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1. Introduction

Engineering provides some hard challenges for classical analysis. In signal processing
and, in particular, control theory, one often needs to construct analytic matrix-valued
functions on the unit disc D or right half-plane subject to finitely many interpolation
conditions and to some subtle boundedness requirements. The resulting problems are
close in spirit to the classical Nevanlinna—Pick problem, but established operator- or
function-theoretic methods which succeed so elegantly for the classical problem do not
seem to help for even minor variants. For example, this is so for the spectral Nevanlinna—
Pick problem [13,21], which is to construct an analytic square-matrix-valued function
F in D that satisfies a finite collection of interpolation conditions and the boundedness
condition

supr(F(A\) <1 for all A € D.
AeD

This problem is a special case of the u-synthesis problem of H*® control, which is recog-
nised as a hard and important problem in the theory of robust control [18,19]. Even the
special case of the spectral Nevanlinna—Pick problem for 2 x 2 matrices awaits a definitive
analytic theory.

A major difficulty in p-synthesis problems is to describe the analytic maps from D
to a suitable domain X C C™ or its closure X. In the classical theory X is a matrix
ball, and the realisation formula presents the general analytic map from D to X in terms

of a contractive operator on Hilbert space; this formula provides a powerful approach
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to a variety of interpolation problems. In the p variants X can be unbounded, noncon-
vex, inhomogeneous and non-smooth, properties which present difficulties both for an
operator-theoretic approach and for standard methods in several complex variables.

In this paper we exhibit, for certain naturally arising domains X, a rich structure
of interconnections between four naturally arising objects of analysis in the context of
2 x 2 analytic matrix functions on ID. This rich structure combines with the classical
realisation formula and Hilbert space models in the sense of Agler to give an effective
method of constructing functions in the space Hol(ID, X') of analytic maps from D to X,
and thereby of obtaining solvability criteria for two cases of the p-synthesis problem.

The rich structure is summarised in the following diagram, which we call the rich
saltire' for the domain X.

Upper W
§2%2 Ry (1.1)

Left Sx | | Left Ny Right S | | Right N

o Lower W »
Hol (D, X) S2

Lower E x

The objects are defined as follows:

8%%2 is the 2 x 2 matricial Schur class of the disc, that is, the set of analytic 2 x 2
matrix functions F' on D such that ||F'(A)| <1 for all A € D;

Sy is the Schur class of the bidisc D?, that is, Hol(D?, D), and

R, is the set of pairs (IV, M) of analytic kernels on D? such that the kernel defined
by

(Z,)\,U),[JJ) —1-— (1 - wZ)N(Z,AJUHU,) - (1 *ﬁA)M(Z,)\,IU,,LL),

for all z, \,w, u € D, is positive semidefinite on D? and is of rank 1.

The arrows in diagram (1.1) denote mappings and correspondences that will be de-
scribed in Sections 4 to 7.

In this paper we consider the rich saltire for two domains X': the symmetrised bidisc
and the tetrablock, defined below. Whereas S2%2 and S, are classical objects that have
been much studied, Hol (D, X') and R have been introduced and studied within the last
two decades in connection with special cases of the robust stabilisation problem. The
maps in the upper northeast triangle of the rich saltire for a domain X do not depend
on X.

LA heraldic term meaning an ordinary formed by a bend and a bend sinister crossing like a St. Andrew’s
cross (Concise Oxford Dictionary).
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The closed symmetrised bidisc is defined to be the set
I={(z+w,z2w):|z| <1, jw| < 1}.
The tetrablock is the domain
E={zecC®: 1—212—zow+ x32W # 0 Whenever |z| < 1, |w| < 1}.

The closure of £ is denoted by &.

The symmetrised bidisc arises naturally in the study of the spectral Nevanlinna—Pick
problem for 2 x 2 matrix functions. In a similar way, the tetrablock arises from another
special case of the p-synthesis problem for 2 x 2 matrix functions [21]. Define

Diagdéf{[g S}] :z,we(C}

pipiag(A) = (inf{|| X|| : X € Diag,1 — AX is singular}) " .

and, for a 2 X 2-matrix A,

The ppiag-synthesis problem: given points Ai,..., A, € D and target matrices
Wi,...,W, € C?*2 one seeks an analytic 2 x 2-matrix-valued function F such that

F(\j)=W; forj=1,...,n, and

UbDiag(F'(A)) <1, forall A eD.

This problem is equivalent to the interpolation problem for Hol(DD, &) studied in this
paper; see [1, Theorem 9.2]. Here Hol(ID, £) is the space of analytic maps from the unit
disc D to £.

In the case of the symmetrised bidisc a number of components of the rich saltire for
T" were presented by Agler and two of the present authors in [10]. Aspects of the rich
saltire for I" were used in [10, Theorem 1.1] to prove a solvability criterion for the 2 x 2
spectral Nevanlinna—Pick interpolation problem. In this paper we give the final picture
of the rich saltire for the symmetrised bidisc.

In the case of the tetrablock, with the aid of the rich saltire we obtain a solvability
criterion for the pipiag-synthesis problem. A strategy to obtain the solvability criterion
is as follows. Reduce the problem to an interpolation problem in the set of analytic
functions from the disc to the tetrablock, induce a duality between the set Hol(D, £) and
S5, then use Hilbert space models for S; to obtain necessary and sufficient conditions
for solvability.

The main result of this paper is the existence of the rich saltire, and the principal
application thereof is the equivalence of (1) and (3) in the following assertion.
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Theorem 1.1. Let \qi,..., A\, be distinct points in D, let Wy,..., W, be 2 X 2 com-
plex matrices such that (W;)11(Wj)a2 # det W; for each j, and let (x1;,z25,235) =
((W;)11, (W;)a2,det W;) for each j. The following three conditions are equivalent.

(1) There exists an analytic 2 x 2 matriz function F in D such that
F(\j) =W, for j=1,...,n, (1.2)
and
Lpiag(F(X)) <1 forall XeD. (1.3)
(2) There exists a rational function x : D — € such that
x(Aj) = (@15, T2, x35) forj=1,...,n. (1.4)

(3) For some distinct points z1, ze, z3 in D, there exist positive 3n-square matrices N =
»3 .3
[Nil,jk]:‘tj:u,kﬂ of rank at most 1, and M = [Mihjk]zj‘:u,k:l such that

R1T3; — L1 X35 — L1y —
1— > [(1— Niiwl + (X=X )My ], (15
xoiz — 1 ®ojz—1 | 7 (1= Z20) N ] + [( i) M ji] (1.5)

This result is a part of Theorem 8.1, which we establish in Section 8, and [1, The-
orem 9.2] (Theorem 3.1). The necessary and sufficient condition for the existence of a
solution of the ypiag-synthesis problem for 2x2 matrix functions with n > 2 interpolation
points is given in terms of the existence of positive 3n-square matrices N, M satisfying a
certain linear matrix inequality in the data, but with the constraint that N have rank 1.
This kind of optimisation problem can be addressed with the aid of numerical algorithms
(for example, [16]), though we observe that, on account of the rank constraint, it is not
a convex problem.

The paper is organised as follows. Sections 2 and 3 describe the basic properties of
the symmetrised bidisc I' and the tetrablock £ respectively. They also present known
results on the reduction of a 2 x 2 spectral Nevanlinna—Pick problem to an interpolation
problem in the space Hol(D,T") of analytic functions from D to I', and on the reduction of
a UDiag-synthesis problem to an interpolation problem in the space Hol(ID, £) of analytic
functions from I to £. In Section 4 we construct maps between the sets S?*2 and S using
the linear fractional transformation Fpr(y)(2), A,z € D, for F € 82%2 . Relations between
S2%2 and the set of analytic kernels on D? are given in Section 5. Section 6 presents
the rich saltire (6.1) for the symmetrised bidisc. The rich saltire for the tetrablock (7.1)
is described in Section 7. Here we present a duality between the space Hol(D, £) and
a subset of the Schur class Sy of the bidisc. In Section 8 we use Hilbert space models
for functions in Sz to obtain necessary and sufficient conditions for solvability of the
interpolation problem in the space Hol(D, £).
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The closed unit disc in C will be denoted by A and the unit circle by T. The complex
conjugate transpose of a matrix A will be written A*. The symbol I will denote an
identity operator or an identity matrix, according to context. The C*-algebra of 2 x 2
complex matrices will be denoted by My (C).

2. The symmetrised bidisc G

The open and closed symmetrised bidiscs are the subsets
G={(z+w,zw):|z| <1, |w| <1} (2.1)
and
F={(z+w,z2w):|z| <1, |w| <1} (2.2)

of C?. The sets G and T are relevant to the 2 x 2 spectral Nevanlinna-Pick problem
because, for a 2 x 2 matrix A, if (-) denotes the spectral radius of a matrix,

r(A) <1& (tr A,det A) € G
and
r(A) <1< (tr A,det A) € T. (2.3)

Accordingly, if F is an analytic 2x 2 matrix function on D satisfying r(F(\)) < 1 for all
A € D then the function (tr F,det F') belongs to the space Hol(ID, ") of analytic functions
from D to I'. A converse statement also holds: every ¢ € Hol(D,T') lifts to an analytic
2 x 2 matrix function F' on D such that (tr F,det F) = ¢ and consequently r(F'(\)) < 1
for all A € D [5, Theorem 1.1]. The 2 x 2 spectral Nevanlinna—Pick problem can therefore
be reduced to an interpolation problem in Hol(ID,T'). There is a slight complication in
the case that any of the target matrices are scalar multiples of the identity matrix; for
simplicity we shall exclude this case in the present paper.

The relation (2.3) scales in an obvious way: for p > 0,

r(A) <p<&(tr A,det A) e p-T
where
p-(s.0) = (ps.p?p) and p-T = {p-(s,p): (s,p) €T}.
The following result is [10, Proposition 3.1]; it is a refinement of [5, Theorem 1.1].

Theorem 2.1. Let Ay,..., A\, be distinct points in D and let W1, ..., W, be 2 X 2 ma-
trices, none of them a scalar multiple of the identity. The following two statements are
equivalent.
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(1) There exists a rational 2 X 2 matriz function F, analytic in D, such that
F(\j)=W; forj=1,...,n
and

ilelgr(F(/\)) <1; (2.4)

(2) there exists a rational function h € Hol(D, G) such that
h(X;) = (tr W;,det W;)  forj=1,...,n, (2.5)
and h(D) is relatively compact in G.

Certain rational functions play a central role in the analysis of T'.
Definition 2.2. The function ® is defined for (z, s,p) € C* such that zs # 2 by

2zp— s
(I)(Z, Sap) = P = _%S—i_

5 s (2.6)

In particular, ® is defined and analytic on D x ' (since |s| < 2 when (s,p) € T),
® extends analytically to (A x I') \ {(z,2%,2%) : z € T}. See [4] for an account of how
® arises from operator-theoretic considerations. The 1-parameter family ®(w,-), w € T,
comprises the set of magic functions of the domain G. The notion of magic functions of
a domain is explained in [7], but for this paper all we shall need is the fact that

dDxTI)CA

and a converse statement: if w € C? and |®(z,w)| < 1 for all z € D then w € T; see for
example [6, Theorem 2.1] (the result is also contained in [3, Theorem 2.2] in a different
notation).

A T-inner function is the analogue for Hol(D, ") of inner functions in the Schur class.
A good understanding of rational I'-inner functions is likely to play a part in any future
solution of the finite interpolation problem for Hol(ID,T'), since such a problem has a
solution if and only if it has a rational I'-inner solution (for example, [17, Theorem 4.2]
or [10, Theorem 8.1]).

Definition 2.3. A I'-inner function is an analytic function A : D — I' such that, for almost
all A € T (with respect to Lebesgue measure), the radial limit

lim h(rA) exists and belongs to oI, (2.7)

r—1-—

where bI" denotes the distinguished boundary of I'.
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By Fatou’s Theorem, the radial limit (2.7) exists for almost all A € T with respect to
Lebesgue measure. The distinguished boundary bI' of G (or I') is the Silov boundary of
the algebra of continuous functions on I' that are analytic in G. It is the symmetrisation
of the 2-torus:

bl = {(z + w, zw) : |z| = |w| = 1}.

The royal variety R = {(22,22) : |2| < 1} plays an important role in the theory of
I-inner functions.

3. The tetrablock £
The open and closed tetrablock are the subsets
E :={(x1,22,23) € C3:1— 212 — xow + 32w # 0 for all z,w € D} (3.1)

and

E = {(x1,22,23) € C*: 1 — 212 — xow + x32w # 0 for all z,w € D} (3.2)

of C3.
The tetrablock was introduced in [1] and is related to the ppiag-synthesis problem.
The following theorem was proved in [1, Theorem 9.2].

- , . Wi wiy .
Theorem 3.1. Let Ai,..., A\, be distinct points in D and let W; = ; , ] =

J J
o Wy  Wag
1,...,n, be 2 x 2 matrices such that wi,w}, # det W; and ppiag(W;) <1, j=1,...,n.
The following conditions are equivalent.

(1) There exists an analytic 2 x 2 matriz function F on D, such that
F()\j):Wj forj:l,...,n
and

sup Upiag(F(X)) < 1; (3.3)
AeD

(2) there exists an analytic function ¢ € Hol(D, E) such that
o(\;) = (Wi, why, det W) forj=1,...,n. (3.4)

The following functions play a central role in the analysis of the tetrablock [1].



1712 D.C. Brown et al. / Journal of Functional Analysis 272 (2017) 1704—1754

Definition 3.2. The functions ¥, Y : C* — C are defined for (z,z1, 22, 23) € C* such that
x9z # 1 and x1z # 1 respectively by

T3z — T1 T3z — T2

U(z,x1, T, 2T3) = and Y(z,21,x9,23) =

Toz — 1 12z —1"

In particular ¥ and YT are defined and analytic everywhere except when z2z = 1 and
x12 = 1 respectively. Note that, for x € C? such that xyz5 = x3, the functions ¥(-, )
and T(-,z) are constant and equal to x; and s respectively. In this paper we will
use the function ¥ to define certain maps in the rich saltire of the tetrablock. By [1,
Theorem 2.4], we have the following statement.

Proposition 3.3. Let x = (x1, 22, 23) € C3. The following are equivalent.

(1) z €

(2) |T ( )| <1 for all z € D and if x1x2 = x3 then, in addition, |x1| < 1;

(3) |¥(z,2)| <1 for all z €D and if x122 = x3 then, in addition, |z2| < 1;

(4) |wg — Zra3| + |v122 — 23] < 1 —|21|? and if m122 = x3 then in addition |va| < 1;
(5) |71 — Tax3| + |v1w2 — 23] < 1 —|22|? and if m122 = x3 then in addition |v1| < 1;
(6) |71]? + 22| — |23]? + 2|2170 — 23] < 1 and |x3] < 1;

(7) there is a 2 x 2 matriz A = [a;;]7 ;—; such that | Al <1 and x = (a11, agy, det A);
(8) there is a symmetric 2 x 2 matric A = a7 ;= such that [|[A| < 1 and z =

((1,11, a9, det A)

By [1, Theorem 2.9], £ is polynomially convex, and so the distinguished boundary
bE of € exists and is the Silov boundary of the algebra A(E) of continuous functions
on & that are analytic on £ We have the following alternative descriptions of b€ |1,
Theorem 7.1].

Theorem 3.4. Let v = (21,72, 73) € C3. The following are equivalent.

(i) z € bE;

(i) z € € and |z3| = 1;

(iii) 1 = Tazs, |zs| =1 and |z2| < 1;

(iv) either x1xe # x3 and V(-,x) is an automorphism of D or x1xe = x3 and |z1| =
o] = |ws| =1,

(v) z is a peak point of E;

(vi) there is a 2 X 2 unitary matriz U = [uij]f such that © = (u11,usz,detU);

(vii) there is a symmetric 2x 2 unitary matriz U = [u;; ﬁ such that x = (u11,uge,det U).

By [1, Corollary 7.2], b€ is homeomorphic to D x T. By a peak point of £ we mean a
point p for which there is a function f € A(€) such that f(p) =1 and |f(z)| < 1 for all
x e &\ {p}
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Definition 3.5. An E-inner function is an analytic function ¢ : D — & such that the
radial limit

lim (7)) exists and belongs to b€ (3.5)

r—1—

for almost all A € T.

By Fatou’s Theorem, the radial limit (3.5) exists for almost all A € T with respect to
Lebesgue measure. Note that, for an E-inner function ¢ = (¢1, 2, ¢3) : D — &, 3 is an
inner function on D in the classical sense.

A finite interpolation problem for Hol(ID,£) has a solution if and only if it has a
rational I'-inner solution — see Theorem 8.1.

4. A realisation formula

In this section we construct maps between the sets S?*2 and S,. For Hilbert spaces
H,G,U and V, an operator P such that

o Pll P12 .
P_[P21 P22}.H69U—>G@V

and an operator X : V — U for which I — Py, X is invertible, we denote by Fp(X) the
linear fractional transformation

]:P(X) = P11 +P12X(I—P22X)_1P21

Fp(X) is an operator from H to G.
The following standard identity [8] is a matter of verification.

Proposition 4.1. Let H,G,U and V be Hilbert spaces. Let
2 2
P =[P;]; and Q = [Qi;];

be operators from H ® U to G V. Let X and Y be operators from V to U for which
I — Py X and I — Q22Y are invertible. Then

I = FQ(Y)' Fp(X) = Q3 (I - Y Qs) (I - Y*"X)(I - P2 X) ' Py

HIT Q=Y Q) YU @P) | iy

Proposition 4.2. Let H, G, U and V be Hilbert spaces. Let P = ]Izi Pra

from HOU to GOV and let X : V — U be an operator for which I — Pao X is invertible.
Then if || X|| <1 and ||P]| <1 we have | Fp(X)|| < 1.

be an operator
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Proof. By Proposition 4.1,

I — Fp(X)*Fp(X)=Py(I — X*P}) (I — X*X)(I — PpoX) Py

1

HIT PRI =X PR X U= PP) (g peyipy |

Let A= (I — PQQX)_1P21 :H — V and

I I
B = X(I—ngX)‘ngl} = {XA} tH—oHOU.

Then
[~ Fp(X)*Fp(X) = A*(I — X*X)A + B*(I — P*P)B.
By assumption, || X| <1 and ||P] <1, and so
I-X*X>0and I —P*P >0.

Hence, by [20, Theorem 4.2.2 (iii)], I — Fp(X)*Fp(X) > 0. Therefore, || Fp(X)| < 1, as
required. O

Recall that $2*2 is the set of analytic maps F : D — My(C) such that [|[F(\)|| < 1
for every A € . For each F' = [Fz-jﬁ € §2%2 we define functions v and 7 by

YA, 2) = (1 = Fas(N)2) ' Fyy (M) and
(A2) = ! — 0 (4.1)
A= 2(1 = Faa(N2) TR () | ~ |29\ 2) -
for all A € D and z € C such that 1 — Fy(N\)z #£ 0.
Proposition 4.3. Let F' = [F”ﬁ € 82*2. Then
1= Fruy (W) Froy(2) = v w) (1 =wz)y(A, 2) + np, w) (I = F(p) F(A)n(X, 2)

forall uy, A € D and w, z € C such that 1 — Fas(p)w # 0 and 1 — Fas(N)z # 0. Moreover,
| Froy(2)] <1 for all X € D and z € D such that 1 — Faa(X)z # 0.

Proof. Let H =G =U=V =C,P=F\),Q=F(u), X =zandY = win
Proposition 4.1. Then
L= Fru(w) Froy(2)
= Fo1(p)(1 = WFy(1)) ™ (1 = W2) (1 — Faz(N)2) ™ Far(A)
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+ [1 F21(/1')(1 _EF22(M))_1E] (I - F(:U‘)*F(/\)) Z(l _ F22(/\1)z)—1F21(/\)

= (s, w)(1 =w2)y(A, 2) + 1w, w)* (I = F(u)"F(A)n(A, 2)

for all u, A € D and w,z € C such that 1 — Fao(p)w # 0 and 1 — Fa3(A)z # 0. Since
F € 8% we have ||F(N)|| < 1 for all A € D. Hence, by Proposition 4.2, |Fry)(z)] < 1
for all A € D and z € D such that 1 — Fy;(\)z # 0, as required. O

Remark 4.4. If we take U = V = C" and X = A\, A € D, in Proposition 4.2 then we
deduce that

Fp(\) = P11 + PioA(I — Py )\) "' Py

is analytic on D, since I — Poo A is invertible for all A € D.
Thus, for F = [Fj;]} € 822, the linear fractional transformation Fp(y(2) is given
by

Froy(2) = Fi1(A) + Fi2(A)2(1 — Fao(A\)z) "' Far (),
where A € D and z € C is such that 1 — Fy3(\)z # 0.
Definition 4.5. The map
SE: 8% = S,
is given by
SE (F)(2,A) :== =Fry(2), 2,A € D.
Proposition 4.6. The map SE is well defined.

Proof. Let I € §2%2. By Remark 4.4, SE (F) is analytic on D?. By Proposition 4.3, for
all z € D,

|Froy(2)] <1 forall A € D.
Hence SE (F)(z,\) € D for all z, A € D. Therefore SE (F) € Sy as required. O
Remark 4.7. In Definition 4.5, when either F5; = 0 or Fi5 = 0, the function
SE(F)(z,\) = —Fr(2) = —F11(A),

is independent of z, and so in general the map SE can lose some information about F'.
However, in the case of the symmetrised bidisc, no information is lost; see Remark 6.15.



1716 D.C. Brown et al. / Journal of Functional Analysis 272 (2017) 1704—1754

5. Relations between S2*2 and the set of analytic kernels on D?

Basic notions and statements on analytic kernels can be found in the book [2] and in
Aronszajn’s paper [11].

Let N and M be analytic kernels on D?, and let Ky ps be the hermitian symmetric
function on D? x D? given by

KN,M(Z7)\7va) =1- (1 - EZ)N(Z,)HUJ,/.L) - (1 - ﬁ)\)M(Z,)\,’LU,,U)

for all z, A\, w, 4 € D.
We define the set Rq to be

Ri1:={(N,M): N,M,Kn p are analytic kernels on D? and K is of rank 1}.

(5.1)
5.1. The map UpperE : §2%2 R4
For every F = [Fz]i € §2%2 we define functions v and 1 by equations
— -1 L 1
YA, 2) := (1 = Faa(N)2) " Fo1(A) and n(\, 2) := {Z’y()\,z)] . (5.2)
The functions Ng and My on D? x D? are given by
J—F(u)*F (A
NF(Za /\a w, /”') = ’Y(/’La w)’Y(Aa Z) and MF(Za /\a w, /’L) = 77(#7 ’LU) MU(% Z)

1— A
for all z, A\, w, u € D. Note that, for z, \,w,u € D, 1 — Fy5(A\)z # 0 and 1 — Fao(p)w # 0,
since |Fo2(N)| < 1 and |Faa(p)| < 1. Hence both Np and My are well defined.

Proposition 5.1. Let F € §?%2 be such that Fyy # 0. Then the maps Np and My are
analytic kernels on D%, N is of rank 1, and (Np, Mp) € Ry.

Proof. By definition,

NF(Za A w, ,u) = 7(,“3 w)f}/()‘a Z)

for z, \,w,u € D, where v : D> — C is not equal to 0. Thus Ny is a kernel on D? of
rank 1.
Furthermore

I —F(u)'F(\)

T n(A, 2),

Mp(z,\, w, ) = n(p, w)

for z, A\, w, u € D. Clearly both Ng and Mg are analytic.
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To prove that (Np, Mp) € Ry one has to check that Ky js is an analytic kernel on
D? of rank 1. Clearly Ky s is analytic. By Proposition 4.3,

L= Fr (W) Froy () = 7(1,w) (1= w2)y(X, 2) + 1, w)* (I = F(u) F))n(X, 2)
= (1 —w2)Np(z,\,w, 1) + (1 = GA) Mp(z, A, w, i)

for all z, A\, w, u € D. Therefore
KNF;MF(’Z7)\7w?/’L) Fr [L)( )J:F()\ ( )

for all z, \,w,p € D. Thus Ky, a, is an analytic kernel on D? of rank 1. Therefore
(NF,MF) €ER1. O

Proposition 5.2. Let F € 8?*2 be such that F»; = 0. Then the maps Nr and My are
analytic kernels on D?, Ng is of rank 0, and (Ng, Mp) € R1. Moreover,

1— Fyi(p)Fia(\)

Np(z,\w,u) =0, Mp(z,\,w,pu) = 1— 7\ J

and
KNFyMF(Zv)Hwa,LL) Fll( )Fll()\)
for all z,\,w, u € D.

Proof. For every F' = {Fgl ?;ﬂ € §%%2 the functions v and 7 are given by

_ 1 1
1) = (1= Fa2) P () =0 and w02 = | A= o]
for all A, z € D. Thus,
NF(Z7 )\,’U),,LL) = 0)

for z, A\, w, u € D, and so has rank 0. Furthermore

Mp(z,\w, p) = [1 O]MH 1— Fu(u)Fu())

1— 1\ 0 1— 71\ ’

for z, A\, w, u € D, which is independent of z and w. Hence M is a kernel on D?. Clearly
both Np and Mg are analytic.
It is easy to see that

KN,M(Zv)‘)wnu) =1- (1 - ﬁ)\)M(Z,)\,U},/J) Fll( )Fll()\)
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for all z, \,w,p € D, which is independent of z and w. Thus Ky, . is an analytic
kernel on D? of rank 1. Therefore (Ng, Mp) € Ry. O

Definition 5.3. The map UpperE : $2%2 — R, is given by
UpperE (F) = (N, M)
for each F € §2*2.

By Propositions 5.1 and 5.2, the map Upper E is well defined.
5.2. Procedure UW and the set-valued map Upper W : Rq; — S2*¥2

Let F € §2%2 be such that Fy, # 0. Then the kernel Ny has rank 1. In this case
Upper E maps into a subset R1; of Ry rather than onto all of R;.

Definition 5.4. The subset R1; of R is given by
Ri1:={(N,M): N,M,Kn p are analytic kernels on D? and N, Ky are of rank 1}.

By the Moore—Aronszajn Theorem [2, Theorem 2.23], for each kernel k on a set X,
there exists a unique Hilbert function space H; on X that has k as its kernel.

Let us describe the procedure for the construction of a function in $2*? from a pair
of kernels in R;.

Theorem 5.5 (Procedure UW ). Let (N, M) € R11. Then there are functions f € Hy and
9 € Hiy y Such that

N(za)‘vwaU) = f(w,,u)f(z,)\) and KN,M(Z’/\’w7M) = g(w:li)g(za)\)

for all z,\,w,u € D and a function = € S**? such that

=0 (L) = (H23)
for all 2, \ € D.

Proof. Let (N, M) € Rq1, so that N, Ky p are analytic kernels on D? of rank 1. Thus
there are functions f € Hy, v, x € Har and g € Hg ,, such that

N(za)‘7wau) = f(wvu)f(sz)v KNJ\/I(Za Aawmu) = (whu“)g(za/\)

and
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M(Z, A, w, M) = <Uz,)\7 vw,y«>7-lM

for all z, \,w, u € D.
Hence (N, M) € Rq; can be presented in the following form

g(wa u)g(z, )‘) =1- (1 - wz)f(wv.u)f(zv >‘) - (1 - ﬁ)‘)<vz,>\ﬂ vw,#>'HM’ (53)
and so

g(w,,u)g(z, A) + flw,p) f(z,A) + <vzv)\7vw7ﬂ>HM
=1+ wzf(wv.u)f(z? >‘) +ﬁ/\<vz,)\; vw,M>HM (54)

for all z, \,w, u € D. The left hand side of (5.4) can be written as

g(Z,)\ ’lU,[L)f + vz Aavw“u

) e >>

and the right hand side of (5.4) has the form

kﬁm

1+ wzf(wa :U')f(za )‘) + ﬁ>\<vz,>\7 Uw7ﬂ>HkI

1 1
- < (Zf(z, A)) , (wf(w, u)) >
)\'Uz,)\ HOw, C2dHMm

for all A\, i, z,w € D. Therefore

9z A\ [ 9(w,p) 1 1
() () () (ert)
Uz, \ Vw,p C20H AUz A HUw,p C2eHm

for all z, A\, w, u € D.
Thus the relation (5.3) can be express by the statement that the Gramian of vectors

9(z,A)
f(z,A) | € CP@Huy, A\p,z,w €D,
Uz, A
is equal to the Gramian of vectors
1
(wf(w,,u)) cC*®Hy, M\p,z,weD.
MUy, g

Hence there is an isometry
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1
Ly : span {(zf(z,A)) :z,/\eD} S C*oHy

)\UZ’)\

1 9(z,})
>\Uz,)\ Uz, A
for all z, A € D.

We extend Lo to a contraction L on C? @ H ;s by defining L to be 0 on (C2 @ Hyr) ©
span {(1,2f(z,A), Az 2) : 2z, A € D}. Write L as a block operator matrix

such that

A B
L= [c D} C2pHy — CPaHy

where A:C? - C%, B:Hy — C2, C: C? — Hys and D : Har — Has, then L satisfies

& 8] (Cain)) - ()

Vz,\ Uz, A

for all z, A € D.
Then, for z, A € D, we obtain the pair of equations

A (zf(i,m) Bl = (?(é’j%)

and

1
C (Zf(z, A)) + D)\'UZ)\ = Uz, \-

Since L is a contraction, ||D|| < 1 and I3,, — DA is invertible for all A € D. From the
second of these equations,

Ve = (Iy — DA)IC <zf(i7A>)

for all z, A € D. Hence the first equation has the form

(A+ BA(In,, — DA)'C) (Zfé, A)) _ (% ig)

for all z, A € D.
Recall that, for the operator L, the linear fractional transformation
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Fr(\) = A+ BX\In,, — DN)~'C
for all A € D. Since L is a contraction, by Proposition 4.2 and Remark 4.4,
[FL\)|| < 1 for all X € D,

and Fp, is analytic on D. Since A and BA(Ix,, — D\)~*C are operators from C? to C?,
Fr is in §2*2. Then Z = F, has required properties. O

The function = constructed with Procedure UW is not necessarily unique since the
functions f, g and v, ) are not uniquely defined. The following proposition gives relations
between different = obtained using Procedure UW.

Proposition 5.6. Let (N, M) € Rq1 and let f1, f» € Hn, v;/\,vi)\ € Hy and g1,92 €
Hi . be such that

N(Z’/\vw7ﬂ) = fl(w’ﬂ).fl('zv)\) = f2(wa,u)f2(z7>‘)7

Mz, A\, w,p) = <U;,)\av11u,u>7'£M = <v§,/\vvi,u>7'lzw
and
Knm (2, A w, p) = g1(w, 1) g1(z, A) = ga(w, p)g2(z, )

for all z,\,w,u € D. Let E1 and g be constructed from (N, M) using Procedure UW
with the functions fi,g1,v" and fo, g2, v?, respectively. Then

- _Ja 0]zt 0
U0 @0 &
for some (1,02 € T.

Proof. It is easy to see that fo = (¢ f1 and g2 = (491 for some (y,(y; € T. By Theorem 5.5,
=p and =y satisfy

=20 (o) = (BEN) w20 (i) = (263)

for all z, A € D. Hence

=0 (ijz,A)) =20 [3 3} (zfl(m))

and

(#:0) =15 21 (3EN) =15 22w (Laba)
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for all z, A € D. Thus

oy 815 2J=0) (i) -
for all z, A € D.

Since f; is a nonzero analytic function of 2 variables, the set of zeros of f; is nowhere
dense in D?. Therefore

forall A\ eD. O
Proposition 5.6 leads us to the following result.

Proposition 5.7. Let (N, M) € Rq1. Let Z be any function constructed from (N, M) by

Procedure UW . Then
G 0|1 0], 2x2
{|:0 C2:|—‘|:0 CQ 'ClaCQET gS

is the set of all possible functions that can be constructed from (N, M) by Procedure UW .
Definition 5.8. The map Upper W is the set-valued map from R1; to S2*2 given by
Upper W (N, M) = { = € §%*? constructed by Procedure UW for (N, M) € Rll} )
Proposition 5.9. Let (N, M) € Ry1 and let = € Upper W (N, M). Then
Upper E (E) = (N, M).

Proof. Let = = {Z Z} € §2%2. Then Upper E (2) = (N=, M=), where

and

zc(A)
1—d(N\)z

w c(w) } I—EW)EWN { 1 }

for all z, A\, w, u € D.
By assumption, = € Upper W (N, M). Thus there exist functions f and g such that



D.C. Brown et al. / Journal of Functional Analysis 272 (2017) 1704—1754 1723

N(Zv Avwvﬂ) = f(wvu)f(zv)‘)v KN,M(Zv)‘awvu) = (wm)g(z, )‘)

for all z, \,w, u € D, and

for all z, A € D.
Hence

a(\) +b(N)zf(z,A) = g(z,A) and ¢(A) + d(N)zf(z,\) = f(2,A)
for all z, A € D. Therefore, for all z, A € D, 1 — d(\)z # 0 and
F(z, ) = (1= d(\)z) " Le(N).
Thus
Nz (2, A w, 1) = fw, 1) f(2,A) = N(z, A, w, )
for all z, A, w, i € D. Moreover
Fz(2) = a(A) +0(N)z(1 = d(X)2)"'e(A) = g(2, )

for all z, A € D. Therefore

Fo(uy () Fn (2) = g(w, m)g(z, ) = Ky a2, w, 1)
for all z, A\, w, u € D. By Proposition 4.3,
1= Faguy(w)Fen (2) = (1 = 02)Na(z, A w, 1) + (1= BN Mz (2, A, w, ),
and so
1—Knm(z,A\w,p) =1 —wz)N(z,\,w, 1) + (1 — GA\) M=(z, A\, w, p)
for all z, A\, w, u € D. By assumption,
Knm(z, A w,p) =1—(1—-wz)N(z,\,w, 1) — (1 = EANM (2, A\, w, p)

for all z, \,w, u € D. Hence M=(z, A\, w, u) = M (z, \,w, u) for all z, \,w,p€D. O

Proposition 5.10. For any F € S>*2 such that Fy; # 0,

Upper W o Upper E (F') = {[% g} F[(l) %} (1, G E']I‘}.
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Proof. Let F = [F;]> € §2*2. Then UpperE (F') = (Np, Mr) where
J 11

C Fa(p) ()

Ne(z A w ) = T S T P ()2

and

- _ * 1
Mp(z, A w,p) = |1 e 1—fA 75%;(&)),2 ’

for all z, A\, w, p € D. By Proposition 4.3,
1= Fr(w)Froy(2) = (1 = wz)Nr(z, A w, 1) + (1= BA)Mp(z, A, w, p),
and so
Knpme (2, A\ w, 1) =1 — (1 —wWz)Np(z, \,w, ) — (1 — BN Mp(z, A\, w, 1)
= Fr(u (w)Frx (2)
for all 2, A\, w, u € D. Apply Procedure UW to (N, MF) to construct a function = € §2*2

such that
_ 1 Froy(2)
a(A)( 2F21(N\) ) —( F2(18>\) )

T—F(N)z T—Foa(\)z

for all z, A\ € D. Then, by Proposition 5.7,

UpperW(NF,MF):{{%l C(.)Q:|E|:(1) %:| :Cl,CQET}.

Note

) ( eman )

[y 2 (el )
Z1'21
T—Faa(\)z Foi(A) Faa(N) T—Fas(M)z
(Fﬂm + PR ) - (fF(A(> ) )
2Fy, - Fo1 (A )
Fgl()\) + 7F212£)\F)‘22I€§\)(zA) 1—Fa2(N)z

for all z, A € D. Therefore
_ 1
EN —FA) | zEav | =0,
1-Fa2(N)z

for all z, A € D. Since F5; is a nonzero analytic function on D, the zeros of Fb; are
isolated in . Thus E(A) = F(A) for all A € D. Hence
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0 1 0
UpperVVoUpperE(F){{CO1 <2:|F|:0 g} :Cl,CQGT}. ]
5.83. The map RightS : Ry — So

Definition 5.11. The map Right S is the set-valued map from R, to Se which is given,
for each (N, M) € Rq, by

Right S (N, M) = {f € Sy, such that Ky (2, \,w, p) = f(w, 1) f(2,\), 2, A\, w, u € D}.
Proposition 5.12. Right S is well defined and, for (N, M) € Ry,
Right S (N, M) = {Cf : € T},
where f : D? — C is analytic and satisfies
Kn (2, w, 1) = f(w, 1) f(z,A)
for all z, \,w, u € D.

Proof. Let (N, M) € Ri. Then Ky s is an analytic kernel on D? of rank 1. Thus there
exist an analytic function f :D? — C such that

KN,M(Z7 A w, :u) = f(w, M)f(z, )‘)
for all z, \,w, u € D. In addition, if for an analytic function g : D? — C,
Ky (2, A w, p) = g(w, p)g(z,A)

for all z, \,w, u € D, then g = (f for some ¢ € T.
Note

1—Knm(z, A\ w,pu) =1 —wz)N(z,\,w, 1) + (1 — @A) M(z, A, w, ) >0
for all z, A\, w, u € D. Thus
1 *f(’LU,,U)f(Z,A) =1 *KN,M(Z,)\,’LU,,U) > 0

for all z, A\,w,u € D. Hence |f(z,A)] < 1 for all z, A € D. Therefore f € Ss, and so
Right S is well defined. O

Let us consider relations between Right S and other maps in the rich saltire.
Proposition 5.13. Let F € S?*2. Then

Right S o UpperE (F) = {(SE(F): { € T}.
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Proof. By the definition, SE (F)(z,

) = —Frn(2) for all z, A € D. By the definition of
Upper E (F) and by Propositions 5

1 and 5.2, Upper E(F) = (Np, Mr) € Ry, where
KNp o (2, A w, 1) = Fruy (W) Frpoy (2) = (= Fruy (W) (= Froy(2))
for all z, A\, w, u € D. Thus

Right S o Upper E (F') = Right S (Np, Mp) = {(SE(F): ( € T}.
Proposition 5.14. Let (N, M) € Ry1. Then

Right S (N, M) = {SE(F') : F € Upper W (N, M)}.
Proof. Let (N, M) € Rq; and let = = “;

=12 | ¢ §2X2 be constructed by Proce-

{[0 CJ [0 g} C17<2€T} nd
SE({% 402]5[(1) %D(zd)zm({éﬁn Q@Eub(m)

dure UW for (N, M). Then Upper W

(2B Hoo

LGB — C1§:12( )62Z21(N)z
1211 ()
(- - ZeEn:

for all z, A € D and all (y,(2 € T. Hence

{SE(F): F € UpperW (N, M)} ={(SE(E): ( € T}

By Proposition 5.13 and Proposition 5.9, Upper E (2) = (N, M) and
Right S (N, M) = Right S o UpperE (2) = {SE (F) : F' € Upper W (N, M)} .

5.4. The map Right N : So — Ry

Theorem 5.15. [2, Theorem 11.13] Let ¢ € Sy. Then there are kernels N, M on D? such
that

L — (1, p2) (A1, Ao) =

(1 — A1) N (A1, A2, pa, p2) + (1 — izha) M (A1, Ao, o, p12)
for all Ay, Ao, g, o € D.
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Remark 5.16. The pair of kernels (N, M) from Theorem 5.15 are known as Agler kernels
for ¢ € Ss. There are papers with constructive proofs of the existence of Agler kernels.
See for example [12,14] and [15].

One can see that, for the Agler kernels (N, M) for ¢ € Ss,

Kym(z A w,p)=1—(1—wz)N(z, A\, w,pu) — (1 =AM (2, A\, w, 1) = p(w, p)e(z, A)

for all z, \,w, u € D. Thus Ky s is a kernel on D? of rank 1 and (N, M) € R;. Moreover,
Right S(N, M) = {Cp: { € T}.

Definition 5.17. The map Right N is the set-valued map from Sy to R; which is given,
for p € Sy, by

Right N () = {(N, M) is a pair of Agler kernels for ¢}.
Remark 5.18. Let (N, M) € Ry and let f € Ss such that
En (2 A w, 1) = fw, 1) f (2, A)

for all z, \,w, u € D. Then, for all ¢ € Right S (N, M),

Right N (p) = Right N (f).
Moreover (N, M) € Right N (f).
6. Relations between Hol (D, I') and other objects in the rich saltire

The rich saltire for the symmetrised bidisc is the following.

Upper W
§2x2 R1 (6.1)

Upper E

S

Left Sg | | Left Ng Right S | | Right N

Lower Wg
Hol (D, T") Sy

Lower Eg

We will define maps of the rich saltire for G and describe connections between different
maps in the diagram (6.1).
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6.1. The maps Left Ng : Hol (D,T") — §2*2 and Left Sg : %2 — Hol (D, T)

Proposition 6.1. [10, Proposition 6.1] For each h = (s,p) € Hol (D,T") there exists a
unique F' = [Fijﬁ € 8%%2 such that

h = (tr F,det F)

and F11 = Foa, |Fia| = |F21] a. e. on T, Fy is either 0 or outer and F»1(0) > 0. More-
over, for all u,A € D and all w,z € C such that 1 — Faa(p)w # 0 and 1 — Faa(N)z # 0,

L= @(w, h(p))®(2, h(N)) = (1 — @W2)y(1, w)y (A, 2) + 0, w)* (I = F(u)* F(A)n(A, 2).

The construction of F' in [10, Proposition 6.1] is the following. Let h = (s,p) €
Hol (D,T) be such that 1s* = p. Then

1
55 0
2

satisfies all of the required conditions. Now suppose that %32 # p. Then isz —pisa

non-zero H*® function, and so it has a unique inner-outer factorisation, expressible in

CflSQ

= ;5° — p, where ¢ is inner, e is outer and e (0) > 0. It follows that

1 ic
29 wzl
1

2 S

€
c 1
2

the form e

is the only matrix satisfying the required conditions.

Definition 6.2. The map Left Ng : Hol (D,T') — S2*2 is given by LeftNg (h) = F,
h € Hol (D, T), where F is the unique element from S2*2 such that

h = (tr F,det F)
and Fi1 = Faa, |Fia| = |F21| a. e. on T, Fy; is either 0 or outer and F;(0) > 0.
Definition 6.3. The map Left Sg : $2%2 — Hol (D, T) is given by
F— (tr F,det F)
for all F € §2*2,
The following is trivial.

Lemma 6.4. Left Sg o Left Ng = idgo; (,r)-
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Example 6.5. Left Ng o Left Sg # ids2x2. Consider the function F' on D defined by

ro=[4 3

for all A € D. Then F € S§?*2 and, for all A € D,
Left Sg (F)(\) = (tr F(\),det F(\)) = (A2 + X\, \3).
Tt is clear that Left Ng o Left Sg (F') # F.
6.2. The map Lower Eg : Hol (D, T") — S
Definition 6.6. The map Lower Eg : Hol (D,T') — Ss is given by
Lower Eg (h)(z,A) := ®(z,h(N)), 2z, A €D,
for h € Hol (D, T).
Proposition 6.7. The map Lower Eg is well defined.
Proof. Let h = (s,p) € Hol (D,T). For (z,)) € D?,
Lower Eg (h)(z, ) = ®(z,s(A\),p(A\)) where (s(A),p(A)) € T
By [9, Proposition 3.2], |s(A)| < 2 and, for all w in a dense subset of T,
1w, s(N), (V)] < 1.
Therefore
|zs(A)] < 2 and |®(z,s(A),p(N))] < 1.

Hence 2 — zs(A\) # 0 and Lower Eg (h)(z,A) € D. Since h is analytic and maps into T,
the map ®(z,h(A)), 2, A € D is analytic on D x I". Thus Lower Eg (h) € S3. O

One can ask the question:
which subset of Sy corresponds to Hol (D, T")? (6.2)
If h = (s,p) € Hol (D, T') then, for any fixed A € D, the map

o (s h() = ZHE S 2OR (6.3
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is a linear fractional self-map f(z) = ‘C‘jjrrdb of D with the property “b = ¢”. To make

the last phrase precise, say that a linear fractional map f of the complex plane has the

property “b = ¢” if f(0) # oo and either f is a constant map or, for some a,b and d
in C,

az+b
bz+d

fz) = for all z € CU {o0}.

We shall denote the class of such functions f in Sy by S§=°.
Here is an answer to Question (6.2).

Proposition 6.8. [10, Proposition 5.2] Let G be an analytic function on D?. There eists
a function h € Hol (D,T") such that

G(z,A) = ®(z,h(N)) forall z,A €D (6.4)
if and only if G € Sy and, for every A € D, G(-,\) is a linear fractional transformation
with the property “b = ¢’ Moreover, if p € Sk=¢ then its corresponding function h is
unique.

Proof. The first part of the statement was proved in [10, Proposition 5.2]. We show here
that, for every ¢ € Sy=¢, its corresponding function h is unique. Suppose g € Hol (D,T")
also satisfies the required properties. Then
D(z,h(N) = p(z,A) = ®(z,9(N\)) for all z, A € D.
Suppose h = (s,p) and g = (g, r), then, for all z, A\ € D,
(22p(A) = s(V)(2 = 2q(N)) = (22r(A) —q(N)(2 = z5(N)).
Thus, for all z, A € D,
2(r(N)s(A) = p(N)a(N)) = 2z(r(A) = p(N)) + (a(A) = s(A)) = 0.
Hence, for all A € D, g(A) — s(A\) =0 and r(A) —p(A) =0,and so h=g¢g. O

6.3. The map Lower Wg : S&=¢ — Hol (D, T)

We are interested in a map from S8=¢ rather than from the whole of Sy. The proof of
Proposition 6.8 provides for each ¢ € S8=¢ the construction of a unique hy € Hol (D, T).

Definition 6.9. For every ¢ € S5=¢ such that p(z, \) = %, z,A €D, with d(A) #0

we define
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_ (o) a(y)
ho(N) = <2d(A)’ d()) , AeD.

The map Lower Wg : S&=¢ — Hol (D, T') is given by
Lower Wg (¢) = hy
for all p € Sh=°.
By Proposition 6.8, Lower Wg is well defined.
Proposition 6.10. The map Lower Wy is the inverse of Lower Eg : Hol (D,T') — Sy=¢.

Proof. Let h = (s,p) € Hol (D,T'). Then Lower Eg (h) € S5=¢ and

Lower Eg (h)(z,A) = ®(z,h())) = 225()\)2;(;9\5)‘) N p(i)ju_)f +1

for all z, A\ € D. Hence by definition

1
Lower W o Lower Eg (h) = (—2(—58),]7) = h.

Let ¢ € S&=¢ such that ¢(z,\) = %, z, A € D, with d(\) # 0. Then

b
Lower Wg (¢) = hy, = (—23, g) ,

and so

Lower Eg (hy)(2,\) = ®(z, h,(\)) =

for all z, A\ € D. Thus Lower Eg oLower W (¢) = ¢ for all ¢ € S5=¢. Therefore Lower Wg
is the inverse of Lower Eg. O

Let us consider how the defined maps interact with each other.
Proposition 6.11. The following holds SE oLeft Ng = Lower Eg.
Proof. Let h € Hol (D,T'). Then, by Proposition 6.1, for Left Ng (h) = F € §2%2,

SE (F)(z,A) = =Fr(2) = ®(2,h(}))
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for all z,A € D. Hence SEoLeft Ng (h)(z,A) = ®(z,h()\)) for all z,A € D. By defi-
nition, Lower Eg (h)(z,A) = ®(z,h(N)) for all z,\ € D. Thus, for all h € Hol(D,T),
SE oLeft Ng(h) = Lower Eg(h). O

Corollary 6.12. The following equalities hold SEoLeft Ng o Lower Wg = idgp=c and
Lower Wg o SE oLeft Ng = idy, (D,T)-

Proof. By Proposition 6.11, SEoLeft Ng = LowerEg and, by Proposition 6.10,
Lower W is the inverse of Lower Eg. The results follow immediately. 0O

Proposition 6.13. For all F = [Fljﬁ € §2%2 such that Fi1 = Fas, we have
Lower Eg o Left Sg (F') = SE (F).
Proof. Let F = [Fj;]% € §2%2. Then

F12()\)F21(>\)Z o —F11(>\) —+ (Fll()\)Q — Flg()\)FQl()\))Z
CO1-Fi(Nz 1—F1(\)z

SE (F)(z,A) = —=Fuu ()

for all 2, A € D and Left Sg (F) = (tr F,det F) = (2Fy1, F3, — F21Fy2). Thus

Lower Eg o Left Sg (F)(Z, )\) = (P(Z, 2F11(>\), Fll()\)2 — Fgl()\)Flg(A))

_ 22(FR(N) — Fa (M) F12 (V) — 2Fu(N)
2 — 2ZF11()\)

—F1i(A) + (Fui(A)? = Fia(\) Far (V)2
1-— F11(>\)Z

for all z, A € D. Therefore, for all F € §2*2 such that Fy; = Fas, Lower EgoLeft Sg (F) =
SE(F). O

However for an arbitrary F' € §2*? we may have Lower Eg o Left Sg (F') # SE (F) as
the following example shows.

Example 6.14. Let F' = [{)ﬂ 2}, where f(z) is the Blaschke factor B1 and g(z) is the
2

Blaschke factor B 1. Then F € §?*2. 1t is easy to see that
2

 Fia(M)Fau(M) -0

SE (F)(0,A) = —Fi1(A) L — Fy(M)-0

=—f)

and
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2:0-det F(\) —tr F'(\)
2—-0-tr F(\)

—(fN) +9(V)
2

Lower Eg o Left Sg (F') (0,\) =

for all A € D. Therefore Lower Eg o Left Sg (F) # SE (F)).

Remark 6.15. In Definition 4.5, when either F5; = 0 or F5 = 0, the function
SE(F)(2,0) = =Froy(2) = =Fu(A),

is independent of z, and so in general the map SE can lose some information about F.

However, in the case of the symmetrised bidisc, no information is lost. For h = (s,p) €

Hol (D, T") such that s2 = 4p, by Definition 6.6,

Lower Eg (h)(z, A) := ®(z,h(N)) = —@, for z, A € D.

Secondly, by Definition 6.2, Left Ng (h) = F', where

1
0 58

Therefore, for h = (s,p) € Hol (D,T') such that h(D) C R,
1
SE oLeft Ng (h)(z,A) = Lower Eg (h)(z,A\) = —58()\>7 A eD.
6.4. The map SWg : R11 — Hol (D, T)

Definition 6.16. The map SWg is the set-valued map from Rq; to Hol (D, T") which is
given by

SWg (N, M) = {Left Sg (F') : F € Upper W (N, M)}.

Proposition 6.17. Let (N, M) € Rq1, and let Z be a function constructed by Procedure
UW for (N, M). Then
{Left Sg (F) : F € Upper W (N, M)} = { (tr [g (1)] E,(detE) (e T} C Hol(D,T).

Proof. By Proposition 5.7,

UpperW(N,M):H%l g]a[é C—ﬂ;gl,@eﬂr}.
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Hence, for F' € Upper W (N, M), F = {%1 gz] = [é % } for some (1,(s € T. Then

B G 01 O G 0|1 0
Ldtia‘g(ﬂ—(““{o1 @]“[0 42} dt[ol CJH[O Cz])
— <tr I:%l (1):| E,Cl det E) . O

Therefore, for (N, M) € R11,

SWg (N, M) = {(tr [g ﬂ E,gdetE) :CGT},

where = € §2%2 is a function constructed by Procedure UW for (N, M). The later set is
independent of the choice of Z=.
Relations between SWg and other maps in the rich saltire are the following.

Proposition 6.18. Let F € S?*2 such that F»; # 0. Then

SW oUpper E (F) = {Lefth ({C 0} ) e T}.

Proof. By Proposition 5.10,

UpperVVoUpperE(F)—{{%1 g]F[l C} C1,C2€’IF}

:;gz;m {Lefth({% Q]F{ f]):cl,czeqr}
(o[t &l rlo &foels a]rls g])-aaer)
fn (g <) <

Corollary 6.19. Let h = (s,p) € Hol (D,T") such that 35> # p. Then

SWg oUpperE o Left Ng (h) = {(%(C + 1)5,Cp> (€ ’IF} .

1
58 Flg

Proof. By Definition 6.2, Left Ng (h) = F = [ 1
F21 55

] , where F5; # 0 and det F' = p.
By Proposition 6.18,
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SW oUpper E (F) = {Left Sg ({g ﬂ F> e T}

ls (F
:{Lefth([%: C%;Q}) :CE']I‘}
= {(%(C—l—l)s,(detF) :CET}.

Therefore SWg oUpper E o Left Ng (h) = {(1 (C+1)s, Cp) 1€ T}. ]

2

Remark 6.20. By Corollary 6.19, for h = (s,p) € Hol (D, T") such that A(D) is not in R,
we have h € SWg oUpper E o Left Ng (h), since, for { =1,

(%(C + s, Cp> = (5:p):

Corollary 6.21. Let p € St=¢. Then

Right S o Upper E o Left Ng o Lower W (p) = {Cp : ¢ € T}.
Proof. By Corollary 6.12,

SE oLeft Ng o Lower Wg (¢) = ¢.

It is obvious that Left Ng o Lower W (¢) € $?*2. By Proposition 5.13,
Right S o Upper E (Left Ng o Lower W (¢)) = {¢ SE (Left Ng o Lower Wg (¢)) : ¢ € T}
Therefore Right S o Upper E o Left Ng o Lower Wg (¢) = {Cp: ¢ € T}. O
7. Relations between Hol (D, £) and other objects in the rich saltire

The rich saltire for the tetrablock is the following.

Upper W
8§2x2 R1 (7.1)
Upper E

S

Left Sg | | Left Ng Right S | | Right N

_ Lower W¢
Hol (D, €) Ss

Lower E¢

We will define the maps of the rich saltire which depend on £ and describe connections
between the different maps in diagram (7.1).
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7.1. The map Left Ng : Hol (D, &) — S?*2
Theorem 7.1. Let v = (21,29, 73) € Hol (D, E). There exists a unique function
F=[Fyl; € 8
such that
x = (F11, Fog,det F), (7.2)
and
|Fia| = |F21] a. e. onT, Fy is either O or outer, and F»1(0) > 0. (7.3)
Moreover, for all u, A € D and all w,z € C such that

1— Foo(p)w #0 and 1 — Fae(N)z # 0,
A, 2

L= U(w,2(p)¥ (2, 2(N) = (1 —wz)y(p, w)y(A, 2)

+ (s w)" (I = F(u)"FA)n(A, 2), (7.4)

where
YA, 2) == (1 = Faa(M\)2)  For () and n(\, 2) := |:Z’Y(i\72):| . (7.5)

Proof. Consider first the case that z1z2 = x3. By Proposition 3.3, |z1(A)], |z2(N)| < 1
for all A € D. Then the function
S 0
F= |: 0 .’L‘2:|

is in $2*2 and has the required properties (7.2) and (7.3), and moreover it is the only
function with these properties.
In the case that zizo # x3, the H*> function x1x2 — x3 is nonzero, and so it has a

C

unique inner-outer factorisation, say cpec = z129 — x3 where ¢ is inner, e“ is outer and

e“(0) > 0. Let

One can see that

det F' = 2129 — <pec =T1T2 — X1T2 + T3 = T3,
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and |Fyo| = efte 20 = |F1| a. e. on T, Fy is outer, and Fy;(0) > 0. It follows that F is
the only matrix satisfying the required properties (7.2) and (7.3).

Let us check that FF € S2*2. Clearly F is holomorphic on ID. We must show that
|F(N)| <1 forall A € D. Let us prove that I — F(A\)*F(\) is positive semidefinite for all
A € D. Tt is enough to show that, for all A € D, the diagonal entries of T — F(\)*F()\) are
non-negative and det (I — F(A)*F(\)) > 0. Since |Fi3| = |F1| a. e. on T and Fy Fio =
T12T92 — T3 We have

|Fia|? = |Fn | = |[Fo1 Fio| = |2122 — 25
a. e.on T. At almost every A € T,

[— PO FO)
1—[z1(V)]? = [z (N)w2(N) — 23(N)| —21(A)Fi2(\) = Far(\)z2(X)

—Fia(MN)x1(A) — z2(A) F21(A) 1= [z (N)za(A) = 23(A)] = [z2(N)[?

and
det (I = F(A)*F(N) =1 = |z1(V)* = 2|21 (N aa(A) — 23(V)| — [22(A)* + 23 (M) .

Let Dj; and Dy be the diagonal entries of I — F*F. Since x()\) € £ for A € D, by
Proposition 3.3,

[22(\) = 21 (Nas(W)] + ler(Na(A) — a3 (N)] < 1 - a1 (V)2
and

1 (A) = 22(N)z3 (V)] + 21 (N)22(A) = 23(A\)] < 1= |22(V)?
for all A € D. Thus, for almost every A € T,

Dii(A) > [2(\) — 71 (Vs(N)] > 0 and Das(N) > [a1(A) — za(Wara ()] > 0.

By Proposition 3.3,

21 (V)7 + |22V = 2V + 21 (N2 (A) — 23(V)] < 1,
for all A € D. Hence, for almost every A € T,

det (I — F(A\)*F(X\)) > 0.

Therefore

I~ FO)*F(\)



1738 D.C. Brown et al. / Journal of Functional Analysis 272 (2017) 1704—1754

for almost every A € T. Thus ||[F(A\)| < 1 for almost every A € T, and so, by the
Maximum Modulus Principle, ||[F(A)|| <1 for all A € D.
We now prove the identity (7.4). By Proposition 4.3, for any F' = [Fwﬁ € §2x2,

L= Fruy (W) Froy(2) = v w) (1 = wz)y(A, 2) + n(p, w)* (I = F(p)"F(A)n(X, 2)

for all pu, A € D and w, z € C such that 1 — Faa(pu)w # 0 and 1 — Foa(N\)z #£ 0.
First we note that

Fro(2) = P + TR = (1) ¢ (OO n(E
o) 25Nz a3V —z(\)
B 11 - 332(;)\)2 - 3352()\),2 _11 = U(z,z(N))

for all A € D and all z € C such that 1 — F3(\)z # 0. The functions v and 7 are defined
by equations (7.5). Hence

L= W(w, z(p)¥(z,2(N) = 1 = Fru(w) Fro(2)

for all p, A € D and all w,z € C such that 1 — Fao(p)w # 0 and 1 — Foa(N)z #0. O

Definition 7.2. The map Left N¢ : Hol (D, £) — S2*2 is given by

2

Left Ne (z) = F = [Fy; ]

for * = (z1,22,23) € Hol(D, &), where F' € S?*2 such that 2 = (Fiy, Fa,det F),
|Fia| = |F21] a. e. on T, Fy is either outer or 0 and Fy;(0) > 0.

7.2. The map Left Sg : $?*2 — Hol (D, £)

Definition 7.3. The map Left S¢ : $?*2 — Hol (D, €) is defined by
F = [FZ]T — (F11,F22,detF)

for each F' € §2*2,

By Proposition 3.3 and Theorem 3.4, the map Left S¢ is well defined. Relations be-
tween the maps Left N¢ and Left S¢ are the following.
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Proposition 7.4.

(1) The equality Left S¢ o Left Ne = idy,, (p gy holds, and
(ii) Left Ng o Left Sg 75 idsexe .

Proof. (i) Let x = (z1, 72, z3) € Hol (D, £). By Definition 7.2,

2
10

Left Ng () = F = [ Fj;]

where F' € §2%2 such that = (Fy1, Fas,det F), |Fio| = |Fo1| a. e. on T, Fy; is either
outer or 0 and F»;(0) > 0. Therefore Left Sg o Left Ne = idy, (p g holds.
(ii) Let us consider the following example: the function F' on D which is defined by

F(A)A[} X

NG },Ae]ﬂ).

Clearly, F € §?*2. Then

Left S¢ (F)(A) = (-

~_.0,0) € Hol (D, &),
NG ) € Hol (D, €)

and, by Definition 7.2,
A
Left Ng o Left Sg (F)(\) = { \65
Hence Left Ng o Left Sg # idgexe. O

7.8. The maps Lower Eg : Hol (D, &) — S and Lower Wg : Sif — Hol (D, &)

Lemma 7.5. Let p € Sy be such that p(-, \) is a linear fractional map for all X € D. Then
@ can be written as

a(\)z + b(N)

(2 0) = c(N)z+1

for all z, A € D, where a,b, c are functions from D to C, and b is analytic on D. Moreover,
if ¢ is analytic on D, then so is a.

Proof. Let ¢ € 8o be such that ¢(-, A) is a linear fractional map for all A € D. Then we
can write
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for all z, A € D, where a, b, ¢, d are functions from D to C. Since ¢ € Ss, up to cancellation,
©(+, A) does not have a pole at 0 for any A € D. Thus, without loss of generality, we may
write

a(\)z + b(N)

@(sz) = C()\)Z+1

for all z, A € D. Moreover, since b(A) = ¢(0, A) for all A € D, and so b is analytic on D.
Suppose c is analytic on D. Then

a(A)z = @(z,A)(c(A)z +1) = b(})
for all z, A € D, and so a is analytic on D. O

Definition 7.6. Let SI be the subset of Sy which contains those ¢ for which ¢(-,A) is a
linear fractional map of the form

a(\)z + b(N)

w2 A) = Nz +1

for all z, A € D, where c is analytic on D, and if a(\) = b(A)e(N) for some A € D, then,
in addition, |c(\)] < 1.

Proposition 7.7. Let ¢ be a function on D?. Then ¢ € SY if and only if there exists a
function x € Hol (D, £) such that

o(z,\) = ¥(z,z(N) for all z,\ € D.
Proof. Suppose ¢ € Si. Then

a(\)z + b(\)

(24 = c(MN)z+1

for all z, A € D, where ¢ is analytic on D, and if a(\) = b(A)c(A) for some A € D, then in
addition |c¢(A\)| < 1. By Lemma 7.5, both a and b are also analytic on D.
Set

for all A € D. Then z is analytic on D, and |¥(z,z(N\)| = |%| =lp(z,N)] <1
for all z, A € D, and if a(\) = b(\)c(\) for some A € D, then, in addition, |c(\)] < 1.

Hence, by Proposition 3.3(3), x()\) € € for all A € D, and

o(z, ) = U(z,2(N\)) for all z, A € D.
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Conversely, suppose there exists an x = (1, x9,x3) € Hol (D, ) such that p(z,\) =
U(z,2(A)) for all z, A € D. Then

x3(N)z —x1(\)

(2 A) = xa(AN)z — 1

for all z, A\ € D and clearly ¢(-, \) is a linear fractional transformation for all A € D.
It is obvious that z1, z2 and x3 are analytic on D. Since x(\) € & for all A € D, by
Proposition 3.3(3), |¢(z, A)| = |¥(z,2(AN))| < 1forall z, A € D, and if z1 (A)z2(A) = x3(N)
then in addition |z2(\)| < 1. Thus p € S¥. O

By Proposition 7.7, the map below Lower E¢ is well defined.

Definition 7.8. The map Lower E¢ : Hol (D, ) — S¥, for 2 = (1, 29, 23) € Hol (D, £), is
given by

x3(N)z — 21(N)

Lower Eg (z)(2,A) := W(z,2(N)) = za(N)z =1

z, A € D.

Proposition 7.9. Let ¢ € SY. Suppose functions x = (x1,29,73),y = (y1,%2,y3) €
Hol (D, €) are such that

p(2,A) = ¥(z,2(}))
and

p(z,A) = ¥(z,9(N)
for all z,\ € D. Then the following relations hold:

(i) if 122 # x3, then x =y on D;
(i) if z1z2 = 23, then y = (x1,y2,71y2) on D.

Proof. By assumption,
(2, z(N) = (2, A) = ¥(z,y(N))
for all z, A € D. Hence

x3(N)z — x1(N) _ ys(N)z — 1 (N)
n -1 om0

and so



1742 D.C. Brown et al. / Journal of Functional Analysis 272 (2017) 1704—1754

23(A\)y2(N)2* — (21(N)y2(A) + 23(A))z + 21(N)
= y3(Nz2(N) 2% — (11 (N2 (X) + y3(A)z + y1(N)

for all z, A € D. Therefore 1 = y1, T3y2 = Y32, and x1ys + 3 = y122 + y3 on D. Hence,
for all A € D,

(23(A) = z1(MN)z2(A)y2(A) = (23(A) = 21 (M)22(A))22(N). (7.7)

(i) Suppose that z1x9 # x3. Since x5 — x122 is a nonzero analytic function on D, the
zeros of this function are isolated in . Thus, by (7.7), y2 = 2 and y3 = 23 on D. Hence
T =y.

(ii) If 129 = x3, then we have x1 = y1, ys = z1y2, and so y = (z1,y2,z1y2) on D. O
One can use Proposition 7.7 to define the map Lower W¢ below.

Definition 7.10. The map Lower W : S — Hol (D, €) is given by the following proce-
dure:

(i) for ¢ € SY¥, where p(z,\) = %, z, A €D, and a # be,
Lower We () = (b, —¢, —a) ;

(i) for ¢ € S such that a = be, and so (2, \) = b(A), z, A € D, Lower W¢ is the set
map

Lower We () = {(b, —d, —bd) , where d is analytic and |d| < 1 on D}.

Proposition 7.11. The following relations hold:
(i) for each x = (w1, 2, 73) € Hol (D, &) such that x3 # x1T2,

Lower W¢ o Lower E¢(z) = x;

(ii) for each ¢ € S¥ such that o(z,\) = %, z,A €D, and a # bc,

Lower Eg o Lower We(p) = .
Proof. (i) Let x = (1,72, z3) € Hol (D, €) be such that x3 # x122. Then
Lower E¢ (z) = ¢ € S¥, where ¢(z,\) = ¥(z,z()\)), 2, A € D.
Thus

3Nz —x1(A)  —x3(N)z+x1(N)
(2 A) = 3x2()\)z -1 jxg()\)z +1
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for all z, A\ € D and z3 # x122. By Definition 7.10,
Lower We (¢) = (21, 22, 23) = =,
and so
Lower W¢ o Lower E¢(z) = .

(ii) Let ¢ € SY¥ be such that p(z,\) = %, z,A € D and a # bec. Then, by
Definition 7.10,

Lower W¢ (¢) = z, = (b, —c, —a) .

Therefore

a(\)z + b(\)

Lower Eg (24)(2,A) = ¥ (2, 24(N)) = c(N)z+1

= 90(27)‘)

for all z,A € D. It follows that Lower E¢ o Lower We (¢) = ¢ for ¢ € SY¥ such that
a#bc. O

Let us see how these maps interact with the other maps in the rich saltire (7.1).
Proposition 7.12. The following equality SE oLeft N¢ = Lower E¢ holds.

Proof. Let 2 = (w1,29,23) € Hol(D,E). Then LeftNg (z) = F € §2*? as defined in
Theorem 7.1 and, by the proof of Theorem 7.1,

SE(F)(z,A) = Froy(z) = ¥(z,2(N))
for all z, A € D. Hence, by definition,
SE oLeft Ng (2)(2z,A) = U(z,2()\)) = Lower E¢ (x)(z, A)

for all z, A € D. It follows that SE oLeft N¢ (x) = Lower E¢ (z) for all 2 € Hol (D, £) and
so SEoLeft Ne = LowerE¢. O

Corollary 7.13. The following relations hold:

(i) for each x = (z1,79,23) € Hol (D, €) such that v3 # x179,
Lower W¢ o SE oLeft Ng(z) = x;
(ii) for each p € S¥ such that p(z,\) = aQ)z+b(A) z,A €D, and a # bc,

c(N)z+1 7

SE oLeft Ng o Lower Wg () = ¢.
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Proof. This follows immediately from Proposition 7.12 and Proposition 7.11. 0O
Proposition 7.14. The equality Lower E¢ o Left S¢ = SE holds.
Proof. Let F = [Fj;]% € §2*2. Then Left S¢ (F) = (Fi1, Fa, det F) and
Lower E¢ ((F11, Faz,det F))(z, \) = U(z, F11(\), Faa(N),det (X))
for all z, A\ € D. Moreover

SE(F)(z,A) = Fro(2)

F12(>\)F21()\)Z _ FH()\) — det F()\)Z
1-— Fgg()\)z 1-— FQQ(/\)Z

= \I/(Z, Fn()\), FQQ()\),det F()\))

=Fu(\)+

for all z, A € D. It follows that Lower Eg o Left S¢ (F) = SE(F) for all F € §?*2 and so
Lower E¢ o Left S¢ = SE as required. O

The idea for SW¢ is that we want to follow Procedure UW with the application of
the map Left S¢ to the function produced. The following proposition will facilitate this.

Proposition 7.15. Let (N, M) € Rq1. Let E be any function constructed from (N, M) by
Procedure UW (Theorem 5.5). Then

{Left S¢(F) : F € Upper W (N, M)} ={((Z11, En0, (det E) : ¢ € T} C Hol (D, &).
o . ¢i 0=[1 O
Proof. By Proposition 5.7, a function F' = 0 &0 G € Upper W (N, M),
2
where (1, (s € T. Thus

- -1 0 - -
Left Sg (F) = (41:11,:22,(1(% |:%1 C(-)2:| = |:0 <—2:|) = (Cl.:ll,:QQ,Cl det .:) . Od

Definition 7.16. Let SW¢ be the set-valued map from R; to Hol (D, £) such that

SWg (N, M) = {(<511,522,<det5) : { S T}

for all (N, M) € Riy, where Z = [:11 :12] € 82*2 is a function constructed from

o1 Eao
(N, M) by Procedure UW.

(1]

By Proposition 5.7, SW¢ is independent of choice of Z in Upper W (N, M).
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8. A criterion for the solvability of the ppiag-synthesis problem

Theorem 8.1. Let A1,...,\, be distinct points in D and let (z1;,x2;,x3;) € & be such
that x1jxe; # x3; for j =1,...,n. Then the following are equivalent.

(i) There exists a holomorphic function x : D — € such that
x(Aj) = (@1, 225, 235) forj=1,...,n. (8.1)
(ii) There exists a rational E-inner function x such that
x(Nj) = (215, x2j, x35) forj=1,...,n. (8.2)
(iii) For every triple of distinct points z1,z2,z3 in D, there exist positive 3n-square ma-
trices N = [Nil7j’f]z7j3:1,l,k:1 of rank at most 1, and M = [Mil,jk]?,le,l,k:l such

that, for 1 <i,5<nandl1 <[l k<3,

1_ Z1T3; — T1j 2kT35 — T1j

=(1—Zz) Ny ; 1= MMM e 8.3
Tz — 1 Toj2k — 1 ( lek) ljk T ( ]) 1,5k ( )

(iv) For some distinct points z1, 22, z3 in D, there exist positive 3n-square matrices N =
23 )3
[Nil,jk]zg':1,z,k:1 of rank at most 1, and M = [Milxjk]?,j:l,l,kzl such that

21T3; — X114 T35 — L1y —
1-— > (1— Nz ikl + (1 — X X)) My i | - 8.4
xoizi — 1 wojzr—1 | [ = Z2) Ni ] + [( i) Migi] - (8:4)

Proof. Clearly (ii) = (i) and (iii) = (iv). We will show that (iii) = (ii), (iv) = (i)
and (i) = (iii) to complete the proof.

(iii) = (ii): Suppose that (iii) holds. Then since N is positive and has rank 1 there
are ;5 € C such that forall 5 =1,...,nand k=1,2,3

Nk = YaVjk-

Similarly since M is positive there is a Hilbert space H of dimension at most 3n and
vectors v, € H such that forall j =1,...,nand k =1,2,3

M ik = (Vjk, Vi) H-

172.7‘2;@71
we can show that the Gramian of the vectors

Now recall that \I/(z;wxlj, Toj, T3j) = . Then, as in the proof of Theorem 5.5,

(2, 215, T2j, T35)
Yik eC’qH
Vjk
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forall j =1,...,nand k =1,2,3, is equal to the Gramian of the vectors

1
(Zk'ij> eC’aH
)\j?}jk

forall j=1,...,n and k = 1,2, 3. Hence there is a unitary operator L on C? @ H which

\Il(zk,l'ljaijal'Sj) 1
Yik to the vectors | zrvjk

Vjk AjVjk

maps the vectors

forj=1,...,nand k= 1,2,3. Write L as a block operator matrix

A B
v=[e 5]

where A, D act on C2, H respectively. Then, for j = 1,...,n and k = 1,2, 3, we obtain
the following equations

‘I/(Zk T1j,T25 xgj) 1 1
) ’ ) = A BM\:vs; R — DM:v.iw.
( Vik g ) T BN and v = CL o) DA

From the second of these equations,

vjk:(l—mj)—lc< ! )

2k Vjk

and so

U(2g, w1, T4, T35) | _ (T Pyl 1
( 3 — (A BA(-DA) ) (L))

, _ A b(A
forall j =1,...,nand k = 1,2,3. Let ©(\) = A+ BA(I — DA\)"!C = {Z((A)) dbﬂ-

Since L is unitary and H is finite-dimensional, © is a rational 2 x 2 inner function. Hence
the function x := (a,d, det ©) is a rational £-inner function.

We claim that « satisfies the interpolation conditions (8.2) x(\;) = (x1;, 25, x3;) for
allj=1,...,n.

From above

(qz(zk,x%;zjva‘)) — o)) (Zkijk) = (g((:\\j))iggj\\;gzlgjz)

forj=1,...,nand k= 1,2,3. Hence
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W(zk, 15, 025, T35) = a(A;) + b(A;)2xvjk and v = c(Aj) + d(Aj)zrvjk

and so

U(zp, 215, T, 35) = a(Ng) +b(Aj)ze (1 — d(Xj)z) " He(N)).
That is, for each j = 1,...,n, the linear fractional maps

L1 — X352
U(z, 215, T2, T35) = 1]_—$2JJZ and
N b))V aldy) = (a(A))d(Ay) — b(A;)e(A;))z
Q(AJ) + =
1-— d()\j)z 1— d(/\j)z

agree at three distinct values of z € D, and so the two maps are the same. Thus, since
T1jx25 # 35 for j=1,...,n,

a(Aj) = x15,d(A;) = w25 and det O(N;) = a(A;)d(A;) — b(Aj)e(N)) = z3;.

It follows that x(\;) = (@15, 2, x3;) for j =1,...,n and so (iii) = (ii).
(iv) = (i): This proof is similar to (iii) = (ii). The difference is that the Gramian
of the vectors

(g, 215, T2j, T35)
Yik e C? o H
Vjk
is less than or equal to the Gramian of the vectors
1
zvik | € C2 @ H,

AjUjk

for j =1,...,n and k = 1,2, 3. Hence there is a contraction L on C?> @& H which maps

U (zp, 215, T25, T35) 1
Vik to the vectors | zrvjr | .

Vjk AjUjk

the vectors

Since L is a contraction, the map © defined by ©(\) = A + BA(I — D\)~!C =
[ig:\\; ZES\\;] belongs to $2*2 and hence z = (a,d,det ©) € Hol (D, &). That x();)
(1,25, x35) for j =1,...,n follows as in the previous part.

(i) = (iii): Suppose there is a holomorphic function x = (z1,29,23) : D — &
satisfying x(\;) = (x1;, x2j, ;) for j = 1,...,n. By Theorem 7.1, there is a holomorphic
function
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F= [”Ji; f;] . D — M,(C)

such that fo #0 and ||F(A\)|| <1 for all A € D and

A= F(p) FA)

T 7x n(A, 2)

1= (w, x (1)) ¥(2, 2(N) = (1=wz)y (1, w)y(A, 2)+(L=EN)n (1, w)

for all p, A € D and any w, z € C such that 1 — za(p)w # 0 and 1 — z2(X)z # 0, where

YA 2) = (1= 22(N)2) " fo(A) and p(X, 2) = ['y()jz)z} :

Hence for the given A\; € D, j =1,...,n, and for all w,z € D,

1 — W(w, z14, T2, x3:) ¥ (2, 15, T2j, T35)

= 1= U(w,z(X))¥(z,2(\)))

= (1= @271, w)r (A, 2) + (1= Xy (i, w)* — ==, 2).

In particular for every triple of distinct points 21, 29,23 in D, and for all j =1,...,n,

1 — W (2, @14, 24, 35) Y (28, T1j, T2j, T35)

- — I—F(\)"F(\;
= (1 — z_lzk)v()\i, zl)y(Aj,zk) + (1 — )\i>\j)77()\i7 Zl)* 1 ( )\l)\ ( J)n()\j7 Zk).
— i)\

Since F € §%*2 with fy # 0, by Proposition 5.1,

= F(u)'F(\)

-7 n(A, 2)

(s w)y(A, 2) and n(p, w)

are kernels on D2. Hence the 3n-square matrices

n,3
n.3 — :
N = [N jkli o1 g p=1 = {W(Aivzzh()\j,zk)} it
and
. NERACONALY).
M = [Ma g5y e = [U(MZZ) WY (X, zx)
A i,j=1,0,k=1

are positive for all 1 < 4,5 <n and 1 <[,k < 3. Moreover N is of rank 1 and for all
1<i,j<nand1<I[ k<3,

1 — W (2, @14, Tas, ©3:) Y (28, X1, T2, T35) = (1 — Z026) Najre + (1L — NiAj) Mig ji.

It follows that (i) = (iii). O
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9. Construction of all interpolating functions in Hol (D, £)

Theorem 8.1 gives us a criterion for the solvability of the interpolation problem
find z € Hol(D, ) such that z(\;) = (21, x5, x3;) for j =1,...,n. (9.1)

The proof of the theorem contains a description of a process for the derivation of a
solution of the problem (9.1) from a feasible pair (N, M) for the inequality (8.4) with
rank (N) < 1. The process can be summarised as follows.

Procedure SW

Let A\; and (z1;, z25,x3;) be as in Theorem 8.1. Let 21, 22, 23 be a triple of distinct
points in D, and N, M be positive 3n-square matrices such that rank (N) < 1 and the
inequality (8.4) holds.

(1) Choose scalars 7, such that N = [W’ij]z‘le,&k:l.
(2) Choose a Hilbert space M and vectors vj; € M such that

M = [{vjk; vie) 4]

n,3
ig=1,6k=1"

(3) Choose a contraction
[é g] CCoM-CPoM

such that

1 U (zk, 214, T2, T35)
A B s Lljy, 425, L35
& 8] ()= (™) 02
AjUjk Vjk

forj=1,...,nand k=1,2,3.
(4) Let

z(\) = Left Sg (A + BA(I — D)\)"1C) (9.3)

for A € D.

Then z € Hol(D, £) and z()\;) = (z1;, 295, x3;) for j =1,...,n.

The purpose of this section is to show that this procedure in principle yields the
general solution of the problem (9.1), provided that one can find the general feasible
pair (N, M) for the relevant inequality with rank (V) < 1.

Theorem 9.1. Every solution of an E-interpolation problem arises by Procedure SW from
a solution (N, M) of the corresponding inequality (8.4) with rank of N less than or equal
to 1.
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Proof. Let Aj,x1;, 225,235 be as in Theorem 8.1 and let « = (21,22, 23) € Hol (D, &) be
such that z(\;) = (215, x2j, x3;) for all j = 1,...,n. We must produce a pair of positive
matrices (N, M) that satisfy the inequality (8.4) such that Procedure SW, when applied
to (IV, M) with appropriate choices, produces .

By Proposition 7.1 there is a unique F' = [Fzﬁ € §2%2 guch that Fi1 = z1, Fas = 9,
det F' = x3, |F12| = |F21] a. e. on T, Fy; is outer or 0 and Fo is inner. Moreover if

YA 2) = (1= F2(N)2) "' Far (A) and (A, 2) = {zv(i, )\)]
then

1= U(w,z(pw)¥(z,z(A) = (1 —wz)y(u, w)y(A, 2) + 0w, w)* (I = F(u)*F(X)n(A, 2)

for all z, A\, w, u € D.
Since F € §2%2,

I = F(p)"F\)

(A ) = -7

is a positive 2 x 2 kernel on D, and so there is a Hilbert space H and a holomorphic map
U:D — £L(C?,H) such that

I = F(p)"F()\)

T = U U

for all A, € D. Hence

1= W(w, z(u)¥(z,2(N) = (1 —wz)y(m, w)y(A, 2) + (1 = BA)n(p, w) U ()" U(A)n(A, 2)

for all z, A\, w, u € D. In particular, for every triple of distinct points z1, 22, 23 in D,

1 — W (2, @14, 24, 34) Y (21, T1j, T2j, T35)
= (1 =z12)7(Nis 20)7(Nj 21) + (1= XA U A)n(ze, ), U0 (21, i)
foralli,j=1,...,nand [,k =1,2,3. It follows that the 3n-square matrices

n,3

N = [y(zl, i)y (2, )‘j)] ij=1,0k=1

and
M = [(UX)n(2k, X)), U (20 M)y

satisfy the inequality (8.4) and moreover the rank of N is less than or equal to 1. Thus
we may apply Procedure SW to (IV, M). In steps (1) and (2) we choose v,r = v(Aj, 2k),
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M =H and vj, = U(N;)n(Nj, z). As in the proof of Theorem 5.5 we can show that the
Grammian of the vectors

1
( zy(A, 2) ) cC’oH
AU M)A, 2)

for all z, A € D, is equal to the Grammian of the vectors

U(z,z(N)
( (A 2) ) cC’oH
UMn(A, 2)

for all z, A\ € D. Hence there is an isomertry

1
Ly : span {( z27(A, 2) ) tZ,A€E ID)} —-C*oH
AU(A)n(A, z)

such that

1 U(z,z(N)
AUMn(A, z) U(Mn(A, 2)
for all z, A\ € D. Now extend Ly to a contraction

_ |4 B| 2
L[C D}.C OH—->C DH.

Then, in particular,

1 U (2, 2(N))
L( 2y (g, 2k) ) = ( Y(Aj, 2k) )
AU )IN(A;5 2e) UN)n(Nj, zr)
forall j =1,...,nand k = 1,2, 3, which is step (3) of Procedure SW. Hence we can use

L in step (4) to obtain a function € Hol (D, €) such that Z(\;) = (21, T2, T3;)-
We claim that & = x. We already have

() 4 egho ) - Agw&,z>>+w<»w

U\, 2) AU (Mn(X, 2) C w(i Z)> + DATO(, 2)

and so

<\I}§Z(A$(2A)))) =4 (mi, z)) +BAU(A)n(A, 2)
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and

for all z, A\ € D. Hence

(‘%’?f%”) — (A+BAI — DN)'0) (Zv&’ Z>) — o) (zv(i, Z)>
and so
W(z,2(N) = 011 (A) + O1a(N)2v(A, 2)
and
(A, 2) = O21(A) + O22(A)27(A, 2)

for all z, A € D. It follows that

@12@21()\)2 N det @()\)Z — @11()\)

V(z,2(A) = Ou) + 1= N (V)2 —1

for all z, A € D, and so, by Proposition 7.9, ©11(A) = z1(A), O22(A\) = z2(A), det O(N) =
xz3(A) and T = (1, 22,23) = 2. O

The criterion for the ppiag-synthesis problem (Theorem 1.1) follows from Theorem 3.1
and Theorem 8.1. The tetrablock £ is a bounded 3-dimensional domain, which is more
amenable to study than the unbounded 4-dimensional domain

5 A€ C2: ppiag(A) < 1}

Theorem 9.2. Let A\q,..., A\, be distinct points in D and let (215, x2j, x35) € E be such
that x1jx2; # x3; for j =1,...,n. The E-interpolation problem

)\j eD~— (l‘lj,iﬁgj,l‘gj) €&
for 5 = 1,...,n, is solvable if and only if for some distinct points z1,z9,23 in D,
there exist positive 3n-square matrices N = [Nilek];l’lelkzl of rank 1 and M =

,3 .
[Mil7jk]zj:1,l7k:1 that Satzsfy

21T35 — T1q 2kT35 — L1y

1- > [(1 = Z2r) Nizga] + [(1 = NiXj) Ma ] (9.4)

T2; 2] — 1 X252k — 1
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1
Nl < and
Vil < T DT Ty )

2 1 1
[ M x| < — 1+ L+ :
! vy (1 = [22:])? (1 —|225))?

Proof. Sufficiency follows from Theorem 8.1 (iv) = (i). To prove necessity, suppose

that the interpolation problem is solvable. In the proof of Theorem 8.1 (i) = (iii) it
was shown that, for every triple of distinct points z1, 29, 23 in D, the inequality (9.4) is
satisfied for

n,3
n,3 I oz umny '
N = [Nil,jk]i,j:Ll,k:l = [’Y()\iaZl)’Y(Aijk)L,j:U,kzl
of rank 1 and
I — FOG)*F(\ w3
M = Dl s = [0 o) T Oy )
1- >‘i)‘j i,j=1,l,k=1

where [[F()j)]| <lforallj=1,...,n,

V(g zw) = (1= w2j2) 7 f2(A;) and (X, 2z¢) = {7(/\]»,1%)%] ’

and |f2(A;)] <1 forall j =1,...,n. It follows that for all j =1,...,n and k =1,2,3,

1 1 1
and so [Ny x| < )
! (1 = Jz2i|)(1 = |zo;1)

)“azk < <
|7( J )| |1_x2jzk:| 1_‘1:2j|

Moreover for all j =1,...,nand k=1,2,3,

1
=1+ v\, 2z0) 2> <1+

e a1 T

and so

11 = EQ) F Al
[1— X

< 2 1+ 1 1+ 1
T = N (1 — |a2i])? (1= Jag;])?

Thus if the given E-interpolation problem is solvable then there exist positive 3n-square

| M| < In(Ais z0)llez[1n(As, 28)llc2

matrices satisfying the required conditions. O
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