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ABSTRACT: We calculate the quantum corrections to the gauge-invariant gravitational po-
tentials of spinning particles in flat space, induced by loops of both massive and massless
matter fields of various types. While the corrections to the Newtonian potential induced by
massless conformal matter for spinless particles are well known, and the same corrections
due to massless minimally coupled scalars [23], massless non-conformal scalars [25] and
massive scalars, fermions and vector bosons [99] have been recently derived, spinning par-
ticles receive additional corrections which are the subject of the present work. We give both
fully analytic results valid for all distances from the particle, and present numerical results
as well as asymptotic expansions. At large distances from the particle, the corrections due
to massive fields are exponentially suppressed in comparison to the corrections from mass-
less fields, as one would expect. However, a surprising result of our analysis is that close to
the particle itself, on distances comparable to the Compton wavelength of the massive fields
running in the loops, these corrections can be enhanced with respect to the massless case.
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1 Introduction

While a full theory of quantum gravity is still elusive, and general relativity is non-
renormalisable as a quantum field theory, certain quantum gravitational predictions can
nevertheless be made. Namely, quantising metric fluctuations around a fixed classical
background and treating the resulting theory as an effective field theory, one obtains un-
ambiguous predictions whenever the relevant scales of the problem are sufficiently far sep-
arated from the fundamental scale where the effective theory breaks down [1, 2]. Effective
field theories have in fact a long history, starting from the Euler-Heisenberg effective La-
grangian for quantum electrodynamics [3, 4], but their predictive value even in those cases
where the underlying fundamental theory is unknown wasn’t properly appreciated until
the works of Weinberg [5, 6]. One especially important effect predicted by effective field
theories of gravity are quantum corrections to the Newtonian potential, which have been



studied by many authors [1, 7-25]. The usual way of calculating these corrections is to
compute the scattering amplitude for two particles, including loop corrections, and then
construct a potential which would produce the same scattering amplitude, i.e., solving
the inverse scattering problem. Since scattering amplitudes in flat space are gauge- and
reparametrisation-invariant [26, 27|, the resulting potential is as well. At one-loop order
and to first order in the mass M of the particle, it reads

GxM (41 +[1+i<1—65>2JNo+6N1/2+12N1) hGx

vir) = -2

? (1'1)
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where G is the Newton constant, the first correction stems from gravitons, Ny is the
number of massless spin-s fields running in the loop and £ determines the non-minimal
coupling of the scalar fields to curvature (with conformal coupling being £ = 1/6).

While the inverse scattering technique is well tested and can be easily generalised to
higher orders and to the scattering of particles with spin [28], the calculation is usually very
tedious — even though modern methods for the computation of scattering amplitudes, such
as unitarity or the spinor helicity formalism (see, e.g., [29-31]), simplify it, in some cases
dramatically. However, there is no obvious generalisation of the inverse scattering technique
to curved spaces, where a scattering matrix does not exist in general or, due to horizons,
cannot be observed by any single observer [32, 33]. Fortunately, one can calculate quantum
corrections to the Newtonian potential using the same method which is used for the classical
calculation and with the same ease, namely by solving the gravitational field equations for a
point source [9, 16, 17, 23]. These equations naturally cannot come from the classical action,
but have to be determined from an effective action which takes into account the vacuum po-
larisation due to quantum matter. There are various techniques to calculate the effective ac-
tion, and we will review a particular suitable variant in the next section. Moreover, this ap-
proach can also deal with time-dependent sources and backgrounds and provide results for
the whole dynamical evolution, while the inverse scattering technique by its very construc-
tion is restricted to asymptotic scattering problems. Especially noteworthy in this respect
are results for quantum corrections during the inflationary period of the early universe,
which are potentially much larger than in flat space due to contributions which grow loga-
rithmically with either time or distance [34-36]. Let us finally note that in all cases where
the calculation has been done using both methods, they agree completely on the result.

In this article, we take up the question of calculating the quantum corrections to the
gravitational potentials of a spinning particle. Using a suitable 3+1-decomposition, one
sees that in linearised gravity there are actually four different gauge-invariant potentials
(two scalars which one may take to be the flat-space limit of the Bardeen potentials [37],
one transverse vector and a transverse traceless tensor), of which only one scalar potential
reduces to the Newtonian potential in the Newtonian limit. For a non-spinning particle,
only the scalar potentials are sourced, but even then the quantum corrections are different
for both potentials [9, 16, 17, 23-25, 36]. While the numerical values of the corrections
are practically insignificant, and the Newtonian potential is sufficient to give the correct
scattering amplitude, one can in principle construct experiments which are sensitive to
the other potentials as well, and which then give a different result from the one obtained



by taking only the Newtonian potential into consideration. For spinning particles, also
the vector potential (or gravitomagnetic potential) is sourced, which is responsable, e.g.,
for the Lense-Thirring effect [38-41]. For particles with quadrupole or higher moments,
one expects that also the tensor potential is sourced, but we do not consider those in
the present work. We stress that the calculation presented here is different from one the
undertaken in ref. [28]: there, the scattering amplitude for two quantum fields of various
spins was obtained, while here we study corrections to the potential of a single classic
(Lewis-Papapetrou) spinning particle, with arbitrary spin. To connect to the work in
ref. [28], one would have to solve the equations of motion for the second (test) particle in
the perturbed geometry, which for spinless particles is geodesic motion and for spinning
particles has additional spin-spin interactions (see, e.g., ref. [42]).

The rest of the article is structured as follows: in section 2 we present the calculation
of the effective action (including renormalisation) and the corrections to the Newtonian
potentials for general matter fields, parametrising the resulting effective action by two
non-local kernels. These two kernels, which couple to the linearised Weyl tensor and
Ricci scalar, respectively, are then calculated for free massive and massless spin-1 gauge
fields, spin-1/2 Dirac fermions and spin-0 scalars in section 3. For the scalar fields we also
include a general coupling to curvature. The results for the quantum-corrected gravitational
potentials are then presented in section 4, including asymptotic expansions and numerical
results (for massive fields). We discuss possible implications and directions for future work
in section 5, and delegate some technical derivations to the appendices.

2 The calculation

2.1 Effective action

The quantum corrections to the gravitational potentials are obtained by solving the field
equations coming from an effective action which includes the vacuum polarisation due
to quantum matter. This action is the standard one-particle-irreducible effective action
obtained by a Legendre transformation. Since we will only consider the vacuum polarisation
from matter fields and not gravitons, it is sufficient to expand the gravitational action to
second order in perturbations.! As is well known (or can be easily checked), in this case,
and for free (quadratic) theories in general, the effective action is obtained from the classical
one by just integrating out the matter fields. Thus, we have

exp (iSei[h]) = / exp (iS[h, ¢]) Do (2.1)

where h denotes the linearised metric perturbation and ¢ a general matter field. As usual,
the functional integral over the matter fields needs to be regularised, and the proper coun-
terterms included in the total action S such as to make S finite, and the field equations
are obtained by varying Seg with respect to the metric perturbation h,,. However, the

This can be formalised in a large-N expansion, considering N matter fields coupled to gravity and
rescaling the Newton constant [43, 44].



resulting equations are neither real nor causal, since the path integral in equation (2.1) cal-
culates in-out matrix elements instead of true expectation values. The solution is to use the
Schwinger-Keldysh or in-in formalism [45-48], where one duplicates the set of fields, adding

113

to each usual “+” field a “—” partner. For the “—” fields, time integration is reversed in
the action, and equality of both “+” and “—” fields is enforced at some final time 7" which
must be larger than any of the times appearing in correlation functions. One can thus view
the time integration as running from the initial time, usually taken to be past infinity, to T’
and back, such that this formalism is also called closed-time-path (CTP) formalism. The
“+” and “—” labels then just serve to distinguish between the forward and backward part
of the contour, and the corresponding path integral calculates P- or path-ordered correla-
tion functions which are the usual time-ordered ones if all fields are “+”, anti-time-ordered

if all fields are “—”, and always orders “—” fields in front of “+” fields. Thus, in particular,

Gy (z,2") = —1{0| Po—(2)$+(a") [0) = =i (0] ¢(x)$(a") |0) (2.2)

is the usual (positive frequency) Wightman function, while

Giv(z,2") = —1{0| Poy(2)d4(2') 0) = =i (0] T(x)$(a") |0) (2.3)

is the Feynman propagator (at tree level). The in-in effective action calculated in this

b

formalism then depends on both “+” and “—” metric perturbations and reads

exp (1Se[h™]) = / exp (iS[h*,¢T] —iS[h™,¢7]) D™, (2.4)
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where we took the reversal of time integration for the “—” fields into account by taking
the usual action for them with a relative minus sign. The corresponding effective field
equations are given by taking a variational derivative with respect to the “+” fields and
setting h™ = h™ = h afterwards. As we will see (and can be proven in general [48]), this
gives real and causal evolution equations for the metric perturbation h, even though in
general they are nonlocal.

Using dimensional regularisation and thus working in n dimensions, we take the action

to be the sum of gravitational action, matter action, counterterms and point particle action,
Sth, ¢] = Sclh] + Swmlh, ¢] + Scrlh] + Seplh], (2.5)

where the gravitational action Sg[h] is the expansion to second order in metric perturba-
tions off flat space h,, = g, — 1 of the Einstein-Hilbert action

1
Sag = #/R\/—gd”x (2.6)

with k2 = 167GyN with the Newton constant Gy. We parametrise the matter action
Swlh, ¢] as

Sulh,d) = Sulél + 5 [ BTG+ [ [ B @0 6)(2,) ey, (27)



where Syi[@] is the matter action evaluated in the Minkowski background (which does only
contribute an overall unimportant phase factor), T#”[¢] is the usual stress tensor, and
UMP?[¢] is the second variational derivative of the matter action which will (for a local
matter action) be proportional to 6" (x — y) and its derivatives. The counterterms Scr[h]
are needed to renormalise the effective action, and are given by the expansion to second
order in metric perturbations of

A 1
SCTzéﬁz/\/—gd"x + 5/{2/R\/—g d"z + 5@/0“1’"”C’Wp,ﬂ/—gd”x + 55/R2\/—g d"z
(2.8)

where
B 2 2 2
C;u/pa = R,ul/pa - mR,u[pga]y =+ mRy[pga]u + ngu[pga]u (29)

is the n-dimensional Weyl tensor. Note that because of the GauB3-Bonnet identity in four
dimensions, which in (perturbed) flat space reads

/ (RMVPUR/WPU - 4RNVRMV + R2) \/jgdnx = 07 (2‘10)

we only need two terms quadratic in the curvature, which for convenience we have taken
to be the square of the Weyl tensor and the Ricci scalar. Finally, the point particle action
is given by

1 v on
Seplh] = 5 / hy TEY A7z (2.11)

where T{,‘; is the point-particle stress tensor whose detailed form we give later. Since we
only want to calculate the corrections to the gravitational potentials of the particle, we
neglect the backreaction of the particle to the perturbed geometry. Since the backreaction
is a higher-order correction, it is sufficient to take the particle action to first order in the
perturbation as we have done.

Inserting the action into the definition of the in-in effective action (2.4) and expanding
the exponentials up to quadratic order in the metric perturbation h,,, we obtain (up to
terms which we may ignore since they are independent of h,,)

Sea[h*]= Sa[h™] — Sa[h™] + Sor[h"] — Scr[h”] + Sep[h ] — Spp[h7]
/h (T"[67)), d"ac—i—// hyiw () ho (y) (U7 (67 (2, ), A" d"y
—E/h (T"[¢ >¢d"x—// oo (@) () (UM 197 ), y)) , A" d"y (2.12)
b [ @) (T @777 6 10) - (176 )@), (17161 )), ] a7
/ Jhin @i ) [(7167 )T 1071 0) (1671 @),, (77107 @)), | @7
-3 /hw<:c>hpa<y> (T [ @) T 1971 0) = (T [671(@),, (T 1671 (w)), | 42"y
= o[ @) [T 11T 6 10) (1 167V @), (T (6N w)), ] 4,



where we defined

_ Jexp (iSm[¢™] — iSule7]) Al¢]|Dé™
(Alg])y = Texp (iSulo*] — iSu[p-]) Do= (2.13)

The divergences that are obtained when taking the expectation values () » must now be
absorbed in the counterterms contained in Scr [hi]. For this, two points are crucial: first,
since the counterterm action only gives “++” and “——" contributions, that the “+—" and
“—4” terms in the last two lines are not divergent; and second, that the given counterterms
suffice to cancel all divergences, i.e., that the effective theory is renormalisable at this order.
The first point is guaranteed by the in-in formalism, essentially because the mixed expec-
tation values involve the Wightman function (2.2) which is not divergent at coincidence, as
we will see later on in concrete examples. The second point can be shown nicely using the
background field formalism [49-52]: the basic argument is that, since the gauge invariance
of the metric perturbations (following from diffeomorphism invariance of the full theory) is
unbroken at the quantum level, the counterterms in any regularisation which respects the
gauge symmetry, such as dimensional regularisation, must be invariant as well, i.e., scalars
constructed out of curvature tensors. Power counting then determines which of those may
appear at any given loop order, and at one loop the counterterms shown here are sufficient.

What these arguments do not cover are possible finite terms which remain after sub-
tracting the divergences from the expectation values (-) & For a general quantum state,
these terms must be taken into account, but for the Minkowski vacuum, some of them
can be absorbed in the counterterms as well. This fact is non-trivial, but follows from the
maximal symmetry of the vacuum state, which leads, e.g., to

(T"[9]) g = en™ (2.14)

with a constant ¢ which contains both infinite and finite parts. Thus, if the infinite parts
can be absorbed into a counterterms, the finite parts can as well (which in this case is a
renormalisation of the cosmological constant dA/x?), and similarly for (U*77[¢]) » Which
we recall gives rise to a local counterterm since it is proportional to 0" (x — y) and its
derivatives. In fact, in order to have a renormalised expansion around flat space we must
set the renormalised cosmological constant A = 0, which means that it is necessary to
absorb all of the finite part in the counterterm §A/x? as well. Similarly, in order that
Gx (or alternatively x? = 16mGN) corresponds to the renormalised, measured Newton
constant, we have to absorb all finite parts in the counterterm §x~2, such that the coefficient
proportional to R in the effective action (2.12) is exactly 1/x2. In the following, we thus
take the quantum state for the matter fields to be the Minkowski vacuum and absorb also
the finite parts in the counterterms.

7

Of course, while the local divergences appearing in the “4++" and “——" stress tensor
two-point functions are canceled by the counterterms proportional to da and §f (2.8), the
non-local contributions from these two-point functions (as well as the “—4” and “+—"
ones) cannot be absorbed, and it is those which give rise to the (in principle) observable

corrections to the gravitational potentials. Since the stress tensor is conserved even in the



regularised theory (when using dimensional regularisation),
0,T" =0, (2.15)

and since the Minkowski vacuum is Lorentz invariant, we can write its (regularised) two-
point function in the form

(T [@)(@) T [9)(y))  — (T [@)()) 4 (T*7[B](y)) 4 = S**S* fr(w —y) +25*° 57 fo(w —y)
(2.16)
with two scalar functions f; and the differential operators

Sp,l/ = 8uau - anBQ > (217)

which are identically transverse. Note that since we are calculating the connected two-
point functions, the result is independent of the known ambiguities in the definition of T+
which are given by T*” — TH” + t*¥1 with a local tensor t*¥ constructed out of curvature
tensors (see [53] for a modern proof). Since this ambiguity is proportional to the unit
operator 1, it drops out of the connected two-point function, and for the same reason the
trace anomaly has no influence on the result.

Using the expansions from appendix A and integrating by parts, it follows that
[ @1 )88, e - gy vz vy = [[ R RG) @ - paeary, (2.183)
[ @i 8,8t t@ ~n) e dy = [ [ R @R )fla - ) ey, (2.180)

for an arbitrary function f(x—y), where the right-hand sides must be understood to second
order in the metric perturbation. Furthermore, also the Gau-Bonnet identity in flat space
has — to second order in the metric perturbation — a non-local counterpart

[ R @ By ) ~ AR @) Rosl) + R@R) o= y) ey =0, (219
and we obtain from the definition of the Weyl tensor (2.9) that

[[ @ Comsa -y araary

) ) (2.20)
(7 ) By ) 25 B @) Ry )+ s RER) S o) .
Taking everything together, it follows that
5 [ @) [T 610, ~ @), T 0),) 'y o
— [ [ @) Chum ) K@ — ) s vyt [ [R) RO K0 = )y vy
with the two bare, unrenormalised kernels
i(n—2
KEe(e) = (=2 ). (2,220
KR (@) = ghie) + o= (@), (2:22b)



These two kernels are nothing else but the spin-2 and spin-0 parts of the graviton self-energy,
which for free fields was calculated long ago in the time-ordered (the “4++") case [10, 11, 54]
(see also [55] for a scalar field with general mass and curvature coupling). These works
were done in momentum space, where the extraction of the differential operators (2.16) just
corresponds to a reordering of the p#, and the spin-2 and spin-0 parts are the coefficients
of the two tensor structures one can form out of the p* and the flat metric n*¥ which are
transverse and have the correct symmetries. However, for our purposes it is vastly more
useful to have the kernels in position space, and since we need in addition the “+—" and
“—47 cases, we will thus rederive them for fields of different spins in the next section.

The divergent parts of the bare kernels Kg%re and K}%%re can now be absorbed by the
counterterms proportional to da and 04 (2.8) for the “++” and “——" kernels, obtaining
renormalised kernels K gj/ g2 and K 52_/ R2» While the “—+7 and “+—" kernels are already
finite. We can thus take the unregularised limit n — 4, and the full renormalised effective
action then reads

ren[pF] = %/Rﬂ/?d‘*w %/R* \/?d‘*x%/hmgg d*z— %/h;,ng d'z
s [[ e @)C o ) [ = 9) + (o )] e dy
- [[ e @G i @ ) dtedty
=[] e @G it (o - ) ety
+ / C'_“”p”(x)q;,pa(y) [Kaf(x —y) — adt(x — y)} d*z dty (2.23)
+ [ R@R ) [ @ = ) + 0% - )] dledty
- [ R @R @K @ ) dtedty
- [[ B g e - patsaly
+ [ B @R ) (K @ - ) - 584 - )] dtedty,

understood to second order in the perturbation A, .

2.2 Effective field equations

The effective field equations are now obtained by taking a variational derivative of the
renormalised effective action (2.23) with respect to A}, and setting htf, = h,, = hu
afterwards. Using the expansions from appendix A, we obtain

EM =0, (2.24)



where

1 2
B = R — SRy — T — / R(y) (VFV” - g V?)
< K (r—y)+ K (y—a) - Kot (y—2) - K s (w—y)+280* (x—y)] d*y

(2.25)
+ 252 / CHPY (y)V ,V

X [K5H (@—y)+ KL (y—2)— Ko (y—2)— Ky (—y)+2a6* (z—y)] dly,

understood to first order in the perturbation h,,. As explained before, since we neglect the
backreaction of the particle on the perturbed geometry it is sufficient to expand the point
particle action to first order in h,,, such that T; fff) is to be evaluated on the background.
While in Fourier space the different kernels have a vastly different form, in position
space they are very similar [56, 57]. In general, they are distributions, singular at the
origin z = y, and — for the Minkowski vacuum state that we are considering — Lorentz-
invariant. For a suitable choice of renormalisation conditions (i.e., of the finite parts of the
counterterms da and §3), they are then the same functions of the invariant distance (z—vy)?2,
but with a different prescription on how to make the resulting distribution well defined:

Kifipe(w —y) = Kooy [(x—y)3p] . A B=+. (2.26)

The different prescriptions are the limits as e — 0, understood in the distributional sense
(i.e., after integrating with a smooth test function), of

(@ -2y =@ —y)?— (jo° —°| —ie)” (2.27a)
(x—y)?, = (@—y)’— (2"~ —ie)”, (2.27b)
(@—9?_ =(@—y)®— (2" —y° +ie)* (2.27¢)
(@—y)?2_=(@—y)?—(|2°—¢°| +i) (2.27d)
Especially, we see that
Kl oy —2) = K2 ol — y) (2.28)
and
Koy — ) = Ko ol — ), (2.29)

which can be used to simplify the effective field equations.

Expanding then the effective field equations (2.25) to first order in the perturbation
h,. and integrating by parts, using that the kernels only depend on the difference x — y,
we obtain finally

1 1 1 ’
B — _apa(“hz) + 53211“” + 53“8Vh + 577W5p0hp0 + %TF%

1
+ K2 / Lea(z —y) (S“(PS")” — 38“”5”") hpo(y) d'y (2.30)

+ 2/@2/LR2 (x —y)S" SP7h 0y (y) dy



where the operators S, are defined by equation (2.17) and we set

Lez(z—vy) = Ké,';'(:c —y) — Kgg_(x —y) + adt(z — ), (2.31a)
Lpz(w—y) = K (z—y) — K (x —y) + B0 (x —y) . (2.31b)

It is well known that linearised gravity is invariant under the gauge symmetry
hl“/ — hl“’ + 28(#51/) (2.32)

for any vector &, and one easily checks that the effective field equations (2.30) are invariant
under this symmetry. To simplify the equations further, we single out the time direction
and perform a decomposition of h,, into irreducible components under spatial rotations
and translations. This decomposition takes the form [58-60]

hyw = h + Lx i = hysy +20,X,) (2.33)
where the gauge-invariant part

hyw = 2000,@4 + 2 (N + 0,6,) Pu + 200,V + iy (2.34)
does not change under infinitesimal coordinate transformations, while the change of X,
under the gauge transformation (2.32) is given by the simple one

X, = X+ &, (2.35)

The two scalars ® and ®py are the flat-space analogues of the Bardeen potentials [37],
while V), is a spatial transverse vector (i.e., Vy = 0*V,, = 0) and hEVT a symmetric, spatial
transverse and traceless tensor (i.e., hl! = B“hg;r =0 =9 hE;f ). These four are the
gauge-invariant gravitational potentials that we are interested in.

We now insert the above decompositions (2.33) and (2.34) into the effective field equa-
tions (2.30). There are four spatial-scalar equations, obtained from E%, §;E%, §,; E¥ and
818jEij : two spatial-vector equations, obtained from E% and 0;E% after subtracting the
pure-divergence part; and one spatial-tensor equation, obtained from E% after subtracting
divergence and trace parts. To properly subtract those parts, one needs to use that the
point particle stress tensor is conserved, which translates to

T = -1, 9T = -1, (2.36)

where a prime denotes a time derivative, and one needs to assume that the Laplacian has
a unique inverse, e.g., with vanishing boundary conditions at spatial infinity. This will
be the case for the point particle, and taking suitable linear combinations of the resulting

~10 -



equations we obtain

2
Ay = —7TO 4 ;ﬁ (& —307) /ch (z = y) & (P + Pu) (y) d'y

(2.37a)
+ 2k2 A/LRz(x —y) (A®y — 2 APy + 3D (y) dty,
K}z 00 2 2 4
Adby = Ty tre T g"ﬂ A | Lea(z —y) (A®a + APy) (y) Ay
(2.37h)
— 2k% A/LRz(x —y) (A®y — 2 APy + 3D (y) dty,
AV, = —2T™) _ 2292 / Lea(x — y) AVi(y) diy, (2:37¢)
Ohiyt = —*T — 2207 / Lea(w = y)OPRET (y) d'y, (2.37d)
where we defined
T = 6T — T3, (2.38a)
i
T = T8+ 6T + 30T (2350)
0;0; ;
Tpoz_(&f_1§>yg” (2.38¢)

Ti(jTT) = <5ik5jl_;5ij(5kl+;629j5kl> TH,+ (2 8@2])’“ —édiji“—;alijzak) TS . (2.38d)
Of the four spatial-scalar equations, only two are independent, while the other ones can
be obtained from the ones shown by taking time-derivatives. Similarly, only one of the
two spatial-vector equations is independent, and shown above. Note that these effective
field equations are coupled integro-differential equations, and that they are real and causal
due to the support properties of the integrand. We have to distinguish three cases: a) y
is in the forward lightcone of x, b) y and x and spacelike separated, and c¢) y is in the
backward lightcone of y. In case a), we have y° > 20 and therefore (z —y)? , = (x — y)? —
(=2 +y° - iE)2 = (z — y)? _ [see equation (2.27)], while in case b) we can perform the
limit € — 0 straightforwardly since (x — y)2 > (ato — y0)2 for spacelike separations, and
then also (x—y)%, = (z—y)3_. In both cases, we thus see that Loz ge(2—y) = 0. In case
¢), we have 3° < 2°, which leads to (z —y)3, = [(z — y)i,}*, and thus L2 /pe (2 —y) does
not vanish, but since the kernels K¢z g2 have an explicit factor of i (2.22) the difference
appearing in the kernels L2 pe (7 — y) is real. It is thus explicitly seen how the in-in
formalism guarantees real and causal field equations [48].

We can now distinguish two contributions to the gravitational potentials: the first one
is entirely classical and is obtained from the full equations (2.37) taking only the classical
stress tensor of the point particle into account, while the second one represents the quantum
corrections in which we are interested. As can be seen from the explicit form of the effective
field equations (2.37), this second contribution is suppressed by an explicit factor of x2,
and we thus decompose

Dy = 0 + K20, (2.39)
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and analogously for the other gravitational potentials. For the classical contribution, we
therefore obtain the equations

KJ2
AP = —ZT(S) , (2.40a)
/{2
ADY = —ZTSOP : (2.40D)
AV = —21V) (2.40¢)
2; TT,cl 2-(TT)
0%hy ¢ = —K’Ty; (2.40d)

which can be solved once the point-particle stress tensor has been specified, which we will
do in subsection 2.3. It can also be nicely seen that the spatial-scalar and spatial-vector
equations are constraint equations, such that the two scalars and the vector are fully
determined once the stress tensor has been given, while the tensor contains the dynamical
degrees of freedom (besides being sourced by the tensor part of the stress tensor). The
quantum contribution is sourced by the classical potentials, and we obtain from the full
equations (2.37) that

2
A0 =2 (8- 307) /ch (z—y) A (@2 + @ﬁ) (y) diy

(2.41a)
124 / Lps(z —y) (A@g 2/ + 3@%}”) (y) dy,
2
paf =22 [ Loatw—y) (05 + 20 ) aty
(2.41b)
—2A / Lpa(z — ) (Aqf;{ —2/0Y 4 3@%}”) (y) iy,
AV = —20° / Leo(z — y) AVE (y) dty, (2.41c)
82h;5-T’qu = —282/ch (x — y)@Qh;l;T’d(y) dly. (2.41d)

2.3 Spinning point particle

In the classical formulation of spinning particles within general relativity [61-67], spin is
described by an antisymmetric spin tensor S*¥(7) in addition to the four-velocity
dzH(1)

dr

with z#(7) being the position of the particle at proper time 7, and the linear momentum

ut (1) = (2.42)

p*(7). In absence of spin, we have p* = Mu* where M is the mass of the particle, but this
does not hold in general if the spin tensor does not vanish. The stress tensor takes then
the form (see refs. [68-70] for a review)

Tho(x) = / §(z — 2(7)p™(r)u) (1) dr — V4 / §(x — 2(7) S () (r)dr  (2.43)
with the covariant § distribution
0" (x —y)

Iz —y) = =0

(2.44)
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From its covariant conservation, using that d/dr = u#V,, we find the equation of motion
for the particle (the Mathisson-Papapetrou equation), which reads

dp. 1 y
4 = —iRaﬁwuﬁsﬂ : (2.45)
and the spin precession equation
dsm
= pHu” — pPut. (2.46)

Given initial conditions, the solution of these equations is only unique if we specify an
additional constraint equation for the spin tensor. The ones studied in the literature are
the Frenkel-Pirani condition [71, 72]

SHu, =0 (2.47)
and the Tulczyjew condition [64, 65]
SHp,=0. (2.48)

Note that for either of these conditions, the spin tensor is conserved in magnitude, as

follows from
d (S™S,.)

dr

For a background Minkowski spacetime, the Riemann tensor vanishes, and thus the

= 45" p,u, =0. (2.49)

equation of motion reduces to
dpt
dr

We are interested in a particle at rest at the origin, such that

0. (2.50)

(1) = T8 (2.51)
and

ut(r) = o, (2.52)
which has the correct normalisation

ufuy, = —1. (2.53)

Taking then p* = Mu* with constant M as in the spinless case, the equations of mo-
tion (2.50) and (2.46) are satisfied for a constant spin tensor S*”. Moreover, both the
Frenkel-Pirani (2.47) and Tulczyjew conditions (2.48) are satisfied. Since S*” is antisym-
metric, we can then alternatively fully characterise the spin of the particle by the spin vector

Sy

DN | =

e,uupcruyspa ) (254)

which is also seen to be constant and purely spatial, i.e., S, u* = 0.
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For this particle, the components of the stress tensor (2.43) are easily calculated to be

T = M&(x), (2.55a)
T8 = —e%S;0,0%(x) (2.55b)
TH =0, (2.55¢)

and since the stress tensor is time-independent, for the combinations (2.38) we obtain

T®) = -7 = M&(x), (2.56a)
TV) = €,570% 63 () , (2.56b)
T — 0. (2.56¢)

)

We note at this point that it is also possible to introduce a non-minimal spin-gravity
coupling [73, 74]. Similarly to the case of a non-minimally coupled scalar field, this addi-
tional coupling does not change the equations of motion for the particle in the present case
(geodesic motion in flat space), but gives rise to a modified stress-energy tensor. However,
the corrections are of quadratic order in the spin tensor, and working to first order in spin
we can neglect them.

The classical field equations for the gravitational potentials (2.40) then reduce to

ADY = ADY = —’jM&”(m) , (2.57a)
AV = —k%e,;3,879%8 (x) (2.57b)
82h;FjT7C1 —0, (2.57c)
and using that
83 (x) = —ﬁ A% (2.58)

with r = ||, we obtain the solutions

2
M
@Cl — (bCl — K 2
A 1677’ (2:59)
K2 | K2 (S x r i
Vel = Efijksjak; — _<47T73) (2.59b)
RITel _ (2.59c¢)

v

Using that x? = 167Gy and taking X, = 0 in the decomposition (2.33), we obtain the
linearised metric perturbation in the form

M M
huydx“dx”:2GN a2 + 2957 gy 2—8wdtd ‘
" " " (2.60)
GNM

_ o ONM 2,
r

S
(dr?+7? d0*+r?sin? 0 d¢®) —8 ’T| sin? 0 dtdg,
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where the second equality is obtained by switching to the usual spherical coordinates where
we have, assuming that S is oriented in the z-direction,

S i S
%dx’ = |—’si1129d¢. (2.61)
T T
This is exactly the far-field form of the Kerr metric [75] if we identify the rotation parameter
a with

2|S|
a =
GNM
and thus the angular momentum J of the Kerr metric with J = 2|S|. If we would have

(2.62)

taken into account the backreaction of the particle on the geometry, or kept terms of higher
order in spin (in the case of a non-minimal spin-gravity coupling), this classical result would
obtain corrections of second or higher order in M and a. It would be interesting (but beyond
the scope of this work) to see if these corrections coincide with a higher-order expansion
of the classical Kerr metric.

Since the solutions for the classical gravitational potentials (2.59) are time-
independent, the sources on the right-hand side of the equations for the quantum contribu-
tions (2.41) are also time-independent after the change of integration variable y — = — y.
All time derivatives acting on them thus vanish, and after removing an overall Laplacian

we obtain
(I)qu _ _% L A (I)Cl (I)Cl o d4
AT 73 c2(y) A+ eh)(z—y)dy
(2.63a)
v2 [ Lia) & (28 - 208) 0 - ) 'y,
P — _2 L A (I)Cl (I)Cl . d4
H — 3 Cc? (y) A + H (x y) Yy
(2.63b)
“2 [ L) & (35 - 208) (0 - ) 'y,
vt =<2 [ Leay) aV7 @ ) dy, (2.63¢)
hEBM = 0. (2.63d)

ij
Inserting the solutions for the classical potentials (2.59) [or alternatively (2.57)] into the
right-hand side, this further simplifies to

qu K2M
oy = 6 [ALc2(s, @) + 3Lg2(s,x)] ds, (2.64a)
M
oy = HG /[2L02(8,w) —3Lp2(s, )] ds, (2.64D)
V;qu = 2/-;26iijj6k/ch(s,az) dS, (264C)
hy; =0, (2.64d)

i
To obtain expressions for the quantum corrections, it thus remains to calculate the Weyl

and Ricci kernels for the different prescriptions contained in L¢z2 g2 (2.31), and integrate
the resulting expressions over time, which we will do in the next section.
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3 The Weyl and Ricci kernels

In this section, we calculate the kernels K ég g2 (x—y) for the “++” and “+—" prescriptions.
We emphasise again that these two kernels are nothing else but the spin-2 and spin-0 parts
of the graviton self-energy, which for free fields was calculated long ago in the time-ordered
(the “++7) case [10, 11, 54]. As explained before (2.26), the corresponding result for the
“4+—" prescription can be simply obtained by Fourier transforming to coordinate space, and
replacing the “++" prescription for (x—y)? by the “+—" prescription (2.27). Moreover, for
conformal theories (such as gauge fields in four dimensions, massless fermions or massless
conformally coupled scalars), even strongly coupled ones, one could also use the general
result for the two-point function of the stress-energy tensor [76], which up to constant
factors again gives exactly the kernels we need. However, we would like to present a
way of calculation for massive quantum fields using Mellin-Barnes integrals, which works
directly in coordinate space, and has the advantage that the results are both suited for
numerical evaluation and allow a straightforward derivation of asymptotic expansions, both
for small and large distances from the particle. Moreover, Mellin-Barnes integrals have been
successfully used for calculations in (Anti-)de Sitter space, where Mellin space seems to
play the same simplifying role as Fourier space for a flat background [77-83], such that this
calculation should be quite directly generalisable to those backgrounds.

3.1 Gauge field

It is well known that the classical action
1
So = 4/F“”Fu,,\/g d"zx (3.1)

with the field strength tensor
F.=V,A, -V,A, (3.2)

constructed from the spin-1 field A, cannot be quantised straightforwardly because of

gauge invariance, namely invariance of the action under the transformation
A, — A+ V,ux (3.3)

for an arbitrary function x. The modern way to deal with this gauge invariance is the
BRST formalism [84—88]. One first introduces the usual ghost ¢, antighost ¢ and auxiliary
(Nakanishi-Lautrup) field B in the theory, and then defines a differential s by its action on
the fields

sA, = 0uc, sc=0, sc =1iB, sB=0. (3.4)

Furthermore, one defines s to be fermionic, such that it satisfies a graded Leibniz rule
s(FG) = (sF)G + F(sG) (3.5)

for arbitrary functionals F' and G, with the sign depending on whether F' is bosonic or
fermionic. From the explicit action (3.4) one also sees that the BRST differential is nilpotent
s?2 = 0, and increases the ghost number by 1 if one assigns ghost number 0 to A, and B,
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ghost number 1 to ¢ and ghost number —1 to ¢. Gauge-fixing and ghost terms are then
obtained by adding a term of the form s¥ to the action, where W is a suitable integrated
functional of ghost number —1. For the usual covariant gauges, we take

v — —i/é <§B + G[A}) J=gd"z, (3.6)

with the gauge-fixing functional
G[A] =V, A", (3.7)

and performing the BRST transformation the total action reads

SESo—i-S\Il:—l/FWFW /jgdnx_i (V#A”)Z\/jgd”a:
4 2% (3.8)
) .
+ i (§B+V#A“)2 \/—gd”x+i/cvzc\/jgd"1:.

Since the original action was gauge-invariant and the BRST transformation just acts as
a gauge transformation with the gauge parameter replaced by the ghost (3.4), we have
sF,, = 0, and since furthermore s? = 0 one sees that the gauge-fixed action is still BRST-
invariant, s = 0.

The advantage of this formalism is that one can see easily by a short calculation that
the expectation value of a BRST-exact functional vanishes. Namely, one has

[(sF)eSDp  [s(Fe'¥) Do
f eiSDgZ) - f eiSng ’

for any functional F', where D¢ denotes an integral over all fields A,,, ¢, ¢ and B, and where

(sF), = (3.9)

the second equality follows because of the BRST invariance of the total action. Now we have

sF' =+ (0y0) (SZMF + iB(%F = j:(sflu [(Ouc) F] £ % (iBF) (3.10)
for any functional F' (with the signs depending on whether F' is bosonic or fermionic), and
thus the integral in the numerator of equation (3.9) is a total derivative, and vanishes. In the
same way, it is seen that expectation values of BRST-invariant functionals are independent
of the choice of gauge-fixing functional G[A], and more generally independent of W: under
the change ¥ — W+ ¥ and for any functional F' with sF' = 0, we have to first order in ¥

/ Fel(S+s0¥)pgy — / Fel¥ (14is60) D¢ = / FeDg+i / s (Fel¥60) Do = / Fe'SDg,
(3.11)
where the sign again depends on whether F' is bosonic or fermionic. In particular, classically
gauge-invariant functionals are BRST-invariant, and their correlation functions are thus in-
dependent of the gauge fixing. These considerations are of course formal and dependent on
a regulator which leaves the BRST transformations (3.4) unchanged, such as dimensional
regularisation. However, one can (with much more effort) make them mathematically
precise; see, e.g., refs. [89-94] for a rigorous treatment of all IR, UV and gauge issues.
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In particular, the stress tensor T#” defined by

08 4S50 o
HY = = — — — THV Hv
T = ag = 2~ 2s = T 4 ST (3.12)

is gauge- and thus BRST-invariant. Its two-point function, from which the Weyl and Ricci
kernels are calculated according to equations (2.16) and (2.22), is thus independent of the
gauge fixing, and moreover we have

(T ()T (y)) g = (T (@) 4 (T (1)) = (15" (@) TG7 () = (15" (@) (T5" (9)) (3.13)

according to the general arguments presented above. While for Abelian theories (and thus
in the free-field case) the ghosts decouple, and one can ignore them in purely gauge-theoretic
calculations, the inclusion of their stress-energy is crucial for the equality (3.13) to hold,
since both gauge-fixing and ghost terms are generated from the same W. Namely, if one
were to perform an explicit calculation of the stress-tensor two-point function including
T4", one would find that the contribution from the ghosts exactly cancels the one from the
gauge-fixing term, while the second-to-last term in the total action (3.8) is algebraic and
only gives rise to contact terms ~ ¢"(z — y), which can be absorbed in counterterms.

A short calculation using the expansions from appendix A leads for the flat Minkowski
background to the well-known

1
Ty" = Fr o — Z”“”F“ﬁFaﬁ (3.14)
and thus

(T (@) T3 () —(T5" () (T57 (W) =F " (, y) F¥ a7 (@, ) + FH7 (2, y) Foy (2, )

1 1
= JITF () F s, ) = 1 F I (w,9) o (,9)
1
T F (0,) Fagos(a,9) (3.15)

8
with
fuupa(may) = <Fuu(97)Fpo(y)>¢ - <Fw/(m)>¢ <Fp0(y)>¢ . (3.16)

This last expectation value can be evaluated using the gauge field two-point function

Gw(%?/) =i <A#(x)Al,(y)>¢ ) (3.17)

which in turn is obtained from the quadratic part of the action (3.8). By shifting the

auxiliary field B — B — 719, A*, only the first two terms in the action (3.8) contribute,

and we obtain

0,0y
92

Gu(2,y) = nuwGo((z — y)?) — (1 — ) E72Gol(z — y)?), (3.18)

where

Go(z?) = —igl)(:p?)—z (3.19)
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is the massless scalar field two-point function in n dimensions, and the second term involv-

ing =2 can be calculated explicitly using
1
2\—p _ 2/(..2\1-p 9
s (320

with p = (n — 2)/2. We then calculate

]:,u,l/po (ZC, y) = _2iapa[uGV]a(xa y) + 21808[uGu]p(xa y)
= _Sinp[pno]yGé)((x - y)Z) + 161($ - y)[unu}[p(x - y)a}Gg((x - y)2) (3‘21)

: (@ = Y@ = Y)o
= —8i Nulpolv +n ([l; _][;)2 ] G{)((x - y)Z)

using that
2G(a?) = =5 Gola?) (3.22)

as follows from the explicit expression (3.19) for the massless scalar two-point function.
From equation (3.15) we then obtain

(T4 (@)TE (), — (T4 (2)) (T (0, = —8(n° = 8) (e — iy ) [Gi(a)]

() (039)
—2n(n = 2)(n — "0’ [Go(a?)]” + 16n(3n — 8) ——— [Gy(a?)]” (3.23)
P70 oV Lol o) o O
wan(n =17 (15 ) [y - e - )L G

where we have set y = 0 to shorten the expressions, since the two-point function is trans-
lation invariant.

Using the explicit form of the massless scalar two-point function (3.19), one checks
in a long but straightforward calculation that the connected stress tensor two-point func-
tion (3.23) has the form (2.16), where

(n® —8n? +10n+16) I (% — 1)
(n+1)(n—1) 1287

(2n%? —3n —8)I? (% — 1)

(n+1)(n—1) 1287

filz) = ()2, (3.24a)

fo(z) = ()2, (3.24b)

The bare, unrenormalised kernels Kg%r/eRg (2.22) are thus given by

(2n2 —3n—8)(n—2)I* (5 —1)

K (@) = D D(n=3) Bz &) (3.252)
K]k%%re(x) _ i(n - 4)2(77’ - 2) I’ (% B 1) (1'2)2_" ) (3.25b)

(n—1)?2 102477

For the “4+—" prescription (2.27c), i.e., the Wightman two-point function, (:zci,)_2 is a
well-defined distribution in four dimensions, and we can thus simply take the limit n — 4

of the bare kernels. For the “4+" prescription (2.27a), i.e., the time-ordered two-point
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function, this is not the case. To extract the divergent part and obtain a renormalised
kernel, we use equation (3.20) with p =n — 2 and add an “intelligent zero” to obtain
n—4
_ 1 _ n—4 _n Bz _n
2\2—n 2 [/..2\3—n 211 2,211
= 0 |: — 2 2} 0 2
(%) S amon” (@) e @) e Y @)
(3.26)

with the renormalisation scale u, introduced to make the above equation dimensionally

correct. The first term has a well-defined limit as n — 4, given by

—4 n n 2!132

which for any prescription is a well-defined distribution in four dimensions, while using the

, (3.27)

massless scalar two-point function (3.19) the second term can be expressed as

n—4

w2 2(,2)1-
2(n—3)(n—4) (%)

n n—4
Q2 W2

(n—3)(n—4) (% -1)

w3

=i

9*Go(z?). (3.28)

Since for the “+-+" prescription Go(xi ) is the time-ordered two-point function, i.e., the
propagator, we have

O*Go(z1,) = 0"(), (3.29)
and thus this second term must be subtracted for the kernel K Cb,%re using the counterterm
Sa (2.8), while the explicit factor of (n—4)% in K }’%%re (3.25) leads to a vanishing contribution
to 88 in the limit n — 4. Since for the “+—" prescription Go(z%_) is the Wightman
function fulfilling ?Go(22 _) = 0, as explained before equation (2.26) the renormalised
kernels can be written in unified form

i ,In(a?)

128074 a2
Kpe(x) =0, (3.30Db)

Kee(z) = (3.30a)

where the “+47 and “+—" prescriptions are simply to be applied to 22 according to
equation (2.27). This procedure is just the usual renormalisation, but performed in position
space instead of the more well-known momentum space; see, e.g., ref. [95] and references
therein for more information.

The kernels L2, g2 appearing in the final expression for the quantum corrections to
the gravitational potentials (2.64) and defined by equation (2.31) now read

i o [In(p?2%,)  In(p?2?%_) 4
_ _ 31
L2 () 136073 2, =N + ad®(z), (3.31a)
Lp2(z) = Bo*(x). (3.31Db)

The integral over time is calculated in appendix B and given by equation (B.7), from which
we finally obtain (with r = |x|)

I I I
/ Lea(s, @) ds = —64(1)7r3 ABCET) () = —64(1)7T3 A nff“) 4 [a + fégm (),
(3.32a)
/LR2 (s,2)ds = 35°(x), (3.32b)
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where the second equality was obtained using equation (2.58). Note that we cannot evaluate
Aln(r)/r directly, since the result would be too singular at the origin to be a well-defined
distribution. Only if we restrict to » > 0, we can calculate

In(r) 1

ro 3

A (r>0), (3.33)

and then of course the terms ~ 3(x) do not contribute either.

3.2 Massive, minimally coupled scalar

The most general action for a free scalar field ¢ is given by

S=-= / (VHoV 0 + m?¢? + ERP?) /—gd™x (3.34)

and includes a coupling to the Ricci curvature scalar with strength £. Using the expansions
from appendix A and specializing to flat space, the corresponding stress tensor is easily
calculated and reads

= "p0" ¢ — - (9°90,0 + m>¢?) — ESH g7 . (3.35)

For the case of minimal coupling § = 0, the renormalised stress-tensor two-point func-
tion has been calculated in position space in ref. [57]. It is of the general form given
in equation (2.16), and the kernels Kg%?eRz defined according to equation (2.22) can be
renormalised to obtain an expression of the form (2.26), where the renormalised kernels
read

oo [ In(pPa? . ovzs ovsol I'l—-2)I'(2—-2) dz
Keg2(z) = —i0 <153(fi)7r4:1)32> —|—1/*(m )2 (x%) (202187(721"()—(2') )%, (3.36a)

Ko (z) = —id? (ln(/w)> N i/*(m2)z($2y_gr(— 02— 2)Br(B—2) ~T(1—2)] dz

92167422 614475 (T -2) 2ri

(3.36D)

The integrals appearing here are of Mellin-Barnes form, running over the contour C* in the
complex plane from Smz = —ico to Ymz = +ico with 0 < Rez < 1 (see ref. [57] for a
short introduction to Mellin-Barnes integrals). Since the I' functions decay exponentially
in imaginary directions [96], these integrals are absolutely convergent and well suited for
numerical evaluation. It will be advantageous to further simplify the above expressions,
and we use equation (3.20) with p = 2 — 2z to extract a d’Alembertian operator from the
integral (which is justified because of the absolute convergence, and since both before and
after the extraction the integrals are well-defined distributions in four dimensions). Using
" function identities [96] to simplify the integrands, this results in

. In(p22? . Y 2 N'l—-z2) dz
Kee(z) = —id? [153%67#3):2 - /.. (m?)? (z%) 1819(27r2)F ((7 2] (3.37a)
o [ o T2(—2) BB — )~ T(1 — 2)] da
Kiole) = 307 [9216”4362 - / ) 24576731 (I — 2) 27”] |
(3.37b)
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Define now the contour C to also run from Smz = —ico to Smz = +ico, but with —1 <
Re z < 0. Since the integrands have only one pole between the two contours at z = 0 and
are otherwise holomorphic, by the Cauchy integral and residue theorems we have

/*f o /f 7+Reszof() (3.38)

and it follows that

KC’2 (.Z') _ i82 15 - (2 n? ) + /(m2> ( 2)z 1 ( ) ( Z) 72 , (3.39&)
153607z c 819275 (% ) 2mi

Ka () = i° 27+15+1n<4“)+ / (m?y (221 2 BB —2) ~T(1 - 2)] d
c

92167422 245767T§F (% Z) 27?1
(3.39Dh)
Using the massless scalar two-point function (3.19), we can express the first term as
1 .
3= 47%1Go(2?) . (3.40)

Since for the “+—" prescription Go(z%_) is the (negative) Wightman function, we have
9*Go(22 _) = 0 and the first terms drop out of the kernels (3.39). For the “++" prescrip-
tion, however, Go(z2 ) is the propagator and we have

O?Go(a%,) = 0*(x). (3.41)

These terms can then be absorbed by a finite renormalisation of the parameters o and
B in the effective action (2.23) [or alternatively in equation (2.31)], and we will assume
that this has been done, such that the kernels K2 g2 only consist of the integral terms in
equation (3.39).

It then only remains to calculate the integrals (2.64) for the combinations
L2 /g2 (2.31), which can be done using appendix B, specifically the result (B.5), and
again using the absolute convergence of the Mellin-Barnes integrals to justify the exchange
of integrals. We then obtain (with r = |x|)

I (—2) (3 —2) dz
_ 2 2\z, 22—1 3
/ch(s,m) ds=20 /C(m )r $1927°T (1 — ) 2771 ad’(x) , (3.42a)
I?(—2)[BT(3—2) —T(1—2)]T (3 —2) dz
L ’ ds = 82/ 2\z,.2z—1 53
/ r2(s, ) ds C(m )r 2457671 = )T (L —2) o T8 (@),
(3.42b)
and using that
P2l = A2l (3.43)
and some I' function identities [96], this simplifies to
_ I2(—z2) dz
_ 2\z,.22—1 el 3
/LC2(S’ z)ds =4 /C(m S a1 = 29)(3 = 22)(5 = 2z) omi 700 (@), (34da)
4 T2(=2)[3(2—2)(1 —2) —1]
_ 2\z,.22—1 3
/LRQ(S"’B) ds = A/C(m T 0T — 22)(3 — 99)(5 — 22) 27n + 53 (x). (344b)
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Again, since we have —1 < Re z < 0 on the integration contour C, we cannot evaluate the
Laplacian directly as the result would be too singular at the origin to be a well-defined
distribution. If we restrict to r > 0 we have

ArPETl =922(22 — 1)r% 3 (r>0), (3.45)
and then the local terms ~ §%(x) have to be disregarded as well.

3.3 Massive scalar with general curvature coupling

The fastest way to arrive at the proper expressions for £ # 0 is to reuse the result of Martin
and Verdaguer [55], who tell us that in the general case the kernel K2 is {-independent
[and thus equal to its value for £ = 0 (3.39a)], while the kernel Ko has a factor of

<(1 —6¢) + 27322>2 (3.46)

acting on a &-independent function. We thus have to rewrite our result (3.39b), which has
& = 0, to include a factor of (1 + 2m28*2)2, and can then simply perform the extension
(it has been checked in ref. [57] that the Fourier transform of the result (3.39b) coincides
with the minimal-coupling result of ref. [55]).

For this, we first calculate (using equation (3.20) and shifting the integration variable)

dz _

27

2\z(,.2\2—1 1 P %
Lty e e =) (3.47)

omi’

2872 2\z (. .2\z—1
m /C (m)* (2L (2)
such that

(1622 [re e

2mi

_ m2zx2z—1 p f(Z—l) f(Z—Q) %
_/c( y =) [f()+z(z—1)+4z(z—1)2(2—2) o

Comparing with the kernel Kp2 for the minimally coupled case (3.39b), we thus have to
find a function f(z) such that

(3.48)

oo fE=D f(z=2)  T%(=2)[30(3 - 2) —T(1 - 2)]
fle)+ a1 122 r(Z-2) ; (3.49)

which a bit of guesswork reveals to be

AT (1 — 2)I%(—2)

f(z) = 3T (% — Z) (3.50)

The kernel K2 for the minimally coupled case (3.39b) can thus be written as

, m?\ > L T(1—2)I2(=2) dz
—i 2 e m2 z 33'2 z—1 el .
K (o) =10 <1+232> /c( )@ 18432731 (3 — z) 21’ (3.51)
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and the extension to general curvature coupling reads

2\ ? —2)?(—2) dz
Kpe(z) = i0° <1—6§+232> /C(mQ) (%)%~ 11;‘;;2%2;?(( ))de

—i92 | (m? 21 D2(=2)L(1 - 2) (3.52)
J /c( S 73728731 (% - 2)

d
x [(1=66)%(5 — 22)(3 — 22) — 2(1 — 6£)(5 — 22)2 + 2(2 — 1)] Qi
i
where we used equation (3.47) and I function identities [96] to arrive at the second equality.
The calculation of the integral (2.64) for the combination L2 (2.31) is now done in

the same way as for the minimally coupled case, and we obtain (with r = |x|)

_ 3 x m2 ZT‘2Z_1 FQ(_Z)
/LB?(S@) ds = po%(@) + & /C( S R6m3(5 — 29)(3 — 22)(1 — 22) (3.53)
x [(1-6£)*(5—22)(3—22)—2(1—-6&)(5—22)z+2(z—1)] Qd;

3.4 Massive fermion

For the ~ matrices and the spin connection in curved space, we follow the conventions of
Weinberg [97] and Freedman/van Proeyen [98], to which we refer the reader for details
(with the main difference to usual particle physics texts being the absence of most factors
of i). The action for a free massive fermion reads

— /11_1 (Y'Vy—m)ypdix, (3.54)
and the (symmetric) stress tensor in a flat-space background is given by
1 _

The fermionic propagator gm(:n) can be obtained from the massive scalar propagator
G2 (2?%) in the usual way

Grn() = =1 ($(@)B(0)) = — (13, + m) Gl (?) (3.56)
For the stress tensor two-point function we then obtain
Tropo @) = (T (@) T (9)) — Do (@) (T (),
100 Gm (@ = Y) V(05 G (y — x)}
o [0, 00, G (2 = 1)1\ Gy — )]
b [Gon (@ = 9)7(,0% . Gm(y — )0 |
140 (00,9 (0 = 9701, Gy — @) | (3.57)

= 277u(p770)me2(($ —9)?) [-nGr2((x = 9)?) + m*Gr2 (2 — y)*) ] tr 1
+ 20 Moo Gz (2 — 9)*)Grpe (2 — y)?) tr 1
— 16201, (p o) Gz ((x = 9)*)Grra (& — ) tr 1
+ 162,222 Gz (£ =y)*) Gz (2 =1)?) = Grpe (=) ) Gz (2 —y) )] tr 1
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where we have used the usual (n-dimensional) v matrix algebra to evaluate the matrix
trace tr, and tr 1 is the dimension of the representation, equal to 4 in n = 4 dimensions.
To put this into the general form (2.16) and perform renormalisation, we use the following
Mellin-Barnes integral representation from [57] (note that there a factor of i was removed
from the definition of G, which leads to an additional minus sign in comparison)

k+l1

(k) 2y~ (2y _ 2\2( 2y 24 2—k—i—n (—1) dz

GG ) = = [ ) (a?) R K(hL2)ss  (359)
with

'n—2+k+l—-2)'(5-14+k—2)T' (5 -14+1—-2)T(—

K1, 2) = 2 A (3 AL II(=2) (3.59)
'n—2+k+1-2z2)

where the contour C runs from Smz = —ico to Smz = +ico left of all poles of K(k,1, z).

By translation invariance, we can set y = 0, and the stress tensor two-point function (3.57)
can then be written in Mellin-Barnes form

a1
Eupa(x» 0) = /C(m2)z(x2)z 414_7271_” 277,u(p77<7)u (nK(lv ]-7 Z) + 4K(17 Oa Z = 1)) (360)

L Y e dz
%(K(Q,Z,Z)*K(l,iiz)) Py

27
To bring this into the general form (2.16), we make an ansatz using the S, opera-
tors (2.17) of the form

X 1% xo’
— M K (1,1, @46%1{(1, 2,2)—16

L(n—2)I? (2 —2)0(-2) dz

7;1/,00('75’0) = /(mQ)z [f(z)s;wspa +g(z)5u(pso)u] ($2)Z+2_n

c A+zgnD(n +2—2z2) 27’
(3.61)
and performing the derivatives and comparing with (3.60) it follows that
(n—2z)
= — 3.62
I = e i—nm =22 (3-62a)
g(z)=—(n—1-22)f(z). (3.62D)

The left-most pole of the integrand is located at z = 0, and we can thus take the contour C
to be at —1 < Re z < 0, just as for the scalar case. However, (z2)*727" is not a well-defined
distribution in n = 4 dimensions for ez < 0, and we thus have to shift the contour to
Re z > 0. This can be done using equation (3.38), and we pick up an additional term given
by the residue of the integrand at z = 0. This term is now proportional to (z2)2~", which
can be renormalised in the same way as for the gauge field [compare equation (3.26) and
the following discussion]. The remaining Mellin-Barnes integral over the new contour C*
is now a well-defined distribution, and we can take the limit n — 4 there. Similar to the
scalar case, we can finally extract a d’Alembertian operator from this integral, and shift
the contour back to —1 < Rez < 0 to obtain a simple renormalised expression, possible
performing an additional finite renormalisation [compare equation (3.36) and the following
discussion]. Since we are not interested in the details of the renormalisation, and just need
the final renormalised expression, we can simply extract a d’Alembertian operator from
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the integral (3.61) using equation (3.20) with p = n — 2 — z and take the limit n — 4 of
the resulting expression. Using some I' function identities [96], this gives

L T(1 =22 (—2) dz
T (x,O):82/(m2)Z S+ (3= 22)8,0,8,] (22)7 dz
pvpo - [ =S Spo u(p U)V} 10247iT (% ) o
(3.63)
and the renormalised kernels K2 p2 (2.26) can be calculated by comparing this result

with equations (2.16) and (2.22) and read

2 =02 | (m2)* (22 L T(1 = 2)T2(=2)(3 — 22) dz X

Kea(x) =10 /C( ) (27) 4096W%F(%_Z) 3 (3.64a)
z) =10% | (m?)*(2?)* ! (1 - 2)I'(=2) dz

R =10 /c( 4 122887 2T (L — z) 2mi (3.64b)

The calculation of the integrals (2.64) for the combinations L2 e (2.31) is now done
in the same way as for the scalar case, using the integral (B.5) calculated in appendix B,
and we obtain (with r = |&|, and using some I" function identities [96])

2 —Z z
/LCQ(S’ z)ds = 4 /C(mz)zrzz_l512773(1F—(2z))(5 —22) ;71 +ad(),
B 2 9pe (1 —2)(—=2) dz
/LRQ(S’ z)ds = 4 /c(mQ) e 153673(1 — 22)(3 — 22)(5 — 22) 271 b (@).

(3.65)

4 Results

Since for very small distances r from the particle, the test particle approximation that
we use breaks down (since there the particle’s own gravitational field is strong and we
cannot neglect the backreaction anymore), we can restrict to r > 0 when presenting the
results. We can then evaluate the Laplacians acting on the expressions (3.32), (3.44), (3.53)
and (3.65), and the local terms appearing in these results do not contribute.

Combining the classical (2.59) and quantum contributions (2.64) to the gravitational
potentials according to equation (2.39), we have

k2 M 8mr2r
INES T6mr [1 + 3 /[4ch(s,:c) + 3LR2(s,x)] ds] , (4.1a)
2M 2
Dy =2 [1 4 ST / 2Lo2 (s, ) — 3Lp2 (s, )] ds] , (4.1b)
167r
HZ(S X ’I”‘)i 2 9
V;, = i {1 — 8mk“T 8T/ch(s,m)ds} . (4.1c)
For the gauge field (3.32), this gives
k2 M K2
®a = 167r [1 + 6O7r2r2] ’ (422)
K2 M K2
Py = 4.2b
T [ 1207r27“2] ’ (4.2b)
K2(S x 7); 3K2
AN | , 4.2
Vi 473 [ 807r27“2] (4:2¢)
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for the massive scalar with general curvature coupling (3.44), (3.53) we obtain

52 Ii2 5 — 2 z
Pa = 16% [1 2 J;Q%Erl%fg) ]/c(mr)%f A(Z);m] ’ (4.32)
/452 K;Q _5¢(1 _ 2
Pn = 167]5 . 145(571%266) ]/C( ) Iuz) 27r1] (4.3b)
 KA(Sxr) K2 LO0(1 = 2)[(—=2
Vi= =13 [1 T 30022 /C(mr) (5 — 22) zm] ’ (4:3¢)
with
51— 2)(—=2) 2(1 —6¢)z z(z—1)+ 12
Ia) = 5oz v [(1 ~60)° - (B-22)  (3-22)(5- 22)} (44a)
_ 5I(1 — 2)I'(—=2) 2(1 -6¢)z 2(z—1)—6
fulz) = 5(1—66)2 — [(1 —60)° - (3 —22) + (3 —22)(5 — 22:)] ’ (4.4D)
and for a massive fermion (3.65) we get
KM K2 J15T(1 — 2)T(— z)(4 3z) dz
PA= 6 [H 1207272 /c(mr) 43— 22)(5 — 22) 2%1} ’ (4-52)
KM K2 15T(1 — 2)T(—2)(2 — 2) dz
PH = T [1 T 240722 /C(mr) 2(3 — 22)(5 — 22) 2771] ’ (4.5)
_ RA(Sxr); 32 01— 2)I(—2)(3 — 22) dz
Viz= = {1 T T60m2r2 /C(mT)Q 3(5 — 22) 271’1:| - (@59

These are the main results of this article, which we now discuss in more detail.

4.1 Small and zero masses

Note first that the Mellin-Barnes integrals are normalised such that they equal 1 for m = 0.
In the massless case, we thus have

K2M 5 K2
Dy = 1+ [Ny 1+ 2(1—66)2 6N 12N | ———— 4.6
A= T6mr [ + [ 0< + 4( €) > + 6Ny /9 + 1] 720W2T2} , (4.6a)
K2M 5 K2
by = 1+ [Ny (1= 2(1—68)2 N 12N | ———— 4.6b
B 16mr [ +[ 0( 51 =69 ) 0N 1] 144O7r27“2] ’ (4.6b)
K2(S x 7); K2
Vi=——" " 11 4+ (Ng + 6N 12N;) ——— |, 4.6
drer3 [ + (No+ 6Ny +12N) 3207r2r2] (4.6¢)

where N is the number of spin-s fields. Since in the nonrelativistic limit, ® 5 gives minus
the Newtonian potential V(r), and k? = 167G, we have full agreement with the well-
known existing result (1.1). The interesting changes due to massive particles then reside

in the integrals, i.e., in
oY (m, 1) dz

AT — [ (mr)? fa(z)— .
S = LTG5 (@7)

(for the scalar case), and the corresponding other ratios of quantum corrections. Since
the I' functions in the integrand fall off exponentially, they integrals are easily evaluated
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numerically, and the graphs are shown in figures 1 and 2. As one can see from the figures,
the corrections die off fast, and since the quantum corrections to the gravitational potentials
are already tiny in the case of massless particles, these corrections are not accessible to
experiment in any foreseeable future. Nevertheless, the quantum correction to the second
Bardeen potential ®}}' shows, for distances of the order of the Compton wavelength of the
virtual particle, enhancement over the massless case for certain values of the non-minimal
coupling parameter & (e.g., for the minimally-coupled case £ = 0, see figure 2b), and in fact
grows without bound for ¢ — (14 +/2/5)/6. One might thus think that this enhancement
could have observable consequences, but it is just the value of £ for which the massless
correction vanishes, and the full quantum correction ®}}' stays tiny for all values of &.

For small masses in general, we can shift the contour C of the Mellin-Barnes integrals to
the right, picking up residues from the poles that lie between the old and new contour. The
integrals have a series of poles at integer z, coming from the I' functions in the numerator,
and two isolated ones at z = 3/2 and z = 5/2. For example, taking the new contour C’ to
have 3/2 < Re z < 2, we have [analogously to equation (3.38)]

/C f(z)%: /C / f(z)%— > Res.—, f(2). (4.8)

The integral over the contour C’ is still absolutely convergent and we can bound it by a

2Rez and since we can shift the contour to have Re z as close to 2 as

constant times (mr)
we like and the pole at z = 2 is of order 2, this is a term of order (’)(m4 In m). For the

scalar with general curvature coupling, we obtain in this way

oY (m,r) N 10[1 + 186 — 18¢2 + 3(1 + 12€2)(In(mr) + v)] 22
®(0,r) 3(3 — 20€ + 60¢2) (4.92)
5m(3 + 16£) 3 3 4 '
— 1
2(3_20£+60£2)mr +O(m*Inm) ,
O (m,r) N 10[—4 + 18¢ — 18£2 + 3(—1 + 126%)(In(mr) + 7)]m2r2
o0, r) 3(1 — 20 + 60€2) (4.9b)
5r(—5+168) 5 4 4 '
— 1
2(1_20£+60£2)mr +(9(m nm),
Vit (m,r) 5[—1+6(In(mr) +7)] 5 5 4
and for fermions, we get
oY (m, 1) 5[—2 + 3(In(mr) + v)] 5
W =1+ G m2r? + Zm?’r?’ +O(m*Inm) , (4.10a)
Py’ (m,7) 514+ 3(n(mr)+7v)] 55 57 53 4
Vi (m,r) 5[=7+ 6(In(mr) +v)]
W =1+ 57 m2r? + O(m4 Inm) . (4.10c¢)
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Figure 1. Quantum corrections to the gravitational potentials due to scalars and fermions of mass
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Figure 2. Quantum corrections to the gravitational potentials due to scalars and fermions of mass
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4.2 Large masses and distances

On the other hand, for large distances (and masses), we can shift the contour arbitrarily
far to the left without changing the value of the integral, since there are no poles for
Rez < 0. Thus, the quantum corrections fall of faster than any power of m, and from
the graphs one might suspect exponential decay. That this is in fact the case is shown
in appendix C, where also the explicit form of the asymptotic expansion is derived for a
general Mellin-Barnes integral of the type we are considering. Using the integral I,(mr)
defined in equation (C.1) we have

Z%(Zg::)) - (1—4§£)Q+4] [(141263) 1, (mr) —4E(1—4€) Ly (mr) + (146 I (mr)] . (4.11a)

g%f(’g;:)) - 4[5(1_4655)2_2] [—(1=1262) 1, (mr) — 4 (1—4€) I (mr) + (1 —4€)* I (mr)] ,  (4.11b)

m = 21(mr) + 2 B mr) (4.11c)
for a massive scalar with general curvature coupling, and

qm _ %Z]l(mr) n %b(mr), (4.12a)

m = () + 2 D(mr), (4.12b)

m = 2 Iy(mr) + 2 (mr) (4.120)

for a massive fermion. The asymptotic expansion of I,(mr) to next-to-leading order is
given by equation (C.7), and we obtain

O (m,r) __ASQ A [1 13+12€+0(1>}, (4.13a)

d(0,r)  4[5(1 — 6£)2 + 4] ©16(1 — 4&)mr m2r2
W = g\/?re*?mr(mr)*% {1 - 164;”5 + o(miﬂ)] (4.13c)
for a massive scalar with general curvature coupling, and
igl(g’:)) = %ﬁeﬁmr(mr)*% [1 — 433::7' + O(m;rz)] , (4.14a)
% = % Te 2 (mr) 3 [1 - 12:17“ + O<m;ﬂ>] : (4.14b)
‘m = gﬁe_2mr(mr)% [1 — 161:@7" + O<m;742>] (4.14c)

for a massive fermion.

The asymptotic expansions to first and second order are plotted together with the
numerical result for the Bardeen potentials for the minimally-coupled scalar in figures 2c
and 2d. One can see that the approximations are extremely good already for small distances
r from the particle, and become virtually indistinguishable for large distances.
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4.3 Comparison with previous results

Apart from few exceptions, existing calculations of quantum corrections only consider cor-
rections to the Newtonian potential V (), to which the first Bardeen potential ®, reduces
in the non-relativistic limit. Moreover, most of these calculations focus on the case of mass-
less virtual particles, either matter fields (which we also treat in this work) or gravitons. As
already stated in subsection 4.1, our results in the massless case are in full agreement with
the known ones for the Newtonian potential [1, 7-25]. Refs. [22-25] are also considering
general quantum corrections to the metric due to loops of massless scalars, and their result
reads (simplified and converted to our notation)

hoo — M (3 — 20¢ + 60¢2) (4.15a)
00 = 76807313 ’ '
hoi = 0, (4.15b)
KAM
his = ——— (=1 + 20€ — 60&2) §;. . 4.15
i = Tag0nsys (1206~ 605%) 8y (4.15¢)

Since these results were derived in an unknown gauge, we cannot directly compare them
with our results for the gauge-invariant gravitational potentials. However, looking at the
decompositions (2.33) and (2.34), we see that

1

(I)A = ihgo, (416&)
1/ .. it HI

ou =L (s, 220, (4100

in any gauge where the metric perturbation does not explicitly depend on time, as for the
results above. Thus, the result (4.15) gives

Py = KM (3 — 20¢ + 60¢%) (4.17a)
AT 153607313 : '
KM
Py=-— " (—1+ 206 — 602 4.17b
"= 153607313 (=1+20¢ — 60¢7) , ( )

which coincides exactly with our result in the massless case for non-spinning particles (4.6).

The only reference that presents explicit results for the Newtonian potential as a func-
tion of distance r in the massive case seems to be the recent work of Burns and Pilaftsis [99],
treating massive minimally coupled scalars, massive fermions and massive (Proca-type) vec-
tor bosons. Their general result for the quantum corrections to the Newtonian potential is
given by the integrals

AV(r) = EN (3 - ﬂ 28 ) V@& — 4m2dgq (4.18)
2m

607 q?

for minimally coupled scalars [99], and

o] 2
AV(r) = 2 [T (210 B0 i gy (119
2m

157 q?
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for fermions [100]. While it hasn’t been possible to bring our general result for ®5 (4.3a)
and (4.5a) in this form, we can compare the small- and large-mass expansions. If those
coincide, the simplicity of both our and their result then makes it highly probable that the
full results coincide as well.

For small masses, ref. [99] obtains for the quantum corrections

GN

AV(r) =553

[1 + %Om r [ln(mr) +9+ ;] + (’)(m37“3)} (4.20)

for minimally coupled scalars and

2GN [

AV(r) = 1572

1+ Zm r [ln(mr)%—’y—ﬂ +O(m? )] (4.21)
for fermions (correcting a missing factor of 2 for the massless case [100]). Since the massless
case already agrees with the known results (1.1), we can simply compare the terms in
brackets with the quotients (4.9a) for the scalar case, setting £ = 0 to obtain the minimally-
coupled result, and (4.10a) for fermions, and using that x? = 167Gy we find full agreement.
For large masses, however, their expansion does not match with ours — which might be
due to the neglect of some subleading terms in the expansion of special functions [100],
and can be rectified. Setting x = 2mr and making the change of variables ¢ = 2m(t + 1),
their result reads

AV(r) = ST /0 " gt <3— ( ! ) V2t atdt, (4.22a)

157 t+1)2 4(t+1

2 o)
AV (r) = AGNT o /O et (2— T L > V2 + 2t dt (4.22b)

157 t+1)2 4(t+1

for scalars and fermions, respectively. Both of the integrals are of the form

/ h e L (t)dt (4.23)
0

with f(¢) having an asymptotic expansion of the type

[e.9]
t)~ > agt A (4.24)
5=0
as t — 0. In the scalar case, we have A = 3/2 and

15 65
ao =~ V2, a1 =—1g (4.25)

while for fermions it results A = 5/2 and

15 131
a=—v2, a=-——+2. (4.26)
2 8
By Watson’s Lemma [101], the asymptotic expansion of the integral as x — oo is then
given by
R
/0 et f () dthFs—H\) — (4.27)
s=0
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and we obtain

AV(r) ~ g\n};e_er(mr)_?’/Q [1 _ % + 0< (m174>2>] , (4.282)
AV (r) ~ 3;/"; &2 (1) 512 {1 _ 4;‘?’7; + O((Tn1r)2>] (4.28b)

for scalars and fermions, respectively. Combining the massless result (4.6a) with the large-
mass expansions (4.13a) for scalars (setting £ = 0 to obtain the minimally-coupled case)
and (4.14a) for fermions, we again have full agreement between this expansion and our
results. Thus, since both our and their result are given by quite simple integrals, it is
highly probably that they fully coincide, even if it has not been possible to prove this
directly.

All these comparisons have been for spinless particles, since as explained in the intro-
duction our calculation is different from one the undertaken in ref. [28]. Ref. [20] calculates
quantum corrections to the metric perturbation for a spin-1/2 particle, but these correc-
tions are due to virtual gravitons and not due to matter. Nevertheless, their results have
the same form as ours in the massless case (4.6), but with different numerical prefactors.

5 Discussion

We have derived the corrections to the gauge-invariant gravitational potentials for spinning
particles due to loops of massive and massless quantum fields. This includes the Newtonian
potential, for which these corrections have been studied previously, and we have found
full agreement with existing results. However, there is one more scalar-type potential for
which only corrections due to massless fields have been studied, and a vector-type (gravit-
omagnetic) potential where those corrections were unexplored. Unfortunately, the results
are too tiny to be measured experimentally in the foreseeable future, but they are im-
portant in principle, especially for providing unambiguous results for low-energy quantum
gravitational predictions which must be reproduced in any full theory of quantum gravity.

The method by which we arrived at the results was quite different from the usual
one, which is based on inferring a Newtonian potential from scattering data (the inverse
scattering method). Instead, similar to how the classical Newtonian potential is obtained
by solving the gravitational field equations for a point source, we have solved the field
equations coming from an effective gravitational action, which includes loop corrections of
massive particles. The main advantage of this method over the inverse scattering method
is its applicability in curved spacetimes, where a scattering matrix may not be present.
In fact, in these cases it seems to be the only method available. Although this paper did
not deal with a curved background, but Minkowski spacetime, the calculation is still some-
what simpler than the corresponding one using the inverse scattering method [1, 7-25],
and seems comparable in complexity to a recent calculation using modern techniques for
scattering amplitudes [102]. In particular, the calculation of the effective action essentially
boils down to the calculation of the graviton self-energy (including renormalisation), and
we could simply have used the well-known results of Capper et al. [10, 11, 54]. To obtain
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the Newtonian potential, and expansions both for small and large distances from the par-
ticle in coordinate space, we would then only have had to perform a Fourier transform of
their momentum-space expression. However, the Mellin-Barnes integral representation we
employed has several advantages: the results are well suited for numerical evaluation, and
they allow a straightforward derivation of asymptotic expansions, both for small and large
distances from the particle. Moreover, since Mellin-Barnes integrals have already been used
successfully in (Anti-)de Sitter space [77-83], our calculation should be quite immediately
generalisable to those backgrounds.

Since the effective action is gauge invariant, and thus must be expressible using gauge-
invariant variables only, our method provides a further non-trivial check on the correctness
of the calculation. This has a further advantage in the case at hand: since the equations
determining the Newtonian potential (and the other gravitational potentials) are constraint
equations for the gauge-invariant variables, only a spatial Laplacian needs to be inverted,
which gives an unambigously determined result for the quantum corrections (2.64), and
no dynamical differential equation needs to be solved. Note, however, that at higher
orders the definition of the Newtonian potential becomes ambiguous (see, e.g., [20, 21]
and references therein), and this ambiguity will also show up using our method. Since
the scattering matrix is gauge, and generally reparametrisation invariant [26, 27|, the full
scattering amplitude does not suffer from such ambiguities. Thus, the scattering amplitude
seems to be preferable to characterise quantum gravitational corrections at higher orders
— even if one might argue that because of the extreme smallness of the corrections, it is
unnecessary to go to higher orders at all.

The results for massive fields are exponentially suppressed compared to the case of
massless fields (as one might have assumed), with the exception of the second Bardeen
potential &y for a certain range of the non-minimal coupling parameter £, which shows an
enhancement over the massless case. However, this is due to the fact that the correction
in the massless case is extremely small for this range of &, and even vanishes for £ =
(1 +£+/2/5)/6. The full quantum correction ®' is always small, no matter the value of
&. For massless fields, our results can be written in the form of an effective metric for the
spinning point particle

ds® = gy dt® + gy (d?"2 +7r2d6% + 12 sin’ 6 d¢2) +2g4dtde, (5.1)

where (reinstating h)

g =—1+ 2GSM [1 + [NO <1 + 2(1 - 65)2> + 6Ny /o + 12N1] f;%] , (5.2a)
14 2G§M [1 N {No (1 - 2(1 - 65)2> + 6N o + 12N1] gffrg] , (5.2b)
Gto = —M sin? 0 {1 + (No + 6Ny 5 + 12N7) ;()iH . (5.2¢)

The rotation parameter a is related to the spin |S| of the particle by (2.62)
o= ;‘5\2 (5.3)
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and N is the number of massless spin-s fields, with the curvature coupling for scalar fields
given by the parameter £&. This could be interpreted as a quantum-corrected linearised
Kerr metric, but note that one should not confuse this result with quantum corrections to
the exact Kerr metric: first, in our calculation (just as the one of ref. [20]) the spinning
particle is treated as a test particle in flat spacetime, and the dynamics of quantum fields
in spacetimes with horizons, such as the Kerr spacetime, is very different from the flat-
space dynamics. Second, even in classical general relativity distributional sources are not
acceptable in general [103], in the sense that the metric that is obtained by solving Einstein’s
equations with a smeared source and taking the limit where the source becomes point- or
line-like depends on the way the limit is taken, if it exists at all. Only in situations where one
assumes special symmetry from the outset is such a limit unique and determines a metric
fulfilling Einstein’s equations with a distributional stress tensor, as has been calculated
explicitly for the Schwarzschild, Reissner-Nordstréom and Kerr(-Newman) metrics [104-
107]. Thus, while one could obtain higher-order corrections to our result by taking into
account graviton loops, or terms which are of quadratic or higher order in the mass M
or the rotation parameter a of the spinning particle (and which are needed in any case to
have the proper expansion in M and a of the classical Kerr metric), it is not guaranteed
that the result will converge at all, or have the right classical Kerr metric limit.

It seems thus more prudent to stick to a literal interpretation of the calculation, namely
quantum corrections to the particle’s own gravitational potentials. Note that the particle
does not need to be pointlike in reality, but can be an approximation of an extended body,
keeping only the first two multipole moments — mass and spin. In fact, one expects that
higher multipole moments, in particular the quadrupole moment, also source a tensor-type
potential, which gives quantum corrections to (classical) gravitational radiation. One could
then see how these corrections affect the motion of other particles by studying geodesics in
the metric (5.1), which, e.g., will give quantum corrections to the motion of heavenly bodies.
By studying the motion of particles with spin, it would also be possible to compare with the
scattering-type calculations of ref. [28], and the classical results of ref. [42]. Finally, these
calculations should be repeated for other backgrounds, most notably de Sitter and general
Friedmann-Lemaitre-Robertson-Walker backgrounds which are relevant for the inflationary
period of the early universe. For non-spinning particles and certain types of matter fields,
results are already available [34-36, 108], and present highly interesting new features, such
as quantum corrections which grow logarithmically with either time or distance from the
particle, and can thus overcome the small factor AGxn which suppresses quantum corrections
with respect to the classical result.
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A Metric expansions

Writing a general metric g, as background g,, plus perturbation h,,, we obtain to first

order in the perturbation

guu = Guv + h,uu ) (A-la)
g = g" =, (A.1b)
1
«/—~:\/Tg<1—|—2h) , (A.1lc)
e a 1 « a «@
T, =T, + 5 (Vsh + Vh§ — Vohg,) | (A.1d)
~ 1
Rogys = Rapys + B (V’Yv[gha}g — V(sv[ghah + Vav[5h7]5 — vﬁv[éhv]o) (A . )
dle
1
D) <Ra5u[vh§] + Rvﬁu[ahg}) )
~ 1 1
Rag = Rag + V'V (ahg)s — 5Vhag = 5VaVsh, (A.1f)
R=R—h*PRap +VVPhas — Vh. (A.1g)

Using the definition of the n-dimensional Weyl tensor (2.9), we also obtain

1
Cagns = Capys + 5 (V4 Vigha)s = VsVishaly + VaVishys = Vs Vishoa)

n i 2 (V*Vahypy + V*Vihay = Vhaly = VaVih) 955
+ ﬁ (VA ghypy + VEV [ hg — VP hgl, — ViV k) goja
+ (11_1)2(11_2) (Vuvth/ - vzh) 9alyYs) — % (Raﬁuhhg] + Rvéﬂ[ahg}) A2
- (,2_1)2(,,1_2) [(n = D)Rapy = Rgapy] hojs
+ (n—1)2(n—2) [(n—1) R, —Rygpy hg]a—Mh“ ¥ RyvGalr96)5 -
B The master integral
We want to calculate the integral
L) = [ @) - @) (B.1)

for —1 < Rez < 0, where the different prescriptions are defined by equation (2.27). As
explained after equation (2.38), the integrand vanishes unless (¢,«) is in the backward
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lightcone emanating from the origin (0,0). Especially, it vanishes for ¢ > 0, and inserting
the explicit form of the prescriptions (2.27) we thus obtain
0
I(x) = lim [[7"2 — (t+i6)?]" 7 = [r2 = (t —ie)?] Z_l] dt. (B.2)

e—0 o

with 7 = |z|. An indefinite integral is given by
_ 1 3 (txie)?
/ [r2 —(t=* 16)2}2 Yar = 12772 (t + i) oFy (, 1—z: 2 (16)> (B.3)

2 72

with the Gau8 hypergeometric function sFi, as can be checked directly from its series
definition. By a standard hypergeometric transformation [96], we bring it into the form

7l (3 -2 +ie)? :
r2z—2(tii€)\gr(1(2_z)) <_(t 5 ) >

1 (t + i€)2 Tl 1 3 r2
2z—2 :
+ t+ — Fill—2zz—2=— 2, —
r (t £ ie) < - > oF1 55 T Hy T (xie2)

(B.4)

which is suitable for taking the lower limit ¢ — —oo. Since Re z < 0, the second term does
not contribute in this limit, and carefully evaluating the inverse square root in the first
term for the different prescriptions we obtain

1 22—2: o3 ey . 2- 1 VAL (5 —2) _ 2.1 VL (5 —2)
Iz(w)—ll_rf(l) l?r ieoFy (2,1 21 r2> ir 7“172) = —ir 7“172) .
(B.5)
For the massless case, we also need the integral with In(u?2?2) /22, which can be obtained
as In(2a?)
nip x) .. }[ —25/, 2\—1-6 _  —45,, 2 71725}
B L G p0 (@) (B.6)

in such a way to ensure e z < 0. Thus it follows that

1 2 1 2 —26 a _,,—46 7
/[n<§++> ) n<;§+_>} Gt @) i (@) @)
x L x4 6—0 1) r
C Asymptotic expansion
We want to obtain an asymptotic expansion as mr — oo of an integral of the form
[(—2)T(a—2) (2 -2)d
Lo(mr) = /(mr)QZ (=2)I(a - AL (3 —2) dz (C.1)
C T (5 — z) 27

where a > 0, and the contour C runs from —ico to +ico with Rez < 0. If the integrand
would contain I" functions with poles in the left half-plane, of the form I'(b + z), we could
shift the contour over the poles at z = —b — k, and obtain an asymptotic expansion of
the integral in the form of the corresponding residues ~ (m?r?)~0=*. However, in our case
we can shift the contour to arbitrary Rez < 0, and thus I,(mr) decays faster than any
polynomial in mr as mr — oo, which is a signal of an exponentially small asymptotic
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expansion. As explained below, the order of this expansion is essentially controlled by the
multiplicity and the shift of the I' functions appearing in the integrand. In our case, this is
equal to 2 and a — 5/2, respectively, and we thus expect the leading term of the expansion

to be given by e~2™"( a=5/2

2mr)
To obtain the corresponding asymptotic expansion, we want to bring the integrand

into a form where we can use the integral

dz
u T (z — b)— = u e ¥ C.2
where the contour C runs from —ico to +ico with Rez > Reb. This can be done using
so-called inverse factorial expansions [101], for which we need the well-known asymptotic
expansion of the I' function

(. 1 o, 1 - Box —2n—1
InT(z) = <z 2) Inz—2z+ 5 In(27) + ; SOk = 1)72F 1 + (’)(\z| ) (C.3)

with the Bernoulli numbers By,. Since this expansion is not valid near the negative real
axis, we first have to change our integration variable z — —z, obtaining

. T (a+2)T (3 +2) dz.
I'(Z+2) 27’

I,(mr) = /(mr) (C.4)
C

The contour C now has Rez > 0, and since there are no poles in the right half-plane
we can shift the contour to have Rez > 1. We then have to choose parameters p (the
multiplicity) and v (the shift) such that the sum of the expansions of —InIT'(uz + v) and
the I' functions in the integrand does not contain any term ~ Inz. In the case at hand,
these are given by =2 and v = a — 5/2, and we content ourselves with an expansion up
to next-to-leading order. Therefore, we get

InT'(z) +InT'(a+2) +InT <2+z) —InT <;+z) —InT (22+a— ;)
C.5
da® + 160 — 97 (©9)

1
—f2zln2+(37a)ln2+§ln(27r)+ 165

0(2_2) ,
and exponentiating it follows that

DTt T(5+2) _ (2z ta— 5) V2 232 [1 jdaft16a-97 0(22)}
I'(3+2) 2 162

5\ 4a?+16a—97 7
— 2 da2e [r <2z+a—2> +a++r <22—|—a—2>

+o1)r <2z+a— Z)] : (C.6)

We can now insert this expansion into the integral (C.4) and use equation (C.2) to
integrate each term. Since the multiplicity p # 1, we have to rescale the integration
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variable z first, and this together with the explicit factor of 272% in equation (C.6) gives

—2mr  Moreover, equation (C.2) shows that the leading power of

the exponential falloff ~ e
mr is directly given by the shift v.

Taking everything together, it follows that

2 _
1Jr4a + 16a 97+(’)< 1 ﬂ, .7

16mr m2r?2

ol

I (mr) = /T e 2™ (mr)*~

which is the desired asymptotic expansion.
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