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Abstract We study maximal subgroups of the free idempotent generated semigroup
IG(E), where E is the biordered set of idempotents of the endomorphism monoid
End A of an independence algebra A, in the case where A has no constants and has
finite rank #n. It is shown that when n > 3 the maximal subgroup of IG(E) containing
arank 1 idempotent ¢ is isomorphic to the corresponding maximal subgroup of End A
containing ¢. The latter is the group of all unary term operations of A. Note that the
class of independence algebras with no constants includes sets, free group acts and
affine algebras.

Keywords Independence algebra - Idempotent - Biordered set

1 Introduction

Let S be a semigroup with set E = E(S) of idempotents, and let (E) denote the
subsemigroup of S generated by E. We say that S is idempotent generated if S = (E).
There are many natural examples of such semigroups. Itis shown in Howie [24] that the
subsemigroup of all singular transformations of a full transformation monoid 7, on n
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elements, n € N, is generated by its idempotents and, moreover, any (finite) semigroup
can be embedded into a (finite) regular idempotent generated semigroup. Subsequently,
Erdos [14] investigated the matrix monoid M,, (F') of all n x n matrices over a field F,
showing that the subsemigroup of all singular matrices of M,,(F) is generated by its
idempotents. Note that M, (F) is isomorphic to the endomorphism monoid End V of
all linear maps of an n dimensional vector space V over F to itself. Alternative proofs
of [14] were given by Aradjo and Mitchell [1], Dawlings [8] and Djokovi¢ [9], and
the result was generalized to finite dimensional vector spaces over division rings by
Laffey [26]. Given the common properties shared by full transformation monoids and
matrix monoids, Gould [18] and Fountain and Lewin [17] studied the endomorphism
monoid End A of an independence algebra A. In Sect. 2 we review the relevant results.

The notion of a biordered set, and that of the free idempotent generated semigroup
over a biordered set, were both introduced by Nambooripad [29] in his seminal work
on the structure of regular semigroups. A biordered set is a partial algebra equipped
with two quasi-orders determining the domain of a partial binary operation, satisfying
certain axioms. It is shown in [29] that for any semigroup S, the set £ = E(S) of
idempotents is endowed with the structure of a biordered set, where the quasi-orders
are the restriction of <, and <g to E and the partial binary operation is a restriction
of the fundamental operation of S. The definition of <, and < yields that a product
betweene, f € Eisbasicifandonlyif {ef, fe}N{e, f} # . Note that in this case ef,
fe € E. Conversely, Easdown [13] showed that, for any biordered set E, there exists
a semigroup S whose set E(S) of idempotents is isomorphic to E as a biordered set.

Given a biordered set E = E(S), there is a free object in the category of all
idempotent generated semigroups whose biordered sets are isomorphic to E, called
the free idempotent generated semigroup 1G(E) over E. It is given by the following
presentation:

IG(E)y=(E:eéf =ef, e, f € E,{e, fiN{ef, fe} #0),

where here E = {¢ : ¢ € E}.! Clearly, IG(E) is idempotent generated, and there is a
natural map ¢ : IG(E) — S, given by e¢ = e, such that im¢ = S’ = (E). Further,
we have the following result, taken from [2,13,15,21,29], which exhibits the close
relation between the structure of the regular D-classes of IG(E) and those of S.

Proposition 1.1 Let S, S’, E = E(S),IG(E) and ¢ be as above, and let ¢ € E.

(i) The restriction of ¢ to the set of idempotents of IG(E) is a bijection onto E (and
an isomorphism of biordered sets).
(ii) The morphism ¢ induces a bijection between the set of all R-classes (respectively
L-classes) in the D-class of e in 1IG(E) and the corresponding set in (E).
(iii) The restriction of ¢ to H; is a morphism onto H,.

To understand the behaviour of idempotent generated semigroups, it is important
to explore the structure of semigroups of the form IG(E). One of the main directions

! Some authors identify elements of E with those of E, but it helps the clarity of our later arguments to
make this distinction.
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in recent years is to study maximal subgroups of IG(E). A longstanding conjecture
(appearing formally in [27]), purported that all maximal subgroups of IG(E) were
free. Several papers [27], [30], [33] and [32] established various sufficient conditions
guaranteeing that all maximal subgroups are free. However, in 2009, Brittenham, Mar-
golis and Meakin [3] disproved this conjecture by showing that the free abelian group
7@ Z occurs as a maximal subgroup of some IG(E). An unpublished counterexample
of McElwee from the 2010s was announced by Easdown [12] in 2011. Motivated by
the significant discovery in [3], Gray and RuSkuc [21] showed that any group occurs
as a maximal subgroup of some IG(E). Their approach is to use Ruskuc’s pre-existing
machinery for constructing presentations of maximal subgroups of semigroups given
by a presentation, and refine this to give presentations of IG(E), and then, given a group
G, to carefully choose a biordered set E. Their techniques are significant and powerful,
and have other consequences. However, to show that any group occurs as a maximal
subgroup of IG(E), a simple approach suffices [19], by considering the biordered set
E of non-identity idempotents of a wreath product G @ 7,,. We also note here that any
group occurs as IG(E) for some band, that is, a semigroup of idempotents [11].

With the above established, other natural question arise: for a particular biordered
set E, what are the maximal subgroups of IG(E)? Gray and Ruskuc [22] investigated
the maximal subgroups of IG(E), where E is the biordered set of idempotents of
a full transformation monoid 7,,, showing that for any e € E with rank r, where
1 < r < n — 2, the maximal subgroup of IG(E) containing e is isomorphic to the
maximal subgroup of 7,, containing ¢, and hence to the symmetric group S,. Another
strand of this popular theme is to consider the biordered set E of idempotents of the
matrix monoid M, (D) of all n x n matrices over a division ring D. By using similar
topological methods to those of [3], Brittenham, Margolis and Meakin [2] proved that
if e € E is arank 1 idempotent, then the maximal subgroup of IG(E) containing e is
isomorphic to that of M,, (D), that is, to the multiplicative group D* of D. Dolinka and
Gray [10] went on to generalise the result of [2] to e € E with higher rank r, where
r < n/3, showing that the maximal subgroup of IG(E) containing e is isomorphic
to the maximal subgroup of M, (D) containing e, and hence to the r dimensional
general linear group GL, (D). So far, the structure of maximal subgroups of IG(E)
containing e € E, where ranke = r and » > n/3 remains unknown. On the other
hand, Dolinka, Gould and Yang [7] explored the biordered set E of idempotents of the
endomorphism monoid End F,(G) of a free G-act F,,(G) = |J!_, Gx; over a group
G, withn € N, n > 3. It is known that End F,,(G) is isomorphic to a wreath product
G 7,. They showed that for any rank r idempotente € E, with 1 <r <n —2, Hz is
isomorphic to H, and hence to G @ S,. Thus, the main result of [7] extends results of
[19], [21] and [22]. We note in the cases above that if rank e is n — 1 then Hp is free
and if rank e is n then Hp is trivial.

In this paper we are concerned with a kind of universal algebra called an indepen-
dence algebra or v*-algebra. Examples include sets, vector spaces and free G-acts
over a group G. Results for the biordered sets of idempotents of the full transformation
monoid 7, the matrix monoid M, (D) of all n x n matrices over a division ring D and
the endomorphism monoid End F;, (G) of a free (left) G-act F;, (G) suggest that it may
well be worth investigating maximal subgroups of IG(E), where E is the biordered
set of idempotents of the endomorphism monoid End A of an independence algebra

@ Springer



Y. Dandan, V. Gould

A of rank n, where n € N and n > 3. Given the diverse methods needed to deal
with the biordered sets of idempotents of 7,,, M,,(D) and End F},(G), we start with the
presumption it will be hard to find a unified approach applicable to the biordered set of
idempotents of End A. However, the aim is to make a start here in the hope of facilitat-
ing the identification of a pattern. We show that for the case where A has no constants,
the maximal subgroup of IG(E) containing a rank 1 idempotent £ is isomorphic to that
of ¢ in End A, and the latter is the group of all unary term operations of A. Standard
arguments give that if rank ¢ is n — 1 then Hz is free and if rank ¢ is n then Hz is trivial.

The structure of this paper is as follows. In Sect. 2 we give the required background
on independence algebras, including the part of the classification of Urbanik [35]
necessary for our purposes. We then discuss in Sect. 3 the rank 1 D-class of End A
in the case A is an independence algebra of finite rank with no constants, and show
that the maximal subgroups are isomorphic to the group of unary operations. The next
section collects together some results for the maximal subgroup Hz in IG(E) in the
case D, is completely simple with a particularly nice Rees matrix representation; the
proofs are omitted since they following those of [19]. Section 5 contains the main
technicalities, where we examine a set of generators of Hz in the case ¢ is a rank 1
idempotent of End A, where A is an independence algebra of finite rank » > 3 having
no constants. Finally in Sect. 6 we give our promised result, that with ¢ as given, Hz
is isomorphic to H,.

For basic ideas of Semigroup Theory we refer the reader to [25] and of Universal
Algebra to [28], [6] and [20].

2 Independence algebras and their endomorphism monoids

In [18] the second author answered the question “What then do vector spaces and sets
have in common which forces End V and 7, to support a similar pleasing structure?’.
To do so, she investigated a class of universal algebras, v*-algebras, which she called
independence algebras: the class includes sets, vector spaces and free group acts.

Let A be a (universal) algebra. For any a1, ..., a, € A, aterm built from these
elements may be written as #(ay, ..., a,) where t(xy,...,x,) : A" — Aisa
term operation. For any subset X € A, we use (X) to denote the universe of the
subalgebra generated by X, consisting of all 7 (ay, ..., a,), where m € N0 = NuU {0},
ai,...,apy € X, and t is an m-ary term operation. A constant in A is the image of a
basic nullary operation; an algebraic constant is the image of a nullary term operation
i.e. an element of the form ¢ (cy, ..., ¢;,) Where ¢, ..., ¢, are constants. Notice that
(@) denotes the subalgebra generated by the constants of A and consists of the algebraic
constants. Of course, () = ¢ if and only if A has no algebraic constants, if and only
if A has no constants.

We say that an algebra A satisfies the exchange property (EP) if for every subset X
of A and all elements x, y € A:

ye (XU{x})and y ¢ (X) implies x € (X U {y}).

A subset X of A is called independent if for each x € X we have x ¢ (X\{x}). We
say that a subset X of A is a basis of A if X generates A and is independent.

@ Springer
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As explained in [18], any algebra satisfying the exchange property has a basis, and
in such an algebra a subset X is a basis if and only if X is a minimal generating set
if and only if X is a maximal independent set. All bases of such an algebra A have
the same cardinality, called the rank of A. Further, any independent subset X can be
extended to be a basis of A.

We say that a mapping 0 from A into itself is an endomorphism of A if for any
m-ary term operation ¢ (xq, ..., x;;) and ay, ..., a, € A we have

tlay,...,an)0 =t(ai0,...,a,0);

if 6 is bijective, then we call it an automorphism. Note that an endomorphism fixes
the algebraic constants.

An algebra A satisfying the exchange property is called an independence algebra
if it satisfies the free basis property, by which we mean that any map from a basis of
A to A can be extended to an endomorphism of A. The term ‘independence algebra’
was introduced by the second author in [18], where she initiated the study of their
endomorphism monoids; it is remarked in [18] that they are precisely the v*-algebras
of Narkiewicz [31].

Let A be an independence algebra, End A the endomorphism monoid of A, and
Aut A the automorphism group of A. We define the rank of an element « € End A to
be the rank of the subalgebra im « of A; that this is well defined follows from the easy
observation that a subalgebra of A is an independence algebra.

Lemma 2.1 [18] Let A be an independence algebra. Then End A is a regular semi-
group, and for any «, B € End A, the following statements are true:

(i) a L Bifand only ifima = im f8;

(ii) a R B if and only if ker « = ker f3;
(iii) o D B if and only rank o = rank g;

(iv) D=J.

Let D, be the D-class of an arbitrary rank r element in End A. Then by Lemma

2.1, we have

D, ={x € EndA : rank o =r}.
Put DY = D, U {0} and define a multiplication on D by:

o« B = af ifa, B € D, and rank off =r
10 else
Then according to [18], we have the following result.

Lemma 2.2 [18] Under the above multiplication - given as above, D9 is a completely
0-simple semigroup.

It follows immediately from Rees Theorem (see [25, Theorem 3.2.3]) that D9 is
isomorphic to some Rees matrix semigroup M°(G; I, A; P). We remark here that if
A has no constants, then
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D) ={x € EndA: rankoa = 1}

forms a completely simple semigroup under the multiplication defined in End A, so
that D is isomorphic to some Rees matrix semigroup M(G; I, A; P).
Generalising results obtained in [14] and [24], we have the following.

Lemma 2.3 [17] Let A be an independence algebra of finite rank n. Let E denote the
non-identity idempotents of End A. Then

(E) = (E;) = End A\ AutA

where E| is the set of idempotents of rank n — 1 in End A.

We now recall part of the classification of independence algebras given by Urbanik
in [34]. Note that in [34], an algebraic constant of an algebra is defined as the image
of a constant term operation of A, which is in general a broader definition than that we
introduced in the beginning of this section. However, the following lemma illustrates
that for non-trivial independence algebras, these two notions coincide. The proof of
the following can be extracted from [16], which deals with a wider class of algebras
called basis algebras. For convenience we give a quick argument.

Proposition 2.4 For any independence algebra A with |A| > 1, we have () = C,
where C is the collection of all elements a € A such that there is a constant term
operation t(x1, ..., Xp) of A whose image is a. Consequently, if A has no constants,
then it has no constant term operations.

Proof First, clearly we have () C C.
Leta € C\ (¥) so that by definition there exists # > 1 and a constant term operation
t(xy, ..., xy) with image {a}. Put s(x) = f(x, ..., x) and note that

s(a) =t(a,...,a) =a.

As {a} is independent, it can be extended to be a basis X of A. Now we choose an
arbitrary b € A, and define a mapping ¢ : X — A such that a6 = b. By the free
basis property, 6 can be extended to be an endomorphism 6 of A. Then

b=ab =s(a)f = s(ah) = a.

As b is an arbitrary fixed elementin A, we have |A| = 1, contradicting our assumption
that |[A| > 1. Thus no such a exists and (#) = C as required. O

We are only concerned in this paper with independence algebras with no constants,
so here we give the classification of independence algebras only in this case. For the
complete result we refer the reader to [35]. The reason for our restriction to rank at
least 3 will become clear from later sections.

Theorem 2.5 [35] Let A be an independence algebra of rank at least 3, and having
no constants. Then one of the following holds:
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(i) there exists a permutation group G of the set A such that the class of all term
operations of A is the class of all functions given by the following formula

1(x1, . xm) = g(xj), (meN, 1 <j<m)

where g € G.

(ii) A is an affine algebra, namely, there is a division ring F, a vector space V over
F and a linear subspace Vy of V such that A and V share the same underlying
set and the class of all term operations of A is the class of all functions defined
as

t(xy,...,xp) =kix1+ -+ kyx, +a

whereky, ..., k, € Fwithki+---+k,=1€ F,ae Vyandn > 1.

It is easy to see (and an explicit argument is given in the finite rank case in [18]),
that the H-class of a rank « idempotent in End A for any independence algebra A is
isomorphic to the automorphism group of a rank « subalgebra.

We finish with some comments concerning the automorphism groups of A, where
A is as in Theorem 2.5. The reader may also refer to Cameron and Szabd’s paper [4],
in which it is observed that the automorphism group of any independence algebra is
a geometric group. The latter fact is used to obtain characterisations of independence
algebras (in particular in the finite case) from a different standpoint to that in [35].

Remark 2.6 Let A be as in Theorem 2.5. In Case (i), an easy application of the free
basis property gives that the stabiliser subgroups S, and S of any a, b € A are equal
and hence S = S, is normal in G. Consequently, if G’ = G/S, we have that A is a
free G’-act. It is well known that in this case Aut A is isomorphic to G': Sy, where X
is a basis of the free G’-act.

In the rank 1 case it is then clear that Aut A is isomorphic to G'.

In Case (ii), we have that Aut A is a subgroup of the group of affine transformations
of the underlying vector space V. Specifically, we claim that Aut A is the set of all
maps of the form ¢, such that 8 € AutV and fixes Vy pointwise, and 1, b € A, is
translation by b.

Itis easy to see that with 6 and b as given, 01, € Aut A. Conversely, let y € AutA,
putb = 0y andletd = {¢_;. By considering the term (x) = x+a, a € Ay, itis easy
to see that ad = a. Forany A € F,put s, (x,y) = (1 — A)x + Ay. Now £, (0, y)¢¥ =
1, (b, yyr) gives that (Ay)8 = A6(y) for any y € A. Finally, by considering ¢ (x, y) =
%x + %y, we obtain that € preserves +. By very construction, ¢ = 61,.

Notice that if Vy is trivial, then Aut A is the affine group of V. If dimV =n € N
then AutV is isomorphic to the general linear group GL, (F). It is well known that
in this case the affine group is isomorphic to a semidirect product V x GL,, (F) under
the natural action. For a general V( we therefore have that Aut A is obtained by taking
the subgroup of GL,, (F) that stabilises V{y pointwise.

From comments above it is clear that in the rank 1 case we have Aut A is V x F if
Vo = {0} and F (under addition) otherwise.
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3 Unary term operations and rank-1 D-classes

Throughout this section let A be an independence algebra with no constants and rank
n € N. We now explore the D-class D of a rank 1 idempotent of End A. It is known
that D is a completely simple semigroup, and we give a specific decomposition for D
as a Rees matrix semigroup.

We first recall the following fact observed by Gould [ 18], the proof of which follows
from the free basis property of independence algebras.

Lemma 3.1 [18] Let Y = {y1, ..., ym} be an independent subset of A of cardinal-
ity m. Then for any m-ary term operations s and t, we have that s(y1, ..., Ym) =

t(1, - .., ym) implies
s(a, ...,am) =t(ai, ..., am)

forallay,...,an € A, sothats = t.

Let G be the set of all unary term operations of A. It is clear that G is a submonoid
of the monoid of all maps from A to A, with identity we denote as 14.

Lemma 3.2 The set G forms a group under composition of functions.

Proof Let t be an arbitrary unary term operation of A. Then for any x € A, we have
t(x) € (x) and t(x) ¢ () = (. By the exchange property of independence algebras,
we have that x € (¢(x)), and so x = s(¢(x)) for some unary term operation s. As {x}
is independent, we have st = 15 by Lemma 3.1. Hence we have ¢ (x) = t(s(f(x))),
and since {r(x)} is independent, it again follows from Lemma 3.1 that ts = 14, so
that G is a group. O

Let ¢ be a rank 1 idempotent of End A. It follows immediately from Lemma 2.1
that the D-class of ¢ is given by

D =D, ={ax € EndA: ranka = 1}

which is a completely simple semigroup by Lemma 2.2, so that each H-class of D is
a group.

Let 7 index the R-classes in D and let A index the L-classes in D, so that H;)
denotes the H-class of D which is the intersection of R; and L,. By Lemma 2.1,
I indexes the kernels of the rank 1 elements and A the images. Note that H;; is a
group, and we use ¢;; to denote the identity of H;,, foralli € I and all A € A. Let
X = {x1,...,x,} be a basis of A. It is notationally standard to use the same symbol
1 to denote a selected element from both 7 and A, and here we put

Il={(x;)eAand 1l =((x1,x;): 1 <i<n)el,

the latter of which is the congruence generated by {(x1, x;) : 1 < i < n}. Then the
identity of the group H-class Hjj (using obvious notation) is
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As we pointed out before, the group H-classes of D are the maximal subgroups of
End A containing a rank 1 idempotent. All group H-classes in D are isomorphic (see
[25, Chap. 2]), so we only need to show that Hj; is isomorphic to G. For notational
convenience, put H = Hjj and ¢ = ¢11. In what follows, we denote an element

)Cl “ee xn
(S(X1) S(Xl)) € End A by a, where s € G.

Lemma 3.3 The group H is isomorphic to G.

Proof 1Tt follows from Lemma 2.1 that

_ _ X1 cee o Xp
aeH{:Nx_as_(s(x1)~~-s(x1))

for some unary term operation s € G. Define a mapping

¢:H—>G,( *1 ot An )»—>s.

s(x1) -+ s(xp)

Clearly, ¢ is an isomorphism (note that composition in G is right to left), so that
H = G as required. O

Since D is a completely simple semigroup, we have that D is isomorphic to some
Rees matrix semigroup M(H; I, A; P), where P = (p,;). For each i € I and each
A€ A, weputp,; = q,r; withr; = ¢;1 € H;; and q) = €1, € Hy,..

It is easy to see that an element « € End A with ima = (x1) is an idempotent if
and only if xjo = x1, so that for each i € I, we must have

r 8 xl x2 .« .. xn
ey =
e x1 s2(x1) - - sp(x1)

where 52, ...,5, € G.

On the other hand, for each A € A, suppose that A = (y) , where y =
t(xy,...,x,) € A for some term operation r. We put '(x) = #(x,...,x) and
s; = (+/)~!. Then we claim that

q _ 8 _ XI ... xn )

FEIT  sm) s )

Obviously, we have ker q; = ((x1, x2), ..., (x1,x,)) andimqy = A, so q; € Hy,. It
follows from

YU =11, X)) =205t (V) s (0) =1 (s () =y
that q; is an idempotent of Hj, and so q, = &1,. This also implies that q; does

not depend on our choice of the generator y, as each group H-class has a unique
idempotent.
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Note that we must have special elements A, ..., A, of A such that Ay = (x), for
k =1, ..., n. To simplify our notation, at times we put k = A¢, forallk =1, ..., n.

Clearly, we have
_ . xl...xn
qr = €1k = <Xk mx]()
forallk =1,...,n.

We now aim to look into the structure of the sandwich matrix P = (p;;). Let
A, y,t,r; and @) be defined as above. Then we have

o (x o ox XL Xy e Xy
Pii = (st(y> »(y)) (x1 s2(x1) ~--sn<x1>)
B x1 X
N (Szt(xhsz(xl), o sp(x1)) - st (e, s2(x), .-,sn(x1)))

Particularly, if A = 1 then

o xl"'xn ‘xl x2 RS xn
L N WAC RN

X1 - Xp —a — ey
X1 - X1 A

andif A = k with k € {2, ..., n}, then
o ('xl ...xn) (XI xz PR xn )
P =\ xp o oox ) g sax) - sa(x)
_ ( X1 e Xn ) —
Tosk(xy) cees(x) ) T

For convenience, we refer to the row (p,;) for fixed A € A and the column (p;;)
for fixed i € I as the A-th row and i-th column, respectively. Notice that from above

(p1;) = (a1,) and
(Pa1) = (qary) = (e1xe11) = (e11) = (ay,).

Furthermore, P has the following nice property.

Lemma 3.4 Foranya,, ..., o5, € Hip withsy, ..., s, € G, there exists somek € 1
such that the k-th column of the sandwich matrix P is (o1, , Qgy, ..., Oy, , - - )T

X1 ) PR Xn

. Then the
x1 s2(x1) ~-~Sn(x1))

Proof To show this, we only need to take ry = (

k-th column is

T T
Pk P2ks - > Prks - --) = (01, Qgyy o vy Oy o)
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4 Completely simple subsemigroups

For future convenience we draw together some facts concerning the case where £ =
E(S) and S = (E) has a completely simple subsemigroup such that the sandwich
matrix has particular properties. Effectively, we are elaborating on a remark made at
the beginning of [19, Sect. 3].

We begin with a crucial concept. Let E = E(S) be (any) biordered set. An
E-square is a sequence (e, f, g, h, e) of elements of E withe R f L gR h L
e

f

e. We draw such an E-square as hg

] An E-square (e, f, g, h, e) is singular if there

exists k € E such that either:

ek=e, fk=f ke=h,kf =gor
ke =e, kh=h, ek = f, hk=g.

We call a singular square for which the first condition holds an up-down singular
square, and that satisfying the second condition a left-right singular square.

Let D be a completely simple semigroup, so that D is a single D-class and a
union of groups. As per standard, and as we did in Sect. 3, we use / and A to index the
R-classes and the L-classes, respectively, of D. Let H;; denote H{-class corresponding
to the intersection of the R-class indexed by i and the £-class indexed by A, and denote
the identity of H;; by e;,, foranyi € I, A € A. Without loss of generality we assume
that 1 € I N A, sothat H = Hy; = H,,, is a group H-class with identity e = e;.

By Rees’ Theorem, we know that D is isomorphic to some Rees matrix semigroup

M= M(H; 1, A; P),

where P = (p,;) is aregular A x [ matrix over H.

Let E = E(S) where S = (E) and let D as above be a completely simple subsemi-
group of S. In view of Proposition 1.1, I and A also label the set of R-classes and the
set of £-classes in the D-class D = Dz of € in IG(E). Let H;; denote the H-class
corresponding to the intersection of the R-class indexed by i and the £-class indexed
by A in IG(E), so that Hj) = Hz has an identity e, forany i € I, A € A.

Exactly as in [19], we may use results of [23], [15] and [5] to locate a set of
generators for H = H 1. Note that the assumption that the set of generators in [5] is
finite is not critical.

Lemma 4.1 The group His generated (as a group) by elements of the forme1 e;), €11.
Moreover, the inverse of ey €;). €11 is €1, €i1-

It is known from [3] that every singular square in E is a rectangular band, however
the converse is not always true. We say that D is singularisable if an E-square of
elements from D is singular if and only if it is a rectangular band. The next lemma is
entirely standard - proofs in our notation are given in [19].

Lemma 4.2 Let D be isomorphic to M(H; I, A; P) and be singularisable.
(1) For any idempotents e, f, g € D, ef = g implies E? =g
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(2) Iferrei1 = eq1, theneyy e;) ej] = ej].
(3) Let P = (pyi) be such that the column (p1) and the row (p1;) entirely consist
of e11.

(i) If pri = pu in the sandwich matrix P, then

11 €ix €11 = €11 €[} €11-

Q

(ii) If pai = pui in the sandwich matrix P, then

11 €ix €11 = €11 €ip €]

Q
—_

Definition 4.3 Let i, j € [ and A, € A such that p;; = p,;j. We say that
@i, 1), (j, n) are connected if there exist

i =ig,i1,...,im=j€land X =xp,A1,..., Ay = EA

such that for 0 < k < m we have py.i, = Pagyipys and Ax = Aggp O ix = igq1.
We immediately have the next corollary.

Corollary 4.4 Let D isomorphic to M(H; I, A; P) be singularisable and such that
column (py1) and the row (p1;) of P = (pyi) entirely consist of e11. Then for any
i,jel, A, nue A, suchthat (i, )), (j, u) are connected, we have

elr e err = eyl €jy enl-

The next lemma can also be extracted from [19]. Note that the final condition of the
hypothesis will always be true if for any collection of elements g;, A € A of H, with
g1 = e, we have a k € I such that p,; = g for all A € A: the situation encountered
in [19], and this also implies connectivity.

Lemma 4.5 Let D be isomorphic to M(H; I, A; P) and be singularisable, such that
the column (pj.1) and the row (p1;) entirely consist of ey and P is connected. Then
with

wq = €11 &5 e11 where a = p;;' € H
we have that w, is well defined.

Suppose also that |A| > 3 and for any a, b € H there exists A, & € A with A, |4
and 1 all distinct, and j, k € I such that

1

prj = a’l, Puj = b la™!, ppx=en and Puk = b=t

Then for any a, b € H we have
1

WeWp = Wap and W, = W,-1.

In this case, any element of H can be expressed as €11 e, €11 for some i € I and
A €A
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5 A set of generators and relations of H

Let E be the biordered set of idempotents of the endomorphism monoid End A of an
independence algebra A of finite rank n with no constants, where n > 3. Using the
notation of Sect. 3, we now apply the results of Sect. 4 to investigate a set of generators
for the maximal subgroup H = Hz7 of IG(E).

We immediately have:

Lemma 5.1 Every element in H is a product of elements of the form &7 &3, €11 and

(&11 &7 €11) (= €15 €11), where i € 1 and ) € A.
Next, we consider the singular squares of the rank 1 D-class D of End A.

Lemma 5.2 The semigroup D is singularisable.

Proof Consider an E-square [g )‘é i| If it is singular, then it follows from [3] that it is

a rectangular band.

Conversely, suppose that {«, 8, v, §} is a rectangular band in D. Let B be the
subalgebra of A generated by ima U im 8, i.e. B = (im« U im B). Suppose that B
has a basis U. As A is an independence algebra, any independent subset of A can be
extended to be a basis of A, so that we can extend U to be a basis U U W of A.

Now we define an element o € End A by

X if x e U;
xy ifxeW.

X0 =

Notice that, foranyx € A,xy e imy =im 8 € Bandsoimo = B.Sinceo|p = Ip
we have 02 = o is an idempotent of End A, and is such that «o = & and So = f.

Letx € U. Then as x € B we have x = f(ay, ..., a,, by, ...bs) for some term
t where g; € ima,1 <i <r,and b; € impB,1 < j < s. Since {a, B, y, 8} is a
rectangular band we have « = 6 and as imo = im § we see

agico =aio =a; =a;8, 1<i<r
and
bjGOl:bjOl:bjﬂ(S:bjS, 1<j<s.

It follows that xoo = x§. For any w € W we have woa = wya = wé, so that we

obtain o« = §. Similarly, 08 = y. Hence |:§ ’5 i| is a singular square in D. O

We have already noticed in Sect. 3 that the first row (pj;) and the first column (p;1)
of the sandwich matrix P = (p,;) consist entirely of €11, so by Lemmas 4.2 and 5.2
we have the following lemma.

Lemma 5.3 (1) For any idempotents a, B,y € D, aff = y impliesa f =

<

@ Springer



Y. Dandan, V. Gould

(2) If e1nei1 = €11, or equivalently, if e11€;5611 = €11, then €11 & €11 = €11

i 1
(3) Forany kv € A and i, j € I, py; = py; implies €11 € €11 = €11 &5, €115
Pii = Pui implies €11 ;) €11 = €11 &iy E11-

Now we divide the sandwich matrix P = (p;;) into two blocks, say a good block
and a bad block. Here the so called good block consists of all rows (pg;), where

k € {1,...,n}, and of course, the rest of P forms the bad block. Note that the bad
block only occurs in the affine case.
Foranyi,j € I and A, u € {1,...,n} with py; = py;, it follows from Lemma

3.4 that there exists [ € I such that p;; = px; = pu = Py, From Corollary 4.4 and
Lemma 5.2 we have the following result for the good block of P.

Lemma 54 Foranyi,j e land i, €{l,...,n}, pi = Py implies (1 &5 €11 =
€11 &)y €11

If the bad block does not existin P, clearly we directly have Corollary 5.11 without
any more effort. Suppose now that the bad block does exist. Then our task now is to
deal with generators corresponding to entries in the bad block. The main strategy here
is to find a ‘bridge’ to connect the bad block and the good block, in the sense that, for
eachA € A,i € I,totrytofindsomek € {1,...,n},j € I suchthatp;; = p;; = px;j-
For this purpose, we consider the following cases:

Lemma 5.5 Suppose that we have
o= X1 X2 0 Xy
CT o s2(xn) - sp(x)
forsomei € I and A = (y) withy = t(xy, ..., xy) such that

l=li<---<lx<nandk < n.

Then there exists some j € I and m € [1, n] such that py; = pyj = Pmj-

Proof By assumption, we have

_( X1 Xn )
Pr =\ w(xy) - wixy)

where w(x) = s;t(x,s5,(x),...,5,(x)). Define r; by xir; = xi, x,r; =
Sp(X1)s -, XX = s (x1), Xt = w(xy), for any m € [1,n]\ {l1,lp, ..., [k}
Note that such m must exist as by assumption we have k < n. Since the restric-
tion of r; onto x;,, ..., x;, is the same as that of r;, we have py; = p;. Further, as

Xu¥j = w(xy), we deduce that p;; = Py, so that p;; = py; = Pmj as required. O
j deduce that p Pij that p,; = p Pij quired

Lemma 5.6 Let
_— X1 X7 Xn
P\ sa(xr) - salxn)
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for somei € I, A = (y) withy = t(xy,...,x;) suchthat1 #1; < --- <l < n.
Then there exists some j € I such that py; = pyj = p2;-

Proof 1t follows from our assumption that

__( X1 - % )
PH=\ wxy) - wix)

where w(x) = s: (s, (x), ..., s;(x)). Then as s; = (#")~!, we have
w(x) = 52" (wx)) = 5,2 (wx), ..., wx)).
X1 X2 e+ Xp .
Letr; = . Then s;t (w(xy), ..., w(x1)) = w(x;) and by sim-
j (x1 w(mmwm)) A, ... () = wlx) and by

ilar arguments to those of Lemma 5.5 we have p;; = p;; = p2; as required. O

Now we are only left with the case such that y = #(x1, ..., x,) is essentially n-ary,
in the sense that there exists no proper subset X’ of the basis X = {x, ..., x,} such

that y € (X’), where we need more effort.

Let G be the group of all unary term operations on an independence algebra A of
finite rank n > 3 with no constants, and let 52, . . ., 5,1 be arbitrary chosen and fixed
elements of G. With ¢ essentially n-ary, define a mapping 6 as follows:

0:G— G,ulx)r— t(x,50x),...,5,-1(x), u(x)).

Lemma 5.7 The mapping 0 defined as above is one-one.

Proof First, we claim that

{xt, ooy X1, t(x1, .oy X))}
is an independent subset of A. Since #(xy, ..., x,) is essentially n-ary, we have
that #(x1,...,x,) € (x1,...,x,—1). Suppose that x; is an element of
the subalgebra (XLy ooy Xim 1y Xigfdy e oo s X1, F(XT, « ooy X)) Then as
Xi & (X1,...,%Xi—1,Xi+1, ..., Xn—1), by the exchange property (EP), we must have
that #(x1, ..., x,) € (x1,...,X,—1), a contradiction. As any n-element independent

set forms a basis of A, we have
A= (X],...,xnfl,l‘()ﬂ,...,Xn))

and so x, = w(xy, ..., Xp—1,t(x1, ..., X)) for some n-ary term operation w. Let u
and v be unary term operations such that u(x)6 = v(x)6. Then by the definition of 6,
we have

t(x,50(x), ..., 8—1(x), u(x)) =t(x,s2(x),...,8,-1(x), v(x)).
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On the other hand, it follows from Lemma 3.1 that

u(x) =wx, 5200, ..., Sp—1(x), 1(x, 52(x), ..., Sp—1(x), u(x))
and

v(xX) = wx, $2(X), .y Sp—1 (), £(x, 52(X), ..., Sp—1(x), V(X)).
Therefore, we have u(x) = v(x), so that 6 is one-one. O

Corollary 5.8 If A is a finite independence algebra, then the mapping 0 defined as
above is onto.

If A is infinite, so far we have not found a direct way to show that the mapping
6 defined as above is onto, and in this case we need the classification described in
Theorem 2.5. As we assumed that the bad block exists in P, we have that A is an
affine algebra.
Lemma 5.9 [f A is an affine algebra, then the mapping 6 defined as above is onto.
Proof Let V( be the subspace satisfying the condition stated in Theorem 2.5. Let

t(y1, ..., yn) be an essentially n-ary term operation with 5o, ..., s,—1 € G. Then we
have

11, yn) =kiyr+ - +koyn +a
and
ss(x)=x4ap,...,sn-1(x) =x +a,_1
where for alli € [1,n], k; #0, ki1 +---+k, = landa,a,...,a,—1 € Vy. For
any unary term operation v(x) = x + ¢ € G with ¢ € Vj, by putting s,(x) = x + a,,
where

~1
ay =k, (c—kpar —---—ky—1ap,-1 —a) € W

we have f(x, s2(x), ..., s,—1(x), s, (x)) = v(x), and hence 6 is onto. O

Lemma 5.10 Let

_— X1 X7 ‘e Xn
CT o s2(x1) - se(x)
for somei € I and let . = (y), where y = t(x1, ..., X,) is an essentially n-ary term
operation on A. Then there exists some j € I such that p); = pyj = p2;-
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Proof Put w(x) = s;t(x, s2(x), ..., s,(x)). By assumption, we have
- x1 ... xn
P (w(xl) w(xl))'
It follows from Lemma 5.9 that the mapping
0:G— G,ulx) — t(x,wx),...,wkx), ulx))

is onto, so that there exists some /& (x) € G such that

rn,wx), .., wx), h(x)) =5, (w(x))

and so
wx) = st (x, wx), ..., wkx), h(x)).
Let
. (m Xy Xpol X )
P\ wxg) - w(x) A(x)
Again by similar arguments to those of Lemma 5.5 we have p;; = pyj = p2;. O

In view of Lemma 5.4, and Lemmas 5.5, 5.6, 5.10, we deduce:

Corollary 5.11 Foranyi, j € I and A, u € A, if py; = Py in the sandwich matrix
P, then €11 €3 €11 = €11 & €11-

Following the fact we obtained in Corollary 5.11, we denote the generator €11 €; €11
with py; = a! by wg, where « € H. Furthermore, as n > 3, we have that for any
o, B € H, the sandwich matrix P has two columns with the following forms:

T

—1 -1 _—1 r —1
(811,0{ ,,3 o ,) and (811,811,/3 ,)

by Lemma 3.4. Therefore, by Lemmas 5.2, Corollary 5.11 and Lemma 4.5 we have:

Lemma 5.12 Foranya, f € H, wowg = wap and wy—1 = w;l.

6 The main theorem

We are now in the position to state our main result.

Theorem 6.1 Let End A be the endomorphism monoid of an independence algebra
A of finite rank n > 3 with no constants, let E be the biordered set of idempotents
of End A, and let IG(E) be the free idempotent generated semigroup over E. Then
for any rank 1 idempotent ¢ € E, the maximal subgroup H of 1G(E) containing € is
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isomorphic to the maximal subgroup H of End A containing €, and hence to the group
G of all unary term operations of A.

Proof As all group H-classes in the same D-class are isomorphic, we only need to
show that H = Hg is isomorphic to G. It follows from Lemmas 5.1 and 5.12 that

H={enie;en:iel,reA)

Let ¢ be the restriction of the natural map ¢ : IG(E) — (E). Then by (IG4), we
know that

¢:H— H, €11 & €11 — €11&€11

is an onto morphism. Furthermore, ¢ is one-one, because if we have

(E11 8 1) ¢ = €11

then e11¢50€11 = €11 and by Lemma 5.3, €11 &, €11 = €11. We therefore have
H=HZ=ZG. O

Note that if rank A is any n € N, and ¢ is an idempotent with rank n, that is, the
identity map, then H is the trivial group, since it is generated (in IG(E)) by idempotents
of the same rank. On the other hand, if the rank of & is n — 1, then H is the free group
as there are no non-trivial singular squares in the D-class of ¢ in A (see [3]).
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