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RECURRENCE TO SHRINKING TARGETS ON
TYPICAL SELF-AFFINE FRACTALS

HENNA KOIVUSALO AND FELIPE A. RAMIREZ

ABSTRACT. We explore the problem of finding the Hausdorff di-
mension of the set of points that recur to shrinking targets on a
self-affine fractal. To be exact, we study the dimension of a certain
related symbolic recurrence set. In many cases this set is equivalent
to the recurring set on the fractal.

1. INTRODUCTION

Given a dynamical system (X,7"), and a sequence B = (By,) of sub-
sets of X, a shrinking target problem is the study of the size of the
recurring set

R(B) = {z € X : T*(x) € By, for infinitely many k € N} .

Viewing the sets By, as “targets,” the set R(B) is the set of points whose
orbits under the dynamics hit the targets infinitely often.

Interest in recurrence is classical in the study of dynamical systems.
There are many ways to interpret the “size” of R(B). One way is with
respect to an invariant measure on X. In this context, for example,
for any positive measure set B C X, the Poincaré recurrence theorem
implies that almost all points of X return to B infinitely often, so that
R(B) has full measure when By, = B for all k. It is thus fairly natural to
ask what happens when the targets shrink. In many settings R(B) has
either full or zero measure depending on the rate of shrinking of Bj.
See, for example, Chernov and Kleinbock [5] for a general treatment of
such a problem.

For exponentially decreasing balls on Julia sets, Hill and Velani cal-
culated first the Hausdorff dimension [10] and then the Hausdorff mea-
sure [12] of the recurring set, in the latter case proving a 0-1-law for
R(B). Further, in [11] they considered the dimension of R(B) for toral
automorphisms. More recently, the problem has been studied for in-
finitely branching Markov maps [24], piecewise expanding maps of the
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2 H. KOIVUSALO AND F. A. RAMIREZ

unit interval [22] and in the dynamical system of continued fraction
expansions [20]. In all of these cases the dimension of the recurring set
is given as a zero point of a generalized pressure functional.

Recurring points are not only an interesting object in abstract set-
tings; they also appear in number theory in the study of Diophantine
approximation. The doubly-metric inhomogeneous version of Khint-
chine’s Theorem, usually stated as a 0-1-law for the set of “approx-
imable” pairs in R? x R?, can be interpreted through Fubini’s Theorem
as a 0-1-law for the recurring set of shrinking targets on a torus, which
holds for almost any toral translation. This connection to toral transla-
tions is made pleasantly visible by Fayad [8], where among other things
he gives a proof of a result of Kurzweil [19] from this point-of-view. Sim-
ilarly, one can interpret the classical Jarnik-Besicovitch theorem as a
dimension result for a recurring set of shrinking targets on the torus.
For a more recent example, see Bugeaud, Harrap, Kristensen and Velani
[4].

The above results mainly focus on conformal dynamical systems.
In this note we study the shrinking target problem in a simple non-
conformal case, namely, under affine dynamics. In particular, we will
calculate the dimension of the recurring set on a certain fractal set, the
definition of which will be given next.

Hutchinson [13] originated the systematic study of iterated function
systems (IFSs) {fi,..., fim}, which define a fractal set through the
identity £ = U, f;(E). In particular, the self-affine fractal is the
unique, nonempty, compact set E satisfying

Eayam) = E = JTi(E) + a; = | £:(E),
i=1 i=1
generated by iterating the affine maps {f; = T; + a;}i=1._m. Here
{Ty,...,T,,} is a collection of bijective linear contractions on R? and
ai,...,an € RY are translation vectors. If the images f;(E) are disjoint

it is possible to define a mapping F' : F — FE by setting
F(x) = f(x)

for points z € f;(E), for all # = 1,...,m. This sets up a dynamical
system (FE, F'), and so it makes sense to formulate a shrinking target
problem on E.

The study of dimensional properties of self-affine sets comes in three
branches: First, as self-affine carpets due to, originally, Bedford [1]
and McMullen [21]; second, for generic self-affine sets in the foot-
steps of Falconer [7]; third, for every self-affine set in some family,
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as in [6]. In this paper we consider a shrinking target problem associ-
ated to the set E in the generic sense, that is, for generic translations
a=(aiy,..., a,) € R A complementary problem of mass escape for
carpet type sets has been studied by Ferguson, Jordan and Rams in
[9].

The main result of this article can be stated informally as follows.

Main Theorem (An informal version of Theorem 1). The dimension
of the recurring set to shrinking targets on self-affine fractals is almost

surely the unique zero point sg € RY of a modified pressure function
P(s).

We will impose a quasimultiplicativity condition (6) on the maps
T;, and give the modified pressure formula (3). In this article, the tar-
get sets By are dynamical balls corresponding to cylinder sets in the
symbolic space (for definitions, see §2.1). These target sets match the
dynamics on the set. The method of proof is largely classical and the
main difficulty lies in finding the right definition for the pressure func-
tional. Also, in order to obtain the lower bound we need to construct a
Cantor type subset of the recurring set. We do this in the spirit of the
proof of the mass transference principle of Beresnevich and Velani [2].
Their result cannot be applied to the affine setting directly.

It is classical to study the size of the recurring set in terms of in-
variant measures, and it turns out that, at least in certain cases, this
problem is easily solved based on [5]. In particular, in §6 we notice that
as a corollary of [5, Theorem 2.1] it is possible to measure the size of
the recurring set in terms of the Gibbs measure at the dimension of
the self-affine set E. According to [15] Gibbs measures are measures
of maximal dimension on F, which in part motivates their use in this
context. For further reading on general thermodynamic formalism and
Gibbs measures we refer to [3], and in relation to self-affine sets, to
15)).

Corollary to [5] (An informal version of Corollary 8). In terms of the
Gibbs measure at the dimension of the self-affine set E, either almost

all or almost no points are recurring, depending on whether the sum of
the measures of the target sets diverges or converges.

Even though these formulations of the shrinking target problem give
a very natural starting point to the analysis of shrinking targets for
nonconformal dynamics, some questions remain. We discuss these at
the end of §6.

Acknowledgments. We are grateful to Thomas Jordan for suggesting
the problem to the first author, and for helpful discussions. We also
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thank Antti Kdenmaki for taking the time to read our manuscript, and
for giving valuable feedback.

2. SHRINKING TARGETS, FRACTALS, AND SYMBOLIC DYNAMICS
Let Eq, f;, T; be as in the introduction.

2.1. Self-affine fractals and symbolic dynamics. It is standard to
associate to E, a symbolic dynamical system given by the left shift
o on the sequence space AY = {1,...,m}"Y. One identifies points ¢ =
(i1, 12, ...) € AN with points on E, through the projection

7T(’L) = kh_)rgofll © oflk(o) € Ea>

and if this projection is injective, then o induces a well-defined dynam-
ical system on F,, taking the point () = p € E, to f;'(p). In this
case, the shrinking targets problem (defined in the next section) on the
symbolic dynamical system corresponds to a shrinking targets problem
on the fractal with the dynamics induced by o.

2.2. Shrinking targets on a symbolic dynamical system. A nat-
ural way to define a shrinking targets problem on the dynamical system
o AN — AV is to select a target point 7 € AYN and define the targets
to be cylinder sets

Gl = {i e A il =gle} € AT

of increasing length &£ € N (and hence decreasing diameter) around

that point, where j|; and |, denotes the truncations (ji,...,jx) and
(i1,...,1) of 7 and %, respectively.

In this paper we treat the shrinking targets problem for B = { By }ren
where By, = [js] and {{;} C N is some fixed (non-decreasing) se-

quence. We denote the recurring set R(B) by R(7). It is exactly
R(j) = {i € AV : 0"(?)|s, = j|s, for infinitely many k € N}
= limsup R(g, k)

k—o0

where R(7,k) = {’L e AN : (1)), = j|ék}-

2.3. Shrinking targets on self-affine fractals. We project our sym-
bolic shrinking targets problem to the fractal E, through 7. That is,
we seek the Hausdorff dimension of the set

R(n(§)) := 7(R(j)) C Ea.
An intuitive interpretation is to think of the shrinking targets around

7(J) as the succession of “construction sets” of E, to which m(j) be-
longs. (One may think of the stardard Cantor set, for example, and
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take the shrinking targets to be subintervals appearing in its standard
construction.) Though these are very natural shrinking targets on a
fractal, the notion is really only meaningful if the affine maps {f;}
satisfy a strong enough separation condition. Still, the set R(w(5)) is
well-defined and can be studied regardless.

3. LIST OF NOTATIONS

This list of standard notations may be used as reference.

o AN =11,...,m}V is the sequence space on m letters.

® j|i = jijo. ..k is the string obtained by truncating j € AY.

e |¢| is the length of a finite word ¢ = (i1, .. .,4), so for example
|31kl = .

® ij| =iyis.. -i3|J1J2 - - - Jk is a concatenation of finite words.

e i A4 is the maximal common beginning of ¢, € A"

o [q] = {i € AV : {|q = g} is the cylinder set defined by the
finite word q.

o Let fi : RY — R be the affine maps f;(z) = T;(z) + a;.

e For |i| =k, denote f; = f;, o--- o f; , and similarly for T;.

e R(j) = {t € AN : 6%(2)|s, = jl, infinitely often} is our sym-
bolic recurring set.

o R(m(5)) = m(R(F)).

o R(k) = R(j,k) = {i € AV : 6*(2)|s, = 7|¢.}, so that we have
R(j) = limsup R(k).

4. THE SINGULAR VALUE FUNCTION

For a linear map 7' : R? — RY define the singular values

o1(T) = -+ = a4(T)

as the lengths of the semiaxes of the ellipsoid T(B(0,1)). For any 0 <
t <d, let

th(T) = Ul(T) c Ol (T)thJ+1(T){t}

where [t] is the integer part of ¢ and {¢} is the fractional part. The
function ¢'(T) is called the singular value function, and it satisfies

0a(T)" < (1) < o1(T)".

Furthermore, if T}, ..., T, are linear maps on R?, then

n t+0 T
'min O-d(,«z—;')é S Zz:nlgp - ( Z) <
i=1,...,n Zi:l ) (irz) i=1,...,n
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for all sufficiently small 6 > 0. The singular value function is sub-
multiplicative, that is, if also U : R — R? is a linear map, then
O TU) < 1 (T)"(U). For proofs see [7], for example.

We study collections of linear maps for which there exists some con-
stant D € (0,1) such that

¢ (Tiw) = D' (T3)¢" (Tx)
for any finite words %, ¢’. This condition holds, for example, for similar-
ities and for maps on R? satisfying the cone condition, meaning that

there is a cone that is mapped strictly into itself by all the T;’s, see
Kéenméki and Shmerkin [16].

5. THE MAIN RESULT AND ITS PROOF

Given the affine maps {f;}i=1. _m, a point j € AY, and s € R, we
define

. .1 s
(3) P(s,5) = lim ~log »  ¢*(Ty,,).
li|=k

This is a modification of the standard pressure function (see [7] for
example), which is defined to be

(@) Ps) = lim %log S ().

k—o0
i =k
In fact, notice' that in the presence of (6) we have
: .1 s
(5) P(s,§) = P(s) + lim —log¢*(Ty,,).

Notice also that it is possible for this limit to not exist. However, if it
does exist for some j and s € R, then in fact P(s,7) is a continu-
ous and non-increasing function of s. In this case, we prove that the
Hausdorff dimension of the recurring set R(7w(gj)) is almost surely the
unique zero point sg € RT of P(-, 7).

Theorem 1. Let E, be the fractal determined by the affine maps {T; +
a; }",, and suppose there is some D € (0,1) such that

(6) ¢'(Tur) > DY (Ti)¢' (Ti)

for any finite words ¢,4'. Furthermore, assume that max; o1(T;) < 3.

Consider shrinking targets defined by cylinder sets of length {{x}ren C
N around some fized j € AY.

'We thank an anonymous referee for making this observation.
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If limy_yo 1 log ©*(Tj,,) ewists in [—00,0], then with respect to any
ergodic o-invariant probability measure there is almost surely a unique
number so € RT satisfying P(so,7) = 0, and for almost every a € R¥™,
the Hausdorff dimension of the recurring set R(w(§)) C Eq equals so.

Remark. If the maps {T;+a;}, satisfy the strong separation condition

then the set R(a,j) from Theorem 1 has a dynamical meaning as a
subset of the fractal E,.

Of course, it now becomes a question of when limy_, o % log gos(Tjuk)
exists. In the following corollary we show that in particular it exists if
limy, 00 £ /K does.

Corollary 2. With the assumptions and notation of Theorem 1, if
limy o Ok /k exists, then Theorem 1 applies and we will have

dimH Ea Zf limk_m fk/k‘ =0
(7) dimy, R(ﬂ'(])) =94 So if limy o0 fk/k‘ € (0, OO)

almost surely (in the sense of the theorem,).

Proof. If limy_,o, ¢ /k = 0o, then the result follows from Lemma 5, and
in fact holds for every target point 3 and translation a.

If limg ool /k € [0,00), then Lemma 3 implies the existence of
limy,_o0 1 log * (T, ,,)» 80 Theorem 1 applies. It is only left to observe
that in the case where ¢, = o(k), we will have P(s) = P(s, ), so the
unique zero points coincide, and therefore the recurring set has the
same Hausdorff dimension as the fractal. O

5.1. Existence and uniqueness. The next lemma shows that if there
is some L € [0,00) for which ¢, ~ L -k, then there exists a unique
number s € RT such that P(sg,j) = 0. It is furthermore almost
surely independent of 3 with respect to any o-invariant measure.

Lemma 3. With the same assumptions and notation as in Theorem 1,
suppose that limy_,. l/k € [0, 00). Then, with respect to any o-ergodic
probability measure on AN, there almost surely exists a number so € Rt
satisfying P(so,J) = 0. Furthermore, this number is unique and almost
surely independent of j € AN.

Proof. Suppose ¢ ~ L -k, L > 0. Fix s. Let

We will apply Kingman’s subadditive ergodic theorem to the sequence
X (m,n) with respect to the transformation o, so we must check that
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X is subadditive and o-equivariant. Clearly all X (m, n) are integrable,
since they only depend on finite words.
Equivariance is verified by the following routine calculation:
X(m7 n) c0 = ]'Og gps (To'm(a'(j))‘nfm)
= log 908(To(7”+1)(j)|(n+1),(m+1)) = X(m + 1, n -+ 1)
For subadditivity we must check that X (0,n) < X(0,m)+ X (m,n).
Again, this is routine:
X(0,m) + X(m,n) = log*(Tj,,) +1og " (Tom(j),—.n)
= log ©* (T}, )" (Tom(5)|n—v) = log ©*(T},,) = X (0, n).

Therefore, by the subadditive ergodic theorem, there almost surely
exists a limit

X(0 X(0,¢
n—00 n k—o0 ek
which is o-invariant and so almost everywhere constant in 3 with re-
spect to any o-ergodic measure. Hence,

limM:limM.gﬁ:LhmM

also exists and is almost surely constant in 7, and similarly for

. . X(0,¢
P(s,j) =P(s) + lim M
k—o0 k
Notice that the limit is continuous and strictly decreasing in s since
by (2),
s+ (..
YA Z|i|:k ¥ (Tmlzk) < k)5

p = >0 )
> ti=k #* (T, i

where 0 < 0_ = min; 04(7;) and o, = max; o1(7;) < 1.
Since P(0,7) > 0 and P(s,j) — —oo when s — oo, the existence of
a unique zero follows. O

5.2. Upper bound. The following lemma shows that sy is an upper
bound for the dimension of the recurring set R(w(j)).

Lemma 4. Let {{;} C N be a non-decreasing divergent sequence and
suppose that P(-,7) is decreasing, with unique zero sy € R. Then the

Hausdorff dimension of R(mw(7)) is bounded above by sq.

Proof. We will show that for any t > sg, we have H'(R(7(j)) = 0,
where H! denotes Hausdorff measure.
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Notice that when t > sg, then for all large k,
> Ty, < exp(—ke)
li|=k

for some € > 0. Therefore

(8) > D HTi,) < oo

k=0 |i|=k
For all N, we have that

R(j) =limsup {i € A | o*(i)|s, = 5l } € | | [idle).

ko0 k=N |i|=k
hence,
R(r(3) < |J U =liglal.
k=N |i|=k
Since the T;’s are contractions, there is some M > 0 sufficiently large

that f;(B(0,M)) C B(0,M) for all ¢ = 1,...,m. Then we have the
inclusion 7[¢jle,] C fij,, (B(0,M)), and therefore

R(r(3) c U U figr, (B0, M)).

k=N |i|=k
Recall that o1(T3), ), ..., 0a(T3j,, ) are the lengths of the semiaxes
of the ellipsoid T35, (B(0,1)), in decreasing order. Therefore, the num-

ber of cubes of side-length U\_tJ"qu(Tiﬂek) required to cover the sets
fijl,, (B(0, M)) is bounded by

A01(Tig,,) -+ o1 (T, )™,
where A > 0 is some constant. We can bound the Hausdorfl measure

H(R(x(G) <A D o1Tij,,) - o1 (Tig, ) - o4 (Tig,, )

k=N |i|=k

=A Z Z (Pt(Tij\ek)'

k=N |i|=k

But N € N was arbitrary, so recalling (8), we can take N — oo to see

that H'(R(w(7))) = 0. This proves the lemma. O

The next lemma shows that if the shrinking targets are projected
cylinder sets whose lengths grow super-linearly, then the corresponding
recurring set is zero-dimensional.
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Lemma 5. Suppose that limy_,o 0, /k = 0o. Then dimy R(7(5), 0) =
0.

Proof. We show that H°(R(n(5), €x)) = 0 for any 6 > 0.
Let g(k) = £ /k. Then g(k) — oo as k — oo, and

DD DEUCTED SIS DY (TRl B

keN [i|=k keN keN

because for all k large enough, the parenthetical quantity is < 1/2 (say).

The argument from the proof of Lemma 4 shows that H*(R(w(5))) = 0,
and proves the lemma. 0

5.3. Lower bound. Fix numbers s < t < sq. Let (ng) be a sequence
of natural numbers. Let C' = (;_, R(n), where

R(mi) = {i € A" 0™ (i)le,, =3 |e,, }
={ie AV :0™(i) € B, }.
Notice that C'(k) = R(n) are finite unions of compact cylinder sets

and thus compact, so that C' is compact as well. Furthermore, C' C
R = limsup R(k), and we hope to prove that dimy C' > s.

Lemma 6. Let E, and {{;} be as in Theorem 1. Fix t < sy. Then
there is a probability measure p supported on C', and a constant H,
satisfying

(9) plgl < He'(T,)

for all finite words q.

Remark. A measure p satisfying (9) could possibly be found through
a construction similar to one used in [23], or perhaps an adaptation
of [14], and this may relieve us from having to assume quasi-multipli-
cativity (6). However, quasi-multiplicativity is also needed in the ob-

servation (5). For this reason, we have opted to present a self-contained
proof of the existence of p, even if our proof does rely on (6).

Proof. Let (ny) be a sequence of natural numbers to be fixed later, with
the property that ny > ng_q + ¢, _, for all k£ € N. Let

ZieA(k) ¢'(T3)6s
ZieA(k) ©'(T3)

Mk =

where
A(k) = {i:]i| = k and 35 € A" with ij € C}
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is the set of ¢ of length k that can be extended to be elements of C'

(as defined above). This way pu,, is supported on the set of points

that recur to the shrinking targets at times nq,ns, ..., ng. Define the

probability measure p as the limit of a convergent subsequence of {}.
Let |q| = ¢. With condition (6) we have that

Sicamy P(Ty)  ON(Tq) Yicawm) ¢ (Toa)

ilq=q ilq=q
(10)  pla) = <
ZieA(k) o(1;) — D ZieA(k) " (Tiy, )" (Toa(a))
t t
0" (Tq) Y icam ¢ (Touw)
— ! ilq=q _ Sot (TQ>
DY ieaw P (T) Dicaw) 1 (Too) D Yjenr ¢ (15)

i|q:q

for all k& > ¢q. We will now prove that the sequence {n;} can be chosen
so that there is some x > 0 such that

i€A(q)

for all sufficiently large ¢. This will prove the lemma with H = (Dx)~!.
Clearly, ¥, decreases in intervals of the form n; < ¢ < ny + ¢, , so
we first show that given a non-decreasing ¢ : N — R, we can choose
{nx} so that 3, ¢, > (k) for all k.
Recall that P(s, ) is decreasing in s. Therefore, since ¢ < s¢, there
is some € > 0 such that

(11) > & (Tijy,, ) > exp(ke)
li|=k
for all k sufficiently large. Hence there is a number n; such that
Sarety = 3 9 (Tig,) 2 exp(me) 2 u(1),
li|=n1

Proceeding inductively, assume we have already chosen ny,nsg, ..., ng_1
such that ¥, s, > t(k —1). Then

Z"k""énk - Z Z o Z Spt (Tilj\enl ---ikj|lnk)

‘il‘:nl |i2‘:n2_n1_én1 \ik\znk—nk,l—énk71

(6) : .

= Z o Z Dy (Tilj\énl tk—1dlen, )90 (Tikj\enk)
livl=n1  |igl=ng—ng_1—Lln,_,

== t ..

- anfl""enk,l D : : ()0 (T'Lj‘enk )

IiIan_nkfl_énk71
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Now, by the induction hypothesis,
-1

> ik —1)D Yoo Am) D Ty,

|él=nk—1+tn;,_, |é[=n

(12) (121) uk—=1)D Z o'(Ty) exp(ne),

‘i‘:nkfl‘i‘énk71

as long as we choose n;, sufficiently large. Notice that the quantity in
square brackets is a positive number only depending on our choices
of ny,...,nE_1, so we can certainly choose n; large enough that (12)
exceeds ¢(k), as claimed.

Now, suppose that we are in an interval of the form ny + ¢,, < g <
N1, and ¢ — ny — £,, = £. Then (6) implies that

Yy 2 DSnsr,, D ¢'(T)
i=¢

Since t < sp < dim E,, the expression »._, ¢'(T;) is bounded below

by a constant that is uniform over ¢ € N, which proves that there is

some x > 0 such that X, > x for ¢ sufficiently large, as wanted.
Returning to (10), the lemma is proved with H = (Dx)™1. O

Lemma 7. The image measure m.u given by Lemma 6 has finite s-
enerqy for almost all a.

Proof. Using [7, Lemma 3.1], [25, Proposition 3.1], and Fubini’s theo-
rem, the problem inside any ball of radius p reduces to the study of

RXR 72 l/\k

Now, using (9), the fact that p is a probablhty measure, and t > s

I<ZZZ@O "ulai] k]

q=1 |q|=q i#k

Since p is arbitrary, the claim follow for almost all a. U
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Proof of Theorem 1. Fix a center j and a sequence (¢;) of target sizes
such that the limit lim_, o % log ©* (T} Zk) exists. The almost-sure exis-
tence and uniqueness of the zero point sy of the pressure follow from
Lemma 3, and the estimate dimy R(7(j)) < s¢ from Lemma 4.

For the lower bound, let s < sy. By Lemma 7 and the potential theo-
retic characterization of the Hausdorff dimension, since p is supported
on C, we have dimy 7(C') > s almost surely. Approaching s, along a se-
quence gives the lower bound for the dimension of 7(C') C R(x(5)). O

Remark. Notice that, the dimension of the recurring set is not affected
by the set of points where 7 is not an injection, as long as this set has
dimension smaller than sg. This is the case for large classes of self-affine
sets, for a Lebesgue-positive proportion of translation vectors a, and
in these cases there is the more geometric interpretation of §2.3 for the
result of Theorem 1.

6. SOME FURTHER OBSERVATIONS

It is classical to study the shrinking target problem for an invariant
measure. Unfortunately there is no canonical choice for a measure on
a self-affine set. There is, however, a natural family of measures, called
Gibbs measures, which we now define. In general, a Gibbs measure for
the potential ¢, or a Gibbs measure at t, is a o-invariant probability
measure g on the symbolic space AY satisfying

- 1lq]
(13) c < < C.
©'(Tq) exp(—|q|P(t))
Unfortunately, as demonstrated by [18, Example 6.4], Gibbs measures
do not always exist. However, under the assumption (6) they do and,
further, a Gibbs measure at the zero point of the pressure P is a mea-
sure of maximal dimension, that is,

dlmH(ﬂ'*,U) = dlmH Ea

for almost all @ € R¥™. These facts were proved in [18, Theorem 5.2],
[18, p. 8-9] and [17, Theorem 2.2]. Also see [15, Theorem 4.1]. This
means that the Gibbs measure is a natural candidate as a measure to
the size of the recurring set. Now we are in the position to formulate
and prove the following corollary.

Corollary 8 (Corollary to Theorem 2.1 of [5]). Assume E is a self-
affine set as in Theorem 1. Let ({x) C N be an increasing sequence
tending to oo, and j € AY. Denote by u the Gibbs measure at the point
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t where P(t) = 0. Then the measure of the recurrence set m u(R(7(7)))
1s either O or 1 according to whether the sum

(14) > ullie))

converges or diverges.

Proof. First, the fact that the convergence of the sum (14) implies

T (R(7(7))) = 0 follows from the classical Borel-Cantelli lemma. This
is the case since m,u(R(7(5))) = u(R(5)) and p is o-invariant.

Now assume that the sum (14) diverges. Notice that while the defi-
nition of Gibbs measures in the symbolic space corresponding to self-
affine sets does not necessarily coincide with the classical one, under
the assumption (6) the measure yu satisfies the Facts 1-3 in Section 3 of
[5]. As these facts are all the knowledge on p needed to prove Theorem

2.1 of [5], it follows that p(R(jF)) = mpu(R(7(5))) has measure 1. O

We finish with two further questions related to Theorem 1.

e Will the claim of Theorem 1 remain true without condition (6)?

e What about recurrence under F' to geometric sets By, for ex-
ample to balls in RY? What could be the counterpart of sy?
One has to be a little careful when stating a result of this type
since, as pointed out above, in the overlapping cases F' is not
even well-defined, and in most cases the corresponding sym-
bolic problem becomes very hard to track. In our treatment it
is possible that points fairly close to the target point m(j) on
the fractal set are not considered to be recurring, if they are far
away from 7 in the symbolic space. Taking this kind of shortcut
becomes impossible in the geometric case.
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