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Directly comparing GW150914 with numerical solutions of Einstein's equations for binary black
hole coalescence

B.P. Abbottet al[]

We compare GW150914 directly to simulations of coalescing binary black holes in full general relativity, in-
cluding several performed speci cally to reproduce this event. Our calculations go beyond existing semianalytic
models, because for all simulations — including sources with two independent, precessing spins — we perform
comparisons which account for all the spin-weighted quadrupolar modes, and separately which account for all
the quadrupolar and octopolar modes. Consistent with the posterior distributions reported in [MGaPE
the 90% credible level), we nd the data are compatible with a wide range of nonprecesgingrecessing
simulations. Followup simulations performed using previously-estimated binary parameters most resemble the
data, even when all quadrupolar and octopolar modes are included. Comparisons including only the quadrupo-
lar modes constrain the total redshifted mdgs2 [64M  82M ], mass ratio g = my=my 2 [0:6; 1], and
e ective aligned spin, 2 [ 0:3;0:2], where . = (S;=my + S=m,) L=M. Including both quadrupolar
and octopolar modes, we nd the mass ratio is even more tightly constrained. Even accounting for precession,
simulations with extreme mass ratios anceetive spins are highly inconsistent with the data, at any mass.
Several nonprecessing and precessing simulations with similar mass ratig aar@ consistent with the data.
Though correlated, the components' spins (both in magnitude and directions) are not signi cantly constrained
by the data: the data is consistent with simulations with component spin magraiydgs to at least @, with
random orientations. Further detailed followup calculations are needed to determine if the data contain a weak
imprint from transverse (precessing) spins. For nonprecessing binaries, interpolating between simulations, we
reconstruct a posterior distribution consistent with previous results. The nal black hole's redshifted mass is
consistent withM¢., in the range 6OM  735M and the nal black hole's dimensionless spin parameter is
consistent witha; = 0:62 0:73. As our approach invokes no intermediate approximations to general relativity
and can strongly reject binaries whose radiation is inconsistent with the data, our analysis provides a valuable
complement to LVC-PH].

I. INTRODUCTION els only imperfectly reproduce the predictions of numerical
relativity, on a mode-by-mode bas|g [9]. Furthermore, typi-

On September 14, 2015 09:50:45 UTC, gravitational wave§al implementations of these models, such as those used in
were observed in coincidence by the twin instruments of thd-YC-PE[1], consider only the dominant spherical-harmonic
Laser Interferometer Gravitational-wave Observatory (LIGO)Mode of the waveform (in a corotating frame). For all NR
located at Hanford, Washington, and Livingston, Louisiana, insimulations considered here—including sources with two in-
the USA, an event known as GW150914[2]. LVC-def2kt dependent, precessing spins—we p_erform comparisons that
LVC-PHE[I], LVC-TestGRB3|, and LVC-Bursf4] demonstrate ~account for all the quadrupolar s_phencal-harmonlc waveform
consistency between GW150914 and selected individual prénodes, and separately comparisons that account for all the
dictions for a binary black hole coalescence, derived usinglu@drupolar and octopolar spherical harmonic modes.
numerical solutions of Einstein's equations for general rela- The principal approach introduced in this paper isedent
tivity. LVC-PE[I] described a systematic, Bayesian methodffom LVC-PHI], which inferred the properties of GW150914
to reconstruct the properties of the coalescing binary, by conmPy adopting analytic waveform models. Qualitatively speak-
paring the data with the expected gravitational wave signalnd. these models interpolate thatgoing gravitational wave
ture from binary black hole coalescente [5], evaluated usingtrain (waveforms) between the well-characterized results of
state-of-the-art semianalytic approximations to its dynamic§iumerical relativity, as provided by a sparse grid of simula-
and radiation[6=8]. tions. These interpolated or analytic waveforms are used to

In this paper, we present an alternative method of recondenerate a continuous posterior distribution over the binary's
structing the binary parameters of GW150914, without usingParameters. By contrast, in this study, we compare numerical
the semianalytic waveform models employed in LVCIEE relativity to the data rst, evaluating a single scalar quantity
Instead, we compare the data directly with the most physi{the marginalized likelihood) on the grid of binary parame-
cally complete and generic predictions of general relativity:ters prescribed and provided by all available NR simulations.
computer simulations of binary black hole coalescence in fulMVe then construct an approximation to the marginalized like-
nonlinear general relativity (henceforth referred to as numerilihood that interpolates between NR simulations withedient
cal relativity, or NR). Although the semianalytic models are Parameters. To the extent that the likelihood is a simpler func-

calibrated to NR simulations, even the best available modtion of parameters than the waveforms, this method may re-
quire fewer NR simulations and fewer modeling assumptions.

Moreover, the interpolant for the likelihood needs to be accu-
o _ rate only near its peak value, and not everywhere in parameter
Full author list given at the end of the article space. A similar study was conducted on GW150914 using a
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subset of numerical relativity waveforms directly against re-form models [[6]/ 11-13]. Figurg] 1 illustrates the dynamics
constructed waveforms|[4]; the results reported here are corand expected detector response in this regime, for a source
sistent but more thorough. like GW150914. For these last dozen cycles, existing analytic
Despite using an analysis that has few features or code iwaveform models have only incomplete descriptions of pre-
common with the methods employed in LVC{2E we arrive  cession, lack higher-order spherical-harmonic modes, and do
at similar conclusions regarding the parameters of the progemot fully account for strong nonlinearities. Preliminary inves-
itor black holes and the nal remnant, although we extracttigations have shown that inferences about the source drawn
slightly more information about the binary mass ratio by usingusing these existing analytic approximations can be slightly
higher-order modes. Thus, we provide independent corrobaar signi cantly biased[[9] 13-15]. Systematic studies are un-
ration of the results of LVC-PA], strengthening our con - derway to assess how these approximations in uence our best
dence in both the employed statistical methods and waveforrastimates of a candidate binary's parameters. At present, we
models. can only summarize the rationale for these investigations, not
This paper is organized as follows. Sect[oh Il providestheir results. To provide three concrete examples of omitted
an extended motivation for and summary of this investigafphysics, rst and foremost, even the most sophisticated mod-
tion. Sectiorj IITA reviews the history of numerical relativity els for binary black hole coalescentce [6] do not yet account for
and introduces notation to characterize simulated binaries arile asymmetries [15] responsible for the largest gravitational-
their radiation. Section TlTB describes the simulations usedvave recoil kicks[[16[ 17]. Second, the analytic waveform
in this work. Sectioff TITT brie y describes the method used models adopted in LVC-HE] adopted simple spin treatments
to compare simulations to the data; seetRR-Method§10]  (e.g., a binary with aligned spins, or a binary with singlee-
for further details. Sectiop TITP describes the implications tive precessing spin) that cannot capture the full spin dynam-
of using NR simulations that include only a small number ofics [18£20]. A single precessing spin is often a good approxi-
gravitational-wave cycles. Sectipn Tl| F relates this investiga-mation, particularly for unequal masses where one spin domi-
tion to prior work. Sectiof I describes our results on the pre-nates the angular momentum budget[8/18( 21-23]. However,
coalescence parameters. We provide a ranking of simulatiorfer appropriate comparable-mass sources, two-spétts are
as measured by a simple measure of t (peak marginalizenown to be observationally accessiblel[I5] 24] and cannot
log likelihood). When possible, we provide an approximatebe fully captured by a single spin. Finally, LVC-P and
posterior distribution over all intrinsic parameters. Using bothLVC-TestGHS3] made an additional approximation to connect
our simple ranking and approximate posterior distributionsthe inferred properties of the binary black hole with the nal
we draw conclusions about the range of source parametetdack hole state [25, 26]. The analysis presented in this work
that are consistent with the data. Secfidn V describes our rgloes not rely on these approximations: observational data are
sults on the post-coalescence state. Our statements rely on tligectly compared against a wide range of NR simulations and
nal black hole masses and spins derived from the full NRthe nal black hole properties are extracted directly from these
simulations used. We summarize our results in Se€fidn VI. Irsimulations, without recourse to estimated relationships be-
Appendi{A, we summarize the simulations used in this worktween the initial and nal state. By circumventing these ap-
and their accuracy, referring to the original literature for com-proximations, our analysis can corroborate conclusions about
plete details. selected physical properties of GW150914 presented in those
papers.

Despite the apparent simplicity of GW150914, we nd
Il. MOTIVATION FOR THIS STUDY that a range of binary black hole masses and spins, includ-
ing strongly precessing systems with signi cant misaligned
This paper presents an alternative analysis of GW150914lack hole sping[27], are reasonably consistent with the data.
and an alternative determination of its intrinsic parametersIhe reason the data cannot distinguish between sources with
The methods used here @ir from those in LVC-P[] in  qualitatively di erent dynamics is a consequence of both the
two important ways. First, the statistical analysis here is perorientation of the source relative to the line of sight and the
formed in a manner dierent than and independent of the onetimescale of GW150914. First, if the line of sight is along
in LVC-PE[I]. Second, the gravitational waveform models OF Opposite the total angular momentum vector of the source,
used in LVC-PHI] are analytic approximations of particu- €ven the most strongly precessing black hole binary emits a
lar functional forms, with coe cients calibrated to match se- Weakly-modulated inspiral signal, lacking unambiguous sig-
lected NR simulations; in contrast, here we directly use wavenatures of precession and easily mistaken for a nonprecessing
forms from NR simulations. Despite these diences, our binary [24,128]. Second, because GW150914 has a large to-
conclusions largely corroborate the quantitative results found®! mass, very little of the inspiral lies in LIGO's frequency
in LVC-PE]. band, so the signal is short, with few orbital cycles and even

Our study also addresses key challenges associated witBWer precession cycles prior to or during coalescence. The
gravitational wave parameter estimation for black hole bi-Short duration of GW150914 provides few opportunities for
naries with total mas$1 > 50M . In this mass regime, the dynamics of two precessing spins to introduce distinctive
LIGO is sensitive to the last few dozens of cycles of coa-2MPplitude and phase modulations into its gravitational wave
lescence, a strongly nonlinear epoch that is the most di inspiral signall[18].
cult to approximate with analytic (or semi-analytic) wave- Although the orientation of the binary and the short du-
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ration of the signal make it dicult to extract spin informa- lar momentum transport, and tidal interaction processes in the

tion from theinspiral, comparable-mass binaries with large progenitor binary; cf. [[31=33]. On the other hand, the data

spins can have exceptionally rich dynamics with waveformare equally consistent with a strongly-precessing black hole

signatures that extend into the late inspiral and the strong- eldinary with large component spins, formed in a densely inter-

merger phase [8, 29]. By utilizing full NR waveforms instead acting stellar cluster (LVC-AstfB0]). Measurements of the

of the single-spin (precessing) and double-spin (nonprecessinary black holes' transverse spins will therefore provide vi-

ing) models applied in LVC-P[I], the approach described tal clues as to the processes that formed GW150914. In this

here provides an independent opportunity to extract additionakork we use numerical relativity to check for any evidence for

insight from the data, or to independently corroborate the reer against spin precession that might otherwise be obscured by

sults of LVC-PHI]. model systematics. Like LVC-HIE, we nd results consis-
Our study employs a simple method to carry out ourtentwith but with no strong support for precessing spins.

Bayesian calculations: for each NR simulation, we evalu-

ate the marginalized likelihood of the simulation parameters

given the data. The likelihood is evaluated via an adaptive . METHODS

Monte Carlo integrator. This method provides a quantitative

ranking of simulations; with judicious interpolation in param- A, Numerical relativity simulations of binary black hole

eter space, the method also allows us to identify candidate coalescence

parameters for followup numerical relativity simulations. To

estimate parameters of GW150914, we can simply select the The (st attempts to solve the eld equations of general rel-

subset of simulations and masses that have a marginalizegity numerically began in the 1960s, by Hahn and Lindquist
likelihood greater than an observationally-motivated thresholci34]’ followed with some success by Smdrr|[35] 36]. In the
(i.e., large enough to contribute signi cantly to the posterior).lQQOS, a large collaboration of US universities worked to-
Even better, with a modest approximation to Il the gaps be'gether to solve the “Grand Challenge” of evolving binary
tween NR simulation;, we can reprodyce and corroborate th§ 5k holes [37=39]. In 2005, three groups|[40—42] developed
results in LVC-PET] with a completely independent method. 4 completely independent techniques that produced the rst
We explicitly construct an approximation to the likelihood that q)jisions of orbiting black holes. The rst technique [40] in-
interpolates between simulations of precessing binaries, anghjyed the use of generalized harmonic coordinates and exci-
demonstrate its validity and utility. sion of the black hole horizons, while the second technique
Itis well-known that the choice of prior may in uence con- [41],[42], dubbed “moving punctures approach”, used singu-
clusions of Bayesian studies when the data do not strongljarity avoiding slices of the black hole spacetimes.
constrain the relevant parameters. For example, the results Since then, the eld has seen an explosion of activity and
of LVC-PHE[1] suggest that GW150914 had low to moderateimprovements in methods and capabilities; see, €.ql, [43-
spins, but this is due partly to the conventional prior usedg]. Multiple approaches have been pursued and validated
in LVC-PE[1] and earlier studies [5]. This prior is uniform against one another [47,148]. Binaries can now be evolved in
in spinmagnitude and therefore unfavorable to the most dy- wide orbits [49]; at high mass ratios up to 100:1][50] 51];
namically interesting possibilities: comparable-mass binariegyith near-maximal black hole spin [52=54]; and for many or-
with two large, dynamically-signi cant precessing spins![24]. bits before coalescende [27.55]. At sciently large separa-
In contrast, by directly considering the (marginalized) likeli- tions, despite small gauge and frame ambiguities, the orbital
hood, the results of our study are independent of the choice afnd spin dynamics evaluated using numerical relativity agrees
prior. For example, we nd here that GW150914 is consistentwith post-Newtonian calculation5][5, 56259]. The stringent
with two large, dynamically signi cant spins. phase and amplitude needs of gravitational wave detection and
Finally, our e orts to identify even subtle hints of spin parameter estimation prompted the development of revised
precession are motivated by the astrophysical opportunistandards for waveform accuracy [60/) 61]. Several projects
ties a orded by spin measurements with GW150914; sedave employed numerical relativity-generated waveforms to
LVC-Astro[30]. Using the geometric spin prior adopted in assess gravitational-wave detection and parameter estimation
LVC-PE[1], the data from GW150914 are just as consistenistrategies[[11, 62—66]. These results have been used to cali-
with an origin from a nonprecessing or precessing binary, abrate models for the leading-order radiation emitted from bi-
long as as the sum of the components of the spins parallel toary black hole coalescende [6,(8,[9] 12] 57,67, 68]. Our
the orbital angular momentuin is nearly zero. If the binary study builds on this past decade's experience with model-
black hole formed from isolated stellar evolution, one coulding the observationally-relevant dynamics and radiation from
reasonably expect all angular momenta to be strictly and possomparable-mass coalescing black holes.
itively aligned at coalescence; see LVC-A$8@] and [31]. In this and most NR work, the initial data for a simulation
Hence, if we believe GW150914 formed from an isolated bi-of coalescing binaries are characterized by the properties and
nary, our data would suggest black holes are born with smalhitial orbit of its two component black holes: by initial black
spins:a; = jSlj:nﬁ 0:22 anda, 0:25, whereS andm are  holes massesy; m, and spinsS;; S,, speci ed in a quasicir-
the black hole spins and masses [LVCPHJE If these strictly-  cular orbit such that the (coordinate) orbital angular momen-
aligned isolated evolution formation scenarios are true, then aum is aligned with the axis and the initial separation is along
low black hole spin constrains the relevant accretion, anguthe X axis. In this work, we characterize these simulations by
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the dimensionless mass ratjo= m;=m, (adopting the con- to 310 members in the form used here, this catalog includes
ventionmy  my); the dimensionless spin parameters= many high-precision zero- and aligned-spin sources; selected
S=m?; and an initial dimensionless orbital frequendl o. precessing systems; and simulations including extremely high
For each simulation, the orientation-dependent gravitationdblack hole spin. The Georgia Tech group (GT) provided
wave strairh(t; r; i) at large distances can be eiently char- 406 simulations; see [15] and_[[77] for further details. This
acterized bya(spin-weighteFd)s;gherical harmonic decomposixtensive archive covers a wide range of spin magnitudes
tion of h(t;r;A) ash(t;r;n) = | , 'm: (him(t; 1) 2Yim(M). To  and orientations, including several systematic one- and two-
a good rst approximation, only a few terms in this series areparameter families. The CardUIB group provided 29 sim-
necessary to characterize the observationally-accessible radilations, all speci cally produced to follow up GW150914 via
ation in any direction[[14, 69-72]. For example, when a bi-a high-dimensional grid stencil, performed via the BAM code
nary is widely separated, only two terms dominate this sumf78,[79]. These four sets of simulations explore the model
(I;jm) = (2;2). Conversely, however, several terms (modes)kpace near the event in a well-controlled fashion. In addition
are required for even nonprecessing binaries, viewed alongta previously-reported simulations, several groups performed
generic line of sight; more are needed to capture the radiationew simulations (108 in total) designed to reproduce the pa-
from precessing binaries. rameters of the event, some of which were applied to our anal-
For nonprecessing sources with a well-de ned axis of sym-ysis. These simulations are denoted in T@lle Il and our other
metry, individual moded {m) have distinctive characters, and reports by an asterisk (*). These followup simulations include
can be easily isolated numerically and compared with anathree independent simulations of the same parameters drawn
lytic predictions. For precessing sources, however, rotatiofrom the distributions in LVC-PH], from RIT, SXS, and GT,
mixes modes with the same To apply our procedure self- allowing us to assess our systematic error. These simulations
consistently to both nonprecessing and precessing sources, were reported in LVC-detef@] and LVC-Bursf4], and are in-
include all modesl(m) with the samé. However, at the start dicated by ¢) in our tables.
of each simulation, the;(m) mode oscillates at times the The simulations used here have either been published pre-
orbital frequency. Fom > 3, scaling our simulations to the in- viously, or were produced using one of three well-tested
ferred mass of the source, this initial mode frequency is ofteprocedures operating in familiar circumstances. For refer-
well above 30 Hz, the minimum frequency we adopt in thisence, in Appendik A, we outline the three groups' previously-
work for parameter estimation. We therefore cannot safelyestablished methods and results. For this application, we trust
and self-consistently compare all modes With3 to the data  these simulations' accuracy, based on their past track record
using numerical relativity alone: an approximation would beof good performance. By incorporating simulations of identi-
required to go to higher order (i.e., hybridizing each NR sim-cal physics provided by dierent groups, our methods provide
ulation with an analytic approximation at early times). limited direct corroboration: simulations with similar physics
Therefore, in this paper, we use all ve ofthe 2 modesto produce similar results.
draw conclusions about GW150914, necessary ancc&nt
to capture the leading-order in uence of any orbital preces-
sion. To incorporate the ect of higher harmonics, we repeat
our calculations, using all of the 3 modes. We defer a
careful treatment of higher-order modes andrtire 0 modes
to PEFNR-Method§10] and subsequent work. For each simulation, each choice of seven extrinsic param-
eters (4 spacetime coordinates for the coalescence event;
three Euler angles for the binary's orientation relative to the
B. Numerical relativity simulations used Earth), and each choice for the redshifted total binary mass
M, = (1 + 2M, we can predict the responkgof both of the
Our study makes use of 1139 distinct simulations of bi-k._ 1,2 LIGO instruments to the |r_an|_ed grawtathnal wave
signal. Using to denote the combination of redshifted mass

nary black hole quasicircular inspiral and coalescence. Ta: : T ,
; and the numerical relativity simulation parameters needed

ble[M summarizes the salient features of this set: mass rati % uniquely specify the binary's dynamics, we can therefore
and initial spins for the simulations used here, all initially in a quely Speci ys ayn P
evaluate the likelihood of the data given the noise:

quasicircular orbit with orbital separation along thaxis and

C. Directly comparing NR with data

velocities along §. 1 X

The RIT group provided 394 simulatioris [17)27] 73]. The InL( ; )= =  Hy(; ) dghe(; ) dii, hdgjdkiy;
simulations include binaries with a wide range of mass ra- 2y
tios, as well as a wide range of black hole angular momentum 1)

(spin) magnitudes and directioris [17] 27] [73, 74], including

a simulation with large transverse spins and several spin prevherehy are the predicted response of ittle detector due to a
cession cycles which ts GW150914 well [27], as describedsource with parametep@ ; dg are the detector data in instru-
below. The SXS group has provided both a publicly-availablementk; and hajbi, . 2dfa(f) b(f)=Snk(ifj) is an inner
catalog of coalescing black hole binary mergérd [75], a newproduct implied by théth's detector's noise power spectrum
catalog of nonprecessing simulations![76], and selected susnk(f); see, e.g.,[[80] for more details. In practice, as dis-
plementary simulations described below. Currently extendedussed in the next section, we adopt a low-frequency cuto
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FIG. 1. Simulated waveformt Predicted strain in H1 for a source
with parameters| = 1:22, 1., = 0:33;, ,, = 0:44, simulated in full

general relativity; compare to Figure 2 in LVC-def2t The gray
line shows the idealized strain resporig® = F.h.(t) + F h (),

while the solid black line shows the whitened strain response, usin

the same noise power spectrum as LVC-d¢®pct

fiow, SO all inner products are modi ed to

5 an b,

Snk(f)) -
Except for an overall normalization constant and aedent
choice for low-frequency cutg our expression agrees with
Eqg. (1) in LVC-PHI]. The joint posterior probability of;
follows from Bayes theorem:

p LG JpO)RC) .
ddL(; )p()p()’

wherep( ) andp( ) are priors on the (independent) variables
; For each — that is, for each simulation and each red-
shifted mas, — we evaluate the marginalized likelihood

z

df
jfj> fiow

hejbi )

pposl( v ) (3)

L mare( ) L(: )p()d (4)

via direct Monte Carlo integration, wher ) is uniform in
4-volume and source orientation [@)]I.’he marginalized like-
lihood measures the similarity between the data and a sour
with parameters and enters naturally into full Bayesian pos-

terior calculations. In terms of the marginalized likelihood
and some assumed prig( ) on intrinsic parameters like

1 For simplicity, we assume all black hole-black hole (BH-BH) binaries are
equally likely anywhere in the universe, at any orientation relative to the
detector. Future direct observations may favor a correlated distribution
including BH formation at higher masses at large redshift.

20ur choice forp( ) di ers only supercially from that adopted in
LVC-PHE[1], by adopting a narrower prior on the geocentric event time.
Here, we allow 0:05 s around the time reported by the online analysis;
LVC-PE[1] allowed 0:1s.

5

masses and spins, the posterior distribution for intrinsic pa-
rameters is

R Lmarg( () :
d Lmarg( p()

If we can evaluaté margon a su ciently dense grid of intrin-

sic parameters, Ed.](5) implies that we can reconstruct the full
posterior parameter distribution via interpolation or other lo-
cal approximations. This reconstruction needs to accurately
reproducel marg ONly near its peak value; for example, if

L mar ) can be approximated by ddimensional Gaussian,
then we anticipate only con gurationswith

INL max=L marg( ) > (6)

contribute to the posterior distribution at the 1 credible
interval, where 3. is the inverse-? distribution.

Based on similarity of our distribution to a suitably-
parameterized multidimensional Gaussian, we anticipate that

nly the region of parameter space withLlpax INL marg( ) -

.7 can potentially impact our conclusions regarding the 90%
credible level ford = 8 (i.e., two masses and two precessing
spins); ford = 4, more relevant to the most strongly acces-
sible parameters (i.e., two masses and two aligned spins), the
corresponding interval is IDmax  INL marg( ) . 4.

Each NR simulation corresponds to a particular value of
seven of the intrinsic parameters (mass ratio and the three
components of each spin vector) but can be scaled to an arbi-
trary value of the total redshifted malgs. Therefore each NR
simulation represents a one-parameter family of points in the
8-dimensional parameter space of all possible values Bbr
each simulation, we evaluate the marginalized log likelihood
versus redshifted mass lnnar(M;) on an array of masses,
adaptively exploring each one-parameter family to cover the
interval InL max  INL marg( ) < 10. To avoid systematic bias
introduced by interpolation or tting, our principal results are
simply these tabulated function values, explored almost con-
tinuously in masdvl; and discretely, as our xed simulation
archive permits, in other parameters. The set of intrinsic pa-
rametersVe f : InLmag > Cgabove a cuto C iden-
ties a subset of binary con gurations whose gravitational
wave emission is consistent with the cﬁté’.hough this ap-
proach provides a powerfully model-independent approach to
gravitational-wave parameter estimation, as described above it
i% restricted to the discrete grid of NR simulation values. For-

Ppost( ) = )

2

d;:2

(funately, the brevity and simplicity of the signal — only a few

chirping and little-modulated cycles — requires the posterior

3 While this approach works for multidimensional Gaussians, it can break
down in coordinate systems where the prior is particularly signi cant (e.g.,
diverges; see the grid-based method inl [81]) or where the likelihood has
strong features (e.g., corners and tails) in multiple dimensions. For exam-
ple, a likelihood constant on a sphere plus thin, long spines (e.g., the shape
of a sea urchin) will have little posterior support on the spines, but each of
the spines would be selected by a likelihood cut of the kind used here. As
our calculations below demonstrate, marginalization over extrinsic param-
eters eliminates most complexity in the likelihood: our function is smooth,
dominated by a handful of parameters, without corners or narrow tails.

1



distribution to be broad and smooth, extending over many nu-
merical relativity simulations' parameters. This allows us to
go beyond comparisons on a discrete grid of NR simulations,
and instead interpolate between simulations to reconstruct the
entire distribution.

To establish a sense of scale, we can use a simple order-
of-magnitude calculation for lhmag The signal to noise
ratio and Fpeak likelihood of any assumed signal are re-
lated: = " 2maxInL. Even at the best intrinsic param-
eters , the marginalized log-likelihood I marg Will be well
below the peak value mainL, because only a small frac-
tion of extrinsic parameters have support from the data
[82]. Using GW150914's previously-reported signal ampli-
tude [ = 23:5—-268], its extrinsic parameters and their uncer-

tainty [LVC-PHE]], and our priorp( ), we expect_the Peak g 2 Likelihood versus mass: Examples Raw Monte Carlo

value of InL marg to be of order 240-330. The interval of egiimates for I mag(M,) versusM; for two nonprecessing bina-

In L marg Selected by Eq[ {6) is a small fraction of the full range ries: SXS:BBH:305 (blue) and0_D10.52.q1.3333_a-0.25 _n100

of InL marg identifying a narrow range of parametersvhich  (red). To guide the eye, for each simulation we also overplot a local

are consistent with the data. quadratic t to the results near each peak. Results were evaluated
Our analysis of this event, as well as synthetic data, sugwith fmin = 30 Hz; compare to Tab[e II. Error bars re ect the stan-

gests that It marg is often well-approximated by simple low- de_lrd Monte C_arlo estlmatg of the integral standard deV|at|9n, multi-

order series in intrinsic parametersThis simple behavior is  Plied by 257 in the log to increase contrast (i.e., the nominal 99%

most apparent versus total mas. Figure[} shows exam- credible interval, assuming the relative Monte Carlo errors are nor-

T o ; mally distributed). To guide the eye, a shaded region indicates the
ples of the marginalized log likelihood evaluated using tWointerval of InL marg Selected by our ansatz given a credible interval

of our most promising simu_lation candida.tes: they are well-ggo and a peak value of Innarg 0f 273; see Sectidi Il and Eq(6).
approximated by a quadratic over the entire observationally-

interesting range. We approximatellpaM;) as a second-
order Taylor series,

D. Arethere su ciently many and long NR simulations?

' 1 2.
INL marfMz) " InL > mm(Mz - Mz )% Y Because of nite computational resources, NR simulations

of binary black holes cannot include an arbitrary number of
where the constants In M , and wm represent the largest orbits before merger. Instead, they start at some nite initial
value of InL marg the redshifted mass at which this maximum orbital frequency. While many NR simulations follow enough
occurs, and the second derivative at the peak value. Even i§inary orbits to be compared with GW150914 over the en-
(rare) cases when a locally quadratic approximation slightlytire LIGO frequency band, some NR simulations miss some
breaks down, we still use Into denote our estimate of the early-time information. Therefore, in this section we describe
peak of InL marg(M) | As a means of eciently communicat- 5 simple approximation (a low frequency cujave apply to
ing trends in the quality of t versus intrinsic parameters, theensure that simulations with similar physics (butetient ini-
two quantities I andM; are reported in Tabe Il. tial orbital frequencies) lead to similar results.

Motivated by the success of this approximation, in Section At the time of GW150914, the instruments had relatively
[VB]we also supply a quadratic approximation toLlRarg  poor sensitivity to frequencies below 30Hz and almost no
near its peakyinder the restrictive approximation that all an- sensitivity below 20 Hz. For this reason, the interpretations
gular momenta are parallelising information from only non- adopted in LVC-PFI] adopted a low-frequency cutoof
precessing simulations. Using this quadratic approximationpo Hz. Because of the large number of cycles accumulated
we can numerically estimate Innarq and hence the posterior gt |ow frequencies, a straightforward Fisher matrix estimate
[Eq. (8)] for arbitrary aligned-spin binaries. For any coordi- [g3, (82] suggests these low frequencies (280 Hz) pro-
nate transformation= Z( ), we can use suitable supplemen- yide a nontrivial amount of information, particularly about
tary coordinates and direct numericalguadrature to determing,e binary's total mass. Equivalently, using the techniques
the marginal posterior densifpos(?) = Ppos( ) (Z Z()).  described in this paper, the functionUa(M,) will have
As shown below, this procedure yields results comparable tQ s|ightly higher and narrower peak when including all fre-
LVC-PH[I] for nonprecessing binaries. quencies than when truncating the signal to only include fre-

guencies above 30 Hz; see AER-Method§10].
Because of limited computational resources, relatively
few simulations start in a suciently wide orbit such
4We nd similar results using more sophisticated nonparametric interpola-that, for M, = 70M , their radiation in the most
tion schemes. The results reported in Tgble IIl use one-dimensional Gausigni cant harmonics of the orbital frequency will be
sian process interpolation to determine the peak value. at or below the lowest frequency (20 HZ) adopted in




LVC-PE[1]. If fmin is the low-frequency cutg M! g=m .
0:02(M=70M )(fmin=20 Hz)(22m), where M! ¢ is the initial
orbital frequency of the simulation reported in Tgble II, can be
safely used to analyze a signal containing a signi cant contri-
bution from themth harmonic of the orbital frequency. Fig-
ure[3 shows examples of the strain in LIGO-Hanford, pre-
dicted using simulations of derent intrinsic duration, su-
perimposed with lines approximately corresponding toedi
ent gravitational wave frequencies. To facilitate an apples-to-
apples comparison incorporating the widest range of available
simulations, in this work we principally report on compar-
isons calculated by adopting a low-frequency cutd 30 Hz;
see, e.g., Tablg |ll. (We also brie y report on comparisons
performed using a low-frequency cutamf 10Hz.) As we
describe in subsequent sections, while this choice of 30 HIZ:IG 3. Best- t detector response A plot of the detector response
sy degrades ou sty to ke sUble GCons D€ Suarin) - Fun )+ 1 () et h LIGO Harior e
. . .. ' tector, similar to Figure 2 in LVC-detd@), Figure 6 in LVC-PH1],

cglly impair our gblhty to reconstruct parameters of the event 4 Figure 2 in LVC-TestGR], evaluated using two of the best-
given other signi cant degeneracies. tting numerical relativity simulations and total redshifted masses

Even this generous low-frequency cut@s not perfectly  reported in TablET]l. The redshifted masdédsand extrinsic param-
safe: for each simulation, a minimum mass exists at which theters necessary to evaluate the detector response have been identi-
starting gravitational wave frequency is 30 Hz or larger. In theed using the methods used in this work and-fNiR-Method$§10],
plots and numerical results reported here, we have eliminatedping alll = 2 modes; a low-frequency cutaf 30 Hz; and omitting
simulation and mass choices that correspond to scaling an NiR€ impact of calibration uncertainty. For comparison, the shaded
simulation to a starting frequency above 30 Hz. The inclusiorfegion shows the 95% credible region for the waveform reported in

or suppression of these con gurations does not signi cantIyLVCfPEm' an ana|y5|s_, which accounts for cahbratlc_)n uncerta|nt|e§
L and includes frequencies down to 20 Hz but approximates the radia-
change our principal results.

) . . tion and omits higher harmonics (e.g, the (2) modes). To guide
This paper uses enough NR simulations to adequately Saffse eye, two vertical lines indicate the approximate time at which the

ple the four-dimensional space of nonprepessing spins,. pafti%T'gnaI crosses these two gravitational wave frequency thresholds.
ularly for comparable masses. As described below, this high

simulation density insures we can reliably approximate the

marginalized likelihood I marg for nonprecessing systems. |vC-PE[I]. LVC-PE[I] suggests that, for the intrinsic pa-
On the other hand, the eight-dimensional parameter space gdmeters of interest here, the impact of these systematic in-
precessing binaries is much more sparsely explored by therumental uncertainties ects are relatively small. We have
simulations available to us. But because the reconstructe@&peated our analysis using two versions of the instrumental

gravitational wave signals in LVC-det¢2} and LVC-PHI]  calibration; we nd no signi cant change in our results.
exhibit little to no modulation, we expect that the remaining

four parameters must have at best a subtksceon the signal:
the likelihood and posterior distribution should depend only F. Comparison with other methods
weakly on any additional subdominant parameters. Having
identi ed dominant trends using nonprecessing simulations,
we can use controlled sequences of simulations with simi

LVC-Burst4] reported on direct comparisons between ra-
SEjiation extracted from NR simulations antbnparametri-
ceally reconstructeastimates of the gravitational wave signal;
Ysee, e.g., their Fig. 12. Their comparisons quickly identi ed
masses, mass ratios, and spins that were consistent with the
. . data. Our study, which attempts a fully Bayesian direct com-
Motivated by the parameters reported_in LVCHiEFand parison between the data and the multimodal predictions of

our results in Tabl¢ T)I, several followup simulations were NR, produces results consistent with those of LVC-E[@jst
performed to reproduce GW150914. These simulations argee' e.g., Figuid 4 described below. R
responfsible for most of the best- tting aligned-spin results re- L\’/C-PlE[lj performed Bayesian inference on the data us-
ported in Tablg Til. ing semianalytic models for the gravitational waves from a
coalescing compact binary. We directly compare our poste-
_ _ rior distribution with that of LVC-PIL] for the special case
E.  Impact of instrumental uncertainty of aligned spins. Dierences between these posterior distri-
butions can be due to many factors: our choice of starting
For simplicity, our analysis does not automatically accountfrequency is slightly higher (30 Hz versus 20Hz); our ap-
for instrumental uncertainty (i.e., in the detector noise poweproach does not account for calibration uncertainty; and of
spectrum or instrument calibration), as do the methods irtourse we employ NR instead of a semianalytic waveform

spins. Even if the marginalized likelihood cannot be safel
approximated in general, a simulation's value oElprovides
insight into the parameters of the event.
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model. To isolate the eects of NR, we have repeated our sources), as well as by Figurgs 6 drjd 7 (for nonprecessing
analysis but with the same nonprecessing waveform modelources). For comparison, these gures also include the re-
used in LVC-PHI] rather than with NR waveforms. Using sults obtained in LVC-PH], using approximations appropri-
the same input waveforms, our method and that of LVJ4PE ate for nonprecessing (black curves) and simply [18] precess-
produce very similar results; see PER-Method§10] for de-  ing (blue curves) binaries. The rst column of Taple | shows
tails. To isolate the eects of the low-frequency cuto we  the one-dimensional range inferred for each parameter by our
performed the nonprecessing analysis reported in LVEHPE threshold-based method, using 2 modes only.
with a low frequency cuto of 30 Hz; we found results similar Before describing our results, we rst demonstrate why our
to LVC-PHI]. strategy is eective: Figure§4,16.,]7, afd 8 show that the like-
lihood is smooth and slowly varying, dominated by a few key
parameters. As seen in the right panel of Figyre 4, even our
IV.  RESULTS I: PRE-COALESCENCE PARAMETERS large NR array is relatively sparse. However, as the color scale
on this and other gures indicate, the marginalized likelihood
We present two types of results. For generic, precessingaries smoothly with parameters, over a range of more than
NR simulations, we evaluate the marginalized likelihood ofe'®. The simplicity of InL marg is most apparent using con-
source parameters given the data, but because the parametgolled one- and two-parameter subspaces; for example, Fig-
space coverage of NR simulations is so sparse, we do not age[§ shows that Ih (i.e., the peak of It marg(M;)) varies
tempt to construct an interpolant for the likelihood as a func-smoothly as a function ofy,;; ., for nonprecessing binaries
tion of source parameters. For nonprecessing sources, we codf- di erent mass ratiog = m=,. Targeted NR simula-
struct such an interpolant, and we compare with the resultions have corroborated the simple dependence of the like-
of LVC-PH[]. Using the computed likelihoods, we quan- lihood seen here. Despite employing simulations with two
tify whether the data are consistent with or favor a precessingtrongly precessing spins and including higher harmonics, two
source. factors which have been previously shown to be able to break
degeneracies [24, B5-89], Table] Il reveals that simulations
with the same values af and . almost always have simi-
A. Results for generic sources, without interpolation lar values of IrL. In other words, these two simple parame-
ters explain most of the variation in, even wheri changes

Because the available generic NR simulations represefy Up to a factor oe'®. Finally and critically, simulations
only a sparse sampling of the parameter space, for generiith similar physics produce very similar results. By adopt-
sources we adopt a conservative approach: we rely only ofd fiow = 30 Hz and thereby largely standardizing simulation
our estimates of the marginalized likelihoodparg, and we ~ duration, we nd similar values of I when comparing the
do not interpolate the likelihood between intrinsic parametersdata to simulations performed by dirent groups with simi-
nor do we account for Monte Carlo uncertainty in each numerlar (or even identical) parameters. _ _
ical estimate of I marg. Using the inverse? distribution, we ~ Our results and that of LVC-HE] constrain the progenitor
identify two thresholds in lih marg Using Eq. [(6), one (our binary's redshifted mass, mass ratio, and alignesebtive spin
preferred choice) obtained by adoptidg: 4 observ%]tionally e ; see Tablg[l. The eective spin is de ned as 90, 91]
accessible parameters, and the other adopting8/°| Both _ NI
thresholds on It magare derived using (a) our target credible e = (G +SAM) LM (®)

interval (90%) and (b) the peak log likelihood attained over all, example, the color scale in Figliie 4 provides a graphical
simulations [Ta_tbl@l]. Bel_ow, we nd that the peak log likeli- representation of Ih versus . : large values of  j (only
hood over all simulations is Imarg = 2725; as aresult, these  hgjple for spin-aligned systems) are inconsistent with the
two thresholds are Ihmag = 2686 and Il marg = 2658, (515 The agreement between our results and LV{TJREr-
ford = 4 andd = 8, respectively. The con gurations of giqts despite using a much larger simulation set than those
masses and intrinsic parameters that pass either of these tWa.q to calibrate the models used in LVCIEE and de-
thresholds are deemed consistent with the data. In subsequenyiia employing simulations with black hole spins that are

gures, we will color these two classes of con gurations in poih precessing and with magnitude signi cantly outside the

black (those con gurations with Inmarg > 2686) and gray  yange < 0:5 0:8 for which these models were calibrated
(those con gurations with Il marg > 2658). We use this set [rll 92/93].
)

of points in parameter space to bound (below) the range

parameters consistent with the data. __have a strong and tightly-correlated impact on the gravita-
For the progenitor bIacI_< holg parameters, our results USINfonal wave signal and hence on implied posterior distribu-
| = 2 modes are summarized in Figufgs 4 Bhd 8 (for generigong (82084, 94, 95]. Since general relativity is scale-free, the
total redshifted binary madd, sets the characteristic physical
timescale of the coalescence. Due to strong spin-orbit cou-
5 The second choical(= 8) would be appropriate if the posterior was well- pllng, gllgngzd spins (e > 0) extend the temporal duration
approximated by an 8-dimensional Gaussian. The rst chaice @) is  Of the inspiral [18] and coalescence of the two black holes
motivated by past parameter estimation studies when the posterior distr(e.g., the hangup ect [96]); aligned spins also increase the
bution principally constrains the component masses and aligned spins.  ng| black hole spin and hence extend the duration of the post-

The three parametersl,, g, and . are well-known to



- NR grid Aligned t Overall LI NRgrid (  3) Aligned t(I 3) Overall{ 3)
Detector-frame initial total madd,(M )|65.6—77.7 67.2—-77.2 65-77.7 66-7% 67.1-76.8 67.2.3-77.3 67.1-77.3
Detector-framen;.,(M ) 35-45 35-45 35-45 35-45| 34.5-43.9 35-45 34.5-45
Detector-framerm,,(M ) 27-36 27-36.7 27-36.7 27-36 30-37.5 28-37 28-37.5
Mass ratio g 0.66-1 0.62-1 0.62-1 :62-Q98 0.67-1 0.69-1 0.67-1

E ective spin . -0.3-0.2 -0.2-0.1 -0.3-0.2 0:24-Q09| -0.24-0.1 -0.2-0.1 -0.24-0.1
Spin 1a; 0-0.8 0.03-0.80 0-0.8 @08 0-0.8 0.03-0.83 0-0.83
Spin 2a, 0-0.8 0.07-0.91 0-0.91 :®-09 0-0.8 0.11-0.92 0-0.92
Final total masv¢.,(M ) 64.0-73.5 - 64.0-735 63-71] 64.2-72.9 64.2-72.9
Final spinas 0.62-0.73 0.62—0.73 :60-Q72 0.62-0.73 0.62-0.73

TABLE I. Constraints on M;;q; . : Constraints on selected parameters of GW150914 derived by directly comparing the data to numerical
relativity simulations. The rst column reports the extreme values of each parameter consistentlwithy,m 2686 [Eq. [§), withd = 4],
corresponding to the black points shown in FigreF]4, 7,[afd 10. These are computed using &ll 2hemodes of the NR waveforms.

Because these extreme values are evaluated only on a sparse discrete grid of NR simulations, this procedure can underestimate the extent
the allowed range of each parameter. The second column reports the 90% credible interval derived byl ttipgMersus these parameters

for nonprecessing binaries, to enable interpolation between points on the discrete grisk Sectiof IVB for details. The third column

is the union of the two intervals. For comparison, the fourth column provides the interval reported in U¥CiR&uding precession and
systematics. The remaining three columns show our results derived usingalinodes.

FIG. 4. Mass, mass ratio, and eective spin are constrained and correlatedColors represent the marginalized log likelihood as a function

of redshifted total mashl,, mass ratia and e ective spin parameter, . Each point represents an NR simulation and a partiddlaiPoints

with 2658 < InL mag < 2686 are shown in light gray, with Iy > 2686 are shown in black, and with Iny.g < 2658 are shown

according to the color scale on the right (points with | < 172 have been suppressed to increase contrast). Marginalized likelihoods are
computed usindi,, = 30Hz, using all = 2 modes, and without correcting for (small) Monte Carlo integral uncertainties. These gures
include both nonprecessing and precessing simulations. For comparison, the black, blue, and green contours show estimated 90% credible
intervals, calculated assuming that the binary's spins and orbital angular momentum are parallel. The solid black contour corresponds to the
90% credible interval reported in LVC-FH, assuming spin-orbit alignment; the solid blue contour shows the corresponding 90% interval
reported using the semianalytic precessing model (IMRP) in LV{EPthe solid green curve shows the 90% credible intervals derived using a
quadratic tto InL marg for nonprecessing simulations usihg 2 modes; and the dashed green curve shows the 90% credible intervals derived
using InL marg from nonprecessing simulations, calculated using all modeslwitB; see Sectio@}:‘s for details. Unlike our calculations, the

black and blue contours from LVC-HE account for calibration uncertainty and use a low frequency cof®0 Hz. Left panel Comparison

for M;; « . This gure demonstrates the strong correlation between the total redshifted mass anightrpanel Comparison foq; . .

This gure is consistent with the similar but simpler analysis reported in LVC-Hdlkstee, e.g., their Fig. 12.

merger quasinormal ringdown [97]. More extreme mass rationass at xed simulation parameters). Hence, our ability to
extends the duration of the pre-merger phase while dramatzonstrain any individual paramet®t;; g, or . is limited not
cally diminishing the amplitude and frequency of post-mergemy the accuracy t%vﬂ:mz is determined for each simulation
oscillations [67| 68, 98, 99]. As noted above, the data tightly(i.e., the width £ ), but rather by dierences between
constrain one of these combinations (e.g., the total redshiftesimulations (i.e., trends in lnversus . ;) which break the
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degeneracy between these tightly correlated parameters.  with respect to the line of sight, even including higher-order
Simulations with a variety of physics t the data, in- modes in the gravitational waveform (which we do in our ap-
cluding strongly precessing systems. In Table lll, severaproach here but is not done for the analytic waveform models)
simulations with large transverse spins but nearly zero negdoes not strongly break these degeneracies and allow us to
aligned spin t the data almost as well as the best- tting distinguish individual spins.
nonprecessing simulations (e.g., SXS:BBH:3; RIT simulation By stitching together our ts for I yar(M;) and recon-
D10_g0.75_a-0.8 xi0_n100). As described below, Table structing the relevant parts of the likelihood for all masses and
V shows that these and other long precessing simulations @ligned spins, we can estimate the full posterior distribution
even better when more low-frequency content is included. for M 0Q; 1.2 22 using Eg. (5). Due to inevitable system-
The correspondence between our results and those pratic modeling errors in the t, as described below, this ap-
sented in LVC-PRL] merits further re ection: by construction proximation may not have the statistical purity of the method
our ducial analysis (Table 1ll) omitted nontrivial early-time presented in LVC-PH]: any credible intervals or deductions
information (i.e.,f < 30 Hz) which, for each simulation, more drawn from it should be interpreted with judicious skepti-
tightly constrains the range of masses that could be consisteatsm. On the other hand, this method enables the reader
with the data. In fact, as we show below, strong degeneracig® recalculate the posterior distribution using any pgpér),
in the gravitational wave signal between mass, mass ratio, ariicluding astrophysically-motivated choices. Fitting to non-
spin imply that our ability to break these degeneracies domiprecessing simulations, we nd Inmarg for INL marg > 262
nates our reconstruction of source parameters. Omitting infoiis reasonably well-approximated by a quadratic function of
mation from low frequencies marginally reduces our ability tothe intrinsic parameter®! , = (my,My)>°(my, + Mp) ',
identify the range of masses that are consistent with the data= (MizMp)<(Myz + Mpz)%, = (My;  Mp)=M,, ¢, and

for one simulation however, this omission does not impair (Mg 1 Mgz 5) LM
our ability to draw conclusions overall, after accounting for 1
uncertain spins and mass ratio. INL marg' 2684 5( Ja ab( o :(9a)

Directly comparable to Fig. 12 in LVC-Buigf, the right o _
panel of Figure 4 provides a visual representation of one keyhere the indices; b run over the variable® ;; ; e ;
correlation betweeny and . : only a narrow range of mass In this expression, , represents the vectoM(z; ; e; ),

ratios and aligned eective spin . are consistent with the ~ a corresponds to the vectoM(; = 3176M , = 0:255,
data. This range includes both nonprecessing and precessing = 0:037, = 0) of parameters which maximize
simulations. Most other parameters have a subdominant efd L marg @and is a matrix (indexed byl z; ; ¢ ; ; ) with
fect. For example, restricting attention to nonprecessing binadumerical values
ries for clarity, the data do not strongly discriminate between 3:75 2242 520 O 0
systems with similar ¢ but di erent 1.,; 2 see, e.g., Fig- 2242 226972 2692 0 0
ure 6. = 520 2692 8469 O 0 (9b)

0 0 0 257 163

0 0 0 163 0

B. Results for nonprecessing sources, including interpolation . o o
Here we retain many signi cant digits to account for structure

in , which is nearly singular. Equation (9) respects exchange
symmetrymy;; 1 $ mpy 2. Our results do not sensitively
depend on the value of . , indicating that this quantity is
not strongly constrained by the data. Conversely, the posteri-
%rs do depend on . . As the contrast between the rst term
in Eg. (9) and the data Table Ill makes immediately appar-

Both LVC-PH1] and our highly-ranked simulations in Ta-
ble Il demonstrate that binary black holes with nonprecess
ing spins can reproduce GW150914. Only four parame
ters characterize a nonprecessing binary: the two comp
nent massesy; m, and the components of each BH's dimen-

sionless spin ; projected perpendicular to the orbital plane ent, this coarse approximation can ef from the simulated

( 1z 22). Nonprecessing binary black hole coalescencesqgiis by of order 7 in the log (rms residual). This re ects
have been extensively simulated [45]; see, e.g., Table II. Seype ¢ompined impact of Monte Carlo error, systematic error
eral mode_ls have been de\{elqped to.rgproduce the Ie""d'ngélused by too few orbits in some simulations, and system-
order gravitational wave emission (tHeji) = (2,2) modes) 44 errors caused by sparse placement of NR simulations and
[6, 8, 12, 57, 67, 6.58]’ one, the SEOBNRv2 mod_el [9_2]’ IS non-quadratic behavior of InmargWith respect to parameters.
adopted as a ducial reference by LVC-RE While this  peoneating our calculation while including all the 3 modes,
model has not been calibrated to NR for large valuescof we nd the same functional form as Eq. (9), but with a dif-
and q [11], it has been shown to accurately reproduce theTerent vector @)= M, = 381M ' 0,32’ - 011

(2;2) mode from binaries with comparable mass and low spins™ _ 0), and agi eren'fmatrb; : e e o

[9, 11, 61]. Because of degeneracies, data from GW150914 '

do not easily distinguish between dirent points in param- 3746 2355 515 O 0

eter space that have the same valueMgfq; . ; in partic- 2355 17970 2941 0 0

ular, it is di cult to individually measure 1, and 5, when ®=f 515 2941 832 O 0 % (10
g' L ¢ " Oand i, 27 See, e.g., [95]. Because 0 0 0 Q57 125

GW150914 has comparable masses and is oriented face-o 0 0 0 1257 0
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FIG. 5. Distributions agree [nonprecessing caselComparison between the posterior distributions reported in LV{JH&r nonprecessing
binaries (solid) and the posterior distributions implied by a leading-order approximatioh @ 41Eq. (9)] derived using 2 (dotted) and

| 3 (dashed)Left panel my., (black) andm,, (red). Center panelMass ratio £q = m,,=my.,. The data increasingly favor comparable-mass
binaries as higher-order harmonics are included in the analpgiht panel Aligned e ective spin o . The noticeable dierences between
our . distributions and the solid curve are also apparent in Figures 7 and 4: our analysis favors a slightly régtiee spin.

FIG. 6. Likelihood versus spins: NonprecessingMaximum likelihood InL (colors, according to the colorbar on the right) as a function of
spins 1,; 2, fordi erent choices of mass ratied, computed using all= 2 modes. Each point represents a nonprecessing NR simulation
from Table Ill. To increase contrast, simulations withLIrx 171 have been suppressed. Only simulations Vigth < 30 Hz are included.
Dashed lines and labels indicate contours of constantThe left two panels show that for mass ragi6 1, the marginalized likelihood is
approximately constant on lines of constapt. For more asymmetric binarieg € 2), the marginalized likelihood is no longer constant on
lines of constant. . Along lines of constant, andgq, InL decreases versus.

We label @ and @ with a superscript “3” to distinguish this ~ Despite broad qualitative agreement, these compar-
result from the corresponding result using ohly 2 modes isons highlight several derences between our results and
shown in Eqg. (9). LVC-PE[1], and between results including= 2 modes and
. . . thoseincluding all 3 modes. For example, Figure 4 shows

For nonprecessing sources, using Eq. (5) and a unifortgyat the distribution irM,; q;  , computed using our method
priorin 1, 2, and the two component masses, we can evaliggjig green lines and black points) is slightly grent than
uate the marginal posterior probabilipz) for any intrinsic o corresponding distributions in LVC-PE. As seen in this
parameter(s. The two-dimensional marginal posterior prob- 4,re and in Figure 7, the posterior distribution in LVC-P
ability is shown as a green solitiX 2) and dashed (' 3)line  jncjydes binaries with low eective spin, outside the support
in Figures 4 and 7. Both the= 2 andl 3 two-dimensional 4t the distributions reported here. These efiences are di-
distributions are in reasonable agreement with the posterlqrecﬂy re ected in the marginal posterigi{ ) (right panel
distributions reported in LVC-F[E] for nonprecessing bina- ot Figure 5) and in Table I. Our results for the component
ries, shown as a black curve in these gures. These tWO?spins 17 2, the e ective spin . , the total massv,, and
dimensional distributions are also consistent with the diSiye mass of the more massive objegt, do not change sig-
tribution of simulations with I marg > 2686 (i.e., black  nicantly when | = 3 modes are included. The mass ratio
points). Additionally, Figure 5 shows several one-dimensionalyistribution p(g) is also slightly di erent from LVC-PE1]
marginal probability distributionsitiz; M2z, e ), Shownas  \yhen| = 3 modes are included; see Figure 5. Compared
dotted ( = 2) or dashed lines ( 3); for comparison, the solid 4 prior work, this analysis favors comparable-mass binaries

line shows the corresponding distribution from LVC{BHOr  \yhen higher modes are included: see, e.g., the center panel of
nonprecessing binaries.



12

strictly and positively aligned (see, e.g, [101]). In that case,
only the top right quadrant of Figure 7 would be relevant. Us-
ing the analytic tools provided here, the reader can regenerate
approximate posterior distributions employing any prior as-
sumptions, including these two considerations.

C. Transverse and precessing spins

Figure 8 shows the maximum likelihood for the available
NR simulations, plotted as a function of the magnitude of the
aligned and transverse spin components. The gure shows
that there are both precessing and nonprecessing simulations
that have large likelihoods (black points), indicating that many
precessing simulations are as consistent with the data as non-
precessing simulations. Moreover, simulations with large pre-
cessing spins are consistent with the GW150914: many con-
gurations have ¢ ' 0 but large spins on one or both BHs in

FIG. 7. Aligned spin components not constrained [aligned only ~the binary. Keeping in mind the limited range of simulations
shown]: Colors represent the marginalized log likelihood as a func-available, the magnitude and direction of either BHs spin can-
tion of the aligned spin components, and ,,. Each point rep- not be signi cantly constrained by our method.

resents an NR simulation; only nonprecessing simulations are in- Not all precessing simulations with suitallje ¢ are con-
cluded. Points with 268 < InL < 2686 are shown in light  sistent with GW150914; some have values of Ithat are
gray, with InL. > 2686 are shown in black, and with In< 2638 ot within 10 of the peak; see the right panel of Fig. 8) The
are shown according to the color scale on the right (points W'thmarginal log-likelihood IrL depends on the transverse spins,
Iana‘rg < 1.72 have peen suppressed to inprease contrast). [Thﬁot just the dominant parameters (e ;M ;). As a concrete
quantity InL.is the maximum value of I8 marg With respect to mass; illustration, Figure 9 shows that the marginalized log likeli-

see Eq. (7).] Consistent with our other resulfis, = 30Hz. For dd d h o di . fth .
comparison, the solid black contours show the 90% credible intervaI_Q00 epends on the speci ¢ direction of the transverse spin,

derived in LVC-PH1], assuming spin-orbit alignment and omitting N the plane perpendicular to the angular momentum axis.
corrections for waveform systematics. The solid and dashed greeRPeci cally, this gure compares the peak marginalized log
contours are the nominal 90% credible interval derived using an aplikelihood (InL) calculated for each simulation with the value
proximation to our data for Ih marg, @ssuming both spins are exactly of In L predicted from our t to nonprecessing binaries. For
parallel to the orbital angular momentum, for 2 (solid) and =3 precessing binaries, Inis neither in perfect agreement with

(dashed), respectively; see Section IV B for more details. the nonprecessing prediction, nor independent of rotations of
the initial spins about the initial orbital angular momentum by
an angle .

Figure 5. While the transverse spins do in uence the likelihood,

The di erences between the results reported here anslightly, the data do not favor any particular precessing con-
LVC-PH[1] should be considered in context: not only does gurations. No precessing simulations had marginalized like-
our study employ numerical relativity without analytic wave- lihoods that were both signi cant overall and signi cantly
form models, but it also adopts a slightly @irent starting above the value we predicted assuming aligned spins. In other
frequency, omits any direct treatment of calibration uncerswords, the data do not seem to favor precessing systems, when
tainty, and employs a quadratic approximation to the likeli-analyzed using only information above 30 Hz.
hood. That said, comparisons conducted under similar lim- Our inability to determine the most likely transverse spin
itations and using real data, diring only in the underlying components is expected, given both our self-imposed restric-
waveform model, reproduce results from LAlférence see  tions (fiow = 30 Hz) and the a priori eects of geometry. For
PE+NR-Method$10] for details. example, the lack of apparent modulation in the signal re-

By assuming the binaries are strictly aligned but permittingported in LVC-deted®] and LVC-Bursf4] points to an ori-
generic spin magnitudes, our analysis (and thatin LVQIPE entation withJ parallel to the line of sight, along which
neglects prior information that could be used to signi cantly precession-induced modulations are highly suppressed. In ad-
in uence the posterior spin distributions. For example, thedition, the high mass and hence extremely short observation-
part of the posterior in the bottom right quadrant of Figure 7ally accessible signal above 10 Hz provides relatively few cy-
is unstable to large angle precession [100]: if a comparablecles with which to extract this information. The timescales
mass binary formed at large separation wit, > 0 and involved are particularly unfavorable to attempts to extract

22 < 0, it could not remain aligned during the last few orbits. precession-induced modulation from the pre-merger signal:
Likewise, the astrophysical scenarios most likely to producehe pre-coalescence precession rate for these sources is low
strictly aligned binaries — isolated binary evolution — are( , ' (2+ 3mp=my)J=2r3 ' 2 1Hz(f=40 HzP= for this
most likely to result in both 1.,; 2> 0: both spins would be system, wherel is the magnitude of the total orbital angu-
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FIG. 8. Large spins possible Colors represent marginalized log likelihood as a function af¢j ; Ljand ; L, wherei = 1;2 indexing the

rst and second black hole,evaluated using each simulation’s initial conditions [Table 11]; compare to the left panel of Figure 5 in[LYC-PE
Each simulation therefore appears twice in this gure: once on the left and once on the right. Spin magnitudes and directions refer to the
initial con guration of each NR simulation, not to properties at a xed reference frequency as in L{O-Fbints with 2638 < InL < 2686

(cf Eqg. (6)) are shown in light gray, with Inmag > 2686 are shown in black, and with Iny,y < 2658 are shown according to the color

scale on the right. [The quantity Lnis the maximum value of Ih ,ag With respect to mass; see Eq. (7).] While this gure was evaluated
usingl = 2 modes only, the corresponding gure for 3 modes is eectively indistinguishable. This diagram demonstrates that both black
holes could have large dimensionless spinThe solid black circle represents the Kerr lifif = 1; to guide the eye, the dashed circles

showj ;.,j = 0:2,0:4,0:6,0:8. For comparison, the blue contour shows the corresponding 90% credible interval reported in [NC-PE
using spin con gurations at 20 Hz. The structure in this contour (e.g., the absence of support near the axis) should not be over-interpreted:
similar structure arises when reconstructing the parameters of synthetic nonprecessing kefingasel All simulations are includedRight

panel To increase contrast only simulations wijh< 2 and . 2 [ 0:5;0:2] are shown; these limits are chosen to be consistent with the
two-dimensional posterior ig; . shown in the right panel of Figure 4.

mass, spin information will be accessible at lower frequencies
(i.e., between 1030 Hz); however, our ducial analysis using
fiow = 30 Hz is not well-suited to extract it.

For a suitably-oriented source, the strongly nonlinear
merger phase can in principle encode signi cant information
about the coalescing binary's precessing spins. Qualitatively
speaking, this information is encoded in the relative amplitude
and phase of subdominant quasilinear perturbations, causing
the radiation from the nal black hole to appear to precess
[15, 29]. This information also in uences the nal black hole
mass and spin. The model used in LVC{PEadopted a ge-
ometric ansatz to incorporate theseeets at leading order,

FIG. 9. Transverse spins can in uence the marginal likelihood US'”Q a Iovyer-d|men5|onal @Ctlve model ,for,a S'“Q'e pre-
InL, the di erence between the computed Iof a precessing sim-  €€SSing spin. However, in this work, despite including higher

ulation (see Eq. (7)) and the estimated value df lilom our t modes and having direct access to as-yet unmodeledts,

to nonprecessing simulations, plotted as a function of an angle our analysis shows no signi cant derence from the previ-

for two one-parameter families of simulations whose initial condi- ously reported conclusions regarding the transverse spin dis-

tions di er only by a rotation of the initial spins through an angle tribution.

around the initial angular momentum axis. The color scale indicates

the value of , . The low frequency content of GW150914 may con-

tain some further signature consistent with two precess-
ing spins. Simultaneously with this work, an analysis
has been performed using semianalytic models that can
lar momentum and we assunde' L; see [18]), implying fully capture both spins' dynamics LVC-SEOBNRB82].
at best two pre-merger precession cycles could be accessibléithin the context of this study, Table V shows an anal-
from the early signal; see LVC-RPH. As with the total binary  ysis without an articially imposed low frequency cut-
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10 shows our results. Rather than approximate a posterior dis-
tribution — a signi cant challenge in 8 dimensions — we sim-
ply report sets of pointM+.,; a; corresponding to simulations
and initial redshifted massed¥l, so InL mar(M;) is greater
than some cuto. When we include only nonprecessing sim-
ulations, we nd results consistent with the reported values
in LVC-PHE[1] and LVC-TestGRR3]. While many simulations
listed in Table Il have some transverse spin, many also have
zero transverse spin, so overall the transverse spin distribution
“a e R of our simulations is more concentrated towards zero than the
prior adopted in LVC-PR]. Given the excellent agreement
between our results and LVC-PH for pre-coalescence pa-
rameters, particularly in the subset of spin-aligned binaries,
FIG. 10.Final redshifted mass and spin The nal redshifted black ~We cannot identify any nonzero cdrence for nal parameters
hole massed;, and spinsa;. Each point represents an NR simu- that is introduced by our methodology (e.g. our restriction to
lation; both nonprecessing and precessing simulations are includedi,, = 30 Hz).
Points with 263 < InL nag < 2686 are shown in light gray, with

INL marg > 2686 are shown in black, and with Inyag < 2658

are shown according to the color scale on the right (points with

INL marg < 172 have been suppressed to increase contrast). For com-

parison, the solid black curve shows the 90% credible interval on

VI. CONCLUSIONS

Ms., anday derived in LVC-PE1] and LVC-TestGR3] using a spin- Using a full Bayesian parameter estimation technique, we
aligned model; the blue curve shows the corresponding result derivegirecﬂy compare GW150914 with a large set of binary black
from a single-spin precessing (IMRP) model. hole simulations produced using full numerical relativity. Our

comparisons employ physics and radiation contént (3
modes) not available or only partially captured by the two
o . As eXpeCted, the best- tt|ng |Ong simulations Seensemiana|ytic mode|s used in LVC_HE Using our com-
in our previous report t equally well and agree. No- pletely independent approach, we nonetheless arrive at results
tably, however, we nd an increase in the marginalized |ike-simi|ar to those of LVC_PE_] Comparisons inc|uding on|y
lihood for precessing simulations Iik&XS:BBH:308and  the dominant modes (all  2) constrain the total redshifted
D21.5_g1_a0.2_0.8_th104.4775_n100. More broadly, massM, [64 82M ], mass ratio &y = mp=my 2 [0:6;1],
when we include low-frequency content, many precessingind e ective aligned spine 2 [ 0:3;0:2]. Includingl = 3
simulations that previously had not t the high-frequency con-modes, we nd the mass ratio is even more tightly constrained.
tent as well become more signi cant. However, to extractgoth nonprecessing and precessing simulations t the data;
low-frequency content reliably, we will need to both hybridize no compelling evidence exists for or against a precessing ori-
these precessing simulations and interpolate the likelihood agin. Even accounting for precession, simulations with ex-
a function of both precessing spins. These further investigayeme mass ratios and ective spins are highly inconsistent
tions are beyond the scope of the present study. with the data, at any mass. Several nonprecessing and pre-
cessing simulations with similar mass ratio and are con-
sistent with the data. Though correlated, the component spins
V. RESULTS II: STRONG-FIELD PROPERTIES AND (both in magnitude and direction) are not signi cantly con-
POST-COALESCENCE PARAMETERS strained by the data: the data are consistent with simulations
with component spin magnitudes., up to at least @, with
The numerical relativity simulations listed in Table Il have random orientations.
been previously used to develop accurate models for the nal This paper also provides the rst concrete illustration, us-
black hole mass and spin [25, 26, 103, 104]. The relationing real gravitational wave data, of several methods to aid
ships developed in [25] for nonprecessing binaries were useithe interpretation of gravitational wave observations using nu-
in LVC-PH[1] and LVC-TestGR3] to infer the nal black hole  merical relativity. First and foremost, this method demon-
mass and spin, based on the pre-coalescence spins. By catrates that the marginalized likelihood can becently eval-
struction, this approximation neglects the impact of transversaeated on a grid [80, 81]. Straightforward reconstructions
spins. Both this work and in LVC-HE] have shown that (e.g., ts, interpolation) allow us to reconstruct the posterior
GW150914 is consistent both with nonprecessing and preat low cost. Further, NR simulations are stiently dense,
cessing pre-coalescence spins. When large, these spins aned the marginal log-likelihood lnmag Su ciently simple,
well-known to signi cantly impact the nal black hole mass that InL marq can be eectively approximated using available
and spin [17, 105-109]. catalogs of NR simulations. Second, we provide and em-
With direct access to both an accurate multimodal waveploy a simple but eective approximation to the marginalized
form for generic precessing systems and the nal blackliikelihood. A particularly e cient way to communicate re-
hole state, the method applied in this work is uniquely wellsults, this data product enables further investigations, includ-
equipped to identify the nal black hole mass and spin. Figureing the impact of the prior on our conclusions; the ability to
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incorporate the spin-precession instability into our posteriol.IGO as well as the Science and Technology Facilities Coun-
[100]; and anything involving conditional distributions, which cil (STFC) of the United Kingdom, the Max-Planck-Society
are trivially produced using the t. Third, this investigation (MPS), and the State of Niedersach&&aermany for support
has demonstrated the critical role that numerical relativity carof the construction of Advanced LIGO and construction and
play in data analysis while simultaneously illuminating a pathoperation of the GEO600 detector. Additional support for Ad-
forward in the era of frequent detections. We demonstrate thatanced LIGO was provided by the Australian Research Coun-
NR results can be directly applied to data analysis, without in€il. The authors gratefully acknowledge the lItalian Istituto
tervening approximations. In the future, while low-frequencyNazionale di Fisica Nucleare (INFN), the French Centre Na-
sensitivity will improve, so will our ability to eectively hy-  tional de la Recherche Scienti que (CNRS) and the Founda-
bridize these simulations, so this approach will remain valution for Fundamental Research on Matter supported by the
able even when very long signal models are required to reNetherlands Organisation for Scienti ¢ Research, for the con-
produce the data. Targeted followup can be performed guidestruction and operation of the Virgo detector and the creation
by InL, our measure of overall t (maximizing Ibynaqover — and support of the EGO consortium. The authors also grate-
mass). Fourth, as described in f¥R-Method$10], this  fully acknowledge research support from these agencies as
method provides a direct and unambiguous method to asseg&ll as by the Council of Scienti ¢ and Industrial Research of
the relative impact of higher harmonics, waveform extraction)ndia, Department of Science and Technology, India, Science
and modeling uncertainty on a point-by-point basis. Investiga& Engineering Research Board (SERB), India, Ministry of
tions using this technique will provide a valuable complementHuman Resource Development, India, the Spanish Ministerio
to parallel studies with LALhference[13]. de Econorta y Competitividad, the Conselleria d'Economia
As noted in LVC-Astr¢30], the inferred spin magnitudes i Competitivitat and Conselleria d'EducégiCultura i Uni-
and misalignments provide unique and distinctive clues toversitats of the Govern de les llles Balears, the National Sci-
the astrophysical origin of GW150914. Notably, strongly ence Centre of Poland, the European Commission, the Royal
misaligned spins require a violent origin, either through ex-Society, the Scottish Funding Council, the Scottish Univer-
ceptionally dynamic stellar processes or a cluster originsities Physics Alliance, the Hungarian Scientic Research
Our analysis cannot de nitively support or rule out such Fund (OTKA), the Lyon Institute of Origins (LIO), the Na-
an origin. We recommend further analysis of GW150914tional Research Foundation of Korea, Industry Canada and
with improved models for binary inspiral and coalescencethe Province of Ontario through the Ministry of Economic
whether derived semianalytically or via hybridization &oxd Development and Innovation, the National Science and En-
interpolation of pure numerical relativity. For example, gineering Research Council Canada, the Brazilian Ministry of
LVC-SEOBNRvVv3102] reports marginally tighter constraints Science, Technology, and Innovation, the Leverhulme Trust,
on (two) precessing spins, by comparing GW150914 againghe Research Corporation, Ministry of Science and Technol-
a model for the emitted radiation including the very early in-ogy (MOST), Taiwan and the Kavli Foundation. The authors
spiral, which by necessity NR simulations must omit. Com-gratefully acknowledge the support of the NSF, STFC, MPS,
bined with this method, we further anticipate a large-scaldNFN, CNRS, and the State of Niedersach&srmany for
simulation campaign in full numerical relativity to explore provision of computational resources.
simulations comparable to GW150914 could allow us to ex- The SXS collaboration also gratefully acknowledges Com-

tract more insight into its nature. RRIR-Method$10] will pute Canada, the Research Corporation, and California State
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Appendix A: Simulation list

In this section, we enumerate the simulations used in this work [Table 1], providing a more detailed description of the
simulations performed and their relationship to the literature. Unless otherwise noted, we extrét) [and therefordym,(f)
andhy(t)] at in nity using a perturbative extrapolation [110] re-expressed in the Fourier domain; seéfRRElethod$10] for
further details.

RIT simulations: BBH data esvere evolved using thalEv [111] implementation of the moving puncture approach [41, 42] with

the conformal functioW = "~ = exp( 2 ) suggested by Ref. [112]. For the run presented here, we use centered, sixth-order
nite di erencing in space [113] and a fourth-order Runge Kutta time integrator. (Note that we do not upwind the advection
terms.) This code uses thénSteinToolkit [114]/ Cactus [115]/ Carpet [116] infrastructure. The &pet mesh re nement

driver provides a “moving boxes” style of mesh re nement. In this approach, re ned grids of xed size are arranged about the
coordinate centers of both holes. Tharfet code then moves these ne grids about the computational domain by following
the trajectories of the two BHs. The RIT group used AttierDirect [117] to locate apparent horizons. The magnitude of the
horizon spin is computed using tligolated horizon(IH) algorithm detailed in Ref. [118] and as implemented in Ref. [119].
Note that once we have the horizon spin, we can calculate the horizon mass via the Christodoulou formula

q__
my = mi2rr + Sﬁ :(4mzrr) : (A1)

wheremy, = pA:(16 ), Ais the surface area of the horizon, &gl is the spin angular momentum of the BH (in units\éf).

The 128 simulations reported in Zlochower and Lousto [17], denoted in Table Il by RIT-Kicks, have only one black hole
spinning withj j = 0:8. For a handful of these simulations, the estimate of the nal black hole mass and spin has been updated
since the original publication.

These simulations include (a) a simulation with large transverse spins and several spin precession cycles which ts the data
well [27]; (b) a wide range of simulations with large aligned and antialigned spins for mass ratios near and far from unity [73]; (c)
a set of simulations with targeted mass ratios and spins, designed to systematically explore the parameter space and reconstruc
generic recoil kicks wheq > 1 [17]; (d) and a set of equal mass simulations with large spir® éhd generic orientations,
designed to systematically explore the parameter space and reconstruct recail whdm4].

SXS simulations SXS provided simulations from their public catalog — initially reported in [58] — as well as several selected
followup simulations. The SXS collaboration uses the Spectral Einstein Code (SpEC) [120] for evolution. Quasiequilibrium
initial data are constructed in the extended conformal thin-sandwich formalism using a pseudo-spectral elliptic solver [121,
122] The evolution occurs on a grid extending from inner excision boundaries, slightly inside the apparent horizons, to an
outer boundary on which constraint-preserving boundary conditions are imposed [123]. The code uses a rst-order generalized
harmonic representation of Einstein's equations with damped harmonic gauge [124-128]. After merger, the grid is updated to
include only one excision boundary [129, 130]. The excision boundaries are dynamically adjusted to conform to the shapes
of the apparent horizons [129, 130]. The initial orbital eccentricity is reduced with an iterative procedure [131, 132]. Other
improvements have been applied to enable long simulations [133] and simulations of highly-spinning black holes [134].

GT simulations: Initial data was evolved witMaya which was used in previous black hole-black hole (BH-BH) studies [135—
142]. The grid structure for each run consisted of 10 levels of re nement provideditpe€[116], a mesh re nement package
for Cactus[115]. Each successive level's resolution decreased by a factor of 2. Sixth-order spatial rétentiing was used
with the BSSN equations implemented with Kranc [143].

Simulations denoted by GT-Aligned refer to the z, zq, and zU series in [15, 29]; the GT-Misaligned case refers to the S and
Sq series; and GT-Tilting refers to the T and Tq series. Where available, we adopt the naming convention used in [77]. In
particular, the 452 simulations in [77] survey the most extensive parameter space of binary black hole (BBH) systems with 49
non-spinning, 81 aligned-spinning and 324 generic precessing spins BBH simulations. They cover mass-ratios ranging from
g 15 for non-spinning and; 8 for precessing spinning BBH systems, and include generic spin orientations and spin
magnitudesjaj < 0:8.

BAM simulations: The Cardi -UIB group provided 29 simulations using parameters similar to the event, with approximately
random initial con gurations within the 99% credible region inferred for GW150914 in LV@tREThese BBH simulations

were produced by the bifunctional adaptive mesh (BAM) NR code [78, 79]. The BAM code solves the Einstein evolutions
equations using the BSSN [144, 145] formulation of the B decomposed Einstein eld equations. The BSSN equations are
integrated with a fourth order nite-dierence Runge-Kutta time integrator, with a xed time step along with a sixth order
accurate nite di erence algorithm based on the method-of-lines for spatial derivatives. Végation of the moving-puncture
method is used where a new conformal factor de ned as  # which is nite at the puncture. The lapse and shift gauge
functions are evolved using thetlLog slicing condition and the Gamma driver shift condition respectively. Conformally at
puncture initial data [146—148] are calculated using the pseudospectral elliptic solver described in [149].
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1. Followup simulations

Several groups performed new simulations in response to GW150914, indicated in Table Il by an asterisk (*). Some of
these simulations were made available for this analysis. The SXS group performed 8 targeted simulations near the maximum
a posteroriparameters reported in LVC-IPH. The RIT group performed a systematic followup campaign on nonprecessing
binaries, targeting the mass ratio and spin range favored by LM@}PEhis campaign included 52 new simulations of non-
precessing binaries in the range of mass rat® 1 q 1 for spinning binaries and up = 1=6 without spin. So far the
sequence also includes 11 new precessing simulations in the observationally-relevant mass ratio réhige @f 13=4 to
further calibrate results.

TABLE II: List of simulations: Table of simulations used in this work. Columns
indicate the group; an (internal) shorthand for the simulation; the mass ratio; and
the components of the dimensionless spins= S=n¥; the e ective aligned

spin ; the estimated initial starting orbital frequendy! o; and (where avail-
able) the nal black mass and spin. [We indicate where the black hole mass and
spin was unavailable by using X for the corresponding entry.] (The printed table
only shows a few entries from each group; the full table is available as online
supplementary material.)

Name Key q 1x Ly 1z 2;X 2y 2,z e M! 0 Mf:M as

RIT-Generic  pio.50_q0.1667_a0.0_0.0_n100(*) {6.000 - - - - - - - 0.025 0.986 0.372
RIT-Generic  b10_g0.33_a-08_xio_n100 (*) 2.999 0.757 0.030 0.259 - - -0.800.006 0.0290.965 0.756
RIT-Generic  pio_q0.33_a08 xio_n120(*) 2.999 0.754 0.031 -0.268 - - 0.8060.001 0.0290.970 0.607
RIT-Generic D10_q0.50_a-050_0.50_n100(¥)  {2.000 - - 0.500 - - -0.50®.167 0.0280.953 0.751
RIT-Generic  pio_qo.50_a-08_xio_n100 (*) 2.000 0.696 0.059 0.392 - -0.006 -0.860.005 0.0300.956 0.768
SXS-All SXS:BBH:0001 1.000 - - - - - - - 0.013 0.952 0.686
SXS-All SXS:BBH:0010 1.501 0.248 0.028 -0.433 - - - -0.260 0.0140.962 0.563
SXS-All SXS:BBH:0100 1.500 - - - - - - - 0.012 0.955 0.664
SXS-All SXS:BBH:0101 1.501 - - -0.500 - - - -0.300 0.0180.963 0.540
SXS-All SXS:BBH:0102 1.500 0.496 0.051 -0.001 0.494 0.071 -0.0@001 0.01%0.954 0.695
RIT-Kicks RIT:BBH:NQ16TH115PHO 6.000 0.725 - -0.338 - - - -0.290 0.0330.991 0.554
RIT-Kicks RIT:BBH:NQ16TH115PH120 6.000 -0.363 0.628 -0.338 - - - -0.290 0.0340.991 0.552
RIT-Kicks RIT:BBH:NQ16TH115PH150 6.000 -0.628 0.363 -0.338 - - - -0.290 0.0340.991 0.556
RIT-Kicks RIT:BBH:NQ16TH115PH30 6.000 0.628 0.363 -0.338 - - - -0.290 0.0320.991 0.553
RIT-Kicks RIT:BBH:NQ16TH115PHG0 6.000 0.363 0.628 -0.338 - - - -0.290 0.0340.991 0.556
RIT-OlderWork rim:saH:kTH22.5PH0 1.000 -0.026 0.304 0.760 -0.008 0.310 -0./®®01 0.0420.960 0.695
RIT-OlderWork rir:esH:kTH22.5PH120 1.000 -0.272 -0.157 0.757 -0.272 -0.157 -0./57 0.043 0.961 0.698
RIT-OlderWork rir:sH:KTH22.5PH150 1.000 -0.157 -0.272 0.757 -0.157 -0.272 -0.[(57 0.043 0.961 0.697
RIT-OlderWork riresH:TH22.5PH30 1.000 -0.185 0.257 0.756 -0.157 0.272 -0./®7001 0.0420.960 0.695
RIT-OlderWork rirgeH:TH22.5PH60 1.000 -0.297 0.138 0.751 -0.272 0.157 -0./®7003 0.0420.960 0.695
GT GT:BBH:564 1.000 - - -0.400 - - -0.4000.400 0.026 0.961 0.560
GT GT:BBH:476 1.000 - - -0.200 - - -0.2000.200 0.02%0.956 0.624
GT 0.0.1.0) 1.000 - - - - - - - 0.030 0.952 0.686
GT (0,1.0,M100) 1.000 - - - - - - - 0.029 0.951 0.687
GT (0.0,1.0,M120''D11) 1.000 - - - - - - - 0.029 0.951 0.686
GT GT:BBH:456 1.500 0.346 - 0.200 - - 0.4000.280 0.0240.947 0.753
GT GT:BBH:455 1.500 0.424 - 0.424 - - 0.6000.495 0.0200.937 0.822
GT GT:BBH:457 1.500 0.520 - 0.300 - - 0.6000.420 0.021 X X

GT GT:BBH:764 1.500 0.600 - - - - 0.6000.240 0.021 X X

GT GT:BBH:458 2.000 0.346 - 0.200 - - 0.4000.267 0.0230.954 0.722
GT GT:BBH:550 2.000 0.424 - -0.424 - - 0.600-0.083 0.0320.964 0.549
GT GT:BBH:545 2.000 - - -0.600 - - 0.600-0.200 0.0330.967 0.465
GT GT:BBH:556 2.000 -0.600 - - - - 0.6000.200 0.0320.955 0.698
GT EK_D6.2_a0.6_th000_M77 1.000 0.584 0.143 0.002 -0.584 -0.143 0. 0.951 0.686
GT GT:BBH:482 1.000 0.520 0.300 - -0.520 -0.300 - 0.951 0.684
GT GT:BBH:483 1.000 0.424 0.424 - -0.424 -0.424 - 0.950 0.683
GT GT:BBH:484 1.000 0.300 0.520 - -0.300 -0.520 - 0.950 0.681
GT GT:BBH:485 1.000 - 0.600 - - -0.600 - 0.949 0.680
GT aa_b5_a0.2_M77 1.000 - - 0.200 - - -0.20 X X

GT aa_b5_a0.4_M77 1.000 - - 0.400 - - -0.40 X X

GT aa_b5_a0.6_M77 1.000 - - 0.600 - - -0.60 X X

GT aa_bs_a0.8_M77 1.000 - - 0.800 - - -0.80 X X

GT fr_b5_a0.6_random2_M77 1000 - - 0600 - - '060 X X

Continued on next page
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GT fr_b3.1_a0.6_oth.000_M77 1.000 - - 0.600 -0.600 - - 0.300 0.057 X X
GT fr_b3.1_a0.6_oth.015_M77 1.000 0.155 - 0.580 -0.600 - - 0.290 0.057 X X
GT fr_b3.1_a0.6_oth.030_M77 1.000 0.300 - 0.520 -0.600 - - 0.260 0.058 X X
GT fr_b3.1_a0.6_oth.045_M77 1.000 0.424 - 0.424 -0.600 - - 0.212 0.058 X X
GT fr_b3.1_a0.6_oth.060_M77 1.000 0.520 - 0.300 -0.600 - - 0.150 0.059 X X
GT D10_q7.00_a0.0_m320 7.000 - - - - - - - X X
GT GT:BBH:860 1.000 0.109 0.481 0.342 0.460 -0.287 0.297299 0.0420.940 0.783
GT GT:BBH:861 1.000 -0.159 -0.414 -0.404 0.297 0.521 -0.020212 0.0490.957 0.620
GT GT:BBH:862 1.000 0.542 -0.255 -0.034 0.053 0.188 -0. 01 0.0530.958 0.607
GT GT:BBH:863 1.000 -0.512 0.270 -0.157 -0.506 -0.175 -0.210214 0.0530.956 0.663
BAM-GitAnnex samisosia:3(*) 1.200 0.384 -0.135 -0.119 -0.354 0.218 0.086.026 0.026 X X
BAM-GitAnnex samisosis:(*) 1.200 0.384 -0.135 -0.119 -0.354 0.218 0.086.026 0.02% X X
BAM-GitAnnex samisoois:2§*) 1.200 0.123 0.366 -0.175 0.136 -0.460 0.4@9118 0.027 X X
BAM-GitAnnex samisosi:14*) 1.200 -0.161 -0.207 0.145 0.378 0.352 0.428274 0.023 X X
BAM-GIitAnnex samisooia:26*) 1.200 -0.095 0.404 -0.088 0.605 -0.442 0.3¥0133 0.029 X X

Appendix B: Tables I: Rankings

In this section, we enumerate the simulations used in this work, ordered by one measure of their similarity with the_data [ In
in Table Ill]. For nonprecessing binaries, Figure 6 provides a visual illustration of some trendsweisus mass ratio and the
two component spins.

TABLE Ill: Peak MarginalizedIn L I: Consistency between simulationsPeak
value of the marginalized log likelihood In[Eq. (7)] evaluated using a lower
frequencyfi,, = 30 Hz and all modes with  2; the simulation key, described in
Table Il [an asterisk (*) denotes a new simulation motivated by GW150914, and
a (+) denotes one of the simulations reported in LVC-d¢@ftthe initial spins

of the simulation (using to denote zero, to enhance readability); the initial;

the total (redshifted) mass of the best t; and the starting frequency (in Hz) of
the best t. Though omitting information accessible to the longest simulations,
this choice of low-frequency cutoeliminates systematic biases associated with
simulation duration, which diers across our archive, as seen by the last column.

InL Key q 1,x Ly 1,z 2;X 2y 2,z e MZ:M fstarl(HZ)
272.2 SXS:BBH:031() 1.221 - - - - - 40.00 73. 15.3
272.1D12_q1.00_a-0.25_0.25 n100(*) 1.0 - - 0.250 - - -0.250-0.00 73.2 20.5
272.1 SXS:BBH:0002 1.0 - - - - - -/ 0.00 73.2 9.9
271.8D11_q0.75_a0.0_0.0_n100(*) 1.333 - - - - - 4-0.00 72.1 23.1
271.8 SXS:BBH:0306 +) 1.221 - - 0.330 - - -0.44p0.02 74.2 15.3
271.6/SXS:BBH:0218 1.0 - - -0.500 - - 0.5000.00 73.3 10.7
271.6/SXS:BBH:0198 1.202 - - - - - 40.00 734 12.9
271.6 SXS:BBH:0307) 1.228 - - 0.320 - - -0.58p00.08 70.0 17.6
271.6/GT:BBH:476 1.0 - - -0.200 - - -0.200-0.20 67.9 24.3
271.6/S0_D10.04_q1.3333_a0.45 _-0.80_n100  |1.334 - - 0.450 - --0.80:0.09 719 279
271.5D12.00_q0.85_a0.0_0.0_n100 (*) 1.176 - - - - - {-0.00 730 206
271.5D12.25 g0.82_a-0.44_0.33_n100 (*+) 1.22 - - 0.330 - - -0.44p00.02 729 20.2
271.5 SXS:BBH:031%) 1.203 - - 0.390 - - -0.48p00.00 73.9 15.2
271.4 SXS:BBH:0127 1.34 0.010 -0.077 -0.017 -0.061 -0.065 -0.1-™M09  71.5 14.7
271.4 SXS:BBH:0115 1.07 0.019 0.013 -0.204 0.243 -0.067 0.29104 74.1 14.6
271.3 SXS:BBH:0213 1.0 - - -0.800 - - 0.8000.00 73.2 12.4
271.3UD_D10.01_g1.00_a0.4 _n100 1.0 - - 0.400 - - -0.4000.00 734 26.7
271.2D12_q1.00_a-0.25_0.00_n100(*) 1.0 - - - - --0.250-0.12 69.4 21.8
271.21SXS:BBH:0222 1.0 - - -0.300 - - -0.15 69.1 12.5
271.21SXS:BBH:0217 1.0 - - -0.600 - - 0.6000.00 73.2 12.4
271.1D10_q0.75_a-0.5_0.25 n100(*) 1.333 - - 0.250 - - -0.50080.07 719 274
271.0 BAM150914:2¢&) 1.2 0.151 0.396 0.017 -0.278 -0.605 -0.08503 72.2 17.8
270.9GW15_D12_g1.22_a0.33_-0.44_m14%) 1.22 - - 0.330 - - -0.44p0.02 717 19.7
270.9 SXS:BBH:0308[Lev3](*) 1.228 0.072 0.072 0.325 0.201 0.285 -0.50108 70.5 17.7
270.9 SXS:BBH:0120 1.12 0.138 -0.200 -0.008 -0.065 -0.241 -0.09005 70.3 14.8
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270.
270.
270.
270.
270.
270.
270.
270.
270.
270.
270.
270.
270.
270.
270.
270.
270.
270.
270.
270.
269.
2609.
269.
269.
269.
269.
2609.
269.
2609.
269.
269.
2609.
269.
2609.
269.
269.
269.
269.
2609.
269.
2609.
269.
269.
2609.
268.
268.
268.
268.
268.
268.
268.
268.
268.
268.
268.
268.
268.
268.
268.
268.
268.
268.
268.

SXS:BBH:0006

SXS:BBH:0318")

GT:BBH:370

SXS:BBH:0308

SXS:BBH:0123

D11 _q0.75_a-0.5_0.5_n100(*)
SXS:BBH:0129

SXS:BBH:0117

SXS:BBH:0003
D10_g0.75_a-0.25_0.25_n100(*)
SXS:BBH:0224

D11 _g0.75_a-0.8500_0.6375_n100
U0_D9.53_g1.00_a0.0_n100
SXS:BBH:0211

SXS:BBH:0116

D11 _q0.75_a0.5_-0.5_n100 (*)
GW15_D12 g1.19_a0.42_-0.38_m149
GT:BBH:90¢*)

D11 _g0.75_a-0.5_0.0_n100 (*)
GT:BBH:898")

aa_b5 a0.6_M77
SXS:BBH:0125

D21.5 ql1_a0.2_0.8_th104.4775_n100
SXS:BBH:0131

SXS:BBH:0096

SXS:BBH:0088
D10_g0.75_a-0.8_xi0_n100 (*)
SXS:BBH:0029

BAM150914:26)

SXS:BBH:0163

SXS:BBH:0226
D10_g0.75_a0.25_-0.25_n100(*)
BAM150914.¢)

SXS:BBH:031¢")

SXS:BBH:0121

SXS:BBH:0097

BAM150914:3()

SXS:BBH:0100

D10_g0.75_a0.5 -0.25_n100(*)
GT:BBH:448

SXS:BBH:0135

SXS:BBH:0149

BAM150914:¢)

BAM150914:1¢)
RIT:BBH:STH45PH30
SXS:BBH:0147

SXS:BBH:0194

GT:BBH:717

D11_g0.75_a0.8_0.4_PNr500_thld_n10Q*)

SXS:BBH:0138

SXS:BBH:0119

BAM150914:16)

SXS:BBH:0133

BAM150914:¢)

SXS:BBH:0098

aa b5 a0.8 M77

GT:BBH:717
D11.50_g0.60_a0.0_0.0_n100 (*)
d0_D10.52_q1.3333_a-0.25_n100
SXS:BBH:0223

SXS:BBH:0082
RIT:BBH:STH45PH60
SXS:BBH:0027

1.345
1.217
1.15
1.228
11
1.333
1.36
1.08
1.0
1.333
1.0
1.334
1.0
1.0
1.08
1.333
1.19
1.2
1.333
1.2

1
1.27
1.001
1.55
1.501
1.0
1.333
15
1.2
1.0
1.0
1.333
1.2

0.234

0.094
0.267
-0.001
0.118
0.497

-0.078
0.400
0.012
0.042
0.497
0.495
0.538
0.496
0.119
0.441

0.148 -0.161 0.091 0.064 -0.1@114
- 0.380 - - -0.5200.03

- - - - - 0.00
0.056 0.322 0.266 0.213 -0.510608
0.020 -0.415 0.038 -0.054 0.14616
- 0.500 - - -0.5000.07

- 0.088 0.193 -0.289 -0.076.02
-0.069 0.070 -0.302 -0.298 -0.2@006
0.053 - - - -0.00
- 0.250 - - -0.25p00.04

- 0.400 - - -0.800-0.20

- 0.638 0.001 0.003 -0.850.00

- - - - -{-0.00

- -0.900 - - 0.9000.00
0.065 0.033 0.185 0.007 0.1@s07
- -0.500 - - 0.50p0.07

- 0.420 - - -0.3800.05

- - 0.400 - -0.00

- - - - -0.500-0.21

- - - - -1 0.00

- 0.600 - - -0.600 0.00
0.045 -0.058 0.389 0.241 0.0-0O0
- 0.200 0.775 - -0.2000.00
-0.014 -0.070 0.105 0.017 -0.1-®11
0.051 - - - -0.00
0.067 - - - -0.00
0.056 0.590 - - -0.8p00.01
0.051 -0.001 0.494 0.070 -0.0a100
-0.407 0.017 0.125 0.656 -0.06%102
0.290 -0.284 0.424 0.266 0.33102
- 0.500 - - -0.900-0.20

- -0.250 - - 0.25p0.04
0.554 -0.314 0.212 0.008 0.643 -0.19103
-0.172 -0.210104

1.186 0.241 0.170 0.299 -0.203
1.12 -0.061 -0.109 0.356 -0.323
1.501 0.495 0.065 0.001 -
0.384 -0.135 -0.119 -0.354

1.2
15
1.333
1.0

1.0
1.2
1.2
1.0
1.0
1.518
11

1.334 0.074 -0.37

1.7

1.2

1.2

1

11
1.667
1.333
1.0

- -0.250 -

1.64 -0.110 0.027 0.024 0.211

- -0.200 -

0.662 -0.070 0.083 -0.358
0.662 -0.015 0.106 -0.384
-0.337 0.463 0.585 0.290
0.404 0.294 -0.001 -0.404

0.123 -0.420

-0.044 0.425 0.042 -0.012
1.12 -0.012 0.068 0.260 0.078
0.276 -0.106 0.052 0.144
1.63 0.098 0.042 -0.134 -0.107
-0.099 -0.377 -0.167 -0.108
1501 0.486 0.114 0.002 -

- 0.800 -

- -0.250 -
- 0.300 -

1.501 0.496 0.053 - -
-0.537 0.242 0.570 0.502

1.0
15

0.497 0.051
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- -0.494 -0.071

-0.003 0.0@614

-0.290 -0.

13.6
15.6
25.8
17.2
16.3
21.6
14.0
14.7
11.6
24.7
13.0
22.6
28.6
12.3
13.7
23.9
18.6
21.8
24.4
18.0
25.2
13.3

9.7
14.8
13.2
11.6
26.5
13.4
22.3
13.6
12.9
26.2
27.9
15.0
14.7
15.0
23.9
10.7
24.7
215
145
14.8
23.8
23.9
37.6
24.6
13.9
31.3
23.5
141
134
18.4
14.0
21.6
11.5
26.5
30.8
21.2
26.2
11.7
13.7
37.9
13.9
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268.2 BAM150914:8) 1.2 0.649 0.149 0.086 -0.385 -0.130 -0.1%01  71. 22.1
268.2D12_g1.00_a-0.25_-0.25 n100 (*) 1.0 - - -0.250 - - -0.2500.25  65. 23.1
268.2aa_b5_a0.2_M77 1 - - 0.200 - - -0.2000.00  75. 23.2
268.2 SXS:BBH:0173 15 0.235 0.146 -0.161 0.091 0.065 -0.14114  68. 13.8
268.2aa_b5_a0.4_M77 1 - - 0.400 - - -0.4000.00 75. 23.8
268.1 RIT:BBH:NTH120PH150 1.005 -0.322 -0.617 -0.422 - - 65. 36.6
268.1] SXS:BBH:0103 1.501 0.496 0.058 - - - . 75. 105
268.1 GT:BBH:885 1.0 0424 - 0.424 -0.424 - -0.420.00 72. 31.2
268.1 SXS:BBH:0004 1.0 - - -0.500 - - 66. 11.3
268.1] SXS:BBH:0023 1.501 0.497 0.051 0.001 0.077 -0.489 73. 135
268.0 BAM150914:8) 1.2 0.299 0.028 0.008 0.192 0.092 0.3@¥17 77. 18.2
268.0 BAM150914:&) 1.2 0.159 -0.393 -0.016 0.149 0.654 -0.01102  70. 23.0
268.0 SXS:BBH:0021 1.5 0.496 0.053 - - 0.001 -0.4 70. 12.7
268.0 SXS:BBH:0015 1.501 0.487 0.110 0.001 - - 75. 10.4
TABLE IV: Peak MarginalizedIn L I: Consistency between simulationsPeak
value of the marginalized log likelihood Inevaluated using a lower frequency
fiow = 30Hz [Eqg. (7)] and all modes with  3; the simulation key, described in
Table Il [an asterisk (*) denotes a new simulation motivated by GW150914]; the
initial spins of the simulation (usingto denote zero, to enhance readability); the
initial  ; the total (redshifted) mass of the best t; and the starting frequency (in
Hz) of the best t. Though omitting information accessible to the longest simula-
tions, this choice of low-frequency cut@liminates systematic biases associated
with simulation duration, which diers across our archive.
|nL Key q 1;x 1y 1,z 2;X 2y 2,z e MzzM fstarl(HZ)
272.0 SXS:BBH:030¢) 1.228 - - 0.320 - - -0.5860.08 70.9 17.3
271.8 SXS:BBH:0115 1.07 0.019 0.013 -0.204 0.243 -0.067 0.29M04 74.0 14.6
271.8 SXS:BBH:0308+) 1.221 - - 0.330 - - -0.44p0.02 735 15.4
271.8D12_g1.00_a-0.25_0.25_n100(*) 1.0 - - 0.250 - - -0.2500.00 73.6 20.4
271.5 SXS:BBH:031() 1.221 - - - - - 41 0.00 724 15.4
271.0 GW15_D12_q1.22_a0.33_-0.44_m14%) |1.22 - - 0.330 - - -0.44p0.02 72.8 19.4
270.8 SXS:BBH:0116 1.08 -0.078 0.065 0.033 0.185 0.007 0.1@07 75.8 13.9
270.7/SXS:BBH:0002 1.0 - - - - - - 0.00 75.1 9.7
270.6 SXS:BBH:031¢) 1.186 0.241 0.170 0.299 -0.203 -0.172 -0.21104  74.1 15.2
270.4D12.00_qg0.85_a0.0_0.0_n100 (*) 1.176 - - - - - 41-0.00 745 20.2
270.4 SXS:BBH:0120 1.12 0.138 -0.200 -0.008 -0.065 -0.241 -0.09905  70.0Q 14.9
270.4 SXS:BBH:0198 1.202 - - - - - 41 0.00 74.7 12.7
270.3 SXS:BBH:0125 1.27 0.012 0.045 -0.058 0.389 0.241 0.09000 73.5 13.6
270.3 GT:BBH:90@*) 1.2 0.400 - - 0.400 - -0.00 72.71 22.3
270.2D10_g0.75_a-0.5_0.25_n100(*) 1.333 - - 0.250 - - -0.5000.07  73.7 26.7
270.1 GT:BBH:898*) 1.2 - - - - - - 0.00 74.8 17.9
TABLE V: Peak Marginalized InL: Low frequency included: Peak value of
the marginalized log likelihood |h evaluated using a lower frequendy,, =
10Hz and all modes with  2; the simulation key, described in Table Il [an as-
terisk (*) denotes a new simulation motivated by GW150914, and) aénotes
one of the simulations reported in LVC-det@d}; the initial spins of the simu-
lation (using to denote zero, to enhance readability); the initiednd the total
(redshifted) mass of the best t. This choice of low-frequency clgasures that
long simulations can make the best use of low-frequency information in the data,
signi cantly improving our constraints oM and spin precession.
InL |Key q 1:x Ly 1z 2:x 2y 2z e MM
277.3 SXS:BBH:0002 1.0 - - - - - -/ 0.00 72.7110.0
277.2 SXS:BBH:0318) 1.217 - - 0.380 - - -0.5200.03 72.915.5
276.9 SXS:BBH:0306 +) 1.221 - - 0.330 - - -0.44p0.02 73.2155
276.6D11_qg0.75_a0.0_0.0_n100(*) 1.333 - - - - - 41-0.00 72.622.9
276.1] SXS:BBH:0006 1.345 0.234 0.148 -0.161 0.091 0.064 -0.[@114 69.013.7
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275.4 SXS:BBH:0096 1.501 0.497 0.051 - - - -0.00
275.4 SXS:BBH:0163 1.0  0.441 0.290 -0.284 0.424 0.266 0.33102
275.2 SXS:BBH:0131 1.55 0.042 -0.014 -0.070 0.105 0.017 -0.]7B11
275.0 GT:BBH:89¢") 1.2 - - - - - -/ 0.00
274.9 SXS:BBH:0029 1.5 0.496 0.051 -0.001 0.494 0.070 -0.04LOO
274.8 SXS:BBH:0100 1.5 - - - - - -/ 0.00
274.5 SXS:BBH:0121 1.12 -0.061 -0.109 0.356 -0.323 -0.127 -0.29705
274.1 SXS:BBH:0117 1.08 0.118 -0.069 0.070 -0.302 -0.298 -0.24D06
274.1/ SXS:BBH:0316) 1.186 0.241 0.170 0.299 -0.203 -0.172 -0.27104
274.0 SXS:BBH:0307) 1.228 - - 0.320 - - -0.5800.08
273.9 SXS:BBH:031¢) 1.203 - - 0.390 - - -0.4800.00
273.6/ SXS:BBH:0308[Lev3](*) 1.228 0.072 0.072 0.325 0.201 0.285 -0.57108
273.5D21.5_ql_a0.2_0.8_th104.4775_n100 1.001 - - 0.200 0.775 - -0.2060.00
273.5 SXS:BBH:0003 1.0  0.497 0.053 - - - -0.00
273.4 SXS:BBH:0103 1.501 0.496 0.058 - - - -0.00
273.4/ SXS:BBH:031(") 1.221 - - - - - 1 0.00
273.1 SXS:BBH:0015 1.501 0.487 0.110 0.001 - - 0.00
273.0 SXS:BBH:0004 1.0 - - -0.500 - - -0.25
273.0 SXS:BBH:0024 1.501 0.496 0.051 -0.001 -0.077 0.489 0.p@200
272.9 SXS:BBH:0198 1.202 - - - - - 1 0.00
272.8 GT:BBH:90¢%) 1.2 0.400 - - 0.400 - -0.00
272.8 SXS:BBH:0123 1.1 0.267 0.020 -0.415 0.038 -0.054 0.17B16
272.8 SXS:BBH:0021 1.5 0.496 0.053 - - 0.001 -0.499.20
272.7 SXS:BBH:0147 1.0  0.404 0.294 -0.001 -0.404 -0.294 -0.0@LOO
272.6/ SXS:BBH:0127 1.34 0.010 -0.077 -0.017 -0.061 -0.065 -0.17B09
272.6D11_g0.75_a0.6_0.6_PNr500_thld n10Q*)|1.333 0.460 0.351 0.161 0.526 0.288 -0.0ZBO8
272.5UD_D10.01_q1.00_a0.4_n100 1.0 - - 0.400 - - -0.400-0.00
272.4D11_q0.75_a-0.5_0.5_n100 () 1.333 - - 0.500 - - -0.5000.07
272.2 SXS:BBH:0115 1.07 0.019 0.013 -0.204 0.243 -0.067 0.29104
272.2 SXS:BBH:0308 1.228 0.094 0.056 0.322 0.266 0.213 -0.57608
272.1/SXS:BBH:0137 1.76 -0.248 -0.319 -0.034 -0.071 0.151 -0.14009
272.0 SXS:BBH:0125 1.27 0.012 0.045 -0.058 0.389 0.241 0.070OO0
272.0D11_g0.75_a-0.5_0.0_n100 (*) 1.333 - - - - - -0.500-0.21
271.8 SXS:BBH:0120 1.12  0.138 -0.200 -0.008 -0.065 -0.241 -0.04B0O5
271.8 GT:BBH:448 1.0 - - - - - -/ 0.00
271.8 GT:BBH:448 1.0 - - - - - -1 0.00
271.8D12.00_(0.85_a0.0_0.0_n100 (*) 1.176 - - - - - 1-0.00
271.7D11_g0.75_a-0.8500_0.6375_n100 1.334 - - 0.638 0.001 0.003 -0.85D.00
271.6 SXS:BBH:0138 1.7 -0.044 0.425 0.042 -0.012 -0.008 -0.14001
271.6D12_q1.00_a-0.25_0.25_n100(*) 1.0 - - 0.250 - - -0.250-:0.00
271.6D11_0.75_a0.8_0.4 PNr500_thid_n10Q*)|1.334 0.074 -0.374 0.123 -0.420 -0.531 -0.42711
271.5 SXS:BBH:0116 1.08 -0.078 0.065 0.033 0.185 0.007 0.1@B0O7
271.3 GT:BBH:370 1.15 - - - - - - 0.00
271.3 GT:BBH:370 1.15 - - - - - - 0.00
271.2D10_g0.75_a-0.5_0.25_n100(*) 1.333 - - 0.250 - - -0.5000.07
271.2 SXS:BBH:0010 1.501 0.248 0.028 -0.433 - - 0.26
271.1GT:BBH:476 1.0 - - -0.200 - - -0.200-0.20
271.1 GT:BBH:476 1.0 - - -0.200 - - -0.200-0.20
271.1 SXS:BBH:0133 1.63 0.098 0.042 -0.134 -0.107 -0.110 -0.02109
271.1/D12_q1.00_a-0.25_0.00_n100(*) 1.0 - - - - - -0.250-0.12
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