
eprints@whiterose.ac.uk
https://eprints.whiterose.ac.uk

Universities of Leeds, Sheffield and York

Deposited via The University of Sheffield.

White Rose Research Online URL for this paper:
https://eprints.whiterose.ac.uk/id/eprint/117802/

Version: Published Version

Article:

Skiba-Szymanska, J., Stevenson, R.M., Varnava, C. et al. (2017) Universal growth 
scheme for quantum dots with low fine-Structure splitting at various emission wavelengths.
Physical Review Applied, 8 (1). 014013. 

https://doi.org/10.1103/PhysRevApplied.8.014013

© 2017 American Physical Society. Reproduced in accordance with the publisher's self-
archiving policy.

Reuse 

Items deposited in White Rose Research Online are protected by copyright, with all rights reserved unless 
indicated otherwise. They may be downloaded and/or printed for private study, or other acts as permitted by 
national copyright laws. The publisher or other rights holders may allow further reproduction and re-use of 
the full text version. This is indicated by the licence information on the White Rose Research Online record 
for the item. 

Takedown 

If you consider content in White Rose Research Online to be in breach of UK law, please notify us by 
emailing eprints@whiterose.ac.uk including the URL of the record and the reason for the withdrawal request. 

mailto:eprints@whiterose.ac.uk
https://doi.org/10.1103/PhysRevApplied.8.014013
https://eprints.whiterose.ac.uk/id/eprint/117802/
https://eprints.whiterose.ac.uk/


Universal Growth Scheme for Quantum Dots with Low Fine-Structure
Splitting at Various Emission Wavelengths

Joanna Skiba-Szymanska,
1,*

R. Mark Stevenson,
1
Christiana Varnava,

1,2
Martin Felle,

1,2
Jan Huwer,

1
Tina Müller,

1

Anthony J. Bennett,
1
James P. Lee,

1,2
Ian Farrer,

3,4
Andrey B. Krysa,

4
Peter Spencer,

3
Lucy E. Goff,

3

David A. Ritchie,
3
Jon Heffernan,

4
and Andrew J. Shields

1

1
Toshiba Research Europe Limited, 208 Science Park, Milton Road,

Cambridge CB4 0GZ, United Kingdom
2
Cambridge University Engineering Department, 9 J. J. Thomson Avenue,

Cambridge CB3 0FA, United Kingdom
3
Cavendish Laboratory, University of Cambridge, J. J. Thomson Avenue,

Cambridge CB3 0HE, United Kingdom
4
EPSRC National Centre for III-V Technologies, Department of Electronic and Electrical Engineering,

University of Sheffield, Sheffield S1 3JD, United Kingdom
(Received 5 September 2016; revised manuscript received 31 March 2017; published 14 July 2017)

Efficient sources of individual pairs of entangled photons are required for quantum networks to operate

using fiber-optic infrastructure. Entangled light can be generated by quantum dots (QDs) with naturally

small fine-structure splitting (FSS) between exciton eigenstates. Moreover, QDs can be engineered to emit

at standard telecom wavelengths. To achieve sufficient signal intensity for applications, QDs have been

incorporated into one-dimensional optical microcavities. However, combining these properties in a single

device has so far proved elusive. Here, we introduce a growth strategy to realize QDs with small FSS in the

conventional telecom band, and within an optical cavity. Our approach employs ‘‘droplet-epitaxy’’ of InAs

quantum dots on (001) substrates. We show the scheme improves the symmetry of the dots by 72%.

Furthermore, our technique is universal, and produces low FSS QDs by molecular beam epitaxy on GaAs

emitting at ∼900 nm, and metal-organic vapor-phase epitaxy on InP emitting at ∼1550 nm, with mean FSS

4× smaller than for Stranski-Krastanow QDs.

DOI: 10.1103/PhysRevApplied.8.014013

I. INTRODUCTION

Entangled photon-pair sources based on the radiative
decay of the biexciton state within semiconductor quantum
dots [1,2] have many potential advantages, including
electrical operation [3], sub-Poissonian statistics, the poten-
tial for integration with conventional optoelectronics, and a
wide wavelength coverage [4]. Quantum dots (QDs)
typically present an energetic fine-structure splitting
(FSS) between the exciton eigenstates much larger than
the natural linewidth of the transition [5,6], providing
“which path” information complicating the observation
of entanglement. The FSS originates from asymmetry in
the QD wave function caused by variations in crystal strain
and composition, and the elongation of the QD shape which
itself is a natural consequence of the Stranski-Krastanow
(SK) growth technique.
Production of quantum dots with naturally small FSS

may be achieved in special cases, by self-assembled growth
of InAs quantum dots around 885 nm, where an inversion
of the wave-function symmetry is observed [7], or growth
on (111) surfaces [8–10], aided by the underlying C3v

crystal symmetry which very often results in dot density
preventing the spectral isolation of individual lines
[11–13]. Another approach is the growth of strain-free
GaAs=ðAl;GaÞAs QDs in locally etched pits [14]. Though
these methods can be sufficient to enable the observation of
entangled light from quantum dots [2,9,10], they are
unsuitable for entangled light emission in the conventional
fiber-transmission window around 1550 nm, for which an
alternative approach is required.
Here, we demonstrate that droplet epitaxy (DE) is a

viable route to achieving QDs with small FSS, extending to
conventional telecom wavelengths. In addition, we show
the method is suitable for growth on standard (001) surfaces
preferred for high-quality optical cavity growth. We inves-
tigate two material systems: InAs=GaAs and InAs=InP
grown by two different growth techniques: molecular beam
epitaxy (MBE) and metalorganic vapor-phase epitaxy
(MOVPE) producing dots at 900 and 1550 nm. The growth
approach relies on the formation of metal droplets on the
semiconductor substrate followed by crystallization in an
arsenic environment. The density and size of the droplets
can be independently controlled with deposition temper-
ature and metal volume, respectively. Moreover, since the
formation of DE QDs is not strain driven, the shape of the
QD is less elongated, and their FSS remains small.
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For fiber-optic applications, such as quantum communi-
cations, it is important that the dots be emitted in the telecom
Fbands. In this respect, InAs=InP QDs are of particular
interest, as the reduction in strain compared to InAs=GaAs
QDs lengthens the emission wavelength to the conventional
telecom band around 1550 nm. InAs QDs on InP can be
grown epitaxially by MOVPE or MBE, however, achieving
low density is far more challenging than onGaAs substrates,
without etching of nanomesas [15,16]. In order to reduce
the dot densities and shift the emission wavelength, GaAs
interlayers [17] and double-capping methods [18] have
been proposed. Another problem is the formation of single
quantum dashes rather than dots directly on InP [15,19].
Employing the droplet-epitaxy growth technique on InP
enabled us to meet the low-density criteria at required
emission wavelengths necessary for single-dot spectros-
copy, and also to address the formation of dashes.

II. EPITAXY

In the Stranski-Krastanow (SK) growth mode of InAs
quantum dots, arsenic and indium fluxes are supplied to the
substrate at the same time. Initially, growth is two dimen-
sional, and a highly strained InAs wetting layer is formed.
The strain, caused by lattice mismatch between the InAs
and the GaAs=InP substrate, increases with the thickness of
the wetting layer. Once the wetting layer reaches a critical
thickness, typically 1–2 monolayers, it becomes energeti-
cally favorable to form QDs, where the local strain can be
accommodated. The structural symmetry of SK QDs is
therefore intrinsically linked to the strain symmetry of
the crystal substrate, in addition to subsequent preferential
crystal growth in the [110] direction, and underlying
rotational asymmetry of the atomic surface.
Droplet epitaxy, on the other hand, does not rely on strain

during QD formation. Indium and arsenic fluxes are supplied
separately at a lower temperature compared to SK QDs [see
Fig. 1(e) for an illustration]. TheQDs are formed first through
the creation of liquid-indium droplets on the substrate,
followed by a reaction with arsenic to form crystalline
structures. The formation of a wetting layer is therefore
avoided. Droplet epitaxy has been employed where SK QD
growth is infeasible, including lattice-matched systems such

as GaAs=AlAs, and especially on (111) crystal surfaces
where the formationofhigh-quality two-dimensional layers is
difficult. DE QDs grown on (001) surfaces with lattice
mismatch have so far been limited, even though it has been
suggested that the liquid nature of the droplet produces
dislocation-free coherent nanocrystals [20].
MOVPE-grown DE QDs on InP are formed in a low-

pressure reactor by the deposition of ∼2 ML (mono layers)
of In droplets on the InP surface via the pyrolysis of
trimethylindium at 400 °C while withholding the supply of
arsine to the growth chamber. The chamber pressure is
150 Torr during this process. The deposition rate of In is
equivalent to a growth rate of InAs of 0.04 nm=s. The QD
crystallization process under arsine overpressure starts
at 400 °C and carries on until the substrate reaches
500 °C. Next, the dots are capped with 30 nm of InP
followed by more InP at 640 °C. Trimethylindium, trime-
thylgallium, trimethylaluminium, phosphine, and arsine
are used as precursors. The carrier gas is hydrogen. For
surface dot characterization the growth process is stopped
after In deposition [Fig. 1(b)] or after droplet crystallization
[Fig. 2(b)].
SK growth by MOVPE on InP is performed at a

temperature of 500 °C. A low growth rate of 0.05 nm=s
is employed while restricting the nominal thickness of InAs
to ∼2 ML, which promoted a low-density QD growth. The
dots are capped with 30 nm of InP at 500 °C followed by
InP at 640 °C.
Short-wavelength DE QDs are grown by MBE on GaAs

(001) substrates. 1.4 ML of In is deposited at 390 °C on a
Ga-terminated GaAs buffer. The crystallization process
involves supplying As4 to the growth chamber and ramping
the temperature to 500 °C followed by capping the dots
with GaAs. Figure 1(a) shows In droplets deposited at
390 °C. The substrate is immediately cooled down for
surface characterization.
In all three cases of dot formation described above, a dot

density less than 109 cm−2 is achieved.
The telecom device comprises a 20-pair DBR mirror,

each pair consisting of 112 nm of ðAl0.30Ga0.70Þ0.48In0.52As
and 123 nm of InP followed by 5λ=4 InP and dots capped
with 6λ=4 InP. The short-wavelength device consists of a
12-pair bottom DBR mirror, each pair consisting of 65 nm

FIG. 1. Illustration of droplet formation.
Scanning electron micrographs of uncrys-
tallized indium droplets deposited on
GaAs (001) (a) and InP (001) surface
(c). (b) and (d) are cross-section illustra-
tions of the DE QDs grown in GaAs and
InP, respectively. The droplet-epitaxy
growth scheme is illustrated in (e): a
substrate is deposited with group-III
material followed by crystallization with
a group-V flux leading to the formation of
quantum dots.
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of GaAs and 77 nm of AlAs followed by a 2λ GaAs cavity
comprising dots in the middle. The cavity is finished off
with two repeats of the top mirror.
Examples of indium droplets onGaAs and InP surfaces are

shown in Figs. 1(a) and 1(c). The growth technique is
presented in Fig. 1(e). Independent of the surface they are
grown on, indium droplets are round and symmetric. The
droplets’ diameter has a mean of 130 nm and varies with a
standard deviation of 38 nm in the case of the GaAs substrate,
while the dots on the InP surface tend to be smaller, and of
a diameter of 70 nm, with a standard deviation of 10 nm.
The droplet density is 2–4 × 108 cm−2 in both cases. As the
droplet-epitaxy technique is not strain driven, DE QDs
formed on GaAs do not form a wetting layer typical for
SK QDs. However, since droplets are deposited on InP and
crystallized with arsenic, a “quasiwetting” layer can be
formed as a result of the group-V element intermixing
[21,22]. This is indicated in Figs. 1(b) and 1(d).

III. SURFACE DOTS CHARACTERISATION

A comparison of uncapped SK and DE quantum dots
grown on InP (001) is characterized by AFM analysis
(Fig. 2). A number of dot AFM images are fitted with
ellipses for statistical analysis of the dot aspect ratio
(Rx=Ry) and the angle of elongation. The crystallization
process of indium droplets into InAs QDs does not
influence the circular symmetry of the dots significantly
as illustrated by the MOVPE grown DE QDs crystallized
on the surface of InP shown in Fig. 2(a). The DE QDs
remain symmetric with a mean in-plane aspect ratio of
0.91, and a standard deviation of 0.16. An atomic force
microscope (AFM) image of similar SK dots grown by
MOVPE on InP is shown in Fig. 2(b). Here, the dots have a
rhombic base, elongated towards [110]. The mean value of
their aspect ratio is 0.53 and there is a standard deviation of
0.13. Moreover, pronounced dashes can also be observed.
Line scans over a typical DE and SK QDs are presented in

Figs. 2(c) and 2(d) showing the difference in the dot profile
along orthogonal crystallographic directions, which is
pronounced for SK QDs. This is also observed in corre-
sponding AFM images of individual DE and SK QDs shown
in Figs. 2(e) and 2(f), visualizing the 72% improvement
in the aspect ratio of the DE QDs compared to SK QDs
emitting at the same wavelength. As shown in Fig. 2, DE
QDs on InP are smaller than equivalent SK QDs. The
smaller size is expected to increase the strength of the
Coulomb interaction and FSS, which on the other hand
is ruling out the size difference as a cause of reduced FSS.
One of the chief advantages of the (001) surface is the

well-established growth of high-quality optical microcav-
ities. Such optical structures are used to greatly improve
the collection efficiency of light emitted by QDs, and are
widely utilized in single QD optical experiments.

IV. OPTICAL CHARACTERISATION

Low-temperature microphotoluminescence (μPL) mea-
surements are performed with a 785-nm CW excitation
laser and the samples are mounted in a liquid-helium-
cooled cryostat. The emission is coupled into a single-mode
fiber to isolate the signal from individual quantum dots.
Sending the fiber-coupled light to a spectrometer equipped
with a silicon CCD camera or (In,Ga)As photodiode array,
we are able to perform spectrally resolved measurements.
Figure 3(a) shows a wide-range optical spectrum taken

on an optical cavity with a DE QDs ensemble at 20 K.
The cavity mode is fitted with a red line with its central
wavelength of 1551� 0.35 nm and a FWHM of 30 nm.
The inset in Fig. 3(a) shows individual spectral lines from a
single dot in the same sample. The room-temperature
reflectance spectrum is shown in Fig. 3(b). Here, the cavity
peak is centered at 1575 nm, accounting for ∼20 nm
blueshift related to temperature. The spectral width of
the emission lines are typically limited by the spectrometer
resolution of ∼35 μeV.

FIG. 2 Comparison of uncapped SK and DE dots grown on InP. Atomic force microscope (AFM) images of metalorganic vapor-phase
epitaxy (MOVPE) crystallized DE QDs on InP (001) surface (a) and SK QDs on InP (001) surface (b). The scan area in both cases is

2 × 2 μm2. The insets are enlarged images of individual dots. Line scans over a typical DE QD and SK QD on InP are shown on (c) and
(d), respectively. (e) and (f) are 3D representations of AFM scans of DE QD and SK QD on InP, respectively.
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FSS measurements are performed by sending the photo-
luminescence light from a single dot through a rotatable
wave plate and fixed linear polarizer, and measuring the
resulting shift in energy at the spectrometer. We employ
two variations of this technique. The first uses a half-wave
plate (HWP), which is the established technique to measure
FSS of quantum dots [6,7]. The second method uses a
quarter-wave plate (QWP), which we show can extract
information on the FSS, the orientation of the quantum
dot’s dipole moment with respect to the lab frame, and
the birefringence accumulated in the optical fiber. This
differs from the traditional half-wave-plate technique, which
provides just the FSS and dipole orientation, limiting it to
free-space applications.

In our experiments, we employ the QWP method for
InAs=InP DE QDs, on light emerging from single-mode
fiber, and the HWP method for InAs=GaAs DE QDs, in
free space before coupling into fiber. Where the FSS is
below the resolution of the spectrometer, we could observe
shifts by performing fits to the line shape, providing an
accuracy of ∼2 μeV.

V. RESULTS

Figure 4 shows the spectra corresponding to a small
number of QDs emitting in the cavity mode for (a) SK QDs
on InP emitting around 1550 nm, (b) DE QDs on InP
emitting around 1550 nm, and (c) DE QDs on GaAs
emitting around 900 nm. The excitonic transitions are

FIG. 3 (a) Spectrum taken on an
optical cavity showing an ensemble
of DE QDs at 20 K. The cavity
mode is present at the central
wavelength of 1551� 0.35 nm and
FWHM ¼ 30 nm. The inset shows a
spectrum taken on an individual dot
with a fine grating of the spectrom-
eter. (b) RT reflectance spectrum
taken on the same optical cavity
showing the cavity peak centered at
1567 nm.

FIG. 4 (a)–(c) Spectra of individual InAs quantum dots for (a) SK QDs on InP emitting at ∼1550 nm, (b) DE QDs on InP emitting at
∼1550 nm, and (c) DE QDs on GaAs emitting at ∼900 nm. X and XX transitions are identified. (d)–(f) Corresponding polarized X
emission spectra as a function of the angle of a quarter-wave plate (d),(e) or half-wave plate (f). (g),(h) Example FSS measurements of
(g) DE QDs on InP emitting at ∼1550 nm, and (h) DE QDs on GaAs emitting at ∼900 nm. Each panel comprises two example
measurements for X lines with small and large FSS. For details, see text.
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identified by power dependence and FSS measurements.
Typical binding energies XX states in DE QDs are
∼3 meV, with both bound and antibound configurations
observed. The plots (d)–(f) below each panel (a)–(c)
indicate the spectral shifts on the exciton (X) line in each
spectrum when filtering the emission for different polar-
izations, as a function of the wave-plate angle. The FSS
value for the X line in Fig. 4(a) is 235� 3 μeV, which is
typical for SK dots at ∼1550-nm wavelengths. FSS
measured on DE QDs is significantly smaller: 29�
1 μeV around 1550 nm in Fig. 4(b) and 31� 1 μeV for
DE QDs at around 900 nm in Fig. 4(c). The range of QD
emission wavelengths observed is limited by the trans-
mission band of the cavity mode. Thus, QD emission over a
wide range within the conventional and neighboring
telecom bands may be achieved by a modification of the
optical cavity alone.
Example FSS measurements are shown in Figs. 4(g)

and 4(h) for DE QDs on InP and DE QDs on GaAs,
respectively. Energy shifts as a function of the wave-plate
angle are well resolved, and fit well with the expected
behavior (solid lines). A more complex dependence is
observed for the QWP method, due to the presence of
richer information compared to the HWP method. For the
examples shown here, we measure 17 and 79 μeV for the
FSS of DE QDs on InP, and 10 and 49 μeV for the FSS of
DE QDs on GaAs.
Figure 5 summarizes the statistics of FSS taken on both

DE and SK QDs grown on InP and GaAs. The distribution
of FSS for SK QDs on InP emitting around 1550 nm is
shown in Fig. 5(a). The FSS is found to be very large, with
a measured mean value of 176� 9 μeV. This is attributed

to highly elongated quantum dots [23], confirmed by the
mean aspect ratio of 0.53 measured by AFM for uncapped
SK QDs on InP. For such large FSS, a significant reduction
through annealing [24] or the use of external magnetic [25],
electric [26,27], or strain fields [28,29] is impractical.
The difference between SK dots and DE QDs grown on

InP is substantial. The FSS measured for DE QDs is more
than 4× smaller and has a mean value of 42� 7 μeV [see
Fig. 5(b)], attributed to the more symmetric base aspect
ratio of 0.91. Also, the distribution of FSS is significantly
smaller for droplets compared to SK dots, with a standard
deviation of 17 μeV compared to 58.8 μeV for SK dots.
Similar statistical analysis is carried out for DE QDs

dots grown on GaAs emitting around 900 nm [Fig. 5(c)].
The FSS distribution is remarkably similar to that of
Fig. 5(b) for DE QDs grown on InP. The FSS distribu-
tion has a mean 42� 4 μeV, with a standard deviation
30.5 μeV.
The polar plots in Figs. 5(b) and 5(c) show the QD dipole

orientation measured for DE QDs grown on InP and GaAs,
respectively. DE QDs on InP tend to have dipoles aligned
along one privileged direction. DE QDs on GaAs tend to
have a more random dipole distribution, particularly for
FSS less than 40 μeV. This may be associated with the lack
of a wetting layer and with the fact that larger dots have
smaller base aspect ratios.

VI. CONCLUSIONS

Previous reports have shown a correlation between the
emission wavelength and the FSS of the quantum dot for
both SK dots [7] and DE dots [8]. However, for the DEQDs

FIG. 5. Exciton fine-structure split-
ting of quantum dots emitting at
around 900 and 1550 nm (telecom
C band). (a) FSS histogram for SK
QDs grown on InP emitting at
1550 nm. (b) FSS histogram for
DE QDs grown on InP emitting
around 1550 nm. (c) FSS histogram
for DE QDs grown on GaAs emitting
around 900 nm. (d) Corresponding
FSS dependence on the emission
wavelength measured for DE (green)

and SK (blue) QDs grown on InP,
and DE QDs grown on GaAs (red).
The insets in (b) and (c) show polar
plots for FSS values measured for
DE QDs grown on InP and GaAs,
respectively.
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studied here, we observe no obvious correlation, as shown
in Fig. 4(d). This has a particular consequence for DE QDs
emitting around 900 nm, as it lifts the restriction to
operate at the wavelength corresponding to minimum FSS,
typically 885 nm. We also observe no dependence on the
FSS for SK QDs with an emission wavelength at around
1550 nm, which suggests that the QD shape can vary
independently from the size for both growth techniques.
The realization of quantum-dot-based entangled light

sources for the conventional telecom band requires quan-
tum dots emitting around 1550 nm, with small FSS, and
embedded in an optical microcavity. Our results show such
quantum dots can be produced using a droplet epitaxy of
InAs QDs on (001) InP substrates. The reduction in FSS
compared to an SK QD sample grown at a similar wave-
length is a factor of 4 smaller, and critically the fraction of
QDs with less than 40 μeV splitting (the mean FSS value
for DE QDs) is increased from 0% to 53%. The smallest
FSS measured for a DE QD on InP here is 12� 2 μeV.
In summary, the growth of InAs droplets on (001)

surfaces provides a universal growth scheme, allowing
QDs to be realized within optical microcavities, with a
similar low FSS distribution, but on different semiconductor
materials, and with emission wavelengths separated by
∼600 nm. Our study suggests a possible route to produce
low FSS QDs at any wavelength between 900 and 1550 nm.
Finally, we demonstrate that the technique can produce
entanglement-ready quantum dots in the conventional tele-
com band around ∼1550 nm, within an optical microcavity.
This is an important step towards the realization of a
QD-based entangled light emitter for quantum communica-
tions and quantum cryptography applications.
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APPENDIX: FINE-STRUCTURE SPLITTING

MEASUREMENTS

Suppose our quantum dots emit light in the state ρ1,
where the H and V polarizations are eigenstates of the

Hamiltonian Ĥ,

ρ1 ¼
�

1þ p

2

�

jHihHj þ
�

1 − p

2

�

jVihVj; ðA1Þ

Ĥρ1 ¼ EH

�

1þ p

2

�

jHihHj þ EV

�

1 − p

2

�

jVihVj; ðA2Þ

with energies EH and EV, respectively. In the case that
degeneracy of these states is lifted, they will exhibit a fine-
structure splitting s ¼ EH − EV, and the mean energy is
given by ε ¼ ðEH þ EVÞ=2. The state may also have some
polarization p.
After traveling through a series of optics and fibers,

typically birefringent media, the state will have undergone
a rotation θ and phase shift φ in its polarization.

jHi→ jB1i ¼ cos
θ

2
jHi þ sin

θ

2
eiϕjVi; ðA3Þ

jVi → jBi2 ¼ sin
θ

2
jHi − cos

θ

2
eiϕjVi; ðA4Þ

ρ1→ ρ2 ¼
�

1þp

2

�

jB1ihB1j þ
�

1−p

2

�

jB2ihB2j: ðA5Þ

Immediately before entering our spectrometer, the light
is passed through a quarter-wave plate (QWP) at an angle
χ to the transmission polarization, that we call H,
of a subsequent linear polarizer. (In the case that our
measurement H polarization does not precisely correspond
to one of the eigenbases from the first equation, we will
see some constant offset in θ.) This is equivalent to
measuring our state against the measurement basis jMi,
given by

jMðχÞi ¼ QWPðχÞjHi ¼ 1
ffiffiffi

2
p ðiþ cos 2χÞjHi

þ 1
ffiffiffi

2
p sin 2χjVi: ðA6Þ

The energy we observe at the spectrometer is

EðχÞ ¼ hMjĤρ2jMi
hMjρ2jMi

¼ εþ s

2

� ðα1 − α2Þ þ p

1þ pðα1 − α2Þ

�

; ðA7Þ

where αj ¼ jhMjBjij2. We thereby get an expression
for the deviation ΔE from the mean energy ε as a function
of χ

α1 − α2 ¼
1

2
½cos θð1þ cos 4χÞ þ sin θ sin 4χ cosϕ

− 2 sin θ sin 2χ sinϕ�; ðA8Þ

ΔEðχÞ ¼ EðχÞ − ε ¼ s

2

�

2pþ cos θð1þ cos 4χÞ þ sin θ sin 4χ cosϕ − 2 sin θ sin 2χ sinϕ

2þ p cos θð1þ cos 4χÞ þ p sin θ sin 4χ cosϕ − 2p sin θ sin 2χ sinϕ

�

: ðA9Þ
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