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Abstract 
 
Electron energy loss spectroscopy (EELS) is a powerful tool for understanding the chemical structure of 
materials down to the atomic level, but challenges remain in accurately and quantitatively modelling the 
response. We compare comprehensive theoretical density functional theory (DFT) calculations of 1s core-level 
EEL K-edge spectra of pure, B-doped and N-doped graphene with and without a core-hole to previously 
published atomic-resolution experimental electron microscopy data. The ground state approximation is found in 
this specific system to perform consistently better than the frozen core-hole approximation. The impact of 
including or excluding a core-hole on the resultant theoretical band structures, densities of states, electron 
densities and EEL spectra were all thoroughly examined and compared. It is concluded that the frozen core-hole 
approximation exaggerates the effects of the core-hole in graphene and should be discarded in favour of the 
ground state approximation. These results are interpreted as an indicator of the overriding need for theorists to 
embrace many-body effects in the pursuit of accuracy in theoretical spectroscopy instead of a system-tailored 
approach whose approximations are selected empirically. 
 
 

I. INTRODUCTION  
 

A. Background 

Graphene1 has inspired new thinking in the emerging field of nanoelectronics2 to move beyond the silicon-based 

technology of the last seventy years. Operating frequencies of early graphene-based field-effect transistor 

(GFET) prototypes3-5 have quickly progressed to hundreds of GHz,6,7  and basic issues such as graphene’s absent 

band gap have inspired alternative approaches such as graphene nanoribbons,8,9 bilayers,10,11 strained graphene12-

14 and even the adoption of non-Boolean logic.15 Significant milestones have been reached, for instance through 
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to the use of hexagonal boron nitride as a supporting substrate16 or via a novel nanowire-based GFET top-gate 

improving device quality,17 and some studies have already demonstrated fully-operational graphene-based 

integrated circuits for radiofrequency applications.18,19 More recently, alternative 2D materials including MoS2
20 

and black phosphorous21-23 have received some considerable attention. In any case, it is generally agreed that the 

ability to manipulate the electronic structure of graphene is a highly desirable and powerful tool for nanoscale 

device optimisation. This is not only because of the many possible physical and chemical functions graphene 

may perform in emerging consumer and industrial products, but also in a wider context because achieving 

precise control at the nanoscale is one of the primary motivations of the nanotechnology paradigm. Doping a 

material with a view to create an excess of electrons or holes is one such technique for tailoring its electronic 

structure, and the obvious candidates dopant elements for graphene are B (p-type) and N (n-type) due to their 

locations in the periodic table. Nitrogen-doped graphene (N-graphene) has been extensively studied in the 

context of catalysts,24-27 batteries,28 supercapacitors29,30 and biosensors,31 as has B-graphene for fuel cells,32 solar 

cells,33 supercapacitors,34 and spin-filtering nanoribbons.35  

 

The electronic structure of 2D materials can be probed directly in the microscope at the single atom level using 

electron energy loss spectroscopy (EELS) which is a particularly revealing tool when combined with theoretical 

electronic structure calculations. In 2013, Bangert et al.36 used low-energy ion implantation to dope single layer 

graphene with B and N and it was found that for sufficiently low implantation energies the vast majority of 

dopants were substitutionally incorporated into the graphene lattice. Our group subsequently obtained 

atomically-resolved electron energy loss (EEL) K-edge spectra of the substitutional N and B dopants in 

graphene using aberration-corrected scanning transmission electron microscopy (STEM)37 and by comparison 

with well-matched ground state (i.e. without considering a 1s core-hole induced by the incoming electron beam) 

density functional theory (DFT)38,39 calculations, it was argued that the EEL spectra provided direct 

experimental evidence of the expected p- and n-type doping in the samples. The substitutional N-graphene 

defect has been studied before by Nicholls et al.40, and its K-edge spectrum by Warner et al.41, and Arenal et 

al.42, and also by Lin et al.43 for the N-graphite case, but the B-graphene K-edge spectrum was shown for the 

first time in the aforementioned study37 to possess an unusual and broad profile for an sp2-bonded material, and 

was checked by repeated accumulation of the spectrum within a small subscan window using the procedure 

described in Ramasse et al.44 The motivation of the present work is to extend the analysis of our previous 

study37 to include core-hole calculations and to evaluate their validity in the specific case of N- and B-doped 
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graphene. Our evidence indicates that the ground state approximation is quite successful at matching 

experimental data, whereas calculations making use of the core-hole approximation either fail to significantly 

improve this match, or severely worsen it. 

 

B. Core-level spectroscopy of 2D materials with pseudopotentials 

In the general case, the relative probability of a scattering electron losing an amount of energy within the range ܧ and ܧ + ܧ݀ߗ݀ߪis given by the differential cross section45, ݀ଶ ߗ݀ and scattering into the infinitesimal solid angle ܧ݀ =
1

ଶ(଴ܽ݁ߨ) 1

|റݍ| ݉ܫ ൬ െ1ߝ(ݍറ,߱)
൰ =

1

ଶ(଴ܽ݁ߨ) 1

റ|ቆݍ| (߱,റݍ)ଵଶߝ(߱,റݍ)ଶߝ + (߱,റݍ)ଶଶߝ
ቇ ,                                                             (1)  

where ܽ ଴ = 0.529 × 10ିଵ଴m (3.s.f.) is the first Bohr radius, ݁ is the electron charge, ݍറ is the scattering vector, ߝ = ଵߝ + ߱ ଶ is the dielectric function (sometimes called the loss function) andߝ݅ = ܧ ԰Τ . An EEL spectrum is a 

direct measurement of the scattering cross section, so EELS peaks occur at energies ܧ and scattering vectors ݍറ 
where the functions ߝଵ and ߝଶ approach values causing the expression ߝଶ ଵଶߝ) + ଶଶ)Τߝ  to peak. The polarizability 

of the system, characterised by collective electron motion, is given by the quantity ܴ݁(ߝ െ 1) = ଵߝ െ 1, whereas 

the imaginary component ߝଶ gives the absorption properties, characterised by single-particle transitions between 

eigenstates. For low energy excitations characterised by plasmons, interband transitions and intraband 

transitions with ܧ of the order ~10 eV, it is necessary to calculate both ߝଵ and ߝଶ to calculate the EELS which 

accounts for both polarization and absorption effects. In this low energy regime it is desirable to account for the 

dynamic response of the system to an external perturbation, involving a description of the induced change in the 

electron density. Calculating such a spectrum theoretically can be achieved using time-dependent46 (TD) DFT to 

calculate quantities from linear response theory. In linear response theory, the dielectric function ߝ  can be 

expressed in terms of the response function ߯  with the relation ିߝଵ = 1 െ ஼ܸ߯  where ܸ ஼  is the Coulomb 

potential ܸ ஼ = ݁ଶ റݎ| െ റƍ|ଶΤݎ . The usual method consists of calculating the response function47 ߯  by self-

consistently solving a Dyson equation ߯ = ߯଴ +  റଶ (to first order in perturbation theory) where ߯଴ݎറଵ݀ݎ݀߯ܭ଴߯׬
is the non-interacting response function found directly from the Kohn Sham eigenstates using the formula of 

Adler and Wiser,48,49 and ܭ is the time-dependent exchange correlation kernel. The kernel ܭ is given by the sum 

of the Coulomb potential ܸ஼ = ݁ଶ റݎ| െ റƍ|ଶΤݎ  and an exchange-correlation part ݂௑஼ so is written ܭ = ஼ܸ + ௑݂஼. 

The solution for ߯  can then be substituted into the standard relation ିߝଵ = 1െ ஼ܸ߯  leading to the EEL 

spectrum. The simplest method for calculating a material's collective electronic response is the random phase 

approximation (RPA) which sets ௑݂஼ = 0. Full descriptions of these standard techniques are given by Ren et 
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al.50 and Harl.51 Nazarov52 has pointed out that for 2D materials modelled under periodic boundary conditions 

(which are strictly exotic 3D systems with effective 2D properties by virtue of the vacuum gap) this approach 

has difficulties because of the slowly-decaying electric field between the material and its periodic images 

separated by distance ݀ which decays as ~eି|௤ሬറ|ௗ,1 and suggested that this problem can be solved by using a 

modified loss function in a TDDFT framework to calculate EELS which excludes out-of-plane ݍറ vectors from 

equation (1) by design. A more recent paper53 by Nazarov provides details of a formalism whereby the quantum 

mechanical motion of the incoming fast electron is treated explicitly as a complex charge density defined using 

solutions to the Lippmann-Schwinger equation. Such developments in theoretical modelling are timely for 2D 

materials because the physical nature of low energy excitations in graphene has caused some controversy in the 

literature54-58 which is symptomatic of the failure of theoretical models to properly rationalise experimental 

observations. In the case of high energy excitations where ܧ  is of the order of a few hundred eV, ߝଵ = 1 

corresponding to zero polarizability, and ߝଶ becomes small. At these high energies, the perturbation is far higher 

than the energies associated with the collective electron resonances, and so only absorptions, determined by ߝଶ, 
are measured. In this limit, ߝଶ ଵଶߝ) + ଶଶ)Τߝ ՜  ଶ. This simplifiesߝ ଶ and so the spectrum is directly proportional toߝ

the situation significantly because the EEL spectrum only depends on transitions between eigenstates and can be 

calculated with full validity by just considering these transitions. In this sense, the TDDFT RPA approach 

described above can be reduced to, and replaced with, the standard DFT approach in the high-energy limit as the 

collective electronic response converges to zero and only transition between states need to be considered. In this 

scenario, the critical requirement in the case of 2D materials modelled under 3D periodic boundary conditions is 

that the spectrum be converged with respect to the vacuum distance, corresponding to zero overlap between the 

ground state wavefunctions along the vacuum direction. This work uses calculations of this sort, and details of 

such convergence tests for the supercells considered in this work are given in the Supplementary Information. 

The interactions between the system's electrons and the core hole can, however, still play a significant role. A 

two-particle description such as the Bethe Salpeter equation59 (BSE) is usually necessary to properly describe 

electron-hole interactions, although the computational demands of this approach are prohibitively high for the 

supercells used in this study. In a general periodic framework in the high-energy regime, the core-level EEL 

spectrum is given by Ehrenreich and Cohen's formula,60 

(ܧ,റݍ)ଶߝ =
ଶ݁ߨ4
ߗറ|ଶݍ| ෍ หൻ߰௖ห݁௜௤ሬറ.௥റห߰௠ൿหଶߜ൫ܧ െ ௠ܧ) െ .௖)൯௨௡௢௖௖ܧ

௠ ,                                                                                         (2) 

1
 Here, e is the mathematical constant, not the electronic charge. 
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where ߗ is the volume of the periodic cell, |߰௖ۄ is the core state, |߰௠ۄ are the unoccupied states, ݁௜௤ሬറ.௥റ is the 

matrix perturbation term representing the scattering event with scattering wavevector ݍറ and excited electron 

position ݎറ, ܧ௠ and ܧ௖ give the energies of the unoccupied and core states respectively, and the delta function 

gives the density of states (DOS) of the final states |߰௠ۄ. The perturbation ݁௜௤ሬറ.௥റ can be accurately treated at the 

level of the dipole approximation for which |ݍറ| ՜ 0 if the collection aperture semi-angle is small compared to 

the maximum scattering vector considered in the experiment.61 The consequence of the dipole approximation is 

that only transitions for which the angular momentum quantum number ݈ changes by ±1 are attributable to the 

spectrum, so the DOS with ݈ = 1, i.e. the p DOS, is of primary interest because it reveals EELS-active states. In 

plane-wave DFT, Kohn-Sham states implicitly satisfy the requirement of electron indistinguishability and so no 

state can be rigorously associated with any of the atomic nuclei. Projection of the converged density onto locally 

well-defined linear combination of atomic orbitals (LCAO) p states62 is therefore needed to recover local 

information and allow a meaningful discussion of states which are attributable to the spectrum of the dopant 

nucleus. This is achieved in this work by using the projection technique of Sanchez-Portal63 as implemented in 

CASTEP by Segall et al.64 In the |ݍറ| ՜ 0 limit, ݁௜௤ሬറ.௥റ ൎ 1 + .റݍ .റݍ റ and the termݎ  റ can be written as the dipoleݎ

operator |ݍറ|ݑො . റݎ  where ݑො  is a unit vector. The term ߰ۦ௖|1|߰௠ۧ  is clearly zero because |߰௖ۄ  and |߰௠ۄ  are 

orthogonal and the |ݍറ| term in the matrix element ߰ۦ௖||ݍറ|ݑො .  റ|ଶ on the denominatorݍ| റ|߰௠ۧ clearly cancels withݎ

before the summation in equation (2) so that the matrix elements are given byۦ ߰௖|ݑො .  റ|߰௠ۧ. Thus, usingݎ

periodic boundary conditions and a finite grid of k points to sample the Brillouin zone, the EEL spectrum under 

the dipole approximation can be found with ground state DFT eigenstates as follows: 

(ܧ)ܵܮܧܧ = |റݍ|)ଶߝ ՜ (ܧ, 0 =
ߗଶ݁ߨ4 ෍ ෍หൻ߰௖หݑො . റห߰௠,௞ሬറൿหଶ஻௓ݎ

௞ሬറ
௨௡௢௖௖.

௠ ߜ ቀܧ െ ൫ܧ௠,௞ሬറ െ ௖൯ቁܧ                                           (3) 

where the sum over ݉ includes all unoccupied bands in the calculation, the sum over ሬ݇റ includes all k points in 

the Brillouin zone, ߰ ௠,௞ሬറ  is the all-electron Kohn Sham wavefunction evaluated in the ݉th band at k point ݇ሬറ, and ܧ௠,௞ሬറ  is the energy eigenvalue of the state ߰௠,௞ሬറ . Since the core-level spectra are found by evaluating the 

perturbation matrix elements between a core state and an all-electron unoccupied state, it is perhaps not initially 

obvious how this is achieved in a pseudopotential setting. In fact, this can be achieved using Blöchl's65 

projector-augmented wave (PAW) formalism developed and implemented66 for pseudopotentials in CASTEP,67 

in which the all-electron eigenstates ߰௠,௞ሬറ  can be reconstructed by performing a linear transformation on the 
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pseudoeigenstates ߰ ෨௠,௞ሬറ  found in the supercell calculation. The matrix elements in the EELS formula (3) are 

therefore reconstructed using the relation given by the projector augmented wave (PAW) method: ൻ߰௖หݑො . റห߰௠,௞ሬറൿݎ = ൻ߰௖หݑො . റหݎ ෨߰௠,௞ሬറൿ + ෍൫߰ۦ௖|ݑො . +റ|߶௜ۧݎ ൻ߰௖หݑො . റห߶෨௜ൿ൯௜ݎ ൻ݌෤௜ห ෨߰௠,௞ሬറൿ                                                       (4) 

where ߶௜ are the all-electron partial waves, ߶෨௜ are the pseudo-partial waves and ݌෤௜ are the projector functions, 

orthogonal to the pseudopartial waves ߶෨௜  by design. The core state comes from a separate all-electron 

calculation on a single isolated atom. This approach retains the efficiency of pseudopotentials and plane waves 

while allowing a meaningful calculation of core-to-conduction-band transition probabilities. A full-electron 

core-hole can be included implicitly by using Pickard’s method68 to self-consistently derive an excited 

pseudopotential from an all-electron calculation of a single atom from which the core state is explicitly 

removed. It is very important to note that when using an excited pseudopotential to represent the core-hole, the 

fully minimised electronic structure that results is also a ground state system. The "excited" pseudopotential 

modifies the local environment such that the Kohn-Sham (KS) equations, which are at the heart of DFT, can be 

solved self-consistently in the conventional way, where the core-hole is frozen. Thus, all calculations in this 

paper are strictly ground state calculations, where "core-hole" and "ground state", used subsequently, refer to 

calculations with and without excited pseudopotentials respectively. Full details of the PAW implementation for 

core-level spectroscopy in CASTEP are given by Gao et al.66 

 

II. METHOD

A. Convergence parameters 

All calculations were carried out using the plane-wave DFT code CASTEP with self-consistently-generated on-

the-fly pseudopotentials. Local total-energy functionals, which depend only on the density ݊(ݎറ), and semi-local 

functionals, which depend on both ݊(ݎറ) and spatial gradients ݊׏(ݎറ), are much less computationally-demanding 

than non-local functionals (not considered) which include the density at multiple points ݎറ  and ݎറԢ  as their 

arguments. The local density approximation (LDA)39 is the simplest local functional, and validation tests 

performed in a previous study by our group69 for graphite – a comparatively less-exotic bulk material than 

doped-graphene with uncontroversial experimentally-measured lattice parameters70 – showed the generalized 

gradient approximation (GGA) PBE functional71 combined with the Tkatchenko and Scheffler’s van der Waals 

correction scheme72 (PBE-TS) to be the most accurate semi-local functional. Thus, the LDA and PBE-TS 

functionals were selected and used to determine that k point spacings of less than 0.02 Å-1 using a regular 
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Monkhorst Pack73 grid, a kinetic energy cutoff of 800 eV and a vacuum distance of 20 Å between layers were 

sufficient to converge the EEL spectra of periodic C7N and C7B graphene systems. These parameters were 

subsequently used throughout. The lattice parameter of pristine graphene using the hexagonal two-atom unit cell 

then optimised and found to be 2.464 Å (3 d. p.) for PBE+TS and 2.445 Å (3 d. p.) for LDA. Fully converged 

EEL spectra of single substitutional dopants were then calculated both with and without a core-hole in 

supercells relaxed using BFGS74-78 optimisation of sizes 2×2, 4×4, 6×6, 7×7 and 8×8 with k points grids of 

12×12×1, 6×6×1, 4×4×1, 4×4×1 and 3×3×1 respectively. All spectra were found to be satisfactorily converged 

for size 6×6 and above (see Supplementary Information), and 7×7 graphene supercells of chemical formula 

C97B, C98 and C97N were adopted for the main calculations.  

 

B. Benchmarking - functional, charge neutralisation, relaxation timescales and the ‘3n rule’ 

Tests were then carried out on these relaxed structures with fully-converged parameters to assess (i) how much 

the spectra differ between the LDA and PBE-TS functionals (ii)  how to neutralise the core-hole, (iii) how to best 

account for relaxation timescales in the material and (iv) some differences between 6×6 and 7×7 supercells 

relating to the ‘3n rule’79 (explained briefly below). (i) The K-edge spectra were calculated using both the LDA 

and PBE-TS functionals, and both were found to be very similar in character and indicative of the same overall 

physical interpretation. Therefore only the PBE+TS calculations were used for the detailed physical analysis 

below while the LDA spectra are provided for completeness in the Supplementary Information. It was also 

shown recently that the LDA gives significantly worse core-level binding energies than GGAs.80 (ii) A core-

hole needs to be neutralised by either including a linear homogenous compensating background potential or 

including one additional Kohn-Sham state when optimising the then-core-excited state density. Once again, both 

methods were used for completeness and comparison. The approach of using a background potential is also 

easier to justify physically because it does not discriminate against any unoccupied state, whereas populating the 

lowest (half-) unoccupied band as in the latter approach has direct implications for the EEL spectrum 

immediately above the Fermi energy. It is clear, however, that both core-hole neutralisation techniques are 

artificial, but nevertheless necessary to prevent the total supercell energy diverging to infinity. (iii) Electron 

relaxation timescales are to the order of ~ 10-14 - 10-15 s,81 whereas structural relaxation (i.e. of nuclear positions) 

is much slower at about ~ 10-11 - 10-12 s. For this reason, it is expected that structural relaxation in response to a 

beam-electron-induced core-hole has no influence on the energy loss of the transmitted electron, so all structures 

were relaxed without a core-hole. (iv) Although K-edge EEL spectra probe localised states, the issue of 
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supercell size actually goes slightly beyond simply making the supercell large enough for a converged spectrum. 

This is because of the so-called ‘3n rule’ for graphene with a single substitutional dopant, which states that the ʌ 

and ʌ* bands coincide, or nearly coincide, at the reciprocal supercell's gamma point (Γ3n×3n) rather than at the 

usual Dirac point (K3n×3n) if the supercell is formed from an array of 3n×3n unit cells, where n is any positive 

integer. As a consequence, while the density of a given Kohn-Sham state(s) may be clearly localised and 

smoothly convergent with increasing supercell size, that state can exhibit different band dispersion behaviour 

near the Fermi energy depending on the 3n rule. The issue is therefore only one of data interpretation – an issue 

worth mentioning, nevertheless – and illustrates the level of care needed when invoking the terminology 

typically associated with band theory (such as “ʌ*” – see Results) for labelling spectral peaks. 7×7 supercells 

are used for the main K spectrum calculations, with the 6×6 cases summarised in the Supplementary 

Information for comparison 

C. Main calculations 

The K-edge EEL spectra of substitutional N and B dopants in graphene were calculated using at least 2048 

unoccupied bands in relaxed 7×7 supercells with and without a core-hole, and compared with experimental data. 

Lattice symmetries were fully exploited to reduce the computational load. Gaussian instrumental broadening 

was used with full-width-half-maxima (FWHM) of 0.3 eV, along with Lorentzian broadening to account for 

lifetime effects with FWHM of 0.16 eV, 0.17 eV and 0.18 eV for B, C and N respectively based on semi-

empirical values.82 The theoretical spectra were then rigidly shifted along the energy axis to achieve the best fit 

to the experimental data37 and normalised to their highest peaks. Mizoguchi’s edge-onset threshold energy cross-

check for pseudopotentials83 was also performed and it was confirmed that the edge onset energy calculated in 

this way approximately matches the experimental values. The optimised plane wave densities were projected 

onto LCAO p basis functions to obtain the p DOS associated with the nuclei of interest using OptaDOS84 with 

the adaptive broadening scheme.85 Band structures of the optimised electronic structures were evaluated along 

the high-symmetry paths Γ7×7 ĺ M7×7 ĺ K7×7 ĺ Γ7×7 (where 7×7 in subscript signifies correspondence to the 

Brillouin zone of the entire 7×7 cell) by calculating the eigenvalues at a total of 11 distinct k points (distinct 

from the 4×4×1 Monkhorst Pack grid used for the EELS stage - see Supplementary Information) three of which 

were located exactly at Γ7×7, M7×7 and K7×7. All such k-spacings are smaller than 0.01 Å-1. The EEL spectra, p 

DOS and band structures were all then aligned at their Fermi energies in order to allow a transparent analysis of 

the electronic structures underlying the calculated spectra. 
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D. Experimental details 

The doped graphene specimens were prepared by low energy implantation free-standing graphene (prepared by 

chemical vapour deposition techniques). The implantation was performed directly on graphene suspended on 

Quantifoil Transmission Electron Microscopy grids. A detailed account of the synthesis conditions can be found 

in the previous works of Xu et al.86 and Bangert et al.36 Electron energy loss measurements from single N or B 

dopant atoms as well as and their single C neighbours in implanted graphene samples were performed on a Nion 

UltraSTEM100 aberration-corrected dedicated STEM instrument operated at 60 kV. A detailed description of 

the optical conditions and EELS acquisition parameters can be found in previous works by Bangert et al.36 and 

Kepaptsoglou et al.37 

III. RESULTS AND ANALYSIS  

A. Initial checks 

Figure 1 shows an experimental/theoretical comparison for the atomically-resolved (i)-(iii) boron, (iv)-(vi) 

carbon and (vii)-(ix) nitrogen K-edge spectra, along with the corresponding band structures for each supercell. 

With the important exception of spectral features directly straddling the Fermi energy, a basic trend in the 

theoretical spectra is that a core-hole calculation results in a higher intensity of low energy features and a 

suppression of high energy features, compared to a ground state EELS calculation. This confirms a basic 

theoretical expectation: a core-hole causes both occupied and unoccupied states to sink to lower energies due to 

the increased attraction to the nucleus. 

 

It is also worth briefly pointing out some trends in the band structures to verify the expected doping effects and 

to confirm the reasonableness and correctness of the calculations: The ground state C (i.e. pristine graphene) 

band structure in Fig. 1 (iv) exhibits a Dirac cone with the Fermi energy intersecting the Dirac point K7x7 as 

expected. Also, the band structures of the B (+core-hole) supercells in Figs. 1 (ii) and (iii) strongly resemble the 

pristine graphene band structure in Fig. 1 (iv). This follows basic intuition: the core-hole makes the B nucleus 

carbon-like, and the ʌ* band is either partially occupied (background potential) or fully occupied (extra Kohn-

Sham state) depending on the core-hole neutralisation method, with the Fermi energy being shifted up to the 

Dirac point K7x7 in the latter case. There is an equivalent similarity between the ground state N supercell band 

structure in Fig. 1 (vii) and those of the two C (+core-hole) supercells in Fig. 1 (v) and (vi): in these cases, the 

core-hole makes the C nucleus nitrogen-like, and the Fermi level either fully populates the ʌ band (background 
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potential) or partially populates the ʌ* band (extra Kohn-Sham state). Small ʌ/ʌ* band gaps are also observed at 

K7x7 with corresponding large gaps at Γ7x7 in Figures 1 (i) and 1 (vii) in agreement with Casolo’s detailed 

symmetry arguments87 for N and B dopants in the ground state. The same effect is observed for the C (+core-

hole) supercells’ bandstructures in Figures 1 (v) and 1 (vi) which also show the same small band gap at K7x7 

where Casolo’s arguments can be safely assumed to apply. Finally, we tested Zhou’s ‘3n rule’ by calculating 

band structures for 6x6 supercells (see Supplementary Information) and the ʌ/ʌ* band gaps were found to be 

large at K6x6 and small at Γ6x6 as expected. 
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Figure 1 Atomically-resolved background-subtracted experimental K-edge EEL spectra (green lines) recorded 
using aberration-corrected STEM for single substitutional B and N atoms in graphene as well as for pure 
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graphene, with theoretical spectra (solid black lines) overlaid. Band structure plots calculated at three levels of 
theoretical approximation using 7x7 supercells are provided below each set of spectra. All theoretical spectra 
were rigidly translated along the energy axis to achieve the best-fit to the experimental curves. The 196th and 
197th bands are identified as the ʌ and ʌ* bands throughout. The theoretically calculated Fermi energy is 
defined as zero on the energy (calc.) axis and is indicated by the red dashed line. Combined plots for B (i) 
ground state, (ii) core-hole with neutralising background potential, (iii) core-hole with neutralising extra Kohn-
Sham state. (iv)-(vi) Similar plots for C and (vii)-(ix) similar plots for N.  
 

B. Theory/experiment comparison 

Overall, the theoretical ground state K-edge spectra provide a better match to the experimental data compared to 

their core-hole counterparts which are unreliable and system-sensitive.  The improvement in accuracy achieved 

as a result of using the ground state instead of a core-hole is significant for N as shown in Figures 1 (vii) - (ix), 

insignificant for C as shown in Figures 1 (iv) - (vi), but critical for B as shown in Figures 1 (i) - (iii). The task in 

this section, therefore, is to assess the various factors that lead to this result. A detailed and self-contained 

analysis of the calculation outputs without reference to the experimental data is given separately in section III C. 

Theoretical spectra using a half core-hole (Slater transition state) are given in the Supplementary Information. 

 

On the energy axis, all N and C core-hole spectra underestimate the energy difference between the ʌ* and ı* 

peaks, with the ground state spectra giving a slight improvement (C) or an excellent match (N) in this energy 

difference. As for intensities, both core-hole N spectra significantly underestimate the ʌ* peak intensity 

compared to that of the ı* peak, whereas the ground state N spectrum only slightly overestimates the intensity 

of the ʌ* peak compared to ı*; a slight improvement, therefore. The C core-hole spectra overestimate the ʌ* 

intensity compared to the ı* peak intensity only slightly, and this is actually worsened in the ground state case. 

It is the case of B where the core-hole approximation fails critically, resulting in qualitative changes to the 

spectrum. The inclusion of a B core-hole causes the emergence of clearly identifiable ʌ* and ı* spectral peaks 

in the theoretical B K spectrum which are completely absent in the ground state case, and indeed the recorded 

experimental data. The pivotal sensitivity of the theoretical B spectrum to the inclusion of a core-hole has an 

intuitive physical interpretation: the B nucleus, without a core-hole, is the only nucleus from all nine 

calculations which is significantly less electronegative than its C neighbours, and is therefore the only nucleus 

whose K-edge spectrum has suppressed ʌ* and ı* regions and culminates instead in a high-energy peak.  A 

detailed and self-contained analysis of the calculation outputs without reference to the experimental data is 

given separately in section III C. In the Supplementary Information, we also provide plots showing how the 

theoretical spectra change with respect to the dopant’s Mulliken charge by increasing the fractional number of 

1s core-holes from zero to two in increments of 0.1e. 
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It is a good idea to consider the data in Figure 1 in the context of some established wisdom. It is well-known88,89 

that theoretical K-edge spectra are usually reasonably accurate in ground-state single-particle theory despite 

ignoring the effects of the electron self-interaction described in Hedin's "GW" approximation,90 or two-particle 

effects as in the Bethe-Salpeter equation (BSE).59 However, the question of whether to include a frozen core-

hole within the single-particle DFT formalism is known to be highly dependent on the material. Metals, being 

well screened, are generally expected to be mostly unaffected by the creation of a beam-induced core-hole, so 

that EEL spectra of pure metals obtained experimentally will not exhibit any significant core-hole effects.91-93 

Expressed alternatively, the unoccupied states that are thought to exist under standard conditions in a metal are 

the same as, or similar to, the unoccupied states that are probed during the electron scattering event. This 

expectation is based on the notion that delocalised metallic states quickly screen the core-hole, leaving the 

unoccupied states - on which the spectrum depends - more or less unchanged. There is evidence that theoretical 

EELS calculated using single-particle DFT produces accurate results in the ground state for the Al K-edge94 and 

Ni L3-edge95 and it is generally agreed that using a ground state calculation works well for metal EELS 

modelling.91-93,96 (Luitz et al. published a counterexample to this trend with the Cu L3-edge which was found to 

agree very well with experiment when using a half core-hole on all metal nuclei in the cell, better than a ground 

state calculation.97) Furthermore, the apparent adequacy of ground-state DFT for core-loss spectroscopy of 

doped graphene demonstrated in this paper is consistent with studies of Si-doped44 and P-doped98 graphene 

published by our group previously. A similar argument92 can be made for, for example, anions in ionic 

insulators, whose intrinsic, localised excess electron density is expected to screen the core-hole effectively. This 

is in contrast to cations which are more exposed due to their intrinsic deficit of electron density and usually need 

a theoretical core-hole treatment for an accurate experimental match. 

 

For metals, a comparison between two theoretically-calculated EEL spectra, one with a core-hole and one 

without, gives immediate insight because the two calculations can be compared. If the two theoretical spectra 

are similar and they both accurately match the experiment, then it can be said that the calculations accurately 

describe the metallic screening in the material. If the two theoretical spectra are not similar and the ground state 

spectrum gives a better match, it follows that the core-hole calculation does not accurately describe the metallic 

screening. It is important to remark at this point that the exotic systems studied in this work - single, isolated 

atomic-sized defects in a covalently-bonded 2D semimetal with a highly delocalised ʌ network - cannot 

necessarily be described in a valid way by simply adopting the terminology conventionally used for bulk metals, 
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or for that matter, bulk insulators. Nevertheless, considering the highly conductive and delocalised ʌ electrons in 

graphene, the ground state spectra in Figure 1 which show mostly good agreement with experimental results are 

clear evidence that the sample probed in the microscope is behaving like a metal with respect to core-hole 

screening, in agreement with the existing body of literature regarding theoretical single-particle DFT EELS of 

metals. 

 

As for the failure of the core-hole approximation for this system, Rez and Muller have noted92 that the frozen 

core-hole approximation tends to exaggerate the effects of the core-hole when used in periodic supercells, and 

the results in this work appear to be evidence of this. In contrast to what would be expected for a material with 

delocalised and highly conductive states such as graphene, the theoretical spectra in Figure 1 show that inserting 

a frozen core-hole does cause the unoccupied states and the corresponding spectrum to change significantly. 

This is despite the supercells' large size, relaxed geometries and converged spectra. This mismatch of the 

calculation outputs with the conventional understanding of metallic core-hole screening in real laboratory 

samples discussed above, and of course the mismatch with the experimental data, should be taken as an 

indication that the final electronic states calculated using the frozen core-hole approximation in single-particle 

DFT simply do not give a realistic description of the states being probed in the microscope. To go some way to 

corroborating this finding, we have calculated K-edge spectra using CASTEP on pure bulk Al using an identical 

methodology and compared them with a published experimental spectrum99 shown in the Supplementary 

Information. While the ground state Al K-edge matches well at the edge onset, the half core-hole and full core-

hole calculations show a progressive overestimation of the relative intensity at the onset compared to the 

experiment, with the intensity in the higher energy regions being progressively underestimated, thereby showing 

similar behaviour to that of the theoretical doped graphene spectra in Figure 1. Thus, while the ground state 

approximation has its limitations, we conclude that the frozen core-hole approximation should be regarded as an 

ad hoc modification which causes the models considered in this work to diverge away from reality, rather than 

converging towards it. In any case, single-particle DFT EELS modelling is not perfect,100 and we expect that 

accounting for core-hole effects a priori by using the GW or BSE formalisms would be likely to improve the 

theory/experiment match compared to the ground-state, although the computational cost of such calculations 

with large supercells is at present prohibitive.  
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Figure 2 Combined theoretical DOS/EELS plot for a substitutional B dopant in a ground state calculation with 
electron density plots in the Wigner-Seitz cell of (i) the occupied density in the ground state, (ii) the density lying 
solely in the partially-occupied ʌ band corresponding to the filling of the p-type hole localised on the B, (iii) the 
out-of-plane ʌ* states of pz character with a density deficit on the B, (iv) the in-plane ı* states of antibonded 
(60°-rotated) sp2 character with a deficit on the B, (v) the high-energy in-plane states with a deficit on the B and 
(vi) the high-energy in-plane B-localised states causing the theoretical B EELS peak at ~26 eV. 
 

 
 
Figure 3 Combined theoretical DOS/EELS plot for a substitutional B dopant with a B core-hole neutralised by 
a background potential with electron density plots of (i) the occupied density with the core-hole, (ii) the density 
from the partially-occupied ʌ band which is more evenly distributed through the cell than its ground-state 
counterpart in Figure 2, (iii) the out-of-plane ʌ* states of pz character with a slight excess on the B, (iv) the in-
plane ı* states of antibonded (60°-rotated) sp2 character with a slight excess on the B and (v) the high-energy 
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in-plane states with a very subtle deficit on the B. Note that there is no counterpart to the high energy B-
localised state from Figure 2 (vi). 
 

 
 
 
Figure 4 Combined theoretical DOS/EELS plot for a substitutional N dopant in the ground state with electron 
density plots of (i) the occupied density in the ground state, (ii) the out-of-plane ʌ* states of pz character with a 
slight excess on the N and an excess on nearest-neighbour C nuclei, (iii) the in-plane ı* states of antibonded 
(60°-rotated) sp2 character with a significant excess on the N and (iv) the high-energy in-plane states with a 
deficit on the N. 
 

 
 
Figure 5 Combined theoretical DOS/EELS plot for a substitutional N dopant with a core-hole neutralised by a 
background potential and electron density plots of (i) the occupied density with significant core-hole screening, 
(ii) the out-of-plane ʌ* states of pz character with a deficit on the N and a significant excess on nearest-
neighbour C nuclei, (iii) the in-plane ı* states of antibonded (60°-rotated) sp2 character with a significant 
excess on the N and (iv) the high-energy in-plane states with a significant deficit on the N. 
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C. Self-contained theoretical analysis of calculated spectra 

In this section the ground state and core-hole (with background potential) approximations are selected for 

detailed analysis for the cases of B (Figures 2 and 3) and N (Figures 4 and 5). The theoretical EEL spectra 

shown in Figures 2, 3, 4 and 5 are the same as those shown in Figures 1 (i), (ii), (vii) and (viii) respectively. 

Combined DOS/EELS plots with electron density images are provided in order to clearly illustrate the 

characteristics of the states underlying the theoretical spectra, with a view to gain a better understanding of the 

states being probed experimentally. The projected DOS of the dopant, nearest C and furthest C give some 

helpful insight into the electronegativity of each nucleus by showing the energies at which DOS peaks occur at 

varying distances from the dopant. The hexagonal panels within Figures 2 - 5 show (in addition to the occupied 

electron density) the electron density found by populating all unoccupied bands in the Wigner-Seitz cell 

(centered on the dopant) lying within a selected energy window above the Fermi energy. These energy windows 

were iteratively optimised according to the visual appearance of the states, and they form the basis for the 

denominations into ʌ* states (out-of-plane), ı* states (in-plane) and higher-energy states (in-plane) indicated on 

each of the DOS plots. The reader should note that the density panels are not absolutely comparable due to the 

varying colour scales. 

 

The ground state B K-edge spectrum in Figure 2 shows a small ʌ peak immediately above the Fermi energy due 

to the partially occupied ʌ band whose density is highly localised on the B nucleus. This represents the filling of 

the p-type hole in the form of a pz-like state in the partially occupied ʌ band straddling the Fermi energy. The 

spectrum also shows suppressed ʌ* and ı* peaks owing to the lesser electronegativity of the B nucleus 

compared to its C neighbours, and finally a high-energy in-plane state localised very strongly on the B nucleus 

at about 26 eV above the Fermi energy. The large energy barrier required to overcome the lesser attraction of 

the B nucleus causes the spectrum to culminate in the high-energy peak at 26 eV, which, when combined with 

the suppressed ʌ* and ı* states at lower energy, gives rise to the unusual B K-edge spectrum which matches the 

experimental spectrum quite convincingly. The B p DOS peaks in the ʌ* and ı* regions occur at higher energies 

than the clearly identifiable furthest C p DOS peaks, which confirms the lesser electronegativity of B compared 

to C. Some antibonding states between the B and nearest-C is also evident from the coincidence of sharp p DOS 

peaks, especially in the ı* region. The effect of including a core-hole on the B nucleus, as shown in Figure 3, is 

to increase its electronegativity. This eliminates the high-energy state found at +26 eV in the ground state case 
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because there is no such energy barrier to be overcome with a core-hole present. In fact, all states of character 

ʌ* and ı* now lie in approximately the same energy range whether they are localised on B or C, which is 

evident from the more subtle differences in the projected DOS and electron density. The EELS ʌ peak is 

suppressed to a subtle shoulder corresponding to a state which is much less localised on the B than in the ground 

state case. Neutralising the core-hole using an extra Kohn-Sham state as in Figure 1 (iii) completely suppresses 

the ʌ peak due to the ʌ band now being fully occupied. The overall result of including the core-hole is thus the 

emergence of clearly identifiable ʌ* and ı* EELS peaks in the B K-edge spectrum since the core-hole makes 

the B nucleus approximately carbon-like.  

 

The N K-edge ground state spectrum in Figure 4 exhibits a clear ʌ* peak due to pz-like states localised on the N 

and its nearest neighbours, and a ı* peak due to states consistent with antibonded (60°-rotated) sp2-like orbitals 

strongly localised on the N nucleus. Note that the N p DOS peaks in the ʌ* and ı* regions now occur at lower 

energies than those of the C due to N's higher electronegativity (with some nearest-neighbour antibonding again 

evident), in contrast to the B case in Figure 2. Figure 5 shows that the effect of including a N core-hole is to 

exacerbate the effects caused by the difference in the electronegativity of N and C: the ʌ* and ı* peaks of the N 

K-edge spectrum now occur at lower energies with the core-hole, and the energy difference between the p DOS 

peaks of the N and nearest C is now higher. The ı* peak in particular is attributable to a very sharp N p DOS 

peak at about 5.5 eV where the electron density localisation on N has been enhanced by the core-hole. 

Interestingly, the N EELS ʌ* peak is actually suppressed by including the core-hole. This can be rationalised to 

some extent by comparing Figures 4 (i) and 5 (i), which reveals that the core-hole causes the occupied electron 

density to accumulate more strongly around the N, resulting in nuclear screening that is sufficiently strong to 

make the N nucleus less energetically attractive than the nearest neighbour C nuclei. This is corroborated by the 

p DOS peak of the N directly on the Fermi energy which is lower in intensity than the p DOS peak of the 

nearest-C with which it coincides. If the core-hole is instead neutralised using an extra Kohn-Sham state, 

corresponding to Figure 1 (ix), then this ʌ* peak is further suppressed since the first ʌ* band is then fully 

occupied. 

IV. CONCLUSIONS  

It was found that the theoretical core-hole approximation in single-particle DFT EELS is significantly less 

successful in predicting atomically-resolved K-edge spectra in B- and N-doped graphene than the simpler 

ground state approximation, and fails to offer any improvement of the C K-edge in pure graphene. We conclude 
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that the frozen core-hole approximation is not a realistic description of the core-hole and should be discarded in 

favour of the ground state approximation for this system. To confirm the robust nature of the calculations, a 

detailed and independent analysis of the theoretical results for the B and N cases under both approximations was 

given which allows for an understanding and visual comparison of the calculated quantum states, identified and 

discussed using the conventional terminology of sp2-bonded materials. Modern electron microscopes are now 

sufficiently advanced to push the validity of the approximations used in theoretical electronic structure 

calculations, and there is evidently a growing need to increase the efficiency of more advanced computational 

schemes using the GW and BSE formalisms, among others.  
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