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IMPULSE CONTROL MAXIMIZING AVERAGE COST PER UNIT
TIME: A NONUNIFORMLY ERGODIC CASE*
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Abstract. This paper studies maximization of an average cost per unit time ergodic functional
over impulse strategies controlling a Feller-Markov process. The uncontrolled process is assumed to
be ergodic but, unlike the extant literature, the convergence to invariant measure does not have to
be uniformly geometric in total variation norm; in particular, we allow for nonuniform geometric or
polynomial convergence. Cost of an impulse may be unbounded, e.g., proportional to the distance
the process is shifted. We show that the optimal value does not depend on the initial state and
provide optimal or e-optimal strategies.
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1. Introduction. Let (X;) be a Feller-Markov process on (9, F, (F})) with val-
ues in a locally compact space E with the metric p and Borel ¢ field £. The process
starting from z at time 0 generates a probability measure P*; E* denotes a related
expectation operator. Process (X;) is controlled by impulses (7,£): at time 7 the
process is shifted from the state X to the state £ at the cost of ¢(X,, ) and follows
its dynamics until the next impulse. We assume that impulses shift the process to
a compact set U C F, i.e., £ € U and the cost function ¢ is negative, continuous
and uniformly bounded away from zero.! A strategy V = (7;,&;) is admissible for
x € E if 7; form an increasing sequence of stopping times (possibly taking the value
o0) with lim; o, 73 = oo, P¥-a.s. To describe the evolution of the controlled process
we introduce a construction of [18, section 2] which follows ideas of [15]. Namely, we
consider Q = D(R*, E)*>°, where D(R™, E) is a canonical space of right continuous,
left limited functions on R* taking values in E. We assume that (F}!) is a canonical
filtration on D(R*, E) and inductively define Fg’*‘1 = F}' ® F;. The stopping times
7; are adapted F{ x {0, D(R", E)}* while the impulses & to F!, x {0, D(R", E)}™.
The trajectory of the controlled process (X;) is defined using coordinates =™ of the
canonical space , i.e., X; = af for t € [r,_1,7,), with 79 = 0. Given an impulse
strategy V following [18, section 2] and [15, Chapter 5 and Appendix 2] we define a
probability measure P on €. Although the controlled process (X;) and probability
measure P depend on the control strategy V in what follows we shall not indicate that
explicitly.
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Our goal is to maximize over all admissible strategies the functional

N -
(1) I (r6) = liminf L { | rxas+ > 1Ti<Tc<Xn,@>} ,
where f is a continuous bounded function and X,,_ is the state of the process before
the 7th impulse with a natural meaning if there is more than one impulse at the same
time. Alternatively, we shall also consider a weaker form of (1), namely,

Tn n
(2) J(CE, (Tia fl)) = hnrggf mEaj {/0 f(Xs)dS + ; 17'7:§TC(X7'7:—7 gz)} )
assuming that (7,) are such that E*{7,} < occ.

Controlling random systems by impulses, i.e., discrete interventions, is often the
only feasible strategy from an application point of view and, therefore, the literature
is extensive. For applications in finance, the reader is referred to [5, 10] and references
therein. Intensive studies of impulse control of diffusions and diffusions with jumps
are presented in [4]. Impulse control of Markov processes with average cost per unit
time criterion (1) was studied first in [16, 17| under uniform ergodicity assumption
for constant cost for impulses. These results were extended to a separated cost (for
a definition see Proposition 3.13) in [18] and to quasi-compact transition semigroups
in [19]. The problem was also studied under some compactness assumptions in [6].
Ergodic impulse control of diffusion processes on bounded domains was studied in
[9] and [14]. The extension to unbounded domains, although in R only, with linear
impulse cost function ¢ depending on the size of an impulse and with f < 0 was
tackled in [7]. Average cost per unit time functionals have also been widely studied
in a different setting where the control affects the diffusion process continuously; see
the monograph [2] for a detailed discussion.

Solution of problems of the form (1) and (2) usually follows through a study of
an auxiliary Bellman equation

TAT
(3) w(z) = suplimianE’J{/ (f(Xs) —)\)ds—l—Mw(XT,\T)},
r T—o0 0
where Mw(x) = supgcy[w(§) + c(z,§)]. The solution is a pair: a function w : £ — R
and a constant A. One of the main contributions of this paper is showing that when
the process is not uniformly ergodic or the cost function ¢ is unbounded, (3) has a
solution. The function w, which we will often call the value function, is unbounded
as is Mw. We prove that the constant A in the solution to the Bellman equation (3)
is an optimal value for the functional J and frequently also for J, while an optimal
stopping time for (3) provides times of consecutive impulses in the optimal strategy.
The impulses themselves are given by the maximizer of Mw(z) which is shown to
depend continuously on x and, therefore, is measurable.
The novelty of this paper is that
e the uncontrolled process (X;) is not uniformly ergodic,
e the cost function is not bounded, hence it can measure the size of an impulse
using the distance between the state before and after the impulse.

To the best of our knowledge, this paper is the first significant extension of a gen-
eral theory of ergodic impulse control of Feller-Markov processes since 1980s. The
relaxation of uniform ergodicity opens up the theory applicable to many ergodic pro-
cesses encountered in applications, including an Ornstein—Uhlenbeck process with
Levy noise.
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The paper is structured as follows. Section 2 provides preliminary results for
a-potentials of centered f. In section 3 we address the impulse control problem with
average cost per unit time functional (1) and (2) and an unbounded cost for a non-
uniformly ergodic underlying process under an assumption that the zero-potential of
centered f is bounded from below. This restriction is relaxed in section 4, where,
using approximation techniques, we show that the optimal values in (1) and (2) do
not depend on x. We also provide e-optimal strategies through solutions to auxiliary
impulse control problems that satisfy assumptions of section 3.

2. Preliminaries. We write P; for the semigroup, acting on bounded Borel func-
tions, corresponding to the (uncontrolled) Markov process (X;): Piop(z) = E*{¢p(X¢)}.
A transition probability measure is denoted by Pi(zx,-) := P*{X; € -}. We make the
following assumptions:

(A1) (Weak Feller property)

P, Cy C Co,

where Cy is the space of continuous bounded functions £ — R vanishing in
infinity.

(A2) There is a unique probability measure p on &£, a function K : E — (0,00)
bounded on compacts, and a function h : [0, 00) — R such that fooo h(t)dt <
oo and for any x € E

[1P(x,-) = p()llrv < K(2)h(t),

where || - ||7v denotes the total variation norm. Furthermore, E* { K (X1)} <
oo for each T' > 0, and for any compact set I' C E and a sequence of sets
Ap € Frp

lim supP? {Ar} =0 = lim supE*{14,K(Xr)} =0.
T—00 ger T—00 ger
Assumption (A1) is necessary to establish the existence of optimal stopping times
for general weak Feller processes (a counterexample when it is relaxed is provided at
the end of section 3.1 in [11]). The class of weakly Feller processes (A1) comprises
Levy processes [1, Theorem 3.1.9], solutions to stochastic differential equations with
continuous coefficients driven by Levy processes (see, e.g., [1, Theorem 6.7.2]).
The first part of assumption (A2) is satisfied by nonuniform geometrically ergodic
or polynomially ergodic processes; see discussion and examples in [12, section 6].
The second part of assumption (A2) is weaker than requiring that random variables
{K(Xr),T > 0} are uniformly integrable for initial states = of (X;) from compact
sets. However, the following condition which implies uniform integrability is more
explicit to verify: sup,cpsupgpsoE*{K(X7)'*#} < oo, for any compact set T' and
some /3 > 0 possibly depending on I'. It is easy to verify using this condition that a
standard Ornstein-Uhlenbeck process satisfies assumption (A2).

LEMMA 2.1. Under (Al) the operator P, transforms continuous bounded from
above functions into upper semicontinuous functions bounded from above.

Proof. By [11, Corollary 2.2] the semigroup P; transforms continuous bounded
functions into continuous bounded functions. Approximating a continuous function
¢ bounded from above by a sequence of bounded functions ¢,, = max(y, —n) and
applying Fatou’s lemma completes the proof. 0
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Let, for a > 0,

() anle) = { [T et x) - t)an

with g := gp. We have the next lemma.

LEMMA 2.2. Under (Al) and (A2) we have that qo(x) — q(x) uniformly on com-
pact sets as a — 0, and q is a continuous function such that for any bounded stopping
time T

(5) o) =5 { [ (700) = )t +ax)}.

Moreover, for any compact set I' C E and a sequence of sets Ar € Fr we have

(6) lim supP? {Ar} =0 = lim sup sup E*{la,|¢.(X7)|} =0.
T—00 ger T—00 zel ael0,1)

Proof. By (A2) we have that |go(z)| < K(2)||f]| [;° h(t)dt for o € [0,1), where
| -] is the supremum norm, so g, (z) is well deﬁned Now
(7) N N
o) = qu(@) <[ (1= e AL -~ p@ldt < [ (1K@ b -0
0 0

as @ — 0 uniformly on compact sets, because K(x) is bounded on compact sets.
Consequently, since under (Al) g, is a continuous function, we have that ¢ is also
continuous. We have

sup sup E” {1AT|qa(XT)|}<bupEx{1AT XT)}||f||/ h(t)dt — 0
zel’ a€l0,1) 0

as T — oo provided that limy_, o sup,cr Py {Ar} = 0. It remains to show (5). For
a > 0and T > 0 we have qa(x) = E”{IOT e (f(Xy) — p(f))dt + e *Tqo(X7)}.
Easily, lima_yo Er{ J et (f(X, £)dt} =E{ [T(f(X:) — p(f))dt}. Denoting
= [If[l J;° h(t)dt and using (A2) we obtaln

|1E”” {e™"qa(X1)} —E" {q(X1)} |

< (1= e ™E” {Jga (X))} + E” {lga(Xe) — a(X)[}

< (1=e ) LE{K(X:)} + E* {10 x,)<rl¢a(Xt) —q(X:)|}

+ B {1 o x> LK (X0)}
= aqy + by + CR-

Clearly a,, — 0 as @ — 0. By (7) also lim,—,0 b, = 0 for any fixed R. By (Al) and
[11, Proposition 2.1] taking into account integrability of K(X;) we obtain that cg — 0

as R — oo. Consequently, ¢(X;) is integrable and q(z) = E7{ fo — p(f)dt +
q(X7)}, from which it follows that Z, = [ (f (f))dt +q( S) is a martingale
and we immediately have (5). |

3. Optimal control when q is bounded from below. We make the following
standing assumption for the cost function c:
(B1) There is ¢ < 0 such that ¢(x,2") < ¢ for (z,2') € E x U, and for 2,2’ € U

(8) c(x,2) > c(z,2') + (2, 2).
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Define ¢(z) = infyepyc(x,a) and é(x) = sup,cy c(x,a). Denote by S the family
of stopping times taking finite values only and by S the extension of the latter to
stopping times with possibly infinite values. We follow a convention that, unless
specified otherwise, all stopping times are from S.

We will follow a vanishing discount approach; see, e.g., [16]. We consider first
a discounted cost impulse control problem which consists in maximization of the
functional

(9) Ja (CC, (Ti7§i)) =E* {/OOO e_asf(Xs)dS + Z 1n<ooe_anc(XTi7£i)}

i=1

over admissible impulse strategies? (7;,&;) with the optimal value denoted by v, (z).
Using v, we will then obtain a sequence of functions converging, as a — 0, to w in
(3). From there, we will derive an optimal value and an optimal strategy for (1).
The following assumption is used for characterization of the value function v, as
a fixed point of an appropriate Bellman operator:
(B2) For any compact set I' C E and any T > 0, the random variable (r =
supycpo, 7] |¢(X¢)| is uniformly integrable with respect to P for y € T', i.e.,

lim supEY{{rl¢p>n} =0.
n—oo yer

For a continuous function v, consider an operator
(10) Tv(x) :=sup E” {/OT e"*f(Xs)ds + 17<006MMU(XT)} ,
res
where Mv(x) := supgcprle(z, §) +v(§)] and its approximation
Tro(zx) := sugﬂiz {/OT e~ f(Xs)ds + e_MMLv(XT)}
TE

with Mpv(z) = supgep[c(z,§) V (=L) + v(§)]. In the definition of operator 7, the
indicator 1,. is omitted intentionally as M v is bounded, so for infinite value of 7
the discounting makes that term equal 0.

Define a functional with a truncated cost function

(1) JEk (x, (Ti7fi)) =E* {/000 e" ¥ f(Xs)ds + Ze‘o‘” (C(Xﬂ.,,fi) Vv (—L))} ,
i=1

and denote its optimal value by vl (z).
LEMMA 3.1. Assume (B2) and that v is a continuous function with ||v|| < || fl/«.
For each n > 1, the limits

lim 77'v(z) = T"v(x), Lli_{n MpT v(x) = MT"v(x)

L—oo

are uniform in x from compact sets.

QRecall that (74,&;) is an admissible strategy if (7;) is a nondecreasing sequence of stopping times
from S and §; € U are Fr,-measurable random variables. For more details including construction of
the controlled process, see the introduction.
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Proof. Define Tpv(z) = sup, E*{ fOTAT e™ f(X,)ds + 1r<pe " Muv(X,)}. Take
any stopping time 7 and let 7 = 71,<7 4+ ool;>7 € §. Then 7 brings up the same
value of the functional for 7 as 7 brings in functional for 77. Hence Tv > Trv. Due

to the boundedness of Mv(z) from above by | f||/a, we have for any T > 0

T

To(x) — Trv(z) < supE” {/ e~ f(Xs)ds + 1T<T<ooe_o‘TMv(XT)}

AT

<supE” {”JC”(GQ(TAT) —e )+ 1T<r<ooe‘””f”}
T « N
=supE” {1T>TeaT”f||} _ e—aTM.
T « o

Similarly,

TAT
0 < Trv(z) —supE” {/ e” ¥ f(Xs)ds + ]-T<TeaTML'U(X7-)} < e*aTM.
T 0 - o

Hence,
0 < Trv(z) — To(z) < supE*{1,<re” " (Mv(X;) — Mpv(X,))} + 26_QT@

<E (Grlgpar) + 20T L

where (r is defined in assumption (B2). The second term can be made arbitrarily
small by choosing T sufficiently large. The first term converges to 0 as L — oo
uniformly in z from compact sets by (B2). Hence, Trv(z) converges, as L — oo,
to Tv(x) uniformly in 2 from compact sets. Then, limy_,o My Trv(z) = MTo(z)
uniformly on compacts. Proceeding by induction and using arguments similar to those
above, the proof of the lemma is completed. 0

LEMMA 3.2. Assume (B2) and that v is a continuous function with ||v|| < ||f||/«.
Then in (10) the supremum can be restricted to finite stopping times:

(12) To(z) = sup E” {/0 e~ F(X,)ds + eaTMv(XT)} .

TES

Proof. From the proof of Lemma 3.1, e-optimal stopping times 7 for Tv(z) take
values in [0,7] U {oo} for some T depending on ¢. Under assumption (A2) there is a
compact set K C F with pu(K) > 0, so it is recurrent. Define oy = inf{t > T : X, €
K} and 0,1 =inf{t >0, +1: X; € K}. Then o, < co and lim,, o, 0, = 00. Set
Tn = T A 0. The boundedness of Mv on K and boundedness of f yield then

E” {/T e~ f(Xs)ds + 1T<ooe_va(XT)}
0

n—oo

= lim E* {/ ’ e~ f(Xs)ds + e_aT"MU(XTn)} . O
0

The finding of the above lemma that the supremum in (10) can be restricted to
finite stopping times will be used implicitely in the proof of Theorem 3.3.
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THEOREM 3.3. Under the assumptions (A1) and (B2), the function v, is contin-
uous and it is a solution to the equation

(13) Vo (x) = sup E” {/ e f(Xs)ds + e_aTMva(XT)} ,
TES 0
where Mv(z) := supgecy[c(z,§) +v(§)]. Furthermore, |v,| < % and it is approxi-

mated by vk (z) uniformly in = from compact sets.

Proof. Without loss of generality we can assume that f > 0 in (9). Notice also
that if ||[v]| < [|f||/c, then [|[Tv| < [|f[|/e. Let r(z) = E* { ;" e **f(Xs)ds} be
the resolvent of f. The sequence 7"r(z) is nondecreasing and bounded and there-
fore converges to a fixed point of (13). Thanks to the boundedness of the functional
JE classical results yield that the function 7;%r(z) is continuous. By Lemma 3.1,
Tir(z) — T"r(z) as L — oo uniformly in z from compact sets, which implies
the continuity of 7"r(x). Using standard supermartingale arguments of Theorem
V.2.1 and Lemma II.2.2 in [15] one can show that 7;/"r(z) corresponds to the optimal
value of the functional J% (:17, (n,{i)) over impulse strategies consisting of at most
n impulses. For a fixed strategy (7;,&;) the monotone convergence theorem implies
limz, o JE (;v, (Ti,fi)) = J, (m, (Ti7§i)). Hence, T™r(z) is the optimal value of the
functional J, (;v, (74, 51)) for strategies restricted to at most n impulses.

For € > 0, let V. be an e-optimal strategy for v,(z). Denote by Nr the number
of impulses of this strategy up to and including time 7. Then

*@ —e< Ja(xa‘/s) < @ +€7QTCEI {NT}a

T

from which it follows that E* {Np} < €—( ”aﬂ + ). Denote by V., the strategy V.

—C
restricted to n impulses. For T' > 0 using the above bound for E*{ N}, we obtain

i aV2) = T Vo) < 200 femomny < oWl fomory iy

WAl —ar
< oW (g=aT 4 pr fN, > 41
<27 (e + P"{Ny > n+1})

< QM (e‘aT + et <2||f + e)) .
@ —(n+1)c !

Since the right-hand side does not depend on z, letting n — oo then T' — oo and taking
into account the e-optimality of V; we have that 7"r(z) converge uniformly (in z € E)

to va(x). Identically, we prove limp o0 sup;s . |7/'r(z) — v%(2)] = 0 uniformly in
x € E. This, together with assertions of Lemma 3.1, implies that vl (z) — v, ()
uniformly in  from compact sets. ]

Remark 3.4. In the case when ¢ is bounded the assertions of Theorem 3.3 follow
directly from [15] or [18].

Fix z € U. It will be an anchor point for further definition of functions w,. We
have the following bounds for v, and for the difference v, (x) — v4(2).

LEMMA 3.5. We have vy (x) > ¢(x, 2) + vo(2) for x € E and

(14) c(x,2) <va(x) —va(2) < —c(z,2) foraxzel.
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Proof. Clearly, v (x) > Muvg(x) > c(z, 2) + vo(z). Whenever z € U we also have
Vo (2) > Mva(2) > ¢(z,x) + vo(x). d

Define wo(x) = vo(z) — vo(z) for z € E. We deduce from Lemma 3.5 a bound
on w, on U which is independent of a:

(15) sup fur ()] < sup {Je(. )| V[e(z, )]} = .

From (13) we obtain easily the following equation for w,:

(16) We(z) = sup E” {/OT e~ (f(Xs) — ava(z))ds + e‘”Mwa(XT)} .

TES

Define Dy = inf{s > 0: X, € U} and ¢(x) = E* {Dy}. We make the following
assumption:
(B3) For any compact set I' C E we have sup,pt(z) < oc.

LEMMA 3.6. Under assumption (B3)
(17) c(,2) S wa(r) SE*{Du}[|f — ava(2)[| + &

Proof. Define wk(z) = vk (x) — vE(z). Similarly as above, we show

who) =swer{ [ (100 = ava(:))ds + e Mpwk(x) |

T

and sup, ¢y |wk(z)] < k. Since MpwY is bounded, standard supermartingale results
yield that for any stopping time o

wﬁ(:c) = supE* {/OT Ue_o‘s(f(X ) —av ( ))ds + 1rcoe™ MLwCI;(XT)

T

+ 1< wk (XU)} .

Apply the above formula for o = Dy and, taking into account negativity of ¢ and the
upper bound on w% on U, observe that My wl(X,) < k and wk(Xp,) < k. Hence

wk(z) <E*{Dy} Hf — avl(2)|| + k. Since by Theorem 3.3 v (x ) converges to v, ()
unlformly in z from compact sets, taking in the above inequality the limit L — oo
gives (17). Finally, by Lemma 3.5, ¢(z, 2) < wq(z). 0

LEMMA 3.7. For each x € E

(18) lim mfowa( ) > u(f)-

a—0

Proof. Let R, f(z) :=E* {fo e~ f(X ds} be the resolvent of f. From v, (x) >
R, f(x) we have

lim mf ave () > liminf aR, f(z) = liminf/ e “Pu f(x)du = p(f).
a—0 a—0 0 o

a—0

d

Recall that g, () = E* { [ e=**(f(X,) — u(f))ds}. We shall assume that g, is
uniformly in a bounded from below.
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(B4) sup,ep,1) 194 || < oo, where g, stands for the negative part of gq.

LEMMA 3.8. Under (Al), (A2), and (B3), ifthe set Ky :={x € E: f(x) < u(f)}
is compact, then (B4) holds.

Proof. We have f(z) > u(f) on K$, so

Punbr; —aDyAD
da(z) = E* {/ e (f(Xs) —u(f))ds +e v Kf‘]a(XDU/\DKf)}

0

> E” {B_QDUADKqu<XDU/\DKf)} > — sup q,(y),
yEUUKf

where Dy, = inf{t > 0: X, € K;}. By Lemma 2.2, ¢, is continuous and converges
to g, as a — 0, uniformly on compact sets, hence the last term in the expression above
is uniformly bounded in « € [0, 1]. O

Since for any stopping time 7 € S and a > 0

anle) =B { [ () — n(D)as + a6}

we obtain from (16)
(19)
W () — ga(z) = sup E* {/0 e (u(f) — ava(2))ds + e (Mwa (X;) — qa(XT))} .

TES

Clearly, e-optimal stopping times in (16) and (19) coincide. In the following lemma
we provide an upper bound on them.

LEMMA 3.9. Assume (B4) and thatv := limsup, _,, ave(z) > u(f). Then for any
d<v—p(f) and any o € A == {a’ : /vy (2) > p(f) + 0} we may restrict ourselves
in (16) and (19) to stopping times T satisfying the bound

(20) E* {1(1 o) !

; b e () < 2(a),

rtet]lgq 1490 (2)—c(z,2
0

where Z(x) = suPye (0,1 ) for an arbitrarily small € > 0. More-

over, Z(x) is bounded on compact sets.

Proof. Lemma 2.2 and assumption (B4) imply that sup,e (g 1) (llga I + galz) —
c(x,z)) is bounded on compact sets and, therefore, so is Z(x). For a given ¢ > 0,
every e-optimal stopping time in (19) satisfies

(o)~ )~ = ()~ { 1= 4 e sup etz |

Therefore,

(07

(@a(e) = B { S0 )} = B {erelx)
< rt ety 1+ 4a@) = el 2) < Z@)(ava(z) - u(£).

from which we obtain (20). 0
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Complementing the above result are the following simple lemmas.
LemMA 3.10. For any nonnegative random variable T and a > 0

E{i(l - e_(’”)}.

(1—eoT)

P{r>T} <

1
o

Proof. Notice that ¢ — 1 (1 — e~") is increasing for o > 0, hence

E {;(1 - e‘”)} > P{r > T}é(l —e T,

0

LEMMA 3.11. The mapping x — Mwy(x) is uniformly in o € (0,1) equicontinu-
ous on each compact subset of E.

Proof. The assertion is a consequence of the estimate |Mwg(x) — Mwq(2')]
supecy c(,§) — c(a’, €]

Recalling that ¢(z) = inf,cp ¢(x, a), we assume the following:

(B5) For any compact set I' C E and a sequence of events Ap € Fr, T > 0, we
have

o lIN

lim supP*{A7} =0 = lim supE"{la,[c(X7)[} =0.
T—00 2T T—00 ger

In a classical case when ¢ is bounded, (B5) is trivially satisfied.

THEOREM 3.12. Under (A1)-(A2), (B1)—(B5), iflimsup,_,o ava(z) = A > u(f),
then there exists a continuous function w which is a solution to the following equation:

TAT
(21) w(x) = sup lim inf E* {/0 (f(Xs) = Nds + Mw(XT/\T)} .

r T—o0

Moreover w(z) = 0,

(22) c(z,2) Sw(x) <E*{Du}||f = All + &,
and
(23) c(z) — v < Mw(z) < k.

For any impulse strategy V = (1;,&;), such that E* {7;} < oo for each i, we have that

e w() 2B { JANCGESEPIEES SECS +w(§n)}7

where (X;) denotes the process controlled by the strategy V. We have equality in (24)
for the strategy V* = (77, &) defined as follows: 7 =inf {s > 0 : w(X,) = Mw(X,)},
Tpi1 = Ty + 74 007, where O is a Markov shift operator, and &, = §(Xf:), where
£: Ew U is a Borel measurable function such that Mw(y) = c(y,€(y)) +w(€(y)) for
y € E. Moreover, x — E*{1;'} is bounded on compact sets.

Proof. By local compactness of the state space £ and Lemma 3.11 there is a
continuous function v such that Mw,(z) — v(x) uniformly on compact sets over a
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suitable sequence of o — 0. Therefore, we can choose a sequence «,, — 0 such that
limy, 00 nVa, (2) = A, anvq, (2) > p(f) + 6 for some § > 0, and Mw,, (x) = v(z)
uniformly on compact sets. Let

(25) w(z) := sup liminf IE’”{ /OTAT (f(Xs) = N)ds + U(XT/\T)}.

r T—oo

We are going to show that along a subsequence w,,, (z) — w(z) uniformly on compact
subsets as n — oco. For this purpose we consider finite time approximations. Let

(26)

AT
Z;n (x) = sup E”{ / e_a”s(f(Xs) — Qp U, (z))ds + e_o‘"”\TMwan (XT/\T)},
0

T

w

AT

and w” () = sup, E*{ 7" (f(x;) — A)ds + v(z-rr)}. Then
w(@) = wa, () = (w(z) —w’ (2)) + (0" (2) — wy, () + (wg, (z) = wa, ()
(27) =)+ {I)+ (III).
To address the convergence of the third term of (27) we write
(28)

0 < wa, () — wg, (x)

< sup E{ [ ) = i, (s + T (M, () = g0, (X))
TES 0

AT
[ ) = v, (s = T (Mt (K)o, (Eorr) |

< sup E{ [ e ) = anv, (s

TES AT

+ ITZT[B_QHTMwan (X,)—e T Mw,, (X7)—e " "qa, (X, )+e " Tqq, (XT)}}-

Recall from Lemma 3.9 that in the above we can restrict attention to stopping times
which satisfy the bound

(29) E* {1(1 - e—aw)} < Z(2)

Qi

for a function Z(z) which is independent from n and bounded on compact sets. Note
also that for o > 0 we have

(30) c(z) — 8 < Mwy(z) < K.
Hence,

(31)

Em{ \/7-/\T efo‘"s(u(f) — Qp U, (z))ds

+1l>7 [e—an‘eran (XT)_e_anTMwan (XT)_e_anTthn (X‘r)'i'e_a"TQan (XT)}}

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 04/10/17 to 129.11.23.120. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

IMPULSE CONTROL MAXIMIZING COST PER UNIT TIME 947

<E" {1>re™ T (26 + [y, | — e(X71) + ¢a, (X7)) }

< (26+ |y, |)1(e€£§)_1) +E* {Lrsre T (= o X7) + qa, (X1)) }
< (26 + |lga, 1) Z;x) +E* {Lrsre T (= o(X1) + ¢a, (X1)) }

where we used (29) and Lemma 3.10 and finally the fact that e’ —1 > «,T.
Therefore, by assumptions (B4)—(B5), (6), and (31), for any n > 0 and any compact
set T there is T' such that wq, () — wZ (x) <7 for all # € T and all n.

From (30) we have that

(32) c(z) — k <wv(z) < k.

Notice that

(33)

[E” {Mwa,, (Xra1) = 0(Xrar)} | < B {1p@.x, 0 < R(Mwa, (XoaT) = 0(XoaT)) }|
+ E” {1p(z,XmT)ZR(2” — Q(XT/\T))} = Qq, + bg.

For a fixed R we have that lim,,_, a,, = 0 for = in compact sets by the definition of
v in the beginning of the proof. The term by can be made arbitrarily small uniformly
in z in compact subsets of E, since bp < E* {1p(w7XMT)2R(2n + L)} +E*{1l¢p>1lrts
where (r is defined in (B2). Now letting R — oo (using assumption (A1) and [11,
Proposition 2.1]) and then L — oo we obtain that bg — 0. Hence, for each fixed T
we have uniformly in z in compact subsets of E that

(34)

AT
wl (x) =sup Ex{ / e (f(Xs) — apa, (2))ds + e TN M, (XTAT)}
0

T

TAT
—>sup]E”“'{/ (f(Xs) —)\)ds—i—v(XT/\T)} =w’(x),
T 0
which provides a uniform on compacts bound on term (II) of (27).

Finally, we estimate term (I) of (27). From the form (25) of w(x) by Lemma 2.2
using (5) we obtain
(35) w(z) —q(z) = sup liTrrl)inf E*{(u(f) =N AT) +v(Xonr) — ¢(XonT)} -

TS o0

Since for each € > 0 there is a bounded e-optimal stopping time 7, in analogy to the
proof of Lemma 3.9, using (32), we obtain

e(w) —r—q(x) —e <v(r) —q(x) —e <w(r) —q(x) —e < (u(f) = VE{r}+r+ ¢ |

Therefore, we may restrict ourselves in (35) as well as in (25) to stopping times
satisfying
26+ g |+ a(z) —c(z) +1

) s A= ulf)

Consequently, similarly to (28) we have
0 < w(z) —w'(z) <sup {1r>r(0(Xr) + llg~ || = v(X7) + a(X7)) }

(87) < Slip{lrzT(%‘i‘ la~ || = e(X7) + a(X7)) } -
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Since we may restrict ourselves to stopping times 7 satisfying (36), the Tchebyshev in-
equality, Lemma 2.2, and assumptions (B4)—(B5) imply that w? (z) — w(z) uniformly
in x from compact subsets of F.

Summarizing now (31), (34), and (37) we obtain that w,, () — w(z) uniformly
in « from compact subsets of E. Consequently, Mw,, (£) = Mw(z) uniformly in z
from compact subsets of E. This proves that v(z) = Mw(z), which completes the
proof of the first part of the theorem. Notice that (22) follows directly from (17),
while (23) follows from (30).

Take any impulse strategy V = (7;,&;) with integrable impulse times. For any
a > 0, by the strong Markov property of (X};) and using approximations with bounded
cost operators My, as in the proof of Theorem 3.3 we show

T k
Vo (z) > E* {/0 e" " f(X,)ds + Z e ie(Xr -, &)+ e‘”’“va(fk)} .
i=1

Subtract v, (z) from both sides to get
(38)

Th k
wa(z) > E” {/0 e” " (f(Xs) — ava(z)) ds + Z e (X, &) + e_O‘T"'wa(fk)} .

Since w,, converges uniformly on compact sets to w, lim, oo Qnva, (2) = A, and
E® {7} < co we obtain (24) from (38). By [13, Theorem 4.8]® the stopping time 75 is
optimal for the Bellman equation (21). By (36) we have that z — E* {7} is bounded
on compact sets. Therefore for strategy V* we have equality in (24), which completes
the proof. O

ProrosiTION 3.13. Under assumptions of Theorem 3.12 if the cost for impulses
is in a separated form c(x,&) = d(z) + e(§), where d and e are continuous functions,
we have

(89)  supsupliminf Ex{ / ) s + d(Xonr) + e(x)} -0
zeU 7 T—o0 0

and

(40) A — sup sup B 1o FX)ds +d(Xy) + elw)}

zcU 7 E® {T}

The suprema in (39) and (40) are attained for & = argmaxc; [w(§) +e(§)] and
#=inf {s > 0: w(X,) = Mw(X,)}. Furthermore, the measure

_ o {fJ 1A(Xs)ds}

(41) n(A B {7

for A € &€ is a unique invariant measure for controlled process (X¥) using the strategy
V* = (17,&) defined as 77 =7, 15, =T, + 70 Orx, and £ = .

3 All assumptions of Theorem 4.8 in [13] apart from (C3) are trivially satisfied. Assumption (C3)
follows from (B4) and [13, Remark 4.6].
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Proof. Note that Mw(z) = supgcy [w(§) + e(§)] + d(x). Then (21) has the form

w(z) = sup lim inf E’”{ /OT (f(Xs) = Nds + d(Xrar) + Sup [w(&) + e(§)] }

When x € U we have

w(z) > supliminf]Ew{ /OT (f(Xs) = Nds + d(Xonr) + [w(z) + e(x)] },

r T—o0

from which
TAT
(42) 0 > sup lijgninfEI{ / (f(Xs) = N)ds + d(Xrar) + e(m)}
T bade el 0

with equality for z = Z. Recall from Theorem 3.12 that E*{7} < oo for z € E, so in
(42) we can consider integrable stopping times only and, therefore, skip the limit (cf.
[13, Lemma 4.2]). Hence, for any stopping time 7 and « € U such that E* {7} < oo
we obtain
L B F(X)ds +d(X,) + (@)
- E#{r}

with equality whenever z = & and 7 = 7. Finally, under control V* = (7/,&})
the controlled process (X*) is Markovian with the transition operator P*(z, A) :=
Yo IE”’{lT;SKT;HlA(a:iH)}, with 75 := 0 and 2} as defined in section 1, where the
construction of the controlled process was sketched. By direct calculation, similarly
to the formula (4.14) in the proof of [8, Theorem 4.1], one can show that 7 defined
in (41) is in fact an invariant measure for (X7). Since E* {7{} < oo for z € E,
the process (X7) enters & infinitely often and therefore n is the unique invariant
measure. 0

The proof of the following lemma follows immediately from [13, Lemma 4.11].

LEMMA 3.14. Under assumptions of Theorem 3.12, the process Z; := fg (f(Xs) —
)\) ds +w(Xy) is a right continuous P*-supermartingale for any x € E. Moreover, for
a bounded stopping time o and an arbitrary stopping time T

(43) E° {/OG (f(Xs) — N)ds + Mw(X,,)}
< E* {/OTM (f(Xs) = N)ds + loecr Mw(X,) + 10>Tw(XT)} .

LEMMA 3.15. Under assumptions of Theorem 3.12

max {c(z, 2), B {Du } (=[lf| = A) =k = llcllv}
(44)

< w(r) < min {q(ﬂc) + K+ Slzlp : lgo [LE {Du}[If — Al + fﬁ}
ae(0,1

for x € E, where ||c||u = sup,ey c(y)|- If; additionally, f(z) — A <0 for z outside of
some compact set K, then w is bounded from above.
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Proof. In view of (22), to prove (44) it remains to show

45)  E{Du}(=[lf = A) —r = lldlv S w(z) < q(z) + £+ sup [lg, -

a€(0,1)

From (21) we have that w(z) > ]ET{f —N)ds + Mw(Xp,)} and, therefore,
by (23) we obtain the first mequahty in (45) Comblmng (19) with (23) yields

(46) wa () —ga(x) < sup Em{ /0 e” " (u(f) —ava(2))ds+e™ 7 (k + s IIqJ)}-
Take a sequence a;,, — 0 such that w,, (z) = w(z). By Lemma 2.2 ¢,, () — q(z).
Hence (46) implies w(z) < ¢(z) + £ + SuP,e(0,1) [|¢4 |1); which completes the proof of
the second inequality in (45).

Let now I" be a compact set that contains the sets U and K. Since the supremum
in the definition of w can be taken over bounded stopping times, from Lemma 3.14
we get

TADr
(47) w(x) < sup Em{/o (f(XS)—)\)ds+1T<DFMw(XT)—|—1DFSTw(XDF)}.

7-bounded

Using (23) and observing that the integrand is negative outside of T', we obtain w(z) <
sup, E* {1, <p.k + Ip.<|lwlr}, where [[w|r = sup,¢cr [w(y)| < oo by the continuity
of w. Consequently w(x) < k V ||w||r, which completes the proof. |

To infer from the solution of the Bellman equation (21) that A is the optimal
value, we will need the following Tauberian theorem.

LEMMA 3.16. For a bounded function f and sequences of random variables Y; <0,
7; > 0 with (1;) being an increasing sequence we have

hmmf</ f(s ds+E{ZlTL<TY}>

< : : —Qas ) — QT A .
_hran_}gfa</o e f(s)ds—l—E{ZlTKooe YZ}>

(48)

i=1

Proof. Let a = liminfp_, %(fOT f(s)ds + E{> 2, 1,;,<7Y;}). If a = —oo, then
the inequahty is obviou5 Otherwise, for every € > 0 there is M > 0 such that
a—e< £ fo s)ds + E{>°:2, 1,,<rY;}) for all T > M. Using the representation

e~ ot = ft e a“du we write

49 o </Ooo e_asf(s)ds—l—E{Z 1_,_i<ooe_anyi}>

i=1

:/ f(s)/ a2€aududS+E{Z}/;/ a2eau17_i<udu} .
0 s - 0

=1

For any L > 0 and any positive integer n we can apply Fubini’s theorem:

E {; (Yz \ (—L))/O Q@ e—MITi<udu} = /0 ale VR {Z 1r<u (}Q vV (—L))} du.

i=1
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Letting L — oo and n — oo, the monotone convergence theorem yields

o0 o0 [o'e) o0
E {Z Yi/o a26_au17i<udu} = /0 a?e VR {Z 1ﬂ<uYi} du.
i=1 1=1

Therefore from (49) we obtain

Q(Aw e_asf(s)ds +E {i ]‘Ti<oo€_a”Y;} )

i=1

_ /Ooo ageau(/ou f(s)dg —+ E {; sz'lnﬁu} >du

> a?M <|f|| +E {inln<M}> +(a—e¢) /OO a?e” "y du.

i=1 M

Letting o — 0, the right-hand side converges to a — ¢, since the finiteness of a implies
that E{ Zfil 1Ti§MYZ-} > —oo for all M > 0. This completes the proof since ¢ can
be taken arbitrarily small. ]

Recall that a strategy V = (71;,&;) is admissible for x € E if stopping times
7; increase to infinity P%-a.s. If, further, E*{r;} < oo for all 4, we call the strategy
integrable. The aim of the paper is to maximize two types of functionals: the functional
J(z,V) defined in (1) over admissible strategies V and the functional .J(x, V) defined
in (2) over admissible integrable strategies V. The following theorem links the solution
to the auxiliary Bellman equation (21) with the optimal value of the above functionals.

THEOREM 3.17. Make the same assumptions as in Theorem 3.12. Denote by
(17,&F) the optimal strategy from Theorem 3.12.
1. A = supy j(x, (Ti,fi)) with the supremum over all integrable strategies V =
(15, &). The strategy (17,&}) realizes the supremum: A = j(m, (17,€7)).
2. A> J(z,(73,&)) for any admissible strategy (7;,&;).
3. The strategy (17,&}) is optimal for the functional J, that is, A = J(m, (17, §:‘)),

when ¢(x, &) = e(&) (a separated cost with d =0), or when w is bounded from
above.

Proof. From (24) for any integrable strategy (7;,&;) we have
(50)  w(z) + AE* {r,} > E* {/ F(Xo)ds + " e(Xr o, &) +w(£n)}-
0 i=1

Since w is bounded on U, E* {7,,} < o0 and 7,, — oo we obtain that A > JA(ac7 (13, &)
with equality for the strategy (7;,&;) defined in Theorem 3.12, which completes the
proof of assertion 1.

Fix z € F and an admissible strategy (7;,&;). Denote by (X;) the controlled
process. Recalling that v,, is the discounted value function and we () = v (2) —v4(2)
we have

Wo () + va(z) > E* {/00 e"* f(Xs)ds + Z 1T,i<ooe_o‘”c(Xn_,§i)} .
0 i=1

Multiply both sides by « and take liminf,_,¢ using Lemma 3.16 to show A >
J(,(1i,&)). Here we also use the fact that liminf,_,o wa(z) < w(z).
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In the case of separated cost we use Proposition 3.13 by which the measure 7
defined in (41) is invariant for X* controlled by the strategy (7;,&;). Then for any
T > 0 and v we have that ]E”{fo (X7) —v)ds} = Tn(f — ), where E" means
that the process starts with measure 7. Moreover X* is a Harris Markov process. By
ergodic theorem for Harris Markov processes (see Theorem I1.1 of [3]) we obtain that

T
(51) lim - E” { | we ’y)dS} —n(f )

for n almost all z. To show that the above limit holds for all z € E use Assumption
(B3), which implies that E* {Dy} < oo for any z. Then by the proof of Theorem 3.12
(cf. [13, Theorem 4.8]) we have sup, o E* {7} < o0, i.e., E*{7{} < oo for any = € E,
which implies (51) for all z. Hence, in particular, for Z,

T— o0

(52) lim 11@56{ / (f(X:)—wds} —0(f — ).

Letting in the last limit v = —]Ei(f%)} we obtain

lim Ew{/ f(xX derZlT -<re(d }Ew{fo s)ds + e(z )}:)\.

T—oo T EI {T}

In the case of a general cost function and w bounded from above, we obtain from
iterated application of Bellman equation (21) and Lemma 3.14

Ta AT n—1
(53)  w(z)+ AT =E* { |7 s+ 3 ez € + w<X:;AT>} .
0

i=1

There is a finite number of impulses before time T, P*-a.s., because ¢(z,£) < ¢ < 0
and f and w are bounded from above. Hence lim; ,,, 7 = oo, P*-a.s. Passing to
the limit with n using Fatou’s lemma and boundedness from above of all terms under
expectation and dividing both sides by T yields

% A< Ex{/ f(X d3+zlr<TC( Ta€)+w(XT)}

Taking lim inf7_, o« on both sides completes the proof of optimality of (7, &) provided
that one shows that liminfp_, . E*{w(X7})/T} < 0 and this is the case because w is
bounded from above. d

Boundedness of w, required above for proving the optimality of (7;",&;) for the
functional J, is established in the following lemma.

LEMMA 3.18. Assume (A1), (A2). If u(f) < liminf), o f(x), then q is bounded
from below. Assume additionally (B1)—(B5), and limsup,_,o ave(z) = A > u(f). If
lim sup| 4|00 f(¥) < A or q is bounded from above, then w is bounded from above.

Proof. When p(f) < liminfj, | f(7), boundedness from below g follows from
Lemma 3.8. If limsup, o f(z) < A the set F' = {z: f(z) > A} is compact.
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Exploiting that in (21) one may take bounded stopping times, Lemma 3.14 implies

TADpuU
w)< s B[ () < Nds + L, Mu(X,)
T-bounded 0

+ 1T>DFUUw(XDFuU ) }

< sup w(y),
yeUUF

which means that w is bounded from above. If ¢ is bounded from above, then by (44)
and Lemma 3.8 w is also bounded from above. O

THEOREM 3.19. Under (Al), (A2), (B3) when limsup,_,qovs(2) = pu(f) we have
that avy(x) — p(f), as a — 0, uniformly in x from compact sets and the strategy “do
nothing” is optimal for the functional J.

Proof. By Lemma 3.7 we have lim,_,0 avs(2) = p(f). Assume that there is a
sequence z,, € U and «,, — 0 for which lim, o @, Ua,, (2n) > p(f). Then
nlgrolo nva, (2) 2 nlgrolo Qn (c(z, Tn) + Va, (xn)) > p(f),
a contradiction. Combining it with Lemma 3.7 proves lim,,o sup, ¢y ava(y) = p(f)-
Assume now that a sequence x,, is from an arbitrary compact set I'. Assumption (B3)
yields sup,, E*»{Dy} < oo, and this is also true when the trajectory is controlled as
then the process may enter U even earlier because each impulse shifts to U. Therefore,

lim v, vq, (n) < lim an(||f||supt(y) +sup vg, (2)) = p(f),
which together with Lemma 3.7 gives apv,, (2,) — p(f). In fact, the latter argument
proves uniform on compact sets convergence of av, (z) to u(f). Now, by Lemma 3.16

hmmf ]E””{/ f(X d8+21¢<TC n—afz)}

< lim inf oE” {/0 e f(X,)ds + Z 1T,i<ooe—a%(xn_,§i)}

i=1
< hmlnf ave(x) = p(f).
a—0
Since sup(,, ¢, J(m, (Ti,fi)) > u(f), it is clear that the strategy “do nothing” is
optimal. O

4. Relaxation of assumption on q. In the previous section we required that
the function f is such that its potential ¢ is bounded from below, and we constructed
an optimal strategy when w was bounded from above; cf. Lemma 3.18. We shall now
approximate a general continuous bounded f by functions with potentials bounded
from below and corresponding w being bounded above. Without loss of generality
we can restrict ourselves to functions f which are nonnegative. We also assume that
f is not constant p-a.s.; otherwise the control problem is trivial. The main result
of this section is Theorem 4.8 which shows that the optimal value of the functional
(1) for a general continuous bounded f does not depend on x and provides explicit
construction of e-optimal control strategies.
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Let B, n be a ball with center in z and radius N (z € U is the point fixed in the
previous section for the definition of w,). For n € (u(f),||f||) define

(54) fn(@) = f(@)(1 = pl@, B n))" +n0(1 = pl@, B nia)) ™
LEMMA 4.1. We have || fn|| < [f|l and imy oo p(fn) = pu(f). For sufficiently
large N the set {z : fn(z) < pu(fn)} is contained in B, ny1.

Proof. The bound for the norm of fy follows easily from the definition. Then

p(fn) = p(f) + ulfn — f) < 2| fll(Bzn+1) = 0 as N — co. The remaining claim
of the lemma is now obvious. O

For an admissible impulse strategy V = (7;,¢;) and 0 € (0, —c) we define three
functionals,

R -
JN,C(I7V) = hTHLlOI;f T]E {A fN(Xg)dS + Z lTiSTC(XTi—7§i)} R

i=1

AT S =
TN (V) = lggloréff]]ﬂ {/0 fn(X,)ds + Z Lr<r(e(Xr—, &) + 6)} ,

=1
N,é 1 4 —
J (1'7 V) :ll}’ri)lol’éff]Ex {/O (f(XS)_fN(XS))ds_iz_;lTi<T5} ,

related value functions,

ANz) =sup J(z,V), ANV(z) = sup JN7c(xv V),
Vv Vv

AN (@) = sup TV (1, V), AN () = sup J¥ (2, V),
Vv Vv

and discounted value functions,

o o
vV¢(z) = sup E® {/ e~ fn(Xs)ds + Z 1r <o “Te( Xy, -, &)} ,
1% 0

i=1

va*0 (x) = sup E* {/ e N (Xo)ds + > Lrcoce™ T (e(Xr o, &) + 5)} :
14 0

i=1

o () = sup E” { / e () — fw(X)ds 526%)} ,

\4

with v, defined in section 3.

The introduction of the cost § > 0 is only for technical reasons so that we can
use results from previous sections to characterize A™:%(x), which evaluates the dif-
ference between two running costs. We will prove that limy_,.o AN (x) = 0, which,
intuitively, should hold for § = 0 for most ergodic processes. Indeed, impulses can
only shift the process to a compact set U and uncontrolled process will spend little
time in the complement of a sufficiently large ball Bf y as u(Bg ) — 0 as N — oc.
Providing an accurate proof of this fact is beyond the scope of this paper and we will
assume § > 0.

Our goal now is to choose such 7 in the definition of fy that n < limsup,_,
avl¢(z), i.e., by Lemma 3.18 and Theorem 3.17 function A\N:¢(z) is constant and
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there is a strategy realizing this value. This will be further used to show that A is
constant and to provide e-optimal strategies for the functional J. So far we can only
establish that A is constant on U and this value is a lower bound for A on E.

LEMMA 4.2. Function X is constant on U and X(x) > \(2) for any v € E.
Proof. Take xz,y € U. Then J(z,V) > limp_ % +J(y,V)=J(y,V). B

symmetry we obtain the equality. Similarly, for any « € E we have J(z,V)
J(z,V).

The following assumption will play a key role in establishing that limy_, oo AV (
= 0. A sufficient condition is discussed in Remark 4.5.

OlV <

~

. E*{ [y 1B: , (Xs)ds}
BS n 5)0S
21618 sEp 0 Eo{r] — 0 as N — oo.
Define
(55) fr(x) = f(2)( = pla, Boon) ™+ (IF1 + DA = plz, BS nia)) ™

LEMMA 4.3. We have fn(@) > fn(z) forz € E, |fnll = If]l + 1, and the set
{z: fn(z) < p(fn)} is contained in B, nyi.

Proof. The first claim is obvious. Since pu(fx) < (B N FI[H+(Bs ;) fII+1) =
Il fll + (1 = u(B: n)) < || f|l + 1 we have that

{o:In@ < (i)} < {o: @) < I +1} € Bovin. q

LEMMA 4.4. Under assumptions (A1), (A2), and (B3) we have
(56) u(f = ) < AV (@) < AN,
where either

B {7 (Fw(X,) — fu(X)ds - 3)

57 AN9 = gup su
(57) sup sup e ]
or
(58) AV = u(fx = fw)-
Moreover,
,ungnnmav’z§1msupcw’z§~’.
59 f—f lim inf N li N AN2
a—r

a—0

If, in addition, we assume (C), then limy_,o0 [AV°(z)| = 0 uniformly in z € E and
limpy o0 A9 =0 for any 6 > 0.

Proof. Notice first that the set {x : fn(@) — fn(x) < p(fn — fa)} is compact for
a sufficiently large N. Indeed, fn(2) — fn(z) = (||f]|+1—n)(1 - p(x, B 1)) " and
w(fx — fn) < |IfIl + 1 = n because (B, y > 0 for N large enough.

Lemma 3.8 implies that assumption (B4) is satisfied with f replaced by fx — f.
Let v (x) be the optimal value of the discounted functional

E® {/0 e (fn(Xs) — fn(Xs))ds — ;e—‘ma}
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and

v T—oo

T e}
AN () = sup lim inf %E” {/0 (fn(Xs) — fn(Xs))ds — 5; 1n<T} .

If limsup,, _,o v (2) > u(fx — fn), then by Proposition 3.13, %N"S is constant and
of the form (57). In the case when limsup,_,,av) (2) = u(fy — fn), Theorem
3.19 yields (58). Inequalities (56) now follow easily. Since v)?(z) < vY(2) and

limsup,,_,oavY (z) = AN:9, the right-hand inequality in (59) holds. Lemma 3.7 yields

(e

the left-hand inequality. R
We have that either AV° = u(fy — fy) — 0 as N — oo or, from (57),

N QIFIN+DE? 4 fo 1Be  (Xs)ds
A9 < sup sup { 0 _7=x }

—0 as N — oo
zeU 1 Ez{T}

by assumption (C). Easily, imy_o pu(f — fn) = 0. d

Remark 4.5. Notice that assumption (C) is satisfied when (X;) is a continuous
process and

SUp,eone . H()

(60) lim — =X =0,

N—oo inf,ep EI{DB;N}

which means that the process returns to the set U from the boundary of Bf y much

faster than it enters this set starting from U. Such property is typical for ergodic
processes and is usually attained by a suitable Lyapunov condition.

PROPOSITION 4.6. Assume (A1), (A2), (B1)—(B3), (C), and \(z) > u(f). There
ism € (u(f),If]) to be used in the definition of fn such that {x € E : fn(x) <
p(fn)} is compact and Hmsup .o fv(z) < MVe(2) for a sufficiently large N.
Furthermore, \N:¢ is constant and the strategy given in Theorem 3.12 is optimal.

Proof. By the Tauberian theorem, Lemma 3.16, limsup, ,oava(z) > A(z) >
u(f). We will show that for any € > 0 we have liminf,_,o av)¢(2) > A\(z) — ¢ for a

sufficiently large N and any n € (u(f), || f]|). For any § > 0 such that ¢+0 < 0 (recall
that the constant ¢ < 0 is an upper bound on the cost function ¢) we have

limsup a(va(z) — v)(2)) < limsup a(va(z) — véV’H‘S(Z))
a—0 a—0

+ lim supa(vg’c+5(z) — ol (2)).
a—0
Since vy (z) — v2T0(2) < v)°(2), Lemma 4.4 implies that limsup,_,o o (va(z) —
v(]j’c*‘s(z)) < AV, To bound the second term we study an estimate for e-optimal

strategies for vY>*9(2). Fix such a strategy. Then

i=1

vl N
STN+(C+6)E {;e }

vleti(z) —e <E” {/OO e" Y fn(Xs)ds + Z lrcoce T (e(Xr, &) + 5)}
0
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and for 0 < 4§ < —c¢

oo vl Niets () Il Noct+s
, v 2)+e v (2)+e
(61) E:IJ {§ e—an} S @ @ < _« a .

p —c—96 - —c—90

Hence, in the definition of vY:¢* strategies can be assumed to satisfy the above

bound. This allows us to compute the bound

_ N,c+d
OZ(U(JIV’CJF(S(Z) 7,02/' ( )) < ozsup]Ez {52 a'rl} < 5||f|| AUy (Z)+Oé€

—c—90 ’
1=1

where supremum is over strategies satisfying (61). Using the lower bound v2" C'*‘5( ) >
_ 2
—Uju we obtain limsup,_,q (v} (2) —vl<(z)) < 5_[{!;- Hence,

2
limsup a (va(2) — v)(2)) <AV g 171
a—0 —C— 5
which gives
o : , 5 s 2L S 3 2|11
lim inf aw)*(z) > 1 alz) = A0 — — AN g =
im inf avy“(2) > lim sup av (2) d— =5 =2 A() S—

The last term can be made arbitrarily small by the choice of § sufficiently close to 0.
By Lemma 4.4, AN can be made arbitrarily close to 0 for N sufficiently large. Take
e < A(2) — u(f) and choose N*,* such that AN < /2 for all N > N* and § 2L 2”” <
g/2 for 6 < 0* (notice that the choice of N* §* holds uniformly in € (u(f ) ||f||))
Now, choose 7 € (u(f), M(z) — €). Recalling imy_,o0 £(fn) = p(f), we obtain that
wu(fn) < n for sufficiently large N. Hence {z € E : fn(z) < pu(fn)} C B, n41 for
large enough N, so it is compact, and

limsup fy(z) =1 < M2) — e < liminf av)¢(2) < limsup awl¢(2).
N—o00 a—0 a—0

Let A = limsup,,_,, av):¢(z). Clearly A > pu(fx). Lemma 3.18, Theorem 3.17, and
Theorem 3.12 imply that the strategy derived from the Bellman equation in Theorem
3.12 is optimal for JV:¢ and AN:¢(x) = X for all . 0

COROLLARY 4.7. By the same arguments as at the end of the proof of Proposition
4.6, the value function \NT° is constant on E and the strategy from Theorem 3.12
is optimal.

THEOREM 4.8. Assume (A1), (A2), (B1)-(B3), (C), and X\(z) > u(f) for some
z € U. Then the function X is constant on E and for any € > 0 there is N such that
an optimal strategy for AN is e-optimal for X.

The proof of the above theorem is split into several lemmas. Let NV (0,7) be the
number of impulses under control V' in the time interval [0, 7.

LEMMA 4.9. For the value function \(z) (respectively, A\N-¢), the strategies can
be restricted to those satisfying

llve (o 2y

—C

(62) hmsup ]E”” {NV(0,T)} <

T—o0

for a fired € > 0. For A\N-*9 the bound changes to % provided that ¢ + 6 < 0.
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Proof. Consider the functional J (x, V). For € > 0, any e-optimal strategy V. =
(14, &) satisfies

Az )—5<hm1nf Ef’:{/ f(X ds—|—ZlT<Tc T_,&)}
< ||f\|—&—climsup—IE”J {NY=(0,T7)}.
T—o00 T

Since one can obviously constrain the supremum defining A(x) to e-optimal strategies
and taking into account that A(z) > 0, we obtain (62). For the other two functionals,
we use the lower bound min (AM¢, AN¢+%) > —|| f|| instead of 0 and for AN:¢*? we use
the upper bound on the cost equal to ¢+ §. 0

LEMMA 4.10.
(63) () — gl < e 3y < Ao g2

where either

B { Jy (Fv(Xe) = F(X))ds — o

N 5
(64) AT = sup sup {7}
or
(65) M9 = u(fy = 1),

and both converge to 0 when N — oo.
Proof. We start from the lower bound in (63). Notice that

Mz) — ANt < sup (J(z,V) = TN (g, V)
%

< sup lim sup %Ew {/OT (f(Xs)_fN(XS))ds_ i 17'i<T6} = S‘N’é(m)v

V T—oo ._
i=1

where the last equality follows from Proposition 3.13 and Lemma 4.4, which imply
integrability of impulse times in optimal strategy for AV:%(x), and the monotone
convergence theorem, which implies equivalence of functionals with lim sup and lim inf
under this integrability condition.

For any £ > 0 and a strategy V. that is e-optimal for A(z), we have

Mz) = AV < J(z, Vo) — V<42, Vo) + €
< J(, Vo) = IV (@, Vo) + TV (2, V) — TV, Vo) 4 €
(66) < 3V () + 5@ Y,

where the second term in (66) follows from the fact that we are allowed to restrict our-
selves to strategies V satisfying (62) while the first term results from the calculations
in the preceding part of the proof. From arbitrariness of £ we obtain (63).

For the upper bound in (63), take an e-optimal strategy V. for A'V:¢ satifying (62).
Then

67) AN —Na) < INe(x, Vo) — IV (2, Vo) + TV (0, VL) — (2, Vi) 4
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Since the cost ¢+ 6 is smaller than the cost ¢, we have J™-¢(z, V.) — JN¢+9 (2, V) < 0.
Esimation of the other difference is more involved:

T oo
JNT (2, V2) — J(x, Ve) < limsup %]E’” {/0 (fn(Xs) = f(Xo))ds + > 1n<T5}

T—o0 i=1

. . - 5
< lim sup TE {/0 (fN(Xs) - f(Xs))ds - Zl lr<r }

T—o0

+e
li E* 25§ erp < AV 42T 2071
+1mbupT { <T} + o

T—o0 i—1

where the inequality for the first term is shown similarly as in the proof of Lemma 4.4
with an additional argument about the integrability of impulse times as used in the
the proof of the lower bound above. The inequality for the second term follows from
Lemma 4.9. Inserting the above estimates into (67) and exploiting the arbitratiness

of & proves the upper bound in (63). The claim about convergence of AN9 to zero
requires identical arguments as in the proof of Lemma 4.4. 0

Proof of Theorem 4.8. The upper and lower bound in (63) do not depend on x
and can be made arbitrarily small by choosing sufficiently large N and small 4. This
proves limy 00 AN = A(z), so A is a constant function. Clearly, for any £ > 0
there is N such that |A\Y:¢ — \(z)| < € and an optimal strategy for A™:¢ is e-optimal
for A. ]

COROLLARY 4.11. Under assumptions of Theorem 4.8, the value function ;\( )=
supy, J(z, V), where the supremum is over integrable stmtegzes coincides with X and

)\Nc

optimal strategies for are integrable and e-optimal for A

We will present below a significantly shorter proof that S\(m) does not depend on
x and there are e-optimal strategies under the same assumptions as those of Theorem
4.8. Let

(68) jN*C(-T» V) = I%Iggf ﬁﬂzm {/T” JEN(XS)dS —+ ZC(XE—,&)} y
n 0 i=1

An(z) = supy jN’C(x, V) and Az) = supy j(x, V), where the suprema are taken
over integrable strategies. Theorem 3.17 implies that A does not depend on z, while
the following theorem will prove it for A.

THEOREM 4.12. Under (A1)-(A2), (B1)-(B3), (B5), and (C) iflimsup,_,, ava(2)
=A> ,u(f) we have that Ay is a constant function for sufficiently large N and
An(z) = M), as N — oo, so, in particular, \ is a constant function.

Proof. We assume without loss of generality that f > 0. Since fyv > f and
limy oo p(fn) = p(f), then hmsupa_m adN¢(z) > p(fn) for sufficiently large N,

~N,c

where 0¢ is the analogue of v)\** with fy replaced by fN. Therefore, by Theorem

3.12 and 3.17 S\N(x) does not depend on z. For any integrable strategy V', we have

0< JNe(2,V) - J(z,V) < limsup ﬁ]’gm {/OTn (fn(Xs) — f(Xs))ds}

n— 00
]Ew{ Sl +1 N (Xs)ds } w{ Jo 1se  (Xs)ds}
< lim s z,N
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By assumption (C) the right-hand side converges to 0 as N — oo. Since the bound
does not depend on V, this implies that Ay converges, as N — 0o, to A(z). This also

implies that A(z) does not depend on z. |
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