f) is an isomorphism).

Denote by &, the class of E,.-quasi-isomorphisms of tCg. This class is closed under composition
and contains all isomorphisms of tCgr. Denote by

HOT<tCR) = tCR[Efl]

the r-homotopy category of twisted complexes defined by inverting FE,.-quasi-isomorphisms. Since
&y C &Epyq for all r > 0, we have a chain of functors

Hoy(tCr) — Ho1(tCr) — -+ — Ho, (tCr) — - -+

Remark 3.13. The class & of Fi-quasi-isomorphisms corresponds to the class of weak multiequiva-
lences defined by Huebschmann [Hue04] and the class of E2-equivalences considered by Sagave [Sagl0].

3.4. r-homotopies and r-homotopy equivalences. We next define a collection of functorial paths
indexed by an integer r > 0 on the category of twisted complexes, giving rise to the corresponding
notions of r-homotopy.

Definition 3.14. The r-path of a twisted complex (A, d,,) is the twisted complex given by

P(A)] = Ale Al e A,

with the maps D,, : P.(A) — P,(A) of bidegree (—m, —m + 1) given by

d 0 0 dpn 0 0
D,:=|-1 —d. 1| andD,,:=| 0 (=1)""+d,, 0| form#r.
0 0 d 0 0 din

For all m > 0 we have Zi+j:m(_1)iDiDj = 0. Hence (P,(A), Dy,) is indeed a twisted complex.
We have strict morphisms of twisted complexes

o
A2 P(A) A ; 0Foua=1a,
o

given by 0, (z,y,2) = x, 0% (z,y,2) = z and ta(x) = (2,0,2). We will denote by 8% : P.(A) — A
the map of bidegree (r,r — 1) given by (z,y, 2) — y. We will often omit the subscripts of these maps
when there is no danger of confusion. These maps make the r-path of a twisted complex into a path
object in the standard sense of homotopical algebra (see Lemma 3.25 below).
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Definition 3.15. The r-path of a morphism f : (A,d2) — (B,dB) of twisted complexes is the
morphism of twisted complexes P,(f) : (P.(A), DA) — (P.(B), DB) given by

Pr(£)m = (fom, (=1)" fms fim)-

The above definitions give rise to a functorial path P. : tCr — tCpg in the category of twisted
complexes. This gives a natural notion of homotopy.

Definition 3.16. Let f,g: A — B be two morphisms of twisted complexes. An r-homotopy from f
to g is given by a morphism of twisted complexes h : A — P,(B) such that 0z oh = f and ag oh=g.

We use the notation h: f = g

Remark 3.17. Let A, be the r-bigraded complex generated by e_, ey in bidegree (0,0) and u in
bidegree (—r, 1 — r), with the differential d,(e_) = —u, é,(e4+) = w and J;(ex) = 0 for all ¢ # r. Then
the assignment (z,y,z) — e_— @z +u®y + e4 ® z defines a strict isomorphism of twisted complexes
from the r-path (P.(A), Dy,) of a twisted complex (A, d,,) to the twisted complex (A, ® A, 0y,) where
Omn =0m @1 +1Qdy,.

Proposition 3.18. Let f,g : (A,d2) — (B,dB) be two morphisms of twisted complexes. Giving
an r-homotopy h : f = g is equivalent to giving a collection of morphisms h,, : A — B of bidegree
(—m +r,—m +r — 1) such that for all m >0,

_1\itr BT VR A 0 ifm<r,
D (CUTdRhy + () hud]f = { Gmer — fmer  ifm > (Him)
i+j=m
Proof. Let h : f = g. For every m > 0 we may write hy,(z) = (fm(x),ﬁm(x),gm(a:)), where T, =

O%hm. It is a matter of verification to see that the family {Em}mzo satisfies (Hp1) for all m > 0.
Conversely, one may check that given a family {hy, }m>0 satisfying (Hy,1), then the family hy,(z) :=

(Frn (@), B (), g () satisfies
S (-V'hdf = > DPn;. 0
i+j=m i+j=m

Remark 3.19. For » = 1 we recover the notion of homotopy between morphisms of twisted complexes
first introduced by Meyer [Mey78], also considered by Saneblidze [San07] and Huebschmann [Hue04].
Up to signs and forgetting bigradings, our notion of r-homotopy is also related to the notion of

(r)

(r)-homotopy between morphisms of Dg;’-modules introduced by Lapin in [Lap01].

Lemma 3.20. Let f,g: (A,d4) — (B,dB) be morphisms of twisted complexes. Giving an r-homotopy
h: f = g is equivalent to giving a homotopy of order r, H : Tot(A)* — Tot(B)*~!, from Tot(f) to
Tot(g), that is, f-\I(FpTot(A)) C Fpir(Tot(B)), where F is the column filtration.

Proof. Given an r-homotopy h : A — P,(B) from f to g, we obtain a morphism of filtered complexes
Tot(h) : Tot(A) — Tot(P,(B)). Since Fy(Tot(P(B)))" = F,Tot(B)"® F,,Tot(B)" 1 ® F,Tot(B)",
we may write Tot(h)(a) = (Tot(f)(a), H(a), Tot(g)(a)), where H : Tot(A)* — Tot(B)*~! satisfies the
desired conditions. L R
Conversely, given H : Tot(A)* — Tot(B)*~! such that dH + Hd = Tot(g) — Tot(f) and H(F,A) C
F,4+,B we define a morphism of filtered complexes H : Tot(A) — Tot(P.(B)) by letting H(a) :=

(Tot(f)(a), H(a), Tot(g)(a)). By Theorem 3.8, there is a morphism h : A — P.(B) of twisted com-
plexes such that Tot(h) = H. By construction, h is an r-homotopy from f to g. ]

Proposition 3.21. The notion of r-homotopy defines an equivalence relation on the set of morphisms
between two given twisted complexes, which is compatible with the composition.

Proof. The homotopy relation defined by a functorial path is reflexive and compatible with the com-
position (see for example [KP97, Lemma 1.2.3]). Symmetry is clear. We prove transitivity. Let
h:f> f and I : f' = f”. Using the equivalent notion of r-homotopy of Proposition 3.18 we get

an r-homotopy h” by letting h” = h + h'. O
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Definition 3.22. A morphism of twisted complexes f : A — B is called an r-homotopy equivalence
if there exists a morphism g : B — A satisfying fog =~ 1p and go f = 14.

Denote by S, the class of r-homotopy equivalences of tCp. This class is closed under composition
and contains all isomorphisms.

Proposition 3.23. For all v > 0, we have S, C Sp41.

Proof. Using the equivalent notion of homotopy of Proposition 3.18, it is straightforward to see that
given an r-homotopy h from f to g, we obtain an (r + 1)-homotopy A’ from f to g by letting hy =0
and hl, = hy—1 for m > 0. O

Proposition 3.24. For all r > 0, we have S, C &,.

Proof. By Lemma 3.20, an r-homotopy from f to g in tCp gives a chain homotopy H from Tot(f) to
Tot(g) satisfying H(F)) C Fp4,. By [CE56, Proposition XV.3.1], we have E, 1(f) = E,1+1(9). O

Lemma 3.25. Let (A,d,,) be a twisted complex. The strict morphism va : (A, dw) — (Pr(A), D)
given by ta(x) = (x,0,x) is an r-homotopy equivalence.
Proof. Since 0414 = 1a, it suffices to define an r-homotopy from 1p (4) to ¢t40y. Consider the
morphisms hp, : Pr(A) = P(A) of bidegree (—m +r, —m+r — 1) defined by ho(z,y, z) = (0,0,y) and
h; = 0 for all ¢ > 0. It only remains to verify condition (H,;) of Proposition 3.18. We have
(Dyho + hoD,)(x,y, 2) = Dp(0,0,y) + ho(dvx, —x — dyy + 2, dp2)

=(0,y,dyy) + (0,0, —z — dyy + 2) = (0,y, —z + 2)

= (1p.(a) — ta0y)(,y, 2). 0
Theorem 3.26. The localized category tCgr[S, 1] is canonically isomorphic to the quotient category
™ (tCr) :=tCr/ 5 -

Proof. Denote by 7, : tCr — tCg[S!] the localization functor. It suffices to show that if h: f = g
then v, (f) = 1 (g) (see [GNPR10, Proposition 1.3.3]). Consider the following diagram of morphisms
of twisted complexes.

By Lemma 3.25 the morphism ¢p is an r-homotopy equivalence. Hence the above diagram is a
hammock between the S,-zigzags f and g in the sense of [DHKS04]. This gives f = g in tCr[S!]. O

3.5. The r-translation and the r-cone. The r-path construction is related to a translation functor
depending on r (see [CG16] and [CG14] for similar constructions in the categories of filtered complexes
and filtered commutative dgas respectively). Furthermore, the cone obtained via this translation allows
one to detect F,.-quasi-isomorphisms, as we shall see next.

Definition 3.27. The r-translation of a twisted complex (A, d,,) is the twisted complex (T.(A), T:-(dm))
given by TT(A)g = AZ::‘H and Tr(dm) — (_1)m+r+1dm'

Definition 3.28. The r-cone of a morphism f : (4, dﬁl) — (B, dB) of twisted complexes is the twisted
complex (C,(f), D) given by C,.(f)! := AJ"""" @ B! with the maps D, : C.(f) — Cy(f) of bidegree
(—m,—m + 1) given by

Dyn(a,b) == ((=1)""*dp(a), (1) fror(a) + din (b)),

where we adopt the convention that f.o = 0.
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We have strict morphisms (B, d2) — (C,.(f), D) and (Cy.(f), D) — (T,-(A), T,-(d22)) given by
b~ (0,b) and (a,b) — a respectively. These fit into a short exact sequence

0 — (B,d5) — (Cr(f), D) — (T(A), T1(d2)) — 0.
The following is a matter of verification.

Lemma 3.29. Let w: A — B be a morphism of twisted complexes and X a twisted complezx. Giving
a morphism 7 : Cr(w) — X of twisted complexes is equivalent to giving a pair (f,h) where f: B — X
is a morphism of twisted complexes and h : 0 = fw is an r-homotopy from 0 to fw.

Proof. Let 7 : Cp(w) — X be a morphism of twisted complexes. Define a morphism of twisted
complexes f : B — X by letting fn(b) := 7 (0,b). Let hm : A — X be defined by hp,(a) =
(—=1)™7,(a,0). By Proposition 3.18 this gives an r-homotopy h from 0 to fw. Conversely, given
(f,h), we let Tin(a,b) == (=1)" Ty (@) + f (D). O

Proposition 3.30. Let r > 0 and let f : (A, d2) — (B,dB) be a morphism of twisted complexes. We
have a long exact sequence

o B (A) — B (B) — EPS(CH(f) — BV A)

In particular, the morphism f is an E,.-quasi-isomorphism if and only if the r-cone of f is E.-acyclic,

that is, E;7 (Cr(f)) = 0.
Proof. For every p we have a short exact sequence of complexes
0 — (E§™(B),dj) — E§™(Co(f), Do) = (E§™(A), dg)[1] — 0,

which induces a long exact sequence in cohomology. This proves the result for » = 0. Assume that
r > 0. For m < r we have D,,(a,b) = ((—=1)"*"1d4 (a),dB (b)), so the contribution of f to the
differential vanishes. This gives a direct sum decomposition EFY(C,(f)) = EP~"7 "1 (A) @ EPY(B)
inducing a long exact sequence in cohomology. [l

3.6. Operadic approach. In this section we recall how to view twisted complexes as algebras over
the operad Dy.. We then study r-homotopy from this point of view.

Let D be the operad of dual numbers in vertical bicomplexes. Here D = R[e]/(¢?), where the
bidegree of € is (—1,0). This has trivial vertical differential and contains only arity one operations, so
it can be thought of as simply a bigraded R-algebra.

The category of twisted complexes tCg is isomorphic to the category of D.-algebras in vertical
bicomplexes (see [LRW13, Section 3.1] or [LV12, 10.3.17] for the singly-graded analogue). Using the
so-called Rosetta Stone [LV12], this means that twisted complexes can be studied via structure on
conilpotent cofree coalgebras over the Koszul dual cooperad Di.

We first recall some details from [ALR™15, 3.4] about Di-coalgebras. We then make explicit how
twisted complexes and their morphisms may be encoded via conilpotent cofree coalgebras, before
putting r-homotopies into this context.

The Koszul dual D! of D is again concentrated in arity one and can be thought of as just an R-
coalgebra. We have Di = R|[x], where 2 = S~ '¢, z has bidegree (—1,—1) and the comultiplication is
determined by A(z") =37, Tt ®al.

A Di-coalgebra is a (left)-comodule C over this coalgebra and this turns out to just be a pair (C, f),
where C' is an R-module and f is a linear map f : C — C of bidegree (1,1). (Given a coaction
p:C = Di®C = R[z] ® C, write f; for the projection onto Rz’ ® C; then coassociativity gives
fm+n = fm/fn, so the coaction is determined by fi.) A coderivation is a linear map d : C — C of
bidegree (s,t) such that df = (—1){%/) fd, that is df = (—1)°*fd. In particular, if d has bidegree
(0,1) then it anti-commutes with f.

Remark 3.31. As an example, the conilpotent cofree Di-coalgebra generated by a bigraded module
A is given by Di(A) = R[z]® A with linear map d4 : R[z] ® A — R[z] ® A determined by d4(z' ®a) =
7" ®@a. A map of Di-coalgebras h : (C, fc) — (D, fp) of bidegree (u,v) is a map of bigraded modules
satisfying fph = (—=1)“"Vhfc.
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It will be useful to introduce the following basic object.

Definition 3.32. Let A, B, C be bigraded modules. We denote by gMod (A, B) the bigraded module
given by
bgMod (A, B), == | [1A, B,
Jj=0
where [A, B] is the inner hom-object of bigraded modules. More precisely, g € bgMod (A, B);, is given

by ¢ := (90,91,92,...), where g; : A — B is a map of bigraded modules of bidegree (u — j,v — j).
Moreover, we define a. composition morphism

c: bgMod (B, C) ® bgMod (A, B) — bgMod (A, C)
by
c(foghmi= D (1) fig;
i+j=m
In the next section, we will develop this much further, in particular defining the enriched category
bgMod .
We explain how structure in the world of Di-coalgebras corresponds to the explicit twisted complex

notions. We write U for the forgetful functor from Di-coalgebras to bigraded modules, left adjoint to
the cofree coalgebra functor Di.

Proposition 3.33. Let A, B and C be bigraded modules.
(1) We have bijections of underlying sets
Hompi_coalg(D/(A), DI(B))s, +— [UDI(A),B];, +— bgMod (A, B)s,
F — F

Here a map of bidegree (u,v) of bigraded modules F' : UDI(A) — B uniquely lifts as a

morphism of Di-coalgebras F : Di(A) — Di(B), of bidegree (u,v) with formula
Fa"®a) =Y (-1)""ai @ F(z"" @ a).
i>0
Furthermore if B = A then F is also a coderivation of Di-coalgebras. We associate to such a
map F' the collection of maps f, : A — B given by f,(a) = F(z" ® a).

(2) If dA : Di(A) — DI(A) is a square-zero coderivation of Di-coalgebras of bidegree (0,1), then
the correspondmg collection of maps d?} makes A into a twisted complex.

(3) If dA and dB are square-zero coderivations of bidegree (0,1) on D/(A) and DI(B) respectively,
and F : Di(A) — Di(B) is a morphism of Di-coalgebras of bidegree (0,0) with dBF = FdA
then f = (fn) is a morphism of twisted complexes from (4, (d2)) to (B, (dB)). N

(4) Composition of coalgebra morphisms of bidegree (0,0), G : DI(A) — Di(B) and F : Di(B) —
Di(C), corresponds to composition of morphisms of twisted complexes.

Proof. (1) As above, let A : DI — DioDi be the co-composition in the cooperad D! (which sends
2" to Y 2! ® 2"%). Then one checks easily that AF = Di(F)A, for F' to be a morphism or a
coderivation. N

One obtains the map f,, : A — B by setting f(a) = 7pF (2™ ® a) and similarly for any
map from Di(A) — Di(B).
(2) Considering (/EiJA~)2(:vm ® a) ZPL/we read off Ziﬂ-:m(—1)idg4d34 =0.
(3) Considering dBF (2™ ® a) = Fd4 (2™ ® a), we read off
Yo dPfi= Y (-1 fid.
i+j=m i+j=m

(4) One checks the statement about composition similarly. O
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Remark 3.34. The fact that the condition is the same to be a morphism of coalgebras as to be a
coderivation arises because the cooperad D has only unary operations.

In order to formulate r-homotopy in this context we use a certain kind of shift operation on mor-
phisms.

Definition 3.35. Let S : fgMod (A, B),, — bgMod (A, B)Zﬂ be the following map of R-modules.
For f = (fo, f1, f2,...) € bgMod o(A, B)Y, we define Sf € bgMod (A, B)"1} by (Sf)y = fu_1, for

w’

n Z 1 and (Sf)o := 0. That iS, S(fo, fl, f2, .. ) = (0, fo, fl, fg, e )
We write S” for the r-th iterate of this operation.

Proposition 3.36. If f € tgMod (A, B);, corresponds to Fe Hompi _coalg(DI(A), DiI(B)):, under the
bijection of Proposition 3.33, then Sf corresponds to ﬁdf.

Proof. Let G be the map corresponding to Sf. Then, for all n > 0 and all a € A,

n n—1
G ©a) = S (-1t © (S)ifa) = S (~1V1a @ fuy_i(a)
=0 1=0
= F2" ' ®a) = Fd} (2" ® a). O

Now we see what r-homotopy looks like in this context.

Theorem 3.37. Let A, B € tCpg, with JA, dB the square-zero coderivations of bidegree (0,1) on DI(A)
and Di(B) respectively encoding the twisted complex structures of A and B. Let f,g € Homic, (A, B),
with corresponding Di-coalgebra maps F,G : Di(A) — Di(B) of bidegree (0,0). Then having an r-
homotopy h between f and g is equivalent to having a Di-coalgebra map H Di(A) — DI(B) of bidegree
(r,r — 1) such that

(=1)'d°H + Hd* =S'G - S'F.

Proof. Considering ((—1)"dBH + Hd*)(z" ® a) = (S'G — S"F)(z" @ a), we read off

A A _ — o if m >
Z (_1)r+zdith(a) + (—1)Zh7;d34(a) _ 9m T(Cb) fm T(CL)7 1 m-=rT (Hm)
|~ 0, ifm<r
i+j=m
which is equivalent to the r-homotopy condition, by Proposition 3.18. U

4. NEW INTERPRETATIONS OF DERIVED A.,-ALGEBRAS

In this section we reinterpret derived A..-algebras both as A,.-algebras in twisted chain complexes
and as split filtered Aso-algebras. First we recall the basic notions regarding derived A.-algebras.
Next we endow the categories of twisted complexes and filtered complexes with a monoidal structure
over a base, in the sense of Fresse [Fre09], and explicitly describe the enrichments that these structures
induce. Then we show that the totalization functor and its properties extend to this enriched setting
and use this to prove our main results.

4.1. The category of derived A ,-algebras. We begin by recalling the basic definitions for derived
Ao-algebras, also known as dA-algebras.

Definition 4.1. A (non-unital) dA-algebra (A, m;;) is a (Z,Z)-bigraded R-module A = {Az}
equipped with morphisms {m;; : A% — A};>0 >1 of bidegree (—i,2 — i — j) such that for all
u>0andallv>1,

Z (_1)rq+t+pjmij(1®7“ ® Mpg & 1®t) —0. (Am})

u=i+p,v=5+q—1
Jj=14r+t
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Definition 4.2. A morphism [ : (A,mf}) — (B,mg) of dA,.-algebras is given by a family of mor-
phisms {fi; : A®7 — B};>0,;>1 of bidegree (—i,1 — i — j) such that for all u > 0 and all v > 1,

) A 5
Z (_l)rq+t+p]fij(1®r Q@ Mpg @ 1®t> = Z (_1)Umij(fplq1 @ fqu]-), (Buv)
u=i+p,v=j+q—1 u=i+p1+-+p;,
j=ltrtt v=q1++q;
j » j
where o =u+ > (pr+ @) +8)+a 2 (Pu+ qu)
t=1 w=t+1

Proposition 4.3. Let g = (gij) : A — B and f = (fi;) : B — C be two morphisms of dA-algebras.
Then the composite morphism fg: A — C of dAx-algebras has components

(f9)ur = Z Z Z (=1)7 fir (Iprar @+ @ Gprq)

i+p=u T pi1+--+pr=p

q1+"'+QT:k
where 0 = > (pr+q)(r+t) +q > (Pw + qu)-
=1 w=t+1
Proof. This is a direct consequence of Equations (4) and (5) in [LRW13, Theorem 2.8]. O

A morphism f = {fj;} is said to be strict if f;; = 0 for all « > 0 and all j > 1. The identity
morphism 14 : A — A is the strict morphism given by (14)01(x) = .

Lemma 4.4. A morphism f = {fij} of dAx-algebras is an isomorphism if and only if fo1 is an
isomorphism of bigraded R-modules.

Proof. If fg =1, then fy1901 = 1, so fp1 is an isomorphism and gg; = fo_ll. Then the equation giving
the (uk) component of the composite has a “top term” fo1gux, with all other summands involving
components g;; with ¢ < u or j < k. Thus we can successively solve for each g, if and only if
fo1 is an isomorphism. This gives a right inverse g for f if and only if fy; is an isomorphism. The
same argument shows that g also has a right inverse, and this must be f, so f and g are two-sided
inverses. [l

Denote by dAo(R) the category of dA,-algebras over R.

Example 4.5 (A-algebras). The category A (R) of Ax-algebras is a full subcategory of dA(R).
Indeed, if a dAx-algebra (A, m;;) is concentrated in horizontal degree 0, that is, A7 = 0 and m;; =0
for all i > 0, then (A, mg;) is an A-algebra.

Example 4.6 (Underlying twisted complex). There is a forgetful functor U : dA.(R) — tCpr
defined by sending a dA.-algebra (A, m;;) to the twisted complex (A4, m;1) and a morphism f = {f;;}
of dA-algebras to the morphism of twisted complexes given by U(f) = {fi1}.

We define F,.-quasi-isomorphism for dA,.-algebras via their underlying twisted complexes.

Definition 4.7. Let 7 > 0. A morphism f = {f;;} of dAs-algebras is said to be an E,-quasi-
isomorphism if the corresponding map U (f) := {fi1} of twisted complexes is an F,-quasi-isomorphism.

Denote by &, the class of E,.-quasi-isomorphisms of dA..(R) and by Ho,(dA(R)) := dA(R)[E,71]

the r-homotopy category defined by inverting E,-quasi-isomorphisms. Note that & = U~1(ECR),
The forgetful functor induces a functor U : Ho,(dAx(R)) — Ho,(tCg).

4.2. Monoidal categories over a base. In the following sections, all our notions of enriched category
theory follow [Bor94] and [Riel4]. Our new descriptions of dA..-algebras will use certain enriched
categories coming from monoidal categories over a base as defined in [Fre09]. We recall this notion
first.

Definition 4.8. Let (¥,®,1) be a symmetric monoidal category and let (C,®,1) be a monoidal
category. We say that C is a monoidal category over ¥ if we have an external tensor product * :
¥ x C — C such that we have natural isomorphisms:
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e 1x X=X forall X €C,
e (COD)*X=2Cx(DxX)forall C,D e ¥ and X €C,
e CHx(XY)=2(CxX)Y =2X®(CxY)forallCe? and X,Y €C.

Remark 4.9. If we have, in addition, a bifunctor €(—, —) : C°? x C — ¥ such that we have natural
bijections
Home(C * X,Y) 2 Homy (C,€(X,Y)) (1)

(for example, if x preserves colimits on the left and certain smallness conditions hold) we get a ¥~
enriched category & with the same objects as C and with hom-objects given by % (—, —). The unit
morphism uyg : 1 — (A, A) corresponds to the identity map in C under the adjunction and the
composition morphism is given by the adjoint of the composite

evpc

(€(B.C) 9 C(A, B)) + A =5 €(B,C)  (G(A,B) + A) —% ¢(B,0)« B 2% ¢,

where evsp is the adjoint of the identity € (A, B) — %€ (A, B). Note that by construction, the un-
derlying category of & is C. Furthermore, & is a monoidal ¥ -enriched category, namely we have an
enriched functor

R:EXEC—-E
where € x € is the enriched category with objects Ob(%’) x Ob(%¢’) and hom-objects
ExE(X,Y), (W, 2)) :=C(X, W)LY, Z).
In particular we get maps in ¥
CXW)RE(Y,Z) - EC(XRY,W® Z),
given by the adjoint of the composite

1%

ev ®ev
(EXW)@E(Y, 2)) + (X DY) — (E(X, W)+ X) @ (€Y, 2) V) —— W& Z.
We will assume the setup above holds throughout the paper. It is assumed in [Fre09] and holds in
a fairly general setting. In particular, it holds in all the cases we study here. One of its useful features
is that constructions on the level of ordinary categories which respect the external monoidal structure
extend to the enriched setting.

Definition 4.10. Let C and D be monoidal categories over ¥'. A lax functor over ¥ consists of a
functor F': C — D together with a natural transformation

vp:—%p F(—) = F(—x¢ —)

which is associative and unital with respect to the monoidal structures over 7" of C and D. (See [Riel4,
Proposition 10.1.5] for explicit diagrams stating the coherence axioms.) If vr is a natural isomorphism
we say F'is a functor over ¥ (or preserves external tensor products).

Let F,G : C — D be lax functors over ¥. A natural transformation over ¥ is a natural transfor-
mation p : F' = G such that for any C' € ¥ and for any X € C we have

v o (1*p pix) = fiCxe X O VF.

A (lax) monoidal functor over ¥ is a triple (F,e,u), where F : C — D is a lax functor over ¥,
€:1p — F(1¢) is a morphism in D and

piF()@F(-)= F(-©-)

is a natural transformation over ¥ satisfying the standard unit and associativity conditions. If vp
and p are natural isomorphisms then we say that F' is monoidal over V.

When restricted to the case of functors over ¥, the first part of the following statement is Proposition
1.1.15 in [Fre09]. The second part is implicit in the same text. However, both results and their proofs
extend to the case of lax functors over ¥ as we describe below.
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Proposition 4.11. Let F,G : C — D be lax functors over ¥'. Then F and G extend to ¥ -enriched
functors

F.G:¢— 2

where € and P denote the ¥ -enriched categories corresponding to C and D as described in Remark
4.9. Moreover, any natural transformation u : F = G over ¥ also extends to a ¥ -enriched natural
transformation

H3E:>Q-

In particular, if F is (lax) monoidal over ¥, then F is (lax) monoidal in the enriched sense, where
the monoidal structure of € x € is the one described in Remark 4.9.

Proof. For any X,Y € C the functor F' extends to an enriched functor F where F(X) := F(X) and
where the morphism on hom-objects

C(X,Y) = Z2(F(X),F(Y))
is given by the adjoint of the composite

- F(evxy)
C(X,)Y)*p F(X) — F(€(X,Y) % X) — F(Y).
The coherence axioms and the fact that F' is the underlying functor of F' follow formally. See for
example the proof of Proposition 10.1.5 in [Riel4].
To show the second statement recall that a #-enriched natural transformation p : F' = G is given
by maps
By :l— 2(FX,GX),

such that a naturality conditions holds (see [Riel4, Definition 3.5.8]). In our setup, we set p, to be
the adjoint of px : FX — GX. Since F and G are lax over ¥ and p is a natural transformation over
¥, for any C' € ¥ and X,Y € C, Diagram (2) commutes. Here np(f) := F(f) ovp and n¢ is defined
in the same way.

Home(C # X,Y) — ., Homp(C % FX, FY)
77G HY o —
Homp(C x GX,GY) Homp(C *x FX,GY)
—opux (2)

Then by adjunction Diagram (3) commutes, showing that u is a #-enriched natural transformation.

Homy/(C, ny)

Homy (C,%(X,Y)) Homy (C, 2(FX,FY))
Homy (C,Gxy) Homy (C, )
Homy (C, 2(GX,GY)) Homy (C, 2(FX,GY))
Homﬂ;/(C, M*)

3)

The last statement of the proposition follows from the above together with two formal facts. Firstly,
if C is monoidal over ¥ then so is C x C. Secondly, if (F, ¢, p) is a lax monoidal functor over ¥, then
F(-)® F(—) and F(— ® —) are lax functors over ¥ and p is a natural transformation over ¥'. [

The monoidal structures of vertical bicomplexes and twisted complexes are compatible. More
precisely, we can use the tensor product in twisted complexes to define monoidal structures over a
base by restriction.
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Lemma 4.12. The category tCg is a monoidal category over vbCgr and the category bgMod® is a
monoidal category over bgModpg. In both cases, the external tensor product is given by restricting the
tensor product in twisted complexes. We use the notation ® instead of x since the external tensor
product coincides with the internal tensor product in tCp.

Proof. The axioms of Definition 4.8 hold because ® is a symmetric monoidal structure on tCgr and
the vertical arrows in the following diagram are monoidal embeddings.

® :tCr x tCgr tCpr

V]

®: vbdR xtCp ——— tCp

® : bgModp x bgMod —— bgModf’ 0

We can also endow filtered complexes with a monoidal structure over vbCg. We use the following.

Definition 4.13. The totalization with compact support of a vertical bicomplex A is the filtered
complex given by

Tot.(A)" := @ A"
1E€EL
with the column filtration and with differential as for the totalization functor. Given a morphism of
vertical bicomplexes f : A — B we get a morphism of filtered complexes Tot.(f) : Tot.(A) — Tot.(B)
constructed analogously to Tot(f).

Remark 4.14. Note Tot, is well-defined since vertical bicomplexes have only one differential and the
category vbCpg has only strict morphisms. Moreover, for any A we have a natural map Tot.(A) —
Tot(A) which is the identity if A is bounded.

Lemma 4.15. The category fCg is monoidal over vbCg with external tensor product given by

* : VbCRXfCR — fCR
(A, K) — Ax K :=Tot.(A) ® K.

On morphisms it is given by the assignment (f,g) — Tot.(f) ® g. This induces by restriction a
monoidal structure on fModg over bgModp.

Proof. The assignments define a bifunctor since Tot. : vbCr — fModpg is a functor. Furthermore,
the axioms of Definition 4.8 hold since ® is a symmetric monoidal product in fCr and Tot, is strong
symmetric monoidal since ® distributes over @. Finally, since fModr — fCr and bgModp — vbCpr
are full embeddings, this construction induces by restriction a bifunctor * : bgMod  xfModr — fModpr
which gives a monoidal structure on fModpr over bgMod . O

4.3. Enrichments from monoidal structures over a base. We now explain how to give en-
richments to the categories of bigraded modules, filtered modules, twisted complexes and filtered
complexes, using their monoidal structure over a base. This will give the vbCg-enriched categories
tCr and fCp and bgModp-enriched categories fgMod , and fMod ,. We emphasize that bgMod , is
different from its standard enrichment coming from its symmetric monoidal closed structure.

Recall from Definition 3.32 that for bigraded modules A, B, C', we have already defined a bigraded
module bgMod (A, B) and a composition

c: bgMod (B, C) @ bgMod (A, B) — bgMod (A, C).

Lemma 4.16. The composition morphism respects the identity and is associative.
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Proof. For f,g,h,
c(e(f,9),m)m =D (1) HEDHIM gy = (£, e(g, 1)) m
i+j+k=m
Definition 4.17. Let (A,d#), (B,d?) be twisted complexes, f € bgMod (A, B);, and consider d4 =
(d); € bgod (A, A)§ and dP = (dP); € byMod (B, B)}. We define

3(f) = e(d®, f) = (=) >e(f,d%) € bgod 5(A, B, (4)

where < f,d” > is the scalar product for the bidegrees (as in subsection 2.2) and c¢ is the composition
morphism described in Definition 3.32. More precisely,

G = > (~1)Hal f; — (—1)+i fdd.
i+j=m

Lemma 4.18. The following equations hold

e(d4,d*) =0,
52 =0,
5(c(f,9)) = c(d(f),9) + (=1)"c(f,0(g)), (5)

where the bidegree of f is (u,v). Furthermore, f € bgMod (A, B) is a map of twisted complexes if and
only if 6(f) = 0. In particular, f is a morphism in tCgr if and only if the bidegree of f is (0,0) and
0(f) = 0. Moreover, for f,g morphisms in tCg, we have that c(f,g) = f o g, where the latter denotes
composition in tCp.

Proof. One has

c(d dh)m = Y (-1)'dfd} =0,
i+j=m
so that

82(f) =c(d®,6(f)) — (~1)<D > e(5(f), a)
=c(dP, e(dP, f)) — (~1) P> e(dP e(f,dM)) + (1) e(e(d®, f). dY) — e(e(f,dY), dY)

The last equation follows from the associativity of c. O
Since 0 is of bidegree (0,1), Lemma 4.18 allows us to make the following definition.

Definition 4.19. For A, B twisted complexes, we define tCr(A, B) to be the vertical bicomplex
tCr(A, B) := (bgMod (A, B),9).

Proposition 4.20. If B,C are twisted complexes, then the construction of the wvertical bicomplex
tCr(B,C) := (bgMod (B, C),6) extends to a bifunctor

@(_7 —): tCC}’zp X tCr — vbChp,
where for f: C — C' in tCr we set

tCr(B, f) : tCr(B, C) — «Cr(B,C") and  tCgr(f,B):tCr(C', B) — tCr(C,B)
g — cf9) g = g f)

Moreover, the functor — ® B : vbCr — tCpg is left adjoint to the functor tCr(B,—) : tCr — vbCp,
i.e., for all A € vbCpg, B,C € tCr we have natural bijections

HothR(A ® B, C) = HomeCR(Aa @(Bv 0))7 (6)

given by f — f where for a € AY, f(a)m is given by b— (=1)"lf,. (a @ b).
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Proof. If f is a map in tCg then it is of bidegree (0,0) and 6(f) = 0 and thus by (5)
5(c(f,9)) = c(0(f),9) + (=1)"c(f,0(g)) = c(f,0(9)),

showing that tCr(B, f) is a map of vertical bicomplexes. A similar argument shows that tCr(f, B)
is a map of vertical bicomplexes. Finally, the fact that tCr(—, —) is a bifunctor follows directly from
Lemmas 4.16 and 4.18. Now, to see the adjointness property we describe a map Homc,(A® B,C) —
Homyncp (A, tCr(B, C)), which sends a map of twisted complexes f = (fp,) : A® B — C', to the map

f:A—=wgr(B,0)
a—={f(a)m b (=)™, (0 © b)}mso.

It is clear that f is a~bidegree (0,0) map of bimoc}ules. To show that it is a map of vertical bicomplexes
we will show that §f = fd?. Let a € AY, then f(a) has bidegree (u,v) so that

5(f(@)m =Y (=1)¥df (f(a); = (~1)"**(f(a))id?.
1+j=m
Applying this to b € BZ: one gets
O(f@))m(®) = D (~)1ldE fi(a @ b) — (1) fi(a @ dF (b))
i+j=m
= D ()M fE o @0+ Y ()M e @ dP (1)
i+j=m it+j=m
= Y (e e df ().
i+j=m
Since A is a vertical bicomplex we have that d/!(a) = 0 for i > 0. Thus,
(6(f(@))m = (1) (@4 (@) @ b) = f(d*(a))m(b).
The inverse map is constructed in a similar fashion. [l
Definition 4.21. We define fgMod ,(—, —) to be the restriction of the bifunctor tCr(—, —) to the full
subcategories bgModoRo’Op x bgMod% .

Proposition 4.22. The image of bgMod ,(—,—) factors through bgModg. Therefore it defines a
bifunctor

bgMod ,(—, —) : bgMod ;™" x bgMod3F — bgMod
and —® B : bgMod — bgMody is left adjoint to the functor bgMod (B, —) : bgMod% — bgModp,
i.e., for all A € bgModp, B,C € bgMody we have natural bijections
HOInbgMod%o (A ® B, C) = HombgModR(A7 5ﬂM0‘{R(Bv C))

Proof. This follows directly from the facts that if B,C € bgMod® then tCr(B,C) has trivial differ-
ential and that the functors bgModp < vbCpr and bgMody < tCg are full embeddings. O

This construction gives us our different enrichments of twisted complexes and bigraded modules,
which we describe now.

Definition 4.23. The vbCg-enriched category of twisted complexes tCr is the enriched category
given by the following data.

(1) The objects of tCr are twisted complexes.

(2) For A, B twisted complexes the hom-object is the vertical bicomplex tCr(A, B)

(3) The composition morphism ¢ : tCr(B,C)® tCr(A, B) — tCr(A, C) is given by Definition 3.32.

(4) The unit morphism R — tCr(A, A) is given by the morphism of vertical bicomplexes sending
le Rtoly: A — A, the strict morphism of twisted complexes given by the identity of A.

Definition 4.24. We denote by gMod , the bgMod p-enriched category of bigraded modules given
by the following data.
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(1) The objects of bgMod j, are bigraded modules.

(2) For A, B bigraded modules the hom-object is the bigraded module fgMod (A, B).

(3) The composition morphism ¢ : bgMod (B, C) @ bgMod (A, B) — bgMod (A, C) is given by
Definition 3.32.

(4) The unit morphism R — fgMod (A, A) is given by the morphism of bigraded modules that
sends 1 € Rto 14 : A — A, the strict morphism given by the identity of A.

Lemma 4.25. The enriched categories tCr and bgMod j, are well-defined and their enrichments are the
ones induced by the external tensor products @ : vbCr x tCr — tCr and ® : bgModp x bgMod® —
bgMod% . Therefore, these are also monoidal enriched categories and their underlying categories are
tCr and bgMod% respectively.

Proof. This follows directly from Propositions 4.20 and 4.22. Notice in particular that in the case
of tCr, the fact that the composition morphism c is a map of vertical bicomplexes is equivalent to
equation (5) in Lemma 4.18. O

Remark 4.26. There is an interpretation of bgMod% and yMod , via a standard categorical con-

struction, the co-Kleisli category for a comonad. Recall that D! denotes the cofree Di-coalgebra
functor from bgModp, to the category of Di-coalgebras, with left adjoint the forgetful functor U. Then
bgMod¥y is the co-Kleisli category of bgModp for the comonad UDi. And this construction enriches.
Namely, recall that bgMody denotes the category of bigraded modules enriched over itself via its
symmetric monoidal closed structure. Then 6gMod ,, is the enriched co-Kleisli category of bgModp, for

the enriched comonad UDi. To see this, note that the objects are the same, Proposition 3.33 gives
the isomorphism on morphisms or hom-objects and this isomorphism respects the composition.

We can describe the monoidal structures of tCr and hgMod ;, explicitly.

Lemma 4.27. The monoidal structure of tCr is given by the following map of vertical bicomplexes.

®: tCR(A,B) ® tCr(A,B)) — Cr(A® A, B B)

The monoidal structure of bgMod 5, is given by the restriction of this map.

Proof. The same argument as in the proof of Proposition 4.20 shows that this is indeed a map of
vertical bicomplexes. To see that this is indeed the enriched monoidal structure induced by the
monoidal structure of tCr over vbCpg, one can follow closely Remark 4.9. O

Next we introduce enriched structures on filtered modules and filtered complexes. We enrich filtered
modules over bigraded modules in the following way.
Definition 4.28. The bgModg-enriched category of filtered modules fMod j, is the enriched category
given by the following data.
(1) The objects of fMod |, are filtered modules.
(2) For filtered modules (K, F') and (L, F), the bigraded module fMod (K, L) is given by

fMod (K, L)y, :={f: K — L| f(F;K™) C Fyuu L™ "7, Vm,q € Z} .

(3) The composition morphism is given by ¢(f, g) = (—1)“9! fg, where f has bidegree (u,v).
(4) The unit morphism is given by the map R — fMod (K, K) given by 1 — 1.

We denote by sfMod , the full subcategory of fMod ;, whose objects are split filtered modules.

Lemma 4.29. The above definition gives a well-defined bgMod g-enriched category, fMod .

Proof. Let f € fMod (L, M);, and g € fMod (K, L)Y, where (K, F), (L, F) and (M, F) are filtered
modules. For all ¢ € Z one has

(f.9)(FgK™) C f(Fyuuw L™ ™) € Fyyyy MO0
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so c(f,g) € fMod (K, M)U+”/, showing that the composition morphism is a map in bgModp and

u+tu

I € Mod (K, K )9. Tt is a short computation to show that the associativity and unit axiom hold. O

Remark 4.30. Notice that morphisms f € fod R(K , L)§ correspond precisely to degree v morphisms

of filtered modules which respect the filtration.
We will enrich filtered complexes over vertical bicomplexes analogously.
Definition 4.31. Let (K,d", F) and (L,d", F) be filtered complexes. We define fC (K, L) to be the
vertical bicomplex whose underlying bigraded module is fMod (K, L) with vertical differential
(1) 1= e(d®, £) = (=)< e(f,d]) = abf — (1)K = dbf - (-1 X
for f € fMod (K, L);.

Note that d¥ € fMod (K, K)§ and d” € fMod (L, L){. So 6(f) has bidegree (u,v+1). Also 6% =0
and thus fC,(K, L) is indeed a vertical bicomplex.

Remark 4.32. Notice that f € fC,(K, L), is a map of complexes if and only if 6(f) = 0. In particular,
f is a morphism in fCp if and only if f € fCp(K, L)) and §(f) = 0.

Definition 4.33. The vbCp-enriched category of filtered complexes fCp, is the enriched category given
by the following data.

(1) The objects of fCj are filtered complexes.

(2) For K, L filtered complexes the hom-object is the vertical bicomplex fC (K, L).

(3) The composition morphism is given as in fMod ,, in Definition 4.28.

(4) The unit morphism is given by the map R — fC,(K, K) given by 1+ 1.
We denote by sfC, the full subcategory of fC, whose objects are split filtered complexes.

Lemma 4.34. The above definition gives a well-defined vbCr-enriched category, fCp.

Proof. To see that the composition and unit maps are maps of vertical bicomplexes note that for
(K,d",F) and (L,d", F) filtered complexes, f € fMod (K, L)} and g efMOL[R(L,M)ZI/

5(c(f,9)) = c(8(f), 9) + (=1)Vle(f,5(g)).
The associativity and unit axiom hold, because they hold in fMod . (I
Lemma 4.35. The enrichment of filtered complexes and filtered modules is the one induced by the

external tensor products * : vbCgr x f{Cr — fCpr and * : bgModp x fModr — fModgr. Therefore,
the enriched categories fCp and fMod , are also monoidal enriched categories and their underlying

categories are fCr and fModpg respectively.
Proof. Since fCj is a well-defined vbCg-enriched category we have a bifunctor
fCr(—,—) : fCF x fCr — vbCk.
It is left to show that we have nagal bijections Homyc, (A * K, L)=Homyyc, (A, fCx(K, L)). In one

direction we have a map

Homyc , (Tot.(A) ® K, L)—Hompc (A,&(K, L))
ffram (ke fla®k)).

In the inverse direction we have a map
HomvbcR(A,fC'J(K, L)) —>H0meR (TOtC(A> ® K, L)
g:a— g, g:(ai)®kr—>Zgai(k').

These constructions are inverse to each other and natural. O
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We can define the monoidal structure of fC, explicitly.
Lemma 4.36. The monoidal structure of fMod , is given by the following map of vertical bicomplexes.
®: fCp(K,L)®fCp(K'\ L") — fep(K@K'\L®L'),
(f.9) = fRg:=(-1)"fog
where f has bidegree (u,v).
Proof. A direct computation using the Koszul rule gives

c(f, fH®clg, g) = (_1)“f|f’|+ug\g’\+(w+uf')(|9|+|9/|)ff/ ® gg’
(~)<9>c(f&g, f'R),
which shows that the construction is functorial. To see that this is indeed the enriched monoidal
structure induced by the monoidal structure of f{Cpr over vbCp, one can follow closely Remark 4.9. [

4.4. Enriched totalization. The totalization functor and its properties extend to the enriched set-
ting. In this section we describe this structure explicitly.

Lemma 4.37. The totalization functors
Tot : bgModp — fModpr and Tot : tCr — fCpg

are lax monoidal functors over bgModp and vbCpr respectively. When restricted to the bounded case
they are monoidal functors over bgModg and vbCr respectively.

Proof. For the case of tCg, we have a natural transformation ¢ : Tot.(—) = Tot(—) given by the
inclusion. From Proposition 3.11 we also have a natural transformation

p : Tot(—) ® Tot(—) = Tot(— ® —).
Thus, we have a natural transformation vp, given by the composite
UTot © — * Tot(—) := Tote(—) @ Tot(—) L Tot(—) ® Tot(—) £ Tot(— & —).

The coherence conditions follow from the coherence conditions for p together with the fact that ¢ is
the inclusion. The case of bgModp follows by restriction. In the bounded case these are all natural
isomorphisms. [l

In order to describe the enriched totalization functors we first extend the definition of Tot to
morphisms of any bidegree.

Definition 4.38. Let A, B be bigraded modules and f € fgMod (A, B);, we define
Tot(f) € fMod ,(Tot(A), Tot(B)),
to be given on any a € Tot(A)"™ by
(Tot(£) (@) 1= S (=107 (a5 n) € BETY € Tot(B) .
m>0

Let K = Tot(A), L = Tot(B) and g € fMod (K, L);, we define
f = Tot™"(g) € byMod (A, B)},

to be f:= (fo, f1,...) where f; is given on each A;nﬂ' by the composite

fir AT o T APtE = Fy(Tot(A)™) —2 Fjpu(Tot(B)™H74)
k<j
C T e 2D g
I<j+u

where the last map is a projection and multiplication with the indicated sign.
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Theorem 4.39. Let A, B be twisted complexes. The assignments Tot(A) := Tot(A) and
Totap: tCrR(A, B) — fCp(Tot(A), Tot(B))
f —  Tot(f)

define a vbCg-enriched functor Tot : tCr — fCp which restricts to an isomorphism onto its image
sfC- Furthermore, this functor restricts to a bgMod g-enriched functor

Tot : bgMod , — fMod |,

which also restricts to an isomorphism onto its image sfMod p,.

Proof. We show first that this assignment defines a vbCpr-enriched functor Tot. By Lemma 4.37 Tot
is a lax functor over vbCp. Thus, it is enough to show that Tot arises as the extension of Tot as
described in the proof of Proposition 4.11.

Let A, B be twisted chain complexes. Let K denote the vertical bicomplex tCr(A, B). Let evap
denote the adjoint of the identity through the bijection (6)

Homyc, (K ® A, B) = Homypcp, (K, K),
of Proposition 4.20. Explicitly
(evap)m(f @a) = (=1)"VI fn(a), f € tCr(A, B),a € A,
The map Toty p: K —)&(TO'E(A), Tot(B)) is obtained as the adjoint through the bijection
Homgc , (K * Tot(A), Tot(B))=Homyc, (K, fCp(Tot(A), Tot(B))),
of Lemma 4.35 of the composite

Tot(evap)

K + Tot(A) = Tote(K) ® Tot(A) ——% Tot(K @ A)

Tot(B)

as in Proposition 4.11.
For f € tCr(A, B);,,a = (a;)r € Tot"(A) one has

pra(f@a)k = (=1)"f @ ag—u,

(Tot(evar) o prc.a(f ® @))jpu = Y (=17 (evan)m(1rc,a(f © @)jsutm)
m>0

_ Z (_1)m(n+v—u)+un(evAB)m(f & aj+m)

_ (_l)m(n+v—u)+un+m(v—u)fm (aj-l—m)-

As a consequence
(Tot(f)(@)jtu = Y (=1 fr(ajim).
m>0
To see that Tot restricts to an isomorphism onto its image we construct a vbCg-enriched functor
which is inverse to the restriction of Tot onto its image. Let K, L be split filtered complexes, then we
define Tot™! to be given by the assignments Tot™(K) := Tot ! (K) and
Toty', : fCp(K, M) — tCr(Tot™!(K), Tot™ (L))
f —  Tot™(f).

A computation shows that this is indeed a map of vertical bicomplexes. Furthermore, we have that
Tot(Tot ! (K)) = K and Tot™!(Tot(A)) = A.
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Now we check that Tot™1(Tot(f)) = f. Write m; for the projection [Li<jiu prvmutl , pmto—utl

(without a sign). For f of bidegree (u,v) and a; € A;RH one has that

(Tot ™! o Tot(f))i(a;) = (=) s (Y (=)™ fi(aj-isr)) = filay),
k>0
showing that Tot~!(Tot(f)) = f.
To see that Tot(Tot~1(g)) = g, let g : (Tot(A))” — (Tot(B))" """ be a map of bidegree (u,v).
For (a) € (Tot(A))™ we write g(a) = ( x(a))kez, where gi(a) € B,?*”*“Jrk. Recall that for all ¢,
we have that g(F,((Tot(A))" ) C Fyyu(Tot(B))" V=", Fix q € Z. If (a) € (Tot(A))" then write

+
a= g1+ 3,50 g+m Where ag1 € [[,, 1 APY" = Fy1(Tot(A))" and 3°, < ag+m is finite. As a
consequence
Yq+ula Z 9q+u(@qim),
m=>0

Tot™ (@)m(aj4m) = (=1) "™ g5 u(ajpm).
Hence
(TOt o TOt_l(g))(a)jJru = Z (_1)(m+u)nT0t_1(g)m(aj+m) = Z gj+u(aj+m) = gj+u(a)v
m>0 m>0

showing that Tot(Tot™1(g)) = g.
It follows that Tot™! is associative and unital since it is the inverse to Tot and thus it defines a
vbCg-enriched functor Tot™! : sfC r — tCr which is inverse to the restriction of Tot onto its image.

The statement on gMod ,, follows by restriction. ]

Proposition 4.40. The enriched functors
Lot : pgMod , — fMod |, Lot: tCr — fCp

are lax symmetric monoidal in the enriched sense and when restricted to the bounded case they are
strong symmetric monoidal in the enriched sense.

Proof. This follows from Propositions 3.11, 4.11 and Lemma 4.37. U

4.5. Derived As.-algebras as A..-algebras in twisted complexes. We reinterpret the category
of derived Ay,-algebras as the category of A.-algebras in twisted complexes. Generally, given an
operad P on a symmetric monoidal category one studies P-algebra structures on objects of the same
category. We can extend this to the case of monoidal categories over a base via the following definition
due to [Fre09].

Definition 4.41. Let C be a monoidal category over ¥" and let P be an operad in #. A P-algebra in
C consists of an object A € C, together with maps

P(n) x A" — A
for which the unit and associativity axioms hold.
We can give an equivalent definition by means of an enriched endomorphism operad.

Definition 4.42. Let € be a monoidal ¥ -enriched category and A an object of €. We define Znd 4
to be the collection in ¥ given by

End 4(n) == C(A®", A) for n > 1.
Lemma 4.43. For any A € €, the collection End 4 defines an operad in ¥ with unit
124 G(A,A) = End 4(1)
and composition
End 5 (1) @ End 4(n1) © End 4(n2) @ -+ @ End 4(ny) = End 4(r) @ € (A", A®")—End 4(n),

where n =mn1 + «-- +n,. The first morphism is given by the monoidal structure of € and the second
s the composition of the symmetry morphism of V" with the composition morphism of € .
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Proof. The appropriate diagrams commute by associativity of composition in an enriched category.
We also refer the reader to [Fre09, Definition 3.4.1]. O

Example 4.44. For any twisted complex A and any filtered complex K we have operads in vertical
bicomplexes End 4, and End j.

The following result gives an equivalent interpretation of P-algebras in monoidal categories over a
base.

Proposition 4.45. [Fre09, Proposition 3.4.3] Let C be a monoidal category over ¥, let P be an operad
i ¥ and A an object in C. Then there is a one-to-one correspondence between P-algebra structures
on A and morphisms of operads P — End 4. U

Operad morphisms can be constructed from functors on ordinary categories which behave well with
respect to the monoidal structure. The result below due to Fresse is originally stated for the monoidal
case. However, all his methods extend to the lax monoidal setting as we describe below.

Proposition 4.46. [Fre09, Proposition 3.4.7] Let C and D be monoidal categories over ¥ . Let
F :C — D be a lax monoidal functor over V. Then for any X € C there is an operad morphism

L’U[XHLW{F(X)-

Proof. By Proposition 4.11, F induces a #-enriched functor F' which is lax monoidal in the enriched
sense. Using this one can construct the operad map for each arity n as the composite

End x (n) = C (X", X) = Z(F(X"), F(X)) = 2(F(X)®", F(X)) = End o x(n),

where the first map is given by the ¥ -enriched functor F' and the second map comes from its lax
monoidal structure. Since naturality holds by construction these assemble into a morphism of operads.
O

We reinterpret dAso-algebras as A-algebras in twisted complexes using the structure of tCp as a
monoidal category over vbCrp.

Proposition 4.47. Let (A, dA) be a twisted complex, A its underlying bigraded module and consider
Aso as an operad in vbCpr sitting in horizontal degree zero. There is a one-to-one correspondence
between Aoo-algebra structures on (A,d?) and dAs-algebra structures on A which respect the twisted
complex structure of A. More precisely, let Enda be the operad in vbCpg corresponding to the bigraded
module A. We have a natural bijection

HomeOP (A007 L:m{A) = HomvbOp,dA (dAom EIldA),

where vbOp denotes the category of operads in vertical bicomplexes and Homy,, 44 denotes the subset
of morphisms which send ;1 to d{‘, i>1.

Proof. Let f : Ao — Znd 4 be a map of operads in vbCg. Since Ay is quasi-free, this is equivalent
to maps in vbCpg

(Aoo(v),00) — (End 4(v), 0)
f

for each v > 1, which are determined by elements M, := f(p,) € End 4(v) for v > 2 of bidegree

(0,2 — v) such that
5(Mv> = f(aoo(:uv)) (7)

Moreover, M, := (moy, M1y, - . .) Where my, := (M), : A®Y — A is a map of bidegree (—u,2 —u —v).
We first compute the left-hand side of (7). Since §(M,) = c(d?, M) — (—1)%c(M,, d*""), we have

(B(Mo))u = > (DA M), — (1" Y (~1)'(M,)i(1% @d &1
u=1i+p u=i+p
v=1+r-+t
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and

FOso(p))u ==Y (=1 (c(Mj,(1®T®Mq®1®t)))
v=r+q+t
j=r+l+t
Jq>1

== Y (UM © (M), @ 17)

i+p=u
v=r+q+t
Jj=r+1+t

Jq>1

- Z (_1)rq+t+iq,r’ﬁij(1®7“ ® ﬁ’qu ® 1®t).

i+p=u
v=r+q+t
j=r+14+t

Ja>1

u

Then by setting the notation m;; = d,f‘, the relation
0(Mn) = f(9s0(pin)) =0

gives us the relations
> (=) TR (197 @ my © 197) = 0.
u=1i+p
v=v+4q+t
J=1+r+t

By setting m;; = (—1)”m;; one obtains the relation

Z (_1)Tq+t+pjmij(1®r @ Mpg @ 1®t) =0 (Auv)
u=1i+p
v=v4+q+t
Jj=14r+t
which by [LRW13] is equivalent to giving a map dAs, — End4 of operads in vbCg. O

Remark 4.48. Note that as in the case of A -algebras in Cr we have two equivalent descriptions of
Ao-algebras in tCg.

(1) A twisted complex (A, d*) together with a morphism A,, — End 4 of operads in vbCp, which
is determined by a family of elements M/ € tCr(A®%, A)2™" for i > 2 for which the (Aj},)
relations hold, where the composition is the one prescribed by the composition morphisms of
tCR.

(2) A bigraded module A together with a family of elements M; € bgMod ,(A®", A)Z " fori > 1 for
which the (Ag;) relations hold, where the composition is the one prescribed by the composition
morphisms of fgMod .

Here (A{;) and (Ag;) are the A, relations for ¢ > 2 or ¢ > 1 respectively. Since the composition mor-
phism in ggMod j, is induced from the one in tCg by forgetting the differential, these two presentations
are equivalent.

We now consider infinity morphisms and composition.

Definition 4.49. Let A, B,C be twisted complexes and (A, M), (B, MP) and (C, M) be Aw-
algebra structures on them. An A.-morphism in twisted complezes F : (B, MP) — (C,MF) is a
family of elements F := {F; € tCr(B®/, )y} 51 for which the Ay, relations hold, i.e.,

S (R, (T EMERIT) = Y (<1)7e(ME, (Fy8--BF,)),  (Bo)
pariL e

Jj—1 J
where 0 = > qi(j + k) +qx( D gs) and c is described in Definition 3.32.
k=1 s=k+1
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Let F': (B, MP) — (C,MF) and G : (A, M{*) — (B, MP) be A-morphisms in twisted complexes.
Their composite is the A.-morphism in twisted complexes F o G : (4, M#) — (C, M) given by

(FoG)yi= Y (-1)7c(F},(Gy®---BGy))). (Coy)

v=q1+-+g

The category of As-algebras in twisted complexes, denoted AC(R), is the category with objects
Ao-algebras in twisted complexes and whose morphisms are A.,-morphisms in twisted complexes.

Theorem 4.50. The construction above extends to a functor ¥ : A (R) — dAo(R) which is an
isomorphism of categories.

Proof. On objects W(A, M) = (A, m} ) takes an A.c-algebra in twisted complexes and associates to
it its corresponding dA..-algebra as descrlbed in Proposition 4.47.

On morphisms, consider F : (A, MzA) — (B, MP), a morphism in Anc-algs in tCg which is given
by F :={F; € @(A®j,B)é_J}j21, where Fj := (foj,flj,fgj, ...). The relations (By,) translate to

- ) r - N
Y (D) @ @1 = Y (D)7 (g ® @ Foyg)- (Buw)
u=i+p u=i+p1+--+p;
i vkt

Multiplying the equation by (—1)@*P)0+a) — (—1)u+D) and setting fi; = (=1)7f;; and my, =
(—1)P9m, one obtains the equation

Yo T @ my, ©19) = Yo CVTME o @ © foyq,)-

u=itp u=i+pit-+p;
v=r+q+t v=q1++g;
j=1+r+t

Let us compute the signs modulo 2:

or=rq+t+(i+p)(j+q) +ij+pg+iq=rq+t+pj,

j-1 j i i i -
Gr=> @ +k) +a( > as)Futuwtii+ > pear+iQ (g +1)+ Y (1+k) Zps
k=1 s=k+1 k=1 k=1 k=1 s=1
j—1 j J
= qr(j + k) + qi( Z q5)+u+uv+w+2qk Zps +Zps >
k=1 s=k+ s=1 k=s+1
—U+Zpk+Qk ) + k) +qu Z Ps + s)-

= s=k+1
This gives exactly the relation defining morphisms of dA.-algebras:

j A
Z (_l)rq+t+pjfij(1®r omi ® 19%) = Z (_1)0m5’(fp1q1 ® @ foq,), (Buw)
u=1+p,v=r+q-+t u=i+p1+--+pj,
J=1+r+t v=q1+--+q;
Jj—1 J
where o = u+ > (pr+ar)(G+k)+qx( >, ps+qs). Moreover, any morphism between dA-algebras
k=1 s=k+1

can be constructed in this way. Therefore this construction is a bijection on morphisms. Finally, this
construction is functorial. The relations (Cp,) translate to

—_—

(F °© G)uv = Z (_1)Urfij(§p1q1 Q- gquj)' (Ouv)
u=i+p1+--+p;
v=q1++g;

—_~—

Setting f;; = (—1)”]};]', Gpg = (—=1)P1g,q, and (F 0 G),, = (—1)"’(F o G),,, one obtains the equation
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(F 0 G)uv = Z (_1)07'fij(gp1q1 - gqu]')’
u=i+pi++p;
v=q1+-+q;
o Jj—1 J
witho, =0, +ut+uw+uw= > (pr+q)(J+k)+ Z qx( > ps+qs), which is the composition of
k=1 = s=k+1
morphisms of dA-algebras. U

4.6. Derived A.-algebras as filtered A.-algebras. From the fact that tC% tCp and st sfCp, are isomor-

phic vbCp-enriched monoidal categories, we now reinterpret dA.-algebras, in the bounded case, in
terms of split filtered A,.-algebras. First we recall the definition of filtered As-algebras and their mor-
phisms. Filtered A-algebras and their associated spectral sequences have been previously studied in
[Lap03], [Lap08] and [Her16].

Definition 4.51. A filtered Axo-algebra is an Ac-algebra (A, m;) together with a filtration {F,A'},cz
on each R-module A’ such that for all 4 > 1 and all p1,...,p; € Z and ny,...,n; >0,

mi(FplAm Q- FpiAni) C Fpittpi A2,
Such a filtered A-algebra is said to be split if A = Tot(B) is the total graded module of a bigraded
R-module B = {B}} and F is the column filtration of Tot(B).

Remark 4.52. Consider A, as an operad in filtered complexes with the trivial filtration and let K
be a filtered complex. There is a one-to-one correspondence between filtered A..-structures on K and
morphisms of operads in filtered complexes A, — Endg. To see this, notice that if one forgets the
filtrations such a map of operads gives an A, structure on K. The fact that this is a map of operads
in filtered complexes implies that all the m;s respect the filtrations.

Definition 4.53. A morphism of filtered Ax-algebras from (A, m;, F') to (B, m;, F) is a morphism
[ (A,m;) = (B, m;) of Ax-algebras such that each map f; : A¥? — A is compatible with filtrations:

[i(Fpy A™ @ - @ Fp A7) C Fp1+---+p]~B"1+"'+"j+1_j7
for all j > 1, p1,...p; € Z and ny,...,n; > 0.

Denote by fA,(R) the category of filtered A,-algebras. Composition is given as in the unfiltered
case (this respects the filtration). We consider the following full subcategories of f A (R).

o sfA(R): the subcategory whose objects are split filtered A-algebras.
e A’ (R): the subcategory whose objects are non-negatively filtered A.-algebras.
e sfA% (R): the subcategory whose objects are split non-negatively filtered A,.-algebras.

That is, we have full embeddings
sfA% (R)

SF Ao (R) —————— A (R) ———— A _(R)

Lemma 4.54. For any twisted complex A there is a morphism of operads
Zn‘{A—>‘£n‘{Tot(A)7
which is an isomorphism of operads if A is bounded.

Proof. The existence of the morphism of operads follows directly from Proposition 4.46 and in this
case it is given in arity n by the composite
zo{A@",A

End 4(n) == tCr(A®", A) —>&(Tot(A®"),Tot(A)) —>fCiR(Tot(A)®",Tot(A))

= Endpoy(a)(n)-
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In the bounded case the first map is an isomorphism by Theorem 4.39 and the second is an isomorphism
by Proposition 4.40. O

Proposition 4.55. Let (A,d*) € tC% be an (N,Z)-graded twisted complexr and A its underlying
bigraded module. There is a one-to-one correspondence between filtered A~.-algebra structures on
Tot(A) and dA-algebra structures on A which respect the twisted complex structure of A. This
bijection is induced by a one-to-one correspondence between filtered Aso-algebra structures on Tot(A)
and Ao-algebra structures on (A, dA). More precisely we have natural bijections
Hom, 0, g4 (dAco, Enda) = Homypop (Ao, End 4)

= HomvbOp(AOOa LTL‘{TO‘D(A))

= Homgcop(Aso, Endrag(a)),
where vbOp and fCOp denote the categories of operads in vbCg and fCg respectively, and Hom,y,gp, 44

denotes the subset of morphisms which send ;1 to dzA. We view As as an operad in vbCp sitting in
horizontal degree zero or as an operad in filtered complexes with trivial filtration.

Proof. The first isomorphism holds by Proposition 4.47. The second isomorphism follows directly from
Lemma 4.54. Finally, to see the third isomorphism let f : Ao — End 1o¢(4) Pe @ map of operads in
vbCl]’gL. Again, since A, is quasi-free, this is equivalent to maps in VbCl]’pL

(Aoo(n), Oc) = (End roy(4)(12),6)
which are determined by elements My, := f(un) € End o 4y(n) of bidegree (0,2 — n) such that

Since A is (N, Z)-graded, Tot is symmetric monoidal, and thus we have that
My = e(d™, My) + (=1)* e My, d"H).

So these maps give the complex Tot(A) the structure of an A.-algebra. Moreover, all of the M,s
respect the filtration since they have horizontal degree zero. Therefore, the map f gives Tot(A) the
structure of a split filtered A.-algebra and it is clear that any filtered Aoo-algebra structure on Tot(A)
can be described by such f. O

This construction extends to infinity morphisms.

Theorem 4.56. The totalization functor extends to a functor
d: AC(R) - fAL(R)

which in the bounded case restricts to an isomorphism between the categories of bounded A -algebras
in twisted complexes and split non-negatively filtered Aso-algebras.

Before proving this result we make the following remark.

Remark 4.57. Let C and D be monoidal categories over ¥, let P be an operad in ¥ and let F' : C — D
be a symmetric monoidal functor over #". In [Fre09, Observation 3.2.14], Fresse shows that F' extends
to a functor N
F :P-Alg(C) — P-Alg(D)

from the category of P-algebras in C with P-algebra morphisms to the category of P-algebras in D
with P-algebra morphisms.

His methods extend to the case where F' is lax monoidal over ¥. Let ¥ = vbCpgr, P = A, C = tCgp,
D = {Cgr and F' = Tot. Then, the totalization functor extends to a functor

Tot : Aso-Alg(tCpr) — Aso-Alg(fCp)

between the categories of A-algebras in tCg with strict morphisms to the category of A.-algebras in
fCpr with strict morphisms. Our result implies that this functor extends to their respective categories
with infinity morphisms.
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Proof of Theorem 4.56. The functor on objects is given as in Proposition 4.54. Here we describe
this explicitly on elements. Let (A, ;) be an Ay-algebra in tCg, that is we have A € tCg and

M; € @(A®i,A)g_i satisfying the A,o-relations

ST (1) te(M;, 187 @M @15 = 0. (Aoy)

v=v+q+t
J=14+r+t

Following the notation of Proposition 4.40, let
Wi =LA, A Tot(A)®i — Tot(A®Y),
irat = a1 ae0 s a Tot(A)S" @ Tot(A%T) @ Tot(A)®! — Tot(AP+7+)
and define ‘
m; := c(Tot(M;), p;) : Tot(A)®" — Tot(A).
Note first that for any ¢ the map m; has horizontal degree 0 thus it respects the filtrations. Now, we
compute

> (=) m (1% @m 1Y)

v=v-+q+t
j=1+r+t

= 3 (1) e(Tot (M), 1) (187 @e(Tot (My), 11g)@1%)
v=v+q+1
Jj=14r+t
= > (= 1)+ ot (M (15 B My@15)) g ¢ (157, 1y BrigB1EL 1)) = 0.

v=v+q+1
Jj=14r+t

Here the first equality holds by definition, the second by naturality of 1 and the third because the M;s
satisfy the relations (Ag,). Thus (Tot(A),m;) is a filtered A-algebra. The same computation gives
the result on morphisms and this is stable under the composition of morphisms giving the functor ®.
Furthermore, when A € tC% this functor restricts to an isomorphism by Proposition 4.55. O

Corollary 4.58. Let Tot denote the composite
Tot : dA® (R) Y A'C"(R) %5 £4°_(R).

The functor Tot restricts to an isomorphism between the category of (N, Z)-graded dAs-algebras and
the category of split non-negatively filtered Aoo-algebras. Furthermore, this functor fits into a commu-
tative diagram of categories

U

dA®_(R) tCY
Tot Tot
fA® (R) fCl,

where the horizontal arrows are forgetful functors and the vertical arrows are full embeddings.

Proof. This follows directly from Theorems 4.50 and 4.56. U

5. DERIVED A,-ALGEBRAS AND 7-HOMOTOPY

The main goal of this section is to study different but equivalent interpretations of the notion of
r-homotopy for derived Aso-algebras. We first define r-homotopy by constructing a functorial r-path
object. Then, we study some of the properties of r~-homotopy. Most notably, we show that O-homotopy
defines an equivalence relation and we study the localized category dA(R)[S, }]. Finally, we give an
operadic interpretation of r-homotopy and show that the two notions are equivalent.
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5.1. Twisted dgas and tensor product. In general, the tensor product of two dA.-algebras does
not inherit a natural dA.-algebra structure giving rise to a monoidal structure on dA.(R). The
construction works if one of the components is a twisted differential graded algebra, as we show next.

Definition 5.1. A twisted dga is a dAx.-algebra (A, p;;) whose only non-zero structure morphisms
are ;1 for ¢ > 0 and pgo.

Lemma 5.2. For (A, p;j) a twisted dga, the following hold.

(1) po2 is associative.

(2) pa(po2) = po2(1 ® pir) + poz(pna @ 1) for all i > 0.
(3) Let py : A®™ — A be defined iteratively by pun, = po2(pin—1 ® 1), with us = 2. Then

pir(n) = D (1% @ pn ®19Y)  for all i > 0.
r+t+1=n

Proof. 1t suffices to check (2). Relation (A;2) reads:
—(p02(1 @ pi) + po2(pir ® 1)) + pia (po2) = 0. 0

Proposition 5.3. Let (A, pi;) be a twisted dga and let (A,mi;) be a dAsx-algebra. The bigraded
module A ® A is endowed with a dAs-algebra structure given by

mi1 = i1 @ 14 + 14 @ myy and mij = (1 @ mij)t;  for all j > 2.

Here 7j : (A® A)®T — A®I @ A®J denotes the standard isomorphism given by the symmetric monoidal
structure and pj is defined in Lemma 5.2.

Proof. For all n > 0, we have
S (=W mamp = Y (=1 (papn @1+ 1@mamj + pa @myj + (~1)7H D0 0 @myy) = 0.
i+j=n i+j=n
Note that, for j, ¢ > 2, we have
Mij (157 @ Mpg @ 1%Y) = (gt @ mii (197 @ mpg @ 1)) Ty gt
Using this, for all ¥ > 0 and all v > 2, we have

Z (— 1)TQ+t+mm (1A®A ® Mpg ® 1A®A)
u=i+p, v=7+q—1

Jj=14r+t,
= Y U @ mi) (1% @ g © 1907, 3 (<1P (it @ 1a) (o © ),
u= ijiir—{i—q 1 u=i-+p
+ Z 1) (@ mw)Tv(lA®A ® (pp1 ® 14) ® 1A®A)
u=ti+p
= D ()P (pirp @ mpy)y + Y (1)) () (197 @ 1 @ 1) @ miy )T
u=1i+p u=i+p
r+t+1=v
- Z <( 1) (Uzlﬂv) ® Mpy =+ Z p+1,UJ (1®T @ til ® 1®t) ® mpv) Ty = 0. 0
u=1i+p v=r+t+1

Proposition 5.4. Let (A, pi;) be a twisted dga. The above construction gives rise to a functor A® — :
dA(R) — dA(R), sending a morphism f: A — B of dAx-algebras to the morphism ]?: AR A—
A ® B given by ﬁ-l = 1A ® fi1 and ﬁ-j = (uj ® fij)1; for all j > 2. Furthermore, for a dA~-algebra
(A, m;j), the construction above gives rise to a functor — ® A sending a strict morphism f: A — A’
to the strict morphism f @14 : A® A — N ® A.

Proof. The proof follows exactly the same lines of computation as the preceding proof. O
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5.2. r-homotopies and r-homotopy equivalences. We next define a collection of functorial paths
indexed by an integer > 0 on the category of dA-algebras, giving rise to the corresponding notions
of r-homotopy.

We will use specific twisted dgas defined in the following proposition whose proof is left to the
reader.

Proposition 5.5. Let r > 0 be an integer. Let A, be the bigraded module generated by e_ and ey in
bidegree (0,0) and u in bidegree (—r,1 —r). The only non-trivial operations given by

pri(e-) = —u, pri(eq) =u, poa(e— e-) =e_, poa(eq,eq) = ey, poz(e—,u) = poa(u, e4) = u,

make A, into a twisted dga. The morphisms
R—>A R ; 0Foi1=1p

giwen by 0~ (e_) = 1g, 0% (e+) = 1g and (1) = e_ + e4 and 0 elsewhere are strict morphisms of
twisted dgas. O

Definition 5.6. Let » > 0 be an integer. The functorial r-path P, : dAx(R) — dAx(R) is defined
as P = A ® —.

Note that for a dA-algebra A, one has PT(A)g = (Re_ ® Az) @ (Ru‘® Agi:_l).@ (Rey ® Ai)
Hence we may identify P,(A) with the bigraded R-module given by P.(A)! = A} ® Afi:fl @® A} as in
Definition 3.14. More precisely, the triple (z,y, z) is identified with e @ x + u @y + e4 ® 2.

Given bigraded R-modules A and B, let

te: P(A)® P.(B) — P.,(A® B)
be the map given by
ta((z,9,2) @ (2,9, 7)) = (@2, 70y +y® 207,
where 7 := (—1)"®1+(0=7)%25 and (1, x2) denotes the bidegree of z. Likewise, for n > 2 we let
ty : PT(A1)®®PT(A71) —>P7'(A1®®An)
be the map given by

tn((xlaylwzl)@"'®(xn7ynazn)) = ($1®®x’na Z El@"'®fjfl®yj®zj+l®'"®Zn,zl®"'®zn)-
1<j<n

Note that under the identification above, the map t,, is obtained as the composite
(tn®1D) o7 : (A @A @A ®4An) = (A)"QAI® - QA > A QA ® - ® Ay
As a consequence, combining Propositions 5.3 and 5.4 one obtains the following.

Proposition 5.7. The r-path (P,(A), M;j) of a dAx-algebra (A, m;j) is given by the bigraded module
P.(A) together with the morphisms M;; : Pr(A)®7 — P,(A) of bidegree (—i,2 — i — j) given by

mel 0 0 m;1 4 0 0
My:=| -1 —-mqgq 1 and My == 0 (=) lm;y 0 fori#r
0 0 me1 0 O mi1
and the morphisms
mij A 0
M= 0 (=)™ my 0 |otj, fori>0andj>2.
0 0 mij

The r-path of a morphism f : (A, mg) — (B, mg) of dA-algebras is the morphism of dA~-algebras
Po(f) : (Pr(A), M) — (P.(B),MB) given by P.(f)i; = (fij, (=1)FDU=DF f 15,
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The structure morphisms of the r-path

2
A2 P(A) " TA ; dfoa=14
<
are given by 85 (z,y,2) =z, 94 (x,y,2) = z and ta(x) = (x,0,z). O

It follows directly from the above proposition that the r-path is compatible with the forgetful functor
U : dAx(R) — tCpg. Also, if (A, mp;) is a dA-algebra concentrated in horizontal degree 0, then
its 0-path Py(A) coincides with its path object as an As-algebra as defined by Grandis in [Gra99].
Hence the 0-path is compatible with the inclusion Ay (R) < dA(R).

Definition 5.8. Let f,g: A — B be two morphisms of dA..-algebras. An r-homotopy from f to g is
given by a morphism of dA-algebras h : A — P,(B) such that 05 o h = f and 9 o h = g. We use

the notation h : f = g¢.

We postpone until later giving an explicit version of r-homotopy, in terms of a collection of mor-
phisms Eij : A®J 5 B; see Proposition 5.32.

In the category of A.-algebras, the notion of homotopy defines an equivalence relation on the sets
of Aso-morphisms (see [Proll], see also [Gra99]). We next prove an analogous result in the context
of dA..-algebras, for 0-homotopies. Our proof is an adaptation of the proof given by Grandis for
Ao-algebras.

Proposition 5.9. The notion of r-homotopy is reflexive and compatible with the composition. Fur-
thermore, for r = 0 it defines an equivalence relation on the set of morphisms of dAs-algebras from
A to B, provided A and B are (N,Z)-graded.

Proof. Since the notion of r-homotopy is defined via a functorial path, it is reflexive and compatible
with the composition. To show that 0-homotopy is symmetric we will define a natural reversion
morphism of the r-path ¢ : Py(A) — Py(A) of a dA-algebra (A, m;;) such that 0F¢ = 0F. Then,
given a 0-homotopy h : f % g we will have a 0-homotopy Ch:g F f.
Consider the filtered A-algebra defined by applying Tot to Py(A). This is given by:
F,Tot(Py(A))" = F,Tot(A)" @ F,Tot(A)" ' @ F,Tot(A)",

with structure morphisms

Tot(mﬂ) 0 0 Tot(mij) ' 0 0
M, = -1 —Tot(mi1) 1 and M; = 0 (—1)? Tot(m;j) 0 o t;,
0 0 TOt(mil) 0 0 Tot(mij)

for j > 2. We will next define a morphism of filtered A.-algebras ¢ : Tot(Py(A)) — Tot(Py(A)).
Note that such a map is determined by its composition with the three maps 9~, 9 and 01 defined
by projection to each of the direct summands of Tot(Py(A)). We let 9= ¢; = 9T, °¢; = —3° and
0~ ¢ = 0. For j > 1, we let aiqj = 0 and define 80Cj inductively by

G =" SngpTot(my) (01 '@ (0 )™ ' eq o 0%,

ptg=n+1
r+y+z=n+l1

where all indices in the sum are poisitive integers and Spgap is a sign coefficient (see [Gra99, p56]).
By [Gra99, Theorem 7.1], the family {(;};>1 is a morphism of A, -algebras. Since for all p € Z,
0°(FpTot(Py(A)) C FpPy(A) for e € {—,0,+}, the morphism ¢ is compatible with filtrations. Therefore
by Corollary 4.58 it gives the desired reversion of dA,.-algebras.

We next prove transitivity. Consider the pull-back of dA..-algebras

Q(A) " Py(A)

P
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To prove transitivity it suffices to define a morphism £ : Q(A) — Py(A) of dA-algebras such that
0F¢ = 0F1F (see for example [KP97, Proposition 1.4.5(b)]).
Consider the filtered A-algebra given by applying Tot to Q(A). We will denote by 0 := 9"r€,
with € = &+ and 7 € {—,0,+}, the five projections Tot(Q(A)) — Tot(A), noting that 97~ =9~ .
We next define ¢ : Tot(Q(A)) — Tot(Py(A)). Let &1 be defined by 9~ ¢y := 9~ —, 8°¢; := 9%~ +9°F
and 07¢; := 91T, For j > 1, we let 9F¢; = 0 and define the central components by letting

8°¢; = (—1)’Tot(m;) Z (O ) 12" @ (07)® 1 o (971
r+y+z=j5+1
z,y,2>1
By [Gra99, Theorem 6.3], the family £ = {{;};>1 is a morphism of A-algebras. By construction,
it is compatible with filtrations. Therefore by Corollary 4.58 it gives the desired morphism of dAq.-
algebras. O

Remark 5.10. The proof of symmetry and transitivity of 0-homotopies given above does not extend
to r-homotopies, due to the fact that for r > 0, the projection 9" : Tot(P.(A)) — Tot(A) is not
necessarily compatible with filtrations. Note that we have §°(F,Tot(P,(A))) C Fpir(Tot(A)).

Denote by = the congruence of dA(R) generated by r-homotopies: f 7 g if and only if there

T

is a chain of r-homotopies f = --- = g from f to g or a chain g = --- = f from g to f.

Definition 5.11. A morphism of dA,.-algebras f : A — B is called an r-homotopy equivalence if
there exists a morphism ¢ : B — A satisfying fog - 1pand go f 7 14.

Denote by S, the class of r-homotopy equivalences of dA.(R). This class is closed under com-
position and contains all isomorphisms. Since the r-path commutes with the forgetful functor U :
dAs(R) — tCp, we have S, = U~(S!C®). Note as well that S, C S,41 and S, C &, for all » > 0.

Lemma 5.12. Let (A, m;;) be a dAx-algebra. The strict morphism va : (A, mi;) — (Pr(A), M;j)
given by ta(x) = (x,0,x) is an r-homotopy equivalence.

Proof. Note first that the category of twisted dgas together with strict morphisms is a monoidal
category, hence A, ® A, is a twisted dga. Let A : A, — A, ® A, be the map given by

Ales)=e_®@(e—+tey)t+er®e_, Aler)=ereq, and A(u) =u®eq + ey Qu.
That A is a strict morphism of dgas is a matter of computation. Furthermore one has
(0T ®@1)A=idand (- @ 1)A=100".
Consequently A ® 14 : P.(A) — P.(P,(A)) is an r-homotopy from ¢4 o 9 to the identity. O

Theorem 5.13. The localized category dA~(R)[S,”
gory mp(dAs(R)) == dA(R)/ 7 .

11"is canonically isomorphic to the quotient cate-

Proof. The proof is analogous to that of Proposition 3.26, using Lemma 5.12. O

5.3. Operadic approach. Since dA.-algebras are algebras for the operad (d.As)so, one expects to
be able to describe homotopies in terms of structure on cofree (d.As)i-coalgebras, where (d.As)! is the
Koszul dual cooperad. We carry this out in this section, giving several equivalent formulations and
showing that they agree with the definition via a path object presented above.

5.3.1. (dAs)i-coalgebras and coderivations. In this setting, a homotopy between morphisms g and
f should be a coderivation homotopy, that is, it satisfies two conditions, a usual homotopy rela-
tion together with a condition of compatibility with the comultiplication, called a (g, f)-coderivation
condition. (See [ALR*15] for the coderivation notion in an operadic context and [LHO3] for (g, f)-
coderivations in the setting of A,-algebras.)

First we recall the (g, f)-coderivation condition for coassociative coalgebras.
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Definition 5.14. Let (A,A4), (B,AP) be coassociative R-coalgebras and let f,g : A — B be
coalgebra morphisms. A (g, f)-coderivation is an R-linear map h : A — B such that

(g@h+h® f)AY = APh.
Next we define (g, f)-coderivations in a suitable operadic setting.

Definition 5.15. Let C be a non-symmetric cooperad in vertical bicomplexes. For X,Y, Z vertical
bicomplexes, the vertical bicomplex C(X;Y’; Z) is given by

Cx;v;2)=Pcme( P X*eYvez®).
n>1 a+b+1l=n
Iff: X=X h:Y—=Y and g: Z— Z' are maps of vertical bicomplexes, the map
C(fih;9): C(X3Y5Z) — C(X' Y, 7))
is defined as the direct sum of the maps 1 ® f®* ® h ® g®°.

Definition 5.16. Let C be a non-symmetric cooperad in vertical bicomplexes and let A and B be
vertical bicomplexes. Let g and f be maps of C-coalgebras C(A) — C(B). For r > 0, an r-(g, f)-
coderivation is a map of vertical bicomplexes h : C(A) — C(B) of bidegree (r,r — 1) such that the
following diagram commutes.

C(A) = C(A; A; A) =25 C 0 C(A; A; A) = C(C(A); C(A; A; A);C(A))

hl lC(g;h;f)

C(B) = C(B; B; B) —%~ C o C(B; B; B) = C(C(B); C(B; B; B); C(B))

In order to understand very explicitly what such a thing looks like in the (d.As)i case, we first recall
Proposition 3.2 of [ALR"15] and then extend it to (g, f)-coderivations. As there, it is slightly simpler
to use cooperadic suspension and work with the suspended cooperad A(d.As)i.

Consider triples (C, A, f) where (C,A) is a conilpotent coassociative coalgebra and f : C' — C is
a linear map of bidegree (1,1) satisfying (f ® 1)A = (1 ® f)A = Af. A morphism between two such
triples is a morphism of coalgebras commuting with the given linear maps.

Proposition 5.17. [ALR™15, Proposition 3.2] Cooperadic suspension gives rise to an isomorphism
of categories between the category of conilpotent coalgebras over the cooperad (d.As)! and the category
of triples (C, A, f) as above.

An operadic coderivation of bidegree (0,1) of a (dAs)i-coalgebra S~*C' corresponds on (C, A, f) to
a coderivation of bidegree (0,1) of the coalgebra C, anti-commuting with the linear map f. U

Example 5.18. [ALR'15, Example 3.3] As an example we give the structure corresponding to the
cofree A(d.As)i-coalgebra cogenerated by C. We have A(dAs)i(C) = R[x] ® TC, where TC denotes
the reduced tensor coalgebra on C.

The coalgebra structure is given by

A@' @a1® - @ an) = ZZ 2R @ ay) @ (2 © g © - ® ay),
k=1r+s=1i

where € = rn + ik + (s, s)(|a1] + - -+ + ak])- B B
Let 7 denote the projection of R[x] ® TC onto Rz’ @ TC = TC. Then

Ay = (mo ® m9) A

where the first A is the usual deconcatenation product defined on T'C.
The linear map f will be denoted d, in this cofree case and

dy: R[] @ TC — R[z] @ TC
is determined by d, (2" ® a) = (—1)' 2" ! ® a, for a € C%J,
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Proposition 5.19. Let g and f be maps of (dAs)i-coalgebras (dAs)/(A) — (dAs)/(B) and let h :
(dAs)i(A) — (dAs)/(B) be an r-(g, f)-coderivation. If f, g correspond under the above isomorphism
of categories to coalgebra morphisms f,§: R[z] @ TSA — R[z] @ TSB, (commuting with d, ), then h
corresponds to a (§, f)-coderivation of coalgebras h - R[z] @ TSA — R[z] @ TSB of bidegree (r,r — 1),
graded commuting with d.

Proof. After applying cooperadic suspension, the (g, f)-coderivation condition gives the following com-
mutative diagram.

R[z] ® TSA -5 R[z] ® T(R[z] ® TSA)
Bl l(dAS)‘(é;ﬁ;f)
R[z) ® TSB -2~ R[2] ® T(R[z] ® TSB)

Let C =SA and D = SB.
As in [ALR'15, Example 3.3], the structure map pc of the cofree coalgebra on C' is completely
determined by A = pg 2 and d = p1,1, where p; ; : C — C%/ is the following composite

iy C—p>R[x]®TC’g>in®C®j =L 0%

Post-composing the horizontal maps with 72 in the commutative diagram above, we find that we
obtain a commutative diagram

0,2 —

R[z] @ TC 22> R[z] @ T(R[z] ® TC) —3 ka® ® (R[z] ® TC)®? = (R[z] ® TC)®?

hl l(dAS)i(é;fz;f) i{;@mfz@f
Rlz) @ TD —22+ Rlz] ® T(R[z] ® TD) —2 ka® ® (R[z] ® TD)®2 = (R[z] ® T D)®2

and the outer commuting square gives the r-(g, f)—coderivation condition for h.
Similarly, one may post-compose the horizontal maps with 71 ; and check that the resulting condi-
tion is

dPh = (—1)MhdC . O

T

Next we want to pass from morphisms on R[z] ® T'C, commuting with d,, to families of morphisms
on TC. As in Example 3.3 of [ALR"15], given a morphism of bigraded modules f : R[z] ® TC —
R[z] @ TC, write

fa"®a) =3 a'® f*'(a),

where ™ : T(C) — T(D) and a € C®7. Then commuting with the map d,, means that f is completely
determined by the family of maps f™°.

Define f,, : TC' — TC by f,(a) = (=1)" f"%(a) = (1) o f (2" ® a), where a € C%/.

The correspondence gives a bijection between the subset of morphisms in bgMod z(R[z]®TC, R[x]®
TD) which commute with d, and bgMod$ (T'C,TD).

Recall from [ALRT15] that under this assignment, a square-zero coderivation § on R[x] ® TC
corresponds to a twisted complex structure on T'C.

Proposition 5.20. Let g, f be coalgebra morphisms R[z]® TC — R[x] @ TD, commuting with d. If
h is an r-(g, f)-coderivation of coalgebras h : R[] ®TC — R[x]®TD, graded commuting with d,, the
corresponding family of morphisms h, : TC — TD satisfies

Z(—l)jgj ® ill;j + Z ij & ﬁ;j A= AiLz for all i > 0.
J
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Proof. First note that for o, 8 : R[z] @ TC — R[z] @ TD, a € C® and b € C%!, we have
(0 @ mo)(a ® B) (¢! @ a @ ¥ @ b) = (—1)iFIH(@ta) ikl g, @ 5y (a @ b),

Then we calculate Ah;(a) fora = a1 ® - ®a, € C®". The ¢ appearing in the sign in the following
calculation is given as in Example 5.18 above. We also use that |h| = —1 and |f| = 0.

=(-1)"(m®@m)(§®h+h f) () (@ Ra® - @ap) @ (' @ ap @+ @ ay)

k=1 s+t=1

)
N

n—1
_ (71)m Z Z (71)sn+ik+s+sk+t(n—k)(g”s ® ﬁt)((al Q- Qap) ® (ahe1 @ Qay))
k=1 s+t=t

n—1
+ (=DM (—1) R (b @ f) (a1 ® - ® ar) ® (a1 @ - @ an))
k=1 s+t=t

= ((—1)S§S®Et+ﬁs®ft) A(a). -
st+t=i

We now consider an r-shifted version of the usual homotopy relation and explain how r-homotopy
of twisted complexes appears in this context.

Definition 5.21. For F' : A(dAs)i(C) — A(dAs)i(D) a morphism of bigraded modules, let SF' :
A(dAs)i(C) — A(dAs)i(D) be given by SF := —FdS.

Proposition 5.22. The corresponding sequence of maps TC — TD is given by (SF); = F;_1 if i > 1
and (SF)p = 0.

Proof. For a € C®", and setting F_1 = 0,
(SF)i(a) = (=1)"mo(SF)(a' ® a) = (~1)"'m Fdg (2" © a)
— (_1)in+nﬂ_0F(xi71 ® a) — (_1)in+n+(i71)nﬂ_1(a)
= F,_1(a). O

We defined a shift S : ggMod (A, B);, — bgMod (A, B)U*1 in Definition 3.35. Proposition 5.22
shows that the one defined here corresponds to that one, hence we use the same notation.

Proposition 5.23. Let f,g: A(dAs)/(C) — A(dAs)/(D) be morphisms of A(d.As)i-coalgebras and let
h: A(dAs)(C) — A(dAs)i(D) be a morphism of bigraded modules of bidegree (r,r — 1) satisfying

(=1)"6Ph + hs® =S"(g - f).

Then the corresponding family of morphisms hy : TC —TD gives an r-homotopy of twisted complexes.

Proof. We extract the i-th map in the families corresponding to the two sides of the given equation.
On the right-hand side, by Propostion 5.22, we obtain g;—, — f;—, for ¢ > r and 0 for ¢ < r.

Recall from [ALR*15], that one can write 69 (a) = 3, §%¥!(a), with §*9!(a) € D®', and similarly for
h¥J(a). Anti-commuting with the map d, implies that 67(a) = (—1)I(+H1D§i=30L(q) for a € C®",
and similarly for h.
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On the left-hand side we calculate to check the signs. For a € C®",
((=1)"6Ph + hs®), (a) = (—=1)"mo ((=1)"6"h + hé®) (2" ® a)
= (—1)"* " med ( fo ® b (a)) + (1) moh( ) 2’ @ 5% (a))
J
1)t Z 2 @ 5 n (a)) + (=1)"mo (D b @ ks (a))
7.k

_ m-‘rr Z 5] th,j 1)m Z hj705i,j(a)
J
_ (_1)m+r ( Z(_ )j(n—l—l-ﬁ-l)dj,()hi—j,o,l(a))

7,0
+ (_1)in ( Z(—1)j(n+l+1)hj’0(5i_j’0’l(a)),

gl

where §%(a) = >, 6% (a), with §%9!(a) € D®! and similarly for h%I(a). Continuing the above
calculation, we obtain
(_1)in+r ( Z(_1)j(n+1)5jhifj,0,l(a)) + (_1)1n ( Z(_1)j(n+1)hj5ifj,0,l(a))
3l gl
_ (_1)in+r(Z(_1)j(n+1)+(ifj)n5jhi_j(a)) + (_1)in(Z(_1) j(n+1)4(i—y )nh S J( ))
J J
=Y (=17 8;hij(a) + (—1) ;6 5(a),
J
as required. 0
Thus an r-shifted version of the operadic notion of coderivation homotopy corresponds to a sequence

of maps of bigraded R-modules h,, : TC — T D, where h,, has bidegree (r — n,r — n — 1), satisfying
both the condition in Proposition 5.20 and the condition in Proposition 5.23. We are going to show

that this is equivalent to an r-homotopy of dA..-algebras, as defined via the path construction.
As an intermediate step, we reformulate the conditions using the composition in sgMod .

5.3.2. Tensor coalgebra viewed in bgMod . First we make two definitions about families of maps on
reduced tensor coalgebras. The first one is a coalgebra-morphism type condition for a family of maps;
see also [Sagl0, Section 4].

Definition 5.24. Let (f,) € tgMod ,(TSA,TSB)). Write fdq for the map (SA)®? — (SB)®J coming
from fp. We say that ( fp) is a coalgebra-family of morphisms if for all 7, p, q, we have
5o 71 71 1
gq_ Z fmm@fpz%@”'@fm%'
prt-+p;=p
q1+-+q;=q
Now we consider coderivations between such families.
Definition 5.25. Let (f,), (§,) € bgMod r(TSA, TSB)] be two coalgebra-families of morphisms. Let
(hp) € bgMod [(TSA, TSB):~'. Write hjq for the map (SA)®9, (SB)®/ coming from h,. We say that

(hp) is an 7-((§p), (f»))-coderivation-family of morphisms if for all i, k, 1, we have

7l 1++ps 51 1 ral rl
hpk = Z (=1) g Iprgy @ @G Psqs ® hps+1qs+1 ® fps+2qs+2 ®--® fple'
0<s<l—1
p1te+pi=p
qt-Fa=k
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Notation 5.26. For A € bgModp, we let TSA denote the object of sgMod g 8iven by the underlying
bigraded module of the reduced tensor coalgebra on SA. We let A € fgMod ,(TSA, TSA® TSA)] be

given by A = (Ap, Aq,...) with Ag := A, the usual deconcatenation comultiplication and A; := 0 for
1> 0.
Similarly, for f € hompgniod,, (A, B), write TS f for TSf := (T'Sf,0,0,...) € tgMod ,(TSA, TSB).

In the light of the results of the previous section, and noting Remark 4.48, one expects to be able
to describe Anc-algebras, their morphisms and so on, in terms of structure in 4gMod ;, on the pairs
(TSA,A). We give the details next.

In the following proposition, we use the natural notions of coderivations, coalgebra morphisms and
(g9, f)-coderivations in fgMod ,,. For example, a coalgebra morphism TSA — TSB in fgMod ;, means

a morphism in bgMod (T SA, TSB)f satisfying

c(fEf.A) = (A, f).
Proposition 5.27. (1) Let § € bgMod p(TSA, TSA);. If § is a coderivation such that ¢(6,6) = 0

then it corresponds to a collection of coderivations §; : TSA — TSA in bgModg, i > 0,
together making TSA into a twisted complex. Thus, a dAs-algebra structure on a bigraded
module A is equivalent to specifying such a square-zero coderivation d.

(2) Let f € b'gMosz(?SA,?SB)g. If f is a coalgebra morphism commuting with given square-zero

coderivations d*, dP, it corresponds to a coalgebra-family of morphisms f; : TSA — TSB,
1 > 0, together making a morphism of twisted complexes. Thus, a morphism of dAx-algebras
from A to B is equivalent to specifying such a coalgebra morphism f.

(8) Let f,g € bgMod ,(TSA, TSB)y be coalgebra morphisms.

A (g, f)-coderivation h € bgMod ,(TSA, TSB);~" corresponds to an r-((g), (fi))-coderivation-

Jamily of morphisms h; :TSA — TSB.
4) Let f,g € bgMod ,(TSA, TSB)Y be coalgebra morphisms.
g R 0

A morphism h € bgMod ,(TSA, TSB); =" satisfying

(=1)"c(d”, h) + c(h,d") =S"(g ~ f)
corresponds to an r-homotopy of morphisms of twisted complexes h; : TSA — TSB, i > 0.

Proof. (1) We have that ¢(d,6) = 0 if and only if the §; satisfy the twisted complex relations. And
the coderivation condition on § translates into the coderivation condition on the individual 6;.
In more detail,

c(6@1 + 186, A) = c(A, )
= (c(6®1+ 14, A)), = (e(4,9)); foralli>0
— (0®1+1R);A =A§; foralli >0, since A = (A,0,0,...)
— (6i1+1®06)A=A0; for all + > 0, since 1 = (14,0,0,...).
The final part follows from [Sagl0, 4.1].

(2) We have that c(f, dﬁ =c(dB, f) if and only if the f; satisfy the relations to be a morphism of
twisted complexes (T'SA, d#') — (T'SB,dP). Then f is a coalgebra morphism means

c(fRf,A)=c(A,f) <= (c(fB,A)), = (c(A, f)); foralli>0
— (fOf)iA=Af; foralli>0,since A= (A,0,0,...)
— Z(f] ® fi—j)A=Af; foralli>0.
J

The last condition can be recursively reduced to the coalgebra-family of morphisms condition.
The final part follows from [Sagl0, 4.3].
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(3)
c(gDh+ hf, A) = ¢(A, h)
<= (c(g®h+h®f,A)), = ((A h); foralli>0
— (g®h+ h®f);A = Ah; for all i >0, since A = (Ay,0,0,...)

< Z(—l)jgj & hi_j + Zhj & fi—j A = Ah; foralli>0.
J
The last condition recursively reduces to the coderivation-family one.
(4) We calculate:
(—1)"e(d®, h) + c(h,d*) =S"(g - [)
= ((=1)7e(d® h) +c(h,d")), = (S"(g — f)); foralli>0

(Hi1)

; , iy — fip ifi>7r
= 1) ABh 4 (—1) hydd =TT fior iz,
;( ) ¥ J+( ) 7"1—) 0 ifi<r.

O

5.3.3. Comparison with path definition. We will show that the path definition of r-homotopy (Defini-
tion 5.8) corresponds to imposing conditions (3) and (4) in Proposition 5.27. In section 5.3.1 we have
checked that these match up with the corresponding (d.As)i-coalgebra notions.

Let f,g : A — B be two morphisms of dAy-algebras and let h : A — P,(B) be an r-homotopy
from f to g. Recall that this is a morphism of dA.-algebras satisfying 05 o h = f and 8; oh=yg.

Let F,G : TSA — TSB be the coalgebra morphisms in fgMod g corresponding to f,g and let
H : TSA — TSP,(B) be the coalgebra morphism in fgMod j, corresponding to h.

We have three projection maps from P,(B) to B, on to the left, middle and right copies of B,
denoted 03, 6]03 and 8;? respectively. We denote the corresponding maps SP,(B) to SB by wp, my
and 7p respectively. Then let 7 € fgMod ,(TSP,(B), TSB) be the strict map

Z 71'%8 QT R W%t.

s,t
Proposition 5.28. In the situation above, c(m,H) : TSA — TSB is a (G, F)-coderiation in bgMod .
Proof. Consider the diagram

_ A _ _
TSA — TSARTSA

|

TSP.(B) — TSP,(B) ® TSP-(B)

ﬂi \LTS(WR)®N+7T®TS(TFL)

TSB TSB® TSB

We claim that this is a commutative diagram in the category fgMod ,. The top square is such a

commutative diagram since H is a coalgebra morphism in fgMod ;. In the bottom square all the
morphisms are strict, so composition and tensor agree with the usual ones and we just need to see
that this commutes in the usual sense, which can be easily checked.

Finally, one can check that ¢(75(0%), H) = G and ¢(7.5(d5), H) = F, so the commuting of the
outer square reads ¢(G®c(m, H) + c¢(n, H)RF),A) = ¢(A, c(r, H)), which is the (G, F)-coderivation
condition for ¢(m, H). O
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Lemma 5.29.
3 DV e(dB ) — (T(nR) = T(rL)) ifi=r,
(c(m,d™P) + (1) c(d”, ))i_{o

otherwise.

Proof. Since 7 is a strict map,
(c(m, d"B) + (=1)"e(d®, 7)), = md["? + (—1)"TdPr.

Now
AP = (5 @y © 1) 72" © s @ 75,
j,S,t u,v

where, following Sagave’s conventions, m;; = ¥;(m;;) : SB® — SB.
Thus we have
T =S805'S™Y,  wp=S505'S"t,  mm=S80%SH(—-1)",
with 77, and 7g of bidegree (0,0) and 7y of bidegree (r,1 — r) and
Mij = Smy (ST (=), My = SMi(S™H® (1),
both of bidegree (—i,1 —i).
When we expand out the composition, there are three types of terms appearing, according to
whether the input to m;; is of the form 77%], TR Ty ® ﬂ%b or 7'('%].
And
P.B _ I3
ndi P = (Yo nft @ mn @) (Y (155 © My @ 15 ),
U,V 7,8,t
where ]\Zj W;(M;;) : SP.(B)®) — SP,(B). Again there are three sorts of terms, according to whether
they involve WLMij, TI'MMZ‘J‘ or WRMij.
From the definition of the M;; for P,.(B), we have, for all (¢, j),
6§Mij = mij<(9§)®j, 8EMU = mij (8E)®J
And
(~)IHHOM = Y my((0p)% @ 0 @ (95)F), for (i) # (1),
atb+1=j
8%Mr1 = —mrla% + ag — ag

Sign calculations with the suspension show that these convert to

Iy ~  ®j 7 ~ ®j .
mM;j = mim;?, TrMi; = mymy’ for all (i, 7)
and
i+1_ 77 ~ b
(_1)r+z+ Ty M = Z mij(’]T%a@WM@W% ),
a+b+1=j
M = —mpmy + TR — 7L

Using the above, one may now check that in (¢(m,d™?) + (=1)"¢(d?, 7)), almost all terms cancel

pairwise, with the exception, when ¢ = r, of the extra terms in c(7r,dP B ) coming from the special
form of M,q. These contribute

D 1% @ (rp—m) @19 = Z ny — ) = (T(wg) — T(rr)). U

st

Proposition 5.30. The map c(w, H) : TSA — TSB satisfies the r-homotopy condition in bgMod j, of
part (4) of Proposition 5.27.
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Proof. Using associativity of composition (Lemma 4.16), Lemma 5.29 and the relation c¢(H,d*) =
c(dB) H) , we have

(c(e(m, H),d*) + (=1)"c(d?, c(m, H))), = (c(c(m,dB) + (=1)"c(d®, 7), H)),
= (T(mr) — T(7p))H;—y
=Giy— Fi.
So
cle(n, H),d*) + (=1)"c(dB, e(r, H)) = S"(G — F),

as required. O

We now collect everything together.

Theorem 5.31. Let f,g : A — B be two morphisms of dAs-algebras. Then h : A — P.(B) being
an r-homotopy from f to g in the sense of Definition 5.8 is equivalent to conditions (3) and (4) of
Proposition 5.27 on c(n,H) : TSA — TSB, where H : TSA — TSP,(B) is the coalgebra morphism
in bgMod , corresponding to h.

Proof. We have already seen that c(m, H) does satisfy conditions (3) and (4) of Proposition 5.27. It is
also straightforward to see that we can recover h from c(m, H). Indeed, from ¢(m, H) we can extract
G, F and c(my, H'), where H' : TSA — SP.(B) is the composite of H with the strict projection
TSP,(B) — SP.(B) and c(m, H) is uniquely determined by this data. Now H! is also uniquely
determined by G, F and c(my;, H') and we have hzy = H1 ]

Thus the notion of r-homotopy defined via the path construction coincides with the operadic one.

5.3.4. Ezplicit r-homotopy.

Proposition 5.32. Giving an r-homotopy h : A — P,(B) between morphisms of dAs-algebras f, g :
A — B is equivalent to giving a collection of morphisms hy, : A®% — B of bidegree (r —i,r —i — k),
satisfying, for all m and k,

(_ Z (Z mzl Z 1)p+a+2u:1 pugplth @ @ Gpygs © hps+1qs+1 ® fps+2qs+2 Q- & fpﬂ]z
i+p=m 0<s<l—-1
p1+-+p=p
qteta=Fk
+ Z P Y (—DI @mpy ©1%)
q+s+t=k
q+1+t=l
0 fm<r
= : ’ H
{ Im—rk — fmfr,k me > ( mk)

Here the signs are given by

l l l s
Q= Z(pu+QU)(l+u) +ZQU( Z pv+qv) + (T_ 1)(l+ 1 +S+ZQu),
u=1 u=1 v=u+1 u=1
B=sq+t+pl+r.

Proof. We have seen that the path definition of r-homotopy for dA..-algebras agrees with the -
coderivation-family and r-homotopy of twisted complex conditions on the corresponding families of
maps TSA — TSB.

Suppose that the dA-algebra structures of A and B are encoded in families of coderivations df‘ and
dZB making TS A and TS B respectively into twisted chain complexes. Suppose also that f corresponds
to the coalgebra-family of maps ﬁ : TSA — TSB, giving a morphism of twisted complexes; similarly
g corresponds to a coalgebra-family of maps §; : TSA — TSB.
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The r-homotopy condition on (h;) between maps of twisted complexes is equivalent to, for all m > 0,

itr BT it A | O itm <,
2 vy (- = Lo h . msh (o)
This is an equality of maps TSA — T'SB. Here the bidegree of h; is (r—i,r —i—1), that of df‘ and
of dP is (=i, —i + 1) and that of f; and of g; is (—i, —i).

For each m > 0 and for k > 1, we consider the “component of equation (H,,;) from (SA)®* — SB”.
That is, we pre-compose with the inclusion (SA)®* — TSA and post-compose with the projection to
SB. We will show that this gives, after shifting, the required statement.

The various conditions on the morphisms mean that everything is determined by components.

Firstly, the coderivation condition on each d? means that they are determined by components
(SA)®* — SB, corresponding to mZ : A% — A and similarly for d?. Secondly, since the fi :TSA —
TS B form a coalgebra-family of morphisms, it is determined by components f;, = flk (SA)®* - SB

and similarly for §;. And finally, recall that the r-((g;), (f;))-coderivation-family condition means that

hi is determined by components hi; = hl, : (SA)®* — SB, where hl, : (SA)®* — (SB)®! is given by

hzk = Z (_1)21+m+lsgi1k1 Q- ® gisks ® hpq ® flljl @ ﬁzjt'
s+1+t=l
i1t Fis+ptli+Al=i
kit tketgtii+o+ie=k
Let fir = V' (fir) : A®F = B, gix = U (gin) : A®F — B and hy, = U ' (hig) : A®F — B and
note that the bidegree of h; is (r — 4,7 — i — k). We have g = Vi(mi) = (—1) o tmgo®k,
fie = Vi (fir) = (=1)'07! ;0% and similarly for gy, and hy = Vg (hy) = (1) o™ ok,
Then it is a matter of direct calculation that the extraction of the relevant component maps from
equation (H,,1), together with removing the shifts using the isomorphism Wy, gives the required
result. O

Remark 5.33. Sagave [Sagl0, Definition 4.9] defined homotopy of morphisms from A to B of dAs-
algebras only in the special case where A is minimal and B is a bidga. One may check that his
definition is equivalent to our 0-homotopy in that case.

APPENDIX A. LIST OF NOTATION FOR CATEGORIES

For easy reference, we provide a list of the notation for the main categories appearing in this paper.

e (Cp,®, R) is the category with objects cochain complexes and morphisms degree 0 chain maps.
The unit R is the cochain complex concentrated in degree zero.

e (bgModp, ®, R) is the category with objects bigraded modules and morphisms degree (0,0)
maps of bigraded modules. The unit R is as above.

e (vbCpr,®, R) is the category with objects vertical bicomplexes and morphisms degree (0,0)
maps of vertical bicomplexes. The unit R is as above. See Definition 2.7.

e (tCp,®, R) is the category with objects twisted complexes and morphisms degree (0,0) maps
of twisted complexes i.e., infinity morphisms. The unit R is the twisted complex concentrated
in degree (0,0). See Definitions 3.1 and 3.2.

e (bgMod®, ®, R) is the full subcategory of tCr whose objects are twisted complexes with trivial
structure i.e., zero differentials.

e (fModpg,®, R) is the symmetric monoidal category with objects filtered graded modules and
morphisms degree 0 morphisms which respect the filtration. The unit is the base ring R sitting
in degree 0 with trivial filtration. See Definition 2.2.

e sfModp, is the full subcategory of (fModg, ®, R) whose objects are split filtered modules. See
Definition 3.7.

e (fCp,®, R) is the category with objects filtered complexes and morphisms degree 0 chain maps
that respect the filtration, the unit as above. See Definition 2.4.

e sfCp the full subcategory of (fCr, ®, R) whose objects are split filtered complexes. See Defi-
nition 3.7.
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tCY, vbCh, bgModll’% are the full subcategories whose objects are (N, Z)-graded twisted com-
plexes, vertical bicomplexes and bigraded modules respectively. See Definition 3.10.

fMod%, stModb, fC%, sfC% are the full subcategories whose objects are (split) non-negatively
filtered modules respectively complexes, i.e. the full subcategories with objects (K, F') such
that Fj, K™ = 0 for all p < 0. See Definition 3.10.

e A (R) is the category of A.-algebras over R.
e dA(R) is the category of derived Ay-algebras over R. See Definitions 4.1 and 4.2.
o A'C(R) is the category of derived An.-algebras over R in the category of twisted chain com-

plexes. See Definition 4.49.
fAx(R) is the category of filtered Ay -algebras over R. See Definitions 4.51 and 4.53.

o sfA(R), fAY (R) and sf A% (R) are the full subcategories whose objects are split filtered A.-

algebras, non-negatively filtered A,.-algebras and split non-negatively filtered A,.-algebras
respectively. See Diagram (8).

bgMod f, is the bgMod p-enriched category of bigraded modules. See Definition 4.24.

tCR is the vbCg-enriched category of twisted complexes. See Definition 4.23.

tCll’% is the full subcategory of tCr whose objects are (N, Z)-graded twisted complexes.

FMod r 18 the bgMod p-enriched category of filtered graded modules. See Definition 4.28.

fCp, is the vbCg-enriched category of filtered complexes. See Definition 4.33.

sfMod , and sfMod l;% are the full subcategories of fMod ;, whose objects are split filtered modules
and split non-negatively filtered modules respectively.
sfCp and stl]’% are the full subcategories of fC, whose objects are split filtered complexes and

split non-negatively filtered complexes respectively.
® denotes the enriched monoidal structure on tCg, bgMod ,, fMod , and fCp. See Lemmas 4.27

and 4.36.
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