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DIOPHANTINE APPROXIMATION AND THE GEOMETRY OF LIMIT SETS IN
GROMOV HYPERBOLIC METRIC SPACES

LIOR FISHMAN, DAVID SIMMONS, AND MARIUSZ URBANSKI

ABSTRACT. In this paper, we provide a complete theory of Diophantine approximation in the limit set
of a group acting on a Gromov hyperbolic metric space. This summarizes and completes a long line of
results by many authors, from Patterson’s classic ’76 paper to more recent results of Hersonsky and Paulin
(’02, ’04, ’07). Concrete examples of situations we consider which have not been considered before include
geometrically infinite Kleinian groups, geometrically finite Kleinian groups where the approximating point
is not a fixed point of any element of the group, and groups acting on infinite-dimensional hyperbolic space.
Moreover, in addition to providing much greater generality than any prior work of which we are aware, our
results also give new insight into the nature of the connection between Diophantine approximation and
the geometry of the limit set within which it takes place. Two results are also contained here which are
purely geometric: a generalization of a theorem of Bishop and Jones (’97) to Gromov hyperbolic metric
spaces, and a proof that the uniformly radial limit set of a group acting on a proper geodesic Gromov
hyperbolic metric space has zero Patterson—Sullivan measure unless the group is quasiconvex-cocompact.
The latter is an application of a Diophantine theorem.
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1. INTRODUCTION

Four of the greatest classical theorems of Diophantine approximation are Dirichlet’s theorem on the ap-
proximability of every point with respect to the function 1/¢* (supplemented by Liouville’s result regarding
the optimality of this function), Jarnik’s theorem stating that the set of badly approximable numbers has
full dimension in R (which we will henceforth call the Full Dimension Theorem), Khinchin’s theorem on
metric Diophantine approximation, and the theorem of Jarnik and Besicovitch regarding the dimension of
certain sets of well approximable numbers. As observed S. J. Patterson [69], these theorems can be put in
the context of Fuchsian groups by noting that the set of rational numbers is simply the orbit of co under

Key words and phrases. Diophantine approximation, Schmidt’s game, hyperbolic geometry, Gromov hyperbolic metric
spaces.
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the Fuchsian group SLa(Z) acting by Mébius transformations on the upper half-plane H2. In this context,
they admit natural generalizations by considering a different group, a different orbit, or even a different
space. Beginning with Patterson, many authors [6], 27, (50, 69, [79] [R0] [82] @0, @1 ©2] have considered gen-
eralizations of these theorems to the case of a nonelementary geometrically finite group acting on standard
hyperbolic space X = H! for some d € N, considering a parabolic fixed point if G' has at least one
cusp, and a hyperbolic fixed point otherwise. Moreover, many theorems in the literature concerning the
asymptotic behavior of geodesics in geometrically finite manifolds [2] B] 23] [35] 63} [64] BT] [84] can be recast
in terms of Diophantine approximation. To date, the most general setup is that of S. D. Hersonsky and
F. Paulin, who generalized Dirichlet and Khinchin’s theorems to the case of pinched Hadamard manifolds
[46, [47] and proved an analogue of Khinchin’s theorem for uniform trees [48]; nevertheless, they still assume
that the group is geometrically finite, and they only approximate by parabolic orbits[l]

In this paper we provide a far-reaching generalization of these results to the situation of a strongly
discrete group G of general type acting by isometries on an arbitrary Gromov hyperbolic metric space X
(so that X = H9*t! is a special case), and we consider the approximation of a point 7 in the radial limit
set of G by an arbitrary point £ in the Gromov boundary of X. Thus we are generalizing

e the type of group being considered - we do not assume that G is geometrically finite,

e the space being acted on - we do not even assume that X is proper or geodesic, and

e the point being approximated with - we do not assume that £ is a parabolic or hyperbolic fixed
point of G.

We note that any one of these generalizations would be new by itself. For example, although the Fuchsian
group SLg(Z) is a geometrically finite group acting on H?, the approximation of points in its limit set
by an orbit other than the orbit of oo has not been considered before; cf. Examples and [[43]
As another example, we remark that losing the properness assumption allows us to consider infinite-
dimensional hyperbolic space as a concrete example of a space for which our theorems have not previously
been proven. There are a large variety of groups acting on infinite-dimensional hyperbolic spaces which
are not reducible in any way to finite-dimensional examples, see e.g. Appendix [Al

In addition to generalizing known results, the specific form of our theorems sheds new light on the
interplay between the geometry of a group acting on a hyperbolic metric space and the Diophantine
properties of its limit set. In particular, our formulation of the Jarnik—Besicovitch theorem (Theorem [7.T])
provides a clear relation between the density of the limit set around a particular point (measured as the
rate at which the Hausdorff content of the radial limit set shrinks as smaller and smaller neighborhoods
of the point are considered) and the degree to which other points can be approximated by it. Seeing how
this reduces to the known result of R. M. Hill and S. L. Velani [50] is instructive; cf. Theorem [[.33] and
its proof. The same is true for our formulation of Khinchin’s theorem (Theorem BT, although to a lesser
extent since we are only able to provide a complete analogue of Khinchin’s theorem in special cases (which
are nevertheless more general than previous results). Although our formulation of the Full Dimension
Theorem (Theorem [5.I0]) is more or less the same as previous results (we have incorporated the countable
intersection property of winning sets into the statement of the theorem), the geometrically interesting part
here is the proof. It depends on constructing Ahlfors regular subsets of the uniformly radial limit set with
dimension arbitrarily close to the Poincaré exponent § (Theorem [5.9]); in this way, we also generalize the
seminal theorem of C. J. Bishop and P. W. Jones [10] which states that the radial and uniformly radial
limit sets A;(G) and A, (G) each have dimension 6. Theorem will appear in a stronger form in [26]
Theorem 1.2.1], whose authors include the second- and third-named authors of this paper%

Finally, as an application of our generalization of Khinchin’s theorem we show that for any group acting
on a proper geodesic hyperbolic metric space, the uniformly radial limit set has zero Patterson—Sullivan

1Although they do not fall into our framework, let us mention in passing Hersonsky and Paulin’s paper [45], which estimates
the dimension of the set of geodesic rays in a pinched Hadamard manifold X which return exponentially close to a given point
of X infinitely often, and the two papers [4] [53], which generalize Khinchin’s theorem in a somewhat different direction than
us.

2Let us make it clear from the start that although we cite the preprint [26] frequently for additional background, the
results which we quote from [26] are not used in any of our proofs.
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measure if and only if the group is not quasiconvex-cocompact (Proposition BIg]). In the case where
X = H™! and G is geometrically finite, this follows from the well-known ergodicity of the geodesic flow
[85, Theorem 1'], see also [75] Théoréme 1.7].

Convention 1. In the introduction, propositions which are proven later in the paper will be numbered
according to the section they are proven in. Propositions numbered as 1.# are either straightforward,
proven in the introduction, or quoted from the literature.

Convention 2. The symbols <, 2, and =< will denote asymptotics; a subscript of + indicates that the
asymptotic is additive, and a subscript of x indicates that it is multiplicative. For example, A <« x B
means that there exists a constant C' > 0 (the implied constant), depending only on K, such that A < CB.
A <4« B means that there exist constants C7,Cy > 0 so that A < C1B + Cs. In general, dependence of
the implied constant(s) on universal objects such as the metric space X, the group G, and the distinguished
points 0 € X and & € 90X will be omitted from the notation.

Convention 3. The notation x,, 7 T means T, — ¢ as n — oo. The notation x,, —— = means

n,+

x =4 limsup z,, <4 liminf z,,,
n—oo n—0o0

and similarly for x, — .
n,x

Convention 4. Let G be a geometrically finite subgroup of Isom(H%*1) for some d € N. In the literature,
authors have often considered “a parabolic fixed point of G if such a point exists, and a hyperbolic fixed
point otherwise”. To avoid repeating this long phrase we shall call such a point a conventional point.

Convention 5. The symbol <1 will be used to indicate the end of a nested proof.

Acknowledgements. The first-named author was supported in part by the Simons Foundation grant
#245708. The third-named author was supported in part by the NSF grant DMS-1001874. The authors
thank two referees who gave valuable suggestions and comments on earlier versions of this paper.

1.1. Preliminaries.

1.1.1. Visual metrics. Let (X, d) be a hyperbolic metric space (see Definition 22)). In the theorems below,
we will consider its Gromov boundary 0X (see Definition [Z0]), together with a visual metric D = Dy, on
0X satisfying

m Db,o(gun) =x b_<£|77>o7

where 0 € X and b > 1, and where (:|-) denotes the Gromov product (see Definition 21]). For b > 1
sufficiently close to 1, such a metric exists for all o € X (Proposition [Z15]). We remark that when X is the
ball model of [Hé“7 b=e, and 0 = 0, then we have 9X = S% and we may take

1
(11) Deolx,y) = lly x| ¥xy € 5%
(See Proposition [Z.14] below.)

1.1.2. Strongly discrete groups. Let (X,d) be a metric space, and let G < Isom(X)E There are several
notions of what it means for G to be discrete, which are inequivalent in general but agree in the case
X = ML see [26, §5] for details. For the purposes of this paper, the most useful notion is strong
discreteness.

Definition 1.1. A group G is strongly discrete if for every r > 0, the set

{g€ G g(0) € Blo,r)}
is finite, where 0o € X is a distinguished pointE
3Here and from now on Isom(X) denotes the group of isometries of a metric space (X, d). The notation G < Isom(X)

means that G is a subgroup of Isom(X).
4Here and from now on B(xz,r) denotes the closed ball centered at z of radius 7.
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Remark 1.2. Strongly discrete groups are known in the literature as metrically proper. However, we prefer
the term “strongly discrete”, among other reasons, because it emphasizes that the notion is a generalization
of discreteness.

1.1.3. Groups of general type.

Definition 1.3. An isometry g of a hyperbolic metric space (X, d) is lozodromic if it has two fixed points
g+ and g_ in 0X, which are attracting and repelling in the sense that for every neighborhood U of g_, the
iterates g™ converge to g, uniformly on X \ U, and if g=! has the same property.

Definition 1.4. Let (X, d) be a hyperbolic metric space. A group G < Isom(X) is of general typed if it
contains two loxodromic isometries g1 and go, such that the fixed points of g; are disjoint from the fixed
points of gs.

As in the case of X = H*! we say that a group G < Isom(X) is nonelementary if its limit set (see
Definition 2237 contains at least three pointsﬁ Since the fixed points of a loxodromic isometry are clearly
in the limit set, we have:

Observation 1.5. Every group of general type is nonelementary.

The converse, however, is not true; there exists groups which are nonelementary and yet are not of
general type. Such a group has a unique fixed point on the boundary of X, but it is not the only point in
the limit set. A good example is the subgroup of Isom(H?) generated by the isometries

g1(z) =2z, g2(2) = z+ 1.
A group which is nonelementary but not of general type is called a focal groupﬂ

Proposition 1.6 (|26, Proposition 6.4.1]). Every nonelementary strongly discrete group is of general type,
or in other words, no strongly discrete group is focal.

Remark 1.7. Due to Proposition[[.6] in our standing assumptions below we could replace the hypothesis
that G is of general type with the hypothesis that G is nonelementary. We have elected not to do so since
we would prefer this paper to be as self-contained as possible.

Observation 1.8. If GG is a group of general type then G has no global fixed points; i.e. for every £ € 0X
there exists h € G such that h(£) # &.

1.1.4. Standing assumptions. In the statements below, we will have the following standing assumptions:
(I) (X,d) is a hyperbolic metric space

(IT) o € X is a distinguished point

(III) b > 1 is a parameter close enough to 1 to guarantee the existence of a visual metric D = Dy,
(IV) G < Isom(X) is a strongly discrete group of general type.

_ pd+1 . ; _ x|
IfX=H ={(x1,...,%d41) : Ta41 > 0} for some d € N, then we will moreover assume that d = raps
0=eqs1, and b = e. Similarly, if X = B!, we will assume that d = ﬂﬁ;'ﬂh 0o=0,and b=e.

1.2. The Bishop—Jones theorem and its generalization. Before stating our main results about Dio-
phantine approximation, we present the Bishop—Jones theorem, a theorem which is crucial for understand-
ing the geometry of the limit set of a Kleinian group, and its generalization to hyperbolic metric spaces.

5This terminology was introduced in [I9] to describe the cases of a classification of Gromov [39, §3.1].

6This definition is not equivalent to the also common definition of a nonelementary group as one which does not preserve
any point or geodesic in the compactification/bordification bord X; rather, a group satisfies this second definition if and only
if it is of general type.

"See footnote
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Theorem 1.9 (C. J. Bishop and P. W. Jones, [10]). Fiz d € N, and let G be a nonelementary discrete
subgroup of Isom(H*Y). Let & be the Poincaré exponent of G, and let A, and Ay be the radial and
uniformly radial limit sets of G, respectively. Then

(1.2) dimg (A;) = dimpg (Ay,) = 68
The following theorem is a generalization of the Bishop—Jones theorem:

Theorem Let (X,d,0,b,G) be as in Y1.1.7] Let 6 be the Poincaré exponent of G relative to b (see
©32)), and let A, and Ay, be the radial and uniformly radial limit sets of G, respectively (see Definition
[2-57). Then (L2) holds; moreover, for every 0 < s < & there exists an Ahlfors s-reqular (see Definition
@) set Js C Aur.

The “moreover” clause is new even in the case which Bishop and Jones considered, demonstrating
that the limit set Ay, can be approximated by subsets which are particularly well distributed from a
geometric point of view. It does not follow from their theorem since it is possible for a set to have large
Hausdorff dimension without having any closed Ahlfors regular subsets of positive dimension (much less
full dimension); in fact it follows from the work of D. Y. Kleinbock and B. Weiss [54] that the set of well
approximable numbers forms such a set[d

Remark 1.10. In Theorem 5.9 and in Theorem [5.10] below, the case § = oo is possible; see [26, §13.2] for
spme examples.

Remark 1.11. The equation dimg (A,) = § was proven in [(2] if X is a word-hyperbolic group, a CAT(-1)
manifoldJE or a uniform tree[l]

Remark 1.12. A weaker form of the “moreover” clause was cited in [62] as a private communication from
the authors of this paper [62] Lemma 5.2].

As an application of Theorem (.9, we deduce the following result:

Theorem Fiz d € N, let X = H¥*1, and let G < Isom(X) be a discrete group acting irreducibly on
X. Then
dlmH(BAd n Aur) =§= dlmH(Ar),

where BA, denotes the set of badly approzimable vectors in R?.
For the definitions and proof see Section

1.3. Dirichlet’s theorem, generalizations, and optimality. The most fundamental result in Diophan-
tine approximation is the following;:

Theorem 1.13 (Dirichlet 1842). For every irrational x € R,

p
r— =
q
Dirichlet’s theorem can be viewed (up to a multiplicative constant) as the special case of the following
theorem which occurs when
(1.3) X =H? G = SLy(2), §=o0:

Theorem [B.7] (Generalization of Dirichlet’s Theorem). Let (X,d,0,b,G) be as in §1.1.3), and fiz o dis-
tinguished point & € 0X. Then for every o > 0, there exists a number C = C, > 0 such that for every
n € M o(G),

(331 D(g(€),n) < Cb=4®9) for infinitely many g € G.

1
< — for infinitely many p/q € Q.
q

8Here and from now on dimg (S) denotes the Hausdorff dimension of the set S.

9t could be objected that this set is not closed and so should not constitute a counterexample; however, since it has full
measure, it has closed subsets of arbitrarily large measure (which in particular still have dimension 1).

10S¢e e.g. [1B Part 1I] for the definition of a CAT(-1) space.

LN locally finite tree is uniform if it admits a discrete cocompact action.
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Here A, -(G) denotes the o-radial limit set of G (see Definition[2.37).
Furthermore, there exists a sequence of isometries (g,)° in G such that

9n(&) — n and gn(0) — n,
and such that BI) holds with g = g, for all n € N.

Remark 1.14. In some sense, it is not surprising that a point in the radial limit set should be able to be
approximated well, since by definition a radial limit point already has a sequence of something resembling
“good approximations”, although they are in the interior rather than in the boundary. (Indeed, radial
limit points are sometimes called points of approzimation.) The proof of Theorem BTl is little more than
simply taking advantage of this fact. Nevertheless, Theorem [B.]is important because of its place in our
general framework; in particular, its optimality (Theorem 10l below) is not obvious.

The fact that Theorem Bl reduces to Dirichlet’s theorem in the special case (3] can be deduced from
the following well-known observations:

Observation 1.15. The orbit of co under SLy(Z) is precisely the extended rationals @ For each K > 0
and for each p/q € Q in reduced form with |p/q| < K we have

(1.4) @ =x K ggg e¥0,9(0))
g(o0)=p/q

Proof. 1t is well-known and easy to check that the Ford circles (Be((p/q,1/(24%)), 1/(2q2>))p/qu together

with the set H := {(x1,22) : 2 > 1} constitute a disjoint G = SLg(Z)-invariant collection of horoballs.
(Here a subscript of e denotes the Euclidean metric on R?.) Now note that

du(0H, G (0)) < o0,

where dy denotes the Hausdorff metric induced by the hyperbolic metric on H2?, and G is the stabilizer
of oo in G. Thus for all g € G

du(9g9(H),{g € G : g(oc0) = g(o0)}) =4 0;
letting p/q = g(c0),

min  d(0,§(0) = d(o,{g € G : §(o0) = g(o0)})
g(c0)=p/q
=y d(o,09(H))
= d(o, Bo((p/q,1/(2¢°)),1/(2¢%)))
=4 log(¢®) +log(1 + (/0)%) =4,k log(q?).

Exponentiating finishes the proof. O

Observation 1.16. In the special case (I3]), the visual metric D is equal to the spherical metric Dy =
|dz|/(1 + |z|?), and is therefore bi-Lipschitz equivalent to the Euclidean metric D, = |dz| on compact
subsets of R.

Proof. Apply the Cayley transform to (ILII) above. O

Observation 1.17. The radial limit set of SLy(Z) is precisely the set of irrational numbers; in fact
R\ Q= A, for all o > 0 sufficiently large.

Proof. The proof of (GF1 = GF2) in [I4] shows that for any geometrically finite group G, there exists
o > 0 such that A = A, , U App, where Ay, is the set of (bounded) parabolic points of G. (Here Ul denotes

a disjoint union.) In particular, when G = SLy(Z), we have A = R and App = Q,so R\ Q= Ao O
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Note that in deducing Theorem [[I3] from Theorem [B.1] the numerator of (IL.I3]) must be replaced by a
constant [ This sacrifice is necessary since the constant 1 depends on information about SLs(Z) which is
not available in the general case.

History of Theorem [B.Il Theorem [3.1] was previously proven

e in the case where X = H2, G is finitely generated, and with no assumption on & by S. J. Patterson
in 1976 [69, Theorem 3.2].

e in the case where X = H%t! G is geometrically finite with exactly one cusp and & is a parabolic
fixed point by B. O. Stratmann and S. L. Velani in 1995 [82] Theorem 1].

e in the case where X is a pinched Hadamard manifold, G is geometrically finite with exactly one
cusp, and £ is a parabolic fixed point by S. D. Hersonsky and F. Paulin in 2002 [46] Theorem 1.1]

e in the case where X is a locally finite tree, G is geometrically finite, and £ is a parabolic fixed point
by F. Paulin [73] Théoréme 1.2]

1.3.1. Optimality. A natural question is whether the preceding theorems, Dirichlet’s theorem and its gen-
eralization, can be improved. In each case we do not consider improvement of the constant factor to be
significant; the question is whether it is possible for the functions on the right hand side of (II3]) and B))
to be multiplied by a factor tending to zero, and for the theorems to remain true. More formally, we will
say that Theorem[31l is optimal for (X,d,0,b,G) if there does not exist a function ¢ — 0 such that for all
n € A;(G), there exists a constant C' = C,, > 0 such that

D(g(€),n) < Cb=4e:9(0) ¢(pd(:9(0)) for infinitely many g € G.

Definition 1.18. Let (X, d, 0,b, G) be as in §L.T.4] and fix a distinguished point £ € 9X. A point n € A (G)
is called badly approximable with respect to £ if there exists € > 0 such that

D(g(€),n) > eb~4e:9(2)

for all g € G. We denote the set of points that are badly approximable with respect to £ by BA¢, and
those that are well approximable by WA, = A, \ BA¢. In the special case (L3]), the set BA := BA is the
classical set of badly approximable numbers.

Trivially (using strong discreteness), the existence of badly approximable points in the radial limit set
of G implies that Theorem [3.1] is optimal In fact, we have the following:

Theorem 1.19 (Full Dimension Theorem, Jarnik 1928). dimpg(BA) =1, so Theorem [ 13 is optimal.

Theorem [5.10] (Generalization of the Full Dimension Theorem). Let (X,d,0,b,G) be as in §1.1.7), and
let (£4)% be a countable (finite or infinite) sequence in 0X. Then

4
dimg <ﬂ BAg, N Aur> =6 = dimg(A,).

k=1

In particular BAg # & for every € € 0X, so Theorem [31 is optimal.

12This constant does not depend on z by Observation [LT7l

131f G has more than one cusp, then Stratmann and Velani (and later Hersonsky and Paulin) essentially prove that for
every n € Ar(G), there exists £ € P such that (1)) holds, where P is a maximal set of inequivalent parabolic points.

141¢ should be noted that the metric which Hersonsky and Paulin use, the Hamenstadt metric, corresponds to the visual
metric coming from & rather than the visual metric coming from a point in X; however, these metrics are locally bi-Lipschitz
equivalent on 9X \ {{}. Moreover, their “depth” function is asymptotic to the expression ming(¢y—, d(o, g(0)), by an argument
similar to the proof of Observation above. Because our setup is only equivalent asymptotically to theirs, it makes no
sense for us to be interested in their computation of the exact value of the constant in Dirichlet’s theorem, which of course
we do not claim to generalize.

151n some contexts, a Dirichlet theorem can be optimal even when badly approximable points do not exist; see [37] for
such an example.
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Note that the Full Dimension Theorem is simply the special case ([3]) of Theorem .10l

We shall prove Theorem [5.101 by proving that the sets BAg, are absolute winning in the sense of C. T.
McMullen [63] on the sets Js described in Theorem [5.9 Our theorem then can be deduced from the facts
that the countable intersection of absolute winning sets is absolute winning, and that an absolute winning
subset of an Ahlfors s-regular set has dimension s ((i), (ii), and (iii) of Proposition F] below).

Remark 1.20. We use the invariance of McMullen’s game under quasisymmetric maps to prove Theorem
BEIQ cf. Lemma 511l For this reason, it is necessary in our proof to use McMullen’s game rather than
Schmidt’s original game which is not invariant under quasisymmetric maps (see [63]).

1.3.2. Geometrically finite groups and approximation by parabolic points. In the following, we shall assume
that X = H*! for some d € N, and that G < Isom(X) is a nonelementary geometrically finite group. We
will say that a point nn € 0X is badly approzimable by parabolic points if n € ﬂizl BA¢, where {{1,..., &}
is a complete set of inequivalent parabolic fixed points. The set of points which are badly approximable
by parabolic points admits a number of geometric interpretations:

Proposition 1.21. For a point n € 0X, the following are equivalent:

(A) n is badly approzimable by parabolic points.

(B) [0, nMavoids some disjoint G-invariant collection of horoballs centered at the parabolic points of G.
(C) The image of [0,n] in the quotient manifold X/G is bounded.

(D) n is a uniformly radial limit point of G.

The proof of this proposition is not difficult and will be omitted. Certain equivalences have been noted
in the literature (e.g. the the equivalence of (B) and (C) was noted in [81]).

Note that according to Theorem[5.10] the set of points which are badly approximable by parabolic points
has full dimension in the radial limit set.

History of Theorem [5.10l Theorem [5.10] was previously proven

e in the case where X = H?, G is a lattice, and {¢1,...,&} is a finite set of conventional points by
Patterson in 1976 [69] the Theorem of §10].
e in the case where X = H¥t!, G is convex-cocompact, and ¢ is a hyperbolic fixed point by B. O.
Stratmann in 1994 [79] Theorem B].
e in the case where X = H! G is a lattice, and {{1,..., &} is a finite set of parabolic points by B.
O. Stratmann in 1994 [79, Theorem C].
Moreover, using Proposition [[.21] one can easily deduce some special cases of Theorem [5.10] from known
results:
e The case where X = H¥*! G is a lattice, and {;,..., &} is a finite set of parabolic points can be
deduced from [23] Corollary 5.2].
e The case where X = H4*t! G is geometrically finite, and {&;,...,&} is a finite set of parabolic
points can be deduced from either [35], [81], or [10].
Also note that some further results on winning properties of the set BA¢ can be found in [2], [3], [23], [63],
and [62].
Remark 1.22. It is likely that the techniques used in [62] can be used to prove Theorem B0l in the case
where X is a proper geodesic hyperbolic metric space, G is any strongly discrete group of general type,

and {&1,...} is a set of bounded parabolic points (see Subsection 7). However, note that such a proof
would depend on our Theorem 5.9} cf. Remark [[LT2]

1.4. The Jarnik—Besicovitch theorem and its generalization. For any irrational z € R, we can
define the exponent of irrationality

| _
w(z) = limsup —loglz —p/q|
p/qeEQ IOg(Q)
ZI*}OO

16Here and from now on [,y] denotes the geodesic segment connecting = and y.
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Then Dirichlet’s theorem (Theorem [[L13]) implies that w(z) > 2 for every irrational € R. For each ¢ > 0
let
We:={zeR\Q:w(z) >2+c}.
Furthermore, let
VWA = {z € R\ Q: w(z) > 2} = | J W,
c>0
Liouville := {z € R\ Q : w(z) = o0} = ﬂ W,
c>0
be the set of very well approzimable numbers and Liouville numbers, respectively.
Theorem 1.23 (Jarnik 1929 and Besicovitch 1934). For every ¢ > 0, we have

2
24¢

dimH (Wc) =

In particular dimpg (VWA) = 1 and dimy (Liouville) = 0.
Let (X,d,0,b,G) be as in §L.T4l For any point £ € X, we can analogously define

weln) = Timsup 108 PW(E)m)

geqG d(O, g(O))
d(0,g9(0))—o0

Wee:={neA:we(n) 21+c}
VWAg = {77 €A, :wg(n) > 1} = U ch
c>0
Liouvilleg := {n € A, : we(n) = o0} = m Wee.
c>0

Note that in the special case ([[3]), we have W, o = Wa., VWA, = VWA, and Liouville, = Liouville.

To formulate our generalization of Theorem [[.23] we need some preparation. Let (X, d, 0,b, G) be as in
gI.T.4l and fix a distinguished point £ € 9X. We recall that for s > 0 and S C 0X, the Hausdorff content
of S in dimension s is defined as

(1.5) Hi (S) :=inf { Z Diam®(A) : C is a countable cover of S’}
AeC
Let 6 be the Poincaré exponent of G, and fix s € [0, 6]. For each r,o > 0 we define
@3) He 55(r) == H (B(§,7) N Ay o (G))
T o 1Ogb(H£,U,S(T))
ey Pels) = alggo llirilglf log, ()

Theorem [T.1] (Generalization of the Jarnik—Besicovitch Theoren@). Let (X,d,0,b,G) be as in
and fix a distinguished point £ € 0X. Let § be the Poincaré exponent of G, and suppose that § < co. Then
for each ¢ > 0,

dimpg (We,e) = sup {s €(0,9) : Pe(s) < ) ; S}

@I

. 0—s 5
:1nf{s€(0,5):P5(3)2 - }g T

In particular
@2) dimpy (VWA¢) = sup{s € (0,0) : Pe(s) < +oo} =inf{s € (0,0) : Pe(s) = 400}
17 The subscript of co is meant to indicate that the diameter of elements of the cover may be any number < co; more

generally, if § € (0, 00] then H3(S) denotes the same infimum taken only over covers whose elements all have diameter < 6.
18The fact that Theorem [Z1l is truly a generalization of Theorem [[.23] is demonstrated in Remark [L.30] below.



10 LIOR FISHMAN, DAVID SIMMONS, AND MARIUSZ URBANSKI

and dim g (Liouvilleg) = 0. In these formulas we let sup @ = 0 and inf g = 4.
Remark 1.24. For the remainder of this subsection, we assume that § < oo.
Corollary 1.25. dimy(VWA¢) = § if and only if Pe(s) < 400 for all s € (0,0).
Corollary The function ¢ — dimg(We ) is continuous on (0, 00).

It is obvious from (7)) that dimg (W, ¢) depends on the function P, which in turn depends on the
geometry of the limit set of G near the point £&. We will therefore consider special cases for which the
function P can be computed explicitly.

1.4.1. Special cases. The simplest case for which the function P can be computed explicitly is the case
where £ is a radial limit point. Indeed, we have the following:

Example If € € A, then Pe(s) = s. Thus in this case (7.1 reduces to

1)
di Wc = 5
39) imp (Wee) = - 1
i.e. the inequality of ([LI)) is an equality.

This example demonstrates that the expression dimg (W ¢) is maximized when £ is a radial limit point.
The intuitive reason for this is that there are a lot of “good approximations” to £, so by a sort of duality
principle there are many points which are approximated very well by &.

We remark that if G is of divergence type, then a point in A, represents a “typical” point; see [26]
Theorem 1.4.1]. Thus, generically speaking, the Hausdorff dimension of the set W, ¢ depends only on ¢
and 4, and depends neither on the point £ nor the group G.

Example 1.26. Let X = H? and let G = SLy(Z). Example [.30shows that for every £ € A, = R\ Q,

1

dimH(WQO = P 1.

This does not follow from any known result.
Next we consider the case where £ is a bounded parabolic point (see Subsection 27]):

Theorem [7.33l Let (X,d,0,b,G) be as in and let & be a bounded parabolic point of G. Let § and
d¢ be the Poincaré exponents of G and Ge, respectively. Then for all s € (0,9)

S S>25§
Pe(s) = 25 — 20¢) = =%
) e(s) = max(s, 25 = 20¢) {25—255 s < 28

Thus for each ¢ > 0

§/(c+1) c+1>6/(26)
43) dimp (Wee) = Q 6 + 20¢c .
” _— 1<46/(20
2or1 CTLs0/(2)
Remark 1.27. It is surprising that the formula (7.42) depends only on the Poincaré exponent d¢. One
would expect it to depend only on the orbital counting function of G¢ (see (7.44])), but this function can
be quite wild (see Appendix [A]), even sometimes failing to satisfy a doubling condition.

Remark 1.28. If X = H"! then 0¢ = k¢ /2, where k¢ is the rank of £&. Thus (Z.43)) reduces to

0/(c+1) c+1>0d/ke
(1.6) dimH(ch) = 6—1—]{50
> _— <
et 1 c+1 _6/]{55
in this case.

Remark 1.29. If §; > §/2, then ¢+ 1 > §/(20¢) for all ¢ > 0, so (T43)) reduces to (T39). In particular,
this happens if
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(1) X is a real, complex, or quaternionic hyperbolic space, and G is a lattice,
(2) X is a uniform tree which contains no vertex of degree < 2, and G is a lattice, or if
(3) X =H~

Proof. (1) is (i) of Proposition B (2) is the fifth part of [I7, Proposition 3.1]. To demonstrate (3), note
that d¢ = k¢/2 = 1/2 since 1 is the only possible rank of a parabolic point in a Fuchsian group. On
the other hand, it is well known that § < 1 for a Fuchsian group (e.g. it follows from the Bishop—Jones
theorem). O

Remark 1.30. Theorem [[.23] follows from Remark [[.29] applied to the special case (I.3).

Remark 1.31. If G is geometrically finite, then Theorem [[.33]and Example[Z.30together cover all possible
cases for &.

Moving beyond the geometrically finite case, let us return to the idea of a duality principle between
approximations of a point and the size of the set of points which are well approximable by that point.
Another common notion of approximability is the notion of a horospherical limit point, i.e. a point & for
which every horoball centered at £ (see Definition 2:33)) is penetrated by the orbit of o.

Example [7.31} If € is a horospherical limit point of G then P¢(s) < 2s. Thus in this case we have

5
< dimpy (W) < —2—.
peq1 = dmu(Wee) < =

More generally, let (-|-) denote the Gromov product (see Definition [ZT]). If we let

) e e 2IE
(am) B—ﬁ(é)-—d(lg(% S IR

then P¢(s) < 871s and so

0 0
—— < di < .
ﬁ710+1 = dlmH(WC)g) =i

In particular, if 8 > 0 then dimg(VWA¢) = 6.

Remark 1.32. If X = B!, then (x|y)o <, —log(||ly — x||) whenever at least one of x,y is in S¢ (e.g.
[26, Lemma 3.5.1]). Thus we may rewrite (Z.40) as

From this equation, it can be seen that () is the supremum of « € [0, 1] for which ¢ € L(«), where £(«)
is defined as in [57].

In particular, notice that if there is a sequence g, (0) — &£ such that 1/||€ — ¢,,(0)|| is bounded polyno-
mially in terms of 1/(1 — ||g»(0)]), then dimpy(VWA¢) = §. On the other hand,

Proposition[7.32l There exists a (discrete) nonelementary Fuchsian group G and a point & € A such that

History of Theorem [T.1l Although Theorem [TThas not been stated in the literature before (we are the
first to define the function P¢), the equations (7.39)) and (L6) have both appeared in the literature. (7.39)
was prover'|
e in the case where X = H%t!, (G is a lattice, and ¢ is a parabolic fixed point by M. V. Melidn and
D. Pestana in 1993 [64, Theorems 2 and 3].

19Recall that (7:39) holds whenever £ is either a radial limit point (e.g. a hyperbolic fixed point) or a (bounded) parabolic
point satisfying d¢ > §/2.
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e in the case where X = H?*! G is a lattice, and ¢ is a conventional point by S. L. Velani in 1994
[91) Theorem 2] (case d = 1 earlier in 1993 [90, Theorem 2]).

e in the case where X = H%t!, G is convex-cocompact, and ¢ is a hyperbolic fixed point by M. M.
Dodson, M. V. Melidn, D. Pestana, and S. L. Velani in 1995 [27] Theorem 3].

e in the case where X = H%1 G is geometrically finite and satisfies § < kmaxé and £ is a parabolic
fixed point by B. O. Stratmann in 1995 [80, Theorem B].

Additionally, the < direction of (Z.39) was proven

e in the case where X = H%t1 G is geometrically finite, and ¢ is a conventional point by S. L. Velani
in 1994 [9T] Theorem 1] (case d = 1 earlier in 1993 [90, Theorem 1]).

Finally, (L6) has been proven in the literature only once before,

e in the case where X = H?!, G is geometrically finite, and ¢ is a parabolic fixed point by R. M.
Hill and S. L. Velani in 1998 [50, Theorem 1]

Remark 1.33. Theorem [[.33] is more general than [50, Theorem 1] not only because it applies to spaces
X # H!, but also because it applies to geometrically infinite groups G acting on H?*!; ¢ must be a
bounded parabolic point, but a group can have one bounded parabolic point without being geometrically
finite.

1.5. Khinchin’s theorem and its generalization. We now consider metric Diophantine approximation
or the study of the Diophantine properties of a point chosen at random with respect to a given measure
In this case, we would like to consider a function ¥ : N — (0, 00) and consider the points which are well or
badly approximable with respect to W. The classical definition and theorem are as follows:

Definition 1.34. An irrational point x € R is U-approzimable if there exist infinitely many p/q € Q such
that

Theorem 1.35 (Khinchin 1924). Let ¥ : N — (0,00) be any function.
(i) If the series

(1.7) > q¥(g)

converges, then almost no point is W-approzimable.
(i) Suppose that the function q — ¢*¥(q) is nonmcreasing If the series (L) diverges, then almost
every point s V-approximable.

In both cases the implicit measure is Lebesgue.

Again, we would like to consider a generalization of this theorem to the setting of JL.1.41 We will replace
Lebesgue measure in the above theorem by an ergodic d-quasiconformal measure (see Definition 2.5T]),
where § is the Poincaré exponent of G. Sufficient conditions for the existence and uniqueness of such a
measure are given in Subsection 2.8 Thus, we will assume that we have such a measure, and that we want
to determine the Diophantine behavior of almost every point with respect to this measure.

We will now define our generalization of the notion of a W-approximable point:

20gince ke = 20¢, the condition § < kmax is equivalent to the condition that ¢ > §/2 for every parabolic point &, i.e. the
necessary and sufficient condition for (Z43) to reduce to (T.39) (Remark [[L29). When § > kmax, Stratmann proves an upper
and a lower bound for dimg (W, ¢), neither of which are equal to the correct value (ZZ3)).

211, verify that (ZZ3)) is equal to the expression given in [50], note that k¢ = 25, for a parabolic point § € OHAH,

22Tn this paper, measures are assumed to be finite and Borel.

23There are a number of results which allow this restriction to be weakened; see [18] for a detailed account.
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Definition 1.36. Let (X, d, 0,b,G) be as in .1.4] and fix a distinguished point £ € §X. Let ® : [0,00) —
(0,00) be a function such that the function ¢ — t®(¢) is nonincreasing 2} We say that a point 7 € A(G) is
D, £-well approzimable if for every K > 0 there exists g € G such that

(1.8) D(g(€),n) < B(KbH9)),
We denote the set of all ®,&-well approximable points by WAg ¢, and its complement by BAg .

Note that our definition differs from the classical one in that a factor of K has been added 2 This is in
keeping with the philosophy of hyperbolic metric spaces, since most quantities are considered to be defined
only “up to a constant”. Furthermore, our definition is independent of the chosen fixed point o. The
relation between our definition and the classical one is as follows:

Observation 1.37. Let ® : [0,00) — (0, 00) be a function such that the function ¢ — ¢t®(¢) is nonincreas-
ing. In the case (IL3)), a point € R = A(G)\ {oo} is @, co-well approximable if and only if for every K > 0
it is W-approximable where ¥(q) = ®(Kq?).

Of course, this observation follows from Observations [[.15] - .17

Theorem Bl (Generalization of Khinchin’s Theorem). Let (X, d,0,b,G) be as in and fix a
distinguished point £ € X . Let § be the Poincaré exponent of G, and suppose that p € M(A) is an ergodic
d-quasiconformal probability measure satisfying u(€) = 0. Let

Ape(r) = p(B(E,r)).
Let @ : [0,00) — (0,00) be a function such that the function t — t®(t) is nonincreasing. Then:
(i) If the series

&) 3 pddesNA, . (bd<o,g<o>>q,( Kbd(mg(O))))

geG

diverges for all K > 0, then p(WAg¢) = 1.
(iiA) If the series

E2) (g€ Aue (KD ) /g'(5) )

geqG

converges for some K > 0, then (WAg¢) = 0.
(iiB) If € is a bounded parabolic point of G (see Definition[2.48), and if the series [8I) converges for
some K >0, then p(WAg¢) = 0.

Remark 1.38. The fact that u(WAg ¢) is either 0 or 1 is an easy consequence of the assumption that
is ergodic, since WA g ¢ is a measurable G-invariant set.

Remark 1.39. (iiB) is not a special case of (iiA) as demonstrated by Proposition BI5lbelow. In particular,
the proof of (iiB) depends crucially on the fact that if £ is a parabolic point, then the map g — g(§) is
highly non-injective, which reduces the number of potential approximations to consider. In general the
map g — ¢(§) is usually injective, so this reduction cannot be used. Thus, it seems unlikely that the
converse of (i) of Theorem [B1] should hold in general.

24A1though this is not the weakest assumption which we could have used here, it has the advantage of avoiding technicalities
about what regularity hypotheses on ® are necessary for which statements; this hypothesis suffices for every statement we
will consider. We have added the hypothesis to the definition itself because if a weaker hypothesis is used, then the equation
([C3) may need to be modified.

25The reason that we have called points satisfying our definition ®,&-well approximable rather than ®,-approximable is
to indicate this distinction.

26The fact that Theorem Bl is truly a generalization of Theorem is proven in Example below.
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1.5.1. Special cases. When considering special cases of Theorem Rl we will consider the following three
questions:
1. Under what hypotheses are the series (81) and [82]) asymptotic? That is, when do parts (i) and
(ii) of Theorem B.1] give a value for (WAg ¢) for every possible function ®?
2. Under what hypotheses is it possible to simplify (asymptotically) the series (81I)7
3. Under what hypotheses can we prove that u(BA¢) = 0 and/or u(VWA¢) = 0?

To answer these questions we consider the following asymptotic formulas:

B2 ALe(r) =% r° Vr>0

&) Fo(t) = #{g € G : d(0,9(0)) < t} = b* vt > 0]

These asymptotics will not be satisfied for every group G and every point £, but we will see below that

there are many reasonable hypotheses which ensure that they hold. When the asymptotics are satisfied,
we have the following:

Proposition B.T] (Reduction of (BI]) and [82]) assuming power law asymptotics). If 825 holds then
for each K >0

&) ED = [ Auelklea(e)dr
t=0

If B24) holds then for each K >0

B27) BI) =x B = Y _ °(Kp9D),

geG
If both (825)) and (824) hold then for each K >0

EZ) ED = 62 <p [ ()t
t

=0
and so by Theorem [81]

o0

B239) p(WAse) =0 < eét‘bé(et)dt < 0.
t=0

Note in particular that the last integral depends only on the Poincaré exponent §, and on no other
geometric information.

Corollary (Measures of BAg and VWA, assuming power law asymptotics). Assume & € A. If (824)
holds, then (VWA¢) = 0, and u(BA¢) = 0 if and only if G is of divergence type. If (820 holds, then
w(BA¢) = 0. If both hold, then p(BA¢) = pn(VWA¢) = 0.

Remark 1.40. The hypothesis £ € A is necessary in Corollary 812 Indeed, if £ € X \ A, then BA¢ = A,
(see Proposition [3.2)).

1.5.2. Verifying the hypotheses [824]) and ([B2H). Let us now consider (more or less) concrete examples
of pairs (G, €) for which [824]) and/or (R2E) are satisfied. As for the Jarnik—Besicovitch theorem, the
simplest case is when ¢ is a uniformly radial point, in which case Sullivan’s Shadow Lemma (Lemma [R2))
yields the following:

Example [B.13l If £ is a uniformly radial limit point, then (824]) holds.
Let us call a group G perfect if (824) and [825) (and thus (829]) are satisfied for all £ € Ag.

Example B.14] (Quasiconvex-cocompact group). Let X be a proper and geodesic hyperbolic metric space,
and let G < Isom(X). The group G is called quasiconvex-cocompact if the set G(0) is quasiconvez, i.e.
there exists p > 0 such that for all z,y € G(o),

B31) [z,y] € B(G(0), p).

Any quasiconvex-cocompact group is perfect.

2TWe remark that if either formula holds with § replaced by some s > 0, then s = 4.
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Example 1.41 (Lattice on a real, complex, or quaternionic hyperbolic space). Let X be a real, complex,
or quaternionic hyperbolic space, and let G < Isom(X) be a lattice. Then G is perfect.

Proof. ([824]) follows from (ii) of Proposition [B.7} (825 is a special case of Example [[.45] below. O

Example 1.42 (The classical Khinchin theorem). Since SLy(Z) is a lattice, Example [[41] implies that
SLz(Z) is perfect. Moreover, using the substitution ¢ = log(¢?) and the value § = 1, we have

oo oo [e'e] d oo
(1.9) [ o= [ catha =z [ o) = > ave?)

t=0 t=0 q=1 q a=1
Thus if we let U(q) = ®(¢?), then the series 1), (82), and (7)) are all +, x-asymptotic. Thus, by
appl%ng Observation [[37] we are able to deduce the difficult direction (ii) of Theorem [[.35] from Theorem
8.1

Example 1.43. Let X = H? and let G = SLy(Z). Theorem Bl shows that for every ¢ € 90X = R and
for every @ : [0,00) — (0, 00) such that ¢ — t®(¢) is nonincreasing, WA ¢ is either a Lebesgue null set or
of full Lebesgue measure according to whether the series (I7]) converges or diverges. This result is new
except when ¢ is rational.

Our last example of a perfect group is a little more exotic:

Example 1.44 (Lattice on a uniform tree). Let X be a uniform tree which contains no vertex of degree
< 2. Then if G < Isom(X) is a lattice, then G is perfect.

Proof. The estimate ([823)) is [48, Theorem 2.1(2)]. To demonstrate [824), let H be a discrete cocompact
subgroup of Isom(X). By Example[814] the Patterson—Sullivan measure of H satisfies (824]), so it remains
to show that the Patterson—Sullivan measure of H is also d-conformal with respect to G. But by [44]
Theorem 6.3], the Patterson—Sullivan measure of H is a constant multiple of the J-dimensional Hausdorff
measure on 0X, and it is well known (e.g. [83] p. 174]) that this is d-conformal for any group. O

Note that for each n > 3, the unique tree such that each vertex has degree n is a uniform tree.

In our next example, ([B25) is satisfied, but [824]) is usually not satisfied. Of course, [824) is still
satisfied if ¢ is a uniformly radial point, so in this case we have [829). Moreover, by Corollary we
have pu(BAg) =0 for all £ € Ag.

Example 1.45 (Geometrically finite group on a pinched Hadamard manifold). Let X be a pinched
Hadamard manifold, and let G < Isom(X) be geometrically finite (meaning that A = A, U Ay,p). Suppose
that one of the following conditions holds:

(A) X is a real, complex, or quaternionic hyperbolic space.
B) For each £ € Ay, the orbital counting function see of G¢ with respect to D, satisfies a
P g 3 13
power law i.e.

(1.10) fe(R) < R,

where d¢ is the Poincaré exponent of the parabolic subgroup Ge.
(C) For each & € Ay, Ge is of divergence type.
(D) For each £ € Apyp, 0¢ < 6.

Then (8.25)) is satisfied. In particular, if (B) holds, then for each £ € Ay, we have
(1.11) p(WAge) =0 < (e'®(e'))2070)dt < oo
=0

for every function @ : [0,00) — (0, 00) such that ¢ — t®(t) is nonincreasing.

28(i) of Theorem [[35is not deduced from Theorem Bl for two trivial reasons: first of all, the hypotheses of (i) Theorem
[L.35] are weaker; second of all, ®, co-well-approximability implies W-approximability but not vice-versa.
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Proof. The implication (D) = (825]) was proven by S. D. Hersonsky and F. Paulin [47] Lemma 3.6] using a
result of T. Roblin [75] Corollaire 2 of Théoréme 4.1.1]. We claim that (A) = (B) = (C) = (D). Indeed, it
is obvious that (B) = (C). For (A) = (B), see e.g. [60, Lemma 3.5]. Finally, (C) = (D) is [22] Proposition
2].

To demonstrate (ILIT]), note that since (825) holds, by Proposition BT we have

ED =i [ Auele'v(ear
t=0
=y / (e!®(e?))20 %) dt. (by [76, Théoreme 3.2])
t=0

We remark that in the last step, we used the hypothesis (B) to apply B. Schapira’s Global Measure Formula
for pinched Hadamard manifolds.

Now since ¢ is assumed to be a bounded parabolic point, Theorem [B] (parts (i) and (iiB)) tells us that
1w(WAg ¢) =0 or 1 according to whether the series (81]) converges or diverges, respectively. O

Remark 1.46. The implication (A) = (825) was proven in the case of real hyperbolic space by B. O.
Stratmann and S. L. Velani [82] Corollary 4.2]. The idea of their proof, combined with the more general
global measure formulas found in [66] and [76], can be used to prove that (A) = (820 (in the general
case) and that (B) = (823l), respectively.

Remark 1.47. If 6 = §/2, then (LII) reduces to (829) (cf. Remark [[.29]). In particular this happens if
X is a real, complex, or quaternionic hyperbolic space and G is a lattice.

Proof. See (i) of Proposition [B.7 O

1.5.3. A remark on u(VWA¢) in the above example. In Example [[Z5] since ([B25) is satisfied but not
([824), Corollary [ 12 says that u(BA¢) = 0 but gives no information on p(VWA¢) (unless § is a uniformly
radial point).

Proposition 1.48. Let X = H*L for some d € N, and let G < Isom(X) be geometrically finite. Then
ILL(VWAg) =0.

Proof. For each ¢ > 0, by Theorem [[I] we have dimg (W) < C_‘il < §. But by [82] Proposition 4.10],
any set of full py-measure has Hausdorff dimension at least 6. Thus u(We¢) = 0 for all ¢ > 0, and so
H(VWA,) = 0. O

Remark 1.49. It appears to be difficult to prove that u(VWA¢) = 0 directly from Theorem 1] (assuming
that (824) is not satisfied and that £ ¢ Ayp), since then the series (82) needs to be analyzed directly, as
it is not clear whether it is asymptotic to (&I).

1.5.4. An exzample where (81]) # B2). In Example [[L45] we used (iiB) of Theorem [8]to prove (LII)). A
natural question is whether we could have used (iiA) instead, as it is more general. However, we could not,
as the following proposition shows:

Proposition BI85l Let X = H*! for some d € N, and let G < Isom(X) be geometrically finite. If € is a
bounded parabolic point whose rank is strictly greater than 46/3, then there exists a function ® such that
t — t®(t) is nonincreasing and such that for every K > 0, 81 converges but B2) diverges.

If G is a nonelementary geometrically finite group and if £ is a parabolic point of rank ke, then § > k¢ /2
(e.g. [5]), and this bound is optimal (e.g. [71, Theorem 1]). In particular, it may happen that § < 3k¢/4
or equivalently k¢ > 46/3. This shows that Proposition [8.I5lis not vacuous.

1.5.5. The measure of Ay.. The following result is an application of Theorem Rt

Proposition BI8l Let (X,d,0,b,G) be as in §1.1.7, with X proper and geodesic. Let p be a d¢-
quasiconformal measure on A. Then p(Ayy) = 0 if and only if G is not quasiconvex-cocompact.
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1.5.6. Relation between Theorems[8.1 and[71] via the mass transference principle. We now remark on the
relation between Theorems [R1] and [Z.1] provided by the Mass Transference Principle of V. V. Beresnevich
and S. L. Velani [7]. Informally, the Mass Transference Principle states that given any setup of Diophantine
approximation taking place in an Ahlfors regular metric space, the analogue of Khinchin’s theorem implies
the analogue of the Jarnik—Besicovitch theorem. In particular, applying [7, Theorem 3 on p.991] to Theorem
B (together with (827))) immediately yields the divergence case of the following:

Theorem 1.50. Let (X,d,0,b,G) be as in §1.1.7], and fix a distinguished point & € 0X. Let 0 be the
Poincaré exponent of G, and suppose that there exists an ergodic §-quasiconformal probability measure on
A which is Ahlfors 0-reqular (see Definition [{.1]). Let f,® : (0,00) — (0,00) be functions such that the
function t v+ t=0 f(t) is nonincreasing and the function t v t° f o ®(t) is monotonic. Then

0 if > cqfo (K b:90)) < oo for some K >0

HI (WA ) =
(WAq.e) {OO if dec f o ®(Kb¥29(0)) = o0 for all K >0

The convergence case follows immediately from the Hausdorff-Cantelli lemma (see e.g. [8, Lemma 3.10]).
In particular, letting f(t) = t* and ®.(t) = t~ (1) we get

0 ifs>%
o ifs< L
H*(WAg, ¢) = . e ,
0 if s = tf7 and G is of convergence type
oo ifs= 1ic and G is of divergence type

for all s <¢. Since Wee = (oco WA, e N A D WAg, ¢ N A, if H?(A\ A;) = 0 then we have

\ 0 ifs> &
H(Weg) = {oo ifs< 1-‘%—
— 1+c¢

Summarizing, we have the following:

Corollary 1.51. Let (X,d,0,b,G) be as in §1.1.4, and fix a distinguished point § € 0X. Let § be the
Poincaré exponent of G, and suppose that there exists an ergodic d-quasiconformal probability measure on
A which is Ahlfors §-reqular. Then for ¢ > 0,

4]

dimH(chg) = 1 T

)

as long as dimpy (A \ Ay) < 13-

Corollary [[L5]] can be deduced independently from Theorem [I.1} see below. Moreover, in this case the
hypothesis that dimpg (A \ A;) < 1j5rc may be weakened to the hypothesis that u(A\ A;) = 0. However, we
remark that the assumption dimg (A \ A;) = 0 is satisfied in all the examples of §I.5.2] which are Ahlfors

regular (in fact, A\ A, is countable in these examples).

Proof of Corollary [L51 using Theorem[71} Fix o > 0 such that u(A,,) > 0. Since p is ergodic, (A \
G(A:,»)) = 0. By Lemma [Z39] for all 7 > 0 sufficiently large we have G(A; ) C A, ,; for such 7, we have
p(AN\ Ar 7)) = 0.
Since p is Ahlfors §-regular, it follows from the mass distribution principle that
HE(B(ET) N Arr) Zx p(BEr) N A7) =77,

and so P¢(6) = §. By Proposition [7.4] we have P¢(s) = s for all 0 < s < 4. O

History of Theorem [B.3]1 Although Theorem [R] has not been stated in the literature previously, the
equivalences ([829) and (LIT]) have both appeared in the literature. ([829) was proven

e in the case where X = H?, G is a lattice, and ¢ is a conventional point by S. J. Patterson in 1976
[69) the Theorem of §9].
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e in the case where X = H¥t!, G is a lattice, £ is a parabolic point, and ®(e') = e~ (¢t Vv 1)~(1+e)/9
for some € > 0 (the “logarithm law”) by D. P. Sullivan in 1982 [84) Theorem 6].

e in the case where X = H4t1, G is convex-cocompact, and ¢ is a hyperbolic point by B. O. Stratmann
in 1994 [79] Theorem A].

e in the case where X is a uniform tree which contains no vertex of degree < 2, GG is a lattice, and &
is a parabolic point by S. D. Hersonsky and F. Paulin in 2007 [48, Theorem 1.1].

(CII) was proven

e in the case where X = H?*! G is geometrically finite, and £ is a parabolic point by B. O. Stratmann
and S. L. Velani in 1995 [82] Theorem 4].

e in the case where X is a pinched Hadamard manifold, GG is geometrically finite, and ¢ is a parabolic
point satisfying (II0) by S. D. Hersonsky and F. Paulin in 2004 [47, Theorem 3].

Note that in the above lists, we ignore all differences between regularity hypotheses on the function ®.

2. GROMOV HYPERBOLIC METRIC SPACES

In this section we review the theory of hyperbolic metric spaces and discrete groups of isometries acting
on them. There is a vast literature on this subject; see for example [I5] 511 (67, [88]. We would like to single
out [12], [15], and [88] as exceptions that work in not necessarily proper settings and make reference to
infinite-dimensional hyperbolic space.

Definition 2.1. Let (X, d) be a metric space. For any three points x,y, z € X, the Gromov product of x
and y with respect to z is defined by

1
{aly) = Fld(z, 2) +d(y, ) — d(z,y)].
Intuitively, the Gromov product measures the “defect in the triangle inequality”.

Definition 2.2. A metric space (X, d) is called hyperbolic (or Gromov hyperbolic) if for every four points
xz,y, 2, w € X we have

(2.1) (@]2)w 2+ min({z[y)w, (¥]2)w)-
We will refer to this inequality as Gromov’s inequality.

Hyperbolic metric spaces should be thought of as “those which have uniformly negative curvature”.
Note that many authors require X to be a geodesic metric space in order to be hyperbolic; we do not. If
X is a geodesic metric space, then the condition of hyperbolicity can be reformulated in several different
ways, including the thin triangles condition; see [I5] §II1.H.1] for details.

For each z € X, let B, denote the Busemann function

(2.2) B.(z,y) :=d(z,z) — d(z,y).
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Proposition 2.3. The Gromov product satisfies the following identities and inequalities:

(a) (zly). = (y|z)-

(b) d(y, z) = (ylz) + (z|z)y

(c) 0 < (z|y). < min(d(z, 2),d(y, 2))

(d) (@|y): < (@|y)w + d(2,w)

(e) (@lY)w < (z2)w + (y, z)

(f) (@|y): = (2ly)w + 5 [ o(2,w) + By(z,w)]
(g) (zly). = %[d(:w) + By(z, z)]

(h) Bi(y, z) = (z]2)y — (ylv)-

(i) (@|y): = (@[Y)w + d(z, w) = (z]2)w — (Y]2)w
(i) (@|y): = (@|Y)w + (2z|w): — (Y|2)w

The proof is a straightforward computation. We remark that (a)-(e) may be found in [88 Lemma 2.8].

2.1. Examples of hyperbolic metric spaces. The class of hyperbolic metric spaces is rich and well-
studied. For example, any subspace of a hyperbolic metric space is again a hyperbolic metric space, and
any geodesic metric space quasi-isometric to a geodesic hyperbolic metric space is again a hyperbolic metric
space [15] Theorem ITI.H.1.9]. Moreover, for every k < 0, every CAT(x) space is hyperbolic [I5, Proposition
II1.H.1.2]. We list below some well-known celebrated examples with no desire for completeness. ITtems with
x are CAT (k) spaces for some x < 0, and items with { are proper metric spaces, i.e. those for which closed
balls are compact.

e Standard hyperbolic space HI*! or B4+ (* 1).

e Infinite-dimensional hyperbolic space, i.e. the open unit ball B> in a separable Hilbert space with
the Poincaré metric (*). This space and groups of isometries acting on it is investigated at length
n [26].

e Trees (*,1 if locally finite)

o R-trees (*, sometimes 7).

e Word-hyperbolic groups together with their Cayley metrics (f). We remark that this includes
almost every finitely presented group [40] p.78], [68]; see also [20].

e All Riemannian manifolds with negative sectional curvature uniformly bounded away from zero

(*,1)-
e Complex and quaternionic hyperbolic spaces (*,f). These will be discussed in some detail in
Appendix [Bl
e Green metrics on word-hyperbolic groups [I1, Corollary 1.2]
e Quasihyperbolic metrics of uniform domains in Banach spaces [89, Theorem 2.12]
e Arc graphs and curve graphs [43] and arc complexes [59] 49| of finitely punctured oriented surfaces
e Free splitting complexes [42] [49] and free factor complexes [9] [52] [49]

2.2. The boundary of a hyperbolic metric space. In this subsection, we define the Gromov boundary
of a hyperbolic metric space (X,d). If X = H*! or B! for some d € N, then the boundary of X is

exactly what you would expect, i.e. it is isomorphic to the topological boundary of X relative to RI+1,
In the following, we fix a distinguished point 0 € X. However, it will be clear that the definitions given
are independent of which point is chosen.

oo

Definition 2.4. A sequence (x,)5° in X is called a Gromov sequence if

(Tn|Tm)o — 00.
n,m
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Two Gromov sequences (x,,)5° and (y,)$° are called equivalent if

(Tn|yn)o — 00.
n

It is readily verified using Gromov’s inequality that equivalence of Gromov sequences is indeed an equiva-
lence relation.

Definition 2.5. The Gromov boundary of X is the set of Gromov sequences modulo equivalence. It is
denoted 0X. The Gromov bordification of X is the set bord X := X UJX. (The term “bordification” is
similar to “compactification”, except that the resulting space is not necessarily compact.)

Remark 2.6. Let g be an isometry of X. Then g takes Gromov sequences to Gromov sequences, and
equivalent Gromov sequences to equivalent Gromov sequences. Taking the quotient yields a map gsx :
0X — 0X. Let gporq x : bord X — bord X be the piecewise combination of g with ggx. Abusing notation,
we will in the sequel denote the maps g, gox, and gpora x by the same symbol g.

2.2.1. Eztending the Gromov product and Busemann function to the boundary. For all points £, € 0X
and y, z € X, the appropriate Gromov products and Busemann function are defined as follows:

(2.3) (€l = inf{}irggin;@ﬂymﬂ D)1 €&, (Ym)TT €}
(2.4) Ely)z = WlE). = inf{l%n_l}i()rgf(xﬂy)z (xn)T €&}
(2.5) Be(y, z) == (21€)y — (¥l€)=,

keeping in mind that £, € 0X are collections of Gromov sequences.
The main properties of the Gromov product on the boundary come from the following lemma;:

Lemma 2.7 (|88, Lemma 5.11]). Fiz §,n € 0X and y,z € X. For all (x,)7° € € and (ym)5° € n we have

(26) <xn|ym>z m <§|77>z
(23) B, (y.2) —— Be(y,2)

((28) is not found in [88] but it follows immediately from (2.1]).)
A simple but useful consequence of Lemma 2.7 is the following:

Corollary 2.8. The formulas of Proposition [2.3 together with Gromouv’s inequality hold for points on the
boundary as well, if the equations and inequalities there are replaced by additive asymptotics.

2.2.2. A topology on bord X. One can endow bord X with a topological structure. We will call a set
S C bord X open if SNX is open and if for each £ € SNIX there exists ¢ > 0 such that N,(§) C S, where

(2.9) Ni(€) :={y € bord X : (y|&), > t}.

We remark that with the topology defined above, bord X is metrizable; see [15, Exercise IT1.H.3.18(4)] if
X is proper and geodesic, and |26, Corollary 3.6.14] for the general case.

Observation 2.9. A sequence (z,)$° in bord X converges to a point £ € 90X if and only if

(2.10) (Xn|€)o — 0.

Observation 2.10. A sequence (z,)° in X converges to a point £ € 9X if and only if (x,,)5° is a Gromov
sequence and (z,,){° € &.

Lemma 2.11 (Near-continuity of the Gromov product and Busemann function). Suppose that (x,)5° and

(yn)$° are sequences in bord X which converge to points x, — x € bord X and y, — y € bord X. Suppose
n n
that (2,)3° and (w,)° are sequences in X which converge to points z, — z € X and w, — w € X. Then
n n
(2.11) (@nlyn)zn — (2ly)=
n,+
n,
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Proof. In the proof of ([2.I1]), there are three cases:

Case 1: z,y € X. In this case, (ZTI1]) follows directly from (d) and (e) of Proposition 23
Case 2: z,y € 0X. In this case, for each n € N, choose T,, € X such that either
(1) 2 =z, (fz, € X), or
(2) @nplan), > n (if z, € 0X).
Choose 7, similarly. Clearly, Z, — and ¥, =Y. By ObservationZI0] (Z,)5° € z and (7,,)$° € .
Thus by Lemma [2.7]

(2.13) (@nlgn)= —— (@ly)=-
Now by Gromov’s inequality and (e) of Proposition 23] either

(1) (@nlYn)> =<+ (Tnlyn)-, or

(2) @nlYn)= 2+ 1,
with which asymptotic is true depending on n. But for n sufficiently large, [2.I3]) ensures that the
(2) fails, so (1) holds.

Case 3: x € X, y € 0X, or vice-versa. In this case, a straightforward combination of the above arguments
demonstrates ([Z.1T]).

Finally, note that ([2I2]) is an immediate consequence of (ZI1]), [Z35]), and (h) of Proposition 23 O

Remark 2.12. If g is an isometry of X, then the map gporq x : bord X — bord X defined in Remark
is a homeomorphism of bord X.

2.3. Different (meta)metrics.

Definition 2.13. Recall that a metric on a set Z is a map D : Z x Z — [0, 00) which satisfies:
(I) Reflexivity: D(z,z) = 0.
(IT) Reverse reflexivity: D(z,y) =0 =z =y.
(III) Symmetry: D(x,y) = D(y, ).
(IV) Triangle inequality: D(z,z) < D(z,y) + D(y, z).

Now we can define a metametric on Z to be amap D : Z x Z — [0, 00) which satisfies (IT), (III), and (IV),
but not necessarily (I). This concept is not to be confused with the more common notion of a pseudometric,
which satisfies (I), (III), and (IV), but not necessarily (II). The term “metametric” was introduced by J.
Viisild in [S8)].

If D is a metametric, we define its domain of reflexivity as the set Zwen := {x € Z : D(z,x) = 0}.
Obviously, D restricted to its domain of reflexivity is a metric.

Now let (X, d) be a hyperbolic metric space. We will consider various metametrics on bord X.
2.3.1. The visual metametric based at a point z € X.
Proposition 2.14. If X = B!, then for all x,y € 0X we have
(2.14) Slly = x| = 6o,
Proof. See [15] §I11.H.3.19] for < and [26, Lemma 3.5.1] for equality. O

The following proposition generalizes (2.14]) to the setting of hyperbolic metric spaces:

Proposition 2.15 ([88] Propositions 5.16 and 5.31]). For each b > 1 sufficiently close to 1 and for each
z € X, there exists a complete metametric D, = Dy, , on 0X satisfying

(2.15) Dy (y1,2) =x b~ (¥1lv2)

for all y1,y2 € bord X. The implied constant may depend on b but not on z.



22 LIOR FISHMAN, DAVID SIMMONS, AND MARIUSZ URBANSKI

We will refer to Dy, as the “visual (meta)metric from the point z with respect to the parameter b”.
The metric Dy, . 1 0X has been referred to in the literature as the Bourdon metric. We remark that this
metric is compatible with the topology defined in §2.2.2 restricted to 0.X.

Remark 2.16. For CAT(-1) spaces, Proposition 215 holds for any 1 < b < e; moreover, the asymptotic
in (2I5) may be replaced by an equality; see [13] if X is proper and [26], Proposition 3.3.4] for the general
case.

2.3.2. Standing assumptions for Section [2 For the remainder of Section 2] we will have the following
standing assumptions:
(I) (X,d) is a hyperbolic metric space
(IT) o € X is a distinguished point
(III) b > 1 is a parameter close enough to 1 to guarantee for every z € X the existence of a visual
metametric D = Dy, , via Proposition 2.15] above.

2.3.3. The visual metametric based at a point £ € 0X. Our next metametric is supposed to generalize the
Euclidean metric on the boundary of the upper half-plane model H¢t!. This metric should be thought of
as “seen from the point co”.

Notation 2.17. If X is a hyperbolic metric space and £ € X, then let & := bord X \ {£}.

We will motivate the visual metametric based at a point £ € 9X by considering a sequence (z,,)7° in X
converging to £, and taking the limits of their visual metametrics.
In fact, Dy ., (y1,y2) — 0 for every yi1,y2 € &. Some normalization is needed.
o ,

Lemma 2.18. Let (X,d,0,b) be as in §2.3.3, and suppose z, — & € 0X. Then for each y1,y2 € &,

d(0,zn) —y1ly2)o— 71 (wil€)o]
b Dy, (y1,y2) e b ! -

Proof.
bd(oxzn)Db . (y17y2) =y b_[<y1|y2>zn_d(ovz7l)]
= b lwly2)o=37 1 (yilzn)o] (by (i) of Proposition [23])
—lyalyz)o—327_, (yil€)o]
. b 1 . (by Lemma 2.TT])

O

Corollary 2.19. Let (X,d,0,b) be as in 232 Then for each { € 0X, there exists a metametric D¢ , =
Dy o on & satisfying
(2.16) Dye.o(y1,y2) =x plwly2)o—327_ (wil€)o]
The metric Dy ¢, | & NOX has been referred to in the literature as the Hamenstddt metric.
Proof of Corollary[2.19. Let

Dyg.0(y1,y2) = limsup b4 Dy, _(y1, o).

z—E

Since the class of metametrics is closed under suprema and limits, it follows that Dy ¢ , is a metametric. [
From Lemma 218 and Corollary 2.191 it immediately follows that
(2.17) b Dy, (y1,y2) — Dieo(y1,42)

whenever (z,,)5° € €.
Lemma 2.20. Let (X,d,0,b) be as in Y2324 For all x € X and £ € 0X, we have
1

2.18 De. =, bll&e =~
( ) £, (O,CE) X X Do(iE,{)
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Proof. By (2.14]),
De.o(0,2) =5 b~ Helm)o=(0l8)o=(zl€)o] — plelé)o,

2.3.4. Comparison of different metametrics.

Observation 2.21. Let (X,d, 0,b) be as in §23.2 and fix y1,y2 € bord X.

(i) For all z1,22 € X, we have

D, (y1,v2) 2
2.19 ZaNdbL I2) 3By (21,22) 4By, (21,22)]
(3:19) D, (y1,y2)
(i) For all z € X and & € 0X, we have
(2.20) Des(y92) _  p-(wn1e)-+ (1))
Dz(yla y2)

(ili) For all 21,22 € X and £ € 90X, we have

(221) D&zl (ylqu) = blg&(zth)-
De 2, (Y1, y2)

Proof. (i) follows from the (f) of Proposition 23] (ii) follows from (2I6), and (iii) follows from @ZI7). O

Corollary 2.22. Let (X,d,0,b) be as in §2.3.2, and fix y1,y2 € bord X. Then for all g € Isom(X),

(2.22) Do) 9(W2)) _ y1/2)18,, (007 (o) 4By 09 o))
D(y1,y2)
Proof. Note that Do g = Dy-1(,, and apply (Z.I9). O

Notation 2.23. From now on we will write

g'(y) = DD,
so that (Z22]) may be rewritten as the geometric mean value theorem

(2.23) D(g(y1),9(y2)) _ 12

Dlyryn) (9'(y1)d (v2))

To justify this notation somewhat, note that if y; € bord X is not an isolated point then

’ - im D(g(yl)vg(y2))
9/ () = y21—>y1 D(y1,y2)

by ([Z23) together with Lemma 2171
We end this subsection with a proposition which shows the relation between the derivative of an isometry
g € Isom(X) at a point { € Fix(g) and the action on the metametric space (&, De o):

Proposition 2.24. Fiz g € Isom(X) and & € Fix(g). Then for all y1,y2 € &,
De,o(9(y1), 9(y2)) =x g'(€) ™" De.o(y1,y2)-
Proof.
Deo(9(y1),9(y2)) = Deg-1(0) (1, 92)

=y b 65(0’971(0))175,0(3/1,?/2) (by @210)
=x §'(§) "' De.o(y1, y2) -
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2.4. The geometry of shadows. Recall that if X = Ht! or B4+!, then for each z € X the projection
map 7, : X \ {z} — 90X is defined to be the unique map so that for all x € X \ {z}, z is on the geodesic
ray joining z and 7, (z). For x € X and o > 0, it is useful to consider the set 7. (B(x,0)), which is called
the “shadow” of the ball B(x,o) with respect to the point z. This definition does not make sense in our
setting, since a hyperbolic metric space does not necessarily have geodesics. Thus we replace it with the
following definition which uses only the Gromov product:

Definition 2.25. Let (X, d) be a hyperbolic metric space. For each ¢ > 0 and z,z € X, let
Shad. (z,0) = {1 € 9X : (zln), < o},

We say that Shad,(z, o) is the shadow cast by = from the light source z, with parameter o. For shorthand
we will write Shad(z, o) = Shad,(z, o).

Although we will not need it in our proofs, let us remark that the sets Shad,(x,c) are closed [26]
Observation 4.5.2].

Proposition 2.26 (|26, Corollary 4.5.5]). Let X = Hit1 or B¥tL. For every o > 0, there exists T = 7, > 0
such that for any x,z € X we have

m.(B(z,0)) C Shad. (z,0) C 7. (B(z, 7).
Let us establish up front some geometric properties of shadows.
Observation 2.27. If n € Shad,(z, o), then
(x[n): <40 d(z,2).
Proof. We have (z|n), < d(z,2) =4 (z[n): + (2|n)s < (z|n)- + 0. O

Lemma 2.28 (Intersecting Shadows Lemma). Let (X,d) be a hyperbolic metric space. For each o >
0, there exists T = 7, > 0 such that for all x,y,z € X satisfying d(z,y) > d(z,z) and Shad,(z,0) N
Shad,(y, o) # &, we have

(2.24) Shad, (y, o) C Shad,(z, 1)
and
(225) d(Ia y) =+,0 BZ (yv .I)

Proof. Fix n € Shad,(x,0) N Shad,(y, o), so that by Observation 2.27]

(@|n): <40 d(z,x) and (y[n): <40 d(z,y) 2 d(z, z).
Gromov’s inequality along with (c) of Proposition 23] then gives
(2.26) (ely)e =10 d(z,2).

Rearranging yields (Z25). In order to show (Z24)), fix £ € Shad,(y,0), so that (y|£), <4+ d(z,y) >
d(z,z). Gromov’s inequality and (226l then give

<‘T|§>z =+,0 d(Z,JJ),
i.e. £ € Shad,(z,7) for some 7 > 0 sufficiently large (depending on o). O

Lemma 2.29 (Bounded Distortion Lemma). Let (X, d, 0,b) be as in §2.3.2, and fix o > 0. Then for every
g € Isom(X) and for every § € Shady-1(,)(0,0) we have

(2.27) q) =% p—d(o.9(0))
Moreover, for every &1,& € Shadgy—1(,)(0,0), we have

D(9(61),9(&2)) _ —d(o.g0)
(2.28) D) =0 b4 :
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Proof. By (g) of Proposition 2.3]
J€) = pBe(0,971(0)) = p2(g~ " (0)[€)o—d(0,g(0)) =y o p—d(o,g(0))

Now (228)) follows from (2.27)) and the geometric mean value theorem (2.23)). O
Lemma 2.30 (Big Shadows Lemma). Let (X,d,0,b) be as in §2.32. For every € > 0, for every o > 0
sufficiently large, and for every z € X, we have
(2.29) Diam(0X \ Shad,(0,0)) < e.

Proof. If £, € 0X \ Shad,(o,0), then (z|€), > o and (z|n), > 0. Thus by Gromov’s inequality we have
(Elnbo 24 0

Exponentiating gives D(&,n) Sy b~7. Thus
Diam (90X \ Shad,(0,0)) <x b7 — 0,

and the convergence is uniform in z. O

Lemma 2.31 (Diameter of Shadows Lemma). Let (X,d,0,b) be as in §2.3.3, and let G < Isom(X). Then
for all o > 0 sufficiently large, we have for all x € G(0) and for all z € X

Diam, (Shad, (z,0)) Sx., b~4=%),
with <y o if #(0X) > 3.
Proof. For any &, € Shad,(z,0), we have

Do (€, 1) = b€l p— min((zl€)=, (z,m).)

Sx
<. bfd(z,z)
which proves the < direction.

Now let us prove the > direction, assuming #(0X) > 3. Fix &,&,&3 € 0X distinct, let ¢ =
min,2; D(&;,€;)/2, and fix ¢ > 0 large enough so that ([2:29) holds for every z € X.

Now fix z = g(0) € G(0) and z € X; by (Z29) we have
Diam(9.X \ Shad,-1,)(0,0)) <,

and thus
#{i=1,2,3:& € Shady-1(,)(0,0)} > 2.

Without loss of generality suppose that &1, € Shad,-1(.)(0,0). By applying g, we have g(£1),9(&2) €
Shad,(z,0). Then

Diam,(Shad,(z,0)) > Dp .(g(&1),9(&2))

= p—(9()lg(€2))= _ p—{&alé2) -1z,
> p—{€1l€2)o p—d(0,97 1 (2)) X 160 p—d(z:z)

O

Remark 2.32. If G is nonelementary then #(0X) > #(Ag) > 3 (see Definition [Z3T below). Thus in our
applications, we will always have <y , in Lemma 23]

We end this subsection with the definition of a horoball:

Definition 2.33. A horoball centered at a point £ € 0X is a sublevelset of the Busemann function of &,
i.e. a set of the form
H = {z: Be(x,0) < t}.

Such sets are called horoballs because in the case X = H*t1 they are balls tangent to the boundary.
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2.5. Modes of convergence to the boundary; limit sets. Let (X, d) be a hyperbolic metric space,
and fix a distinguished point 0 € X. We recall (Observation [Z9]) that a sequence (z,,)5° in X converges to
a point £ € 0X if and only if

In this subsection we define more restricted modes of convergence. To get an intuition let us consider the
case X = H2.

Proposition 2.34 (|26, Proposition 7.1.1]). Let (x,,)5° be a sequence in H? converging to a point & € OH?.
Then the following are equivalent:
(A) The sequence (2,,)5° lies within a bounded distance of the geodesic ray |o,&].

(B) There exists o > 0 such that for all n € N,

<O|§>mn <o,

or equivalently
(2.30) ¢ € Shad(zy,, 0).

Condition (A) motivates calling this kind of convergence radial; we shall use this terminology henceforth.
However, condition (B) is best suited to a general hyperbolic metric space.

Definition 2.35. Let X be a hyperbolic metric space, and let (z,,)$° be a sequence in X converging to a
point £ € 0X. We will say that (z,)° converges to &

o o-radially if ([2.30) holds for all n € N,
e radially if it converges o-radially for some o > 0,
e o-uniformly radially if it converges o-radially, if

(2.31) d(xn, Tpy1) <o ¥Yn €N,

and if 21 = o,
o uniformly radially if it converges o-uniformly radially for some o > 0, and
e horospherically if

Be (0, ) — +00,
n
or equivalently, if {z,, : n € N} intersects every horoball centered at &.

Observation 2.36. The concepts of convergence, radial convergence, uniformly radial convergence, and
horospherical convergence are independent of the basepoint o, whereas the concept of o-radial convergence
depends on the basepoint. (However, see Lemma 2:39 below.)

Let G < Isom(X). We define the limit set of G, a subset of X which encodes geometric information
about G. We also define a few important subsets of the limit set.

Definition 2.37. Let

A(G) :=={n € 0X : gn(0) — n for some sequence (g,,)7° in G}
A (GQ) :={n € 0X : gn(0) — n radially for some sequence (g,)7° in G}
A (G) :={n € 90X : gn(0) = n uniformly radially for some sequence (g,)5° in G}
A o (G) :={n € 90X : gn(0) = n o-radially for some sequence (g,)7° in G}
Auro(G) :={n € 0X : gn(0) — n o-uniformly radially for some sequence (g,)7° in G}
Aw(G) :={n € 0X : gn(0) — 1 horospherically for some sequence (g, )7 in G}.

These sets are respectively called the limit set, radial limit set, uniformly radial limit set, o-radial limit set,
o-uniformly radial limit set, and horospherical limit set of the group G.
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Note that
Ar = U Ar,a’
a>0
Aur = U Aur,a’
o>0

AurgArgAth-
Observation 2.38. The sets A, A, Ay, and Ay, are invariant under the action of G, and are independent

of the basepoint o. The set A is closed.

The first assertion follows from Observation [2.36] and the second follows directly from the definition of
A as the intersection of 90X with the set of accumulation points of the set G(0).

Lemma 2.39 (Near-invariance of the sets A; ). For every o > 0, there exists T > 0 such that for every
g € G, we have
g(Ar,U) g Ar,T-

Proof. Fix £ € A, . There exists a sequence (h,,)$° so that h,(0) — £ o-radially, i.e.

(0l&)h, (o) <o YnEN
and hy,(0) — ¢ Now
(0lg™ (0D, (0) = d(0, /i (0)) — d(0, 9" (0)) — co.
Thus, for n sufficiently large, Gromov’s inequality gives
(971 0)[E)hn(0) S+ 0 =40 0,
ie.

<0|g(€)>g0hn(o) 4,0 0.
So g o hyp(0) — g(§) T-radially, where 7 is the implied constant of this asymptotic. Thus, g(§) € Ay 7.

O

2.6. Poincaré exponent. Let (X, d, 0,b) be as in §2.3.2] and let G < Isom(X). For each s > 0, the series
(G) = Z p—sd(0,9(0))
geG
is called the Poincaré series of the group G in dimension s (or “evaluated at s”) relative to b. The number
(2.32) dg :=1inf{s > 0: E,(G) < oo}
is called the Poincaré exponent of the group G relative to b. Here, we let inf g = oc.

Definition 2.40. A group of isometries G with dg < oo is said to be of convergence type if ¥5,(G) < oc.
Otherwise, it is said to be of divergence type. In the case where dg = oo, we say that the group is neither
of convergence type nor of divergence type.

2.7. Parabolic points. Let (X,d,0,b) be as in §.32] and let G < Isom(X).

Definition 2.41. Fix £ € 0X, and let G¢ be the stabilizer of £ relative to G. We say that £ is a parabolic
fized point of G if G¢(0) is unbounded and if

(2.33) g (&) <x 1 Vg € G¢.
Note that this definition together with Proposition yields the following observation:

Observation 2.42. Let ¢ be a parabolic fixed point of G. Then the action of G¢ on (&, D¢ ,) is uniformly
Lipschitz, i.e.

(2.34) De.o(9(y1),9(y2)) =<x Deo(y1,42) Vy1,y2 € & Vg € Ge.
Notation 2.43. The implied constant of ([2:34]) will be denoted Cj.
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Observation 2.44. Let £ be a point satistying (2.33]). Then for all g € G¢,

(2.35) De o(0,9(0)) = b1/D(900D)

Proof. This is a direct consequence of Lemma 2201 (g) of Proposition 23] and [2.33]). O
As a corollary we have the following;:

Observation 2.45. Let £ be a point satisfying (2.33]). Then for any sequence (g,)° in Ge,

(2.36) d(o,gn(0)) = 00 & gnlo) — &
In particular, if £ is parabolic then £ € Ag.
Proof.
gn(0) 75 < D(gn(0),§) — 0 < D¢o(o0,9n(0)) =00 & d(o, gn(0)) — 0.
If ¢ is parabolic, then G¢ (o) is unbounded, so there exists a sequence (g,)7° in G¢ satisfying the left hand
side of (Z30). It also satisfies the right hand side of ([2:36]), which implies £ € Ag. O

2.7.1. £-bounded sets. To define the notion of a bounded parabolic point, we first introduce the following
definition:

Definition 2.46. A set S C bord X \ {¢} is é-bounded if € ¢ S.

The motivation for this definition is that if X = H%*t! and ¢ = oo, then ¢-bounded sets are exactly those
which are bounded in the Euclidean metric.

Observation 2.47. Fix S C bord X \ {¢}. The following are equivalent:

(A) S is &-bounded.

(B) (x|€)o <4+ 0 uniformly for all x € S.

(C) D¢ o(0,x) Sx 1 uniformly for all x € S.

(D) S has bounded diameter in the D¢ , metametric.

Condition (D) motivates the terminology “¢-bounded”.

Proof of Observation[207 (A) < (B) follows from the definition of the topology on bord X, (B) < (C)
follows from Lemma 2.20] and (C) < (D) is obvious. O

2.7.2. Bounded parabolic points.

Definition 2.48. A parabolic point £ € Ag is a bounded parabolic point if there exists a £&-bounded set
S Cbord X \ {£} such that

G(0) C Ge(S).
We denote the set of bounded parabolic points by Apyp,.

Proposition 2.49. Let & be a parabolic point of a nonelementary group G < Isom(X). Then the following
are equivalent:

(A) € is a bounded parabolic point.
(B) (i) There exists a £-bounded set S such that Ag \ {€} C Ge(S), and
(ii) There exists a horoball H centered at & which is disjoint from G(0), i.e. & is not a horospherical
limit point.

Proof of (A) = (B). Let S be as in Definition 248, and let § = N, (S, 1), where Ny (S, 7) = {2 : Do(z, S) <

r}. Then Ag \ {{} € G¢(S), demonstrating (B)(i). By (g) of Proposition 23] for x € S we have

1
0=y (z[€)o 2+ 535(07 ),

and since ¢ is parabolic, we have B¢ (0, g(x)) <4 0 for all g € G¢. Thus G¢(S) is disjoint from some horoball
H centered at £, and so G(0) C G¢(S) is also disjoint from H, demonstrating (B)(ii). O
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Proof of (B) = (A). Fix z € G(0), and we will show that De(z, Ag\{¢}) Sx 1. Since G is nonelementary,
we may fix 1,72 € Ag distinct. Letting = g(0), we have

{g(m)lg(n2))e <+ 0,
and so by Gromov’s inequality, there exists ¢ = 1,2 such that

(9(mi)|€)z =+ 0;

we have
De(w, g(m:)) =x b5 Deo(, g(mi)) (by (@2210)
Sx De(, 9(mi)) (since = ¢ H)
= blamIE)e (by Lemma [2:20])
=y 1.
Letting r be the implied constant of this asymptotic yields x € No(Ag \ {£}),r). Thus if S is a {&-bounded
set such that Ag \ {€} C G¢(S), then G(o) C G¢(N.(S, Cor)). O

Remark 2.50. If X = H9*! then (B)(i) of Proposition 249 implies (B)(ii) of Proposition 249 (However,
it is not clear whether the implication holds in general.) Thus our definition of a bounded parabolic point
agrees with the usual one in the literature, which is condition (B)(i).

Proof. Suppose that ¢ satisfies (B)(i) of Proposition 249 By [14, Lemma 4.1], for every ¢ > 0 there exists
a horoball H. centered at £ such that

H.NCq CT(G) := {x € H' : (g € G : d(x,9(x)) < &) is infinite}.

Here Ci denotes the convex hull of the limit set of G.

Without loss of generality suppose o € Cg. Choose ¢ > 0 small enough so that o ¢ T.(G); such a ¢
exists since G is discrete. Since T (G) is invariant under the action of G, we have G(0) N T.(G) = &. On
the other hand, G(o) C Cg, so G(o) N H, = &. O

2.8. Quasiconformal measures.

Definition 2.51. Let (X,d,0,b,G) be as in JL.T4l For each s > 0, a measure u € M(9X) is called
s-quasiconformal if

(2.37) H(g(A)) = /A [0/ (€)]°du(€)

for all g € G and for all A C 9X. It is ergodic if for every G-invariant set A C 90X, either u(4) = 0 or
w(OX \ A) =0.

In this subsection we discuss sufficient conditions for the existence and uniqueness of an ergodic 6-
quasiconformal measure. The well-known construction of Patterson and Sullivan ([T0] and [83]) can be
generalized to show the following:

Theorem 2.52 ([21] 38]). Let (X,d,0,b,G) be as in and assume that X is proper and geodesic,
and that § = 0g < co. Then there exists an ergodic §-quasiconformal measure supported on A.

Proof. Everything except “ergodic” was proven in [21]; see also [26), Theorem 15.4.6]. Let u be a 6-
quasiconformal measure. Let ¢ : G x 0X — R satisfy (1.1)-(1.3) of [38]. Then by [38] Theorem 1.4}, p can
be written as a convex combination of ergodic measures which are “g-admissible” (in the terminology of
[38]). But by (1.1) of [38], we have e2(9:€) =<, ¢'(£)? for p-almost every & € X, so p-admissibility implies
d-quasiconformality for all measures supported on the complement of a certain u-nullset. But this means
that almost every measure in the convex combination is an ergodic d-quasiconformal measure. 0

It is much more difficult to prove the existence of quasiconformal measures in the case where X is not
proper. It turns out that the condition of divergence type, which in the case X = H4*t! is already known to
imply uniqueness of the J-conformal measure, is the right condition to guarantee existence in a non-proper
setting:
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Theorem 2.53 (|26, Theorem 1.4.1)). Let (X,d,0,b,G) be as in §1.1.7] Suppose that G is of divergence
type. Then there exists a 0-quasiconformal measure u for G, where § is the Poincaré exponent of G. It
is unique up to a multiplicative constant in the sense that if 1, o are two such measures then puy <x o,
meaning that py and g are in the same measure class and that the Radon—Nikodym derivative dpy /dus is
bounded from above and below. In addition, u is ergodic and gives full measure to the radial limit set of G.

3. BASIC FACTS ABOUT DIOPHANTINE APPROXIMATION

In this section we prove Theorem [3.I] and Proposition

Theorem 3.1 (Generalization of Dirichlet’s Theorem). Let (X,d,0,b,G) be as in and fix a dis-
tinguished point & € 0X. Then for every o > 0, there exists a number C = C, > 0 such that for every
n € M o(G),

(3.1) D(g(€),n) < Cb=4®9(°) for infinitely many g € G.

Here A, -(G) denotes the o-radial limit set of G.
Furthermore, there exists a sequence of isometries (g,)5° C G such that

9n(&) — n and gn(0) —
and BI) holds with g = g, for all n € N.

Proof. Since the group G is of general type, by Observation[[.8] there exists h € G such that h(§) # €. Let
&1 =€ and let & = h(£). Since 7 is a o-radial limit point, there exists a sequence (g,)5° in G such that
gn(0) converges to 1 o-radially. We have

046 (€1l€2)0 2+ min ((g, " (0)[€1)o, (G ' (0) €2)0) -
Let i, € {1,2} be chosen so as to minimize (g, *(0)|&;, )o. We then have
(G (083 )0 =46 0,
or equivalently
(9n(0)|gn(&i))o =1.& d(0, gn(0))-
On the other hand, since g, (0) converges to n o-radially we have
(Gn(0)Ino =+ d(0, gn(0)).
Applying Gromov’s inequality yields
(Gn(&in) Mo Z+.6.0 d(0,gn(0))
and thus
D(Gn (&) 1) S0 b~ 4D,
If 4,, = 1 for infinitely many n, then we are done by setting g, := g,. Otherwise,
D(Gn o h(€).1) S bIOTO) s b0
and we are done by setting g, := gn o h. O

If £ € 90X \ A, then Theorem Bl together with the following proposition show that the theory of
Diophantine approximation by the orbit of £ is trivial.

Proposition 3.2. Let (X,d,0,b,G) be as in §1.1.J} For every £ € 0X \ A, we have BA; = A,.

Proof. We have D(£,A) > 0 and so

{€lmo =+, 0
for all n € A. Now fix n € A;(G); for all g € G, we have

(9 g(0) = (€lg™ " (M))o <4.¢ 0.
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Thus by (d) of Proposition 23] we have

(9(OImo S+ (9(E)IMg(o) + d(0,9(0))
=t d(O, g(O))
So, D(g(€),m) Zx.¢ b=42:9(0) i e p is badly approximable with respect to &. We are done. O

4. SCHMIDT’S GAME AND MCMULLEN’S ABSOLUTE GAME

Throughout this section (Z, D) denotes a metric space. In our applications, Z will not be a hyperbolic
metric space; rather, it will be the boundary of a hyperbolic metric space (or some subset thereof), and D
will be a visual metric as defined in Proposition

We recall that for 0 < ¢ < 1, the metric space (Z, D) is said to be c-uniformly perfect if for every
r € (0,1) and for every z € Z, B(z,7) \ B(z,cr) # &; it is uniformly perfect if it is c-uniformly perfect for
some 0 < ¢ < 1. Thus every uniformly perfect space is perfect but not necessarily vice versa

Definition 4.1. For s > 0, a measure u € M(Z) is called Ahlfors s-regular if
w(B(z,r)) <x 1’

for all z € Supp(u)@ and for all € (0,1). The set Z itself is called Ahlfors s-regular if it is equal to the
Supp(p) for some Ahlfors s-regular measure p € M(Z).

We note that it is well-known that if Z is an Ahlfors s-regular metric space then its Hausdorff, packing,
and box-counting dimensions are all equal to s (see e.g. [93]). Moreover, every Ahlfors regular space is
uniformly perfect, since if Z is Ahlfors s-regular then

B(z,r)\ B(z,er) = @ = B(z,1) = B(z,cr) = r° <y (cr)’ = ¢ =<« 1;
taking the contrapositive yields that for 0 < ¢ < 1 sufficiently small, Z is c-uniformly perfect.
We now define Schmidt’s game (introduced by W. M. Schmidt in [77]) for the metric space (Z, D).

When defining the game in this level of generality, we must specify that when choosing a ball in (Z, D), a
player is really choosing a pair (z,7) € Z x (0,00) which determines to a ball B(z,r) C Z.

Remark 4.2. Unlike in the case of Z = R?, it is possible that the same ball may be written in two different
ways, i.e. B(z,7) = B(Z,7) for some (z,r) # (2,7). In this case, it is the player’s job to disambiguate.

Now fix 0 < a,8 < 1, and suppose that two players, Bob and Alice, take turns choosing balls By =
B(zg,r1) and A, = B(Z, ), satisfying

BiDAI DBy D...

and
Tk = arg, Thi1 = BT.

A set S C Z is said to be (a, 8)-winning if Alice has a strategy guaranteeing that the unique point in the
set ﬂ,;“;l By, = ﬂ,;“;l Aj, belongs to S, regardless of the way Bob chooses to play. It is said to be a-winning
if it is (o, B)-winning for all § > 0, and winning if it is a-winning for some «.

In [63], C. T. McMullen introduced the following modification] Let Z be a c-uniformly perfect metric
space. Fix 0 < f < c/5 and suppose that Bob and Alice take turns choosing balls By = B(z, ;) and
A = B(Ek, 77;9) so that

(41) B]_;)Bl\Al;)BQQBQ\AQ;)B32
and
(4.2) Ty < Bri, rre1 > Bri.

29Recall that a metric space is called perfect if it is compact and has no isolated points.

30Here and from now on Supp(u) denotes the topological support of a measure pu.

31Strictly speaking, McMullen only defined his game for Z = R<.

32The constant ¢/5 is chosen to ensure that Bob will always have a legal move; see Lemma below.
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A set S C Z is said to be §-absolute winning if Alice has a strategy which leads to

oo
(1 BxNS# o
k=1
regardless of how Bob chooses to play; S is said to be absolute winning if S is S-absolute winning for all
0 < B < ¢/5. Note a significant difference between Schmidt’s original game and the modified game: now
Alice has rather limited control over the situation, since she can block fewer of Bob’s possible moves at the
next step. Also, in the new version the rxs do not have to tend to zero; therefore ﬂ(fo By, does not have to
be a single point (however the outcome with 7 7}? 0 is clearly winning for Alice as long as S is dense).

The following lemma guarantees that Bob always has a legal move in the S-absolute winning game:

Lemma 4.3. Let Z be a c-uniformly perfect metric space and fix 0 < 8 < ¢/5. Then for any two sets
By = B(z1,r1) and Ay = B(z1,71) C By with 711 < Brq, there exists a set Bo = B(z2,12) C By with
ro = Br which is disjoint from A;.

Proof. Let » =71 and wy = #1. Since Z is c-uniformly perfect, there exists a point we € B(z1, (1 — 8)r) \
B(z1,¢(1 — B)r). Then the balls U; = B(w;, 8r) are contained in Bj; moreover,

D(U;,Us) > D(w1,wz) — 2087 > ¢(1 — B)r —28r > (¢ — 30)r.
On the other hand,
Diam(A;) <271 <28r < (¢ — 308)r,
which shows that A; can intersect at most one of the sets U; and Us. Letting By be one that it does not
intersect finishes the proof. O

The following proposition summarizes some important properties of winning and absolute winning sub-
sets of a c-uniformly perfect Ahlfors s-regular metric space (Z, D):

Proposition 4.4.

(i) Winning sets are dense and have Hausdorff dimension s.

(ii) Absolute winning implies a-winning for any 0 < a < ¢/5.

(iii) The countable intersection of a-winning (resp., absolute winning) sets is again a-winning (resp.,
absolute winning).

(iv) The image of an a-winning set under a bi-Lipschitz map f is K 2a-winning, where K is the
bi-Lipschitz constant of f.

(v) The image of an absolute winning set under a quasisymmetric map (and in particular any bi-
Lipschitz map) is absolute winning.

(i) |55} Proposition 5.1]
(ii) Fix 8 > 0, and let v = min(«, 8). We can convert a winning strategy for Alice in the y-absolute
winning game into a winning strategy in the (a, 8)-game by using Lemma [L3] with § replaced by
«; the idea is that if Alice would have made the move A; in the y-absolute winning game, then
she should make the move Bs in the (a, 5)-game. Details are left to the reader.
(iii) [77, Theorem 2| (the argument can be easily modified to account for absolute winning)
(iv) [25] Proposition 5.3
(v) [63, Theorem 2.2
O

331yl disclosure: McMullen’s proof appears to the casual observer to be using crucially the fact that Z = R®. In fact, his
proof has the following form:

(4.3) Quasisymmetric = Conditions 1-4 on p.5-6 = Preserves absolute winning sets.

The first arrow depends on the assumption Z = R%; the second arrow does not. Moreover, maps satisfying McMullen’s
conditions 1-4 are what are usually referred to as quasisymmetric maps by those studying spaces beyond R% (and by us below
in Lemma [5.1T). (Maps satisfying McMullen’s definition of quasisymmetric are termed “weakly quasisymmetric”.) Thus the
second arrow of (£3), which holds for any Z, is accurately represented by our statement (v) above.
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Note that winning sets arise naturally in many settings in dynamics and Diophantine approximation
123 24) [25] [29] [33], [34], [56], [55 [65] [77) [78), [86] [87]. Several examples of absolute winning sets were exhibited
by McMullen in [63], most notably the set of badly approximable numbers in R. However absolute winning
does not occur as frequently as winning. In particular, the set of badly approximable vectors in R? for
d > 1 is winning but not absolute winning (see [16]).

For the purposes of this paper, we will introduce a slight modification of McMullen’s absolute winning
game. The only difference will be that in (£2)) we will require equality, i.e.

(4.4) Tk = BT, The1 = PTk.

For each 0 < 8 < ¢/5, a set for which Alice can win this modified game will be called 8-modified absolute
winnIng.

Proposition 4.5. Fiz 0 < 8 < ¢/5. Then every B-absolute winning set is B-modified absolute winning,
and every B2 /4-modified absolute winning set is 3-absolute winning.

Proof. First of all, let us notice that it makes no difference whether or not Alice is required to have
equality in her choice of radii; choosing the largest possible radius always puts the greatest restriction
on Bob’s moves, and is therefore most advantageous for Alice. On the other hand, requiring Bob to
choose the minimal possible radius is an advantage for Alice, since it restricts Bob’s choice of moves. This
demonstrates the first statement, that every S-absolute winning set is S-modified absolute winning.

Let S C Z be a 3?/4-modified absolute winning set. By [77, Theorem 7], there exists a positional
strategy for Alice to win the 32 /4-modified absolute winning game with target set S, i.e. a map F which
inputs Bob’s ball and outputs the next move Alice should make, without any information about previous
moves. Based on this map F, we will give a positional strategy G for Alice to win the S-absolute winning
game. Given any ball B(z,7), let n = n, be the unique integer so that (3/2)*"T! <r < (3/2)?"~1. Write
F(B(z,(8/2)*™)) = B(w,(B/2)*"*2) (the radius (8/2)?>"*2 is forced by the definition of the modified
absolute winning game). Let G(B(z,r)) = B(w,2(3/2)?"*2); this move is legal in the S-absolute winning
game since 2(/2)*"2 < Br.

We now claim that with the positional strategy G, Alice is assured to win the S-absolute winning game.
Let (B;C = Bz, rk))(l)o and (Ak = B(Z, Fk));)o be a sequence of moves for Bob and Alice which are legal
in the SB-absolute winning game, and such that Ay = G(By) for all k£ € N. Let us assume that 7y 7 0,

since otherwise Alice wins automatically since S is dense. Let ny € N be such that (3/2)*" < ry. For
each n > ny, let k, be such that (8/2)?" 1 < r, < $(8/2)*"; such a k, exists by {@2), although it may
not be unique. Note that n,, = n. Let B, = B(zk,,(8/2)*), and let A,, = F(B,,) = B(w,, (8/2)2"2).

Claim 4.6. The sequences (B,)%° and (An)se form a sequence of legal moves in the 3-modified absolute

ny
winning game.

Proof. Alice’s moves are legal because she chose them according to her positional strategy. Bob’s first move
B,,, is clearly legal, so fix n > n; and let us consider the legality of the move B, ;1. It suffices to show

(4.5) Bni1 € B, \ A,

Since the sequences (By)5° and (Ag)$° are legal for the -absolute winning game, letting k = k,, we have

(@I and [E2); in particular,

Zkpi1 € Biyyy © Bro+1 € B\ Ay,
i.e.
D(an+l,zk) < 7, and D(an+1;gk) > T
Now by the definition of Ay,
Ek = Wnp and :’:k = 2(5/2)2n+2,

and by the definition of k = k,,,
1
Tk < 5(6/2)2n
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Thus

D(z z) < (ﬁ/2)2" and D(zk, ., ,wp) > 2(ﬁ/2)2"+2,

n+17

N =

from which it follows that

B(2, .- (B/2)*"2) € B(z, (8/2)*) \ B(wa, (8/2)*"2),
which is just (LX) expanded. .

Now clearly, the intersection of the sequence (By)$° is the same as the intersection of the sequence

(En)fﬁ, which is in S by Claim Thus Alice wins the S-absolute winning game with her positional
strategy G. g

Now since S-absolute winning implies E—absolute winning for every 8 < E < ¢/5, we have the following:

Corollary 4.7. If S C Z is By -modified absolute winning for a sequence B, — 0, then S is absolute

winning.

5. PARTITION STRUCTURES

In this section we introduce the notion of a partition structure, an important technical tool for proving
Theorems 5.9, 510, and Moreover, we introduce stronger formulations of the former two theorems,
from which they follow as corollaries. Subsection [5.] can also be found with some modifications in [26]
§9.1], but we include the proof here as well for completeness.

Throughout this section, (Z, D) denotes a metric space.

5.1. Partition structures.

Notation 5.1. Let
N = N
n=0

If w € N* UNN, then we denote by |w| the unique element of N U oo such that w € NI and call |w| the
length of w. We let & denote the empty string, so that |[g] = 0. For each N € N, we denote the initial
segment of w of length N by

w = (W) e NV,
For two words w, 7 € NY, let w A 7 denote their longest common initial segment, and let

pa(w, ) = 27 1WAl

Then (N, p) is a metric space.
Definition 5.2. A tree on N is a set 7' C N* which is closed under the operation of taking initial segments.

Notation 5.3. If T is a tree on N, then we denote its set of infinite branches by
T(c0) :={weNY:wleT V¥n e N}.
On the other hand, for n € N we let
T(n):=TNN"
For each w € T, we denote the set of its children by
T(w):={a€eN:waeT}.
The set of infinite branches in T(cc0) of which w is an initial segment will be denoted [w]r or simply [w].

Definition 5.4. A partition structure on Z consists of a tree T C N* together with a collection of closed
subsets (P,)wer of Z, each having positive diameter and enjoying the following properties:

(I) If w € T is an initial segment of 7 € T then P, C P,. If neither w nor 7 is an initial segment of
the other then P, NP, = &.
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(IT) For each w € T let
D,, = Diam(P,,).
There exist £ > 0 and 0 < A < 1 such that for all w € T and for all a € T(w), we have

(5.1) D(Pua, Z \ Pu) > kD,
and
(5.2) KDy < Dya < AD,.
Fix s > 0. The partition structure (P, )yer is called s-thick if for all w € T,
(5.3) > D, =D,
a€T(w)

Definition 5.5. If (P, ),ecr is a partition structure, a substructure of (P,,),er is a partition structure of

the form (P,),, .7, where T C T is a subtree.

Observation 5.6. Let (P, ),er be a partition structure on a complete metric space (Z, D). For each
w € T'(0), the set

oo
() Pup
n=1

is a singleton. If we define m(w) to be the unique member of this set, then the map 7 : T(oc0) — Z is
continuous (in fact quasisymmetric; see Lemma [5.11] below).

Definition 5.7. The set m(T(c0)) is called the limit set of the partition structure.

We remark that a large class of examples of partition structures comes from the theory of conformal
iterated function systems [60] (or in fact even graph directed Markov systems [61]) satisfying the strong
separation condition (also known as the disconnected open set condition [74]; see also [32], where the limit
sets of iterated function systems satisfying the strong separation condition are called dust-like). Indeed,
the notion of a partition structure was intended primarily to generalize these examples. The difference is
that in a partition structure, the sets (P ), do not necessarily have to be defined by dynamical means.
We also note that if Z = R? for some d € N, and if (Pw)wer is a partition structure on Z, then the tree T
has bounded degree, meaning that there exists N < oo such that #(T'(w)) < N for every w € T

Theorem [5.12] (Proven below). Fiz s > 0. Then any s-thick partition structure (P,)wer on a complete
metric space (Z,D) has a substructure (Py), .7 whose limit set is Ahlfors s-reqular. Furthermore the

tree T can be chosen so that for each w € T, we have that Tv(w) is an initial segment of T'(w), i.e.
T(w)=T(w)Nn{l,...,N,} for some N, € N.

Lemma [5.13] (Proven below). Let (X, d,0,b,G) be as in §I.1.4 Then for every 0 < s < d¢g and for all
o > 0 sufficiently large, there exist a tree T on N and an embedding T' > w +— x,, € G(0) such that if

P, := Shad(z,,,0),
then (Py)wer is an s-thick partition structure on (0X, D), whose limit set is a subset of Ay,.
Combining these results in the obvious way yields the following corollary:

Corollary 5.8. Let (X,d,0,b,G) be as in §I.1.4} Then for every 0 < s < dg and for all o > 0 sufficiently
large, there exist a tree T on N and an embedding T 3> w — x,, € G(0) such that if

P, := Shad(xy,,0),
then (Pu)wer s a partition structure on (0X, D), whose limit set Js C Ay (G) is Ahlfors s-regular.

Using Corollary (.8, we prove the following generalization of the Bishop—Jones theorem:
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Theorem 5.9. Let (X,d,0,b,G) be as in §1.1.7] Then

T2) dimpg (A;) = dimpy (Ay) = 6

moreover, for every 0 < s < § there exists an Ahlfors s-reqular set Js C Ay,.

Proof. The “moreover” clause follows directly from Corollary B.8 applying the mass distribution princi-

ple (e.g. [3I} p.55]) yields dimp(Ay) > 6. The proof of the remaining inequality dimg(A,) < § is a
straightforward adaptation of the argument in the standard case (e.g. [10 p.6]). O

5.2. Diophantine approximation and partition structures. Recall that for £ € 90X, BA, denotes
the set of points in A, which are badly approximable with respect to & (Definition [[LI8]). We have the
following;:

Theorem [6.Il Let (X,d,0,b,G) be as in §I.1.7} Fiz 0 < s < ég and let Js be defined as in Corollary[5.8.
Then for each £ € 0X, the set BA¢ N Js is absolute winning on Js.

From Theorem we deduce the following corollary, which was stated in the introduction:

Theorem 5.10 (Generalization of the Full Dimension Theorem). Let (X,d,0,b,G) be as in and
let (£k)4 be a countable (finite or infinite) sequence in 0X. Then

‘

dimg <ﬂ BAg, N Aur> =6 = dimg(A,).
k=1

In particular BA¢ # & for every & € 0X, so Theorem[31] cannot be improved by more than a multiplicative

constant.

Proof of Theorem [510 assuming Theorem [61l For each 0 < s < d¢g, applying Theorem (and thus
implicitly Corollary 5.8) and parts (i), (ii), and (iii) of Proposition [£4] gives that the set ﬂf BA¢, NJ; has
full Hausdorff dimension in Js, i.e. its dimension is s. Letting s tend to dg yields

4
dimp (ﬂ BAg, N Aur> > 6.

k=1

On the other hand, we clearly have dimg (ﬂf BAg, N Aur) < dimg(A,), and the equation § = dimg(A;)
is given by Theorem [5.9] This completes the proof. a

5.3. Basic facts about partition structures. In this subsection we prove Theorem [5.12], and the fol-
lowing lemma which will be used in the proof of Theorem G.Tt

Lemma 5.11. Let (Py,)uer be a partition structure on a complete metric space (Z,D). Then the map
7w T(00) = 7(T(00)) is quasisymmetric.

Proof. Recall that a surjective map ® : (71, D1) — (Z2, D3) is said to be quasisymmetric if there exists an
increasing homeomorphism 7 : (0,00) — (0, 00) such that for every z1, 22, 23 € Z1, we have

(5.4) Dy (P(21), P(22)) < (D1(21722)> '
Dy(®(21), ®(23)) Dy (21, 23)
In our case we have (Z1, D1) = (T(0), p2), (Z2,D3) = (7(T()), D), and & = 7.
Fix w, 7M7) € T(00), and let m; = |w A 7(*|, i = 1,2. Suppose first that m; < mo. By (1) and the
first inequality of (5.2]), we have
D(w(w), (r®)) > kD ma > k™7™ HD,
> s D (), ()

D(m(w), m(7(2)) < (pz(w,7(2))> .
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On the other hand, suppose that m; > mo. By (B1)) and the second inequality of (5.2)), we have
D(w(w), (r®)) > kD ma > KA1 D, s
> kA2 D (1 (w), w (7))

Dr(w).w(r V) _ 1 ((paleo, D)) Y

D(r(w), m (7)) ~ p2(w, @) '
Thus by letting

n(t) = k" max (f loga () 4~ log2<A>)
we have proven (&.4)). O
Theorem 5.12. Fiz s > 0. Then any s-thick partition structure (P, )wer on a complete metric space
(Z, D) has a substructure (Py,),, .7 whose limit set is Ahlfors s-reqular. Furthermore the tree T can be chosen

so that for each w € f, we have that T(w) is an initial segment of T'(w), i.e. T(w) =T(w)N{l,...,N,}
for some N, € N.

Proof. This proof will also appear in [26] Theorem 9.1.8].
We will recursively define a sequence of maps

i T(n) = [0,1]
with the following consistency property:
(55) pnl) = 3" i (wa).
a€T (w)
The Kolmogorov consistency theorem will then guarantee the existence of a measure 1 € M(T(c0))
satisfying
(5.6) p(w]) = pn(w)
for each w € T'(n).

Let ¢ = 1— A > 0, where A is as in (52)). For each n € N, we will demand of our function pu,, the
following property: for all w € T'(n), if p,(w) > 0, then

(5.7) eD;, < pn(w) < D,
We now begin our recursion. For the case n = 0, let ug(2) := cD%; (B7) is clearly satisfied.

For the inductive step, fix n € N and suppose that u, has been constructed satisfying (B.7). Fix
w € T(n), and suppose that p,(w) > 0. Formulas (5.3]) and (G.7) imply that

Z Dwa > ,Um )
a€T(w)
Let N, € T(w) be the smallest integer such that
(5.8) > Do > mn(w)H
a<N,
Then the minimality of N, says precisely that

Z DUJII — )

a<N,
Using the above, (58], and (IBZI) we have

(5.9) < 3 Dl € pinw) + Din, < pinw) + N D3
a<N,

340Obviously, this and similar sums are restricted to T(w).
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For each a € T(w) with a > N, let pp11(wa) = 0, and for each a < N, let

o Dg pin (W)
) S Dl

Obviously, fin4+1 defined in this way satisfies (5.5). Let us prove that (7)) holds (of course, with n replaced
by n + 1). The second inequality follows directly from the definition of y,,+1 and from (E.8]). Using (5.9)),
B (with n = n), and the equation ¢ = 1 — A*, we deduce the first inequality as follows:

Dipin(@) o, [ XD
—wal R DS ] ———
(W) + XD n (W) + XD,

co [ ]

Mn+1 (wa) >

ESY
=cD},.

The proof of (7)) (with n =n + 1) is complete. This completes the recursive step.
Let

T = U {weT(n): pin(w) > 0}.

Clearly, the limit set of the partition structure (Pw)wef is exactly the topological support of u := w[g],

where i is defined by (5.6). Furthermore, for each w € T, we have T(w) = T(w) N {1,...,N,}. Thus, to
complete the proof of Theorem it suffices to show that the measure y is Ahlfors s-regular.

To this end, fix 2 = 7(w) € Supp(u) and 0 < r < KDy, where « is as in (51]) and (B.2]). For convenience
of notation let

Ppn :=Puy, Dy :=Diam(P,),
and let n € N be the largest integer such that » < kD,,. We have
(5.10) k2D, < kDpy1 <7 < KDy,

(The first inequality comes from (5.2)), whereas the latter two come from the definition of r.)
We now claim that

B(z,r) C Py.
Indeed, by contradiction suppose that w € B(z,7) \ P,. By (@) we have
D(z,w) > D(2,Z\Pn) > kD, > r

which contradicts the fact that w € B(z,r).
Let k € N be large enough so that A¥ < x2. It follows from (5.10) and repeated applications of the
second inequality of (B.2]) that

Dyir <MD, < %D,, <,
and thus
Pr+k € B(z,1) C Py.
Thus, invoking (E.7), we get

(5.11) (L =M)D5 g < p(Prtr) < p(B(z, 1)) < p(Pn) < Dy,
On the other hand, it follows from (5.I0) and repeated applications of the first inequality of (5.2]) that
(5.12) Dpyy > k¥Dy, > k71,

Combining (510), (5.11)), and (G12) yields
(1= ARG < p(B(r) < K72,
i.e. u is Ahlfors s-regular. This completes the proof of Theorem [5.12] O
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5.4. Proof of Lemma [5.13] (A partition structure on 0X). In this subsection we prove Lemma [5.13]
The entire subsection is repeated with some modification from [26 §9.2]; we include the proof here for
completeness.

Lemma 5.13. Let (X,d,0,b,G) be as in §I.1.J Then for every 0 < s < dg and for all o > 0 sufficiently
large, there exist a tree T on N and an embedding T > w — x,, € G(0) such that if

P, := Shad(z,, o),
then (Pu)wer i an s-thick partition structure on (0X, D), whose limit set is a subset of Ayr.
We begin by stating our key lemma. This lemma will also be used in the proof of Theorem [7.T1

Lemma 5.14 (Construction of children). Let (X,d,0,b,G) be as in §1.1.4, Then for every 0 < s < éq,
for every 0 < A < 1, for all o > 0 sufficiently large, and for every w € G(0), there exists a finite subset
T(w) C G(0) (the children of w) such that if we let

P, = Shad(z, o)
D, := Diam(P,)
then the following hold:

(i) The family (Pz)zer(w) consists of pairwise disjoint shadows contained in P,.
(ii) There exists k > 0 independent of w such that for all x € T(w),

D(Py, 0X \ Py) > KDy
KDy < Dy < AD,y.
(iii)
> Di>D;.

z€T (w)
It is not too hard to deduce Lemma [5.13] from Lemma [5.141 We do it now:

Proof of Lemma[5.13 assuming Lemma[5. 1] Let A =1/2, and let 0 > 0 be large enough so that Lemma
BEI4 holds. Let (x,)5° be an enumeration of G(0). Let

T = U{wED\I":waI €T(zw,) Vj=1,...,n—1},
n=1

and for each w € T let

Ty = Iw\w\
Pw: T,

Then the conclusion of Lemma [E.I4] precisely implies that (P,),er is an s-thick partition structure on
(0X,D).

To complete the proof, we must show that the limit set of the partition structure (P, ),er is contained
in Ay (G). Indeed, fix w € T'(c0). Then for each n € N, m(w) € Pyn = Shad(zyy,0) and d(o, v,y ) — oo.
So, the sequence (z,7)7° converges radially to m(w). On the other hand,

d(fI;w'f,waIL+l) =40 Bo(:tw?ﬂ,:vw?) (by 229)
Dwn+l
=4 .o — log, Dl (by the Diameter of Shadows Lemma)
wi

< —log,(k) <4, 0. (by .2))

Thus the sequence (2,7 )7° converges to m(w) uniformly radially. O
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Proof of Lemma[5.1] Choose an arbitrary ¢t € (s,d¢). A point n € A will be called t-divergent if for every
neighborhood B of 7 the restricted Poincaré series

(5.13) (G 1B):= Z p—td(o.g9(0))
geG
g(0)€B

diverges.

The following lemma was proven in [I0] for the case X = H?*! using the fact that the space bord H+!
is compact. A new proof is needed for the general case, since in general bord X will not be compact.

Lemma 5.15. There exists at least one t-divergent point.

Proof. Since G is of general type, there exists a loxodromic isometry g € G. Let g4 and g_ be the
attracting and repelling fixed points of g, respectively. Let By and B_ be disjoint neighborhoods of g
and g_, respectively. Since the series ¥;(G) diverges, it follows that the series (5.I3]) diverges for either
B =0X\B_ or B=0X)\ B;. Without loss of generality, let us assume that it diverges for B = 90X \ B_.
Then 3;(G 1 g"(0X \ B-)) also diverges for every n € N. By the definition of a loxodromic isometry, g™
tends to g4 uniformly on 90X \ B_, so for any neighborhood U of ¢, , we eventually have ¢"(0X \ B_) C U.
But then X4 (G 1 U) diverges, which proves that g, is a ¢-divergent point. <

Remark 5.16. It is not hard to see that the set of {-divergent points is invariant under the action of the
group. It follows from this and from Observation [[.8 that there are at least two t-divergent points.

Sublemma 5.17. Let n be a t-divergent point, and let B, be a neighborhood of n. Then for all o > 0
sufficiently large, there exists a set S, C G(0) N By, such that for all z € X \ By,

(i) Ir
P = Shad,(z,0),
then the family (P. .)ces, consists of pairwise disjoint shadows contained in P, , N B,,.
(i) There exists k > 0 independent of z such that for all x € Sy,

(514) Db,z(,])z,ma 6X \ Pz,o) 2 '%Dia'mz (PZ 0)

(5.15) x Diam, (P, ,) < Diam. (P, ) < ADiam.(P. ).
(iii)
> Diam}(P..,) > Diam$(P-.,).
€Sy,

Sublemma (.17 will be proven below; for now, let us complete the proof of Lemma [5.14] assuming
Sublemma 5171

Let m1 and 72 be two distinct ¢-divergent points. Let B; and Bg be disjoint neighborhoods of n; and
72, respectively, and let S; C G(0) N By and Sy C G(0) N By be the sets guaranteed by Sublemma [BT71
Now suppose that w = g, (0) € G(0). Let z = g, (0). Then either z ¢ By or 2z ¢ Ba; say z ¢ B;. Let
T(w) = gu(S;); then (i)-(iii) of Sublemma 517 exactly guarantee (i)-(iii) of Lemma .14l O

Proof of Sublemma[5.17 Choose p > 0 large enough so that
{z € bord X : (z|n), > p} C B,,.

Then fix o > 0 large to be announced below, depending only on p.
For all x € X we have

0=, (zlm)o 2+ min({z[n)o, ([2)o)-
Fix p > p large to be announced below, depending only on p and o. Let
By ={veX:(zln), =7}
It follows that for all z € Em we have
(5.16) (x|2)o <4, 0,
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assuming p is chosen large enough. We emphasize that the implied constants of these asymptotics are
independent of z.
For each n € N let

A, :=B(o,n+ 1)\ B(o,n)

be the nth annulus centered at 0. We shall need the following variant of the Intersecting Shadows Lemma:

Claim 5.18. There exists T > 0 depending on p and o such that for all n € N and for all x,y € A, N Em
if
Pz,;ﬂ N Pz,y 7é /®/,
then
d(z,y) <T.

Proof. Without loss of generality suppose d(z,y) > d(z,z). Then by the Intersecting Shadows Lemma we
have

d(:v, y) =+,0 Bz(yax) = Bo(ya ,T) + 2<x|2>0 - 2<y|2>0-

Now B, (y,z) <1 since z,y € A,,. On the other hand, since x,y € En, we have
(z]2)0 <4,p (Yl2)o <+, 0.
Combining gives
d((E,y) x"',p,o' 07
i.e. there exists 7 depending only on p and o such that d(x,y) < 7. <
Let
M =#{ge€ G:g(o) € Blo,7)};

M is finite since G is strongly discrete. Then fix M >0 large to be announced below, depending on p and
M (and thus implicitly on o). Since 7 is t-divergent, we have

00 =(G1By) = Y Su(G1B,NA)
n=1

3 ptdeato)

1 ggG
g(o)eB,NA,

I
M8

n

b_(t_s)nb—sn#{g c G : g(o) = EU N An}

M8

~
-~

X

n=1

It follows that there exist arbitrarily large numbers n € N such that
(5.17) b=*"#{g € G :g(o) € B,NA,} > M.

Fix such an n, also to be announced below, depending on A, p, p, and M (and thus implicitly on M and
o). Let S, be a maximal 7-separated subset of G(0) N B, N A, 1 We have

S #{g € G : g(o) € Byn An}

#(Sy) -

and so

—S o,T —8Nn M r
(5.18) ; psdlo.z) =y b #(Sn) > i =xm M.
TES,

35A set S is T-separated if
z,y € S distinct = d(z,y) > 7.

The existence of a maximal T-separated set follows from Zorn’s lemma.
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Proof of (i). In order to see that the shadows (P. .)zcs, are pairwise disjoint, suppose that z,y € S, are
such that P, ., NP, , # &. By ClaimB.I8 we have d(x,y) < 7. Since S, is 7-separated, this implies = y.
Fix z € 5. Using (516) and the fact that « € A,,, we have

(02) =4 d(0,x) — (z|2)o <1, d(0,z) <4 n.

Thus for all £ € P, 4,
0 =40 (2[8) 24 min((0]2)s, (0l¢)2) <4 min(n, (0[&)2);
taking n sufficiently large (depending on o), this gives
<0|§>m x-i—,a O,
from which it follows that
(@|€)o =4 d(0,7) = (0]§)a =+,0 1.

Therefore, since = € Em we get

(€n)o 2+ min((z[)o, (z[M)o) Z+,0 min(n, p).

Thus & € By, as long as p and n are large enough (depending on o). Thus P, , C B,,.
Finally, note that we do not need to prove that P, , C P, ,, since it is implied by (514 which we prove
below.
<

Proof of (ii). Take any x € S,,. Then by (G.I0), we have
(5.19) d(z,z) — d(o,z) = d(o,x) — 2(z|2)6 =4, d(0, ) <1 n.
Combining with the Diameter of Shadows Lemma gives

Diam.(P.,) b 4=o
Diam, (P, ,) ~ 7 b—d(z0) TP

(5.20) b,

Thus by choosing n sufficiently large depending on o, A\, and p (and satisfying (5I7))), we guarantee that
the second inequality of (5.I5]) holds. On the other hand, once n is chosen, (520 guarantees that if we
choose k sufficiently small, then the first inequality of (5I5) holds.
In order to prove (G.I4), let £ € P, , and let v € 0X \ P, ,. We have
<‘T|§>z =+ d({E,Z) - <Z|§>LE > d(x,z) -0
(ol7)z =<4 d(0,2) = (z|7)0 < d(0,2) — 0.
Also, by (&I0) we have
(olz)z =4 d(0, 2) — (x]2)0 =+, d(0, 2).
Applying Gromov’s inequality twice and then applying (5.19) gives
d(0,2) =0 Z4 (07): 2+ min((0|z)z, (z[S)=, (7)=)
2+,P min (d(O, Z)v d(CL‘, Z) -0, <€|7>Z)
=4 min (d(O, Z)a d(O, Z) +n— g, <§|FY>Z) .
By choosing n and o sufficiently large (depending on p), we can guarantee that neither of the first two
expressions can represent the minimum without contradicting the inequality. Thus

d(0,2) =0 Z4p (€725
exponentiating and the Diameter of Shadows Lemma give
Dy o (&,7) Zx,p b0 =0) = p=d02) = Diam,(P,,).
Thus we may choose x small enough, depending on p and o, so that (5I4]) holds.
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Proof of (iii).

Z Diam} (P, ) =<x Z p=sdz2) (by the Diameter of Shadows Lemma)
€Sy, €S,
=op b)Y pmdlon) (by (E.19))
IESn
Zocar Mb>1) (by GIH)
= M Diam} (P, ). (by the Diameter of Shadows Lemma)

Letting M be larger than the implied constant yields the result.

6. PROOF OF THEOREM [G.I] (ABSOLUTE WINNING OF BA¢)

In this section we prove Theorem [6.1] We repeat both Theorem [6.1] and Corollary [5.8] for convenience.

Corollary [5.8] (Proven in Sections [Bl- B.4)). Let (X, d,0,b,G) be as in §1.1.4) Then for every 0 < s < dg
and for all o > 0 sufficiently large, there exist a tree T on N and an embedding T > w — x, € G(0) such
that if

P, := Shad(z,, o),

then (Py)wer s a partition structure on (0X, D), whose limit set Js C Ay (G) is Ahlfors s-regular.

Theorem 6.1. Let (X,d,0,b,G) be as in §1.1.7} Fiz 0 < s < dg and let Js be defined as in Corollary[5.8.
Then for each £ € 0X, the set BA¢ N Js is absolute winning on Js.

Reductions. First, note that by (iii) of Proposition [£4] it is enough to show that (BA¢ U G(§)) N Js is
absolute winning on (Js, D). Next, by (v) of Proposition [£.4] together with Lemma [E.TT] it is enough to
show that =1 (BA¢ UG(€)) is absolute winning on (T™, p2). Finally, by Corollary 7] it is enough to show
that 7=1(BA¢ U G(€)) is 27 ™-modified absolute winning for every m € N.

Thus Theorem is a direct corollary of the following theorem:

Theorem 6.2. Let (X,d,0,b,G) be as in {I.1.3 Fiz 0 < s < 0g, let (Pw)wer be defined as in Corollary
538, and let m : TN — Ay be as in Definition [5. . Then for each & € OX and for each m € N, the set
7L (BA¢ UG(E)) is 2-™-modified absolute winning on (T™, p2).

The remainder of this section will be devoted to the proof of Theorem 6.2} Notice that a ball in (T™, p)
of radius 27" is simply a cylinder of length n, so multiplying the radius of a ball by 27™ is the same as
increasing the length of the corresponding cylinder by m.

Let o > 0 be large enough so that both Corollary 5.8 and the Diameter of Shadows lemma hold. For
each z € X let P, = Shad(z, 0), so that P, = P,

Fix ¢ > 0 to be announced below (depending only on m and on the partition structure). We define

(6.1) o(x) = > b= ¢ Bolg(0).2)
geG
(9(0)19(€))o<d(0,z)
9(§)EPx

and for each w € T, let ¢(w) := ¢(x,,). Intuitively, ¢(z) measures “how many points in the orbit of £ are
close to z, up to a fixed height”. Since badly approximable points stay away from the orbit of &, to find a
badly approximable point we should minimize ¢.

Thus Alice’s strategy is as follows: If Bob has just chosen his nth ball B, = [w(”)], then Alice will choose
(i.e. remove) the ball A, = [r(™], where 7(") is an extension of w(™) of length m + |w(™|, and has the

largest value for ¢ among such extensions. We will show that this strategy forces the sequence (¢(w))$
to remain bounded, which in turn forces m(w) € BA¢ U G(§).
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Lemma 6.3. Fiz w € T(c0), and suppose that the sequence (¢p(wi))$° is bounded. Then w € 7~ (BAg U
G(8))-

Proof. Fix € > 0 to be announced below, and let n = 7(w). Fix g € G, and suppose for a contradiction
that

D(g(€),n) < eb=9)
but n # g(€). For convenience of notation let
Tn = Lup) P, = Pw{l.

Since n # g(&), we have g(§) ¢ P, for all n sufficiently large. Let n € N be the largest integer such that
g(&) € Py,. In particular, g(¢) & P,y1. On the other hand, € P,,12 and so

eb= 9D > D(g(€),m) > D(Prs2,0X \ Prya)
= b—d(o,;ﬂwrl) = b—d(o,d)n)

where the last two asymptotics follow from (B.I) and (B.2]), respectively, together with the Diameter of
Shadows Lemma. Taking negative logarithms we have

(6.2) d(0,9(0)) <+ logy(e) + d(o, zn).
Combining with (c) of Proposition 23] yields
(9(0)9(€))o0 S+ logy(e) + d(0, ).

If € is chosen small enough, then this bound is a regular inequality, i.e.

(9(0)lg(€))o < d(0, zn).

Together with the fact that g(£) € P, this guarantees that the term b—¢B0(9():2n) will be included in the
summation (61 (with x = x,,). In particular, since (¢(z,))$° is bounded we have

biCBo(g(O)vmn) <>< 1

and thus
d(0,n) S+ d(0,9(0)).
If ¢ is small enough, then this is a contradiction to (6.2)). O

To prove that Alice’s strategy forces the sequence (¢(x,))° to remain bounded, we first show that it
begins bounded. Now clearly,

¢(£L’) < bcd(o,;ﬂ) Z b—Cd(079(0))
geG
(ol6), -1,y <d(0,2)
_ bcd(o,;ﬂ) Z b_Cd(ng(O))'
geG

£€Shad(g~ 1 (0),d(0,z))
Thus, the following lemma demonstrates that ¢(z) is finite for every z € X:

Lemma 6.4. For all p > 0, we have

Z pcd(0.9(0)) ~ g
geG
£€Shad(g ™" (0),p)

36Here and from now on we omit the dependence on k, A, and o when writing asymptotics.
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Proof. Let

S, ={z€ X :£ e Shad(z,p)}.
As in the proof of Lemma we let

A, :=B(o,n+ 1)\ B(o,n).

Then for all z,w € S, N A,, we have Shad(z, p) N Shad(w, p) # &, and so by the Intersecting Shadows
Lemma

d(z,w) <4, | Bo(z,w)| <4 0.
Let 7 = 7, > 0 be the implied constant of this asymptotic, so that
(6.3) diam(S, N A,) <7

for all n. Let M = #{g € G : g(0) € B(o,7)}; M < oo since G is strongly discrete.
For each n € N, choose z, € S, N A, N G(o) if possible, otherwise not. It follows from (G.3) that
S, NG(o) €U, B(zn, 7). We have

Z p—cd(o.g(0)) — Z p—cd(0.9(0))

geG 9eG
56Shad(gfl(o),p) g(0)€S,
< Z Z p—cd(0,9(0))
n=0 geG

g(0)€B(zy,T)

n=0 n=0
which completes the proof. g

Let « > 0 be large enough so that d(o, Zw,) < d(0,z,,) + « for all w € T and for all a € T(w); such an
« exists by (@) and the Diameter of Shadows Lemma.

Lemma 6.5. For eachw €T,

(6.4) D rwa) S+ G(x0),
a€T (w)

Proof. For convenience of notation let = z,,. We have

p—ce Z ¢($wa) < Z b—CBo(wwa,w)¢(I‘wa) (since d(O, Iwa) < d(o, xw) + a)

a€T (w) a€T (w)

=) > p=eBolg(e).) (by the definition of ¢)

a€T (w) e
(g(0)|g(£))o<d(0,xwa)
9(§)E€Prya

Z bcho(g(o),m) (Since (Pwa)aeT(w) are diSjOiIlt)

geG
(9(0)]9(€))o<d(0,2)+ax
9(§)EPx

IN

= ¢(x) + Z p=eBolglo)), (by the definition of ¢)

geG
d(0,x)<(g(0)|9(§))o<d(0,x)+cx
9(§)EPx

Thus, to prove Lemma [6.5] it is enough to show that the series

(6.5) 3 p—cBolg(0).2)

geG
d(0,x)<(g(0)|9(§))o<d(0,z)+0x
Q(f)ept
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is bounded independent of x. To this end, fix g € G which gives a term in (6.5), i.e.
(6.6) 4(0,2) < (9(0)g(©))o < d(0,2) +a
(6.7) 9(&) € Py = Shad(z, o).
Now by (6.7)) we have
(x]g(£))o =+ d(o,x);
combining with ([G.6]) and Gromov’s inequality yields
<x|g(0)>0 =+ d(O, :E)u
which together with (b) of Proposition 23] gives
(6.8) (0lg(0))2 =+ 0.
By (j) of Proposition 23]
(0l€)g-1(2) = (9(0)|9(€))2 =+ {9(0)|g(£))o + (0lg(0))z — (x|g(£))o
=4 d(o,2) +0—d(o,z) = 0.

Thus, if we choose p > 0 large enough, we see that & € Shad(g~!(z), p) for all g satisfying (6.6]) and (6.7).
On the other hand, rearranging (6.8)) yields

Bo(g(0), ) <4 d(g(0),x) = d(0,97" (2)).

We return to our original series; fixing p > 0 large enough we have

p—co Z ¢($wa)—¢($) < Z b—CBo(g(O),w)
a€T (w) geG
d(0,2)<(g(0)|g(§))o<d(0,z)+cx
9(§)EPx
Sk Y, predlesT@)
geG

¢€Shad(g ™" (x),p)

= Z pede.g™(0)

geG
£€Shad(g ™" (0),p)

since x = x,, € G(0) by construction. The sum is clearly independent of w, and by Lemma it is finite.
This completes the proof. O

Tterating (6.4) yields
(6.9) D7) S b B(w),

where the sum is taken over all 7 of which w is an initial segment and for which || = m + |w|.

Recall that Alice’s strategy is to remove the ball A,, = [r("], where 7(") is the extension of w(™) of
length m + |w(™| which has the largest value for ¢. Now let B, ;1 = [w(™TD] be the next ball that Bob
plays. By the rules of the game, we must have |[w™tV| = m + [w™| and [w™tV] N [7(™] = &, and so
w1 and 7(") represent distinct terms in the sum (@9). In particular,

ST + o) Sy bW M).
On the other hand, we have
D) < o(r™)

and so

(6.10) Pw™ ) Sy

cmo

(n)
o).

This inequality suggests that we should choose ¢ small enough so that 5™ < 2. As claimed at the
beginning of this section, such a choice depends only on m and on the partition structure (P, )wer-
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It follows that for all n € N we have

P(w™) < max (Ci (bc:a>i , QS(W(O))) < 00,

i=0
where C is the implied constant in (GI0). Thus by Lemma 63 w € 771 (BA¢ U G(9)).

7. PROOF OF THEOREM [[.1] (GENERALIZATION OF THE JARN{K—BESICOVITCH THEOREM)

Theorem 7.1 (Generalization of the Jarnik—Besicovitch Theorem). Let (X, d,0,b,G) be as in and
fix a distinguished point £ € 0X. Let § be the Poincaré exponent of G, and suppose that 6 < co. Then for
each ¢ > 0,

dimpg (We,e) = sup {s €(0,9) : Pe(s) < ) ; S}
(7.1)

. 0—s 5
:1nf{s€(0,5):P5(3)2 . }Sc—kl.

In particular
(7.2) dimpy (VWA) = sup{s € (0,0) : Pe(s) < +oo} =inf{s € (0,0) : Pe(s) = 400}
and dim g (Liouvilleg) = 0. In these formulas we let sup & = 0 and inf g = 4.
Remark 7.2. If § = oo, then for each ¢ > 0, our proof shows that
dimpg (We,e) > sup {s € (0,00) : Pe(s) < +0o0}.
However, we cannot prove any upper bound in this case.
Remark 7.3. For the remainder of this section, we assume ¢ < co.

7.1. Properties of the function P:. Recall that the function Py : [0,6] — [0,00] is defined by the
equations

(7.3) He 5.5(r) :=H3 (B 1) N Ao (G))
(7.4) Pg(s) = ali_)rgo lirrri,iélf W.

where HZ is the s-dimensional Hausdorff content.

Proposition 7.4. The function s — Pe(s) — s is nondecreasing (and thus so is P¢). Moreover, Pe(s) > s
for all s € [0,9].

Proof. Fix s,t € [0,d] with s > ¢ and notice that for all A C 90X and r > 0
Diam®(A N B(&,7)) < Diam® " (B(¢, 7)) Diam'(A).

Running this inequality through formulas (L), (T3), and (T4) yields Pe(s) > (s —t) + Pe(t), i.e. s —
Pe(s) — s is nondecreasing.
For all s € [0,4] and for all » > 0,

He,o,s(r) < H(B(E, 7)) < Diam®(B(€,7)) < (2r)%;
running this inequality through (T4) yields Pe(s) > s. O

Corollary 7.5.

Qc¢(c) :==sup {s €(0,9) : Pe(s) <

>

‘S} _inf{se (0,0) : Pe(s) >

c

(=%}
ol
»
—

:Sup{ge (O,(S):Pg(S) < (5;3} :inf{se (O,(S):Pg(s) > 5—5}
0
c+1

<
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Furthermore, the function Q¢ : (0,00) — [0, 9] is continuous.

d—s

Proof. The three equalities are an easy consequence of the fact that the function s +— Pe(s) —

increasing The inequality is demonstrated by noting that

5 0 _ -5k
> =
Pg(c—l—l)_c—kl c ’

#‘1 is a member of the first infimum.
To demonstrate the continuity, fix 0 < ¢1 < ¢ < 00, and let s1 = Q¢(c1), 52 = Qe(c2). Then s1 > s9;
let us suppose that s; > so. Then for every ¢ > 0 sufficiently small

J—
7(82 +E) < Pg(SQ +€) < Pg(Sl — E) <
Co C1

is strictly

and so s =

5—(51—5)'

)

letting € tend to zero we have
0 — S92 < o — S1 .

— b

C2 C1

rearranging gives
(62 — Cl)(5 — 82) S 5

C2 C2

C—C1
81— 82 < .

This in fact demonstrates that for every co > 0, the function ¢ — s is Lipschitz continuous on [cg, 00) with
a corresponding constant of §/a. O

Corollary [T.5] reduces the proof of Theorem [T.I]to showing that dimg (W, ¢) = Q¢(c), and then demon-
strating the statements about dimy(VWA,) and dimg (Liouvilleg). The former will be demonstrated in
Subsections -[[4] and the latter will be left to the reader.

Corollary 7.6. The function ¢ — dimpg(W¢) is continuous on (0,00).

Proof. This follows directly from Theorem [Z.J] and Corollary [.5] O

7.2. < direction. Fix s € (0,d) which is a member of the second infimum in Corollary [[5] i.e. so that
Pe(s) > =2, Fix 1 < ¢ < c so that

(7.5) Pg(s) > —=

For simplicity of exposition we will assume that Pe(s) < +o00. Fix o > 0, and let 7 > 0 be given by Lemma
12.09
For each g € G, let

(7.6) B,z = B(g(€), b 1HatoN),

Claim 7.7. For all g € G and for all 1,712 € g~ (By.2),

(7.7) g'(m) =x g'(n2) =<x ¢'(€)

ogniie)

Proof. Fix n € g7'(B,z). We have

09 o (S s 1By (090D = Belowg™ (0] =+ at@lata)a — (o€l

3"Note however that we don’t know whether this function is continuous, and so in particular we don’t know whether
Pe(s) = 5;“’ when s = Q¢(c).
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Let
(A) = (g(0)lg(m))o
(B) = (g(0)[9(£))o
(C) = (9(©)]g(m))o-

By Gromov’s inequality, at least two of the expressions (A), (B), and (C) must be asymptotic. On the
other hand, since g(n) € By z, we have

(9(&)lg(m))o — d(o,9(0)) =4 —logy(D(g(£),9(n))) — d(0,9(0)) Z+ ¢d(o,g(0)) — o0,

9

Since (A) and (B) are both less than d(o, g(0)), this demonstrates that for all but finitely many g, (C) is
not asymptotic to either (A) or (B). Thus by Gromov’s inequality, (A) and (B) are asymptotic (for the
finitely many exceptions we just let the implied constant be d(o, g(0))), and so ([Z9]) is asymptotic to zero.
This demonstrates (Z7)). Now (L8] follows from (7.1 and the geometric mean value theorem. |

Let C' > 0 be the implied constant of (Z.8]), and let
Ty = C’b_(5+1)d(0’9(°))/g’(§).
Then (78) implies that
97 (By2) € B(&.rg)-
Fix € > 0 small to be determined; by the definition of P¢(s) we have

P, —
He 7 s(rg) Sx rgc® "

On the other hand, by the definition of He ; 4(ry), there exists a cover C, of B(§,74) N A, such that

3" Diam®(A) < He ro(rg) + 757"
Aec,

thus
Z Diam®(A) <« 7“55(8)_5.
Aec,

For each A € C4, Claim [T7] implies that

Diam(g(A) N By,z) Sx g'(§) Diam(A).
Let C = U,eq{9(A) N Byz: A€ Cy}.
Claim 7.8.

Proof.

S 2l ©r

=y Z[g'(g)]s—(Ps(S)—E)b—(Ps(S)—€)(5+1)d(o,g(0))_
geG
By Proposition [T4] Pe(s) > s. Let By = log;,(¢'(£)). Since |By| < d(o, g(0)), we have

(Pe(s) —s —e)By < |Pe(s) — s — el - [ By| < max(Pe(s) — s —¢,¢)d(0,9(0))
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and thus
Z Diam? (A) <>< Z b min(E(Pg(s)fs)Jrs,(EJrl)P&(s)f(EJrQ)s)d(o,g(o))'
AeC geaG

The right hand side is the Poincaré series of G with respect to the exponent
min(c(Pe(s) —€) + s, (€ + 1) Pe(s) — (¢ + 2)e).

It can be seen by rearranging (Z.5)) that this exponent exceeds § for all ¢ sufficiently small. Therefore the
series converges. O

Claim 7.9. For alln € W, N Ay o, n € A for infinitely many A € C.

Proof. Since we(n) > 1+ ¢ > 1+¢, for infinitely many g € G, we have n € B,z Thus g~'(n) € B(&, ).
On the other hand, by Lemma 239, ¢g~'(n) € A, . Thus g~ *(n) € JC,; fix A, € C, for which g~*(n) € A,.
Then n € g(A4) N Byz € C. O

Now by the Hausdorff-Cantelli lemma (see e.g. [8, Lemma 3.10]), we have H*(W. ¢ N A, ) = 0,
thus dimpy (W, e NA, ») < s. But o was arbitrary; taking the union over all o € N gives dim g (W, )

7.3. Preliminaries for > direction.

7.3.1. Multiplying numbers and sets.

Definition 7.10. Let (Z, D) be a metric space. For each S C Z and for each a > 1, let
-1
aS =N (S’, aT Diam(S)) ,

where

N(S,r):={z:D(z,5) <r}
is the r-thickening of S.
Observation 7.11.

Diam(aS) < a Diam(S)
aB(z,r) C B(z,ar)
a(bS) € (ab)S.

For each inequality or inclusion, equality holds if (Z, D) is a Banach space.

Proposition 7.12 (Variant of the Vitali covering lemma). Let (Z, D) be a metric space, and let C be a
collection of subsets of Z with the property that

sup{Diam(S) : S € C} < 0.
Then there exists a disjoint subcollection C C C so that
Uecc U s4
AeC

The proof of this proposition is a straightforward generalization of the standard proof of the Vitali
covering lemma (see e.g. [30, Theorem 1.5.1]).

Lemma 7.13. Let X be a hyperbolic metric space. For each C,o > 0, there exists T > 0 such that for all
reX

C'Shad(z,0) C Shad(z, 7).
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Proof. Suppose n € C Shad(z,0); then 5 € B(¢, < Diam(Shad(z,0))) for some ¢ € Shad(z, o). Now by
the Diameter of Shadows Lemma
D(&,n) Sx,c Diam(Shad(z,0)) Sx,o b~ 47;
thus
Elmo Z+,0,0 d(o,7);
on the other hand since ¢ € Shad(z, o)
([€)o <+,0 d(0,7)
and so by Gromov’s inequality
(z[mo =+,c,0 d(0, 7).

7.3.2. Fuzzy metric spaces.

Definition 7.14. A fuzzy metric space consists of a metric space (Y, D) together with a function f: Y —
(0, 00) satisfying

(7.10) f(y) <Dy, Y\ {y}).
Let (Y, f) be a fuzzy metric space. A ball B(y,r) CY is called admissible (with respect to f) if r > f(y).

The idea is that each point y € Y represents some subset of a larger metric space Z which is contained
in the set B(y, f(y)). An admissible ball is supposed to be one that contains this set.

Observation 7.15. Let B(y,r) CY be an admissible ball. Then r > f(y) for every y € B(y,r).
Proof. Since the case § = y holds by definition, let us suppose that § # y. But then by (I0) we have

r=D(y,y) = D@y, Y \{y}) = f(y)-
U

Now fix s > 0. A measure u € M(Y) is called s-admissible if u(B(y,r)) < r® for every admissible ball
B(y,r) CY. Consider the quantities

ay,;(8) :=sup{u(Y) : p € M(Y) is s-admissible}
By, ¢(s) :=inf {Z i (B(yks rk))io is a collection of admissible balls which covers Y} .
k=1

Observation 7.16.
ay,£(s) < By,f(s).

Proof. 1f € M(Y') is s-admissible and if (B(yx, rk))(l)o is a collection of admissible balls covering Y, then

p(Y) <Y u(Blys, i) < D7
k=1 k=1

Claim 7.17. If Y is countable, then
By, r(s) < 32%ay, s(s).

Proof. Let (y,)5° be an indexing of V. Fix N € N, and let Yy = {y1,...,yn}. The collection of s-
admissible measures on Yy is compact, and so there exists an s-admissible measure uy € M(Yy) satisfying

(7.11) pn(Yn) = sup  p(Yn) < ays(s).

HEM(YN)
s-admissible
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Now fix n < N. It follows from (7II]) that the measure puy + =3y, is not s-admissible. By definition, this
means that there is some admissible ball B(y,, n,7n,n) C Y such that

(7.12) (uzv + %%n) (BWn,nsrn,N)) > 75 5 2 8 (B(Yn, N5 Tn,N))-
Clearly, this implies

(7.13) Yn € B(Yn,N,Tn,N)

Thus by Observation we have

(7.14) TN = f(Yn)-

On the other hand, by (ZI1) and (ZI2) we have
1/s

N < (ayp(s)+1) 7.
Thus, for each n € N the sequence (7, n)3_,, is bounded from above and below.
Choose an increasing sequence (Ny)$° such that for every n € N,

rg“) = Tn,Ng ? Tn € [f(Yn), 00).

Now fix n € N, and notice that for all k¥ € N sufficiently large we have
1
(7.15) 5 i) <o,
and thus by (Z13)
By, rH) € Blyn,2r{) € Blyn.4ra).
Thus by ((I12) and (ZI5) we have

(1 50 ) (B 41)) > (1 f2)
(7.16) N, (B(yn, 4rn)) > (7ﬂn/2)S - Nik

Now by the Vitali covering lemma, there exists a set A C N such that the collection

(B(yn’ 4T"))neA

is disjoint and such that

Y C U B(yn,4ry) C U B(yn, 161,).
n=1 neA
In particular, for each & € N we have

s 1

ay r(s Y B(yn,4ry)) > rm/2) —— ] .

v 2 () 2 3w (Blynidr)) 2 3 (( /2) Nk)+
([TI5) holds

where z1 = max(0,z). Now let us take the limit as k approaches infinity. By the monotone convergence
theorem, we may consider the limit of each summand separately. But if n is fixed, then (I3]) holds for all

sufficiently large k. Thus
s 1 s
ays(s) = Y ((m/2)" =0), = > 7
neA neA

On the other hand, note that for each n € A, the ball B(ys,, 16r,,) is admissible by (Z14) and (.I5). Thus
the collection (B(yn, 16rn))n is a collection of admissible balls which covers Y, and so

By.p(s) < D (16r,)° =16° Y 75

neA neA

€A

This completes the proof. O
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7.4. > direction. Now let X be a hyperbolic metric space, let G be a strongly discrete subgroup of
Isom(X) of general type, and fix distinguished points 0 € X and £ € dX. Fix ¢ > 0. Fix s € (0,d) which
is a member of the second supremum of Corollary [.5] i.e. so that

(7.17) Pe(s) < =5,

Fix 7 > o > 0 large to be announced below. 7 will depend on o.

7.4.1. A fuzzy metric space for each r > 0. Let

P, := Shad(z, o) P, := Shad(z,7)
D, = Diam(P,) D, = Diam(P,).
Now fix r > 0 and let B
Se.r(r) :={z € G(o) : 10P, C B(&,r)}.
Observation 7.18.
AonBEM S | Po

x€Se +(r)

Proof. Fix n € Ay, N B(§,r). Then there exists a sequence x, — 7 so that n € (),—; Ps,. Now since
n

n

Diam(P,,) — 0, we have

10P,. C B(&,r)
for all n sufficiently large. Thus x,, € Se -(r) for all n sufficiently large, which completes the proof. ]

Now applying Proposition [[12] we see that there exists a set A, C S¢ () such that the collection
(7.18) (2P,)

is disjoint, and such that

TE€EA,

U ».c U 2pP.c | 10P.

€8¢ (1) z€8¢ +(7) TEA,
Combining with Observation [[I8 and (Z.3) yields

(7.19) He o.o(r) < HZ, ( U 107%) .

T€A,
Now for each z € A,, choose 7(z) € P,, and let
(7.20) f(r(z)) == Dy < D(n(x),0X \ 2P,).
Let
Y, =m(A,).

Then by the inequality of (Z.20) and the disjointness of the collection ([TI]]), the pair (Y, f) is a fuzzy
metric space.

Claim 7.19.
He 55(1) < 7By, 1(s) < 224%ay, ¢(s).

Proof. Note that the second inequality is just Claim [[.I7l To prove the first inequality, we prove the
following;:

Subclaim 7.20. Let (B(yk,rk)):;l be a collection of admissible balls which covers Y,. Then

U 10P, C U B(yk, Try).
k=1

TEA,



54 LIOR FISHMAN, DAVID SIMMONS, AND MARIUSZ URBANSKI
Proof. Fix 7 € 10P, for some & € A,. Then n(z) € Yy, so 7(x) € B(yg, %) for some k € N. Since B(yx, %)
is admissible, by Observation [Z.15] we have

and thus

10P, = N (72, gm) C N(P.,5D,) C B(n(x),6D,) C B(x(x),6rc) € B(yk, Tre).

Thus

7°By, r(s) = inf {Z(?rk)s - (B(yk, rk))io is a collection of admissible balls which covers YT}

k=1
> inf {’Hio <U B(yk,7rk)> :
k=1
(B (Y, 7‘;@))(1)0 is a collection of admissible balls which covers YT}
> He ( U 107%) (by Subclaim [7220])
TEA,
> He o s(r) (by (Z19). O

Reading out the definition of ey, f(s), we come to the following conclusion:

Corollary 7.21. There exists a measure v, € M(A,.) with
1
21 r(Ar) > ——Hg¢ 5 5(7),
(7.21) V(Ar) 2 5o He 1)

and such that the measure w[v,] is s-admissible.

7.4.2. Construction of a tree. By (L.IT), there exist ¢ € (s,0) and & > 0 such that
t— —
(7.22) Pe(s)+e<—2—F

c
Now by (Z4)), if o is large enough, then there exists a sequence ry, - 0 such that

logb(HE o s(""k))
=0 P P K Pe(s) + e
logy(re) = &)

for all £k € N. Rearranging yields
He g s(re) > r %

which together with (722]) yields
(7.23) He o.5(r1) > T}(thsfs)/c

for all £ € N.
Now, since G is of general type, we have hq(§) # £ for some h; € G (Observation [[.8)). Choose e > 0
small enough so that

D(B(&,e2), h1(B(€,£2))) > 0.
Let B = B(€,e5). Let by = id.
By the Big Shadows Lemma, we may suppose that o is large enough so that for all z € X,
Diam(dX \ Shad. (0,0)) < D(B, hi(B)).

Thus, there exists i = i, = 0,1 such that h;(B) C Shad.(0,0).
Fix C > 0 large and A > 0 small to be announced below.
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We will define a set T' C G(o)@ a binary relation €e7C T x T, and a map p : T — [0, 1] recursively as
follows 9

1. Each time a new point is put into 7', call it z and go to step 3.
2. Set u(0) = 1 and put o into T'; it is the root node.
3. Recall that z is a point which has just been put into T, with u(x) > 0 defined. We will follow one
of two different possible procedures, using the following test:
i. If u(x) > DL, then go to step 4.
ii. If there is no k£ € N such that

(7.24) Clrp < b= c0) < pp < gy,

then go to step 4.
iii. Otherwise, go to step 5.
4 i. Label z as type 1.
ii. Apply Lemma [BT4] (with s = t) to get a finite subset T'(x) C G(0).
iii. For each y € T'(x), set
D,

wy) = 5 (z),

7‘/1/
z€T (x) Dé
and then put y into T, setting y €1 =.
5 i. Label x as type 2.
ii. Let j = j, € G be the unique element so that z = j, (o).
iii. Let ¢ =i, € {0,1} be chosen so that
hi(B) C Shad; 1, (0,0),
and let h = hy = h,,.
iv. Let g = g, = j o h. Note that applying j to the above equation we get
(7.25) g(B) C P,.
v. Choose k = k, € N so that (C24)) holds.
vi. Let By, = B(h(§),r%); by the last inequality of (C24]), we have By C B. In particular, by
[T23)) we have
(7.26) 9(By) C P

vii. Let

where A, , vy, are as in 7411
viii. For each y € T'(x), set
VY
n) = 2,
ve(T'(2))
and put y into T, setting y €7 x.

Claim 7.22. Let x € T be a type 2 point. Then the collection
(3Py)

yeT(x)
is a disjoint collection of shadows which are contained in g(f?k), where k = ky, assuming T is sufficiently
large.

38We will think of T as being a “tree”; however, it is not a tree in the strict sense according to Definition

39You can imagine this as a program being run by an infinite computer which has infinitely many parallel processors.
Each time a command of the form “for all X, do Y” is performed, the computation splits up, giving each X its own processor.
This parallel processing is necessary, because otherwise the program would only compute one branch of the tree.
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Note that by (7.20]), we therefore have 3P, C P,.
Proof of Claim [7.23 1t is equivalent to show that the collection
(9_1(37)9(74)))@,6,4%

is a disjoint collection of sets which are contained in By. But by the construction of A,,, the collection

(27,)

yGATk
is such a collection. Thus to complete the proof it suffices to demonstrate the following:
Subclaim 7.23.
(7.27) 9_1(3P9(y)) < 2;ﬁy
for every y € A,,, assuming T is sufficiently large.
Proof. Fix such a y. Let z = g~'(0), and note that
¢:=n(y)eP, C10P, C B, CBC g '(P,)
= Shad, (h.(0),0)
C Shad, (0,0 + d(o, h;(0))),
and thus by Gromov’s inequality
0 =40 (2[C)o 2+ min({y[2)o, (y[2)o)-
On the other hand, since ¢ € Py, we have
(WlCo <+.0 d(0,y) = (yl2)o,
and so
(7.28) (Ylz)o <46 0.
Now let us demonstrate (T27). Fix 7 € g~!(3Py(y)); then
<y|77>z =+,0 d(yu Z) =+,0 d(07 y) + d(07 Z)
by ((28). Now by (d) of Proposition [Z3]
(Wmo Z+ (Wln)= — d(o,2) <4+ d(0,y).

Letting 7 be the implied constant of this asymptotic, we have n € 731, <
This completes the proof of Claim [7.22] O

Let T'(c0) be the set of all branches through T, i.e. the set of all sequences x = (x,,)5° for which
e €T X9 €T X1 €T Tog = O.
We have a map
m:T(00) = Ay o (G)
defined as follows: If x = (x,,)3° € T'(c0), then the sequence
(Pa, )0

is a decreasing sequence of closed sets whose diameters tend to zero. We define 7(x) to be the unique
intersection point and we let J = 7(T(c0)) C A, ». By the Kolmogorov consistency theorem, there exists
a unique measure p € M(J) satisfying

/1*(7)1) = ﬂ(‘r)
forallz € T.

Claim 7.24.
J - Wc,ﬁ-
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Proof. Fix x = (z,)§° € T'(00) and let n = w(x) € J. For each n € N let
(7.29) Prn ="Pz,; Dn=2Dz,; gn=9a

Subclaim 7.25. Infinitely many of the points (x,)5° are type 2.

Proof. Suppose not; suppose that the points x,xn+1,-.. are all type 1. Then for each n > N we have

Dj
ﬂ(mn)Q
ZET(LEu) D'tz

N($n+1) = E

by (iii) of Lemma [5.14] we have

>, DL>Dj

z€T (xy,)
and thus
(@) < D’fl-f‘l
p(zn) — D
Iterating gives
(@) < D_fz
u(zn) — Dy
It follows that for all n sufficiently large say n > No > N, we have
(7.30) w(z,) < DEE.

Let k € N be large enough so that
7, < min (biCd(o’zNz), 52).
Let n > Ny be minimal so that
pedo.wn) <
by the Diameter of Shadows Lemma and (ii) of Lemma [5.14] we have

b—cd(o,;ﬂn) =0 Tk

Let C' > 0 be the implied constant of this asymptotic; then (7.24) holds. But we also have (T.30)); it follows
that z,, is a type 2 point, contradicting our hypothesis that the points xn,zn+1, ... are all type 1. <

The idea now is to associate each type 2 point in the sequence (z,)5° to a good approximation of 7. Fix
n € N so that z, is type 2. Write ¢,, = i,, and k, = k,,,.
Now by Claim [7.22] we have
ne PI71+1 - gn(Bk:n)u
ie.
D(&. g, (m) < 7,
Note that g,(§) € P, by (T.25), and so

€,0501) € g5 (Pa,) C Shad, 1, (0,0 + d(0, k1 (0)))
Thus by (ii) of the Bounded Distortion Lemma we have

D(gn(€),n) =x.o b= UM D( g-1p)

S b_d(o’g"(o))'f‘k

p=d(0:9n(0) p—cd(0,20)

~
~X,0

= p(erDd(o.gu(o)),

Thus o
W&(ﬁ) > limsup — 108 (gn(@v??)

omns,  d0,9n(0)

ie. € Wee. O

>1l+4ec,
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It is left to show that dimgy(J) > s.
Claim 7.26. u(B(n,r)) Sx,o r° for all r > 0 and for alln € J.

~

Proof. Fix x = (2,)5° € T(o0) so that n = 7w(x). As before we use the abbreviations (T.29)). Let
n=n(n,r) € N be maximal so that D,, > r. Then

B(n,7) € B(n, Dy) C 3Py.

Since 3P, N J C Py, we have B(n,r) N J C Pp.
On the other hand, the maximality of n implies that

(731) r> Dn_;,_l.
Now we divide into cases depending on whether x = x,, is a type 1 point or a type 2 point.
Case 1: x is type 2. In this case, let

1 =1lp =1tg,, k=kn==Fks,, and g = g = ¢s,,

Then ”
Ve (Y
n(B(n,r)) < Z u(y) = Z #A)#(‘T)-
yeT(z) yEA,, TR AR
PyNB(n,r)#2 Py(y)yNB(n,m)#2

On the other hand, since z is type 2 we have
M(ZU) < D;ﬂs =y, b*(tfs)d(o,m);
moreover, by (Z21)) and (Z.23]) we have
Vry, (A’I‘L) 2 x Hﬁ,o,s(rk) > T,](:*S*E)/c =x,o p~(ts—e)dlom)

Combining gives

(7.32) W(BM,)) Sxo b0 N ().

YEAL,
Pa(y) NB(n,r)#2

Subclaim 7.27. For every y € A, for which Py, N B(n,r) # &, we have
9(Py) € B(n, Cir),
where Cy > 0 is independent of n.

Proof. We claim first that » > D
Case 1: ¢g(y) = p4+1. Then

9(y)-

r>Dpi1 = Dg(y).
Case 2: g(y) # Zp+1. Then
2 D(Py(y)sn) = D(Py(y), 90X\ 3Py(y)) = Dy(y)-
Subclaim 7.28. For all ¢ € P, we have
(7.33) {0lg(Ng(y) =+,0 0-

Proof. Since
CEP,CBLCBCy ' (Pa),
we have
{971 (0)I¢)o = (0l9(C)) gto) =+ (0lg(C))a =10 0.
On the other hand, since ¢ € P,

(YlC)o <+.0 d(0,y) — oo,

Gromov’s inequality yields
<971(0)|y>0 =40 0.
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Thus
(0lg™(0))y <. d(0,y) > ox.
On the other hand
(0l¢)y =4, 0;

Gromov’s inequality yields

<0|g(<)>g(y) = <g_1(0)|<>y =40 0.

<

Letting & > ¢ be the implied constant of the asymptotic (33]), we have g(P,) C Shad(g(y), ).

Thus

D(¢,n) <7+ Diam(Shad(g(y), o)) <x 7+ Dg(yy Sx 7
completing the proof. <
Thus
(7.34) Yo < Yo vy <alvnllgT (B, Cir))).
YyEA., YyEAL,
PyyyNB(n,r)#2 9(Py)SB(n,C1r)
Now,

Dg’l(mnﬂ) =x,0

=y o bHOT)—d(0:n11) (by the Intersecting Shadows Lemma)

b*d(01971(1n+1)) =y p~ U @n,Tnt1)

X0 bd(o’I")DnH (by the Diameter of Shadows Lemma)

< plezn)y, (by (Z.210)
Let C5 > 0 be the implied constant of this asymptotic; then

(7.35) Dy-i(z,, ) < Cob@o)r.
Subclaim 7.29.
gil(B(n, Clr)) CU :=B(r(g " (zns1)), C’gbd(o’m)r).
for some C3 > 2C5 independent of n.
Proof. Fix ¢ € g~Y(B(n,C1r)). Then by (d) of Proposition 23] we have
(g™} (1), ) S HHOHN D, 9(0)) < CLpCINy ., 00,

On the other hand, since n € P, Subclaim [7.23] shows that

n+19

g_l (n) € 27)971(13714»1)

and thus ~
D(g7 (), (g7 (@n41))) £ 2Dg1(s, 1) < 204 )y,

This completes the proof. <
Combining (C32), (C34), and Subclaim gives
(7.36) p(B(1,7)) Sx.o b1 1, (V).
Now by (Z35) we have
F@(g™ @n11))) = Dg-1(a, 1) < 2Dg1(a,,,) < 200047 < Cyph2),

and so the ball U is admissible. On the other hand, the measure 7|y, ] is s-admissible; it follows
that
e J(U) < (Cgbd(o’m)r)s.
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Case 2:

(7.37)

(7.38)
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Combining with ([7.36]), we have
(B, 7)) Sy bs4@) (plo)p)® = ps.

x is type 1. In this case, by (Z31)) and (ii) of Lemma [5.14] we have

r > Dpt1 <X« Dy
On the other hand, since B(n,r) N J C P, we have

w(B(n,7)) < plan).
Thus to complete the proof of the claim it suffices to show

w(@n) Sx Dy,
Let m < n be the largest number such that ., is a type 2 point. (If no such number exists, let
m =0.) Let
7 =min(2Dy41, D) > Dt

then n(n,7) = m. Thus since z,, is type 2, the ball B(n,7) falls into Case 1: So by our earlier
argument, we have

p(B(n,7)) Sx 77
(If m = 0, then (Z38]) holds just because the right hand side is asymptotic to 1.) On the other
hand, Py+1 € B(n, Dimy1) C B(n,7), and so
/L(merl) < IUJ(B("%?)) SX Dfn-{-lv

i.e. (Z37) is satisfied for n = m 4+ 1. On the other hand, since the points z,,11,...,2,—1 are all
type 1, the argument used in the proof of Subclaim [Z.25] shows that

t s
w(@mi1) — Dy~ Dy
since t > s by (22). This demonstrates (Z.37]).

Now by the mass distribution principle we have dimg(J) > s, completing the proof.

7.5. Special cases. In this subsection we prove the assertions made in §I.Z.1] concerning special cases of
Theorem [1] except for Theorem [7.33] which will be proven in Subsection below.

Example 7.30. If £ € A, then P(s) = s. Thus in this case (1)) reduces to

(7.39)

)

dlmH (chg) = c—i——l,

i.e. the inequality of (TI)) is an equality.
Proof. In fact, this is a special case of Example [[.31] below, since if £ € A, then B(§) = 1. |

Example 7.31. If £ is a horospherical limit point of G then P¢(s) < 2s. Thus in this case we have

5
< dimp (W,.e) < .
pe 1 = dimu(Wee) < ——

More generally, let (-|-) denote the Gromov product. If we let

(7.40)

—B(6) — T {9(0)I&)o
G=5):= Tmsup o0 00
d(o0,9(0))—o0

then P (s) < f7's and so

1) )
% < < .
Ble+1— dimp (We.e) < 25

In particular, if 8 > 0 then dimg(VWA¢) = 6.
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Proof. Fix s € (0,0). Since dimg(A;) = § > s, there exists ¢ > 0 so that dimg(A;,) > s. Then
H: (Ar,s) > 0. Let 7 > 0 be guaranteed by Lemma 239
Let h1, ha € G be as in the definition of general type. Then there exists € > 0 so that for all £ € 90X,

(7.41) max D(, hi(€)) > &.

Let & > 0 be given by the Big Shadows Lemma.
Now fix g € G. By the Big Shadows Lemma, we have

Diam (90X \ Shady-1(0)(0,7)) < e,
and thus by (T4 we have
0X = Sy UhT'(Sg) Uhy'(S,), where Sy = Shad,-1(,(0,5).
Let hg = id. Then there exists ¢ = i3 = 0,1, 2 such that
M (B N (8,)) 2 5H () o L
Thus

psd(0.9(0) = psd(ogohi(0))

o M (90 (e DT (S))
Hi(Ar - N g(Sy)) (by Lemma 2:39)
= H3 (A;-NShad(g(o),a)).

IN N

Now fix n € Shad(g(o), 7). We have

(nl€)o 2+ min((g(0)[n)o, (9(0))o)
=4z min(d(o, g(0)), {9(0)[£)o) (since 7 € Shad(g(0), 7))
= {9(0)[&)o,
ie.
Shad(g(0),5) C B(&,Cb~(9()l&)e)
for some C' > 0 independent of G. Thus
psdle9e) < Hs (Arr N B(E, Ob’<g(°)’5>°)) - H&T’s(be(g(O),En)_

Let (g,)5° be a sequence so that

(gn(0)[€)0

d(0, gn(0)) 7 B and d(o, g, (0)) — o

In particular, (g,,(0)|£)o — 00, and thus

1 H 7,8
Pe(s) < limint %()W)
log,, (He .5 (Cb~(91(0):8)0))
< lim inf —8b\ & Ts
= h—oo log,, (Ch—(9n(0).€)0)
< liminf 25U 90 (0) _ g1

n—co —(g,(0),§)o
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Finally, if € is a horospherical limit point, let (g,(0))° be a sequence tending horospherically to &; then

B(&) > h?f;ip 7{% (Zi|8 )O)

= fimsup 3 (223);%5; e (by (g) of Proposition 23)
: 1 d(0, gn(0)) : :

>1 s n h h 11

> 17rlnﬁsot<1jp 230, 9m(0) (since x — ¢ horospherically)

=1/2.

]
Proposition 7.32. There exists a (discrete) nonelementary Fuchsian group G and a point & € A such that

Proof. Let D, denote the Euclidean metric on C, and let Dy denote the spherical metric on OH?, i.e. the
metric |dz|/(]z|? + 1). For each n € N, let a,, = 2™ and let g, € Isom(H?) be a Mobius transformation
such that

dn (@ \ Bo(—an, 1 /an+2)> = Bo(an, 1/any2).

The group G generated by the sequence (g,)5° is a Schottky group and is therefore discrete. Clearly, oo is
a limit point of G.
We claim that dimy(VWAL) = 0. By ([2), it suffices to show that

P (s) =400 Vs € (0,9).
Fix s € (0,0) and 0 < r < 1. Computation shows that
By(co,7) € €\ Be(0,1/(27)).
There exists n = n,. € N so that

1
(079 < 5 < Ap41-

Then
Bi(o0,m) NA € {00} U | [Be(am,1/@mi2) U Be(—am, 1/am+2)]

m>n
and thus for all o > 0
He o 5(r) < Z [ Diamg (Be(am, 1/am+2)) + Diamg(Be(—am, 1/am+2))]

m>n

-y

2
a Qa
m>n m+2Wm

Thus

ny+2
g 082 lim inf[n, + 2] = +oc.
r—0 IOg(r) 0
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7.6. Proof of Theorem [7.33l In this subsection we prove Theorem [7.33] The proof requires several
lemmas.

Theorem 7.33. Let (X,d,0,b,G) be as in and let & be a bounded parabolic point of G. Let § and
de be the Poincaré exponents of G and Ge, respectively. Then for all s € (0,9)

s if s > 26¢

7.42 Pe(s) = 25 — 20¢) = .
(7.42) e(s) = max(s, 25 = 20¢) {25—25,E if s < 20

Thus for each ¢ > 0

5/(0—1—1) ifC+126/(255)
(7.43) dimH(Wc75) =< )+ 2550 . .
> - > <
%1 lfC+1_6/(255)

In this subsection, D, denotes the Euclidean metametric D¢ ,, and Ds denotes the spherical metametric
D,.

Definition 7.34. Let G¢ be the stabilizer of ¢ relative to G. We define the orbital counting function of
Ge¢ with respect to the metametric D, to be the function f¢ : [0,00) — N defined by

(7.44) fe(R) :=##{g € G¢ : Dc(0,9(0)) < R}.

Note that f¢ is different from the orbital counting function of G¢ with respect to the hyperbolic metric d,
which we denote by fg,.

Before proceeding further, let us remark on the function (Z.44]). In the case where X is a real, complex,
or quaternionic hyperbolic space, f¢ satisfies a power law, i.e. fe(R) <x R?%, where d¢ is the Poincaré
exponent of G¢ [66, Lemma 3.5] (see also [76, Proposition 2.10]). However, this is not the case for more
general spaces, including the infinite-dimensional space H* and proper R-trees; indeed, there are essentially
no restrictions on the orbital counting function of a parabolic group acting on such spaces. See Appendix
[Al for details.

Let us now give a rough outline of the proof of Theorem [T.33l Let

Hﬁ*ﬁ,s(R) = Hg,oo(Ar,a \ Be(07 R))
Then by Lemma 220, (4] can be rewritten as

. Jog(H{, (R))
(7.45) Pe(s) = Jim liminf — oo —

So to compute Pe(s), we will compute H, *)U7S(R) for all R > 1 sufficiently large. Since the spherical metric
is locally comparable to the Euclidean metric via [220), we will compute H{ , (R) by first computing
H: ., of appropriately chosen subsets of A, \ Be(o, R). Specifically, we will consider the sets

SR,a = U g(SﬁArx‘T)’
9€Ge
aR<De(0,9(0))<R

where R > 1 and a € [0, 1]. Our first step is to estimate H . (Sr.a):

Lemma 7.35. Let S be a {-bounded set containing o, and let o > 0. Fix R > Cy Diame(S) and o € [0, 1].
Then

(i)

(7.46) e oo (Sro) S Je((Co +1)R)

~F supgen . (fe(@)/Q%)
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(i) If
(7.47) HE (SN AL,) >0,
then for all o € [0,1]

. Je(R) — fe(aR)
>
(7.48) HeoolSR.a) x50 suPgen 120,r) (fe(Q)/Q*)

Remark 7.36. In the proof of Lemma [[.35] we will not indicate the dependence of implied constants on
the &-bounded set S.

Proof of (i). Fix Q € [1, R], and let Ag be a maximal 2Cy@Q-separated subset of Be(o, R) N G¢(0). Then
the sets (Be(z,CoQ) N Gg(o))meAQ are disjoint, so

#(Bo(0, R+ CoQ) NGe(0)) > > #(Be(x,CoQ) N Ge(0))

T€EAQ

> Z #(Be(0,Q) N Ge(0)) (by Observation 2.42))

IGAQ
= fe(Q)#(Aq),
and thus
Je(R+Co@Q) _ fe((Co+1)R)
A .
HAR=TTR T 5T @

On the other hand, the maximality of Ag implies

Bu(0,R)NGe(o) € | Belw,2C0Q)

IEAQ

and thus by Observation
Sp:=Spo C U Be(z, Co Diame(S)) € | ) Be(z,2C0Q + Co Diam,(S)),
2€Be(0,R)NG¢(0) T€EAQ

ie. (Be(x, 2CQ + Cy Diame(S))) is a cover of Sr. Thus

T€EAQ

H: o(Sr) < Z (2COQ + Cy Diaume(S’))s

T€EAQ
= #(AQ) (200@ + Co DiamC(S))S

< Jel(Co+ 1)R)Qs
~ fe(Q) ’

since Q > 1 by assumption, and Cy and Diam.(.S) are constants. Thus

- fe((Co +1)R)/((Co + 1)R)**
R™2*H? _(Sr) < ;
ool 5R) S (@)@
and taking the infimum over all @ € [1, R] finishes the proof. O

Proof of (ii). Let C satisfy |J(C) = Sg,a-
Claim 7.37. For all A C &,
#{g € Ge : g(S)N A # 2} < fe(CoDiame(A) + 205 Diam,(S)).

Proof. Suppose that the left hand side is nonzero; then there exists go € G¢ such that go(S) N A # .
Then

#{g € Ge 1 g(S)NA# g} < #{g € G¢ : De(g0(0),9(0)) < Diame(A) +2Co Diamc(S)}
< fe(Co Diame (A) + 2C7 Diam,(S)).
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<
Let
C1 = {A € C: Diam¢(A4) < Cp Diamc(S5)},
and let Co = C \ C;. Then by Claim [7.37] we have
AcC = #{g€Ge:g(S)NA# 2} < fe(3C2 Diam,(9)) =« 1,
and thus
> Diami(A) 2 Y. > Diam}(4)
Accy geGe  AeCy
g(S)NA#£a
> Yo Hi(9(SNAL))
g€Ge
9(SNAr,0)CU(Cr)
= Z Ha oo (SN AL) (by Observation 2.42)
gGGg
9(SNA:,-)CU(C1)
<o #{g€ Gergsn ) @)} (by (7))
On the other hand, Claim [7.37] implies that for all A € C3, we have
#{g€ Ge:g(S)NA# z} < fe(3C; Diame(A))
Moreover, since |J(C) = Sg, we have A C Sg and so
3Cy Diam,(A) < 3Cy Diam,(Sg) < 3Co(2R + 2C, Diame(S)) < 12Cy R,
since R > Cj Diam,(S). Thus
#lg € Ge:g(S)NA# 2} < fe(3Co Diame(A))
< (3Cp Diame(4))*  sup  (fe(Q)/Q%)
Q€[1,12C) R]
=x Diami(A) — sup  (fe(Q)/Q°).
QE€[1,12C) R]
Thus
fe(®) — felaR) < #{g€Ge: 98N M) )} (since [ J(€) = Sra)
< #{ge Ge:g(SN M) C U(cl)} + > #{geGe:g(S)NA# 5}
A€eCy
Sxo ) Dlamg(A)+ »  Diamg(A)  sup  (fe(Q)/Q%)
Sx Y Diami(4)  sup  (fe(Q)/Q").
YT QE€[1,12C) R]
In the last inequality, we have used the inequality
1= fe(1)/12 < sup  (fe(Q)/Q%)-
Q€[1,12C0 R]
Taking the infimum over all collections C such that (J(C) = Sk, gives
fe(R) = fe(aR) Sx.0 H oo(SRa) — sup  (fe(Q)/Q°),
Q€[1,12CoR)
and rearranging finishes the proof. 0

Having estimated H o (Sr,a), we proceed to estimate Hf , (R):
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Lemma 7.38. There exist C5,a > 0 such that for all o > 0 sufficiently large, for all R > 0 sufficiently
large, and for all s > 0,

(i)
e fg (ZE(CO + 1)R) (QZR)725

* <
(7.49) o) S D o (@@

(ii) If fe(aR) > fe(aR/2), then
fe(aR)R™*°
supgep,csr) (fe(Q)/Q%)

Proof of (i). Since ¢ is a bounded parabolic point, by Proposition 2.49] there exists a £&-bounded set S C &
such that A, C A\ {{} € G¢(S). Without loss of generality, we may assume that o € S.
Fix R > 4Cp Diam(S). Then

(750) Hg,a,s(R) ZX

Ar\ Be(0,R) € | 9(8)\ Be(o, R)
9€Ge

c U e

geGe
9(S)\Be (0, R)#2

U 9(5)

geGe
D¢ (0,9(0))>R—Co Diamc(S)

c U s

gGGg
De(0,9(0))>R/2

N

Thus for all ¢ > 0 and for all s > 0,

HE*,U,S(T) = H:,OO(AT7U \Be(07 R)) S H:,oo U g(S)
gGGg
De(0,9(0))2R/2
(7.51)

<Y Hi. U 9(5)
£=0

geGe
2" R<D.(0,9(0))<2‘R

Fix £ € N, and let
Ay = Bo(0,2°"'R) \ B.(0,2°R).
Fix g € G¢ such that 2°71R < Dc(0,9(0)) < 2°R. Then

De(g(0), &\ Ar) = % > Cp Diam,(S),

and so
g(S) C A,
Now, for y1,y2 € Ay, by (Z20) and (ZI8) we have

Ds(y17 y2) =x (2£R)72De(y17 y2)7
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and so

Mo U g(S)

geGe
2¢"1R<D.(0,9(0))<2‘R

=x (2°R)7HH U 9(5)
geGe
2" R<D.(0,9(0))<2‘R

< @R)TFHIL U e

geGe
De(0,9(0))<2'R

fe(24(Co + 1)R)

<« (2°R)™%* : (by Lemma [7.35])

Suer[1,2ffR](f£(Q)/Qs)
Combining with (Z.51]) finishes the proof.
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O

Proof of (ii). Since G is of general type, there exists h € G so that h(€) # &. Let S be a £&-bounded set so

that bord X = S U h(S). Without loss of generality, we may suppose that o € S.
Claim 7.39. There exists o > 0 satisfying (C47).

Proof. Since dimpg(A,) = 0 > s, there exists 0 > 0 so that dimgy (A, ) > s. Letting h=id or h, we have
dimg (Ay,e NA(S)) > s. By Lemma 239, we have dimg (A, - NS) > s for some 7 > 0, finishing the proof.

(Hausdorff dimension is the same in the Euclidean and spherical metrics.)

<

Let o = 4(Cy +1). Fix R > CyDiamc(S), and assume that fe(aR) > fe(aR/2). Then there exists

go € G¢ such that
(7.52) aR/2=2(Cy+1)R < D(0,g0(0)) < aR = 4(Cy + 1)R.
Now for every x € Be(0,2R) N G¢(0),

De(g0(0), 9o()) < 2Co R

and thus

2R < De(0, go(x)) < (6Co + 4)R.
So
(7.53) fe((6Co +4)R) > 2f¢(2R),

and thus by Lemma [.35]

> fe((6Co + Y R) — fe(BR)
~x SUPQe(1,12¢0 (6C0+4)R] (fe(Q)/ Q%)
fg((GOo + 4)R)

7'[Z,oo (5(600+4)R,1/(300+2))

~

=~

* SUPGe 1 1200 (6c0+4)r) (fe(Q)/ Q%)

> fe(aR)

SUPQe1,12C0 (6C0+4) ) (f6(Q@)/ Q%)

On the other hand,

(7.54) C Be(0, (6Cy + 4)R + Cy Diam,(S)) \ Be(0, R).

S(GCO+4)R,1/(3CO+2) g BC(O7 (600 + 4)R + C() DlamC(S)) \ BC (07 2R — OO Dlamc(S))
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Let 7 be as in Lemma [2.391 Then

Hg*,T,S(R) = H:,oo(Ar,r \ Be(o, R)) > H:,oo(5(600+4)R,1/(300+2)) (by (IEZI))
<u RT¥H  (S6co+4)R1/(3C0+2)) (by (Z54))
> R—2s fg(OéR) .

~ X

SUPQe[1,1200 (6Co+4)R] (fe(Q)/ Q%)

We now begin the proof of (.42)). It suffices to consider the two cases s € (0,2d¢) and s € (20¢,9); the
case s = 20¢ follows by continuity.

Remark 7.40. By Observation 2.44]

(7.55) 25 = lim sup log fe(R)

R—o0 lOg(R)
Case 1: s > 20¢. In this case, fix € > 0 so that 20¢ + & < s; then by (Z50), for all R > 1 we have
(7.56) felR) S R,

so by (Z.49),

os(R) Sx i fe(2'Cs R) (2°R) >
- — supgep oer) (fe(Q)/Q°)

S 3 (2'C5R)PT (2 Ry

X
=

oo
—(25—28¢—¢) 2(26)26§+572s
=0

x)( . R—(2S—265—8)-

Applying (Z48) gives
Pe(s) > 2s — 20¢ — ¢,

and taking the limit as ¢ — 0 gives Pe(s) > 25 — 20¢.
To demonstrate the other direction, note that by (56 we have

sup (fe(Q)/Q%) =xe 1

Q€[1,R]

and so by (Z50) we have

. fe(aR)R™28
Hﬁ,U,S(R) 2 g( )

" =y fe(aR)R™%
™7 supgeq, o, (fe(Q)/ Q%) e Jela)
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whenever fe(aR) > fe(aR/2). Thus

o og(HE ((R))
P = B B Tog(/m)

log(R™2% fe(aR))

< lim lim inf
~ o—00 R—o00 I 1/R
0% aro ey 108/ F)
=25+ lién inf %
—00
fe(®)>Je(r/2) 8
. log f¢(R)
=2s— 1 —
o e S
fe(R)>fe(R/2)
. log fe(R)
= 2s — limsup ——=~ see below
D T () ( )
=25 — 265. (by m)

To justify removing the restriction on the limsup when moving to the penultimate line, simply
notice that for each R, if we let R be the smallest value so that f¢(R) = fe(R), then R satisfies
the restriction, and moreover
log fe(R) _log fe(R) _ log fe(R)
log(R) log(R) — log(R)

log fe (Rn)
IOg(Rn)

also tends to the lim sup; moreover, }N%n — 00 because otherwise f¢ would be eventually constant,

So letting R,, — oo be a sequence such that tends to the lim sup, the sequence (fin)j’o
n

G¢ would be finite, and £ would fail to be a parabolic point.
Case 2: s < 20¢. In this case, by (T.55]), we have

(7.57) limsup f¢(R)/R® = cc.
R—o0
Claim 7.41. There exists a constant C7 > 0 and a sequence R,, — 0o such that for all n € N,

sup  (fe(Q)/Q%) < Crfe(aRy)/R;,
Q€[1,C5R,]
and

ff(O‘Rn) > f&(O‘Rn/2)'

Proof. For convenience let he s(R) = fe(R)/R® for all R > 1 and let Cs = C5/a. Fix C; > 0
large to be announced below, and by contradiction suppose that there exists Ry such that for all
R > Ry, either

(7.58) sup he s > Crhe (R)
[LCSR]

or
(7.59) fe(R) = fe(R/2).

(In each equation, we have changed variables replacing R by R/a.) By (&1, there exists Ry > Ry

so that
(7.60) he s(R1) = sup hes,

[1)R1]

and in particular he s(R1) > he s(R2), which implies fe(R1) > fe(R1/2). Thus Ry does not satisfy
[C59)), so it does satisfy ([C58); there exists Ry € [1,CsR;] such that

(7.61) he,s(Ra) > Crhe,s(Ra).
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By (Z60Q), such an Rs must be larger than R;. Letting Ro be minimal satisfying (Z.61), we see

that
hg)S(RQ) = Sup hg)s.
[1,R2]
We can continue this process indefinitely to get a sequence R; < Rp < --- satisfying

hg,s(anLl) Z O7h§,s(Rn) and RnJrl S CSRl-

By iterating, we see that

_ loge, (C7)
> =1 = loses(@DD) (%) :

and thus
Je(Ra) Z.crm, R
Applying (Z55)) gives
0¢ > loge, (C7) + s,

but if C7 is large enough, then this is a contradiction, since §¢; < d < oo by assumption. <
Applying (Z.50) gives

HE,O’,S(R'”) RX R;S
and applying (45) shows that P¢(s) < s. On the other hand, the direction P¢(s) > s holds in
general (Proposition [T7]).

This completes the proof of ([T42). Deducing [T43) from (1) and (T42) is trivial, so this completes the
proof of Theorem [T.33]

8. PROOF OF THEOREM [81] (GENERALIZATION OF KHINCHIN’S THEOREM)

Theorem 8.1 (Generalization of Khinchin’s Theorem). Let (X,d,0,b,G) be as in and fiz a dis-
tinguished point £ € 0X. Let § be the Poincaré exponent of G, and suppose that p € M(A) is an ergodic
d-quasiconformal probability measure satisfying u(¢) = 0. Let

Aue(r) = u(B(E,r)).
Let @ : [0,00) — (0,00) be a function such that the function t — t®(t) is nonincreasing. Then:
(i) If the series

(8.1) S podeaOIA, (bd<o,g<o>>q,( Kbd(mg(o))))
geG

diverges for all K > 0, then n(WAg ¢) = 1.
(iiA) If the series

(:2) > (6(€) Ay (RN /')

geG

converges for some K >0, then n(WAg ¢) = 0.
(iiB) If € is a bounded parabolic point of G (see Definition[2.48), and if the series 1) converges for
some K >0, then f(WAg ) = 0.

Let us begin by introducing some notation. First of all, we will assume that the map G 5 g — ¢(0)
is injective; avoiding this assumption would only change the notation and not the arguments. For each
x € G(0), let g, € G be the unique element so that g,(0) = z, and for each K > 0 let

(83) By i = B(ga (&), D(KbH™)));
then
(8.4) WAse= (] |J Bux.

K>0zeG(o)
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We will also need the following:

Lemma 8.2 (Sullivan’s Shadow Lemma). Let X be a hyperbolic metric space, and let G be a subgroup of
Isom(X). Fiz s >0, and let p € M(9X) be an s-quasiconformal measure which is not a pointmass. Then
for all 0 > 0 sufficiently large and for all x € G(0),

(8.5) p(Shad(z, o)) =<y o b~54O),
The proof of this theorem is similar to the proof in the case of standard hyperbolic space [83] Proposition

3], and can be found in [21I] or |26, Lemma 15.4.1].

8.1. The convergence case. Suppose that either

(1) the series [82]) converges for some K > 0, or that
(2) € is a bounded parabolic point, and the series (81I) converges for some K > 0.

By (84) and by the easy direction of the Borel-Cantelli lemma[] to show that w(WAs ) = 0 it suffices
to show that there exists K > 0 so that the series

(8.6) > w(Buk)

z€G(0)

converges. Fix K > 0 large to be announced below. Fix x € G(0) and let ¢ = g,. Note that
pBas) = [ ()
£ 71(31' K)

Claim 8.3. By choosing K sufficiently large, we may ensure that for all z € G(0) and for alln € g~ (By k),

(8.7) g'(n) =x ¢'(€)
d(o,x)
(8.:8) D(&,m) S %

In both equations g = g, .
Proof. (cf. proof of Claim [T7) Fix n € g~ (By k). We have

log, (ziﬁg)\ = 1By (0.97}(0)) — Be(0.g~ (o) =+ l(g(@)lg(m)o — (g()]g(€))al.

(8.9)

Let

(A) = (g(0)lg(n)
(B) = (g(0)[g(£)
(C) = (g(©lg(m))o-

By Gromov’s inequality, at least two of the expressions (A), (B), and (C) must be asymptotic. On the
other hand, since g(n) € B, i, we have

{9(©lg(m)o = d(0,9(0)) <+ —log,(D(9(£), 9(m))) — d(0,9(0))

> —logy(®(Kb™*™)) = d(0, ) (by E3)

> —log,(®(1)/ (Kb ) —d(o,z)  (since t — t®(t) is nonincreasing)
log, (K/®(1))
Since (A) and (B) are both less than d(o, z), this demonstrates that (C) is not asymptotic to either (A)
or (B) if K is sufficiently large. Thus by Gromov’s inequality, (A) and (B) are asymptotic, and so (89)

is asymptotic to zero. This demonstrates (87)). Finally, (88]) follows from (871, (83), and the geometric
mean value theorem. <

>o
)

o

40The condition u(§) = 0 guarantees that for u-almost every n, we have n € WAg ¢ if and only if for all K > 0 there exist
infinitely many = € G(0) such that n € B, k.
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Let C' > 0 be the implied constant in (8.8]). Then

(8.10)

WBaa) = [ ()
g I(Bz K)

= (¢"(€)° (9™ (Be k)

e D(RHIC)
< (9(6))#(3(&0 PIG) )
= (0O Aue (COEB ) /g'())
< (61©) D (FCTEV) /g'())

the last inequality due to the fact that the function ¢ — ¢®(t) is nonincreasing. Now the argument splits
according to the cases (1) and (2):

(1)

(2)

(8.11)

(8.12)

In this case, let K > 0 be a value of K for which ([B2) converges, and choose K > 0 large enough

so that K > CK and so that Claim R3)is satisfied. Then we have 88) <, (B2) < oo, completing
the proof.
In this case, let us call a point = € G(o0) minimal if

d(o, z) = min{d(o, §(0)) : §(&) = g=(£)}-

WAse= (] |J Bex.

K>0 zeG(o)
minimal

Then

Again, by the easy direction of the Borel-Cantelli lemma, to show that ©(WAg ¢) = 0 it suffices to
show that there exists K > 0 so that the series

Z M(Bac,K)

zeG(o)
minimal

converges.

Since & is a bounded parabolic point, there exists a {-bounded set S so that G(0) C G¢(5),
where G¢ is the stabilizer of £ relative to G. Fix € G(0) minimal. Then there exists h € G¢ such
that ho g7'(0) € S; by Observation 2.47] we have

(hog™!(0)[€)o =+ 0.

Then
d(o,z) < d(o,goh™*(0)) (since z is minimal)
= d(hog '(0),0)
=4 Be(hog™'(0),0) (by (B.12))
=4 Be(g7(0),0); (since € is parabolic)

exponentiating gives

g/(é-) = b—d(o,w)'
Let C3 > 0 be the implied constant of this asymptotic. Then by (8I0), we have

M(Bw,K) Sx b_[sd(o’w)A%g (bd(‘)@)(I)((CC2)—1Kbd(o,z))) -

Let K > 0 be a value of K for which BI) converges, and choose K > 0 large enough so that

K > CC,K and so that Claim B3is satisfied. Then we have ®II) <, (®I) < oo, completing the
proof.
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8.2. The divergence case. [1] By contradiction, suppose that ;1(WAg ¢) = 0. Fixing A > 0 small to be
announced below, we have

z€G(0)

for some K > 0. For convenience of notation let
U= ] Bk
£€G(0)

Let o > 0 be large enough so that (83]) holds for all z € G(0), and fix € > 0 small to be announced below.
Let ¢(t) = t®(t), so that the function ¢ : [0,00) — (0, 00) is nonincreasing. For each = € G(0) let

P, = Shad(z, o)

By = ga(B(&,ep(Kb"*7))).
Let
(8.13) A:={x € G(o): By CPy}.

In a specific sense A comprises “at least half” of G(0); see Lemma B0 below.

Let d : A — N be a bijection with the following property: d, < d, = d(o0,z) < d(o0,y). Such a bijection
is possible since G is strongly discrete. Note that d, = 0.

We will define three sets T7,T5,T5 C A, two binary relations €;C Ty x T and €5C Ty x T, and one
ternary relation €3C T3 x T1 x T3 via the following procedure. Points in T; will be called type i

1. Each time a new point is put into 77, call it x and go to step 3.
2. Put o into Ti; it is the root node.
3. Recall that x is a point which has just been put into T7. Let

(8.14) Sy ={yeA: P, NP, # & and d, > d}
and

(8.15) Sy ={yeS,:P,C g}

4. Construct a sequence of points z,, € §m recursively as follows: If 2, ..., z,—1 have been chosen, then let
Zn € Sz be such that

(8.16) P..OP, =2 Vj=1,...,n—1.

If more than one such z, exists, then choose z, so as to minimize d,_ . Note that the sequence may
terminate in finitely many steps if ([8I0]) is not satisfied for any z, € S,.
5. For each n, put z, into 71, setting z, €1 z.

6. Construct a sequence of points y, € Sy \ S, recursively as follows: If y,...,y,—1 have been chosen,
then let y, € S, be such that
(8.17) By, NBy, =& Vj=1,...,n— 1.

If more than one such y,, exists, then choose ¥, so as to minimize d,,, .
7. For each n,
i. Put y =y, into Ty, setting y €2 2.
ii. Let
Spy={2€8:\8,:B,NB, # g and d. > d,}.
ili. For each z € S 4, put z into T3, setting z €3 (x,y).

41This proof was heavily influenced by the proof of [I, Theorem 4 of Section VII].
4236 footnote
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Notation 8.4. Write y > z if y € S;. Note that by construction y >z = d, > d,.
Let us warn that the relation > is not necessarily transitive, due to the fact that the relation of having
nonempty intersection is not an equivalence relation.

Lemma 8.5.
T UT,UT; = A.

Proof. By contradiction, suppose that w € A\ (T; UTo,UT3). We claim that there is an infinite sequence of
type 1 points (x,)5° so that --- €1 x93 €1 1 €1 29 = 0 and z, < w for all n. Then d, < dzy < -+ < duy,
which is absurd since these are natural numbers.

Let zg = 0. By induction, suppose that z = x,, < w is a type 1 point.

Case 1: w € §z In this case, note that w could have been chosen in step 4, but was not (otherwise it
would have been put into T1). The only explanation for this is that P, NP, # & for some z €1 x
for which d, < d,,. But then z, < z < w; letting x,41 = z completes the inductive step.

Case 2: w ¢ §z In this case, note that w could have been chosen in step 6, but was not (otherwise it
would have been put into T3). The only explanation for this is that B, N B, # & for some y €2 x
for which d, < d,. But then w €3 (z,y), which demonstrates that w € T3, contradicting our
hypothesis.

O
Lemma 8.6. There exists 7 > 0 (depending on o) so that for all x,y € A with y > = we have
P, C Shad(z, 7).

Proof. This follows directly from the Intersecting Shadows Lemma, ([8I4), and the fact that d, > d,
= d(o,y) > d(o,x). O

Lemma 8.7. For all x,y € A such that y > x, we have
3By C g2(U),
if € is chosen small enough.
Proof. By Lemma and [BI3]) we have
B, C P, C Shad(z, 1),
where 7 is as in Lemma [B:6l Thus by Lemma [[13] there exists 7 > 0 such that
3B, C Shad(z, 7).
Suppose 1 € By; then

D(&, 9, () < ep(KbTv));
since By C Py, the Bounded Distortion Lemma gives

D(gy (g)a 77) Sx,g bid(o"y)gq‘)(Kbd(O-,y)).

Thus
Diam(3B,) < 3 Diam(B,)) <x., b~ ¥ ep(Kpd ).
Now fix n € 3B,; then

D(gy(f)v n) Sx.o bid(o’y)ggf)(Kbd(O»y))
D(g;" 0 94(€), 9, (n)) Sx.7 bV (KpHov)) (by the Bounded Distortion Lemma)
=0 b7U@W (K pUow)) (by the Intersecting Shadows Lemma)
< b—d(w,y)qu(Kbd(z,y)) (since ¢ is nonincreasing)

= eK®(Kb@Y) =, g e®(Kb4@Y),
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If we choose € to be less than the reciprocal of the implied constant, then we have

D(g;" 0 gy(&), 92 (n) < B(EHH=¥))

and thus

_ _ 0,97 og, (0
9, (n) € B(g; " 0 g,(€), ®(KpH9x D)) =B .y CU,

9
ie. n € g-(U). Since n € 3B, was arbitrary, this demonstrates that 3B, C g,(U). O

Lemma 8.8. Ifx € T1, y €2 z, and z €3 (x,y), then B, C Shad(z, p) for some p > 0 large independent
of z. In particular g,(§) € Shad(z, p).

Proof. Since z €3 (x,y), we have B, N B, # &, but by 813), B, C P., so

(8.18) B,NP. # .
Since z € Sy C Sz \ §w, we have
P. ¢ 9.(U),
but on the other hand, 3B, C g,(U) by Lemma B7, so
P. ¢ 3B,.

Combining with (8I8]), we have
Diam(P,) > D(B,,0X \ 3B,) > Diam(B,)

and thus by Lemma [.13] we have
B, C 3P, C Shad(z, p)

if p > 0 is large enough. g

Lemma 8.9. For each x € T1,

(8.19) > 1(P-) Sxo Mi(Pe)
(8.20) > 1(By) Sxo i(Py).

For each x € Ty and for each y €5 x,

(8.21) D (B:) Sxo p(By).
z€3(z,y)

Proof.

(BI19): By Lemma B0, (8135, and (BI6), the collection (P,).e,, is a disjoint collection of shadows con-
tained in g, (U) N Shad(z, 7). By the Bounded Distortion Lemma,

S P < plg.(U) N Shad(a, 7))

z€1x
= 7 b0 (U N g~ (Shad(z, 7))
< AT = Au(P,).
(820): By Lemma 8.6 (813), and (BI7), the collection (By)ye,s is a disjoint collection of balls contained
in Shad(x, 7). Thus

S w(B,) < p(Shad(z, 7)) =xr b0 =, u(P,).

YyEaw
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: By the Bounded Distortion Lemma, we have for each z € A
[L(Bz) .o b 5d(0’z)u(B(§,5¢)(K bd(o’z)))).

Since ¢ is nonincreasing, we have for each z €3 (z,y)

(B, e(Kb1))) < p(B(E, ep(Kb1¥)))
and thus
W(B:) Sx,o b0 B> ).U(By)a
and so
(8.22) Z (1(B.) Sx.o po(By)b*4@Y) Z p—0d(0,2)
z€3(z,y) z€s(z,y)

Recall that by Lemma B8] there exists p > 0 so that g,(§) € Shad(z,p) for every z €3 (x,y);
moreover, d(o,z) > d(o,y) for every such z. Thus, modifying the proof of Lemma [6.4] we see that

Z bfzid(o,z) < Mb57' Z bfzin7
z€3(w,y) n=[d(o,y)]

where 7 > 0 is large enough so that ([6.3) is satisfied for every n € N, and where M = #{g € G :
g(0) € B(o,7)}. Summing the geometric series, we see

Z podo) < pddlo),

z€3(z,y)

Applying this to ([822]) yields (821)).

Next, choose A small enough so that ([BI9) becomes
1
Z U(Pz) < 5,“(7390)
z€1x

Iterating yields

D uP:) < 2u(Po) = 2.

zeT

Combining with ([820), (821)), (813), and Lemma B35l yields
(8.23) > u(B) < 0.

r€A

Recall that we are trying to derive a contradiction by finding a value of K for which the series (1))
converges. (It won’t necessarily be the same K that we chose earlier.) For each K > 0 and z € X let

Fre(@) = b72MOD Ay e (e (KH)).
Then if x € A, then by the Bounded Distortion Lemma we have
W(Bz) <x,0 [K ().

Thus by B23)), >° 4 fx < oo. To complete the proof we need to show that ZG(O) fz < oo for some K > 0.
By Observation [[.8] there exists h € G so that h(§) # &.

Lemma 8.10. For every g € G, either g(o) € A or go h(o) € A, assuming o > 0 is chosen large enough
and € > 0 is chosen small enough.



DIOPHANTINE APPROXIMATION IN HYPERBOLIC METRIC SPACES 77

Proof. By contradiction, suppose ¢(0), g o h(o) ¢ A. Then
B(&,eg(Kb™*9°N)) ¢ Shad (o) (0, 0)
h(B(&, eg(Kb™9°MN))) ¢ Shad-1(,)(h(0), 0).
On the other hand,
Shadg-1(,y(h(0), ) 2 Shady-1(,) (0,0 — d(o, h(0)))
and thus
h(B(&, ep(Kb*@9°M)))) & Shad,-1 (s (0,0 — d(0, h(0))).

But by the Big Shadows Lemma, we may choose o large enough so that

Diam (X \ Shady-1(,)(0, 0 — d(0, h(0)))) < iD(f, h(¢)),

and so
D(B(E, g9, h(B(g, cp(KB“9°))))) < TD(E, h(e))
On the other hand, we may choose € small enough so that
1
S6(K) < 7D(EK(E)
1
(supH)=0(K) < D& h(e)),
which implies
3
D(& h(&)) = ;DI 1)),
a contradiction. ]

Fix K > K to be announced below, and note that fz < fx since ¢ and A, ¢ are both monotone
(nonincreasing and nondecreasing, respectively). Now

ZfK— Z fK + Z ff((g(o))

G(o) geG geG
g(o)eA goh(o)€A
— Z fr+ Z p—9d(0:9(0)) A ne(ep(K Kbdo.g 0))))
A geG
goh(o)€EA

Let K = Kbd(0:h(0)): then
Kb3(0:9(0)) > prpd(o.g0h(o))

and so

Z f < Z fK + btid 0,h(0)) Z b—éd(o,qoh(o) #1E(€¢(Kbd(o,goh(o))))

G(o) geG
goh(o)EA

<) i+ BRI N e < oo,
A A

8.3. Special cases. In this subsection we prove the assertions made in §L.5.TFT.5.2] concerning special
cases of Theorem [B.Il We will be interested in the following asymptotic formulas:

(8.24) Ae(r) =« 1° ¥r>0
(8.25) fa(t) == #{g € G :d(o0,g(0)) <t} =x b’ Vt > 0.
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Proposition 8.11 (Reduction of (8I]) and (82]) assuming power law asymptotics). If 825) holds then
for each K >0

oo

(8.26) E®I) =<1« A (K el d(el))dt.
=0

If ®24) holds then for each K >0

(8.27) BI) =x B =x Y _ °(KpH9D),
geG

If both (820) and [24) hold then for each K >0

(8.28) BD) = B2) =« / Lol (et)dt,

t=0

and so by Theorem [81]

(8.29) p(WAse) =0 < ' ®0 (eh)dt < .
=0

Proof. We prove only ([826]), as [827)) is obvious, and (8.2])) is obvious given (8.26]).
If f:[0,00) — (0,00) is any C! decreasing function for which f(t) - 0, then

S Fdlo,g0)) = 3 / T Crma (since f(t) - 0)

geaq geaq t=d(0,9(0))

= X [ L Oz doglo)

geqG =0

= /°° Z(—f’(t))x(d(o,g(o)) < t)dt (by Tonelli’s theorem)
t=0

geG

| cromsecdioglo) < nar

t=0

=y /t OO(— F()p°tdt (by (B:25)

=0

£(0) + log(b%) fptde. (integration by parts)
=0

Thus

(3.30) S fldo.g(o) =« S0)+ [ powa

geG

The implied constant is independent of f. Now (8.30) makes sense even if f is not C!. An approximation
argument shows that (830) holds for any nonincreasing function f : [0,00) — (0, 00) for which f(t) - 0.

Now let
Ft) = b7 A, ('R (KD)).

Since by assumption ¢t — t®(¢) is nonincreasing, it follows that f is also nonincreasing. On the other hand,
clearly f(t) < b™% so f(t) - 0. Thus (&30) holds; substituting yields

ED =i [ At o(Ks))it
t=0



DIOPHANTINE APPROXIMATION IN HYPERBOLIC METRIC SPACES 79

Substituting s = tlog(b) + log(K), we have

ED =i [ Auelbaisa= [ Ool Bpe(K1e0(e?)) log(b)ds
s=log(K
- / Ae(K "0 (e"))ds. 0

Corollary 8.12 (Measures of BA; and VWA, assuming power law asymptotics). Assume { € Ag. If
®B24) holds, then (VWA¢) =0, and p(BA¢) = 0 if and only if G is of divergence type. If (825) holds,
then w(BA¢) = 0. If both hold, then u(BAg) = u(VWAg) = 0.

Proof. Fix ¢ > 0, and let ®.(t) =t~ (19 If [§24) holds, then

B2) =« L5140 (G) <

so by Theorem [BI] we have p1(WAg, ¢) = 0. Since ¢ was arbitrary we have p(VWA¢) =
Now let W(t) = t~1. If (824) holds, then

BI) <x B2) =<x Zs(G),
so by Theorem B, ;(BA¢) = u(BAg ) = 0 if and only if G is of divergence type. If (820 holds rather
than (824)), then

A+ X / AH 5 =0

since { € A = Ap¢(1/K) > 0. Thus u(BA¢) = u(BAg¢) = 0. O
Example 8.13. If £ is a uniformly radial limit point, then (824]) holds.
The proof will show that if & € Ay,,», then the implied constant of (824) depends only on o.

Proof of Example[8B13 Let (g,,)$° be a sequence such that g,(0) — & o-uniformly radially. Fix 0 < r < 1,
and let n = n,, € N be maximal such that

p—(0:9n(0)) >
Now for each n € B(&,r), we have
(gn(0)|m)o Z+ min((gn(0)[)o, (nl€)o) Z+.0 min(d(o, gn(0)), —logy(r)) = d(o, gn(0)).

Letting 7 > 0 be the implied constant of this asymptotic, we have
B(&,r) € Shad(gn(0), 7).

Now by Sullivan’s Shadow Lemma,

W(B(&,7)) < 1u(Shad(gn(0), 7)) =z b= 0N,
On the other hand, by ([2.31]), we have

b—d(o,gn(o)) = b_d(ovgnJrl(O)) < r,

X,0

and so
w(B(E,1) Sxo 7’

The opposite direction is similar. O

Example 8.14 (Quasiconvex-cocompact group). Let X be a proper and geodesic hyperbolic metric space,
and let G < Isom(X). The group G is called quasiconvez-cocompact if the set G(o0) is quasiconvexz, i.e.
there exists p > 0 such that for all z,y € G(o),

(8.31) [z,y] € B(G(0), p).

Any quasiconvex-cocompact group is perfect.
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Proof. By Lemma [B20 below, we have A = Ay, » for some o > 0; without loss of generality, assume that o
is large enough so that Sullivan’s Shadow Lemma holds. In particular, (824]) follows from Example 13l
To obtain (B2H), we generalize an argument of Sullivan [83] p. 180]. Fix ¢ > 0, and let 4; = {z € G(o) :
(t —o) < d(o,z) < t}. Then for all £ € A = Ay, there exists z € A; such that £ € Shad(x,0). Let
Ape = {x € A; : £ € Shad(z,0)}, so that A;¢ # &. On the other hand, by the Intersecting Shadows
Lemma, we have for 21,22 € A ¢

d(w1,72) X4 o | Bo(21,22)] X405 0,

ie. the set Ay ¢ = {x € A, : { € Shad(z,0)} has diameter bounded depending only on ¢. Since G is
strongly discrete, this means that the cardinality of A; ¢ is bounded depending only on o; since A;¢ # &,
we have

#(At,g) =x,c 1.
Thus

1= pu(X) =xo /#(At,g)du(é“)
- Z 1(Shad(z, o))

TEA,L

=0 Z p—od(e.z) (by Sullivan’s Shadow Lemma)
TEAL

o0 DO (AY).

So #(A¢) <« ., b%; thus for all n € N

n n

fG(nU) = Z#(Aw') =x,c Zbéia
- i

~X,o

the last asymptotic following from the fact that 0§ > 0. This proves (825 in the case ¢ € No; the general
case follows from an easy approximation argument. g

Proposition 8.15. Let X = H*! for some d € N, and let G < Isom(X) be geometrically finite. If € is a
bounded parabolic point whose rank is strictly greater than 46/3, then there exists a function ® such that
t — t®(t) is nonincreasing and such that for every K > 0, 82) diverges but [BI) converges.

Proof. Let k = ke be the rank of €. Fix a function @ : (0,00) — (0, 00) to be announced below and fix any
K > 0. Then by [82] Lemma 3.2] (a special case of the global measure formula),

B2) =« Y (g/(€)° @2 (etlonton),
geqG

Let G¢ be the stabilizer of € in G, and let S be a -bounded set satisfying G(0) C G¢(S) (see Definition
24R). Let A be a transversals of Ge\G satisfying a(o) € S for all a € A.

Claim 8.16. Fora € A and h € G¢,

{a(0)|h(0))o =<+ 0.
Proof. By contradiction, suppose (a,(0)|h,(0))o — 0o with a,, € A, hy, € G¢. Then d(o, hy,(0)) — 00, s0
by Observation [2.45] we have h,,(0) — ¢. But the;ll an(0) — &, contradicting that S is {—bounded.n <

Clearly, the same holds with h replaced by h~!, i.e.
0= 2(a(0)|h™*(0))o = d(0, a(0)) + d(0, h(0)) — d(o0, h © a(0)).

43Recall that a transversal of a partition is a set which intersects each partition element exactly once.
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Writing g = h o a, we have

(8.32) d(0,9(0)) =+ d(o,a(0)) + d(o, h(0)).

Note that every g € G can be written uniquely as hoa with h € G¢, a € A by the transversality of A. On
the other hand,

Be(g(0), 0) = Be(h(0),0) + B-1(¢)(a(0), 0) = Be(a(0), 0) = d(0, a(0)) — 2(a(0)§)o =+ d(0, a(0)),
the last asymptotic being a restatement of the fact that £ ¢ A(o). Thus

- (6—k) Be(g(0),0) 26—k d(o0,g9(0))
B2 =x ) e =7 (Ke )
geG

= Z Z e(éfk)d(o,a(o))q)Qéfk(Ked(o,hoa(o)))

ac€AheGe

Z Z e(0=k)d(0.a(0) §20—k g pd(0,a(0))+d(0h(0))) (since @ is nonincreasing)
a€AhEGy

Claim 8.17.
#(Ay) = #{a € A:d(0,a(0)) <t} =x .

Proof. By Example [[LZ5] we have fg(t) <« €%; in particular, since #(A;) < fa(t) we have
(8.33) #(Ae) Sx €.
To establish the lower bound, let C' be the implied constant of ([832)). We have

e =, ) = fo(t —C)= #{(h,a) € G¢ x A:d(o,hoa(0)) <t—C}

< #{(h,a) € Ge x A: d(0,h(0)) +d(0,a(0)) <t} (by B32)
Lt]

< > #{(h,a) € Ge x A:n < d(o,h(0)) <n+1,d(0,a(0)) <t —n}
n=0
1¢]

= > #{h€Ge:n<d(o,h(0)) <n+ 1}#(Ar )
n=0

Lt]
< > #{heGeido,h(0)) <n+ 1}#(Arn)
n=0
[t]
=y Z e (Ay_p).
n=0
The last asymptotic follows from ([LI0) and (Z35). Now fix N € N large to be determined. We have

N-1 [t]

e’ <x Z O H(Ap—p) + Z e (Ary)

n=0 n=N
N-1 [t]
Sk Y (A ) + Y et (by €:33))
n=0 n=N
N-1
< T A+ e z e
n=0
N—-1
= 5571#( )+ e9te(0e=8)N . (since dg < )

3
Il
=)
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Let Cy be the implied constant, and let N be large enough so that

6(5765)]\, Z 202

Then
N—-1 1
St < O Z €5§(n+1)#(14t7n) + 5eét;
n=0
rearranging gives
N—-1
e S D> IR(A, ) S #(AL).
n=0

Thus by an argument similar to the argument used in the proof of Proposition BI1l we have
> fld(o,a(0)) =x fO) + [ f(t)e™dt
ac€A t=0

for every nonincreasing function f — 0. Thus

(m) > Z Z e(éfk)d(o,a(o))q)m?fk(Ked(o,a(o))er(o,h(o)))
acAheGe

t=0 heGe

Substituting s =t + d(o, h(0)) (and letting ||h|| = d(o, h(0))),

(m) Z+7X /oo Z 6(25—k)[t—|\h||](1)25—k(Kes)ds-

5=0 heg,
lrl[<s
Now
S el [ R
x€R
I?hGHCig lIx|[<s
<s
=, max(s3*74 1)
and so
oo
m 2+,>< max(s3k—45’ 1)6(25_k)s(1>26_k(K68)d8.
s=0

In particular, since 3k — 46 > 0, ® may be chosen in such a way so that this integral diverges whereas the
integral
o0
m = 6(257]6)5@25716(‘[('65)(18
s=0
converges. For example, let
B(e*) = e 55l 1~ (BE—48)]/(25-h),
then the series reduce to
o0
ED 2 [ 5=,
=1
SOO

BI) =« / s 45 < 0.

=1
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8.4. The measure of A,;. We end this section by proving the following proposition, which was stated in
the introduction:

Proposition 8.18. Let (X,d,0,b,G) be as in {1.1.7, with X proper and geodesic. Let p be a 0¢-
quasiconformal measure on A. Then p(Ay) = 0 if and only if G is not quasiconvex-cocompact.

To prove Proposition [B.I8 we will need the following lemmas:
Lemma 8.19. Let (X,d,0,b,G) be as in §I.1.7 If £ € 0X \ Ay, then
Aw CBA;.
Proof. By contradiction fix n € Ay, NWA¢. Let g,,(0) = uniformly radially, and let (h,)$° be such that
D(fn(§).7) < boTnD .
For each n, there exists m,, such that d(o, gm, (0)) <4 d(o, hy(0)) +n. Let h = h,, and g = g, ; we have

Be(o,h™! 0 g(0)) =4 Bhe) (h(0)
=4 Bh(f) h(O)

,9(0))
,0) + By (0, 9(0))

—_— ~— T T

2+ 2(h(£), 9(0))o — d(0, h(0)) — d(0, g(0))
=4+ 2(h(£), 9(0))o — 2d(0, h(0)) — n.
Now,
(h(&):9(0))o Z+ min((h(£),m)o, (9(0), M)o) (by Gromov’s inequality)
2+ min(d(o, h(0)) 4+ n,d(o, g(0))) (since n € Shad(g(o),0))
=4 d(o,h(0)) +n,
and so
Be(o,h 0 g(0)) 24 n.
Thus h,,t o gm, (0) — ¢ horospherically, contradicting that & ¢ Ay,. O

Lemma 8.20. Let (X,d,0,b,G) be as in with X proper and geodesic. The following are equivalent:

(A) G is quasiconvez-cocompact.
(B) A=Ay for some o > 0.
(C) A=Ay

Proof. (B) = (C) is obvious as Auyre € Ay € An. To demonstrate (A) = (B), suppose that G is
quasiconvex-cocompact, let p > 1 be as in the definition of quasiconvex-cocompact, and fix £ € A. Fix
n € N, and let z, € G(0) be such that

(2nl€)o = m;
such a z, exists since £ € A. Let y, € [o,2,] be the unique point so that d(o,y,) = n. Fix z, €
G(0) N B(yn, p); such a point exists by ([83I). Without loss of generality, we let z; = o; this is possible
since o € G(0) N B(y1, p).

Claim 8.21. z,, — £ o-uniformly radially, with o > 0 independent of €.

Proof.
(Znl€)o Z+ MIN((Zn|Yn)os (Ynl2n)os (2n1€)0)
> min(d(o,yn) — d(o, ), d(0,yn),n)
> min(n —p,n,n) =n—p =<, n =, do,z,).
This demonstrates that x, — £ radially. Now the Intersecting Shadows Lemma together with the asymp-
totic d(o, zp) =<4, 1 impliesnthat Ty, — £ uniformly radially. The implied constants depend only on p and
not on &. ! <
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Finally, we demonstrate (C) = (A). Let
Do1 ={x € X :B,(0,9(0)) <1 Vg € G}

be the 1-approximate Dirichlet domain centered at o, and let

CG = U [.I, y]

z,y€G(0)
be the approximate convex core of G.
Claim 8.22. Cq ND, 1 is bounded.

Proof. Since X is proper and geodesic, bord X is compact [15, Exercise ITI.H.3.18(4)], and so if C¢ N D, 1
is unbounded, then there is a point £ € Cg N D, 1 N IX. We claim that £ € A\ Ay, contradicting our
hypothesis. Indeed, by Lemma 2.T1] since ¢ € D, ; we have B¢ (0,g(0)) <4 1 Vg € G, which demonstrates
that & ¢ Ay. On the other hand, since ¢ € Cg, there exists a sequence x,, — & in Cg; for each n € N, there

exist yn, 2z, € G(0) such that z, € [yn, z,]. Without loss of generality suppose that (z,|yn)o < (Tn|zn)o
Now
2(Tn|2n)o = (TnlYn)o + (Tnlzn)o
(0,2n) + (Ynl2n)o (since (Yn|2n)a, = 0)
(0, 25,) — o0.
n

d
d

Y%

Thus z, — &, and so £ € A. <

Write Cg N Dy,1 C B(o, p) for some p > 0. We claim that (83I]) holds for all z,y € G(0). Indeed, fix
z € [z,y], and let g € G be such that

d(z,g(0)) < d(z,G(0)) + 1.
Then g~ '(2) € [g7(2), 97 (y)] € Cg; moreover, for all h € G

By1(2)(0,h(0)) < dlo,g7}(2)) — d(g™"(2), G(0))
— d(2,9(0)) — d(2,G(0)) < 1

ie. g7'(2) € Dp1. Thus g~ '(2) € B(o,), and in particular

z € B(g(0),p) € B(G(0), p).

O

Proof of Proposition[8.18 Suppose first that G is quasiconvex-cocompact. Then by Lemma 820, A = Ay,
SO M(Aur) =1

Next, suppose that G is not quasiconvex-cocompact. By Lemma [B20] there exists a point £ € A\ Ay,
and by Lemma B9 we have Ay, C BA¢. Now if G is of divergence type, we are done, since by (i) of
Theorem [BJ] we have u(BA¢) = 0. On the other hand, if G is of convergence type, then for each o > 0 we
have

> w(Shad(g(0),0) Sx > b 49D < oo,
geG geG

and so by the Borel-Cantelli lemma, we have pu(A; ) = 0. Since o was arbitrary we have p(A,) = 0, and
in particular p(Ay,) = 0. O
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9. PROOF OF THEOREM (BA4 HAS FULL DIMENSION IN A,(G))

In this section, fix d € N, let X = H4t! let Z = R?, and let G < Isom(X) be a discrete group. We are
interested in approximating the points of A,(G) by rational vectors. We recall the following definitions:

Definition 9.1. A vector x € R? is called badly approzimable if for all p/q € Q¢, we have

1

o)z, 1
gt/

X — =

q

The set of badly approximable vectors in R will be denoted BA,.

Definition 9.2. We define the geodesic span of a set S C bord H*! to be the smallest totally geodesic
subspace of H¥T! whose closure contains S.

We say that G acts irreducibly on H*t! if it is nonelementary and if there is no nonempty prope
totally geodesic subspace V' C H*! such that G(V) = V. Equivalently, G acts irreducibly if there is no
proper totally geodesic subspace of Ht! whose closure contains Ag.

The remainder of this section will be devoted to proving the following theorem:

Theorem 9.3. Fiz d € N, let X = H¥*!, and let G < Isom(X) be a discrete group acting irreducibly on
X. Then

dirnH(BAd n Aur) =0= dimH(Ar),
where BAy denotes the set of badly approzimable vectors in R?.
Notation 9.4. There are two natural metrics to put on R?: the usual Euclidean metric
DC(Xa y) = ||X - Y||7

and the spherical metric
Ds = De,07

where 0 = (1,0,...,0) € H¥*!. From now on, we will use the subscripts e and s to distinguish between
these metrics.

We recall the following definition and theorem:

Definition 9.5. A closed set K C R? is said to be hyperplane diffuse if there exists v > 0 such that for
every x € K, for every 0 < r < 1, and for every affine hyperplane £ C R?%, we have

KN Bo(x,7) \ No(L,77) # 2.

Here N.(L,~r) denotes the r-thickening of £ with respect to the Euclidean metric De.

Theorem 9.6. Let K be a subset of R which is Ahlfors reqular and hyperplane diffuse. Then
dimyg(BAg N K) = dimpy (K).

Proof. See Theorems 2.5, 4.7, and 5.3 from [16]. O

Remark 9.7. The conclusion of Theorem [0.6], and thus of Theorem [3.3] holds when BA, is replaced by
any subset of R? which is hyperplane absolute winning (see [16] for the definition).

Fix 0 < s < dg. According to Corollary 5.8 there exists an Ahlfors s-regular set J5, C Ay (G).
Claim 9.8. The proof of Corollary[5.8 can be modified so that the resulting set Js is hyperplane diffuse.
Proof of Theorem [0.3 assuming Claim[28. By Theorem [0.6, we have dimgy (BAg N Ayy) > dimg (Js) = s
for every 0 < s < dg; letting s — 0 finishes the proof. O

441 this section “proper” means “not equal to the entire space”, not “bounded closed sets are compact”.
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Proof of Claim[9.8 The first modification to be made is in the proof of Lemma [5.14] assuming Sublemma
[EI7 Instead of picking just two t-divergent points 7; and 7, let us notice that the set of t-divergent points
is closed and invariant under the action of the group. Thus by a well-known theorem, the set of t-divergent
points contains the entire limit set of G.

Recall that a collection of (d + 2) points 71, ...,04+2 € 0X is in general position if there is no totally
geodesic subspace V' C H?*! such that 71,...,14.2 € V.

Claim 9.9. There exist (2d+4) points 1, ..., N2d+4 € Mg, such that for eachi = 1,...,d+2, the collection

(91) 7717"'77/7;7"'777(1+2777d+2+i

is in general position. (Here the hat indicates that n; is omitted.)

Proof. First, pick (d+2) points 71, . ..,N4+2 € Ag in general position; this is possible since G acts irreducibly
on H4t!, Then, for each i = 1,...,d + 2, we may choose 74124; € Ag so that the collection @I is in
general position by choosing 14424, € Ag sufficiently close to 7;; this is possible since by a well-known
theorem, the limit set Ag is perfect. O

The following observation can be proven by an elementary compactness argument:

Observation 9.10. For each ¢ = 1,...,d + 2, there exists ¢; > 0 such that if V is a proper geodesic
subspace of X, if 9V :=V N 9X, and if N;(9V, ;) is the g;-thickening of OV with respect to the spherical
metric, then NV;(9V,e;) does not contain all (d + 2) of the points (@.1).

Let
1 d+2
€ = =~ mine;.
2 =1 '

We observe that Dg(n;,n;) > 2¢ for all i # j. Foreach i =1,...,d+2 let
B; = Bs(ni,e) U{z € X : Shad(z,0) C Bs(ni,¢)};

the sets (B;)2%™* are open and disjoint.
Now apply Sublemma 517 to each pair (1;, B;) for i = 1,...,2d+ 4 to get sets S; C G(0) N B;. For each
i=1,...,2d + 4, fix a point p; € S;. Suppose that w = g,,(0) € G(0), and let z = g;,1(0). Let

2d+4
T(w) = U 9w (Si)-
B,
Note that at most one index ¢ is omitted from the union. Now (i)-(iii) of Sublemma [T directly imply
(i)-(iii) of Lemma [5:14l Note that here we need the fact that P, , C B; for x € S; to prove disjointness in
(i) of Lemma [E.14] (whereas we did not need it in the earlier proof).

The next change to be made in the proof of CorollaryB.8lis in the application of Theorem [(5.12/to Lemma
This time, we will want to use the second part of Theorem [5.12)- the tree T can be chosen so that for
each w € i we have that T(w) is an initial segment of T'(w). Obviously, the application of this additional
information depends on the ordering which is given to the set T(w) In the original proof of Lemma [5.13]
we used an ordering which had no meaning - any enumeration of G(0). Now, we will choose some ordering
so that the points g, (p1), .- -, gw(P2d+4) (possibly minus one) mentioned above are first in the ordering.

By increasing ny, ..., nagy4 if necessary, we can ensure that the points g, (p1),. .., gw(p24+4) are all in
T(w) for every w, since there is no way that (5.8) could hold if Ny, < 2d + 4.

Now we have constructed the set Js, and we come to the crucial point: with these modifications, the
new set Js is hyperplane diffuse.

Definition 9.11. A set K C R is hyperbolically hyperplane diffuse if there exists v > 0 so that every
n € K, for every 0 < r < 1, and for every totally geodesic subspace V C X, we have

KN Bs(n,r) \Ns(0V,yr) # 2.
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Here (and from now on), balls and thickenings are all assumed to be with respect to the spherical metric
D.

Proposition 9.12. Hyperbolically hyperplane diffuse sets are hyperplane diffuse.

(Proof left to the reader.)
Thus we are left with showing that Js is hyperbolically hyperplane diffuse.
Fix v > 0 to be announced below, n € J;, 0 < r < Sy, and a totally geodesic subspace V C X.

Notation 9.13. For each x € G(0) let
P, = Shad(z, o).

Let (z,,)$° be an enumeration of G(0). Let
T=|J{weN"iay,, €T(ay,) Vi=1,...,n—1},
n=1

and for each w € T let
Ty = Ty, and P, = Py,

Let n = m(w); for each n € N let
Tn = Zyp, Pn =Pup, and Dy = Dyp.

Let n € N be the largest integer such that » < kD,,. Then by the argument used in the proof of Theorem

(.12 we have

Han <r<kD,
and
,Pn-i—k g B(’I],T) g Pnu
where k is large enough so that A* < k2. In particular
Ts N B(n,7) \N(0V,y1) 2 Ts O Pyr, \ N9V, y7),
so to complete the proof it suffices to show
(9.2) Ts N Py € N(OV,yr).

By contradiction suppose not. Let g € G be such that g(0) = x4k, and let 2 = g=!(0). Then for some
j=1,...,d+ 2 we have

901), 5 9(B7), - 9(Pas2), 9(Pas245) € ().

For each 1 = 1,...,3,...,d+2,d+2+j, we have
& # Ts N Pypsy € Ts NPy SN (OV,4r),
which implies
Pyipi) NN (OV,yr) # &
and thus
Shad. (p;,0) N g~ (N(9V,yr)) # 2.
On the other hand, by Sublemma [5.17] we have
Shad. (p;, o) C B;,
SO
Bing~  (N(9V,yr)) # 2.
Now,
g7 V@V, 1) SN (997 (V), e/ ) 5

on the other hand
d(0,7n1k) _ o—d(0,9(0)).

b

r =y Dy X« Dpik Xx0 €
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letting Cy > 0 be the implied asymptotic, we have
9~ (N(3V,yr)) € N(OW, C),

where W = ¢~1(V'). Thus
BiNN(OW,Cyy) # 2.
Letting v = ¢/Cy, this contradicts Observation a

APPENDIX A. ANY FUNCTION IS AN ORBITAL COUNTING FUNCTION FOR SOME PARABOLIC GROUP

Let (X,d,0,b,G) be as in §L.T.4l In Subsection [[.6] we defined the orbital counting function of a
parabolic fixed point £ of G to be the function

@44) fe(R) := #{g € G¢ : De(0,9(0)) < R},

where G¢ is the stabilizer of £ in G and D, = D¢ ,. We remarked that when X is a real, complex, or
quaternionic hyperbolic space, the orbital counting function f. satisfies a power law, but that this is not
true in general. Since the proof of Theorem [7.33] would be simplified somewhat if fe were assumed to
satisfy a power law, we feel that it is important to give some examples where it is not satisfied, to justify
the extra work. Moreover, these examples corroborate the statement made in Remark that the fact
that (T43]) depends only on the Poincaré exponents § and J¢ is surprising.

To begin with, let us give some background on the infinite-dimensional hyperbolic space H*. Its
boundary H := OH> is itself a Hilbert space. As in finite dimensions, any isometry of H with respect
to the Euclidean metric extends uniquely to an isometry of H*° which co. So immediately, there is
a correspondence between parabolic subgroups of Stab(Isom(H>);c0) and subgroups of Isom(H) whose
orbits are unbounded. However, unlike in finite dimensions, strongly discrete subgroups of Isom(#) are not
necessarily virtually nilpotent. Groups which embed as strongly discrete subgroups of Isom(H) are said to
have the Haagerup property, and they include both the amenable groups and the free groups. Moreover,
even cyclic subgroups of Isom(#) are quite different from cyclic subgroups of Isom(R%) for d < oo; for
example, a well-known example of M. Edelstein [28] is a cyclic subgroup of Isom(#) whose orbits are
unbounded but which is not strongly discrete.

To relate the orbital counting function fe with the intrinsic structure of the Hilbert space H, we need
the following lemma:

Lemma A.1. For g € Stab(Isom(H>); c0),
De(eo, g(€0)) =x max(L, [[g(eo) — eol|) = max(1, [|g(0)[]).

Proof. By ([238), we have
De(eg, g(eg)) = elt/2d(eog(e0)

The remaining asymptotic is a geometric calculation which is left to the reader, and the equality follows
from the fact that g is an affine map whose linear part preserves eg. O

For the remainder of the appendix, rather than working with f., we will work with the modification
foo(R) :={g € G : [lg(0)] < R}.
The relation between foo and fs can be deduced easily from Lemma [A1]

Proposition A.2. For any nondecreasing function f : 2N — 2N with f — oo, there exists a parabolic
group Goo < Stab(Isom(H>); 00) such that

feo(2") = £(2")
for allm € N.

Remark A.3. A similar statement holds for proper R-trees.
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Proof. For each n € N, let
2n+1
my, = 7][( — ) e oM
f(2r)
and let T, : R™» — R™n be an isometry of order m, such that any two points in the orbit of 0 have a
distance of exactly 2"~1/2. For example, we can let

Tn(X) = (.Ik,l)::l + 2"71(82 — el).

(Here by convention zg = x,,.) We will also denote by T;, the extension of T, to the product

H = éﬂ?m"

obtained by letting T}, act as the identity in the other dimensions. By construction, the T,s commute.
Let G = (T)nen- Then each element of G can be written in the form 7' = [[°, T/, where (g,)5° is a
sequence of integers satisfying 0 < ¢, < m,,, only finitely many of which are nonzero. Such an isometry

satisfies
- 1
2= qn||2 — n—1/2 2 fPmax 4Mmax
ITOIF =S I = 3 42 € | g arm].
n=1 neN
qn¢0
where

Nmax = max{n € N : ¢, # 0}.
In particular, for all N € N

ITO) <2 & N > nmax,
and thus

N
Foo2N) = #{(an)7° : tanax < N} = #{(gu)Y} = [[ mn = £2").
n=1
O

Corollary A.4. For any nondecreasing function f : (0,00) — (0, 00) with f — oo, there exists a parabolic
group G < Stab(Isom(H>);00) such that

fool2") = f(27)
for all n € N.
If the function f satisfies f(2"F1) < f(2"), then
Joo(R) < f(R) VR > 1.

Proof. The first assertion is immediate upon applying the above example to the function ]7(2") = 2llogs F(2)]
and the second follows from the fact that the functions f and f¢ are both nondecreasing. O

APPENDIX B. REAL, COMPLEX, AND QUATERNIONIC HYPERBOLIC SPACES

In this appendix, we give some background on the “non-exceptional” rank one symmetric spaces of
noncompact type, i.e. real, complex, and quaternionic hyperbolic spaces, and prove the assertions made
about them in Remarks and [[47] and Example 4Tl Our presentation loosely follows [I5] §IT.10].

Let R, C, and H denote the sets of real, complex, and quaternionic numbers, respectively. Fix F €
{R,C,H} and d € N. Note that since the noncommutative F = H is a possibility, we will have to be careful
about the order products are written in. We define a sesquilinear inner product on F%+! by

d+1

<X7 y> = Zx_zyz
Let ||x|| = /{x,%).
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We define (cf. [I5] 11.10.24]) (d + 1)-dimensional F-hyperbolic space to be the set
HE = {(x e FOH1 2 ||x|| < 1}
equipped with the metric

coshd(x,y) = 1 - G y)l

VI XYy

Proposition B.1 ([I5, Theorem 11.10.10]). HE™! is a CAT(-1) space, and in particular (by [I5, Proposition
II1.H.1.2]) is a hyperbolic metric space.

Since X := HI™ is an open subset of F4*!, it has a natural topological boundary 97X = {x € F4+!
x|l = 1}. On the other hand, since X is a hyperbolic metric space, it has a Gromov boundary d¢X.
The following relation between them is more or less a direct consequence of the fact that every Gromov
sequence in X converges to a point in Or X (for details see [26] Proposition 3.5.3]):

Proposition B.2. There is a unique homeomorphism j : 0gX — O0rX so that the extension id U j :
X UO0cX — X UIrX is a homeomorphism.

From now on we will not distinguish between the two boundaries and will simply write X for either
one.
Let Ax denote normalized Lebesgue measure on 9X. Let K = dimg(F), and let

(B.1) Ox = dK +2(K —1).

Proposition B.3.

(i) Ax is an Abhlfors dx-regular measure with respect to the visual metric on 0X.
(ii) For any group G < Isom(X), Ax is dx-conformal with respect to G.

Remark B.4. If F # R, then (i) is very different from saying that Ax is Ahlfors regular with respect to
the metric inherited from F*!, since the visual metric on X is not bi-Lipschitz equivalent to the usual
metric as we will see below (Remark [B26)).

If F = R, then the visual metric on 0X is bi-Lipschitz equivalent to the usual metric, so the proofs below
can be simplified somewhat in this case.
Proof of Proposition [B.3.

(i) The first step is to write the visual metric on 90X in terms of the sesquilinear form B. Indeed,
direct calculation (for details see [58] p. 32]) yields that for x,y € 90X,

Do(x,y) = Doc(xy) = /31— (x3)].

We may define a coordinate chart on dX as follows: Let W = {x € F¢*! : Re[x1] = 0}, and let
g: W — 90X be stereographic projection through —ey, i.e.

X)=—e; + ——=(e1 +x).
g( ) 1 ||91+X||2( 1 )
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Then for x e W

Dofer,9() = 1/ 511 -~ 9
:\/%‘1‘( o))
‘\/‘“Hh A
_\/‘H'lX'z(nan #)

_ VI A
VIR
Now fix 7 > 0 small enough so that g~ (B(ey,)) is bounded. Then for x € g~(B(e1,r)),
r > Do(er, g(x)) =x max(||x[, v/]1]).
Letting C' be the implied constant, we have
(B.2) g (B(e1,r) C{x e W :|x| < (Cr)?, |z;| < Crfori#1}.

Now, since the Jacobian of g is bounded from above and below on g~!(B(e1,)), we have
Ax (971 (B(e1,r))) <x Aw(B(er,7)),
where Ay is Lebesgue measure on W. Thus
Ax(B(er,r)) Su dw({x e W :|z1| < (Cr)?2, |a] < Cr for i # 1}) =, 1%,
On the other hand, we have

(B.3) {x €W :|z1| < (r/(d+2))?, |i| <r/(d+2) for i #1} C g~ '(Bles,r))
since if x is a member of the left hand side, then
r
Doer,g(x)) < x| + /o] < (4 +2)—"— =

A similar argument yields
Ax(B(ey,r)) =y rox.

Now since the group ¢(F?*!) (i.e. the group of F-linear isometries of F?*!) preserves both Ax and
Dy and acts transitively on 90X, the expression Ax(B([x],r)) depends only on r and not on [x].
Thus Ax is Ahlfors dx-regular.

(ii) By (i), Ax is Ahlfors dx-regular and so A\x =<y H°X, where H°X is Hausdorff §x-dimensional

measure on 0X. Let
dAx

1= T
be the Radon-Nikodym derivative of Ax with respect to HX. Since both Ax and H°X are invariant
under € (F*1), for each g € O(F4*1), the equation f = f o g holds \x-almost everywhere.

Claim B.5. f is constant Ax -almost everywhere.

Proof. By contradiction, suppose that there exists « such that Ax (A1), Ax(Az2) > 0 where A; =
{£€0X : f(§) >a}land Ay = {£ € 90X : f(§) < a}. Let &,& € 0X be density points of A;
and Aj, respectively. Since &(F?*!) acts transitively on 90X, there exists g € @(F4t1) such that
g(&1) = &. Since f =5, fog, we have g(41) =r, A1 and thus & is a density point of A;, which
contradicts that it is a density point of As. <
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Thus Ax and H°X are proportional; since H°X is dy-conformal with respect to any group
G < Isom(X) (by abstract metric space theory), it follows that Ax is dx-conformal for any such
group as well.

O

Remark B.6. The inclusions (B.2) and (B3] are reminiscent of the Ball-Box theorem of sub-Riemannian
geometry (see e.g. [41, Theorem 0.5.A]). The difference is that while the Ball-Box theorem applies to a
Carnot—Carathéodory metric, the above argument is about visual metrics. We remark that it is possible to
prove using (B2)-(B.3)) together with the Ball-Box theorem that the visual metric is bi-Lipschitz equivalent
with the Carnot—Carathéodory metric of an appropriate sub-Riemannian metric on dX. This is irrelevant
for our purposes since (B2)-(B.3) already contain the information we need to analyze the visual metric.

Note further that (B.2)-(B.3) show that Dyg is bi-Lipschitz equivalent to the Euclidean metric on 80X if
and only if F = R.

Now we are able to prove the assertions about real, complex, and quaternionic hyperbolic spaces made
in Remarks [[.29] and [[L47] and Example [[.41]

Proposition B.7. Let X be a real, complex, or quaternionic hyperbolic space, and let G < Isom(X) be a
lattice. Then

(i) For all & € App(G), we have

(B.4) de =0/2.
(ii) The Patterson—Sullivan measure of G is Ahlfors regular.
Proof.
(i) Let dx be defined by (B]). Then
6 = dimgy (A (G)) (by Theorem [£.9)
= dimy (0X) (since G is a lattice)
=0x. (by Proposition [B.3)
On the other hand, by [66, Lemma 3.5] together with (Z.53]), we have
206 =k + 24,

where (¢, k) is the rank of £ (see [66] p. 226] for the definition). It is readily checked that if G is a
lattice, then (¢,k) = (dK, K — 1) (in the notation of [66], we have H = N), and thus
20e =dK +2(K —1)=4dx =,

demonstrating (B.4).
(ii) As demonstrated above, § = dx, so by (ii) of Proposition [B:3] Ax is d-conformal, and so it is the
Patterson—Sullivan measure for G. On the other hand, Ax is Ahlfors regular by (i) of Proposition

B.3l
0

APPENDIX C. THE POTENTIAL FUNCTION GAME

In this appendix, we give a short and self-contained exposition of the technique used to prove Theorem
(absolute winning of BA¢), and prove a general theorem about when it can be applied, which can be
used to simplify the proof of Theorem [6.] (see Subsection [C.]). Our hope is that this theorem can be used
as a basis for future results.

Let (Z, D) be a complete metric space, and let H be a collection of closed subsets of Z. We define the
‘H-absolute game as follows:

Definition C.1. Given § > 0, Alice and Bob play the (8, H)-absolute game on Z as follows:
1. Bob begins by choosing a ball By = B(zg,79) C zH

45Cf. Remark
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2. On Alice’s nth turn, she chooses a set of the form N (A,,7,) with A, € H, 0 <7, < Br,, where
ry, is the radius of Bob’s nth move B,, = B(z,,r,). Here N(A,,T,) denotes the 7,-thickening of
Ap. We say that Alice deletes her choice N(A,, 7).

3. On Bob’s (n + 1)st turn, he chooses a ball B,,11 = B(2p41, "nt1) satisfying

(Cl) Tn+1 > Brn and Bn+l - Bn \N(Anu;:n)a

where B,, = B(z,,7,) was his nth move, and N (4,,7,) was Alice’s nth move.

4. If at any time Bob has no legal move, Alice wins by default. If r, /4 0, then Alice also wins by
default. Otherwise, the balls (B,,)$° intersect at a unique point which we call the outcome of the
game.

If Alice has a strategy guaranteeing that the outcome lies in a set S (or that she wins by default), then the
set S is called (8, H)-absolute winning. If a set S is (3, H)-absolute winning for all 8 > 0 then it is called
‘H-absolute winning.

Example C.2. If H = {{z}: z € Z}, then this game corresponds to the absolute winning game described
in Sectiondl If Z = R? and H = {affine hyperplanes in R%}, then this game corresponds to the hyperplane
game introduced in [I6]. We will abbreviate these special cases as H = points and H = hyperplanes.

Remark C.3. If H = points, then H-absolute winning on Z implies winning for Schmidt’s game on all
uniformly perfect subsets of Z, and is invariant under quasisymmetric maps ((ii) and (v) of Proposition [F4]).
If H = hyperplanes, then H-absolute winning on R? implies winning for Schmidt’s game on all hyperplane
diffuse subsets of R? (see Definition [@.5]), and is invariant under C! diffeomorphisms [I6, Propositions
2.3(c) and 4.7]. Moreover, the H-absolute winning game is readily seen to have the countable intersection
property.

We now proceed to describe another game which is equivalent to the H-absolute game, but for which in
some cases it is easier to describe a winning strategy. It is not immediately obvious, for example, that sets
which are winning for the new game are nonempty, but this (and in fact full dimension of winning sets)
follows from the equivalence of the two games, which we prove below (Theorem [C.g).

Definition C.4. Given §,c¢ > 0, Alice and Bob play the (8, ¢, H)-potential game as follows:
1. Bob begins by choosing a ball B(zg, ) C Z.
2. On Alice’s nth turn, she chooses a countable collection of sets of the form N(A; ,,7in), with
A;n € H and 7, > 0, satisfying

(C2) S e, < (B,
where r,, is the radius of Bob’s nth move.
3. On Bob’s (n + 1)st turn, he chooses a ball B,,11 = B(2p41, "n+1) satisfying

(03) Tn+1 2 ﬁrn a'nd Bn+1 g Bnu

where B,, = B(zy, ) was his nth move.

4. If r,, # 0, then Alice wins by default. Otherwise, the balls (B,,){° intersect at a unique point which
we call the outcome of the game. If the outcome is an element of any of the sets N'(A; ,,, 7 ) which
Alice chose during the course of the game, she wins by default.

If Alice has a strategy guaranteeing that the outcome lies in a set S (or that she wins by default), then
the set S is called (53, ¢, H)-potential winning. If a set is (8, ¢, H)-potential winning for all 3, ¢ > 0, then it
is ‘H-potential winning.

We remark that in this version of the game Alice is not deleting balls or hyperplane-neighborhoods per
se, in that Bob can make moves which intersect Alice’s choices, but he must eventually avoid them in order
to avoid losing.

Remark C.5. We call this game the potential game because of the use of a potential function ¢ in the
proof of equivalence (Theorem [C.§]). We call ¢ a potential function because Alice’s strategy is to act so as
to minimize ¢ of Bob’s balls, in loose analogy with physics where nature acts to minimize potential energy.
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In order to guarantee that the two games are equivalent, we make the following assumption:

Assumption C.6. For all 5 > 0, there exists N = Ng € N such that for any ball B(z,7) C Z, there exists
F = Fp(.,ry © H with #(F) < N such that for all A; € H,

(C.4) N (A, Br/3) N B(z,1) C N (A, Br) for some A € F.
Observation C.7. Assumption is satisfied if either

(1) H = points and Z is a doubling metric space, or
(2) H = hyperplanes.

Proof if H = points and Z is doubling. Let F' C B(z,r) be a maximal fr/3-separated subset, and let
F ={{z}: 2z € F}. Since Z is doubling, #(F) = #(F) < N for some N depending only on 8. Given
any {z1} € H, if B(z1,0r/3) N B(z,7) # &, then by the maximality of F, there exists zo € F such that
B(z1,5r/3) N B(z2, fr/3) # . This implies (C.4). O

Proof if H = hyperplanes. By applying a similarity, we may without loss of generality assume that B(z,r) =
B(0,1). Consider the surjective map 7 : S9! x R — H defined by 7(v,t) = {x € R?: v.-x = t}. Let F/
be a maximal (3/3-separated subset of S9! x [—(1 4 3/3),1+ 3/3], and let F = w(F). We claim that F
satisfies the conclusion of Assumption Clearly, N := #(F) < co. Indeed, fix £1 = 7(vy,t1) € H. If
[t1] > 1+ /3, then N (L1,3/3) N B(0,1) = &, so (CA) holds trivially. Otherwise, fix Lo = 7(va,t2) € F
with ||v1 — val|, [t1 — t2] < 8/3. For x € N(L2,3/3) N B(0,1), we have

ISy

52[35

and so x € N(£Ly, ), demonstrating (CA). O

BB
3

vi-x—ti] S |va-x—tof + [V = vl - [lxl| + [t —t2] < 5 +

Theorem C.8. Suppose that Assumption[C.8 is satisfied. Then S C Z is H-absolute winning if and only
if S is H-potential winning.

Proof. Suppose that S is H-absolute winning. Fix f,c¢ > 0, and consider a strategy of Alice which is
winning for the (4%/3,H)-absolute game. Each time Bob makes a move B(z,r), Alice deletes a set of
the form N(A, 3?r/3), A € H. Alice’s corresponding strategy in the (8, ¢, H)-potential game will be to
choose the set (A, fr), and then to make dummy moves until the radius of Bob’s ball B(w,7’) is less
than gr/3. By (C3), we have r’ > 32r/3, allowing us to interpret the move B(w,r’) as Bob’s next
move in the (8%/3,H)-absolute game. If this move is disjoint from N'(A, 8%r/3), then it is legal in the
(8%/3,H)-absolute game and the process can continue. Otherwise, we have

B(w,r") C N(A, 8%r/3+2r") C N(A, Br).

Thus Alice can make dummy moves until the game ends, and the outcome will lie in N (A, A7), and so
Alice will win by default.

On the other hand, suppose that S is H-potential winning. Let 5 > 0. Fix g,c > 0 small to be
determined, and consider a strategy of Alice which is winning for the (5 , ¢, H)-potential game. Each time
Bob makes a move B,, = B(zy, ), Alice chooses a collection of sets {N'(A; n, 7i.n) }o7 (with N,, € NU{oo})
satisfying (C2). Alice’s corresponding strategy in the (3, H)-absolute game will be to choose her set

N (A, Bry) C Z so as to maximize

(b(BnaN(AnvﬂTn)) = Z Z Tic,m'
m=0 i
N(Ai m,BTi,m)CN(Ap,Bry)
N(Ai,m,ﬁ’r‘i,m)ﬂBn;ég
After Alice deletes the set N'(A,, Sry,), Bob will choose his ball B,11 C B, \ N (A, 8r,), and we will
consider this also to be the next move in the (3, ¢, H)-potential game. This gives us an infinite sequence

of moves for both games. We will show that if Alice wins the (3, ¢, H)-potential game, then she also wins
the (8, H)-absolute game.
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Claim C.9. For each n let
LCSED VD DR
m:ON(Ai,m,Brf,m)mBn;ﬁz

Then there exists € > 0 independent of n, 5, ¢ (but depending on ) such that if

(C.5) ¢(Bn) < (ery)"
then

Proof of Claim[C29. Let N = Ng and F = Fp, be as in Assumption For cach pair (i,m) for which
N (Aim, Brim) N By, # &, we have

Tim < &(Bn) < (ern);
letting € < /3, we have N (A;m, Brim) € N(Aim,Brn/3). Thus by Assumption [C.6 there exists A € F
for which N(A; m, Brim) C N (4, Bry,). It follows that
AeF

and letting e < 1/N finishes the proof. <

Claim C.10. If 8 and ¢ are chosen sufficiently small, then (CH) holds for all n € N.

Proof. We proceed by strong induction. Indeed, fix N € N suppose that (C3]) holds for all n < N. Fix
such an n. We observe that since B,,11 C B, \ N(4,, fr,), we have

$(Bni1) < &(Bn) — &(Bn; N'(An, Brn)) + > EAy
N(Ai,n+lqri,:+1)ﬁBn+l;ég
Combining with (C.6)) and (C2)) gives
$(Bny1) < (1= )(Bn) + (Bra)”.

On the other hand, r,, 1 > Br, since Bob originally played B, 1 as a move in the (3, H)-absolute game.
Thus, dividing by (8r, )¢ gives

n Bn —c n Bn e
(07) ¢ +1c( -‘rl) < B (1 —E)(b (C ) +B )
TnJrl n

For c sufficiently small,

1—¢ 1

pe ’
and iterating (C7) yields
¢N(CBN) Sx,ﬂ Ec-
TN

Let C be the implied constant. Setting § = £/C/¢, we see that (C.5) holds for N. <

Now suppose that r, — 0; otherwise Alice wins the (8, H)-absolute game by default. Then (C.H)
implies that ¢(B,) — 0. In particular, for each (i,m), r¢,, > ¢(By) for all n sufficiently large which
implies N'(A; 1, Brim) N By, = @. Thus the outcome of the game does not lie in N (A; ,, B7im) for any
(i,m), so Alice does not win the (5, ¢, H)-potential game by default. Thus if she wins, then she must win
by having the outcome lie in S. Since the outcome is the same for the (E, ¢, H)-potential game and the

(8, H)-absolute game, this implies that she also wins the (5, H)-absolute game. O
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C.1. Proof of Theorem using the H-potential game, where H = points. In this subsection,
we give a simpler proof of Theorem 6.1 using Theorem [C.8l This proof uses Corollary (.8 and Lemma [6.4]
but not Lemma [5.11] or Corollary [£7

Fix 8,¢ > 0, and let us play the (8, ¢, H)-potential game, where H = points and Z = Js, where J; is
as in Corollary 5.8 Fix £ > 0 small to be determined. Alice’s strategy is as follows: When Bob makes a
move B = B(z,r), then for each g € G satisfying

(C.8) —logy(r/r0) < (g(0)]g(§))o < —logy(Br/ro)
(C.9) B(g(¢),eb= "9y N B(z,7) # 2,

Alice chooses the set B(g(¢),eb=49(2)). Here ry represents the radius of Bob’s first move.
Claim C.11. For e > 0 sufficiently small, the move described above is legal.

Proof. By the construction of J;, there exists x € G(o) such that z € P, C B(z,r) but Diam(P,) =<x 7.
In particular, d(o, z) <4 —log,(r). Moreover,

(C.10) (x]2)6 =<4 d(o, ).
Suppose that g € G satisfies (C.8) and (C.9). Then
D(g(€),z) <r+ eb=H09(0) < max(r, b—(g(O)\g(£)>o) e
combining with (C.8)), (CI0), and Gromov’s inequality yields
<x|g(0)>0 =+ d(O, :E)u

which together with (b) of Proposition 23] gives
(c.11) (olg (). =+ 0.
By (j) of Proposition 2:3]

(0l€)g-1() = (9(0)|9(€))e =+ (9(0)|g(£))o + {0lg(0))a — (zlg(&))o

=4 d(o,z) +0 —d(o,z) = 0.

Thus, if we choose p > 0 large enough, we see that & € Shad(g~*(z), p) for all g satisfying (C.8) and (C3).
On the other hand, rearranging (C.I1)) yields

d(0,g(0)) =<+ d(g(0),x) + d(0,x) =4 d(0,g™ " (x)) — log, (),
and thus for p > 0 sufficiently large,

3 (Eb—dw,g(o)))c <. 3 (srb—dw,g*l(w)))c

geG geG
([C3) and ([CT) hold £€Shad(g™ " (z),p)

— (gr)c Z biCd(ngil(O)),
geG
£€Shad(g™" (0),p)
since € G(0) by construction. The sum is clearly independent of B(z,r), and by Lemma it is finite.
Thus the right hand side is asymptotic to (er)¢, and so for e sufficiently small, (C.2)) holds. O

Claim C.12. The strategy above guarantees that BAy is absolute winning.

Proof. Suppose that Alice does not win by default, and let 1 be the outcome of the game. Fix g € G.
Since (g(0)|g(€))o > 0, (C.8) holds for one of Bob’s moves B(z,r). If (C.9) also holds, then Alice chose the
ball B(g(&),eb=4®9()) on her nth turn; otherwise B(g(¢),eb4®9(°))) N B(z,r) = @. Either way, since
we assume that Alice did not win by default, we have 1 ¢ B(g(£),eb=%°9(°)). Since g was arbitrary, this
demonstrates that 7 € BA¢, so Alice wins. O
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APPENDIX D. WINNING SETS AND PARTITION STRUCTURES

In this paper, when we proved Theorem [6.I] we first constructed a partition structure, and then we
played Schmidt’s game on it. It is also possible to do this in the reverse order, using Schmidt’s game to
prove the existence of certain partition structures. This fact can be used to show that any winning subset
of an Ahlfors regular metric space contains subsets which are Ahlfors regular. Specifically, we have the
following:

Proposition D.1. Let (Z, D) be an Ahlfors s-reqular metric space, and let S be winning on Z. Then for
every t < s, there exists a t-thick partition structure on Z whose limit set is contained in S. In particular,
for every t < s, there exists an Ahlfors t-reqular set contained in S.

Proof. We will need the following:

Lemma D.2 ([36] Theorem 5.1]). There exists a constant € > 0 such that for every 0 < r, <1 and for
every z € Z, there exists a disjoint collection of balls (B(zi, ﬂr))jvjl contained in B(z,r), where

Ng = [e87].

Now since S is winning, there exists @ > 0 such that for every 0 < 8 < 1, S is (o, §)-winning. Fix
0<t<s, fix 0<f <1/2small to be determined, and let N = Nyg.

Now S is an («, 8)-winning set. To simplify notation, we will use the fact [77, Theorem 7] that Alice
can win using a positional strategy, i.e. a strategy where her move depends only on Bob’s last move. Let
f be such a positional strategy, so that f(B) is Alice’s response when Bob plays the move B.

Let T* = U,cn{l,..., N}". For each w € T*, we define the balls B,, and A, recursively as follows:

e By is any ball.
e If B, = B(z,r) has been defined, let A, = f(B,,) = B(Z,7). Note that 7 = ar. Let (B(z, 26?:))1.1\;1
be the disjoint collection of balls guaranteed by Lemma [D.2l For each i =1,..., N let
B.,; = B(z;, ) = B(zi,afr).
It is readily verified that the collection of sets (P, = B, )wer~ i8 & partition structure on Z. Note that this
verification requires the use of the asymptotic Diam(B(z,7)) <« r, which follows from the fact that Z is
Ahlfors regular and therefore uniformly perfect.

For each w € TV, 7(w) is the unique intersection point of the sequence (Bup)pey, which is a sequence of
possible moves that Bob could make while Alice is using her positional strategy f. Thus m(w) € S. Since
w was arbitrary, 7(T%) C S.

Finally, we will show that the partition structure (P, ),er~ is t-thick if 8 is sufficiently small. Indeed,
for any w € T we have

Yuer, Do _ N(aBr)!
Dt o
w
Since t < s, we can choose (8 small enough so that 8'~° is greater than the implied constant of this

asymptotic. This completes the proof of the existence of a ¢-thick partition structure; the second part of
the theorem follows from Theorem [£.12 |

= Nos(aB) =x.a B

rt
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