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Abstract—In this paper we introduce Stienen’s model for
analysing the performance of a non-uniform two-tier networks.
The topology of the network consists of a set of macro base
stations (MBSs) uniformly deployed, and a set of femtocell access
points (FAPs) deployed only outside exclusion areas (discs) sur-
rounding the MBSs. The MBSs serve users within the innermost
areas of each macrocell, while the femtocells are restricted to
serve users located in the outermost areas towards the edge of the
macrocells. Results show that the edge user performance in terms
of coverage is highly increased by the addition of femtocells.
Moreover, the coverage in the macrocell tier can be also increased
in comparison with a macrocell-only network if the number of
femtocells deployed is judiciously selected. Furthermore, a well
balanced network can be achieved, where the same performance
is expected throughout the entire area.

I. INTRODUCTION

HE exponential increase in both the number of users of
cellular systems and their bandwidth requirements, has
created the need to increase the data rates that the system
can handle and improve the coverage where it is needed. A
promising solution for Next Generation Networks (NGNs) to
cope with the demands for better coverage and higher data
rates is the deployment of heterogeneous networks (HetNets)
which consists of smaller, cheaper and less energy consuming
base stations (BSs) such as femtocell access points (FAPs)
overlaid with the traditional macro base station (MBS) network
[1]. The use of HetNets has the potential to provide both the
required coverage and increase the data rates of the users.
While femtocells were firstly considered as user deployed
devices, the trend over the past years has shifted to an
operator perspective due to the potential gains that are foreseen
when network operators place femtocells in areas where the
required QoS cannot be provided otherwise. While the typical
assumption in the modelling of HetNets via Poisson point pro-
cesses (PPPs) has been to consider a uniform deployment of
several tiers of BSs across the area of service, this assumption
lacks the notion of smart and efficient deployment, as areas
close to the MBSs are expected to have higher performance
in comparison with areas close to the edges of macrocells.
Moreover, it is well established that traditionally the bottleneck
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of the cellular system resides in the edge user performance.
Hence, a non-uniform deployment of femtocells, with more
femtocells towards the edge of the macrocells, yields important
gains in the cell edge user performance, but also creates a
challenge in analytically analysing the performance of the
network, due to the location dependency of the FAPs.

A non-uniform deployment of base stations among different
tiers in a HetNet allows to model in a more realistic manner
the behaviour of an actual network, where the positions of
the base stations in different tiers are not independent. In
[2], a non-uniform deployment of a heterogeneous network
is proposed where 4 tiers (each one modeled by a PPP) are
deployed in the area. In this model, in the fist stage a Voronoi
tesselation is created with the points generated by the PPP
of tier 1. Then, all the points of tiers 2 and 3 are restricted
to the edges and vertices (respectively) of the Voronoi cells
of tier 1. By varying the parameters and intensities of the
respective PPPs, different cases of interest are pointed out
and, the cell sizes as well as the effective received power
in the area are presented after a series of simulations. In
[3] the coverage and throughput are analysed for a two-tier
networks consisting of macro- and femtocells. Both, MBSs
and FAPs are uniformly deployed across the area. However,
only femtocells which are located outside a circular area
surrounding each MBS are activated. The paper assumes a
fixed size exclusion disc surrounding each MBS and a highest
instantaneous received power association scheme. In [4] a two-
tier HetNet consisting of macro and pico cells is considered.
The MBS tier follows a PPP, while the picocell tier follows a
Poisson hole process (PHP). Therefore, the picocells are only
deployed in the locations outside circular areas surrounding the
MBSs with a fixed radius of exclusion. By assuming a fixed
position from a typical macrocell user to its designed MBS
and a typical femtocell user to its tagged pico BS, bounds on
the coverage probabilities for both users are obtained.

In this paper we introduce Stienen’s model for the deploy-
ment of a two-tier HetNet where we assume a deployment in
which femtocells are overlaid with a MBS cellular system and
placed only in areas outside discs surrounding the MBSs. In
contrast with other works, we consider a dependency of the



disc, with the size of the macrocell to which it belongs. Using
well-established tools from stochastic geometry theory we
model the positions of the BSs in the system via independent
PPPs and obtain tractable expressions for the coverage of both
tiers.

The rest of the paper is organized as follows. Section II
introduces the system model. The coverage probability for
the proposed model is obtained in III. The numerical results
are presented in Section IV. Finally, conclusions are given in
Section V.

Throughout the paper the following notations are used.
The notation E[X] is used to express the expected value
of the random variable X. A random variable X following
a complex Gaussian distribution with mean g and variance
o2 is expressed as X ~ CN(u,0?). A Poisson distribution
with mean p is expressed as Pois (i), and an exponential

distribution with mean g is written as Exp i . Finally

B(z, D) represents the ball of radius D centered at x.

II. SYSTEM MODEL

Consider an interference limited (the effect of noise is
neglected) two tier network consisting of MBSs and FAPs
deployed in a given area. The MBSs are deployed across the
entire area following a PPP ®,,,, with density A,,. The FAPs
are only deployed outside the discs of radii R? surrounding the
MBSs, (27 € ®,,) '. The femtocell tier is then modelled via
a PHP with effective intensity \sp, where A is the original
intensity of femtocells, while p is the probability that a FAP
will be located outside the above-mentioned discs of radii Rg,
Vx; € ®,,. In this model, the users that fall within the area
covered by the discs will be served by the corresponding MBS.
On the other hand, the users located outside the discs will be
served by the femtocell tier. The advantages of this model
are twofold: deploying femtocells only in areas where the
coverage is expected to be low (near the edges of the macro
cells), and improving the expected macrocell performance,
since the users served by the macrocell tier will be close to
their serving MBS. We assume that in both tiers, each user
is associated with the closest BS. Under these assumptions,
the resulting association scheme is formed by two Voronoi
tessellations [5], i.e. one corresponding to the macrocell tier
and the other one for the femtocell tier.

In contrast with previous works, in this paper we propose
the use of Stienen’s model to characterize the size of the
macrocell coverage area, matching it with the area enclosed in
the Stienen cells. Stienen’s model [6] is described as follows.
Consider the homogeneous PPP ®,, modelling the positions
of the MBSs. The points generated by ®,,, are taken as seeds
to construct a Voronoi tesellation. Now, around each point
27 € ®,, (each Voronoi cell seed), a sphere of diameter R’
equal to half of the distance to the closest neighbour (1) is

placed. Fig. 1 shows the proposed model. We can generalize

INote that we will refer to 27 € &, and zk e @ f to represent,
respectively, the position of the j-th and k-th points. On the other hand, we
will use j € & and k € ®p with j =0,1,...,|®m|and k = 0,1, ..., ||
to represent respectively, the j-th and k-th BS index.
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Fig. 1: Stienen’s two tier network model. The blue dots represent
the MBS while the red dots represent the FAPs. The blue and
red lines represent respectively, the boundaries of the macrocells
and femtocells coverage regions. The discs surrounding the MBS
represent the Stienen’s cells.

the model by considering the radius to be a linear function
of the closest neighbour, i.e., 7 71, with 7 > 0. Due to the
independence property of the PPP, the set of Stienen radii
{RI} € ®,, are all i.i.d. Therefore, we will refer to the Stienen
radius only as R in the rest of the paper.

To model the location dependent femtocells, the FAPs with
density Ay are placed uniformly only in areas outside the
Stienen cells. It is well-known that the distance of the typical
user to its closest neighbour r; in a PPP follows a Rayleigh
distribution [7]. Given that in this work it is assumed that
Ry = 7rq, we can obtain the distribution of the radius of the
Stienen cell as

Ba)?

Fro(Ry) = 2mAm Ry 2 =™ (5 )

Lemma 1. Under Stienen’s model for cellular systems, the
effective density of femtocells is \p, where

p=(1+7)"". 2)

Proof. In a PHP with fixed value of an exclusion region radius
Rg, for each point 27 € ®,,,, all points of ®¢ () B(z7, R,) are
removed. In this case the effective intensity of the femtocell
tier is given as Agp, where p = e’)‘m“Ri, [8]. Now, as
R, is a random variable in the proposed model, the value
of p transforms into p = Ep, e_’\m”Ri] By taking the
expectation using the pdf found in (1), the expression in (2)
is obtained. O

The propagation model considered is assumed to be a
composite of Rayleigh flat-fading channel and path loss. For
the flat fading component, we define h; as the channel
between the j-th transmitter and the k-th receiver, with h; j ~
CN(0,1). The path loss on the other hand is modelled as
Urjx) = (rjr)” ™, where 7; is the distance from the j-th
transmitter to the k-th user and «; is the path loss exponent in
tier 7. We assume that the femtocells will be deployed outdoors
by the network operator, and therefore the path loss exponents
in both tiers are the same (o, = ay = «). The mean total



transmitted power of a base station in tier ¢ € {f,m} is
denoted as P!*. Finally, it is assumed that the complex symbol
(s5,%) sent from the j-th transmitter to the k-th user satisfies,

E |sj,k|2] ~ 1

III. COVERAGE

In this section we analyse the coverage achieved in each
tier. Formally, the coverage probability PF(8) (i € {m, [})
in an interference limited scenario is defined as the proba-
bility that the signal to interference ratio (SIR) is above a
certain threshold (8) in the entire service area, i.e., P¢(3) =
P(SIR; > B),i € {m, f}. Considering that both tiers share
the same spectrum, the STR is expressed as

Pfr|h[* 1 (r:)

SIR; =
> Phrlhol?L(rjo) + > P lhiol® L(reo)
JEP, kE‘I)f
_ PR

=t Ty, ie{f,m} 3)
where r; represents the distance from the typical user to its
closest BS in tier ¢, Iy, and Iy , Tepresent, respectively, the
received interference from the macro- and femtocell tiers. For
easiness of notation, from now on, we drop the 0 superscript
for the interfering links to the typical user, i.e. h; = hjo,
hi = hro, ; = rj0 and 1, = 7 0. Using the fact that
|h|? ~ Exp(1), the coverage probability is expressed as

Pitm|h2r1ﬁa)

Pi(@) = PUs1R > 9) = p (SR

ro
= Eri,Rs’IﬁpmJ@f |:6Xp <— Pz)tf (Iq;m + Iéf))]

= EBr.r. [Lo, (5) Loy (3)]] _res “)

ptx
where Lg, (s) is the Laplace transform of the i-th tier, with
i € {m, f}. To obtain the statistics for the typical user in
each tier we place the center of the typical cell at the origin.
As stated before, the distance from the typical user to the
closest BS follows a Rayleigh distribution. Thus, we proceed
to place the typical user at a distance r from the origin with
fr(r) = 27 Apr e’ for r > 0. We assume that users
inside Stienen’s cells (r < Rg, where R is the radius of the
Stienen cell) will be served by macro BSs, while those outside

the cells (r > R,) will be offloaded to the femtocells.

A. Macrocell coverage

Theorem 1. The coverage probability in the macrocell tier
is given in (5) (on top of next page), where ((a,b) =
oF1 (1,1 —2/a;2 —2/a;—b) is the Gauss hypergeometric
function.

Proof. From (4), the coverage probability in the macrocell tier
is expressed as

Pﬁl = E""m ‘C‘I’m (S)‘s:rﬁnﬂ [’@f (S)|s:7"$;,ﬂn:| Q)

th

where 1 = P—f, represents the ratio of the transmit powers.
Each Laplace transform corresponds exactly to the probabil-
ity generating functional of a PPP [9]. For the considered
scenario, the exact computation of the Laplace transform
is not feasible. However, we obtain an approximation by
following the approach taken in [10] for a fixed user location,
and extend it for a random position in the service area. In
Fig. 2 a sketch of the model used is presented. Under this
scheme, the typical user which is located at a distance r
from its serving MBS coincides with r,,, and so we have
fr (rm) = 27 Am7m exp(—mA\y,r2,). From Fig. 2, it is clear
that the closest interferer is located always at a distance
D from the typical user, and at a distance R,7~! from
the serving MBS, with R being the Stienen radius of the
typical macrocell. Therefore, the Laplace transform of the
macrocell interference is decomposed into two components,
Ly = LP(s)L! (s), where LD denotes the Laplace transform
of the closest interfering MBS and £/, denotes the Laplace
transform of the rest of interfering MBSs. Additionally, we
define a variable ¢ = % which corresponds to the ratio
between the distance from the typical user to its serving MBS
and the Stienen radius of that MBS. Using the law of cosines
with a minor simplification, we approximate D as

D~ R\/T72 + 2. (8)

The Laplace transform of the closest interfering MBS can
be then evaluated as

ﬁﬁm (s) = Er,,, [exp(—bms)\}g:%ﬁ}
= B2 [exp (—s|h|*D™")]

) v )
= (=) )|
1/} ay —1
=(1 _ . 9
(10 e) ) o

As previously stated, the interference from the macrocell
tier (others than the closest interferer) is not symmetric with
respect to the typical user. In this case, an approximation is
obtained by considering that the interference to the typical
user comes from outside B (z*, Ry(7~" — v)), where z" is
the position of the user. The Laplace transform of the other
interferers in the macrocell tier is then obtained as

(@)
=Ejn

To,, (8) = Er, {exp(_‘[‘bms)‘s:r%ﬂ}

2

= Eo,, 0,12 [oxp | =5 > |h[Pr;®

L JEPm

2 —a

= Eg,, ;2 H exp (—|hj| gy, r; a)

[ JEPm

1

= Eé"’l H

sein 146 ()
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(—Amww (r=' =) " R?
= exp X

a/2 -1
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(10)

where (a) is obtained by using the probability generating
functional of a PPP [9]. The Laplace transform for the
femtocell tier is obtained by assuming a worst case scenario,
where we have considered that the interference comes from
outside B (xg, Rs(1 — 1)), and so the typical user receives
more interference than the one found in the scenario proposed.
Under this assumption, we have that

1o, () = B, [esp(=Toy3)| )

= Eg, |n, |2 [exp (s Z |he |2 r,;“)]

ke,

= Eg, |n, 2 H exp (—\hk|2ﬁn o e ®)
kedy

1
= Eq)f H —«
ked; 1+ On (%)
—ApmpBny® (1—¢)2~*R2
a/2—1

2F1(1,1- 22— 25— 8n( %5 )a),
(11)

where the final expression is found by conducting a similar
analysis as the one used for the macrocells. It is worth pointing
out that in (4) the expression for the coverage probability
requires averaging over r, and R;. With the substitution
rm = YR, the expression can now be obtained by taking
the average over R; and . We now proceed to find the
pdfs of these parameters, i.e., fr, (Rs) and fy(¢). The pdf
of 1 is obtained by directly using the definition of the ratio
distribution as

fy ()

=€

| R o (RecoR) dR,

— 00

y - coordinates (metres)

Y
%

DA

’ﬁl‘ﬁw&.ﬁ.‘g
-1000 -500 0 500 1000
X - coordinates (metres)

Fig. 2: Model considered for the approximation. The green diamond
represents the typical user located at a distance r = )R, from the
serving MBS, where R; is the Stienen radius for the typical cell. The
typical macrocell closest interferer is located at a distance R,7
from the MBS located at the origin. The distance between the user
and the closest interfering MBS is denoted as D.

* 2 A Rs )2
z/ R, X 2\, mR,72 e (%) «
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2\ TRy 2 e Am TR g R
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Finally, in order to effectively deal with the case when the
user is served by the macrocell tier, we need to condition on
the probability of the typical user being located inside the
Stienen sphere (pum = P(z € B (0, Ry)), which is equiva-
lent to P(¢) < 1). From (12) it is straightforward to obtain
this probability as pum = (1 +7_2)_1. So the coverage
probability in the macrocell tier is expressed as

1 1 [e%s)

D /
p /0 /0 Lra, Lla, Llay >
um

Substituting the values found in (9), (10), (11), (1) and
(12) into (13) and integrating with respect to R, the final
expression in (5) is found. O

P5(8) =

B. Femtocell coverage

Theorem 2. The coverage probability in the femtocell tier is
given in (6) (on top of this page).



Proof. From (4), the coverage probability in the femtocell tier
is expressed as

Lo Oarganr Lo (9] oLyo ] -

The Laplace transform for the femtocell interference in this
case is assumed to be the same as in a normal PPP Voronoi.
Therefore, the Laplace transform in this tier is given as

L1o,(5) = Ery, [exp(~La,3)] ]

Pi=E (14)

= Eg; |n, 2 H exp (f\hk|2 r. B 7’?‘)
kedy

1
=Ea, | [ ——=
kedy 1+ ,B (%)
—)xfw[-}Rg

— e a1 2F1(1,1-2/a;2—-2/a;—f)

15)
For the macrocell tier interference, we note that the closest
MBS (within the same Voronoi cell) now acts as an interferer,
and it is always located at a distance r from the typical
user. Similar to the case of the macrocell tier, we define a
variable A = %f that will help to simplify the final expression
for the coverage probability. Then, the Laplace transform for
the macrocell interference can again be decomposed into two
Laplace transforms, ie. Ly, = Lf, £Iq> , where L7
corresponds to the Laplace transform of the closest 1nterferer
(at a distance r, conditioned on r > R,), and E is the
Laplace transform of the other MBSs. The Laplace transform
of the closest interferer is given as

o (9) = Era, [ ex0(—10,,5) e 5,1
= Ejp2 [exp (—s|h\2r_°‘)}
By [exp (—[h[28n 7 A%)]
=(1+ 577_1A“)_1 .

For the Laplace transform of the other macrocell interfer-
ence, we observe that the interference can be as close as
r = 5L (with r > Ry). Therefore, we have

£y (5) = Fry, [ep(=Tn,8)] oy oy 1 |

m7|hj\2 H exp (7|hj|2

je(I)’"l

(16)

= FEy rf Bty

1
j€®, 1+ Bn~1 (:—;)

(@) >

=exp | —27A\n / 5
L1+ (W)
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Ve (\~2 TraeTE
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:E’q>

m

v dv

=€

1aa—2,2

mren L, (1,1-2/a;2—2/0;—fn "1 A%)

a/2—1 (17)

=€

where (a) is obtained by using the PGF of a PPP. The final
expression for the coverage probability needs to be averaged
over A and ry. The pdf of r; is directly obtained from
the closest neighbour distribution of a PPP considering the
thinning probability p as

(18)

In order to obtain the pdf fA(A), we first need to obtain
the pdf of the distance to the closest MBS conditioned on
r > Rs. We will denote as R the random variable following
the Rayleigh distribution for the closest neighbour with the
condition that it can only take values above R;. As R
is a random variable itself, R follows a random truncated
distribution and its pdf can be found as

R
- / f(RIR.) f(R.)dR

R X e
:/ 2 A R e TAmE (27r)\m772Rse_”>‘m(RT) YdR;
0

= 2T\ R e~ ™A R (1 -

fry(ry) = 2w\ pryexp (—WAfpr;) .

e*“mT’?RQ) . (19)

Once the distribution of R is found, the pdf of A can be
obtained by means of the ratio distribution as

oo
£a(8) = [ |Blfr, (R Ay R
— 00
_ / R x 27\, Re mmR (1 _ e*“mT*QRQ) x
0
2rAs p AR e P (A aR

= 2Afn/\f pT2A X

< Am (24 772) +2); p A >

(A + Ap pAZ) (A (1+772) + A p A2))?

(20)

With the expressions previously obtained and conditioning
on the probability of the user being served by the femtocell
tier p, s = 1—pum, the femtocell coverage probability is given
by

1 oo oo »
Sl A R R ST
uf Jo Jo
2D
Substituting the values found in (15), (16), (17), (18) and
(20) into (21) and integrating with respect to ry, the final
expression in (6) is found. O

IV. NUMERICAL RESULTS

In this section, we validate the developed framework with
Monte-Carlo simulations to explore the coverage performance
for the considered HetNet deployment. Results are presented in
figures 3 to 4, where circles represent the results from Monte-
Carlo simulations (with 3 x 10 runs for each point) while
lines correspond to the analytical results.
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Fig. 3: Macrocell coverage probability (5) as a function of the density
of femtocells deployed in the area for different threshold values 3,

and for 7 = % The straight dotted lines correspond to the coverage

probability of a single tier network with same value of (3.

Fig. 3 shows the coverage probability in the macrocell tier,
when the number of femtocells is increased in the service
area. The results validate the closeness of the proposed ap-
proximation. Moreover, for a value of § = 20 the variation
between the results from simulations and the analytical results
is less than 5%. Additionally, for comparison purposes we
have included the coverage probability (dotted straight lines)
of a macrocell only network with same threshold 5 . The
gains in the coverage probability in comparison with the
traditional network can be observed. It can be seen that for
the non-uniform deployment proposed, the macrocell coverage
probability outperforms the traditional network even for a
high number of femtocells deployed in the area. Moreover,
depending upon the value of § a different number of femtocells
is required for the system to reach the same performance as a
traditional network.

In Fig. 4, we present the coverage probability for the
femtocell tier, as a function of the femtocells density. We
observe that increasing the number of femtocells in the area
can increase the coverage probability for a fixed value of f.
This is an expected behaviour when the interference is not
very high. Moreover, when the number of femtocells deployed
is high enough, the coverage probability can reach values
similar to the macrocell tier. These results corroborate the
initial belief that deploying femtocells in the areas towards
the edge of the macrocells can improve the cell edge user per-
formance. Moreover, when the number of femtocells deployed
is high enough, the coverage probability in the femtocell tier
achieves values close to those obtained in the macrocell tier.
Furthermore, if the number of femtocells deployed in the
area is judiciously selected, the same performance can be
achieved for the femtocell and macrocell users. It can then
be concluded that the proposed model can attain a uniform
performance in the entire network. Note that by incorporating
the strategic positioning of femtocells into the model, the
coverage probability is strongly coupled to the density of
BSs. This is in contrast with results from other works which
consider that all tiers are uniformly distributed in the area, in
which case the coverage is independent of the density of BSs
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Fig. 4: Femtocell coverage probability (6) as a function of the density
of femtocells deployed in the area for different threshold values 3,

and for 7 = %

(51, [11].
V. CONCLUSIONS

In this paper we introduced Stienen’s model for the mod-
eling of non-uniform network deployment. With this model,
femtocells are only deployed outside discs surrounding the
macro base stations. Using stochastic geometry tools we found
approximations for the coverage probability of the network.
Results confirm high gains in the coverage probability that
can be achieved by cleverly placing femtocells in areas where
the performance is expected to be low (near the edge of each
MBS). Additionally, a more balanced network can be achieved.
Thus, by selecting the correct number of femtocells, the same
performance can be expected throughout the entire service
area.
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