White Rose

k(:,)) Research Online

n"#$"
% &
(O)* +,-1./01 2 &
) & (" +3/ 44#24#5 6 7 1343%2!" -#
8!-1--, 1514
8 (O)* +,-1./01 2
& () & (" +3/( 844#2
84#5( 9 9 & 8!-1--, 1514
& 9 2 && &
2; % & 9 (
& ( < & &
9 8 9 8 . 8 & 9 & (
9 & & 9 =
9 &9 8( & 8 & 8 9
8 9 & & ( 9
9 & 9 9
6 & 9 8¢ 8
& 9 ( & 9
8 9 8 & 2
< 9 &
&
6 9 9 > 9
& 8 8 1

ﬁ &, | University of

: \aa{
UNIVERSITY OF LEEDS =+~ Sheffield



mailto:eprints@whiterose.ac.uk
https://doi.org/10.1002/pst.1813
https://eprints.whiterose.ac.uk/id/eprint/116496/
https://eprints.whiterose.ac.uk/

Supplementary Appendix 1

Supporting information related to
Equal-tailed con dence intervals
for comparison of rates

Peter J Laud

APPENDIX S1
COMPUTATIONAL DETAILS OF ROOT-FINDING METHODS, INDETERMINATE AND NON-
MONOTONIC SCORE FUNCTIONS

This appendix contains full details of a number of minorg, = 0 or 1, and in a range of other boundary cases when one
technical issues that were omitted from the main manuscriggroup is much larger than the other. Similarly for Poisson
for the sake of brevity. RD wheng, =0 or 8, = 0. For RR and OR, there may be
no solution to one of the equatior’s. /=, z, in which
) case the corresponding limit would naturally be G+@F as
S1.1 Root- nding appropriate. Non-monotonic score functions for all contrasts
are also induced by the continuity correction. The bisection
The bisection root- nding method has an obvious di culty root- nding algorithm for identifying con dence limits is
for RR and OR, which are unbounded above. This can bgenerally una ected by the non-monotonic behaviour of the
surmounted by mapping th®; ] interval onto a nite  score function, as long as the formulation in Equation (3)
interval (such ag1 ; 1] for consistency with the calculations is used instead of Equation (2). However, identi cation of
for RD) using an inverse tangent transformation. A similarthe point estimate (i.e. whe#. /= 0) can be problematic,
solution can be used for Poisson RD, for whichs also  as there may be more than one solution. It is curious to
unbounded below. The alternative root- nding method usingnote that in general the point estimate can be shifted by
the secant method can be unreliable because it is nehe skewness corrections (this feature can be con rmed by
guaranteed to converge. setting a con dence level close to zero), so it may not always
be appropriate just to use the crude point estimate. However,
this seems the only sensible option for RD wi@gn=0
andg, = 0. For the continuity-corrected interval, the point

] ] ] estimate should be calculated without the correction.
| do not wish to hide the unsettling fact that there are some

circumstances where the skewness-corrected score functifi9r the Gart-Nam parameterisation, the issue with inde-
Z. / in Equation (2) is non-monotonic, and even for thetérminate scores is more widespread and less trivial, in
uncorrected score it can be indeterminate at a single poir@rticular resulting in the solution not being found for one

value for , both of which can lead to issues with root- Of the con dence limits for any case whegg= 0 or 1, even
nding. without the skewness correction term.

S1.2 Problematic score functions

For example, when the skewness correction is omi#ed/

can be indeterminate at one of the four corners of theS1.3 Double-zero cells

parameter space (such as at 0 wheng; = 0 andg, = 0).

Note that this is not unique to the parameterisation presentedpr the strati ed RD method with IVS weights, if there is
here, but occurs for both the Miettinen-Nurminen and Gartg stratum containing no events (or no non-events) on both
Nam versions of the score function. In order to avoid a rootarms, 0.5 may be added to each cell, only to avoid the
nding algorithm failure in such a case, a simple solution is stratum being given 100% weight. For RR and OR, a stratum
to setZ. /to zero wherB. /s zero. with no events may be excluded altogetRe¢similarly for

When the skewness correction is included, the score functiofny Stratum containing 100% events for OR), because it
is non-monotonic for binomial RD when bgsh = 0 or 1 and essentially contributes no information to the estimate .of
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(Objections to this practice have recently been m&de. magnitude of the denominators, and observing no change in
However, the claim that “double-zero studies point to nahe con dence interval. Having said that, there may therefore
di erences in treatment e ects' is only true for RD, not for be a counter-argument in favour of including double-zero
RR and OR. It may be true that a double-zero trial showdrials somehow if their sample size allocation ratio di ers
that the event rate in both arms is low, but not that theirgreatly from that of the other trials.)

ratio is close to unity: the point estimate for such a trial is . .
. . . T X . In the unlikely event that no events occurred whatsoever in
indeterminate. For Poisson RR, and similarly for binomial . . )

. . L any strata, then there is no information about RR or OR, so
RR with rare events, the absence of information in double;

zero strata can be crudely demonstrated by doubling thtehe con dence interval would bé; &/

APPENDIX S2
"CONTINUITY CORRECTED' AND OTHER CONSERVATIVE METHODS

There may be circumstances in which it is desirable tacells occur (otherwise the o ending strata are given zero
select a “strictly conservative' con dence interval, which weight). This adjustment is often referred to as a “continuity
constrains coverage probabilities to be strictly above theorrection'/1% but this is quite misleading, as it does not
nominal con dence level at all times. This logically implies have the usual e ect of boosting coverage probabilities
the more stringent requirement for one-sided non-coveragabove the nominal level: this “correction' would perhaps be
probabilities to be strictly below_2. For such applications, better labelled as a “sparse data adjustment’, to distinguish it
a number of computationally intensive so-called “exactfrom the continuity correction by Yatds! The sparse data
methods are available, which are beyond the scope of thiadjustment avoids uninformativ@; @/ intervals, but it does
paper. not generally enhance one-sided or two-sided coverage (not

"Exact' methods are also often thought to be necessary whesnhown)'

sample sizes are small, perhaps for fear that violation of thEor a proper continuity correction for RR, the
assumptions underlying the asymptotic methods could resuétdjustment foISCAS-ccdescribed above produces uneven
in severely erroneous type | error rates. This is certainlycoverage, and a tentatively suggested alternative is
true of the AN methods, but it is found not to be the cc = .1 n + _n,l.

case forSCAS, which actually becomes more conservative
(but not excessively so) with smaller sample sizes (ho

é continuity correction for OR is possible by reinstating the
shown).

orn eld correctiort*? to the alternative formulation given
in Miettinen and Nurminef®! (p.217). With the formulae
When large sample sizes preclude the use of an “exacspeci gd here, this adjustment is rgpresented by
method, an approximation may be used to achieve conserva- _ 1 1
tive coverage, using a “continuity correction’, in which case®™ np.1*p,/ * np,1*p,
a very small degree of under-coverage might be consider
acceptable.

el(—jor the single proportion casec= _n.

I%each case, the conventional value fdas 0.5, but if very

rare under-coverage is tolerable, then a compromise may be
reached between over-conservative coverage and minimal
gnder-coverage, by using a smallesuch as 0.25.

It has been said that to describe such an adjustment as
continuity “correction' is something of a misnomer, as is
the term “exact!?! To some extent, this depends on one's
preference regarding strictly conservative versus proximat
coverage. In any case, it is very important to note that som@én alternative for achieving the ‘minimum coverage'
“exact’' methods, and many "continuity corrected' methodscriterion might be to apply the MOVER approach using

fail to achieve strictly conservativene-sidedcoverage?! “exact' con dence intervals for the individual group rates
and “continuity corrected' methods can also have regions ofe.g. Clopper-Pearson for binomial rafés or Garwood
very poor two-sided coverad®. intervals for Poisson raté&! which can be obtained as

gquantiles of a Beta or Gamma distribution respectively,
s described in Section 2.2, but usiag=0, b =1 for

he lower limit, anda; =1, by =0 for the upper limit).

This 'MOVER-E' method is quite successful, although

it narrowly fails to achieve the strict minimum coverage
criterion for RD. Note thaMOVER-J andMOVER-E are

For RR and OR, there is a common practice of addingyoth based on intervals using Beta or Gamma parameters of
0.5 to cell counts, which was originally designed to reducethe forma, =0:5* ,b =0:5+ for the lower limit forp;,

bias due to in nite observed valués? Often this is used anda =0:5+ ,b =0:5* for the upper limit (i.e. =0

selectively in meta-analyses, within strata where emptfor MOVER-J and = 0:5for MOVER-E). This leads to a

A new continuity correcte@CAS method (SCAS-c¢) for
both binomial and Poisson RD can be obtained by usin
a modi ed score functionS'. / = S. /*signS. //* cc
wherecc=(min.n;;n,/), with = 0:5 based on Hauck
and Anderson’]
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more adaptableMOVER-cc' method which, likesSCAS-c¢  with = 0:25 are conservative in the vast majority of the
allows a compromise to be reached using an intermediatearameter space, but slightly less so for RD using the
value of . MOVER method. In all cases the corresponding two-sided

Selected surface plots in Appendix S3.4 demonstrate tht%:)verage |stabove the nominal value in more than 99.5% of
potential of theSCAS-cc and MOVER-cc methods for € parameter space.

researchers wishing to align minimum coverage with the~urther exploration of the coverage properties of both of the
nominal con dence level, either strictly or with a limited above methods with di erent values ofat di erent sample
degree of under-coverage. In these examples, witfD:5  sizes is a subject for further research, as is the question of
strictly conservative one-sided coverage is achieved focontinuity correction for strati ed methods.

SCAS-ccbut notMOVER-cc. The “‘compromise’ methods

APPENDIX S3
EXTENDED GRAPHICAL EVALUATION FOR THE SINGLE STRATUM CASE

For reference, the precise calculation of RNCP for each (4) Sum the probabilities from (2) for all outcomes that
chosen sample size pai{; n, proceeds as follows at every satisfy (3).

parameter space poir; p,/: After this exercise has been repeated for every parameter

(1) Identify the set of “observable' integer values of space point, the moving average RNCP is calculated as the
X, for the givenp,, i = 1;2. For the Poisson case, mean of the RNCP at all points within a square “window'
and if evaluating a subset of the binomial parametefp,, ;p,, 1,where may be varied depend onthe desired
space, for practical purposes this is restricted to themount of surface smoothing.

upper gg,gggth percentllg of the relevant prObab”'t.yThe surface plots in the following sections provide a more
distribution. For the full binomial parameter space it

is SimplyX. £ 20, 1; 111" extensive evaluation in support of those contained in the
main paper.

(2) Calculate th_e bl\./arlate probabmty of every ObserVableSection S3.1 displays one-sided non-coverage probabilities
outcome paitX ;; X,/ as:

for sample sizes ofng;n/ = .30;30/, .45;15/, and

)f(‘l p>1<1'1* py /™" X1 )’(‘z p>2<2.1* p/™ X2 for the 100,100/ rst for binomial and Poisson RD, then

binomial case, or 2 binomial and Poisson RR, and lastly OR. Plots with
.ny;;n,/ = .50;150/ are also included, because wjthand

PNy /Xi€ P pon,/X2e P2 X @ ,@F for the Pois-  p, transposed they can be interpreted as an assessment of

son case (the “Ifactorial' function in R is useful here |eft-sidednon-coverage fom;;n,/ = .150;50/.

whenX; is large). . .
! ge) Section S3.2 explores the coverage in the extreme lower

(3) Calculate thel00.1* /~ intervals for every observ- |eft portion of the parameter space, for assessment of the
able outcome, and ascertain in each case whether thgethods for the analysis of rare events. Some of the Bayesian
upper limit falls below the true value of(i.e.p, * p,  methods are compared in Section S3.3, continuity corrected
for RD, p;_p, for RR, etc). IncomputablaN intervals  methods for more conservative coverage are plotted in
for RR and OR are considered to have an in nite upperSection S3.4, and intervals for the single rate are evaluated
limit. in Section S3.5.
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S3.1 Primary methods under di erent sample size conditions

Binomial and Poisson Rate Di erenceng; n,/ = .30; 30/

SCAS MN MOVER-J AN
maxRNCP=0.055 maxRNCP=0.146 maxRNCP=0.182 maxRNCP=0.899
within £0.0025=60.1% within £0.0025=52.2% within £0.0025=25.0% within £0.0025=18.3% RNCP
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‘Moving Average' RNCP
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Figure S1.Rate Di erence: Right-sided non-coverage probability (RNCP) and moving average RNCFCAS, MN, MOVER-J andAN, with n; = 30, n, = 30. Top: Binomial,
Bottom: Poisson.
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Binomial and Poisson Rate Di erencen; n,/ = .45; 15/

Plot of RNCP
for individual PSPs

Contour plot of
'Moving Average' RNCP

Plot of RNCP
for individual PSPs

Contour plot of
'Moving Average' RNCP

Figure S2.Rate Di erence: Right-sided non-coverage probability (RNCP) and moving average RNCFCAS, MN,

SCAS
maxRNCP=0.054
within £0.0025=62.7%

MN
maxRNCP=0.101
within £0.0025=25.1%

MOVER-J
maxRNCP=0.238
within £0.0025=30.9%

0
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MOVER-J
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MOVER-J andAN, with n; = 45, n, = 15. Top: Binomial,
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Binomial and Poisson Rate Di erenceny; n,/ = .100; 100/
SCAS MN MOVER-J AN
maxRNCP=0.055 maxRNCP=0.098 maxRNCP=0.122 maxRNCP=0.702
within +0.0025=87.8% within +0.0025=76.5% within £0.0025=45.3% within £0.0025=41.4% RNCP
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SCAS MN MOVER-J AN

maxRNCP=0.042
within £0.0025=99.4%

Plot of RNCP
for individual PSPs
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maxRNCP=0.045
within £0.0025=86.2%

maxRNCP=0.053
within £0.0025=90.9%

0

5
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maxRNCP=0.812
within £0.0025=45.3%

P

1

ave within £0.0025=100.0% ave within £0.0025= 91.5% ave within £0.0025= 95.4% ave within £0.0025= 48.2%

Contour plot of
'Moving Average' RNCP
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Figure S3.Rate Di erence: Right-sided non-coverage probability (RNCP) and moving average RNGEAS, MN, MOVER-J andAN, with n; = 100, n, = 100. Top: Binomial,

Bottom: Poisson.
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Binomial and Poisson Rate Di erenceng; n,/ = .50; 150/

SCAS MN MOVER-J AN
maxRNCP=0.046 maxRNCP=0.037 maxRNCP=0.084 maxRNCP=0.816
within £0.0025=97.9% within £0.0025=27.9% within £0.0025=81.7% within £0.0025= 5.5% RNCP
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k4 0.005
ap
Z3 0.01
xS 8
=
;_;3 .E 0.015
8
0.02
P ! T by P1 v P

ave within £0.0025=99.6% ave within £0.0025=26.7% ave within £0.0025=85.0% ave within £0.0025= 5.6%

o 0.0225
(@]
Z
—
5
= o
oo
agsc g Y S
59
2< |
c o 0.02
of& v \
] 1 J.0;
= \ N\
- (=2
1

P P to P P !

Figure S4.Rate Di erence: Right-sided non-coverage probability (RNCP) and moving average RNGCASB, MN, MOVER-J andAN, with n; = 50, n, = 150. Top: Binomial,
Bottom: Poisson.
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Binomial and Poisson Rate Ratia; n,/ = .30; 30/

Figure S5.Rate Ratio: Right-sided non-coverage probability (RNCP) and moving average RNGBA& MN, MOVER-J andAN, with n; = 30, n, = 30. Top: Binomial, Bottom:
Poisson.



P.J. Laud 9

Binomial and Poisson Rate Ratia; n,/ = .45;15/

Figure S6.Rate Ratio: Right-sided non-coverage probability (RNCP) and moving average RNGBA& MN, MOVER-J andAN, with n; = 45, n, = 15. Top: Binomial, Bottom:
Poisson.
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Binomial and Poisson Rate Ratia,; n,/ = .100; 100/

Figure S7.Rate Ratio: Right-sided non-coverage probability (RNCP) and moving average RNSGRA& MN, MOVER-J andAN, with n; = 100, n, = 100. Top: Binomial, Bottom:
Poisson.
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Binomial and Poisson Rate Ratia,; n,/ = .50; 150/

Figure S8.Rate Ratio: Right-sided non-coverage probability (RNCP) and moving average RNSEA& MN, MOVER-J andAN, with n; = 50, n, = 150. Top: Binomial, Bottom:
Poisson.
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Odds Ratio:n;; n,/ = .30; 30/ and.45; 15/

Figure S9.0dds Ratio: Right-sided non-coverage probability (RNCP) and moving average RNGICAS, MN, MOVER-J andAN, with (top) n; = 30, n, = 30, and (bottom)
n, =45,n, =15,
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Odds Ratio:n;; n,/ = .100; 100/ and.50; 150/

Figure S10.0dds Ratio: Right-sided non-coverage probability (RNCP) and moving average RNGEAS MN, MOVER-J andAN, with (top)n; = 100, n, = 100, and (bottom)
n; =50, n, = 150.
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S3.2 Rare eventsp, and p, <0.05

Rate Di erence:.n;; n,/ = .600; 200/

Coverage properties for Poisson and binomial RD in this region of the parameter space are very similar, so only the binomia
case is shown.

Right- and Left-sided non-coverage:

Figure S11.Rate Di erence: Right- and Left-sided non-coverage probability (RNCP, LNCP) and moving average RNCP, LN&PA®MN, MOVER-J andAN, with n; = 600,
n, = 200 andp; < 0:05, p, < 0:05. Top: RNCP, Bottom: LNCP.
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Rate Ratio and Odds Ratim;; n,/ = .600; 200/

Coverage properties for Poisson and binomial RR (not shown) in this region of the parameter space are very similar to thos
shown below for OR.

Right- and Left-sided non-coverage:

Figure S12.0dds ratio: Right- and Left-sided non-coverage probability (RNCP, LNCP) and moving average RNCP, LNS@ARrMN, MOVER-J and AN, with n; = 600,
n, = 200 andp; < 0:05, p, < 0:05. Top: RNCP, Bottom: LNCP.
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S3.3 Bayesian methods

Here the other Bayesian methods for RD are seen tpriors (Nurminen-MutanerNM"). 171 Similar observations
be similar to MOVER-J when Je reys priors are used, are made regarding other contrasts for binomial rates (not
either using the exact Bayesian method (Agresti-Minshown), and for the Barker-Cadwell methods for Poisson RR
"AMB-exact’) or the approximation using simulations (‘BC-J', "BC-U).[18l

(AMB-approx'), ¢l and relatively poor with Uniform

Binomial RD and Poisson RRn;; n,/ = .150; 50/

Figure S13.Right-sided non-coverage probability (RNCP) and moving average RNCP, for approximate and “exact' Bayesian methogds, 1&€h n, = 50. Top: Binomial RD,
Bottom: Poisson RR.
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S3.4 Continuity corrected methods

Figure S14 illustrates the coverage properties of the more relevant summary measure (pctCons) is shown,
continuity correctedSCAS-c¢and ‘"MOVER-cc' methods, indicating the percentage of the parameter space where
using the default value of = 0:5, and an experimental RNCP is below _2. Table S1 contains example intervals
“compromise’ value of = 0:25. In the context of aligning calculated with these methods.

minimum coverage with the nominal signi cance level,

Binomial RD and Poisson RRn;; n,/ = .150; 50/

Figure S14.Right-sided non-coverage probability (RNCP) and moving average RNCP, for continuity-corrected methoaswi80, n, = 50. Top: Binomial RD, Bottom: Poisson
RR.
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Table S1.Example continuity-corrected 95% Con dence Intervals

Success rate: 12/16 (cisapride) vs 1/16 (placebo) (Milo 1984)
Binomial RD Poisson RD Binomial RR Poisson RR Binomial OR
SCAS-cc
=0:5 (0.348,0.897) (0.252,1.260) (2.133,29123) (1.718, 72534) (3.819, 163689)
=0:25 (0.367,0.888) (0.269, 1.240) (2.366,647.609) (1.918,736.308) (4.588, 3447.613)
MOVER-cc
=0:5 (0.319,0.868) (0.224,1.241) (2.246,471.307) (1.830,483.351) (4.497,2038.097)
=0:25 (0.346,0.859) (0.249,1.221) (2.447,199.968) (2.003,207.752) (5.129, 915.275)

Adverse event rate: 5/56 vs 0/29 (Good eld 1992)

Binomial RD Poisson RD Binomial RR Poisson RR Binomial OR
SCAS-cc
=0:5 (-0.048,0.209) (-0.055,0.221) (0.463) (0.432,0) (0.435,9)
=0:25 (-0.034,0.198) (-0.039,0.209) (0.583) (0.549,9) (0.561,9)
MOVER-cc
=0:5 (-0.044,0.189) (-0.051,0.201) (0.582) (0.515,9) (0.521,9)

=025 (-0.028,0.183) (-0.033,0.194) (0.66B02+107) (0.626,1:02+107) (0.643,1:13+107)

S3.5 Equal-tailed intervals for a single rate

Figure S15 illustrates the one-sided coverage propertiesystematic bias in the latter two methods was pointed out
of the SCAS and Je reys methods for a single binomial by Cail*® Table S2 contains example intervals calculated
proportion or Poisson rate, compared with the Wilson scorevith these methods. RNCP plots for continuity-corrected
and approximate normal (Wald) methods, witkr 30. The  methods for the single rate are shown for reference in
dashed line shows RNCP, the solid line is moving averagé&igure S16.

RNCP, and reference lines are drawn a2 ,0:1 2 The

Figure S15.RNCP for single rate methods.
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Table S2.Example 95% Con dence Intervals for a single rate

5/56 0/29
Binomial Poisson Binomial Poisson
SCAS (0.034,0.186) (0.033,0.197) (0,0.092) (0, 0.097)
Jereys (0.035,0.185) (0.034,0.196) (0,0.082) (0,0.087)
Score (0.039,0.193) (0.038,0.209) (0,0.117) (0,0.132)
Wald (0.015,0.164) (0.011,0.168) (0,0) (0,0)

Figure S16.RNCP for continuity-corrected single rate methods.

APPENDIX S4
FURTHER DETAILS FOR STRATIFIED SCORE METHODS
S4.1 Stratum weights using the MLE of the stratum-speci ¢ variances 8f. /
at each value of, i.e.w; = ¥*. It is worth noting that
S4.1.1 Inverse variance for RR and OR, these weights are fundamentally di erent

from those usually employed in a meta-analysis, which are
Inverse variance (IV) weights based on a crude estimate afonventionally based on the estimated variancénoﬁ- /.
stratum variances are required for the random e dts A full evaluation of the operating characteristics of these
and HKSJ methods. Unless stratum sizes are very largeweights is beyond the scope of this paper, so it remains to
these weights are problematic, because estimating weighk®e seen whether the use of weights other than IVS would
using observed variances is biag&¥.The results of the improve or worsen coverage properties of B@ASinterval.
preliminary evaluation of strati ed methods con rmed this Using IVS weights for the asymptotic score method as
- in particular, for theAN method the performance using described here appears to remove the bias inherent in inverse
IV weights was vastly inferior to "Mantel-Haenszel' C(MH") variance weighting - coverage was found to be similar for
weights. (This was observed independently of whether th&CAS using MH or IVS weights. This in turn enables the
conditions resulted in strata containing zero cell countsTDAS method to have more consistent coverage tHESJ
necessitating the addition of 0.5 to the counts in a ectedfor a random e ects analysis.
strata, which can worsen coverage properties further.)

S4.1.3 Miettinen-Nurminen
S4.1.2 Inverse variance of the score

Another alternative is to employ the iterative weights
As noted in Section 4, “Inverse variance of the score' (IVS)proposed by Miettinen and Nurminen ("MNi'). Their ~ rst
weights may be de ned in the context of score methodsapproximation' (whergy, =p,) is the same as the MH
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weights?Y The formula de ning the MNi weights can also using the following chi-squared test statistic,
be rearranged to take a similar form as the IVS weights ] 3

presented here, diering only in the use of the weighted E[S. /7% ;.w_WIS. N?
averages fop,; andp, instead of the stratum-specic = v
estimates. The conditions under which the MNi and IVS ! |
weights are similar may merit further investigation.

i 2 (S2)

wherek is the number of strata.
The non-iterative weights de ned for OR by Miettinen and

. . s This statistic is de ned in its full form (based on the
Nurminen appear to be e ectively the samevas= \>/J in

usual form of the Cochran Q statiség) for use in later

practice. sections. For a heterogeneity test (as suggested by Gart
and Nan¥¥ from Tarond?>2) it is simpli ed by being
evaluated (under the null hypothesis assumption of constant

S4.1.4 Mantel-Haenszel across strata) at the maximum likelihood estinfje for
the common treatment e ect, which is obtained by solving

In the usual meta-analysis for R, the overall estimate W S _§ML/= 0. Therefore the test statistic simpli es to:

is constructed ag a weighted sum of the stratum-specic

estimates,5 =  w.S W, and the MH weights are . E [S. N%¢

w; = nyny_N;. In the context of the score method for RD, Q= J_ v §=§ML (S3)

this leagls directly to the analogous weighted score function ]

S. /= ;wS. [_W.
_ _ The proportion of variability due to heterogeneity may be
For RR, the appropriate MH weights for the scoreq,anted by using® in the usual formul&” for | 2, that is

method are identical to those for RD, unlike theI 2 - maxO;.é*. K* 1/ é/. The components dé may

gsual_ MH weights. Ysually, —the MH estimator 454 pe used to produce a Q-Q plot or a Galbraith plot (i.e.
ma = Mg Xy Ny Xy Ny s rearranged o 00 of S;. 1_¥'-* against1_¥,'-* ), to identify outliers

to give S= ;w;S_ ;w, with w; =nyXy _N;P4  and explore the nature of any heterogeneity, or indeed to
(although this appears to require the assumption that th@isually con rm the consistency of treatment e ects (i.e.
ratio ny; _n, is constant across strata). For the score-basedomogeneity). Note that this plot would not have the usual
method, the MH estimator may instead be rearranged (witfeature of Galbraith plots such that the slope describes the
division by W in the numerator and denominator) as thepoint estimate for , because it is based not orbutS. /,

weighted score function: for which the expected value is always zero.
- 4 5 - 4 5 3 i i
< /- E 1y nzjﬁ . E 1Ny nzjﬁ Noge that_@ may be Tdetermmate éfor RR or OR
. W —Nj ny W —N,- ny if Xy =0or Xy =0, becauseSy, cavnnot be
E w 5 E w 5 . determined. In such cases, a default value of avould
— Py Py _ ible.
= * s wS,. W (S1) seem sensible
j j i
3
(Note that in practice, division by the constait= . w; S4.2.2 Test for "qualitative' interaction
i q

does not a ect the calculations in Equation (4), because
terms of W in the numerator and denominator cancel €acty test for “qualitative' interaction is also possible, for

other out.) identifying crossover of treatment e ects relative to the non-

For OR, this conversion of the Mantel Haenszel estimator €€ null hypothesis value for.

not so simple, so there is no similar theoretical justi cation ysyally, in the context of superiority testing, a “qualitative'

for the use ofw; = nyny _N;. The empirical performance (o “crossover) interaction indicates that the direction of

of the SCAS method with these weights appears to beyeatment e ects varies across strata. This concept may be

acceptable, although this is yet to be con rmed under a wideggapted to describe the nature of heterogeneity in a strati ed

variety of stratum size conditions. non-inferiority analysis, by considering the direction of the
di erence between the stratum treatment e ects relative to
the non-inferiority margin. That is, a qualitative interaction

S4.2 Heterogeneity and random e ects indicates that the comparative parameter falls belgvor
some strata and abovg for others.

S4.2.1 Test for ‘quantitative’ interaction Following a signi cant result from the interaction test in
Section S4.2.1, the nature of the type of interaction can

Heterogeneity of treatment e ects (i.e. treatment-by-stratunbe explored using a generalisation of the Gail and Simon

interaction) can be described within the score test frameworkpproack® as follows, incorporating indicator functiohs



P. J. Laud 21

3

for the direction of each stratum'’s deviation from i -Wf_W IS 1
Z. /= i N.O;1/,
<. 1_W</12
« E SJ-.OIZI.SJ-.O/>0/ -
Q. = min ; and
j ] \)/1 _ 3 3 2 5

E'S. 24.S. o< o/‘é - Q. /= wS./[* ,w WIS i &,

. v =3

: . " it follows thatt. /= %) /Zk' */1/] 7> |ty and then

With =0, for RD it can be seen that this is essentially
the same as the Gail and Simon test, except for the use of t
maximum likelihood variance estimator in the denominators.

ﬁ@eTDAS con dence interval is obtained by solving:
3

Under the assumption that tBe. /are normally distributed, t. /= WS /z, teey 1+ o (S6)
thep-value for this test is calulated in the same way as for the \>/sl—2 B
Gail and Simon test, as:

1 where
P.Q/ = h_l.l* Fo../B.h;n=.k*1/;p=0:5/ , , ,

- _ . o . J-.Wj<_W</ S J-.WJ.<_W</S]-. /
whereF,./ is the cumulative chi-square distribution function v = (S7)
with h degrees of freedom ai&l/ is the binomial probability k=1

mass function with parametensandp. As before, throughout the iterative solution of the score

function in Equation (S6), the variance function ardeed
S4.2.3 Incorporating stratum variability (‘Random o be recalculated for each given value oHere ap-value
e ects') for a null hypothesis value, for is obtained directly from

t. of. Interestingly, skewness correction does not appear to

The “Hartung-Knapp-Sidik-Jonkman' HKSJ") random D€ necessary here.

e ects condence interval, with a derivation based on ¢ MH or other xed stratum weights are chosen, then an
the t-distribution, has been found to be superior 104,50 imate score function may be obtained by omitting the
the DerSimonian and Laird methé! 3(!33% 32adapt|ng calculation of> 2, and simply using the selected weights in
the formulae de ning theHKSJ methodi®*"33 a new  gqations (S6) and (S7) insteadvt. The e ect of di erent
t-distribution asymptotic score methodTDAS’) may be  \yeighting schemes may require further evaluation with a
devised as follows: focus on more extreme conditions, including small event

The variance of the stratum scor8s / can be estimated rates leading to many "double-zero' strata.

\ljZL?Sn::Zewn;ietthzda?; rzzrgeigFS estimator, which, if InVers%:urthermore, it is possible that thedistribution method
9 used, Is: may be improved further, by using robust estimators in

Q*. k*1/ Equation (S6), such as a sandwich variance estint#or,
YERERT R (S5)  or trimmed mean with Winsorized variance estimd#rfo
B A b reduce the impact of a small number of anomalous studies.

where Q is de ned as in Equation (S2). Then the IV weights This may be useful when calculating intervals for RR, where

are updated as< = .V, +>2/'t andW<=  w". a stratum with very low event rates may be given excessive
! ! 1 weight due to the resulting small estimated variancs.of .
Then, by analogy to Equation (3) of Sidik and Jonknf&h, Naturally, a timmed method would only be feasible with a

assuming that asymptotically: reasonably large number of strata.

>2=max O
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APPENDIX S5
EXTENDED GRAPHICAL EVALUATION FOR THE STRATIFIED METHODS

S5.1 Simulation study are shown in Figure S17 for the homogeneous and heteroge-
neous models ¢ = 0 andl 2 = 0:25 respectively).

Figures S18 to S21 show the simulated type | error rates fofent counts were then randomly generated for 10,000
strati ed con dence intervals for the parameters not showngjmlations from binomiat(,, p;) distributions. Each
j o i '

in the main paper. simulated dataset was analysed using each of the selected
Using a modi cation of the model used by IntHout etl2dl ~ Methods using the metabin, metainc and scoreci functions in
the simulations proceeded as follows, for each selected valg- The proportion of replications with an upper con dence

of k, 1 2 and allocation ratioy; n, : limit below the true was recorded as the estimated type |
1= error rate.

For RD, given the selected overall ‘true' population o )

values of p, and p, the true overall is For RR, a similar process was followed, but using a

p; * p,. Stratum-specic ; were generated randomly lognormal distribytipn for ’ i_.e. j = In. ;] was d_rawn
fom N.: 2/, where 2= 2(2 1*12/, and from a normal distribution with meatn. / and variance

2—- 212 * | 2
2 = k1L [p 1* p/_n'+p.1* p/_n_]_ = *|3_1 I /,:Nhere N . X
. j LM 1 2 2172 2= j['nljplll*'_nljll+'n2jp2/1*'n2j/1]'
The nuisance parametgrwas also allowed to vary between Then the stratum-speci @;; and p; were generated as
strata, by drawing randomly from a Bei@Qp, 100.1* p/)  exgIn.p/, 2],

distribution, withp = . p; + p,/_2. o .
P= Pt P For OR, a lognormal distribution was used with
Stratum-speci ¢ true values qf;; andpy were derived as 2= k™ [.ngp/ ™ +.ng 1 py/l™h+ny pof ™t o0y 1X pyll T,

B, j_2 Event rates below 0.001 or above 0.999 wereand the stratum-specic p; = 0; _.1+0;/, where
replaced with 0.001 and 0.999 respectively. Examples othe group oddso; = p; _.1* p;/ were generated as
simulated values ofy; andp, for k =20 and constanty explin.p_.1* p/l, ;_2]
2 2
“=0 I©=0.25

0 o
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Figure S17.Simulated distributions of stratum rates. Left: homogeneg®ight: heterogeneous
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Poisson Rate Di erence
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Figure S18.Simulated right-sided type | error rate for meta-analysis of Poisson RD with di erent number of strata and sample size alfocatioa (1:1,0 1:3), under four di erent
sets of conditions. Pattern 1: equal-sized strata; Pattern 2: one stratulardér than other strath?=0: homogeneous treatment e ects across strafa0.25: modest heterogeneity.
True overall event ratgs, = 0:2, p, = 0:1. Reference lines:_2,0:2 _2. indicates RNCP >0.1. (a): Fixed e ects methods, (b): Random e ects methods



24 P. J. Laud

Binomial Rate Ratio
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Figure S19.Simulated right-sided type | error rate for meta-analysis of binomial RR with di erent number of strata and sample size allbca®idng 1:1,0 1:3), under four
di erent sets of conditions. Pattern 1: equal-sized strata; Pattern 2: one stratuarg@r than other strat4;>=0: homogeneous treatment e ects across strafa0.25: modest
heterogeneity. True overall event rams= 0:2, p, = 0:1. Reference lines:_2,0:2 _2. indicates RNCP >0.1. (a): Fixed e ects methods, (b): Random e ects methods
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Poisson Rate Ratio

Method pattern 1, 1°=0 pattern 2, 1°=0  pattern 1, ’=0.25 pattern 2, 1°=0.25
(weights)
@) 0.100 - A A S Nopsn A
0.075 o
AN v v Vo © A
V) 00501 o o . o ©
0.025—..§8....A ...... X -.§A.--.A ...... R -oSRIIAIIIIT A CITITITITIIIITIT
0.000_I T T T T T T T T T 1 r T T T T T T T T T 1 r T T T T T T T T T 1 r T T T T T T T T T 1
0.100 AN A B
AN 0.075-
0.050 -
(MH) o e e L
0025 { X I 21111 & @MW IIRIIIIIC & I-IDIIIIIIIIIC CIITiiiiiiiiiiis
0.000_I T T T T T T T T T 1 r T T T T T T T T T 1 r T T T T T T T T T 1 r T T T T T T T T T 1
0.100 AN A .
SCAS 0.075-
MH) 1 s e & ¢
0.025{ @& -1 111 & IXMHIIEIIIIIC & ICCIIIICIIIIIIIT ITTIIIiiiiiiiii:
0.000_I T T T T T T T T T 1 r T T T T T T T T T 1 r T T T T T T T T T 1 r T T T T T T T T T 1
0.100 ar o2 8
SCAS 0.075 A
avs) 1. o ek X g
0.025{&& Q1111 =S + ¢~ T - S & I TIIIIIiiiiiiiii:
0.000_I T T T T T T T T T 1 T T T T T T T T T T 1 T T T T T T T T T T 1 T T T T T T T T T T 1
0.100 N A
(b) . v v
0.075- v o
DL v A o o
v Vo Voo g% a0 a
0025 { gy TQ1III7 :%%:::g::::::A SRR IR inifiiiiia
o.ooo_l T T T T T T T T T 1 T T T T T T T T T T 1 T T T T T T T T T T 1 T T T T T T T T T T 1
0.100q \v/ A A
0.075 v Voo
HKSJ ) 050 - v v v ] © o
(V) Y- S O gp--ome-- S o B __.A .
0.025{ @B I AIIIIIC A CBEIIRIIIIE A CBRIIRIIIITE A [OIiIiiiTiiiiit A
o.ooo_l T T T T T T T T T 1 T T T T T T T T T T 1 T T T T T T T T T T 1 T T T T T T T T T T 1
0.100 -
0.075 -
TOAS 400 o s
o.ozs—::&@::@::::::@ IEIIBIIINS ::&g::ﬁ:::::xx VN
0.000_I T T T T T T T T T 1 IQI T T T T T T T 1 T T T T T T T T T T 1 T T T T T T T T T T 1
2 4 10 20 2 4 10 20 2 4 10 20 2 4 10 20

Figure S20.Simulated right-sided type | error rate for meta-analysis of Poisson RR with di erent number of strata and sample size afocatioa (1:1,0 1:3), under four di erent
sets of conditions. Pattern 1: equal-sized strata; Pattern 2: one stratulardér than other strath?=0: homogeneous treatment e ects across strafa0.25: modest heterogeneity.
True overall event ratgs, = 0:2, p, = 0:1. Reference lines:_2,0:2 _2. indicates RNCP >0.1. (a): Fixed e ects methods, (b): Random e ects methods
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Odds Ratio
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Figure S21.Simulated right-sided type | error rate for meta-analysis of OR with di erent number of strata and sample size allécadidng 1:1,0 1:3), under four di erent sets
of conditions. Pattern 1: equal-sized strata; Pattern 2: one stratuiadg@r than other strata?=0: homogeneous treatment e ects across striata0.25: modest heterogeneity. True
overall event ratep; = 0:2, p, = 0:1. Reference lines:_2,0:2 _2. indicates RNCP >0.1. (a): Fixed e ects methods, (b): Random e ects methods
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S5.2  Further discussion of random e ects meth- If the same total sample size were divided amongst four
ods strata, the power for th€ DAS method would increase to
around 75%. This raises the intriguing possibility that in the
situation with very few strata, both power and type | error
could be improved by splitting the data into multiple smaller
gtrata. For instance, if the results of two multi-centre trials
are to be combined, then stratifying by centre within trial

It has been notéd" that a severe reduction in power is
observed for theHKSJ method with a small number of
strata. This occurs because, for example, the con denc

interval for the combination of two trials can be much 7. i A ; .
nght be a pragmatic solution. Technically, this approach

wider than the intervals for each of the trials alone, due t Id rel tion that th bilty ibet
there being very little information on the between-stratum’/O4'd rely on an assumption that the variabiiity Inetween

variability. The same is true for tHEDAS method, which centres within trials is similar to the variability between

can exhibit a more extreme form of this behaviour, ofteng_er:j[res.ar?rg)sts t”alfr’] andt clearly it W?UId .bglllttmable to
producing in nite width intervals, particularly for RR. This IStinguish between these two sources ot variability.

is somewhat disconcerting, but perhaps simply serves as|a contrast, the corresponding power for B€AS method
warning that there are insu cient strata to obtain a reliable would be 97%, therefore careful consideration should be
estimate of the between-stratum variability. Clearly for thegiven to whether homogeneous treatment e ects can be
purposes of most meta-analyses, which often do contaigssumed, in which cas8CAS would be the preferred
very few studies, an in nite width con dence interval would method. However, this decision should be justi ed on the
be unsatisfactory. In such situations where the con denceasis of similarity of the trials, and not made on the basis
interval is not being used for a formal hypothesis test, thesf a non-signi cant result in the test for heterogené#y3!
HKSJ method can be recommended, provided treatmen®n the other hand, it has also been ardéfédhat a small
allocation is reasonably balanced. number of trials should not be combined in a meta-analysis

For the assessment of power in the context of clinical trialsat all ifthere is evidence of any heterogeneity.

with a non-inferiority objective, a simulation study could Conditions with very small numbers of events need further
be carried out for any proposed analysis, incorporating thevaluation, but early indications (not shown) suggest that
speci ¢ assumptions being made and the choice of weightsype | error rates foMDAS can be slightly too low here,
For example, if combining the results of two trials eachwhile those forHKSJ become in ated, perhaps due to the
with N = 400, giving 80% power for a 10% non-inferiority "sparse data correction' of 0.5 added to the cells of strata
margin on RD assuming true event rateppf= p, =0:15  containing zero cell counts. Implementation of a similar
in both strata, then the combined analysis has only 25%perhaps smaller) adjustment within thBAS method may
power with either of the random e ects methods. deserve some consideration.
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